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Abstract. In this paper, we study a class of the critical Choquard equations with axisymmetric potentials,

−∆u + V (|x′|, x′′)u =
(
|x|−4 ∗ |u|2

)
u in R6,

where (x′, x′′) ∈ R2 × R4, V (|x′|, x′′) is a bounded nonnegative function in R+ × R4, and ∗ stands for the
standard convolution. The equation is critical in the sense of the Hardy-Littlewood-Sobolev inequality. By
applying a finite dimensional reduction argument and developing novel local Pohožaev identities, we prove
that if the function r2V (r, x′′) has a topologically nontrivial critical point then the problem admits infinitely
many solutions with arbitrary large energies.
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1. Introduction and main results

The nonlinear Choquard equation

−∆u+ V (x)u =
(
|x|−µ ∗ |u|q

)
|u|q−2u, in RN (1.1)

arises in various fields of mathematical physics, such as the description of the quantum theory of a polaron

at rest [36] and the Hartree-Fock theory of one-component plasma which models of the electron trapped

in its own hole [26]. First mathematical results on equation (1.1) are due to Lieb [26], who proved the

existence and uniqueness, up to translations, of the ground state for (1.1)) with N = 3, µ = 1, q = 2

and V a positive constant. Lieb’s results were improved and extended by Lions [28, 29] established, in

particular, the existence of a sequence of radially symmetric solutions. In the case when V is a constant,

Moroz and Van Schaftingen [33] proved regularity, positivity and radial symmetry of the ground states for

an optimal range of q, and described asymptotic decay of solutions at infinity. Ackermann [1] proposed

a new approach to prove the existence of infinitely many geometrically distinct weak solutions in the

case of a periodic potential V . If the potential V has the form of a deep potential well λa(x) + 1 where

a(x) is a nonnegative continuous function such that Ω = int (a−1(0)) is a non-empty bounded open set

with smooth boundary, in [4] the authors studied the existence and multiplicity of multi-bump shaped

solution. The existence of nodal solutions for the nonlocal Choquard equation has also attracted a lot

of interest, see for example [22, 38] , the sign-changing solutions is hard to obtain due to the nonlocal

interaction. The existence and concentration behavior of semiclassical solutions for the singularly perturbed

2010 Mathematics Subject Classification. 35J20, 35J60, 35A15.
Key words and phrases. Infinitely many solutions; Choquard equation; Pohožaev identities; Reduction method.
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subcritical Choquard equation have been considered in [2, 3, 15, 34, 41]. Among them, Wei and Winter [41]

constructed families of solutions by a using a Lyapunov-Schmidt type reduction. Chen [7] constructed

multiple semiclassical solutions to the Choquard equation with an external potential by Lyapunov-Schmidt

reduction argument. Luo et al. [32] established the uniqueness of positive solutions that concentrating at

the nondegenerate critical points of the potential by combining a local type of Pohožaev’s identities and

blow-up techniques.

To state the main results, we first recall the Hardy-Littlewood-Sobolev inequality (see [27, Theorem

4.3]) to clarify the meaning of “critical” for the Choquard equation.

Proposition 1.1. Let t, r > 1 and 0 < µ < N be such that 1
t + µ

N + 1
r = 2. Then there is a sharp constant

C(N,µ, t) such that, for f ∈ Lt(RN ) and h ∈ Lr(RN ),∣∣∣∣ˆ
RN

ˆ
RN

f(x)h(y)

|x− y|µ
dxdy

∣∣∣∣ ≤ C(N,µ, t)|f |Lt(RN )|h|Lr(RN ).

If t = r = 2N/(2N − µ), then

C(t,N, µ, r) = C(N,µ) = π
µ
2

Γ(N2 −
µ
2 )

Γ(N − µ
2 )

{
Γ(N2 )

Γ(N)

}−1+ µ
N

.

In this case there is equality is achieved if and only if f ≡ Ch and

h(x) = A(γ2 + |x− a|2)−(2N−µ)/2

for some A ∈ C, 0 6= γ ∈ R and a ∈ RN .

According to Proposition 1.1, the functionalˆ
RN

ˆ
RN

|u(x)|p|v(y)|p

|x− y|µ
dxdy

is well defined in H1(RN )×H1(RN ) if 2N−µ
N ≤ p ≤ 2N−µ

N−2 . Here, it is quite natural to call 2N−µ
N the lower

Hardy-Littlewood-Sobolev critical exponent and 2∗µ = 2N−µ
N−2 the upper Hardy-Littlewood-Sobolev critical

exponent.

For the upper critical case, by using the moving plane methods in integral developed in [8, 9] , Lei [25],

Du and Yang [17], Guo et al. [23] classified independently the positive solutions of the critical Hartree

equation

−∆u =
(
|x|−µ ∗ |u|2∗µ

)
|u|2∗µ−2u in RN , (1.2)

and proved that every positive solution of (1.2) must assume the form

Uz,λ(x) = S
(N−µ)(2−N)
4(N−µ+2) C(N,µ)

2−N
2(N−µ+2) [N(N − 2)]

N−2
4

( λ

1 + λ2|x− z|2
)N−2

2
. (1.3)

In [19] the authors considered the Brézis-Nirenberg type problem and established the existence, multiplicity

and nonexistence of solutions for the nonlinear Choquard equation in bounded domain. Ghimenti and

Pagliardini in [21] studied the existence of multiple solutions for the Choquard equation with slightly

subcritical exponent. In [3], by investigating the ground states of the critical Choquard equation with

constant coefficients, the authors studied the semiclassical limit problem for the singularly perturbed

Choquard equation in R3 and characterized the concentration behavior by variational methods. The

planar case was considered in [2], where the authors established the existence of a ground state for the

limit problem with critical exponential growth and then they also studied the concentration around the

global minimum set. Gao and Yang in [20] investigated the existence result for the strongly indefinite

Choquard equation with upper critical exponent in the whole space. In [18], Gao et al. studied the critical
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Choquard equations with subcritical perturbation and potential functions that might change sign and

proved the existence of Mountain-Pass solution via a nonlocal version of the concentration-compactness

principle. In [15], Ding et al. established a global compactness lemma and proved the multiplicity of high

energy semiclassical states for a class of critical Choquard equations without lower perturbation using the

Ljusternik-Schnirelman theory methods. In [45], the authors studied the existence of saddle type solutions.

For recent progress on the study of the Choquard equation we may refer the readers to [4,11,16,19,35] for

details.

The aim of this paper is to establish the existence of infinitely many solutions for the critical Choquard

equation with an axisymmetric potential V (x) of a special form,

−∆u+ V (|x′|, x′′)u =
(
|x|−4 ∗ |u|2

)
u in R6, (1.4)

where (x′, x′′) ∈ R2 × R4, the potential V ≥ 0 is bounded, belongs to C1 and V 6≡ 0. The exponent p = 2

is critical since N = 6 and µ = 4. We assume that the function r2V (r, x′′) has a stable topologically

nontrivial critical point in the following sense, which was introduced in [37]:

(V) The function r2V (r, x′′) has a critical point (r0, x
′′
0) such that r0 > 0, V (r0, x

′′
0) > 0, and

deg(∇(r2V (r, x′′)), (r0, x
′′
0)) 6= 0.

The main result of this paper is the following theorem.

Theorem 1.2. If V (|x′|, x′′) satisfies assumption (V ), then problem (1.4) has infinitely many solutions in

H1(R6) and the energy of the solutions diverges to +∞.

As far as we are aware, this is the first result of its kind for nonlocal Choquard equations with

axisymmetric potentials. We will construct solutions of (1.4) with large number of bubbles in Theorem 1.2

by using a reduction argument together with the novel local Pohožaev’s identities. The idea is inspired by

recent works [10,14,24,42] for non-singularly perturbed elliptic problems. It is well understood that the

proofs of the existence of solutions with large number of bubbles for critical elliptic equations by reduction

arguments depends heavily on the nondegeneracy of the solutions of the critical Lane-Emden equation. It

is well known that the following equation

−∆u = u
N+2
N−2 , x ∈ RN . (1.5)

has a unique family of positive two-parameter solutions of the form

Uξ,λ(x) := [N(N − 2)]
N−2

4

( λ

1 + λ2|x− ξ|2
)N−2

2
. (1.6)

Furthermore, equation (1.5) has an (N + 1)-dimensional manifold of solutions given by

Z =

{
zλ,ξ = [N(N − 2)]

N−2
4

( λ

+λ2|x− ξ|2
)N−2

2
, ξ ∈ RN , t ∈ R+

}
.

For every Z ∈ Z, it is said to be nondegenerate in the sense that the linearized equation

−∆v = Z
4

N−2 v (1.7)

in D1,2(RN ) only admits solutions of the form

η = aDtZ + b · ∇Z,

where a ∈ R,b ∈ RN . In [42], Wei and Yan developed the technique that allowed to study the prescribed

scalar curvature problem on SN

−∆SNu+
N(N − 2)

2
u = K(x)u

n+2
n−2 on SN .
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Assuming that K(x) is positive and rotationally symmetric and has a local maximum point between the

poles, by using the stero-graphic projection, the prescribed scalar curvature problem can be reduced into

−∆u = K(x)u
n+2
n−2 in RN .

The authors took the number of the bubbles of the solutions as parameter and proved the existence of

infinitely many non-radial positive solutions whose energy can be made arbitrarily large. We may also

turn to the works by Deng, Lin, Yan [14], Guo, Peng, Yan [24] and Li, Wei, Xu [30] for the existence and

local uniqueness of multi-bump solutions. For the critical Schrödinger equation

−∆u+ V (|x|)u = u
n+2
n−2 in RN ,

Chen, Wei and Yan [10] applied the reduction argument to study the existence of infinitely many positive

solutions in the case of a radially symmetric potentials V . In [37], Peng, Wang and Yan developed

a new idea that allowed also to construct bubbling solutions concentrating at saddle points of some

functions. They used the Pohožaev identities to find algebraic equations which determine the location of

the bubbles. Results on the existence of infinitely many solutions for other elliptic problems can also be

found in [5, 6, 39,40,43,44] and the references therein.

Define

Hs =
{
u ∈ D1,2(R6), u(x1,−x2, x

′′) = u(x1, x2, x
′′),

u(r cos θ, r sin θ, x′′) = u
(
r cos(θ +

2jπ

m
), r sin(θ +

2jπ

m
), x′′

)}
and let

zj =
(
r cos

2(j − 1)π

m
, r sin

2(j − 1)π

m
, x′′
)
, j = 1, · · ·,m,

where x′′ is a vector in R4. By the weak symmetry of V (x), we have V (zj) = V (r, x′′), j = 1, · · · ,m.

We will use Uzj ,λ (see (1.3)) as an approximate solution. Let δ > 0 be a small constant, such that

r2V (r, x′′) > 0 if |(r, x′′)− (r0, x
′′
0)| ≤ 10δ. Let ξ(x) = ξ(|x′|, x′′) be a smooth function satisfying ξ = 1 if

|(r, x′′)− (r0, x
′′
0)| ≤ δ, ξ = 0 if |(r, x′′)− (r0, x

′′
0)| ≥ 2δ, and 0 ≤ ξ ≤ 1. Denote

Zzj ,λ(x) = ξUzj ,λ(x), Zr,x′′,λ(x) =

m∑
j=1

Zzj ,λ(x), Z∗r,x′′,λ(x) =

m∑
j=1

Uzj ,λ(x),

and

Zj,1 =
∂Zzj ,λ

∂λ
, Zj,2 =

∂Zzj ,λ

∂r
, Zj,k =

∂Zzj ,λ

∂x′′k
, for k = 3, · · ·, N, j = 1, · · ·,m.

In this paper, we always assume that m > 0 is a large integer, λ ∈ [L0m
2, L1m

2] for some constants

L1 > L0 > 0 and

|(r, x′′)− (r0, x
′′
0)| ≤ ϑ < δ,

where ϑ > 0 is a small constant.

In order to prove Theorem 1.2, we will prove the following result.

Theorem 1.3. Under the assumptions of Theorem 1.2, there exists a positive integer m0 > 0, such that

for any integer m ≥ m0, (1.4) has a solution um of the form

um = Zrm,x′′m,λm + φrm,x′′m,λm =

m∑
j=1

ξUzj ,λm + φrm,x′′m,λm ,

where φrm,x′′m,λm ∈ Hs and λm ∈
[
L0m

2, L1m
2
]
. Moreover, as m → ∞, (rm, x

′′
m) → (r0, x

′′
0), and

λ−2
m ‖φrm,x′′m,λm‖L∞ → 0.
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Before we finish this section, we would like to point out the main difficulties in the study of nonlocal

Choquard equations. First of all, the uniqueness and nondegeneracy of the ground–states is largely open.

The subcritical case for (1.1) was partially solved in [31,41,46]. In [31,41] the authors proved the uniqueness

and nondegeneracy for the case N = 3, µ = 1 and q = 2. Chen [7] generalized the nondegeneracy result

to higher dimensions and Xiang [46] generalized the results further by showing the nondegeneracy when

q > 2 is close 2. For the critical case (1.2), the nondegeneracy property is mostly open. As far as we

know, the only result is [17], there the authors established the nondegeneracy result when µ is close to N .

Recently, the last two authors of the present paper obtained the nondegeneracy result for N = 6, µ = 4.

In addition, the nonlocal convolution part in (1.1) makes it much more difficult to establish the local

Pohožaev identities and to obtain the error estimates.

The paper is organized as follows: In Section 2, we give some preliminary results including a nondegen-

eracy result for the critical Hartree equation (2.4). In Section 3, we carry out the reduction procedure

for the critical Choquard equation (1.4). In Section 4, we prove our main results by establishing local

Pohožaev identities.

2. Preliminary results

In this section, we will introduce some estimates involving the convolution term and introduce a

nondegeneracy result for the limit critical Hartree equation (2.4).

Lemma 2.1. (Lemma B.1, [42]) For each fixed k and j, k 6= j, let

gk,j(x) =
1

(1 + |x− zj |)α
1

(1 + |x− zk|)β
,

where α ≥ 1 and β ≥ 1 are two constants. Then, for any constants 0 < δ ≤ min{α, β}, there is a constant

C > 0, such that

gk,j(x) ≤ C

|zk − zj |δ
( 1

(1 + |x− zj |)α+β−δ +
1

(1 + |x− zk|)α+β−δ

)
.

Lemma 2.2. (Lemma B.2, [42]) For any constant 0 < δ < N − 2, N ≥ 5, there is a constant C > 0, such

that ˆ
RN

1

|x− y|N−2

1

(1 + |y|)2+δ
dy ≤ C

(1 + |x|)δ
.

Using the methods to prove Lemma B.2 in [42], we can also establish the following lemma.

Lemma 2.3. For N = 6 and 1 ≤ i ≤ m, there is a constant C > 0, such that

|x|−4 ∗ λ2

(1 + λ|x− zi|)6+η
≤ C

(1 + λ|x− zi|)4
,

where η > 0.

Proof. First, we notice that

|x|−4 ∗ λ2

(1 + λ|x− zi|)6+η
=

ˆ
R6

1

|y|4
λ2

(1 + λ|x− zi − y|)6+η
dy =

ˆ
R6

1

|y|4
1

(1 + |λx− λzi − y|)6+η
dy.

Let d = λ
2 |x− zi| > 1. Then, we haveˆ

Bd(0)

1

|y|4
1

(1 + |λx− λzi − y|)6+η
dy ≤ C

(1 + d)6+η

ˆ
Bd(0)

1

|y|4
dy ≤ Cd2

(1 + d)6+η
≤ C

(1 + d)4+η
,

and ˆ
Bd(λx−λzi)

1

|y|4
1

(1 + |λx− λzi − y|)6+η
dy ≤ 1

d4

ˆ
Bd(0)

1

(1 + |y|)6+η
dy ≤ C

(1 + d)4
.
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Suppose that y ∈ R6\(Bd(0) ∪Bd(λx− λzi)). Then

|λx− λzi − y| ≥
1

2
|λx− λzi|, |y| ≥

1

2
|λx− λzi|,

and, we have
1

|y|4
1

(1 + |λx− λzi − y|)6+η
≤ C

(1 + d)4

1

|y|4
1

(1 + |λx− λzi − y|)2+η
.

If |y| ≤ 2|λx− λzi|, then

1

|y|4
1

(1 + |λx− λzi − y|)2+η
≤ C

|y|4(1 + |λx− λzi|)2+η
≤ C1

|y|4(1 + |y|)2+η
.

If |y| ≥ 2|λx− λzi|, then |λx− λzi − y| ≥ |y| − |λx− λzi| ≥ 1
2 |y|. As a result,

1

|y|4
1

(1 + |λx− λzi − y|)2+η
≤ C

|y|4(1 + |y|)2+η
.

Thus, we haveˆ
RN\(Bd(0)∪Bd(λx−λzi))

1

|y|4
1

(1 + |λx− λzi − y|)6+η
dy ≤ C

(1 + d)4

ˆ
RN

1

|y|4
1

(1 + |y|)2+η
dy ≤ C

(1 + d)4
.

�

Using (1.3) and the identity (see (37) in [12] for example)ˆ
RN

1

|x− y|2s
( 1

1 + |y|2
)N−s

dy = I(s)
( 1

1 + |x|2
)s
, 0 < s <

N

2
, (2.1)

where

I(s) =
π
N
2 Γ(N−2s

2 )

Γ(N − s)
, and Γ(s) =

ˆ +∞

0
xs−1e−x dx, s > 0,

we have

|x|−4 ∗ |Uz,λ(x)|2 =

ˆ
RN

U2
z,λ(y)

|x− y|4
dy = CUz,λ(x),

where N ≥ 5 and C = I(2)S
(N−µ)(2−N)
4(N−µ+2) C(N,µ)

2−N
2(N−µ+2) [N(N − 2)]

N−2
4 . So, we have the following lemma.

Lemma 2.4. For N = 6 and 1 ≤ i ≤ m, there is a constant C > 0, such that

|x|−4 ∗ |Uzi,λ(x)|2 = CUzi,λ(x).

Lemma 2.5. For every i 6= 1, α > 3, there is a constant C > 0, such thatˆ
R6

1

(1 + |y − λz1|2)α
1

(1 + |y − λzi|2)2
dy =

C

(λ|z1 − zi|)4
. (2.2)

Proof. First, by Lemma 2.1, we haveˆ
R6

1

(1 + |y − λz1|2)α
1

(1 + |y − λzi|2)2
dy

≤ C

(λ|z1 − zi|)4

ˆ
R6

( 1

(1 + |y − λz1|)2α
+

1

(1 + |y − λzi|)2α

)
dy =

C

(λ|z1 − zi|)4
.

Next, we notice thatˆ
R6

1

(1 + |y − λz1|2)α
1

(1 + |y − λzi|2)2
dy =

ˆ
R6

1

(1 + |y|2)α
1

(1 + |y + λz1 − λzi|2)2
dy.

Let d = λ
2 |z1 − zi| > 1. Then, we have
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ˆ
Bd(0)

1

(1 + |y|2)α
1

(1 + |y + λz1 − λzi|2)2
dy ≥ 1

(1 + (3d)2)2

ˆ
B1(0)

1

(1 + |y|2)α
dy ≥ C

d4
,

and ˆ
Bd(λzi−λz1)

1

(1 + |y|2)α
1

(1 + |y + λx1 − λzi|2)2
dy

≥ 1

(1 + (3d)2)α

ˆ
B1(λzi−λz1)

1

(1 + |y + λz1 − λzi|2)2
dy ≥ C

d2α
.

Let z ∈ R6\(Bd(0) ∪Bd(λzi − λz1)) with |z| = 2d and |z + λz1 − λzi| = 2d. Then, we haveˆ
R6\(Bd(0)∪Bd(λzi−λz1))

1

(1 + |y|2)α
1

(1 + |y + λz1 − λzi|2)2
dy

≥
ˆ
Bd(z)

1

(1 + |y|2)α
1

(1 + |y + λz1 − λzi|2)2
dy

≥ C

(1 + (3d)2)2

ˆ
B1(z)

1

(1 + |y|2)α
dy =

C

d4
.

Thus, we can obtain ˆ
R6

1

(1 + |y − λz1|2)α
1

(1 + |y − λzi|2)2
dy ≥ C

(λ|z1 − zi|)4
.

�

To prove Theorem 1.2, we will use a nondegeneracy result. From [17,25], we know

U0,1(x) :=
√

2S−
1
2C(6, 4)−

1
2 24(

1

1 + |x|2
)2, (2.3)

where C(6, 4) = 1
4π

Γ(2)
Γ(4){

Γ(6)
Γ(3)}

1
3 , is the unique family positive solutions of the critical Hartree equations:

−∆u =
1

2
(I2 ∗ u2)u, in R6, (2.4)

where I2 : R6 → R is the Riesz potential defined at each point x ∈ RN\{0} by

I2(x) =
A2

|x|4
, where A2 =

Γ(2)

Γ(1)π
N
2 22

.

Here the coefficient 1
2 is taken to simplify the computations. In [47], Yang and Zhao proved a nondegeneracy

result, i.e.

Lemma 2.6. (see [47, Theorem 2.1]) The linearization of equation (2.4) around the solution U0,1,

−∆ϕ =
1

2
(I2 ∗ U2

0,1)ϕ+ (I2 ∗ U0,1ϕ)U0,1 (2.5)

only admits solutions in D1,2(R6) of the form

ϕ = aDλU0,1 + b · ∇U0,1, a ∈ R, b ∈ R6.

Proof. We sketch the proof for the convenience of the readers. Equation (2.4) is equivalent to the following

system −∆u = uw in R6,

−∆w =
1

2
u2 in R6.

(2.6)
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We define the Talenti bubbles functions

U0,1(x) :=
√

2S−
1
2C(6, 4)−

1
2 24(

1

1 + |x|2
)2 and W :=

1

8ω6

ˆ
R6

U2
0,1(y)

|x− y|4
dy. (2.7)

Then (U0,1,W ) solves system (2.6). The linearized equation of system (2.6) around the solution (U0,1,W )

is given by {
−∆ϕ = ϕW + ψU0,1 in R6,

−∆ψ = ϕU0,1 in R6.
(2.8)

We aim to prove that equation (2.8) only admits solutions of the form

(ϕ,ψ) = ā(2U0,1 + rU
′
0,1, 2W + rW

′
) +

6∑
j=1

bj
∂(U0,1,W )

∂xj
,

where ā, bj ∈ R.

For general N , let r = |x| and θ = x
|x| ∈ SN−1, we denote ∆r respectively ∆SN−1 to be the Laplace

operator in radial coordinates and the Laplace-Beltrami operator:

∆r =
∂2

∂r2
+
N − 1

r

∂

∂r
,

∆SN−1 =
1
√
g

∑ ∂

∂yj
(
√
ggij

∂

∂yj
),

where g = det gij and [gij ] = [gij ]
−1. Clearly

∆ = ∆r +
1

r2
∆SN−1 . (2.9)

Let

ϕk(x) =

ˆ
S5
ϕ(r, θ)Yk(θ)dθ,

ψk(x) =

ˆ
S5
ψ(r, θ)Yk(θ)dθ.

Then, we can find

∆ϕk =

ˆ
S5

∆rϕ(r, θ)Yk(θ)dθ

=

ˆ
S5

∆ϕYkdθ −
1

r2

ˆ
S5

∆SN−1ϕYkdθ

= −(ϕkW + ψkU0,1) +
λk
r2
ϕk,

(2.10)

and

∆ψk = −ϕkU0,1 +
λk
r2
ψk. (2.11)

For any radial function f(r), it is easy to check that

(∆f)
′

= (f
′′
(r) +

N − 1

r
f
′
(r))

′
= f

′′′
(r) +

N − 1

r
f
′′
(r)− N − 1

r2
f
′
(r).

Since (U0,1,W ) satisfies system (2.6) and is radially symmetric, then we have

−∆U0,1 = −(U
′′
0,1 +

5

r
U
′
0,1) = U0,1W.

thus

U
′′
0,1 +

5

r
U
′
0,1 + U0,1W = 0.
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Differentiating both sides with respect to r, we can find

U
′′′
0,1 +

5

r
U
′′
0,1 −

5

r2
U
′
0,1 + U

′
0,1W + U0,1W

′
= 0,

equivalently

∆U
′
0,1 −

5

r2
U
′
0,1 + U

′
0,1W + U0,1W

′
= 0, (2.12)

and

∆W
′ − 5

r2
W
′
+ U0,1U

′
0,1 = 0. (2.13)

If k > 8, then we claim that ϕk ≡ ψk ≡ 0. Suppose that the claim is false. Multiplying (2.10) and (2.11)

by U
′

and W
′
, respectively, and integrating over Br centered at the origin with radius r, we obtain

0 =

ˆ
Br

∆ϕkU
′
0,1 +

ˆ
Br

ϕkWU
′
0,1 +

ˆ
Br

ψkU0,1U
′
0,1 −

ˆ
Br

λk
r2
ϕkU

′
0,1. (2.14)

We can calculate the first term of the above equation as followsˆ
Br

∆ϕkU
′
0,1 =

ˆ
Br

div(∇ϕk)U
′
0,1

=

ˆ
∂Br

U
′
0,1

∂ϕk
∂ν
−
ˆ
∂Br

ϕk
∂U

′
0,1

∂ν
+

ˆ
Br

∆U
′
0,1ϕk.

(2.15)

Substituting (2.12) and (2.15) into (2.14), we have

0 =

ˆ
Br

∆ϕkU
′
0,1 +

ˆ
Br

ϕkWU
′
0,1 +

ˆ
Br

ψkU0,1U
′
0,1 −

ˆ
Br

λk
r2
ϕkU

′
0,1

=

ˆ
∂Br

(U
′
0,1

∂ϕk
∂ν
− ϕk

∂U
′
0,1

∂ν
)−
ˆ
Br

U0,1W
′
ϕk +

ˆ
Br

ψkU0,1U
′
0,1 +

ˆ
Br

5− λk
r2

ϕkU
′
0,1.

(2.16)

With similar arguments applied to (2.11), we can see that

0 =

ˆ
Br

∆ψkW
′
+

ˆ
Br

ϕkU0,1W
′ −
ˆ
Br

λk
r2
ψkU

′
0,1

=

ˆ
∂Br

(W
′ ∂ψk
∂ν
− ψk

∂W
′

∂ν
) +

ˆ
Br

U0,1U
′
0,1ϕk −

ˆ
Br

ψkU0,1U
′
0,1 +

ˆ
Br

5− λk
r2

ψkW
′
.

(2.17)

Adding (2.16) and (2.17), we can deduce

0 =

ˆ
∂Br

(U
′
0,1

∂ϕk
∂ν
− ϕk

∂U
′
0,1

∂ν
)︸ ︷︷ ︸

:=J1(r)

+

ˆ
∂Br

(W
′ ∂ψk
∂ν
− ψk

∂W
′

∂ν
)︸ ︷︷ ︸

:=J2(r)

+

ˆ
Br

5− λk
r2

(ϕkU
′
0,1 + ϕkU

′
0,1)︸ ︷︷ ︸

:=J3(r)

.
(2.18)

By choosing suitable r and we will estimate J1(r), J2(r) and J3(r), respectively. Since ϕk 6≡ 0, without

loss of generality, we may assume that there exists some r1 > 0 such that ϕk(r) < 0 in (0, r1), ϕk(r1) = 0.

Then we can deduce that ϕ
′
k(r1) > 0.

Next, we are going to prove that ψk(r) < 0 for r small enough. Assuming the contrary, we deduce from

(2.11) that ψk(r) can not have a positive local maximum in (0, r1), hence ψk(r) > ψk(0) > 0 for r ∈ (0, r1).

Combining (2.10) with (2.6), we obtain

0 >

ˆ
Br1

(
λk
r2
ϕk − ψkU0,1)U0,1 =

ˆ
Br1

(∆ϕk + ϕkW )U0,1

=

ˆ
∂Br1

U0,1
∂ϕk
∂ν

> 0,
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which leads to a contradiction. It is sufficient to show that there exists some r2 > 0 such that ψk(r) < 0 in

(0, r2), ψk(r2) = 0 and ψ
′
k(r2) > 0. We divide our argument into three cases:

(1). If r1 = r2, we take r = r1 = r2. It is easy to check that J1(r) < 0, J2(r) < 0, J3(r) < 0, that

contradicts to (2.18).

(2). If r1 > r2, obviously J2(r2) < 0, J3(r2) < 0. The difficulty here is to evaluate J1(r2). Define

F (r) = r5U
′
ϕ
′
k − r5U

′′
ϕk.

For any r ∈ (r2, r1), from (2.10) and (2.12) we have

F
′
(r) = r5(ϕ

′′
k +

5

r
ϕ
′
k)U

′
0,1 − r5(U

′′′
0,1 +

5

r
U
′′
0,1)ϕk

= (λk − 5)r3U
′
ϕk + r5U0,1(W

′
ϕk − U

′
0,1ψk).

To obtain a contradiction, assume that ψk > 0 does not hold for all r ∈ (r2, r1). Then ψk must have a

zero for some r0 ∈ (r2, r1), such that ψk(r) > 0, r2 < r < r0 and ψ
′
k(r0) < 0. For any r2 < r < r0, ψk(r)

must have a local maximum. From the fact that

∆ψk = −ϕkU0,1 +
λk
r2
ψk > 0, r2 < r < r0, (2.19)

we know ψk > 0 for all r2 < r < r1. Since F
′
(r) > 0, r2 < r < r1, then F (r2) < F (r1) < 0. Then we can

deduce that

J1(r2) =

ˆ
∂Br2

r−5F (r) < 0,

which contradicts with (2.18).

(3). If r2 > r1. Similar to the argument of (2), we need to evaluate J2(r1) . Define

G(r) = r5W
′
ψ
′
k − r5W

′′
ψk.

We know that, for any r1 < r < r2,

G
′
(r) = (λk − 5)r3W

′
ψk − r5U0,1(W

′
ϕk − U

′
0,1ψk).

In order to prove G
′
(r) > 0 for r1 < r < r2, we proceed to show that ϕk > 0, r ∈ (r1, r2). On the contrary,

suppose that ϕk > 0 does not hold for all r1 < r < r2. Then ϕk must have a zero for some r3 ∈ (r1, r2),

such that ϕk(r) > 0, r1 < r < r3 and ϕ
′
k(r3) < 0. Therefore

0 <

ˆ
Br3\Br1

(
λk
r2
ϕk − ψkU0,1)U0,1 =

ˆ
Br3\Br1

(∆ϕk + ϕkW )U0,1

=

ˆ
∂Br3

U0,1
∂ϕk
∂ν
−
ˆ
∂Br1

U0,1
∂ϕk
∂ν

< 0,

Then we can deduce that J2(r1) < 0 and (2.18) gives a contradiction.

From above arguments, we can find (ϕk, ψk) ≡ 0 for k > 8. Therefore, the linearization of system

(2.6) around the solution (U0,1,W ) has a kernel with at most 7 dimensions. On the other hand, when

k = 1 we check at once that (ϕ1, ψ1) = (2U0,1 + rU
′
0,1, 2W + rW

′
) is a solution, when k = 2, · · · , 7,

∂(U0,1,W )
∂xj

(1 6 j 6 6) are solutions. Since (2U0,1 + rU
′
0,1, 2W + rW

′
) and

∂(U0,1,W )
∂xj

(1 6 j 6 6) are linearly

independent, the family of solutions of (2.8) is given by (ϕ,ψ) = a(2U0,1+rU
′
0,1, 2W+rW

′
)+

6∑
j=1

bj
∂(U0,1,W )

∂xj

for some a, bj ∈ R.

�
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3. Finite-dimensional reduction

In this section, we carry out the finite-dimensional reduction argument in a weighted space introduced

in [42]. In this way, we can obtain a good estimate for the error term. Let

‖u‖∗ = sup
x∈R6

( m∑
j=1

1

(1 + λ|x− zj |)2+τ

)−1
λ−2|u(x)|,

and

‖h‖∗∗ = sup
x∈R6

( m∑
j=1

1

(1 + λ|x− zj |)4+τ

)−1
λ−4|h(x)|,

where τ = 1
2 .

Consider

−∆φ+ V (r, x′′)φ−
(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ− 2

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,x′′,λ

= h+

6∑
l=1

cl

m∑
j=1

[
(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ] in R6,

φ ∈ Hs,

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,lφ+ 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λφ

]
dx = 0, l = 1, 2, · · · , 6,

(3.1)

for some real numbers cl.

Lemma 3.1. Suppose that φm solves (3.1) for h = hm. If ‖hm‖∗∗ → 0 as m→∞, then ‖φm‖∗ → 0.

Proof. We argue by contradiction. Suppose that there exist m → +∞, rm → r0, y′′m → y′′0 , λm ∈
[L0m

2, L1m
2] and φm solving (3.1) for h = hm, λ = λm, r = rm, y′′ = y′′m, with ‖hm‖∗∗ → 0 and

‖φm‖∗ ≥ c > 0. We may assume that ‖φm‖∗ = 1.

By (3.1), we have

|φm(x)|

≤ C
ˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zr,y′′,λ|φm|)

)
Zr,x′′,λ(y)dy + C

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ |Zr,x′′,λ|2

)
|φm(y)|dy

+ C
N∑
l=1

|cl|

[∣∣∣ m∑
j=1

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ(y)dy

∣∣∣+
∣∣∣ m∑
j=1

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ |Zzj ,λ|

2
)
Zj,l(y)dy

∣∣∣]

+ C

ˆ
R6

1

|y − x|4
|hm(y)|dy.

(3.2)

To estimate the first term in the right side of (3.2), from the fact that

Zr,y′′,λ ≤ C
m∑
j=1

λ2

(1 + λ|x− zj |)4
,
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applying Lemma 2.3, we haveˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zr,x′′,λ|φm|)

)
Zr,x′′,λ(y)dy

≤ C‖φm‖∗‖Zr,x′′,λ‖∗
ˆ
R6

1

|y − x|4
m∑
j=1

λ2

(1 + λ|y − zj |)4

m∑
j=1

λ2

(1 + λ|y − zj |)2+τ
dy

= C‖φm‖∗λ2

ˆ
R6

1

|y − λx|4
m∑
j=1

1

(1 + |y − λzj |)4

m∑
j=1

1

(1 + |y − λzj |)2+τ
dy.

(3.3)

Now, we may define

Ωj =

{
x = (x′, x′′) ∈ R2 × R4 :

〈 x′
|x′|

,
z′j
|z′j |

〉
≥ cos

π

m

}
, j = 1, · · ·,m.

Then for y ∈ Ω1, we have |y − λzj | ≥ |y − λz1|. Using Lemma 2.1, we obtain

m∑
j=2

1

(1 + |y − λzj |)4
≤ 1

(1 + |y − λz1|)2

m∑
j=2

1

(1 + |y − λzj |)2

≤ C

(1 + |y − λz1|)4−τ

m∑
j=2

1

(λ|z1 − zj |)τ
.

From the proof in Lemma B.3 in [42], we know
m∑
j=2

1

(λ|z1 − zj |)τ
≤ C,

consequently, we have
m∑
j=2

1

(1 + |y − λzj |)4
≤ C

(1 + |y − λz1|)4−τ . (3.4)

Similarly, we have
m∑
j=2

1

(1 + |y − λzj |)2+τ
≤ C

(1 + |y − λz1|)2
. (3.5)

From (3.4) and (3.5), for y ∈ Ω1, using Lemma 2.1 again, we know
m∑
j=1

1

(1 + |y − λzj |)4

m∑
j=1

1

(1 + |y − λzj |)2+τ
≤ C

(1 + |y − λz1|)6−τ . (3.6)

Therefore, by Lemma 2.2, we haveˆ
Ω1

1

|y − λx|4
m∑
j=1

1

(1 + |y − λzj |)4

m∑
j=1

1

(1 + |y − λzj |)2+τ
dy ≤ C

(1 + λ|x− z1|)4−τ .

In the following, we denote θ = 2− 2τ . Thusˆ
R6

1

|y − λx|4
m∑
j=1

1

(1 + |y − λzj |)4

m∑
j=1

1

(1 + |y − λzj |)2+τ
dy ≤

m∑
j=1

C

(1 + λ|x− zj |)2+τ+θ
.

Combining this with (3.3), we haveˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zr,x′′,λ|φm|)

)
Zr,x′′,λ(y)dy ≤ C‖φm‖∗λ2

m∑
j=1

1

(1 + λ|x− zj |)2+τ+θ
. (3.7)
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Similarly, we can obtain the estimate for the second term in the right side of (3.2) as

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ |Zr,x′′,λ|2

)
|φm(y)|dy ≤ C‖φm‖∗λ2

m∑
j=1

1

(1 + λ|x− zj |)2+τ+θ
. (3.8)

For the third term in the right side of (3.2), if l = 1, we can get

||y|−4 ∗ (Zzj ,λZj,1)| ≤C|y|−4 ∗ λ3

(1 + λ2|y − zj |2)5
+ C|y|−4 ∗ λ3

(1 + λ2|y − zj |2)4

≤C|y|−4 ∗ λ3

(1 + λ|y − zj |)10
+ C|y|−4 ∗ λ3

(1 + λ|y − zj |)8
.

Thus, by Lemmas 2.3 and 2.2, we have∣∣∣∣ˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ(y)dy

∣∣∣∣ ≤ Cλ 1

(1 + λ|x− zj |)2+τ
.

While for l 6= 1, we can obtain∣∣∣∣ˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ(y)dy

∣∣∣∣ ≤ Cλ3 1

(1 + λ|x− zj |)2+τ
,

and so, ∣∣∣∣∣∣
m∑
j=1

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ(y)dy

∣∣∣∣∣∣ ≤ Cλ2+nl

m∑
j=1

1

(1 + λ|x− zj |)2+τ
, (3.9)

where n1 = −1, nl = 1, l = 2, · · ·, 6. Similarly, we have∣∣∣∣∣∣
m∑
j=1

ˆ
R6

1

|y − x|4
(
|y|−4 ∗ |Zzj ,λ|

2
)
Zj,l(y)dy

∣∣∣∣∣∣ ≤ Cλ2+nl

m∑
j=1

1

(1 + λ|x− zj |)2+τ
. (3.10)

For the last term, by Lemma 2.2, we know

ˆ
R6

1

|y − x|4
|hm(y)|dy ≤ C‖hm‖∗∗λ2

m∑
j=1

1

(1 + λ|x− zj |)2+τ
. (3.11)

In the following, we are going to estimate cl, l = 1, 2, · · ·, 6. Multiplying (3.1) by Z1,t, (t = 1, 2, · · ·, 6)

and integrating, we see that cl satisfies

6∑
l=1

m∑
j=1

〈(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ, Z1,t

〉
cl

=
〈
−∆φm + V (r, x′′)φm −

(
|x|−4 ∗ |Zr,x′′,λ|2

)
φm − 2

(
|x|−4 ∗ (Zr,x′′,λφm)

)
Zr,x′′,λ, Z1,t

〉
− 〈hm, Z1,t〉.

(3.12)

From Lemma 2.1 in [37], we know that

|〈hm, Z1,t〉| ≤ Cλnt‖hm‖∗∗, (3.13)

and

|〈V (r, x′′)φm, Z1,t〉| ≤ O(
λnt‖φm‖∗
λ1+ε

), (3.14)
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where ε > 0 is small constant. Since

|x|−4 ∗ ξ(x)λ2

(1 + λ|x− zi|)6+τ
=

ˆ
R6

1

|y|4
ξ(x− y)λ2

(1 + λ|x− zi − y|)6+τ
dy

≤
ˆ
B2δ(x−(r0,x′′0 ))

λ2

(λ|x− zi − y|)5
dy = O(

1

λ3
),

and

|x|−4 ∗
( ξ(x)λ2

(1 + λ|x− zi|)4

1

(1 + λ|x− zj |)2+τ

)
≤ C

(λ|zi − zj |)
τ
2

ˆ
R6

1

|y|4
( ξ(x− y)λ2

(1 + λ|x− zi − y|)6+ τ
2

+
ξ(x− y)λ2

(1 + λ|x− zj − y|)6+ τ
2

)
dy

=O(
1

λ3
), j 6= i,

thanks to Lemma 2.1, we have

||x|−4 ∗ (Zr,x′′,λφm)| ≤C‖φm‖∗
ˆ
R6

1

|y|4
m∑
j=1

ξ(x− y)λ2

(1 + λ|x− y − zj |)4

m∑
j=1

λ2

(1 + λ|x− y − zj |)2+τ
dy

=O(
m2‖φm‖∗

λ
).

So, ˆ
R6

(
|x|−4 ∗ (Zr,x′′,λφm)

)
Zr,y′′,λZ1,tdx

≤ C‖φm‖∗‖Zr,x′′,λ‖∗
m2

λ

ˆ
R6

m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

ξλ2+nt

(1 + λ|x− z1|)4
dx

≤ C‖φm‖∗
m2λnt

λ

m

λ2

ˆ
R6

1

(1 + |x− λz1|)6+τ
dx

= O(
λnt‖φm‖∗
λ1+ε

),

for some small constant ε > 0. Similarly, we also have〈(
|x|−4 ∗ |Zr,x′′,λ|2

)
φm, Z1,t

〉
= O

(λnt‖φm‖∗
λ1+ε

)
.

Notice that ˆ
R6

∆Z1,tφmdx =

ˆ
R6

(ξ∆(Uz1,λ)t + (Uz1,λ)t∆ξ + 2∇ξ∇(Uz1,λ)t)φmdx,

where

(Uz1,λ)1 =
∂Uz1,λ
∂λ

, (Uz1,λ)2 =
∂Uz1,λ
∂r

, (Uz1,λ)k =
∂Uz1,λ
∂x′′k

, for k = 3, · · ·, N.

By applying the argument as above, we have
ˆ
R6

ξ∆(Uz1,λ)tφmdx ≤ C‖φm‖∗
m∑
j=1

ˆ
R6

ˆ
R6

ξλ4

(1 + λ|x− z1|)8

1

|x− y|4
λ2+nt

(1 + λ|y − z1|)4

λ2

(1 + λ|y − zj |)2+τ
dxdy

≤ Cλ
nt

λ
‖φm‖∗m

ˆ
R6

λ2

(1 + λ|y − z1|)4

λ2

(1 + λ|y − z1|)2+τ
dy

= O(
λnt‖φm‖∗

λ
5
2

).
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On the other hand, direct calculation gives
ˆ
R6

(Uz1,λ)t∆ξφmdx ≤ C‖φm‖∗
m∑
j=1

ˆ
R6

λ2

(1 + λ|x− zj |)2+τ

|∆ξ|λ2+nt

(1 + λ|x− z1|)4
dx = O(

λnt‖φm‖∗
λ2

),

and ˆ
R6

∇ξ∇(Uz1,λ)tφmdx ≤ C‖φm‖∗
m∑
j=1

ˆ
R6

|∇ξ|λ2

(1 + λ|x− zj |)2+τ

λ3+nt

(1 + λ|x− z1|)5
dx = O(

λnt‖φm‖∗
λ2

).

So,

〈−∆φm, Z1,t〉 = O
(λnt‖φm‖∗

λ2

)
,

Consequently,〈
−∆φm −

(
|x|−4 ∗ |Zr,x′′,λ|2

)
φm − 2

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,y′′,λ, Z1,t

〉
= O(

λnt‖φm‖∗
λ1+ε

). (3.15)

Combining (3.13)-(3.15), we have〈
−∆φm + V (r, y′′)φm −

(
|x|−4 ∗ |Zr,x′′,λ|2

)
φm − 2

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,x′′,λ, Z1,t

〉
− 〈hm, Z1,t〉

=O
(λnt‖φm‖∗

λ1+ε
+ λnt‖hm‖∗∗

)
.

(3.16)

On the other hand, it is easy to check that

m∑
j=1

〈(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l, Z1,t

〉
= (c+ o(1))δtlλ

nlλnt , (3.17)

and
m∑
j=1

〈(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ, Z1,t

〉
= (c′ + o(1))λnlλnt , (3.18)

for some constant c > 0 and c′ > 0. And so, from(3.16), (3.17) and (3.18) into (3.12), we know

cl =
1

λnl
(o(‖φm‖∗) +O(‖hm‖∗∗)). (3.19)

Thus,

‖φm‖∗ ≤ o(1) + ‖hm‖∗∗ +

∑6
j=1

1
(1+λ|x−zj |)2+τ+θ∑6

j=1
1

(1+λ|x−zj |)2+τ
. (3.20)

Since ‖φm‖∗ = 1, we obtain from (3.20) that there is R > 0 such that

‖λ−2φm‖L∞(BR
λ

(zj)) ≥ a > 0, (3.21)

for some j. However, let φm(x) = λ−2φm(λ(x− zj)), thenˆ
RN

(|∇φm|2 + V (r, x′′)|φm|2)dx ≤ C.

Thus there is a v ∈ D1,2(R6), such that

φm ⇀ v, weakly in D1,2(R6)

and

φm → v, strongly in L2
loc(R6),
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as m→ +∞ . Therefore it follows that v ∈ D1,2(R6) satisfies

−∆v =
(ˆ

R6

|U0,Λ(y)|2

|x− y|4
dy
)
v + 2

(ˆ
R6

U0,Λ(y)v(y)

|x− y|4
dy
)
U0,Λ in R6, (3.22)

for some Λ ∈ [Λ1,Λ1]. Since v is perpendicular to the kernel of (3.22), by the non-degeneracy of U0,1 in

Theorem 2.6, we can conclude that v = 0, this contradicts with (3.21). �

Let

E =
{
φ ∈ Hs :

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,lφ+ 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λφ

]
dx = 0, l = 1, 2, · · · , 6

}
.

endowed with the usual inner product [φ, ψ] =
´
R6 ∇φ∇ψdx. Problem (3.1) is equivalent to that of finding

a φ ∈ E such that

[φ, ψ] = 〈−V (r, x′′)φ+
(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ+ 2

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,x′′,λ + h, ψ〉, ∀ψ ∈ E.

Similar to the proof of Proposition 4.1 in [13], Riesz’s representation theorem and Fredholm’s alternative

Theorem guarantee the existence of unique solution for any h provided the following equation

−∆φ+ V (r, x′′)φ−
(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ− 2

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,x′′,λ

=
6∑
l=1

cl

m∑
j=1

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
in R6,

φ ∈ Hs,
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,lφ+ 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λφ

]
dx = 0, l = 1, 2, · · · , 6,

(3.23)

for certain constants cl, has only trivial solution in E. This is true due to Lemma 3.1. We can also

conclude then that for each h, problem (3.1) admits a unique solution φ with

‖φ‖∗ ≤ C‖h‖∗∗.

In conclusion, we have the following Lemma:

Lemma 3.2. There exists m0 > 0 and a constant C > 0, independent of m, such that for all m ≥ m0

and all h ∈ L∞(R6), problem (3.1) has a unique solution φ ≡ Lm(h). Besides,

‖Lm(h)‖∗ ≤ C‖h‖∗∗, |cl| ≤
C

λnl
‖h‖∗∗. (3.24)

Next we consider the following equation

−∆(Zr,x′′,λ + φ) + V (|x′|, x′′)(Zr,x′′,λ + φ)−
(
|x|−4 ∗ |(Zr,x′′,λ + φ)|2

)
(Zr,x′′,λ + φ)

=
6∑
l=1

cl

m∑
j=1

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
in R6,

φ ∈ Hs,

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,lφ+ 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λφ

]
dx = 0, l = 1, 2, . . . , 6.

(3.25)
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We can rewrite (3.25) as

−∆φ+V (|x′|, x′′)φ−
(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ− 2

(
|x|−4 ∗ Zr,x′′,λφ

)
Zr,x′′,λ

=N(φ) + lm +

6∑
l=1

cl

m∑
j=1

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
in R6,

(3.26)

where

N(φ) =2
(
|x|−4 ∗ (Zr,x′′,λφ)

)
φ+

(
|x|−4 ∗ |φ|2

)
Zr,x′′,λ +

(
|x|−4 ∗ |φ|2

)
φ

and

lm =
(
|x|−4 ∗ |Zr,x′′,λ|2

)
Zr,x′′,λ−

m∑
j=1

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zzj ,λ−V (|x′|, x′′)Zr,x′′,λ+Z∗r,x′′,λ∆ξ+2∇ξ∇Z∗r,x′′,λ.

In order to use the contraction mapping theorem to prove that (3.26) is uniquely solvable in the set

that ‖φ‖∗ is small, we need to estimate N(φ) and lm.

Lemma 3.3. There is a constant C > 0, such that

‖N(φ)‖∗∗ ≤ C‖φ‖2∗. (3.27)

Proof. Notice that(
|x|−4 ∗ (Zr,x′′,λφ)

)
|φ| ≤C‖Zr,x′′,λ‖∗‖φ‖2∗λ6

(
|x|−4 ∗

( m∑
j=1

1

(1 + λ|x− zj |)2+τ

)2
) m∑
j=1

1

(1 + λ|x− zj |)2+τ

≤C‖φ‖2∗λ4
m∑
j=1

1

(1 + λ|x− zj |)2

m∑
j=1

1

(1 + λ|x− zj |)2+τ

≤C‖φ‖2∗λ4
m∑
j=1

1

(1 + λ|x− zj |)4+τ
,

where we applied the fact that, for any 1 ≤ j ≤ m, there is a constant C > 0, such that

|x|−4 ∗ λ2

(1 + λ|x− zj |)4+2τ
≤ C 1

(1 + λ|x− zj |)2
,

whose proof is similar to Lemma 2.3. Similarly, we also have(
|x|−4 ∗ |φ|2

)
|Zr,x′′,λ| ≤ C‖φ‖2∗λ4

m∑
j=1

1

(1 + λ|x− zj |)4+τ

and (
|x|−4 ∗ |φ|2

)
|φ| ≤ C‖φ‖3∗λ4

m∑
j=1

1

(1 + λ|x− zj |)4+τ
.

From the above, we have

‖N(φ)‖∗∗ ≤ C‖φ‖2∗.
�

Lemma 3.4. There is a constant ε > 0, such that

‖lm‖∗∗ ≤ C(
1

λ
)1+ε. (3.28)
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Proof. Observe that

lm =
m∑
i=1

[(
|x|−4 ∗ |Zzi,λ|

2
)∑
j 6=i

Zzj ,λ

]
+ 2

m∑
j=1

∑
i 6=j

(
|x|−4 ∗ |Zzj ,λZzi,λ|

)
Zr,x′′,λ − V (|x′|, x′′)Zr,x′′,λ

+ (Z∗r,x′′,λ∆ξ + 2∇ξ∇Z∗r,x′′,λ)

: = Φ1 + Φ2 + Φ3 + Φ4.

First, we estimate the term Φ1. Recall that |x− zj | ≥ |x− z1|, ∀x ∈ Ω1, where

Ωj =

{
x = (x′, x′′) ∈ R2 × R4 :

〈 x′
|x′|

,
z′j
|z′j |

〉
≥ cos

π

m

}
, j = 1, · · ·,m.

By Lemma 2.4, we have

|x|−4 ∗ |Zzi,λ|
2 ≤ C|x|−4 ∗

∣∣∣ λ2

(1 + λ2|x− zi|2)2

∣∣∣2 ≤ C λ2

(1 + λ|x− zi|)4
.

Taking 0 < α ≤ 4, by Lemma 2.1, we obtain that for any x ∈ Ωi, i = 1, · · ·,m and j 6= i

1

(1 + λ|x− zi|)4

1

(1 + λ|x− zj |)4
≤ C 1

(1 + λ|x− zi|)8−α
1

|λ(zj − zi)|α
.

We can choose α > 3 satisfying 4− α ≥ τ . Combining this with the fact∑
j 6=i

Zzj ,λ ≤
m∑

j=1, 6=i

λ2

(1 + λ|x− zj |)4
,

we have (
|x|−4 ∗ |Zzi,λ|

2
)∑
j 6=i

Zzj ,λ ≤
Cλ4

(1 + λ|x− zi|)8−α (
m

λ
)α ≤ Cλ4

(1 + λ|x− zi|)4+τ
(
1

λ
)1+ε.

And so,

|Φ1| ≤ C(
1

λ
)1+ελ4

m∑
i=1

1

(1 + λ|x− zi|)4+τ
.

To estimate Φ2, by taking 0 < α ≤ 4 and applying Lemma 2.1 again, we obtain that for any x ∈ Ωj and

i 6= j

|Zzj ,λZzi,λ| ≤ C
λ4

(1 + λ|x− zj |)8−α
1

|λ(zj − zi)|α
.

We can choose α > 3 satisfying 6− α ≥ τ . Then

λ2

(1 + λ|x− zj |)4

m∑
i=1, 6=j

λ2

(1 + λ|x− zi|)4
≤ Cλ4

(1 + λ|x− zj |)8−α (
m

λ
)α.

By Lemma 2.2, we have

|Φ2| ≤ C
m∑
j=1

(
|x|−4 ∗ λ4

(1 + λ|x− zj |)8−α

)
|Zr,x′′,λ|

≤ C(
m

λ
)α

m∑
j=1

λ2

(1 + λ|x− zj |)6−α

m∑
i=1

λ2

(1 + λ|x− zi|)4

≤ C(
1

λ
)1+ελ4

m∑
j=1

1

(1 + λ|x− zj |)4+τ
.
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For the remaining terms, it follows from Lemma 2.5 in [37] that

|Φ3| ≤ C(
1

λ
)1+ελ4

m∑
j=1

1

(1 + λ|x− zj |)4+τ
, |Φ4| ≤ C(

1

λ
)1+ελ4

m∑
j=1

1

(1 + λ|x− zj |)4+τ
.

So,

‖lm‖∗∗ ≤ C(
1

λ
)1+ε.

�

We are ready to conclude the following estimates for the solution and the constants cl.

Lemma 3.5. There is an integer m0 > 0, such that for each m ≥ m0, λ ∈ [L0m
2, L1m

2], r ∈ [r0−θ, r0+θ],

x′′ ∈ Bθ(x′′0), where θ > 0 is a fixed small constant, (3.25) has a unique solution φ = φr,x′′,λ ∈ Hs, satisfying

‖φ‖∗ ≤ C(
1

λ
)1+ε, |cl| ≤ C(

1

λ
)1+nl+ε, (3.29)

where ε > 0 is a small constant.

Proof. First, we recall that λ ∈ [L0m
2, L1m

2]. Set

N =
{
w : w ∈ C(R6) ∩Hs, ‖w‖∗ ≤

1

λ
,

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,lw + 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λw

]
dx = 0.

}
,

where l = 1, 2, · · · , 6. Then (3.26) is equivalent to

φ = A(φ) =: Lm(N(φ)) + Lm(lm), (3.30)

where Lm is defined in Lemma 3.2. We will prove that A is a contraction map from N to N .

First, we have

‖A‖∗ ≤ C(‖N(φ)‖∗∗ + ‖lm‖∗∗) ≤ C(‖φ‖2∗ + (
1

λ
)1+ε) ≤ 1

λ
.

Hence, A maps N to N .

Taking now φ1 and φ2 in N , we see that

‖A(φ1)−A(φ2)‖∗ = ‖Lm(N(φ1))− Lm(N(φ2))‖∗ ≤ C‖N(φ1)−N(φ2)‖∗∗.
It is also easy to see that

N(φ1)−N(φ2) =2
(
|x|−4 ∗ (Zr,x′′,λφ1)

)
(φ1 − φ2) +

(
|x|−4 ∗ (φ1 + φ2)(φ1 − φ2)

)
Zr,x′′,λ

+
(
|x|−4 ∗ |φ1|2

)
(φ1 − φ2) + 2

(
|x|−4 ∗ (Zr,x′′,λ(φ1 − φ2))

)
φ2

+
(
|x|−4 ∗ (φ1 + φ2)(φ1 − φ2)

)
φ2.

Similar to the estimates in Lemma 3.3, we have

‖N(φ1)−N(φ2)‖∗∗ ≤C‖φ1‖∗(‖φ1 − φ2‖∗) + C(‖φ1‖∗ + ‖φ2‖∗)(‖φ1 − φ2‖∗) + C‖φ1‖2∗(‖φ1 − φ2‖∗)
+ C‖φ2‖∗(‖φ1 − φ2‖∗) + C(‖φ1‖∗ + ‖φ2‖∗)(‖φ1 − φ2‖∗)‖φ2‖∗.

Therefore

‖A(φ1)−A(φ2)‖∗ ≤ C‖N(φ1)−N(φ2)‖∗∗ ≤
1

2
‖φ1 − φ2‖∗,

which means that A is a contraction mapping from N into itself. Thus we know that there exists a unique

φ ∈ N such that (3.30) holds. Moreover, by Lemmas 3.2, 3.3 and 3.4, we know

‖φ‖∗ ≤ C(
1

λ
)1+ε

and the estimate of cl from (3.24). �
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4. Local Pohožaev identities methods

In this section, we will look for suitable (r, x′′, λ) such that the function Zr,x′′,λ + φr,x′′,λ obtained by

reduction arguments is a solution of (1.4). For this purpose, we need to establish new local Pohožaev

identities for equation (1.4).

Lemma 4.1. Suppose that (r, x′′, λ) satisfiesˆ
Dρ

(
−∆um + V (|x′|, x′′)um −

(
|x|−4 ∗ |um|2

)
um

)
〈x,∇um〉dx = 0, (4.1)

ˆ
Dρ

(
−∆um + V (|x′|, x′′)um −

(
|x|−4 ∗ |um|2

)
um

)∂um
∂xi

dx = 0, i = 3, · · ·, 6, (4.2)

and ˆ
R6

(−∆um + V (|x′|, x′′)um −
(
|x|−4 ∗ |um|2

)
um)

∂Zr,x′′,λ
∂λ

dx = 0, (4.3)

where um = Zr,x′′,λ + φr,x′′,λ and Dρ = {(r, x′′) : |(r, x′′) − (r0, x
′′
0)| ≤ ρ} with ρ ∈ (2δ, 5δ). Then

ci = 0, i = 1, · · ·, 6.

Proof. Since Zr,x′′,λ = 0 in R6\Dρ, we see that if (4.1)-(4.3) hold, then

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
vdx = 0, (4.4)

for v = 〈x,∇um〉, ∂um
∂xi

, i = 3, · · ·, 6 and
∂Zr,x′′,λ

∂λ .

By direct calculations, we can prove∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,i

∂Zzl,λ
∂xi

dx

∣∣∣∣
≤ Cλ2

ˆ
R6

ˆ
R6

1

(1 + |x− λzj |2)4

1

|x− y|4
(yi − λxi)2

(1 + |y − λzj |2)3

1

(1 + |y − λzl|2)3
dxdy,

where i = 3, · · ·, 6 and (x3, x4, · · ·, x6) = x. If l = j, we have∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,i

∂Zzl,λ
∂xi

dx

∣∣∣∣ = O(λ2).

If l 6= j, similar to the arguments in the proof of Lemma 3.4, we can prove the following result:∣∣∣∣∣∣
ˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,i

 m∑
l=1,6=j

∂Zzl,λ
∂xi

 dx

∣∣∣∣∣∣ = O(λ2−ε),

for some ε > 0. So, we can get
m∑
j=1

ˆ
R6

[(
|x|−4∗|Zzj ,λ|

2
)
Zj,i+2

(
|x|−4∗(Zzj ,λZj,i)

)
Zzj ,λ

]∂Zr,x′′,λ
∂xi

dx = m(a1+o(1))λ2, i = 3, ···, 6, (4.5)

for some constants a1 6= 0. Similarly, we have
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2 + 2

(
|x|−4 ∗ (Zzj ,λZj,2)

)
Zzj ,λ

]
〈x′,∇x′Zr,x′′,λ〉dx = m(a2 + o(1))λ2, (4.6)

and
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1 + 2

(
|x|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ

]∂Zr,y′′,λ
∂λ

dx =
m

λ2
(a3 + o(1)), (4.7)
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for some constants a2 6= 0 and a3 > 0.

It is easy to check thatˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1

∂φr,x′′,λ
∂xi

dx

=

ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2 ∂Zj,1∂yi
(y)φr,x′′,λ(y)

|x− y|4
dxdy +

ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2(xi − yi)Zj,1(y)φr,x′′,λ(y)

|x− y|6
dxdy,

where j = 1, 2, · · ·,m and i = 3, · · ·, 6. By direct calculations, by (3.6) and (3.29), we can obtain∣∣∣∣∣
ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2 ∂Zj,1∂yi
(y)φr,x′′,λ(y)

|x− y|4
dxdy

∣∣∣∣∣
≤C‖φ‖∗

ˆ
R6

ˆ
R6

λ4

(1 + λ2|x− zj |2)4

1

|x− y|4
m∑
k=1

λ2

(1 + λ|y − zk|)2+τ

λ3|y − zj |
(1 + λ2|y − zj |2)3

dxdy

+ C‖φ‖∗
ˆ
R6

ˆ
R6

λ4

(1 + λ2|x− zj |2)4

1

|x− y|4
m∑
k=1

λ2

(1 + λ|y − zk|)2+τ

λ3|y − zj |
(1 + λ2|y − zj |2)4

dxdy

≤Cλ‖φ‖∗
ˆ
R6

ˆ
R6

1

(1 + |x− λzj |2)4

1

|x− y|4
|y − λzj |

(1 + |y − λzj |2)5
dxdy

+ Cλ‖φ‖∗
ˆ
R6

ˆ
R6

1

(1 + |x− λzj |2)4

1

|x− y|4
|y − λzj |

(1 + |y − λzj |2)6
dxdy

=Cλ‖φ‖∗ = O(
1

λε
).

Similarly, we have ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2(xi − yi)Zj,1(y)φr,x′′,λ(y)

|x− y|6
dxdy = O(

1

λε
).

And so, ˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1

∂φr,x′′,λ
∂xi

dx = O(
1

λε
).

Similarly, we can also conclude thatˆ
R6

(
|x|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ

∂φr,x′′,λ
∂xi

dx = O(
1

λε
).

Therefore

c1

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1 + 2

(
|x|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ

]∂φr,x′′,λ
∂xi

dx = o(m|c1|).

Analogously, we can prove that

6∑
l=2

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]∂φr,x′′,λ
∂xi

dx = o(mλ2)

6∑
l=2

|cl|,

and so

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]∂φr,x′′,λ
∂xi

dx = o(mλ2)

6∑
l=2

|cl|+ o(m|c1|),
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where i = 3, · · ·, 6. Repeating the same arguments, we can also obtain

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4∗|Zzj ,λ|

2
)
Zj,l+2

(
|x|−4∗(Zzj ,λZj,l)

)
Zzj ,λ

]
〈x,∇φr,x′′,λ〉dx = o(mλ2)

6∑
l=2

|cl|+o(m|c1|).

Therefore, from (4.4), we deduce that

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
vdx = o(mλ2)

6∑
l=2

|cl|+ o(m|c1|), (4.8)

holds for v = 〈x,∇Zr,x′′,λ〉,
∂Zr,x′′,λ
∂xi

, i = 3, · · ·, 6.

From

〈x,∇Zr,x′′,λ〉 = 〈x′,∇x′Zr,x′′,λ〉+ 〈x′′,∇x′′Zr,x′′,λ〉,

we find

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
〈x,∇Zr,x′′,λ〉dx

= c2

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2 + 2

(
|x|−4 ∗ (Zzj ,λZj,2)

)
Zzj ,λ

]
〈x′,∇x′Zr,x′′,λ〉dx

+ o(mλ2)
6∑
l=3

|cl|+ o(m|c1|),

(4.9)

and
6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]∂Zr,x′′,λ
∂xi

dx

= ci

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,i + 2

(
|x|−4 ∗ (Zzj ,λZj,i)

)
Zzj ,λ

]∂Zr,x′′,λ
∂xi

dx

+ o(mλ2)
6∑

l 6=1,i

|cl|+ o(m|c1|), i = 3, · · ·, 6.

(4.10)

Combining (4.8)-(4.10), we are led to

c2

m∑
j=1

ˆ
R6

[(
|x|−4∗|Zzj ,λ|

2
)
Zj,l+2

(
|x|−4∗(Zzj ,λZj,l)

)
Zzj ,λ

]
〈x′,∇x′Zr,x′′,λ〉dx = o(mλ2)

6∑
l=3

|cl|+o(m|c1|),

and

ci

m∑
j=1

ˆ
R6

[(
|x|−4∗|Zzj ,λ|

2
)
Zj,i+2

(
|x|−4∗(Zzj ,λZj,i)

)
Zzj ,λ

]∂Zr,x′′,λ
∂xi

dx = o(mλ2)
6∑

l 6=1,i

|cl|+o(m|c1|), i = 3, ···, 6,

which, together with (4.6) and (4.5), imply

ci = o(
1

λ2
)c1, i = 2, · · ·, 6. (4.11)
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Now we have

0 =
6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]∂Zr,x′′,λ
∂λ

dx

=c1

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1 + 2

(
|x|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ

]∂Zr,x′′,λ
∂λ

dx+ o(
m

λ2
)c1

=m(a3 + o(1))c1 + o(
m

λ2
)c1.

So c1 = 0. �

Lemma 4.2. We have

ˆ
R6

ˆ
R6

|Z∗r,x′′,λ(x)|2Z∗r,x′′,λ(y)
∂Z∗

r,x′′,λ
∂r (y)

|x− y|4
dxdy −

ˆ
R6

ˆ
R6

|Zr,x′′,λ(x)|2Zr,x′′,λ(y)
∂Zr,x′′,λ

∂r (y)

|x− y|4
dxdy = O(

1

λ2
).

Proof. It is easy to check that

ˆ
R6

ˆ
R6

|Uzj ,λ(x)|2Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy −

ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2Zzj ,λ(y)
∂Zzj ,λ

∂r (y)

|x− y|4
dxdy

=

ˆ
R6

ˆ
R6

(1− ξ2(x))|Uzj ,λ(x)|2Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy +

ˆ
R6

ˆ
R6

|ξUzj ,λ(x)|2(1− ξ2)Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy,

where j = 1, 2, · · ·,m. On the other hand, by the Hardy-Littlewood-Sobolev inequality and direct

calculation, we have

ˆ
R6

ˆ
R6

(1− ξ2(x))|Uzj ,λ(x)|2Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy

=C

ˆ
R6

ˆ
R6

(1− ξ2(x+ zj))λ
4

(1 + λ2|x|2)4

1

|x− y|4
λ6(y1 cos 2(j−1)π

m + y2 sin 2(j−1)π
m )

(1 + λ2|y|2)5
dxdy

≤C

(ˆ
R6

[
(1− ξ2(x+ zj))λ

4

(1 + λ2|x|2)4

] 3
2

dx

) 2
3
(ˆ

R6

[
λ6|y|2

(1 + λ2|y|2)5

] 3
2

dy

) 2
3

=O(
1

λ4
),

where ˆ
R6

[
(1− ξ2(x+ zj))λ

4

(1 + λ2|x|2)4

] 3
2

dx = O(
1

λ6
) and

ˆ
R6

[
λ6|y|2

(1 + λ2|y|2)5

] 3
2

dy = O(1).

So, ˆ
R6

ˆ
R6

(1− ξ2(x))|Uzj ,λ(x)|2Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy = O(

1

λ4
).

Analogously, it is easy to check that

ˆ
R6

ˆ
R6

|ξUzj ,λ(x)|2(1− ξ2)Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy = O(

1

λ4
).

Thus, we have

ˆ
R6

ˆ
R6

|Uzj ,λ(x)|2Uzj ,λ(y)
∂Uzj ,λ

∂r (y)

|x− y|4
dxdy −

ˆ
R6

ˆ
R6

|Zzj ,λ(x)|2Zzj ,λ(y)
∂Zzj ,λ

∂r (y)

|x− y|4
dxdy = O(

1

λ4
),
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where j = 1, 2, · · ·,m. For other cases, we can obtain
ˆ
R6

ˆ
R6

Uzj ,λ(x)Uzi,λ(x)Uzl,λ(y)
∂Uzk,λ
∂r (y)

|x− y|4
dxdy −

ˆ
R6

ˆ
R6

Zzj ,λ(x)Zzi,λ(x)Zzl,λ(y)
∂Zzk,λ
∂r (y)

|x− y|4
dxdy = O(

1

λ4
),

where j, i, l, k = 1, 2, · · ·,m. Thus,

ˆ
R6

ˆ
R6

|Z∗r,x′′,λ(x)|2Z∗r,x′′,λ(y)
∂Z∗

r,x′′,λ
∂r (y)

|x− y|4
dxdy−

ˆ
R6

ˆ
R6

|Zr,x′′,λ(x)|2Zr,x′′,λ(y)
∂Zr,x′′,λ

∂r (y)

|x− y|4
dxdy = O(

m4

λ4
) = O(

1

λ2
).

�

Lemma 4.3. We have
∂J(Zr,x′′,λ)

∂r
=
∂J(Z∗r,x′′,λ)

∂r
+O(

1

λ2
),

where

J(u) =
1

2

ˆ
R6

|∇u|2dx+
1

2

ˆ
R6

V u2dx− 1

4

ˆ
R6

ˆ
R6

|u(x)|2|u(y)|2

|x− y|4
dxdy.

Proof. It is easy to check thatˆ
R6

V Uzj ,λ(y)
∂Uzj ,λ

∂r
(y)dy −

ˆ
R6

V Zzj ,λ(y)
∂Zzj ,λ

∂r
(y)dy =

ˆ
R6

V (1− ξ2(y))Uzj ,λ(y)
∂Uzj ,λ

∂r
(y)dy

≤C
ˆ
R6

(1− ξ2(y))Uzj ,λ(y)
∂Uzj ,λ

∂r
(y)dy,

where j = 1, 2, · · ·,m. On the other hand, direct calculation gives∣∣∣∣ˆ
R6

(1− ξ2(y))Uzj ,λ(y)
∂Uzj ,λ

∂r
(y)dy

∣∣∣∣ ≤ C ˆ
R6

(1− ξ2(y))λ2

(1 + λ2|y − zj |2)2

λ4|y − zj |
(1 + λ2|y − zj |2)3

dy

≤ C
ˆ
R6

(1− ξ2(y + zj))λ
2

(1 + λ2|y|2)2

λ4|y|
(1 + λ2|y|2)3

dy

≤ C
ˆ
R6\Bδ−ϑ(0)

λ2

(1 + λ2|y|2)2

λ4|y|
(1 + λ2|y|2)3

dy

= O(
1

λ4
).

(4.12)

Analogously, for other cases, we can obtainˆ
R6

V Uzi,λ(y)
∂Uzj ,λ

∂r
(y)dy −

ˆ
R6

V Zzi,λ(y)
∂Zzj ,λ

∂r
(y)dy = O(

1

λ4
),

where j, i = 1, 2, · · ·,m. Thus, we haveˆ
R6

V
(
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

− Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

)
dx = O(

m2

λ4
). (4.13)

We observe thatˆ
R6

∆Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx−
ˆ
R6

∆Zr,x′′,λ
∂Zr,x′′,λ
∂r

dx

=

ˆ
R6

∆Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx−
ˆ
R6

ξ(ξ∆Z∗r,x′′,λ + Z∗r,x′′,λ∆ξ + 2∇ξ∇Z∗r,x′′,λ)
∂Z∗r,x′′,λ
∂r

dx.

By Lemma 4.2, we know

ˆ
R6

(1− ξ2)∆Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx =

m∑
j=1

ˆ
R6

ˆ
R6

(1− ξ2(x))|Uzj ,λ(x)|2Uzj ,λ(y)
∂Z∗

r,x′′,λ
∂r (y)

|x− y|4
dxdy = O(

m2

λ4
).
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Similar to the estimates of (4.12), we haveˆ
R6

ξZ∗r,x′′,λ∆ξ
∂Z∗r,x′′,λ
∂r

dx = O(
m2

λ4
),

and ˆ
R6

ξ∇ξ∇Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx ≤ C
m∑
j=1

ˆ
R6

ξ|∇ξ|λ4|y − zj |
(1 + λ2|y − zj |2)3

∂Z∗r,x′′,λ
∂r

dy = O(
m2

λ4
).

So, we have provedˆ
R6

∆Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx−
ˆ
R6

∆Zr,x′′,λ
∂Zr,x′′,λ
∂r

dx = O(
m2

λ4
) = O(

1

λ3
).

Combining this with (4.12), (4.13) and Lemma 4.2, we can obtain the result. �

Lemma 4.4. We have

∂J(Zr,x′′,λ)

∂r
= m

(B1

λ2

∂V (r, x′′)

∂r
+

m∑
j=2

B2

rλ4|z1 − zj |4
+O(

1

λ1+ε
)
)
,

where Bj, j = 1, 2 are some positive constants.

Proof. We know

∂J(Z∗r,x′′,λ)

∂r
=

ˆ
R6

V (x)Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx−
ˆ
R6

(
|x|−4 ∗ |Z∗r,x′′,λ|

2
)
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

dx

+
m∑
j=1

ˆ
R6

(
|x|−4 ∗ |Uzj ,λ|

2
)
Uzj ,λ

∂Z∗r,x′′,λ
∂r

dx

:=P1 + P2.

(4.14)

To estimate the first part P1 in (4.14), integrating by parts, we notice that it is easy to showˆ
R6

V (x)Uzj ,λ(x)
∂Uzj ,λ

∂r
(x)dx = −

ˆ
R6

|U0,λ(x)|2∂V (x+ zj)

∂r
dx−

ˆ
R6

V (x)Uzj ,λ(x)
∂Uzj ,λ

∂r
(x)dx,

and so,ˆ
R6

V (x)Uzj ,λ(x)
∂Uzj ,λ

∂r
(x)dx =C

ˆ
R6

|U0,λ(x)|2∂V (zj)

∂r
dx+ C

ˆ
R6

|U0,λ(x)|2∂(V (x+ zj)− V (zj))

∂r
dx

=
C

λ2

∂V (r, x′′)

∂r

ˆ
R6

|U0,1(x)|2dx+O(
1

λ2
).

Combining this and the fact
ˆ
R6

V (x)Uz1,λ(x)

m∑
j=2

∂Uzj ,λ

∂r
(x)dx ≤

m∑
j=2

C

λ

ˆ
R6

1

(1 + |x− λz1|)4

1

(1 + |x− λzj |)5
dx

≤C
λ

m∑
j=2

1

λ2|z1 − zj |2
= O(

m2

λ3
) = O(

1

λ2
),

we have

P1 =

ˆ
R6

V (x)Z∗r,x′′,λ
∂Z∗r,x′′,λ
∂r

dx =
Cm

λ2

∂V (r, x′′)

∂r

ˆ
R6

|U0,1(x)|2dx+O(
m

λ2
)

=
Cm

λ2

∂V (r, x′′)

∂r

ˆ
R6

|U0,1(x)|2dx+O(
1

λ1+ε
).

(4.15)
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To estimate the second part P2 in (4.14), we observe that

ˆ
R6

[(
|x|−4 ∗ |Z∗r,x′′,λ|

2
)
Z∗r,x′′,λ −

m∑
j=1

(
|x|−4 ∗ |Uzj ,λ|

2
)
Uzj ,λ

]
∂Z∗r,x′′,λ
∂r

dx

= 2m

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

dx+m

ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

) m∑
i=2

Uzi,λ

]∂Z∗r,x′′,λ
∂r

dx

: = 2mQ1 +mQ2.
(4.16)

First, for the integral part Q2, if i = 2, · · ·,m, applying Lemmas 2.4 and 2.5, we have∣∣∣∣ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

]∂Uz1,λ
∂r

dx

∣∣∣∣ ≤ ∣∣∣∣C ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)2

λ4(x1 − r)
(1 + λ2|x− z1|2)3

dx

∣∣∣∣
≤C
ˆ
R6

λ

(1 + |x− λz1|)8

1

(1 + |x− λzi|)5
dx

≤ C

λ4|z1 − zi|5
.

Consequently,∣∣∣∣∣
m∑
i=2

ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

]∂Uz1,λ
∂r

dx

∣∣∣∣∣ ≤
m∑
i=2

C

λ4|z1 − zi|5
=
Cm5

λ4
= O(

1

λ1+ε
). (4.17)

Second, by Lemma 2.4, we haveˆ
R6

(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

∂Uzi,λ
∂r

dx

=
C

r

ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)2

λ4[(x1 − r cos 2(i−1)π
m )x1 + (x2 − r sin 2(i−1)π

m )x2]

(1 + λ2|x− zi|2)3
dx

− C

r

ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)2

λ4|x− zi|2

(1 + λ2|x− zi|2)3
dx

+
C

r

ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)2

λ4(x′′ − x′′)2

(1 + λ2|x− zi|2)3
dx

:=
C

r
Ψ1 −

C

r
Ψ2 +

C

r
Ψ3,

where i = 2, · · ·,m. In fact,

Ψ1 ≤
∣∣∣∣ˆ

R6

λ4

(1 + λ2|x− zi|2)4

λ4(x1 − r)x1

(1 + λ2|x− z1|2)3
dx

∣∣∣∣+

∣∣∣∣ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ4

(1 + λ2|x− zi|2)4
dx

∣∣∣∣
≤ C

λ4|z1 − zi|5
+

C

λ4|z1 − zi|4
.

By (2.2), we also have

Ψ2 =

ˆ
R6

λ4

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)4
dx−
ˆ
R6

λ4

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)5
dx =

C

λ4|z1 − zi|4
,

and

Ψ3 ≤
C

λ4|z1 − zi|4
.
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Therefore, we obtain

m∑
i=2

ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

]∂Uzi,λ
∂r

dx ≤
m∑
i=2

C

λ4|z1 − zi|4
+

m∑
i=2

C

λ4|z1 − zi|5
−

m∑
i=2

C

r

1

λ4|z1 − zi|4

= O(
1

λ1+ε
)−

m∑
i=2

C

r

1

λ4|z1 − zi|4
.

(4.18)

Third, for j 6= 1, i, by Lemma 2.1, we haveˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

]∂Uzj ,λ
∂r

dx

≤ C
ˆ
R6

λ2

(1 + λ2|x− z1|2)2

λ2

(1 + λ2|x− zi|2)2

λ4|x− zj |
(1 + λ2|x− zj |2)3

dx

≤ Cλ

λ4|z1 − zi|4

ˆ
R6

( 1

(1 + |x− λz1|)4
+

1

(1 + |x− λzi|)4

) 1

(1 + |x− λzj |)5
dx

≤ Cλ

λ4|z1 − zi|4
C

λ2|z1 − zj |2

ˆ
R6

( 1

(1 + |x− λz1|)7
+

1

(1 + |x− λzj |)7

)
dx

+
Cλ

λ4|z1 − zi|4
C

λ2|zi − zj |2

ˆ
R6

( 1

(1 + |x− λzi|)7
+

1

(1 + |x− λzj |)7

)
dx

≤ C

λ4|z1 − zi|4
1

λ|z1 − zj |2
+

C

λ4|z1 − zi|4
1

λ|zi − zj |2
.

Thus, we can get

m∑
i=2

m∑
j=2, 6=i

ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

)
Uzi,λ

]∂Uzj ,λ
∂r

dx

≤
m∑
i=2

m∑
j=2, 6=i

C

λ4|z1 − zi|4
1

λ|z1 − zj |2
+

m∑
i=2

m∑
j=2,6=i

C

λ4|z1 − zi|4
1

λ|zi − zj |2

=
Cm6

λ5
= O(

1

λ1+ε
).

Combining this and (4.17), (4.18), we have

ˆ
R6

[(
|x|−4 ∗ |Uz1,λ|2

) m∑
i=2

Uzi,λ

]∂Z∗r,x′′,λ
∂r

dx = −
m∑
j=2

B2

rλ4|z1 − zj |4
+O(

1

λ1+ε
), (4.19)

for some constant B2 > 0.

Next, we are going to estimate Q1. Observe that
ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

dx

=
m∑
j=1

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uzj ,λ

∂Uzj ,λ

∂r
dx+

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uz1,λ

m∑
j=2

∂Uzj ,λ

∂r
dx

+ (m− 1)

m∑
j=1, 6=2

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uz2,λ

∂Uzj ,λ

∂r
dx.

(4.20)
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Integrate by parts, we have

∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Uz1,λUzi,λ|

)
Uzj ,λ

∂Uzj ,λ

∂r
dx

∣∣∣∣
≤C

∣∣∣∣∣
ˆ
R6

ˆ
R6

Uz1,λ(x)Uzi,λ(x)
[(x1 − y1) cos 2(j−1)π

m + (x2 − y2) sin 2(j−1)π
m ]

|x− y|6
|Uzj ,λ(y)|2dxdy

∣∣∣∣∣
≤

∣∣∣∣∣
ˆ
R6

(
|y|−4 ∗ |Uzj ,λ|

2
)
Uz1,λ

λ4[(y1 − r cos 2(i−1)π
m ) cos 2(j−1)π

m + (y2 − r sin 2(i−1)π
m ) sin 2(j−1)π

m ]

(1 + λ2|y − zi|2)3
dy

∣∣∣∣∣
+

∣∣∣∣∣
ˆ
R6

(
|y|−4 ∗ |Uzj ,λ|

2
)
Uzi,λ

λ4[(y1 − r) cos 2(j−1)π
m + y2 sin 2(j−1)π

m ]

(1 + λ2|y − z1|2)3
dy

∣∣∣∣∣ ,
where i = 2, · · ·,m and j = 1, · · ·,m. If j = 1, we have

∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Uz1,λUzi,λ|

)
Uz1,λ

∂Uz1,λ
∂r

dx

∣∣∣∣
≤
∣∣∣∣ˆ

R6

λ2

(1 + λ|x− z1|)4

λ2

(1 + λ2|x− z1|2)2

λ3

(1 + λ|x− zi|)5
dx

∣∣∣∣+

∣∣∣∣ˆ
R6

(
|y|−4 ∗ |Uz1,λ|2

)
Uzi,λ

∂Uz1,λ
∂r

dy

∣∣∣∣
≤
ˆ
R6

1

(1 + |x− λz1|)8

λ

(1 + |x− λzi|)5
dx+

C

λ4|z1 − zi|5

≤ C

λ4|z1 − zi|5
.

Similarly, if j = i, we have

∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Uz1,λUzi,λ|

)
Uzj ,λ

∂Uzj ,λ

∂r
dx

∣∣∣∣ ≤ C

λ4|z1 − zi|5
.

When j 6= 1 and j 6= i, we have

∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Uz1,λUzi,λ|

)
Uzj ,λ

∂Uzj ,λ

∂r
dx

∣∣∣∣
≤ C

λ4|z1 − zi|4

ˆ
R6

(
1

(1 + |x− λz1|)4
+

1

(1 + |x− λzi|)4
)

1

(1 + |x− λzj |)4
dx

≤ C

λ4|z1 − zi|4
1

λ|z1 − zj |

ˆ
R6

(
1

(1 + |x− λz1|)7
+

1

(1 + |x− λzj |)7
)dx

+
C

λ4|z1 − zi|4
1

λ|zi − zj |

ˆ
R6

(
1

(1 + |x− λzi|)7
+

1

(1 + |x− λzj |)7
)dx

=
C

λ4|z1 − zi|4
1

λ|z1 − zj |
+

C

λ4|z1 − zi|4
1

λ|zi − zj |
.
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So, ∣∣∣∣∣∣
m∑
j=1

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uzj ,λ

∂Uzj ,λ

∂r
dx

∣∣∣∣∣∣
≤

m∑
i=2

C

λ4|z1 − zi|5
+

m∑
i=2

m∑
j=2, 6=i

C

λ4|z1 − zi|4
1

λ|z1 − zj |
+

m∑
i=2

m∑
j=2,6=i

C

λ4|z1 − zi|4
1

λ|zi − zj |

=
Cm5

λ4
+

m∑
i=2

C

λ4|z1 − zi|4
m

λ

=
C

λ
3
2

+
Cm

λ

m4

λ4
= O(

1

λ1+ε
).

(4.21)

Similarly, we have

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uz1,λ

m∑
j=2

∂Uzj ,λ

∂r
dx = O(

1

λ1+ε
) (4.22)

and

(m− 1)
m∑

j=1, 6=2

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Uz2,λ

∂Uzj ,λ

∂r
dx = O(

1

λ1+ε
). (4.23)

Now, recall that (4.20), (4.21), (4.22) and (4.23), we have

ˆ
R6

(
|x|−4 ∗ |Uz1,λ

m∑
i=2

Uzi,λ|
)
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

dx = O(
1

λ1+ε
).

Combining this and (4.19), we can obtain

ˆ
R6

(
|x|−4 ∗ |Z∗r,x′′,λ|

2
)
Z∗r,x′′,λ

∂Z∗r,x′′,λ
∂r

dx−
m∑
j=1

ˆ
R6

(
|x|−4 ∗ |Uzj ,λ|

2
)
Uzj ,λ

∂Z∗r,x′′,λ
∂r

dx

= m
(
−

m∑
j=2

B2

rλ4|z1 − zj |4
+O(

1

λ1+ε
)
)
.

So, by Lemma 4.3, we obtain

∂J(Zr,x′′,λ)

∂r
= m

(B1

λ2

∂V (r, x′′)

∂r
+

m∑
j=2

B2

rλ4|z1 − zj |4
+O(

1

λ1+ε
)
)
,

where Bj , j = 1, 2 are some positive constants. �

Lemma 4.5. We have
ˆ
R6

(−∆um + V (|x′|, x′′)um −
(
|x|−4 ∗ |um|2

)
um)

∂Zr,x′′,λ
∂r

dx

=m
(
− B1

λ3
V (r, x′′) +

m4B3

λ5
+O(

1

λ1+ε
)
)
.
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Proof. Direct calculations show

ˆ
R6

(−∆um + V (|x′|, x′′)um −
(
|x|−4 ∗ |um|2

)
um)

∂Zr,x′′,λ
∂r

dx

=〈J ′(Zr,x′′,λ),
∂Zr,x′′,λ
∂r

〉+m
〈
−∆φ+ V (r, x′′)φ−

(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ

− 2
(
|x|−4 ∗ Zr,x′′,λφ

)
Zr,x′′,λ,

∂Zz1,λ
∂r

〉
−
ˆ
R6

(
|x|−4 ∗ |um|2

)
um

∂Zr,x′′,λ
∂r

dx

+

ˆ
R6

(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ
∂Zr,x′′,λ
∂r

dx+

ˆ
R6

2
(
|x|−4 ∗ Zr,x′′,λφ

)
Zr,x′′,λ

∂Zr,x′′,λ
∂r

dx

+

ˆ
R6

(
|x|−4 ∗ |Zr,x′′,λ|2

)
Zr,x′′,λ

∂Zr,x′′,λ
∂r

dx

:=〈J ′(Zr,x′′,λ),
∂Zr,x′′,λ
∂r

〉+mI1 − I2.

Using (3.14) and (3.15), we obtain

I1 = O(
‖φ‖∗
λε

) = O(
1

λ1+ε
).

By (3.3), we have

||x|−4 ∗ (Zr,x′′,λφ)| ≤ C‖φ‖∗
m∑
j=1

λ2

(1 + λ|x− zj |)4
.

So, ∣∣∣∣ˆ
R6

(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,y′′,λ

∂Zz1,λ
∂r

dx

∣∣∣∣
≤C‖φ‖∗‖Zr,x′′,λ‖∗

∣∣∣∣∣∣
ˆ
R6

m∑
j=1

λ2

(1 + λ|x− zj |)4

m∑
j=1

λ2

(1 + λ|x− zj |)2+τ
ξ
∂Uz1,λ
∂r

dx

∣∣∣∣∣∣
≤C‖φ‖∗

∣∣∣∣∣∣
ˆ
R6

m∑
j=1

λ4

(1 + λ|x− zj |)6+τ
ξ
∂Uz1,λ
∂r

dx

∣∣∣∣∣∣ .
Using the same arguments Lemma 4.4, it is easy to show

〈(
|x|−4 ∗ (Zr,x′′,λφ)

)
Zr,y′′,λ,

∂Zz1,λ
∂r

〉
= O(

1

λ1+ε
),

and 〈(
|x|−4 ∗ |Zr,x′′,λ|2

)
φ,
∂Zz1,λ
∂r

〉
= O(

1

λ1+ε
).
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By direct calculations, we can prove

I2 ≤
ˆ
R6

(
|x|−4 ∗ |φ|2

)
|φ||

∂Zr,x′′,λ
∂r

|dx+

ˆ
R6

(
|x|−4 ∗ |φ|2

)
|Zr,x′′,λ||

∂Zr,x′′,λ
∂r

|dx

+ 2

ˆ
R6

(
|x|−4 ∗ |Zr,x′′,λφ|

)
|φ||

∂Zr,x′′,λ
∂r

|dx

≤C
ˆ
R6

(
|x|−4 ∗ |φ|2

)
|φ|ξ

m∑
j=1

|
∂Uzj ,λ

∂r
|dx+ C

ˆ
R6

(
|x|−4 ∗ |φ|2

)
|Zr,x′′,λ|ξ

m∑
j=1

|
∂Uzj ,λ

∂r
|dx

+ C

ˆ
R6

(
|x|−4 ∗ |Zr,x′′,λφ|

)
|φ|ξ

m∑
j=1

|
∂Uzj ,λ

∂r
|dx

≤C‖φ‖
3
∗

λ

ˆ
R6

(
|x|−4 ∗

( m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

)2) m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

m∑
j=1

Uzj ,λdx

+
C‖φ‖2∗‖Zr,x′′,λ‖∗

λ

ˆ
R6

(
|x|−4 ∗

( m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

)2) m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

m∑
j=1

Uzj ,λdx

+
C‖φ‖2∗‖Zr,x′′,λ‖∗

λ

ˆ
R6

(
|x|−4 ∗

( m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

)2) m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

m∑
j=1

Uzj ,λdx.

Using the same arguments Lemma 4.4 and (3.29), it is easy to show

I2 = O(
m

λ1+ε
).

So, we have proved〈
J ′(Zr,x′′,λ + φ),

∂Zr,x′′,λ
∂r

〉
=
〈
J ′(Zr,x′′,λ),

∂Zr,x′′,λ
∂r

〉
+O(

m

λ1+ε
).

From Lemma 4.4, we obtain the result. �

Using the same arguments in Lemma 4.4 and Lemma 4.5, we can also prove

Lemma 4.6. We have〈
J ′(Zr,x′′,λ + φ),

∂Zr,x′′,λ
∂λ

〉
=m

(
− B1

λ3
V (r, x′′) +

m∑
j=2

B2

λ5|z1 − zj |4
+O(

1

λ3+ε
)
)

=m
(
− B1

λ3
V (r, x′′) +

B3m
4

λ5
+O(

1

λ3+ε
)
)
,

(4.24)

and 〈
J ′(Zr,x′′,λ + φ),

∂Zr,x′′,λ
∂x′′j

〉
= m

(B1

λ2

∂V (r, x′′)

∂x′′j
+O(

1

λ1+ε
)
)
, j = 3, · · ·, 6, (4.25)

where Bi, i = 1, 2, 3 are some positive constants.

Lemma 4.7. It holds ˆ
R6

|∇φ|2dx+

ˆ
R6

V (r, x′′)φ2dx = O(
m

λ2+ε
). (4.26)
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Proof. It follows from (3.25) thatˆ
R6

|∇φ|2dx+

ˆ
R6

V (r, x′′)φ2dx

=

ˆ
R6

(∆Zr,x′′,λ − V (r, x′′)Zr,x′′,λ +
(
|x|−4 ∗ |Zr,x′′,λ + φ|2

)
(Zr,x′′,λ + φ))φdx

=

ˆ
R6

(∆Zr,x′′,λ +
(
|x|−4 ∗ |Zr,x′′,λ|2

)
Zr,x′′,λ)φdx−

ˆ
R6

V (r, x′′)Zr,x′′,λφdx

+

ˆ
R6

((
|x|−4 ∗ |Zr,x′′,λ + φ|2

)
(Zr,x′′,λ + φ)−

(
|x|−4 ∗ |Zr,x′′,λ|2

)
Zr,x′′,λ

)
φdx

:=I1 − I2 + I3.

By the estimates of Φ3 and Φ4 in Lemma 3.4, we obtain∣∣∣∣ˆ
R6

∆Zr,x′′,λφdx

∣∣∣∣ ≤ C ‖φ‖∗λ1+ε

ˆ
R6

m∑
j=1

λ4

(1 + λ|x− zj |)4+τ

m∑
j=1

λ2

(1 + λ|x− zj |)2+τ
dx ≤ Cm

λ2+2ε
.

Moreover, from the estimates of Φ1 in Lemma 3.4, we obtain∣∣∣∣ˆ
R6

(
|x|−4 ∗ |Zr,x′′,λ|2

)
Zr,x′′,λφdx

∣∣∣∣
≤C ‖φ‖∗

λ1+ε

ˆ
R6

m∑
j=1

( λ4

(1 + λ|x− zj |)4+τ
+

λ4

(1 + λ|x− zj |)8

) m∑
j=1

λ2

(1 + λ|x− zj |)2+τ
dx ≤ Cm

λ2+2ε
.

So, we can prove

|I1| ≤
Cm

λ2+2ε
,

By (3.37) in [37], we have

|I2| ≤
Cm

λ2+2ε
.

By direct calculations, we can prove

|I3| ≤ C(‖φ‖4∗ + ‖φ‖2∗)
ˆ
R6

(
|x|−4 ∗

( m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

)2)( m∑
j=1

λ2

(1 + λ|x− zj |)2+τ

)2
dx ≤ Cm

λ2+2ε
.

So, we deduce ˆ
R6

|∇φ|2dx+

ˆ
R6

V (r, x′′)φ2dx = O(
m

λ2+ε
).

�

Proof of Theorem 1.3. It is easy to see that (4.1) is equivalent to

−2

ˆ
Dρ

|∇um|2dx−
1

2

ˆ
Dρ

(6V (x) + 〈x,∇V (x)〉)u2
mdx+ 3

ˆ
Dρ

ˆ
R6

|um(y)|2|um(x)|2

|x− y|4
dxdy

− 2

ˆ
Dρ

ˆ
R6

x(x− y)
|um(y)|2|um(x)|2

|x− y|6
dxdy

= O
(ˆ

∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

(ˆ
R6

|φ(y)|2

|x− y|4
dy
)
|φ|2ds

)
.

(4.27)
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Since
∑m

j=1

´
R6 [
(
|x|−4 ∗ |Zzj ,λ|2

)
Zj,lφ+ 2

(
|x|−4 ∗ |Zzj ,λZj,l|

)
Zzj ,λφ]dx = 0, we obtain from (3.25) that

ˆ
Dρ

|∇um|2dx+

ˆ
Dρ

V (x)u2
mdx =

ˆ
Dρ

(
|x|−4 ∗ |um|2

)
|um|2dx+

6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l

+ 2
(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]
Zr,x′′,λdx+O

( ˆ
∂Dρ

(|∇φ|2 + φ2)ds
)
.

(4.28)

Inserting (4.28) into (4.27), we obtain

ˆ
Dρ

(V (x) +
1

2
〈x,∇V (x)〉)u2

mdx =− 2
6∑
l=1

cl

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ Zzj ,λZj,l

)
Zzj ,λ

]
Zr,x′′,λdx

+O
(ˆ

∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

( ˆ
R6

|φ(y)|2

|x− y|4
dy
)
|φ|2ds

)
+O

(ˆ
Dρ

ˆ
R6\Dρ

(xi − yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy

)
+O(

1

λ2+ε
), i = 3, · · ·, 6.

(4.29)

On the other hand, by direct calculations, we can prove

m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ (Zzj ,λZj,l)

)
Zzj ,λ

]∂Zr,x′′,λ
∂r

dx = O(mλ2), l = 2, · · ·, 6,

and
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,1 + 2

(
|x|−4 ∗ (Zzj ,λZj,1)

)
Zzj ,λ

]∂Zr,x′′,λ
∂r

dx = O(m).

Combining these and Lemma 4.5, (4.11), (4.24), (4.25) and (3.26), we can get the following estimate for cl:

ci = O(
1

λ3+ε
), i = 2, · · ·, 6, (4.30)

and

c1 = O(
1

λ1+ε
). (4.31)

It is easy to see that
ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2Zzj ,λdx ≤ C

ˆ
R6

ˆ
R6

λ4

(1 + λ2|x− zj |2)4

1

|x− y|4
λ6|y − zj |

(1 + λ2|y − zj |2)5
dxdy = O(λ),

where j = 1, · · ·,m, and if i 6= j,ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2Zzi,λdx

≤ C
ˆ
R6

ˆ
R6

λ4

(1 + λ2|x− zj |2)4

1

|x− y|4
λ2

(1 + λ2|y − zi|2)2

λ4|y − zj |
(1 + λ2|y − zj |2)3

dxdy

≤ C
ˆ
R6

1

(1 + |y − λzi|)4

λ

(1 + |y − λzj |)9
dy

≤ C

λ3|zi − zj |4
.
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by Lemma 2.5. So, for l = 2, we have
m∑
j=1

ˆ
R6

(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2Zr,x′′,λdx ≤ O(mλ) +m

m∑
j=2

C

λ3|z1 − zj |4
= O(mλ).

Similarly, we have,
m∑
j=1

ˆ
R6

(
|x|−4 ∗ Zzj ,λZj,2

)
Zzj ,λZr,x′′,λdx = O(mλ).

Consequently,
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,2 + 2

(
|x|−4 ∗ Zzj ,λZj,2

)
Zzj ,λ

]
Zr,x′′,λdx = O(mλ). (4.32)

Using the same arguments as above, we have,
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ Zzj ,λZj,l

)
Zzj ,λ

]
Zr,x′′,λdx = O(mλ), l = 3, 4, 5, 6. (4.33)

and
m∑
j=1

ˆ
R6

[(
|x|−4 ∗ |Zzj ,λ|

2
)
Zj,l + 2

(
|x|−4 ∗ Zzj ,λZj,l

)
Zzj ,λ

]
Zr,x′′,λdx = O(

m

λ
), l = 1. (4.34)

By (4.32)-(4.34), we find from (4.30) and (4.31) that (4.29) is equivalent toˆ
Dρ

(V (x) +
1

2
〈x,∇V (x)〉)u2

mdx =O(
m

λ2+ε
) +O

(ˆ
∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

(ˆ
R6

|φ(y)|2

|x− y|4
dy
)
|φ|2ds

)
+O

( ˆ
Dρ

ˆ
R6\Dρ

(xi − yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy

)
+O(

1

λ2+ε
), i = 3, · · ·, 6

(4.35)

for some small ε > 0.

We integrate by parts to find that (4.2) is equivalent toˆ
Dρ

u2
m

∂V (|x′|, x′′)
∂xi

dx = O
(ˆ

∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

(ˆ
R6

|φ(y)|2

|x− y|4
dy
)
|φ|2ds

)
+O

(ˆ
Dρ

ˆ
R6\Dρ

(xi − yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy

)
+O(

1

λ2+ε
), i = 3, · · ·, 6.

(4.36)

From (4.36), we can rewrite (4.35) asˆ
Dρ

(V (x) +
r

2

∂V (r, x′′)

∂r
)u2
mdx = o(

m

λ2
) +O

(ˆ
∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

( ˆ
Dρ

|φ(y)|2

|x− y|4
)
|φ|2ds

)
+O

(ˆ
Dρ

ˆ
R6\Dρ

(xi − yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy

)
, i = 3, · · ·, 6,

(4.37)

that is,ˆ
Dρ

1

2r

∂(r2V (r, x′′))

∂r
u2
mdx = o(

m

λ2
) +O

( ˆ
∂Dρ

(
|∇φ|2 + φ2

)
ds+

ˆ
∂Dρ

(ˆ
Dρ

|φ(y)|2

|x− y|4
)
|φ|2ds

)
+O

( ˆ
Dρ

ˆ
R6\Dρ

(xi − yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy

)
, i = 3, · · ·, 6.

(4.38)
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From Lemma 3.5 in [37], we know
ˆ
D4δ\D3δ

|∇φ|2dx = O(
m

λ2+ε
)).

Which together with Lemma 4.7 implies that

ˆ
D4δ\D3δ

(
|∇φ|2+φ2

)
dx+

ˆ
D4δ\D3δ

(ˆ
Dρ

|φ(y)|2

|x− y|4
dy
)
|φ|2dx+

ˆ
D4δ\D3δ

ˆ
R6\Dρ

(xi−yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy = O(

m

λ2+ε
),

where i = 3, · · ·, 6. As a result, we can find a ρ ∈ (3δ, 4δ), such that

ˆ
∂Dρ

(
|∇φ|2 +φ2

)
ds+

ˆ
∂Dρ

(ˆ
Dρ

|φ(y)|2

|x− y|4
dy
)
|φ|2ds+

ˆ
Dρ

ˆ
R6\Dρ

(xi− yi)
|φ(x)|2|φ(y)|2

|x− y|6
dxdy = O(

m

λ2+ε
),

where i = 3, · · ·, 6. By Lemma 3.4 in [37], for any C1 function g(r, x′′), it holds
ˆ
Dρ

g(r, x′′)u2
mdx = m(

1

λ2
g(r, x′′)

ˆ
R6

U2
0,1dx+ o(

1

λ2
)).

We can obtain from (4.36) and (4.38) that

m(
1

λ2

∂V (r, x′′)

∂xi

ˆ
R6

U2
0,1dx+ o(

1

λ2
)) = o(

m

λ2
),

and

m(
1

λ2

1

2r

∂(r2V (r, x′′))

∂r

ˆ
R6

U2
0,1dx+ o(

1

λ2
)) = o(

m

λ2
).

Therefore, the equations to determine (r, x′′) are

∂V (r, x′′)

∂xi
= o(1), i = 3, · · ·, 6, (4.39)

and

∂(r2V (r, x′′))

∂r
= o(1). (4.40)

We have proved that (4.1), (4.2) and (4.3) are equivalent to (4.39), (4.40) and

−B1

λ3
V (r, x′′) +

m4B3

λ5
= O(

1

λ3+ε
).

Let λ = tm2, then t ∈ [L0, L1] since λ ∈ [L0m
2, L1m

2]. Then, we can get

− B1

t3
V (r, x′′) +

B3

t5
= o(1), t ∈ [L0, L1]. (4.41)

Let

F (t, r, x′′) = (∇r,x′′(r2V (r, x′′)),−2B1

t3
V (r, x′′) +

B3

t5
).

Then

deg(F (t, r, x′′), [L0, L1]×Bθ((r0, x
′′
0))) = −deg(∇r,x′′(r2V (r, x′′0)), Bθ((r0, x

′′
0))) 6= 0.

So, (4.39), (4.40) and (4.41) have a solution tm ∈ [L0, L1], (rm, x
′′
m) ∈ Bθ((r0, x

′′
0)). 2



36 F. GAO, V. MOROZ, M. YANG, AND S. ZHAO

References

[1] N. Ackermann, On a periodic Schrödinger equation with nonlocal superlinear part, Math. Z., 248 (2004), 423–443. 1
[2] C. O. Alves, D. Cassani, C. Tarsi & M. Yang, Existence and concentration of ground state solutions for a critical nonlocal

Schrödinger equation in R2, J. Differential Equations., 261 (2016), 1933–1972. 2
[3] C.O. Alves, F. Gao, M. Squassina, & M. Yang, Singularly perturbed critical Choquard equations, J. Differential Equations,

263 (2017), 3943–3988. 2
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