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Abstract: In this paper, we aim to establish a strong averaging principle for stochastic tidal
dynamics equations. The averaging principle is an effective method for studying the qualitative
analysis of nonlinear dynamical systems. Under suitable assumptions, utilizing Khasminkii’s time
discretization approach, we derive a strong averaging principle showing that the solution of stochas-
tic tidal dynamics equations can be approximated by solutions of the system of averaged stochastic
equations in the sense of convergence in mean square.
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1 Introduction

For hundreds of years, ocean tides have been a source of interest for many physicists and math-
ematicians. Historically, Newton first gave a mathematical explanation of ocean tides and Laplace
established the hydrodynamic equations for ocean tides, we refer the readers to the literature [12]
for a complete history and theoretical description of tides. Over the last few decades, this field
has developed further with the help of computer and satellite technology and is used in a wide
and diverse range of fields such as geophysics, atmospheric science and communications, just to
mention a few. In this paper, we will consider the tidal dynamics model proposed by Marchuk and
Kagan [15]. In the monograph [15], Marchuk and Kagan constructed the tidal dynamics model
from the three-dimensional Navier-Stokes equations by integrating along the z-axis (the vertical
direction) and then by considering the model on a rotating sphere, which is a generalisation of the
Laplace model.

Due to modelling complexity, it is intrinsically difficult and challenge to study the tidal dynamics
equations which are highly nonlinear partial differential equations of parabolic-hyperbolic type. Let
us give a brief review of results in the literature. In Manna et al. [14], the authors obtained the
existence and uniqueness of weak solutions of the deterministic tide dynamics equations and the
existence and uniqueness of strong solutions of the stochastic tide dynamics equations with additive
Gaussian white noise. The existence, uniqueness, large deviation principle and moderate deviation
principle for stochastic tidal dynamics equations driven by multiplying Gaussian noise have been
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studied in [9,19]. The authors in [1] established the existence of optimal controls for stochastic tidal
dynamics equations driven by Lévy noise. For further studies regarding stochastic tidal dynamics
equations, interested readers are referred to [16,17,23] and references therein.

On the other hand, averaging principle is an effective approach for studying dynamical systems
involving highly oscillating components. Under certain assumptions, the highly oscillating compo-
nents can be averaged out to generate an averaged dynamical system, which is comparably easier
for analysis which governs the evolution of the original system over long time scales. The aver-
aging principle for deterministic dynamics initially established by Krylov and Bogolyubov indeed
provides a powerful and efficient tool for investigating the properties of highly complex and non-
linear dynamical systems. Averaging principle for stochastic differential equations was first derived
by Khasminskii in [11]. The fundamental idea of the stochastic averaging principle is to derive
averaged stochastic differential equations and establish approximation of the averaging solutions to
the solutions of the original equations, so that the original complex stochastic differential equations
could be analysed via the corresponding easier averaged equations. To date, there are extensive
literatures concerning stochastic averaging principle for finitely dimensional and infinitely dimen-
sional stochastic systems, see, e.g., [2-4,7,8, 10, 18,20-22] and the references therein. Motivated
by all the above mentioned works, in this paper, we want to establish a strong averaging principle
for the stochastic tidal dynamics equations in which we derive averaging stochastic tidal dynamical
equations as easier modelling equations for tidal dynamical equations.

Let us first describe the model we are concerned with in this paper. Let O be a bounded
domain in R? with smooth boundary. We are concerned with the following stochastic tidal dynamics
equation

(dus(t) + [Aus(t) + B(u(t)) + V= (t)]dt

= f(tus(t))dt 4+ oL, us(t)dW (1), (t,x) € [0,T] x O,
dzf(t) + div(h(z)us(t))dt =0, (t,z)€[0,T] x O, (1.1)
us(t,x) =0, x € 0,
L ©5(0,2) = ug(r), 2°(0,7) = z5(x), = €O,

for € > 0, where W is a Q-Wiener process. The operators A and B are defined by

[ —aA =B
= (5 L)
B(u) = y|u + w°|(u 4+ w°),

where v and (the Coriolis parameter) 3 are positive constants and w®(¢, ) is a known deterministic
function on the boundary, which is extended to the whole domain as a smooth function. The
function h(x) is defined to be the depth of the sea at z in the region O and we assume that it is a
continuously differentiable function nowhere becoming zero, so that

k:=minh(x), p:=maxh(z), M :=max|Vh(z),

€O ze0 ze0

are positive constants. Then y(z) := r/h(x),r > 0, is a strictly positive smooth function. Our aim
of the present paper is to establish an averaging principle for the stochastic tidal dynamics equation
(1.1).

The remainder of the paper is organised as follows. Section 2 presents some preliminaries for
our later use. Section 3 is devoted to formulating and proving the strong averaging principle.



2 Preliminaries

For simplicity, throughout this paper, C' denotes a positive constant whose value may change
from line to line. We will also write the dependence of a constant on parameters explicitly if it is
essential. Let LP = LP(O) = LP(O;R?), p > 1, be the vector valued LP space equipped with the
norm ||-||z». The inner product and the norm in L*(O) are denote by (-, -) and || - ||, respectively. Let
H' = H'(O) = H'(O;R?) denotes the Sobolev space with the norm |[u|3;, = |Ju|]*+||Vu|?, v e H'.
We also let H} = H}(O;R?) be the closure of C°(0) in H'(O) norm. According to Poincaré
inequality, for any u € Hg, [lullm =~ [Vu| =: |lullzz. We denote the dual of Hg(O) by H~'(O).
Then, we have the following continuous and dense embedding:

Hy(0) € L*(0) € H™H(0).

The induced duality between the spaces Hj(O) and H'(O) is denoted by (-,-). For any u € L?
and v € H}, it follows that (u,v) = (u,v).

Let (92, #, %, P) be a stochastic basis with a complete, right-continuous filtration. Let @ be a
positive, symmetric, trace class operator on L? and e, k € N, be the complete orthonormal basis
of L? such that Qey = uger, k € N. We assume that W(-) is an L*-valued Q-Wiener process. The
process W(+) can be expressed as

W(t) = vier(x)Bi(t),

where (B, k € N) is a sequence of independent, one-dimensional Brownian motions. We denote the
collection of Hilbert-Schmidt operators from H to L? by Lo(Ho; L?), where Hy = Q/2L?. Defining
the norm on the space Lo(Ho; L?) by [|®[z, = Tr(QPQ*). For any La(Ho; L*) valued predictable
process ®(t), 0 < t < T satisfying EfOT Tr(®QP*)dt < 400, one can then define the stochastic
integral fOT O (t)dW (t). For more details, we refer the reader, e.g., to [5,6,13].

Now we introduce the following conditions which will be used in the sequel.
Assumption (H1). There exist positive constants Ly, Ky > 0, such that

1f(tw) = f(t )l < Lyllu —oll, [1F(0)| < Kf, w,v € L%
Assumption (H2). There exist positive constants L,, K, > 0, such that
lo(t,u) = o(t,v)lleq < Lollu—vll, [lo(t,0)]| < Ko, u,v € L%
Under the above assumptions, we can state the existence and uniqueness of solutions to (1.1).

Theorem 2.1 ( [19]) Let w°® € LA([0,T); HY),u5 € L? 25 € L?. Then there exists a pathwise
unique, strong solution (u(-),2%(+)) to the equations (1.1) and the solution satisfies the following

(uf, 2%) € C([0,T); L*) N L*([0,T); HY) x C([0,T); L*), P — a.s.



3 Main result

In this section, we shall derive the averaging principle for equations (1.1). Specifically, we want
to show that the original equations (1.1) converges, as € — 0, to the following averaged equations:

), (t,z) €[0,T] x O,
,x) €[0,T] x O, (3.1)

u(0,x) = up(x) € L?, 2(0,x) = zo(x) € L?, z € O,

\

where the coefficients f : L? — L? and ¢ : L? — Ly(Ho; L?) satisfy the following averaging
conditions:
Assumption (H3). For any T > 0,z € L?,

%H/OT(f(t,x) _ f(m))dtH < wa(T)(1 + [l2]),

where x; : R — R, is a bounded function with Tlim k1(T) =0.
—00

Assumption (H4). For any T > 0,z € L?

%/O lot x) — 6(@) | dt < ma(T)(1+ ],

where k9 : R — R, is a bounded function with Tlim ro(T) = 0.
—00

Before proceeding the main result of the paper, we need to show the following lemmas. For
convenience, for a given process ¢, we define ¢ such that (o) = ¢(s + ko) for any o € [k, (k +
1)0), k > 0. For simplicity, we set f.(t,z) := f(%,z), o.(t,z) :==o(t,2), V> 0,2 € L%

Lemma 3.1 For any e > 0. Let (u®(t), 2°(t)) be the solution of (1.1), then for any p > 1, we have

B | sup (Il + 12(6)1) | + 20 | [ ' nw<t>u2dt]p

(3.2)
< C[1+ gl + 12811
Proof  Using It6 formula, we have
dl|us, (O + 2 [al| Vs ||* + (B(u® (1)), u(1)) + (V25(t), u(t))] dt
= 2(f.(t),u(t))dt + ||oc(t, ua(t))||%th + 2(o.(t, u® (£)dW (¢), u (t)).
Then according to (2.15) in [19], one gets
t
o () + 20 [ 9 (s)as
ciz T o )12 AL e @ €
<+ 2 [ et + @R+ [ (21#6)E + 21 ) ds
0 0 \¢@ (3.3)

t
+/ [(2L§+2L§+1)\|u€(s)\|2+2(KJ%+K§)]
0

+2/0 (0c(s,u(s)dW (s),u°(s)).



Moreover, taking inner product of (1.1)y with 2%, we get
d||z5(®)||* + 2(div(hu(t)), 2°(¢))dt = 0.

Then, it follows from Lemma 2.1 (iii) in [9] that

& £ a t £ t IS5
HMWFSMW+§%ﬂWu@W®+MAHu@W@

4,&2 t (34)
+ (— + M) / 2% (s)[|2ds.
o 0
Adding (3.3) and (3.4), we find that there exists two constants C7,Cy > 0, such that
t
lus ()] + ||z€(1t)ll2+oz/0 [Vus(s)|*ds
t
< Jlugl® + 125117 +Clt+02/0 (lu($)I1* + 125 ()[*)ds
t
+2/ (oc(s,u(s)dW (s),u°(s)).
0
It follows that for any p > 1,
t p
@I + =@ + o | [ 19 tas)
2 2 : ! 2 2 P
s%ijﬂﬂ%W+H(AmmﬂMWf@mm”
t p
+ o | [ (ol ()W (5), ()
0
t
< Cpr {IIUEIIZ”’+ 12511% + 1+/0 (f[us ()1 + IIZE(S)IIQ”)ds}
t p
+Cpr | [ (ol (50W(5), ()
0
Taking supremum on [0, 7] and expectation, it holds that
T p
B | sw (@I +12017) | + @B | [ 190o)Pa]
0<t<T 0
T
< Cprlllugl® + 501 + 1] +Cp,TE/O (lla= ()11 + [[25(s) 1) ds (3.5)

p

+CprE sup
0<t<T

AW&W%WW$W@>




According to Burkholder-Davis-Gundy inequality and Young’s inequality, we obtain

p

E sup
0<t<T

<om([ ||u€<s>||2||as<s,u€<s>>||ist)g

/0 (025, (5)dW (), ()

T 5
<8 (s 1O [ o)) (36)
0<t<T 0
1 e 2 g € 2p
< §E sup [[u(t)||? ) + CprE |oe(s,u (3))H5Qd3
0<t<T 0
1 T
< SE ( sup y|u€<t)\|2p) + Cpr + CprE / [u* () [[*ds.
0<t<T 0

Combing with (3.5) and (3.6), we obtain

T p
B | sw (@ + |=0) | + 2008 | [ 19uolias
0<t<T 0
T

< Cyrr [1+ 16512 + 126]) + CirE / (I ()12 + [12°(3)%)ds.

An application of Gronwall’s inequality yields that
T p
B | sw (@I + 1=01) | + 2002 | [ 1veoiPa
0<t<T 0
< {1+ g + 11251

The proof is completed. O

Remark 3.1 It can be casily verified that f and & satisfy the assumptions (H1) and (H2). More-
over, the solution to the equation (3.1) also satisfies Lemma 3.1.

Lemma 3.2 Under the assumptions (H1)—(H4), let (u®, 2°) and (u, Z) be, respectively, the solution
of equation (1.1) and (3.1). Then for any T > 0, we have

T
E/O luf () — @ () |1*dt < C(T' [ug1*, 12611*)o%, (3.7)

T
E/O la(t) — a(t)[*dt < C(T, Jug]l®, l12511*)oz. (3.8)

Proof  Since the proofs of (3.7) and (3.8) are similar, we only prove that (3.7) holds. Let T'(§) =



[Z], where [z] is the integer part of . Then

>[N

(k+1)6

IE/O s (t) — @ ()| 2dt = /||u (t) — ug|?dt + E Z/ s (t) — u (ko) ||2dt
+E/T(6)6Hu()—u€( (6)5)| 2t

(k+1)8

O(T, [[u5]2)6 + 2B Z / s (t) — (¢ — 6)|%dt (3.9)

(k+1)6

+2F Z / |ué (t — 8) — u®(ko)||>dt

T(5)-1 T()-1

C(T, [lug||?, II511%)0 + 2 Z I +2 Z IL;.
Given 1 <k <T(d) —1 and kd <t < (k+ 1), by using It6 formula, we have
|luf (t) — uf (t — O)|* = —2 /t§<Aua(T)’ ut (1) —u(t —0))dr
- 2/t (B (7)), uf (7) — uf (¢ — 6))dr
t—5
o [ (V2w (r) — WE(t — 8))d
| o) == apar
+ 2/ (fo(r,u® (7)), u(T) —u®(t — 9))dr
-5
= [l ) lgar

—0

+2 /t_6<u€(7') —ut(t —0),0.(r,u(1))dW (1))

We estimate the above terms separately. For the term J;(¢), we have
t t
Ji(t) = —2/ (Au® (1), u(7))dT + 2/ (Au®(T),u(t — 9))dr
-5 -5
t ] . t
= —2a/ ||u€(7')||12qldr + 2/ (Au®(7),u®(t — 9))dr
t—6 t—6
¢
<Co [ O m (e = 8) e
t—6
t t
<a [ el +Ca [ e - 9l
t—6 t—6

For the term Jy, using the property of the operator B(-) (Lemma 2.2 in [19]) and the Ladyzhenskaya’s



inequality, we have

10 <2 [ IBGEEIE) — - o)dr
<€ [ (el + 17 ) — e = o)l
<¢ [ I+ Dar+0 [ (@I + = 9)Pdn
Similarity, we have
30 =2 [ (). divlar(r) = (e — 9
<0 [ @) - e - lar
<¢ [ 1@ ndr+0 [ 1@ - )lmdr

For the terms J4(t) and J5(t), it follows from assumptions (H1) and (H2) that

1O+ 950 <2 [ Mm@l () - e te - 9)ar
+2C /:(S(LU||u€(T)||2 + K2)dr

<2 [ (el + Kee) (e 9l
+20/:6(L0Hu5(7)\|2+K§)d¢

< C/t_é[l\us(T)H2 +[luf(t = 6)|I* + 1]dr

Combing with all the above estimates, we find

(k+1)5
I, — ]E/ 16 (t) — ue(t — O)|3dt
k

0

(k+1)5 ot
< CE/M /t_ [||u€(7)|y§p + [l ()G la® (DI + = ()1 + [[a® () ]| 25(7)

+ us(t = 0)||7n + lus(t = O)|I* + lu(t — &) || ||2°(7)|| + 1| drdt
L 9E / / —8), 0.(7, u (7)) dW (7)) dt



For the term I, we have

(k+1)8  pt
Lok [ [ [l + ( sup ||u€<t>||2) ()l
ko t—0 0<t<T
@)+ ( o ||f<t>||2) ()l arat

0<t<T
(k+1)6  pt
+CE/ / [Hua(t—é)nip+||u€(t—5)||2+(sup ||z€(t)||2) ||u5(t—5)||%11+1}d7dt
ko t=¢ 0<t<T
)6

(k+1
< CdEﬂ/
(

I+ sup IO + sup 1O ) I+ a0
k—1)8 0<t<T 0<t<T

(k+1)5
+ 0o [ IOl + e OI + (s 101 ) IO+ 1]ar
(k—1)5 0<t<T

(k+1)6 , )
<CoE [ [l + w0 + 1
(k—1)5

(s, 1) IO+ s 12017 e 01 .
o o (3.10)

For the term Ii, using Burkholder-Davis-Gundy inequality, we get

(k+1)5  pt
12 — 9F /k 5 /t ) = (= D)ol ()W ()
)6

N

<o [TVm ([ Il ) - - ol o) ar

)

IA

o [T ([ (ol o) -t o dT); at 3.11)

2

[SIE

IN

co

)
(k+1)6 o
/ E / (@) + et — S| + 1>dfdt]
ko t—4

(k+1)6 2 (k+1)6 3 \
]E/ Slus(H)|* dr +82 | <6 E/ Slus(@)|t dr | + ot
(

(k=1)é k—1)8

N

<C¢



Consequently, combing with (3.10) and (3.11), we obtain

T(8)—1 T(5)—

2 Z I, =2 Z I +2 Z 12
< COE / [ )13 + e ()] + 1
+ (o 1) IO+ s 120012 o0

T(8)—1 3

(k+1)8 2 ,
+C6 Z ( / 8w ()| dT> + Crb>
T
< C’5E/ |us ()3 dt + CTS (E sup |luf(t)|]* + 1) (3.12)
0 0<t<T
1/2 T
+C3(E sup [lu(t)]*) {E(/ ()3t
0<t<T 0

1/2 r
+coe s 101" B[ v @lka)
0<t<T 0

(k+1)8
+CoT )} Z B IO a7 )+ 0
k—1)3
< Op(L+ [lugl® + [l25]1%)0" 2.
Similarly, we can prove that
T(8)—1
2 S M < Op(1+ gl + |5]12)6Y2. (3.13)
k=1
Combining with (3.9), (3.12) and (3.13), we know (3.7) holds. The proof is completed. O

Now we are in the position to prove the following main result of the current paper.

Theorem 3.1 Let (u®,2%) and (u,z) be, respectively, the solution of equation (1.1) and (3.1). If

we assume that lirr(l)(Hug — ol|? + |25 — 20H2> = 0 and assumptions (H1)-(H}) hold. Then for any
e—

T >0 andp > 1, we have

hm(E sup |[u(t) —a(t)||* +E sup ||2°(t) — 2(t)||2p> = 0.
0<t<T

e=0\  o<i<T

Proof  Observe that

10



Using It6 formula, we obtain

() = a0 = 14— ol —2 [ (A 0) — a(0). (o) — (o)}
~2 [ (BO(0) ~ Bla0) (o) ~ (oo
~2 [ (V) ~ 2(0)).0(0) — i) o
+2 [ (o) - o o) (o) — a(o)do
+ [ lottoae(o) - @) 2 do
2 / (o) — (o), 0.(t,u(0)) — 3 (a(0)) AW (0))
— Jlup— o] + ijw)

Observe that

Jolt) + J1(t) < 20 / IV(4(0) — (o)) 2do

and
Js(t) = —2/0 (V(z%(0) — z(0)),u (o) — u(o))do
:24<f@y—a@@wm%@—a@»ma
<2¢§/ 1(0) — 2V () — (o)) [do
/ 1(0) — 2(0)|*do + 2 / IV (u )2
Thus,
Ju(0)-a(®)? + 2a / IV (o) ~ alo))|Pdo < 1§~ ]
(3.14)
/ 1(0) — 2(0) 2o + 2 / I9(u*(0) — ao))|Pdo + Jo(t) + Juo(t) + T (2).
Moreover, we also have
12°(¢) — 2(1)]1* <25 — Zol* + IV (u o))|I’do
7 .

C_+M)/W H®+M/Hu _ a(o)|2do.

Adding (3.15) to (3.14) yields
=(t +a/ |V (u o))|*de
t
< JJug — o> + |25 — Zoll> + C/ E(o)do + Jo(t) + Jro(t) + Ju ().
0

11



where
2(t) = u(t) — a@®)|* + [1=°(t) — 2()|1*.
Applying Gronwall’s inequality, we obtain
sup Z(t) < Cp |||ug — wol|* + ||25 — 2o||* + sup Jo(t) + sup Jio(t) + sup Jn(t)} :
0<t<T 0<t<T 0<t<T 0<t<T
It follows from Burkholder-Davis-Gundy inequality that
E sup 2(0) < Cr [l — wl? + 115 - ) + & ( sup 3u(0))

0<t<T 0<t<T

., (3.16)
+ OB [ ot (o) = o)) 2, do

Now, we estimate the term E sup Jo(t). The method is very similar to [4], for the convenience of
0<t<T
the reader, we give the proof here. Observe that

B((sup o)) < 28 [ 100 (s) = Lol (s) = o)

0<t<T

+4Esm>A<ﬁ@m@»—f@@»w%@—a@»w

0<t<T

+ﬂEsm>£<ﬂ@ﬂ®»—f@@ﬁmiﬁ—ﬂﬁﬁﬂs (3.17)

0<t<T

+ﬂEsm>4(&@ﬁ@ﬂ—f@@ﬁﬂ%®—ﬁ@»®

0<t<T

+mzwpzkﬁ@ﬂ@»—RM$»m@—a@»h

0<t<T
T
_. 2LfE/ |4 (s) — a(s)|2ds + I + J2 + J2.
0

For the term J§, by Lemma 3.1, Lemma 3.2 and assumption (H1),

J§ = 2E sup /0 (f-(s,u(s)) — f(u(s)),u(s) — @(s))ds

0<t<T

SMA(Mwm®M+WW@WWﬂ$—W®MS
s4EA<LmM@H+KﬂM%@—a%@ws (3.18)
<alE [ @l + Kypas] B [ ets) - i Pas)
< C(T, [|ugll?, ||25]*)7%.
Similarly, for Jg, we can get )
3 < O(T, |lug . |1 6]1%)5 (3.19)

12



For the term J3, we have

+QEsm>4<ﬂ(ﬁ(»—f@@»ﬂ%@—ﬁwﬁ®

0<t<T
T

+2E [ || f(a(s)) — f(a(s))[[|a(s) —u(s)l|ds

0

SMQEAIW®—B®MW@%4WNM
+0Esm>A<ﬁ@ﬁ@»—f@@»ﬁ%@—ﬁ@»w.

By Lemma 3.2, we can see
T
E IIE(t> —a(t)||f|a(t) - ﬁ(t)Hdt

0

< (T, \IuoH2 1Z0][%)07.

] 0, we have

Esm>£<ﬁ@ﬁ@ﬂ—f@@”ﬂ%$—ﬁ@»®

t(9)
[51-1 k1) i -
<E sup 2;”45 f-(s,a(k6)) — Fla(ks))ds]|||us (ko) — a(ks)|

+C(T, ||l |120]1*)0

=

C (k+1)0
< — sup H/ (s,u(ké6)) — f(u(kd)) dsH
0 0<k<T(8)—1 )
+ O, all, 125
Cr
<% o (3/2) [BQ+ )]+ O gl
0<k<T(8)—1

< (T, ol 120l1%) (6 + k1 (6/2) ).

13



Consequently,

2 < O(T, |lao|, ||20||2)<51/4 + /{1(5/6)). (3.20)
Combing with (3.10)-(3.20), then using Gronwall’s inequality, we find that
T
E( sup Jg(t)> < C]E/ [ () — @(s)||2ds + C(T, || ol|?, ||20||2)<61/4 + /{1(5/6)) (3.21)
0<t<T 0

Similarly, we can obtain

E / lo-(t, 4(0)) — 3 (a(o))|2, do
0 (3.22)

T
< CE [ [(s) — ats)|Fds + OCT. ol ]) (5 + ma5/2) )
0
Combining with (3.16), (3.21) and (3.22), we get
T
E sup E(t) < Cr [Ellug — o|* + E||2§ — 20]|?] + C’/ E sup Z(s)dt
0<t<T 0 0<s<t
+ O, o2, 12012) (84 + i (3/€) + ma(6/2)).
With the help of Gronwall’s inequality, we have
E sup Z(t)
0<i<T (3.23)
< C(T, lluol, 120l1%) [l — oll® + 1126 — Zol|* + 6" + 1 (3/€) + w2(0/2)] -
Taking ¢ = /¢ and letting ¢ — 0 in (3.23), we obtain
i E sup (||u(t) = a(t)| + |12°(1) - (1)]2) = 0.
e—0 0<t<T
Finally, for any p > 1, we have

lim {E sup [Ju”(t) — a(t)||* + E sup ||2°(t) — Z<t)‘|2p]
e—0 0<t<T 0<t<T

< lim [E( sup [|uf(t) - a?) H“”‘Q)] " {E (2w Il () = a(t) ”2” |

0<t<T

/2

1/2 1/2
+ lim {E( sup ||za(t)—z(t)||4p_2>] {E( sup ||z5(t)—z(t)||2>]
€0 0<t<T 0<t<T
1/2
< O(1+ [P+ 125> lim [E( sup (| (1) - u(t)H?)]
e—0 0<t<T

1/2
+ O+ [l + 112517 lim [E( sup [2%(t) — z<t>||2)}
€ 0<t<T

= 0.
The proof is complete. [

Acknowledgements. This research was financially supported by the Natural Science Founda-
tion of China (No0.11901005,12071003) and the Natural Science Foundation of Anhui Province
(N0.2008085QA20). The authors would like to thank the referees and Prof Tong Yang (Editor-in-
Chief) for their insightful comments and stimulation which have led us to improve the presentation
of the paper.

14



References

[1] P. Agarwal, U. Manna, D. Mukherjee, Stochastic control of tidal dynamics equation with Lévy
noise, Appl. Math. Optim. 79 (2019), 327-396.

2] J. Bao, G. Yin, C. Yuan, Two-time-scale stochastic partial differential equations driven by
a-stable noises: Averaging principles, Bernoulli 23(1) (2017), 645-669.

[3] S. Cerrai, M. I. Freidlin, Averaging principle for a class of stochastic reaction diffusion equa-
tions, Probab. Theory Relat. Fields 144 (2009), 137-177.

[4] M. Cheng, Z. Liu, M. Rockner, Avergaging principle for stochastic complex Ginzburg-Landau
equations, arXiv:2109.00371.

[5] P L Chow, Stochastic Partial Differential Equations (2nd edition), Advances in Applied Math-
ematics, Chapman and Hall/CRC, New York, 2014.

[6] G.Da Prato, J. Zabezyk, Stochastic Equations in Infinite Dimensions (2nd edition), Cambridge
University Press, Cambridge, 2014.

[7] P. Gao, Averaging Principles for Stochastic 2D Navier-Stokes Equations, J. Stat. Phys. 186
(2022), Article number: 2828.

8] Z. Guo, G. Lv, J. Wei, Averaging principle for stochastic differential equations under a weak
condition, Chaos 30 (2020), 123139.

9] A. Haseena, M. Suvinthra, M. T. Mohan, K. Balachandran, Moderate deviations for stochastic
tidal dynamics equation with multiplicative noise. Appl. Anal. 101(4) (2022), 1456-1490.

[10] W. Hong, S. Li, W. Liu, Strong convergence rates in averaging principle for slow-fast McKean-
Vlasov SPDEs, J. Differential Equations 316 (2022), 94-135.

[11] R. Z. Khasminskii, On the principle of averaging the It6 stochastic differential equations,
Kibernetika 4 (1968), 260-279.

[12] H. Lamb, Hydrodynamics. Dover Publications, New York, 1932.

[13] W. Liu, M. Réckner, Stochastic Partial Differential Equations: An Introduction. Springer,
Berlin, 2015.

[14] U. Manna, J. L. Menaldi, S. S. Sritharan, Stochastic Analysis of Tidal Dynamics Equation, pp
90-113 in: Infinite Dimensional Stochastic Analysis, Special Volume in Honor of Professor H
H. Kuo (eds. A. Sengupta and P. Sundar), World Scientific Publishers, Singapore, 2008.

[15] G.I. Marchuk, B. A. Kagan, Ocean Tides: Mathematical Models and Numerical Experiments.
Pergamon Press, Elmsford, 1984.

[16] M. T. Mohan, Dynamic programming and feedback analysis of the two dimensional tidal dy-
namics system. ESAIM Control Optim. Calc. Var. 26 (2020), 109-143.

[17] M. T. Mohan, Exponential inequalities for exit times for two dimensional stochastic tidal
dynamics equations, Stoch. Anal. Appl. 40(2) (2022), 268-303.

[18] X. Sun, L. Xie, Y. Xie, Averaging principle for slow-fast stochastic partial differential equations
with Holder continuous coefficients, J. Differential Equations 270 (2021), 476-504.

15



[19] M. Suvinthra, S. S. Sritharan, K. Balachandran, Large deviations for stochastic tidal dynamics
equation. Commun. Stoch. Anal. 9(4) (2015), 477-502.

[20] F. Wu, G. Yin, An averaging principle for two-time-scale stochastic functional differential
equations, J. Differential Equations 269 (2020), 1037-1077.

[21] Y. Xu, J. Duan, W. Xu, An averaging principle for stochastic dynamical systems with Lévy
noise, Phys. D 240 (2011), 1395-1401.

[22] Y. Xu, B. Pei, J.-L. Wu, Stochastic averaging principle for differential equations with non-
Lipschitz coefficients driven by fractional Brownian motion, Stoch. Dyn. 17(2) (2017), 1750013.

[23] H. Yin, Stochastic analysis of backward tidal dynamics equation. Commun. Stoch. Anal. 5(4)
(2011), 745-768.

16



	Introduction
	Preliminaries
	Main result

