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1 Introduction

Cosmological observations on Dark Energy are thus far consistent with a cosmological
constant sourcing a de Sitter Universe [1]. However, almost two decades after the seminal
paper by Kachru, Kallosh, Linde and Trivedi (KKLT) [2], which provided a path towards
constructing de Sitter vacua in string theory, it remains an open question as to whether
there is a vast landscape of metastable de Sitter vacua in string theory or none at all
(see e.g. [3–7] and the references therein). This paper contributes to the ongoing debate
on moduli stabilisation to de Sitter vacua in type IIB string theory, using the interplay
between fluxes, quantum corrections and an anti-D3-brane uplift. It studies type IIB flux
compactifications that include an anti-D3-brane at the tip of a warped throat region. Deep
in the throat region, the geometry is well-described by the Klebanov-Strassler (KS) solution,
known also as the warped deformed conifold. By considering the effect of gluing the warped
throat onto a compact Calabi-Yau, we investigate the stabilisation of the conifold and
volume moduli, which are coupled.
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This program was initiated in [8] (see [9–14] for further work), where it was noticed
that the uplifting potential energy contribution from a probe anti-D3-brane at the tip of
the warped throat can destabilise the conifold modulus that corresponds to a deformation
of the tip, causing it to runaway to its singular point. To avoid this runaway and ensure
that the potential has a critical point, a minimum flux is required, namely √gsM & 6.8,
with M the RR-flux on the deformed S3 at the tip. At the same time, in order that the
uplifting brane potential energy be sufficiently suppressed to avoid a runaway in the volume
modulus, the warp factor at the tip, e−4A0 ∼ e

8πK
3gsM , must be sufficiently strong, with K

the NSNS-flux dual to M . Together, large √gsM and large 8πK
gsM

imply large MK and a
large positive contribution to the D3-tadpole in the compact internal manifold, which may
be difficult to cancel within perturbative type IIB string theory [8]. The bound on MK,
and other flux numbers required to stabilise bulk moduli, was further refined in [15–17],
with MK & 500.

The same issue was studied recently for the Large Volume Scenario in [18]. Again, a
lower bound on the flux numbers was found necessary to avoid the conifold runaway, and
moreover, it was emphasised that an even stronger bound on the D3-tadpole contribution
emerges from the supergravity approximation, gsM � 1. The nature of the AdS pre-
uplift-vacuum in LVS is such that the hierarchy required to maintain volume stabilisation
after uplift is somewhat smaller, leading to a rough bound of MK & 100. Examples of
metastable dS vacua were constructed, achieving cancellation of the D3-tadpole with the
introduction of so-called Whitney branes [19, 20].

In this paper we consider a new, previously unexplored, region of parameter space
for the interplay between the volume and conifold moduli. In particular, in the presence
of warping, there is an extra contribution to the Kähler metric of the conifold modulus,
which includes a dependence on the volume modulus, and it is this mixing that has been
studied in [8–12, 21]. However, depending on the balance between the strength of warping,
the large bulk volume and the small conifold deformation, the warping contribution may
be subdominant in the Kähler metric. By considering this latter weakly-but-still-warped
regime, we discover a new metastable de Sitter solution within the four-dimensional effective
field theory (EFT). Like the LVS de Sitter vacuum in [18], the throat fluxes areMK & 100,
there is no bulk-singularity problem [22, 23], and the solution is consistent with the α′ and
string-loop expansions and the four-dimensional supergravity description.

The paper is organised as follows. In the next section 2, we give a brief review of the
volume modulus and the conifold deformation modulus and how they appear in the 4d low
energy effective field theory description of type IIB warped flux compactifications with an
D3-brane. In section 3, we study the stabilisation of the conifold modulus in two regimes,
the one where the warping term dominates in its Kähler metric and the one where it is
subdominant. In the strongly warped regime, we recover the solution in [8], and in the
weakly warped one we find a new solution. In section 4, we extend this analysis to include
the volume modulus stabilisation, using the Large Volume Scenario in both regimes. Again,
in the regime of strong warping we recover the LVS solution in [18], and when the warping
is subdominant we find a new metastable de Sitter solution. We conclude in section 5 with
a brief summary and a discussion on possible control issues for our new de Sitter solution.
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In appendix A we review the derivation of the conifold modulus’s Kähler metric, including
its dependence on the volume modulus, based on [24, 25].

2 The coupled volume and conifold deformation moduli

In this section we review type IIB flux compactifications with warped throats and their 4d
effective field theory description, paying special attention to the volume modulus and the
complex structure modulus that corresponds to the deformation of a Klebanov-Strassler
throat. In particular we highlight the identification of the volume modulus and its mixing
with the conifold deformation modulus, which occurs in the Kähler potential of the 4d
EFT, following dimensional reduction. At the same time, we review the important mass
scales. These results will be used in the following sections to study the stabilisation of the
moduli.

2.1 The moduli and mass scales

We start from the type IIB supergravity bosonic action in the Einstein-frame1

Sboson
IIB = 1

2κ2

∫
d10x
√
−g10

{
R10 −

∂Mτ∂
M τ̄

2(Imτ)2 −
gs|G3|2

2(Imτ) −
g2
s |F5|2

4

}
− ig2

s

8κ2

∫
C+

4 ∧G3∧Ḡ3
Imτ .

(2.1)

We consider a flux compactification, whose internal compact space consists of a finite
portion of a warped throat — a warped non-singular deformed conifold [26] — glued to a
compact Calabi-Yau. The 10d metric can be written as:

ds2 = e2Ae2Ω(x)gµνdx
µdxν + e−2Agmndy

mdyn, (2.2)

where the factor e2Ω(x) anticipates the Weyl-rescaling which is necessary to go to the
Einstein frame in 4d. The background warp factor, e−4A, that solves the 10d Einstein
equations in the presence of fluxes, is only fixed up to a constant shift, motivating the
following form [27]

e−4A(y) = e−4A0(y) + c. (2.3)

The fact that gmn → λgmn together with e2A → λe2A is a gauge redundancy of the
metric [28, 29], allows us to choose λ = c(x)1/2 and rewrite (2.2) as

ds2 =
[
1 + e−4A0(y)

c(x)

]−1/2

e2Ω(x)gµνdx
µdxν +

[
1 + e−4A0(y)

c(x)

]1/2

c(x)1/2gmndy
mdyn , (2.4)

and therefore define the warp factor as

h = 1 + e−4A0(y)

c(x) . (2.5)

1In our conventions, the string frame and Einstein frame 10d metrics are related by GSMN = e
φ−φ0

2 GEMN ,
where eφ0 = gs with φ0 being the background value of the dilaton. This means κ = κ10gs and hence
2κ2 = (2π)7g2

sα
′4.
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With this definition, we naturally recover the unwarped case in the c(x)→∞ limit, when
h = 1. In that limit we identify c(x) = V2/3, with Vl6s the unwarped volume of the compact
space, as we would expect for a volume modulus, where we have chosen coordinates such
that V6 =

∫
d6y
√
g6 = l6s .

Dimensionally reducing the 10d Einstein-Hilbert term in (2.1) down to 4d using this
metric, we obtain

S = V 0
w

2κ2

∫
d4x
√
−g4R4 + . . . , (2.6)

where we have defined the Weyl factor e2Ω as

e2Ω(x) = V 0
w

c(x)3/2 ∫ d6y
√
g6 h

= V 0
w

Vw
, Vw = c(x)3/2

∫
d6y
√
g6 h . (2.7)

The choice of V 0
w , which ensures that the Weyl factor is dimensionless, is arbitrary.2 How-

ever, the most convenient choice is V 0
w ≡ 〈Vw〉, such that 〈e2Ω(x)〉 = 1, i.e. the two frames

are the same at the vev, which allows us to relate the string scale with the 4d Planck scale
using frame independent volumes. In the limit of small warping (or for no warping at all),
where c(x) � e−4A0(y) and h ≈ 1 for most of the internal space, we have V 0

w ≈ 〈V〉l6s , the
physical volume of the compact space. With our choice of Weyl-rescaling, the definition
of Mp is

M2
p

2 = 1
2κ2

4
= V 0

w

2κ2 =⇒ ms

Mp
= gs√

4πV0
w

, (2.8)

where V 0
w = V0

wl
6
s . Note that the relation between the string scale3 and the 4d Planck

scale is only determined once the volume modulus is fixed (analogously to what happens
with the dilaton in 10d, where the physical gravitational coupling can only be related to
the string frame coupling once the dilaton is fixed). Therefore, when studying the moduli
stabilisation within the 4d EFT, we replace any string scale with the 4d Planck scale, Mp.

The mass-squareds associated with the Kaluza-Klein towers of massive states arising
from the compactification can be derived from the Laplacian [30]

∆ = − e2Ω

c1/2h

1
√
g
∂m (√ggmn∂n) (2.9)

giving, for modes localised in the bulk and thus experiencing h ∼ 1,

mKK = 〈eΩ(x)〉 1
RCY

= 2π
〈V〉1/6

ms ≈
2πgs√
4πV2/3Mp . (2.10)

Here, we have used 〈eΩ(x)〉 = 1 and identified RCY ∼ c1/4ls as the characteristic scale of
the bulk, by analogy with a toroidal compact space, such that (2πRCY )6 = 〈V〉l6s .

In the throat region, where e−4A0 & c, we assume that the internal metric takes the
form of the warped deformed conifold. The deformed conifold arises from considering the

2Note that all the mass-scales in units of Mp will be independent of the normalisation of e2Ω(x).
3In our conventions, (2π)2α′ = l2s and ms = l−1

s , which differs from Ms = 1/
√
α′ = 2πms.
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surfaces in C4 given by
∑4
i=1w

2
i = ε2, where ε is a non-zero complex parameter (ε = 0 for

the singular conifold), which results in the metric [26, 31–33]

ds2
con = ε4/3

2 K(η)
(

1
3K3(η)

(
dη2 + (g5)2

)
+ sinh2(η/2)

(
(g1)2 + (g2)2

)

+ cosh2(η/2)
(
(g3)2 + (g4)2

))
, (2.11)

where K(η) = (sinh(2η)−2η)1/3

21/3 sinh(η) and gi are a basis of one-forms found in [31]. We see that
the metric written in this basis only depends on η, the radial direction, reflecting the
symmetries of the conifold. For large η, the metric (2.11) approaches the singular conifold
metric [26, 31, 32, 34]

ds2
con = dr2

∞ + r2
∞

(
1
9(g5)2 + 1

6

4∑
i=1

(gi)2
)
, as η →∞ (2.12)

where the coordinate r∞ is defined as r2
∞ = 3

25/3 ε
4/3e2η/3, while near the tip, where the

topology is S2 × S3 with the S3 of finite size, the full 10d metric becomes [26]

ds2
10 = e2A0c(x)−1/2gµνdx

µdxν + e−2A0

(
dr2

0 + r2
0
8 dΩ2

S2 +R2
εdΩ2

S3

)
, (2.13)

where r2
0 = ε4/3

4

(
2
3

)1/3
η2, with the internal space of the warped metric being the deformed

conifold and the warp factor given by

e−4A0(η) = 22/3 (α′gsM)2

ε8/3
I(η), I(η) ≡

∫ ∞
η
dx

x coth(x)− 1
sinh2 x

(sinh(2x)− 2x)1/3 , (2.14)

where M is the 3-form flux through the S3 at the tip of the throat. The size of the S3 in
the conifold metric is controlled by the deformation parameter, ε,

R2
ε = ε4/3

2

(2
3

)1/3
, (2.15)

but its physical size at the tip of the throat, RS3 , is independent of it due to the warp
factor,

R2
S3 = e−2A0R2

ε =
(
I1/2(η)

61/3

)
(gsM)α′ ≈ (gsM)α′ . (2.16)

It follows that the α′-expansion is well under control when gsM � 1.
Combining our discussion on the volume modulus and warped deformed conifold, we

use only a finite portion of the non-compact Klebanov-Strassler solution, with the latter
assumed to be glued smoothly onto a compact Calabi-Yau 3-fold. We thus introduce a
cutoff scale, ΛUV ∼ rUV where the conifold connects to the bulk. To this purpose, it is
useful to note that, far away from the tip, the warp factor becomes [34]

e−4A0 ≈ L4

r4
∞

[
1 + 3gsM

8πK + 3gsM
2πK log

(
r∞
rUV

)]
, (2.17)
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where we define

L4 = 27π
4
gsMK

(2π)4 l4s . (2.18)

with K being the flux number which appears through (2.36) below. Cutting off the warped
throat where the warp factor (2.5) becomes h ∼ 1 implies rUV is defined by rUV ∼ L

c1/4
.

We define the radial size of the throat as Rthroat ∼ L.
Upon dimensional reduction, the deformation parameter ε becomes a complex structure

modulus, which is part of a chiral superfield in the 4d effective action. It is usually denoted
|S| = ε2 with units of (length)3, or the dimensionless z = S/l3s . The volume modulus
c(x) = V2/3 also falls into a chiral superfield with scalar component ρ and c = Imρ. It will
be useful to bear in mind the warp factor at the tip of the throat,

e−4Atip
0 = 22/3I(0)

(2π)4
(gsM)2

|z|4/3
, (2.19)

and the hierarchy between the bulk (UV), where e−4AUV� c(x), and the tip of the throat
(IR),

hIR
hUV

=
1 + e

−4Atip
0

c(x)

1 + e−4AUV
c(x)

≈ 1 + e−4Atip
0

c(x) , (2.20)

which is large for e−4Atip
0 � c(x) = V2/3.

At the tip, where the warp factor is relevant, every mass scale is suppressed. Looking
at the 4d part of the metric Gµν = h−1/2e2Ω(x)gµν and recalling that 〈e2Ω(x)〉 = 1 by
definition, energy scales measured at the tip will be suppressed compared to the bulk
scales as mw ∼ h−1/4m [30]. For the warped string scale, we obtain

mw
s =

(
e−4Atip

0

c

)−1/4

ms . (2.21)

For KK modes localized near the tip, from (??), we derive

mw
KK = 〈eΩ(x)〉

c1/4h1/2
1
Rε
≈ 2π√

gsM
(c1/4eA

tip
0 )ms . (2.22)

2.2 Kähler potential and superpotential

The complete Kähler potential for a type IIB flux compactification can be written as [24]

K/M2
p =−3 log

(
V2/3 ×

∫
d6y
√
g6 h

V6

)
︸ ︷︷ ︸

Universal volume modulus

− log (−i(τ − τ̄))︸ ︷︷ ︸
Dilaton

− log
(
i

κ6
4

∫
h Ω ∧ Ω̄

)
︸ ︷︷ ︸
Complex structure moduli

− log
( 1
κ6

4

∫
d6y
√
g6 h

)
︸ ︷︷ ︸

Other Kahler moduli

. (2.23)
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For simplicity, we start with a single Kähler modulus, the universal volume modulus, ρ,
with Imρ = c = V2/3. Here and below we keep V6 = l6s explicit for clarity, and notice the
correction in the kinetic term of the volume, which is shown in [27] to arise in a warped
compactification.4 Under the usual assumption that the bulk dominates the volume of the
compact space, we can neglect this correction in the volume modulus kinetic term and
instead use the usual form,

K/M2
p ≈ −2 logV. (2.25)

The metric in the complex structure moduli space can be computed using [35]

Gαβ̄ =
∫
h χα ∧ χβ̄∫
h Ω ∧ Ω̄

. (2.26)

Following closely [25], we review this computation for the conifold deformation modulus, z,
using the KS metric in appendix A, making explicit the appearance of the volume modulus.
The final result, valid when |z| � Λ3

0, is

Gzz̄ = l6s
π||Ω||2V6

(
log Λ3

0
|z|

+ c′

(2π)4
1
V2/3

(gsM)2

|z|4/3

)
, (2.27)

where we define the dimensionless Λ0 = ΛUV/ls and the constant c′ = 1.18, and recall that
||Ω||2 = 1

3!ΩmnpΩmnp = 8 is fixed by the normalisation of the globally defined covariant
spinor which is a requirement for preserving N = 1 supersymmetry in 4d [36]. This metric
corresponds to a contribution to the Kähler potential of the form:

K(z, z̄) = l6s
π||Ω||2V6

[
|z|2

(
log Λ3

0
|z|

+ 1
)

+ 9c′(gsM)2

(2π)4V2/3 |z|
2/3
]
. (2.28)

Notice that the warping contribution to the Kähler potential mixes the deformation mod-
ulus z and the volume modulus V, in such a way that large volumes suppress the effect of
the warping contribution. We can combine the Kähler potentials for the two moduli such
that (see e.g. [11])

K = −3 log
(
V2/3 − 1

(2π)4
3c′(gsM)2

π||Ω||2
l6s
V6
|z|2/3

)
+ . . . (2.29)

It is interesting to note that despite the mixing between z and V, the no-scale structure of
the Kähler potential is preserved [9, 35].

4In equation (5.10) of [27], the correction to the Kähler potential arising from the warping is given as
K = −3 log

(
V 2/3 + V0

W
V6

)
, where V0

W ≡
∫
d6y
√
g6e
−4A0 . To match (2.23) and (5.10) of [27], notice that

∫
d6y
√
g6h

V6
=

∫
d6y
√
g6

(
1 + e−4A0

c(x)

)
V6

=

∫
d6y
√
g6 +

∫
d6y
√
g6
e−4A0
c(x)

V6
= 1 + V0

W

c(x)V6
. (2.24)
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Having described the relevant terms in the Kähler potential, we now turn to the su-
perpotential, which takes the well-known Gukov-Vafa-Witten form5

W = g
1/2
s

√
V0
w

κ8
4

∫
G3 ∧ Ω , (2.30)

with the 3-form flux G3 = F3 − τH3. The periods over the 3-cycles A and AI , I =
0, . . . , h2,1− 1, define the coordinates in the complex structure moduli space

∫
A Ω = S and∫

AI Ω = ZI , and the periods over the remaining elements of the basis of 3-cycles, B and
BI , must be functions of these coordinates. In particular [8, 25]∫

B
Ω = ∂F

∂S
= Π0 + S

2πi

(
log Λ3

UV
S

+ 1
)
,

∫
BI

Ω = ∂F

∂ZI
, (2.31)

where F is the prepotential and the period over B follows from monodromy arguments
for a conifold singularity while Π0 is independent of S. Given αi, βi, the dual cohomology
basis to the 3-cycles such that

∫
Aj αi =

∫
αi ∧ βj = δji and

∫
Bj
βi =

∫
βi ∧ αj = −δij , we

can write the 3-form fluxes on the 3-cycles as
1

(2π)2α′
F3 = Mα+M0α0 −Miβ

i , (2.32)

1
(2π)2α′

H3 = −Kβ −K0β
0 +Kiαi , (2.33)

where the RR-flux on the S3 cycle at the tip of the throat, M , and its NSNS partner, K,
were singled out, being the fluxes responsible for the deformation of the conifold

1
(2π)2α′

∫
A
F3 = 1

(2π)2α′

∫
S3
F3 = M ,

1
(2π)2α′

∫
B
H3 = 1

(2π)2α′

∫
η≤ηΛ

∫
S2
H3 = K ,

(2.34)

with ηΛ corresponding to the radial coordinate where we cut the throat and glue it to
the compact Calabi-Yau. The second integral can be computed for the conifold, using the
approximation of the metric (2.11) in the limit η → ∞, (2.12), with r2

∞ = 3
25/3 ε

4/3e2η/3

and the functions (A.7) determined in [26]. We can introduce the radial cutoff in these
coordinates as

Λ2
0 = 3

25/3 |z|
2/3e2ηΛ/3 , (2.35)

where we replaced the deformation parameter ε by the complex structure S, since we are
now looking at the 4d EFT, and rewrote the relation in terms of the dimensionless Λ0 and
z. It follows that

K = 1
(2π)2α′

∫
η≤ηΛ

∫
S2
H3 ≈

gsM

2π ηΛ = gsM

2π

(
log Λ3

0
|z|

+ 3
2 log 25/3

3

)
, (2.36)

5The normalization of the superpotentialW changes depending on the way we write the volume modulus
and axio-dilaton terms in the Kähler potential. If we write −3 log(−i(ρ − ρ̄)), where Imρ = c(x) = V2/3,
there is an extra factor of 23/2 in W . If the Kahler potential for the axio-dilaton is written as − log(Imτ),
there is an extra factor of 2−1/2. Similarly, if the transformation between the string and Einstein frame
metrics, GSµν = e

φ−〈φ〉
2 GEµν , does not include the vev 〈φ〉, the factor of gs will not be present. The same is

true for V0
w, which comes from the Weyl rescaling in 4d.
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which therefore must be imposed as a consistency condition for the solution |z| together
with the parameters gs,M,K,Λ0. This shows that the flux numberK is not an independent
parameter as it might seem, but instead is related to the parameters gs,M and Λ0, which
is nothing but a reflection of the fact that the warped conifold solution [26] only has a free
flux numberM , since it is a solution for constant dilaton and therefore satisfies the relation
g2
s |F3|2 = |H3|2. Interestingly, this relation between K and the cutoff scale Λ0 takes the
form of the supersymmetric strong warping solution of the deformed conifold [25, 37]

|z| ≈ Λ3
0e
− 2πK
gsM . (2.37)

Finally, the Gukov-Vafa-Witten superpotential (2.30) takes the form

W/M3
p = g

1/2
s

√
V0
w

κ5
4

(2π)2α′
[
−MΠ0 −

M

2πiS
(

log Λ3
UV
S

+ 1
)
− τKS −M0F0

+MiZ
i − τ(K0Z

0 −KiFi)
]

(2.38)

= g1/2
s

√
V0
w

(
ls
κ4

)5 [
W0e

iσ − M

2πiz
(

log Λ3
0
z

+ 1
)
− iK

gs
z

]
. (2.39)

We will focus on the deformation modulus z and assume that the other complex structure
moduli and the dilaton are stabilised by the remaining fluxes, with 〈τ〉 = ig−1

s , contributing
only with a constant superpotential W0e

iσ, with phase σ, corresponding to the remaining
terms evaluated at their vevs.

2.3 The D3-brane uplift

In uplifting scenarios like KKLT and LVS, an D3-brane is placed at the tip of a warped
throat in order to uplift the potential from an AdS minimum for the volume modulus into
de Sitter.6 This will affect the potential for the deformation modulus when the latter is
lighter than the other complex structure moduli, since it is the deformation modulus that
determines the warping which suppresses the brane potential [8]. The potential is obtained
from the brane action in the warped background

SD3 = SDBI + SCS = −2T3

∫
d4x

√
− detGµν , (2.40)

where Gµν = h−1/2e2Ω(x)gµν is the Einstein frame metric, giving

SD3 = 2T3

∫
d4x

√
− det gµν

(
V 0
w

Vw

)2

h−1 . (2.41)

Since we will be placing the D3-brane at the tip of the throat, e−4A0(ηbrane) & c(x) and
therefore h ≈ e−4A0(ηbrane)

c(x) . The potential is minimized for ηbrane = 0. When integrated over
the whole compact space, we assume that the warping is negligible, so that Vw ≈ c(x)3/2V6.

6See [38] for an extended version of the KKLT scenario without a supersymmetric AdS vacuum.
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Using T3 = 1
(2π)3gsα′2

, the relation between ms and Mp (2.8), and the warp factor at the
tip (2.19), we obtain

VD3 =
(
g3
s

8π

)
(2π)4

V4/3 c
′′ |z|4/3

(gsM)2M
4
p , (2.42)

where we have introduced c′′ = 21/3

I(0) ≈ 1.75. Note that the D3-brane can equivalently
be described in a supersymmetric way within the low energy effective supergravity theory
using constrained superfields [39–48], though this is not necessary in what follows.

3 Deformation modulus stabilisation

In this section we compute the scalar potential that stabilises the deformation modulus, z,
including the contribution from an D3-brane at the tip of the KS throat. We identify a new
regime of parameter space that occurs at large volumes and weak warping, and thus find a
new minimum for the deformation modulus. In the next section we extend this analysis to
include volume modulus stabilisation using the Large Volume Scenario [49, 50], and find a
new metastable de Sitter minimum.

3.1 The scalar potential

Combining the Kähler potential and superpotential presented above, (2.28) and (2.39), the
resulting scalar potential is:

VKS = g3
s

8
gs
V2

(
log Λ3

0
|z|

+ 1
(2π)4

c′(gsM)2

V2/3|z|4/3

)−1 ∣∣∣∣∣M2π log Λ3
0
z
− K

gs

∣∣∣∣∣
2

M4
p . (3.1)

In addition to this scalar potential originating from the fluxes, we include the contribution
from a probe D3-brane at the tip of the warped throat (in such a way that its energy
contribution to the potential is suppressed down from its natural string scale)

VD3 =
(
g3
s

8π

)
(2π)4

V4/3 c
′′ |z|4/3

(gsM)2M
4
p . (3.2)

The deformation modulus appears in the brane potential through the warp factor of the
metric, and we see that the suppression is provided by the vev of this modulus, through
|z|4/3. In the classic KKLT scenario [2], this energy suppression ensures that the positive
energy density from the probe D-brane uplifts an otherwise AdS minimum for the volume
modulus to a near Minkowki minimum, instead of dominating the potential and causing a
runaway. How much suppression is required, and hence how large the hierarchy (2.20) needs
to be, depends on the stabilisation mechanism of the volume modulus and, in particular,
on the depth of the AdS minimum prior to the uplift.

It is useful to introduce the following constants

ε = gsM

2πK , δ1 = g3
s

8 ×
K2

gs
, δ2 = g3

s

8π × c
′′ c
′

δ1
= 1
π
× c′′c′ gs

K2 , (3.3)
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as well as the parameter

β ≡
V2/3 log Λ3

0
ζ

c′

(2π)4
(gsM)2

ζ4/3

= C V2/3Λ4
0 xe

− 4
3x, (3.4)

where we defined z = ζeiθ, introduced the constant C = (2π)4

c′(gsM)2 , and the useful variable

x ≡ log Λ3
0
ζ . Using these parameters and constants, the potentials (3.1) and (3.2) become

(in Planck units, Mp = 1)

V = VKS + VD3 = δ1C Λ4
0

V4/3 e−
4
3x
[
(1 + β)−1

(
1− εx

)2
+ δ2

]
. (3.5)

where we assumed that the axion is stabilised at zero, 〈θ〉 = 0 (this will be confirmed
below).

The parameter β measures the suppression of the warping contribution to the potential,
where large values of β reflect a large suppression of the warping. This is what we want
to explore, since all previous works have assumed the regime β � 1, where the warping
completely dominates (this is even true in the LVS case studied in [18, 50], where the large
volume of the bulk is still not relevant for the stabilisation of the deformation modulus).
From the definition (3.4),

β ≈ V2/3

e−4Atip
0

log Λ3
0
ζ
, (3.6)

and we see that leaving the β � 1 regime requires us to have weak warping, large enough
volumes and long throats.

3.2 Strongly warped scenario (β � 1)

In previous studies, it has been assumed that the warping term dominates over the volume
term in (2.28), that is β � 1, in which case the potential becomes

V ≈ δ1C

V4/3 Λ4
0 e
− 4

3x
[
(1− εx)2 + δ2

]
, (3.7)

and hence

V ′ = δ1
V4/3CΛ4

0
4
3e
− 4

3x
[(

1 + δ2 + 3
2ε
)
−
(

2 + 3
2ε
)
εx+ (εx)2

]
, (3.8)

which shows a minimum at ζ = 0 (x → ∞) and may or may not have critical points for
ζ > 0 (x finite). Notice that, in the absence of the brane (δ2 = 0) one immediately obtains
the GKP solution (which corresponds to εx = 1). Once the brane is introduced (δ2 6= 0),
the condition that guarantees the existence of a non-trivial minimum is

δ2
ε2 = 4πc′c′′

gsM2 ≤
9
16 , (3.9)

and once this is satisfied we obtain the solutions

ζmin = Λ3
0 exp

{
−2πK
gsM

−
(

3
4 ±

√
9
16 −

4πc′c′′
gsM2

)}
. (3.10)
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gsM < 6.8

gsM > 6.8

0 1.×10-25 2.×10-25 3.×10-25 4.×10-25 5.×10-25 6.×10-25 7.×10-25

0

5.×10-40

1.×10-39

1.5×10-39

ζ

V
K
S
+
V
D
3
(M
P
l
4
)

Figure 1. Comparison between two different choices of M (M = 5,M = 25 with K = M in
both cases) for the potential (3.5) for an example with β � 1, with the choice of parameters
Λ0 = 10, gs = 0.1, V = 103 and given ||Ω||2 = 8, c′ = 1.18, c′′ = 1.75.

The bound (3.9) corresponds to that found in [8], √gsM & 6.8, where the conclusion is
that, together with the requirement that the suppression to the brane potential, through
the deformation modulus

|z|4/3 ∼ exp
{
− 8πK

3gsM

}
= exp

{
−8π(MK)

3gsM2

}
, (3.11)

be large enough,7 this translates into a lower bound on MK which makes the D3-tadpole
cancellation condition difficult to satisfy (see [8, 16–18]).

It is important to notice that the solution must be consistent with the approximation
we started with, i.e. the non-trivial solution ζmin that follows from this analysis must be
such that β � 1 given the vev for the volume once it is stabilised (which is verified for the
parameters used in figure 1).

3.3 Weakly warped scenario (β � 1)

We now consider a new regime, where the warping term in (2.28) is subdominant,8 that is
β � 1, so that the potential becomes

V ≈ δ1
V2

1
x

[(
1− 1

β

)(
1− εx

)2
+ βδ2

]

= δ1
V2

1
x

[(
1− e

4
3x

C V2/3Λ4
0x

)(
1− εx

)2
+ δ2C V2/3Λ4

0 x e
− 4

3x
]

(3.12)

7As we mentioned before, in this argument, “large enough” can only be made precise when one includes
the stabilisation of the volume modulus explicitly.

8To be precise, we consider a “weakly-but-still-warped scenario”, by which we mean that the c′ term
in the deformation modulus metric — the strong warping correction to GKP by DST [25] — provides an
important subleading correction to the scalar potential (3.12), even though the interplay of all the ingredients
is such that the warping is small. Starting with a conifold provides us with an explicit background metric
onto which we can add a probe anti-D3 brane. However, to stabilise the conifold modulus, we need fluxes,
which then source a warped throat.
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and thus

V ′ =− 2(1− εx)(3− 2x(1− εx))
3x3

δ1
ζ7/3C V8/3 + 4δ1δ2C ζ

1/3

3V4/3 + 3(1− (εx)2)
3x2

δ1
ζV2 . (3.13)

Without further assumptions, it is difficult to solve V ′ = 0 analytically, but we can still
learn about the solutions by looking at different regimes for εx.

We first consider the case without an anti-D3-brane, i.e. δ2 = 0. Apart from the
solution at ζ = 0 (which one sees from (3.1) regardless of β), we identify from (3.13) a
minimum ζ = Λ3

0e
− 2πK
gsM (corresponding to εx = 1). Given these two minima, we expect to

see a maximum between them, with εx > 1, which we find at ζ4/3 = c′(gsM)2

(2π)4
4

3V2/3 , differing
from the maximum one finds when β � 1.

We now add the antibrane, i.e. δ2 6= 0. We immediately see that εx = 1 is not a
solution of (3.13) and, contrary to the β � 1 case, there is no solution near it. For εx� 1
and large β, (3.13) becomes

V ′ ≈ −2(3− 2x)
3x3

δ1
ζ7/3C V8/3 + 4δ1 δ2C ζ

1/3

3V4/3 + δ1
x2ζV2 , (3.14)

for which again there is no solution. Finally, the case εx� 1 implies

V ′ ≈ δ1
V4/3

4ξ
3ζ7/3

(
δ2ζ

8/3 − 3
4

ε2

C V2/3 ζ
4/3 + ε2

C2V4/3

)
, (3.15)

which has solutions

(2π)4

c′
ζ4/3

(gsM)2 = gsM
2

4πc′c′′V2/3

(
3
8 ±

√
9
64 −

4πc′c′′
gsM2

)
, (3.16)

provided that the new bound

√
gsM >

16
3
√
πc′c′′ ≈ 13.6, (3.17)

is satisfied. Notice that the maximum stays near the maximum without the brane, but the
minimum no longer corresponds to a small perturbation of the GKP solution.

In (3.16), ζ4/3 ∼ V−2/3, which means that the brane potential suppression comes from
the volume modulus itself, provided there is a solution. This might be especially useful
for the tadpole problem discussed in [16, 17], since we no longer require a large hierarchy
or large MK (in contrast to the case β � 1 (3.10)). Indeed, notice that the hierarchy as
defined in (2.20) becomes

hIR
hUV

≈ 1 + 8π
q1(gsM2) . 1.14 , with q1 = 3

8 +
√

9
64 −

4πc′c′′
gsM2 , (3.18)

which reflects the fact that we have a weakly-but-still-warped throat.
Given our approximate solution (3.16), we need to verify our starting assumptions. In

particular, we need to check that β � 1 and εx � 1. These conditions evaluated at the
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solution (3.16) imply

β ≈ 3MK

16c′c′′ (εx)� 1 , (3.19)

εx ≈ 3
8π

gsM
2

(MK) log
(

32πc′′V2/3

3gsM2 Λ4
0

)
� 1. (3.20)

These can be achieved as long as

32πc′′

3(gsM2)V
2/3Λ4

0 � exp 8π
3
MK

gsM2 , (3.21)

for which we need exponentially large volumes and/or throats, with smaller values for
K being favourable, since we must satisfy the bound √gsM > 13.6 in order to have a
solution (3.16). Given the necessity of having a large volume, we are naturally led to the
Large Volume Scenario [49, 50] in an attempt to treat the volume modulus stabilisation
explicitly. For comparison, we will use a similar construction to the one in [18] and take the
same “Swiss cheese” Calabi-Yau manifold for the bulk geometry as the one in the example
therein.

4 Volume and deformation moduli stabilisation

We now study the full moduli stabilisation problem including the coupled system of Kähler
and complex structure moduli, by embedding the above system into the Large Volume
Scenario. We therefore extend our bulk Kähler moduli field content to include the two
moduli of a “Swiss cheese” Calabi-Yau. After working out the full scalar potential for this
six real field system, we proceed to find metastable de Sitter vacua in the two regimes
explored above, where the warping dominates or is suppressed in the deformation modulus
dynamics. The strongly-warped regime (β � 1) was studied recently in [18], and we
reproduce their results giving some further consistency checks. The weakly-warped regime
(β � 1) is new as discussed above.

4.1 The scalar potential

In the Large Volume Scenario [50], the Kähler moduli are stabilised by balancing different
quantum corrections against each other. It relies on both perturbative α′ corrections to
the Kähler potential and non-perturbative corrections to the superpotential,

K/M2
p = −2 log

[
V + ξ

g
3/2
s

]
, (4.1)

W = W cs +
∑
i

Aie
−aiTi , (4.2)

where ξ = χ(X6)ζ(3)
4(2π)3 , χ(X6) being the Euler characteristic of the Calabi-Yau 3-fold X6 that

describes the internal space and ζ(3) ≈ 1.202,W cs is the flux superpotential responsible for
stabilising the complex structure moduli and the dilaton, and the real part of Ti = τi + iθi
is the volume of an internal four-cycle, being therefore related to the volume of the internal
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space, while the axion θi corresponds to deformations of the RR-form C4. As in [18], we
consider a CY 3-fold with h1,1 = 2 and a “Swiss cheese” form for the volume

V = κbτ
3/2
b − κsτ3/2

s , (4.3)

with κb ≡ 1 in what follows, which can be achieved through a suitable redefinition of
τb. We focus on the simple case where only the leading non-perturbative effect is consid-
ered [18, 49, 50]

W = W cs +Ae−aTs . (4.4)

Therefore, we consider the following Kähler and super potentials

K/M2
p = k0 − 2 log

[
V + ξ

g
3/2
s

]
− log (−i(τ − τ̄)) + k1|z|2

(
log Λ3

0
|z|

+1
)

+ k2
V2/3 |z|

2/3 , (4.5)

W/M3
p = w1

(
W0e

iσ +
[
− M

2πiz
(

log Λ3
0
z

+ 1
)
− iK

gs
z

]
+Ae−aTs

)
, (4.6)

with z = ζeiθ and the parameters k0, k1, k2 and w1 defined as

k0 = − log
(
||Ω||2V6
κ6

4

)
− log

(
V6
κ6

4

)
, k1 = 1

π||Ω||2 , k2 = 1
(2π)4

9c′(gsM)2

π||Ω||2 ,

w1 = g1/2
s

√
V0
w

(
ls
κ4

)5
. (4.7)

Below we will use the expression for the gravitino mass that follows from these definitions

m3/2 = eK/2|W | ≈ g2
sW0√
8πΩV

Mp . (4.8)

We now compute the scalar potential V in the limit V � 1 (i.e. we use the supergravity
formula for the scalar potential and expand it around 1/V = 0) and ζ � 1:9

V = g3
s

8π||Ω||2

(
8gsa2A2√τse−2aτs

3κsV
+ 4gsaAτse−aτs

V2 W0 cos(aθs + σ) + 3ξ
2√gsV3W

2
0

+ gs
V4/3

(
k1V2/3 log Λ3

0
ζ

+ k2
9ζ4/3

)−1[ M2

(2π)2 θ
2 +

(
M

2π log Λ3
0
ζ
− K

gs

)2 ])
. (4.9)

Notice that the Tb axion, θb, remains a flat direction at leading order and would be
stabilised by subleading non-perturbative effects. Looking at ∂θV = ∂θsV = 0, we find the
solutions for the remaining axions

〈θ〉 = 0 , 〈θs〉 = nπ − σ
a

, n ∈ Z , (4.10)

9We treat the term Kzz̄(DzW )(Dz̄W̄ ) separately, since there is a competition between these two limits,
whose result depends on the β-regime we are working in. Usually, it is assumed that the warp factor
completely dominates the bracket (β � 1) in the second line, which is equivalent to taking the limit with
the constraint ζ4/3V2/3 � 1.
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and choose n = 1, such that cos(aθs + σ) = −1. By inspecting the Hessian matrix in the
axion directions, ∂i∂θV and ∂i∂θsV , where i runs through all fields, we conclude that these
completely decouple from the other moduli and therefore we can fix the axions to their
minima and then analyse the 3-field system (V, τs, s). In particular, the axion masses are
always positive, making these stable directions. The potential then becomes

V = g3
s

8π||Ω||2

(
8gsa2A2√τse−2aτs

3κsV
− 4gsaAτse−aτs

V2 W0 + 3ξ
2√gsV3W

2
0

+ πgs||Ω||2

c′
(2π)4

V4/3
ζ4/3

(gsM)2

(
1+β

)−1(M
2π log Λ3

0
ζ
− K

gs

)2)
+ g3

s

8π
(2π)4

V4/3 c
′′ ζ4/3

(gsM)2 , (4.11)

where we introduced our variable β, defined in (3.4), and the brane potential (see sec-
tion 2.3)

VD3 = g3
s

8π
(2π)4

V4/3 c
′′ ζ4/3

(gsM)2 . (4.12)

It turns out that the solution for τb does not depend on the choice of β regime, giving

V ≈ τ3/2
b =

3W0κs
√
τse

aτs

aA

1− aτs
1− 4aτs

(4.13)

in both cases. However, we see that the solution is given in terms of τs, which means that
there is an implicit dependence on the choice for β hiding in the solution for τs. In turn,
both ζ and τs will have different solutions depending on the regime of β that we look at.
We now proceed to study the two regimes of strong warping, β � 1, and weak warping,
β � 1.

4.2 Strongly warped scenario (β � 1)

We now review the usual limit considered in the literature, β � 1. In this limit, the
potential is10

V = g3
s

8π||Ω||2

(
8gsa2A2√τse−2aτs

3κsV
− 4gsaAτse−aτs

V2 W0 + 3ξ
2√gsV3W

2
0

+ (π||Ω||2)gs
c′

(2π)4

V4/3
ζ4/3

(gsM)2

[
c′c′′

πgs
+
(
M

2π log Λ3
0
ζ
− K

gs

)2 ])
, (4.15)

10Notice that our potential differs from the one in [18], apart from the overall factor g3
s/8, in 4 ways:

(i) our warp factor (2.14) is e−4A0 ∼ (gsM)2 instead of e−4A0 ∼ gsM
2, which is a consequence of our

convention for the Einstein frame metric with the gs = e〈φ〉 (see footnote 1); (ii) we have the factor π||Ω||2,
which is coming from taking into account other complex structure moduli in the Kahler potential and is
not an overall factor (this contribution is hinted at in [18] in the form of eKcs after equation (4.3)); a factor
of (2π)4 multiplying ζ4/3 which comes from defining ζ in units of ls; and (iv) Λ0 is explicit as opposed to
the potential used in [18]. There is, however, a simple way to map the two potentials. We simply remove
the overall factor in (4.15) (which does not affect the stabilisation of the moduli in any case) and perform
the following combined transformation

ζ4/3 →
(

(π||Ω||2)(2π)4

gs

)−1

ζ4/3 , Λ3
0 →

(
(π||Ω||2)(2π)4

gs

)−3/4

Λ3
0 . (4.14)
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and therefore the solution is [18]

τ3/2
s

16aτs(aτs − 1)
(1− 4aτs)2 = ξ

g
3/2
s κs

+ (2π)4(π||Ω||2)8q0ζ
4/3τ

5/2
b

27g2
sκsW

2
0
, (4.16)

ζ = Λ3
0 e
− 2π
gs

K
M
−
(

3
4±
√

9
16−

4πc′c′′
gsM2

)
, (4.17)

with the constant q0 = 3
8π2c′

(3
4 −

√
9
16 −

4πc′c′′
gsM2

)
.

The value of the potential at the critical points is given by

Vcrit = g3
s

8π||Ω||2

(
π||Ω||2

gs
(2π)4 5q0ζ

4/3

9τ2
b

−
3W 2

0 gsκs
√
τs

4aτ9/2
b

16aτs(aτs − 1)
(1− 4aτs)2

)

≈ g3
s

8π||Ω||2

(
π||Ω||2

gs
(2π)4 5q0ζ

4/3

9τ2
b

−
3W 2

0 gsκs
√
τs

4aτ9/2
b

)
, (4.18)

which must be positive if we want to have a dS solution. Whether this corresponds to a
local minimum (rather than a maximum or a saddle) is related to the masses of the three
fields and is analysed in [18]. Two of the mass-eigenvalues are always positive, but a second
bound is derived from requiring

m2
3 ≈

3
2τ2
b

(
5
4

27W 2
0 gsκs

√
τs

20aτ5/2
b

− π||Ω||2

gs
(2π)4q0ζ

4/3
)
> 0 . (4.19)

Satisfying the two conditions Vcrit > 0 and m2
3 > 0 provides a constraint on the value of

ρ ≡ π||Ω||2
gs

(2π)4q0ζ
4/3 [18], which can be written as α ∈ [1, 5/4] where

ρ = α
27W 2

0 gsκs
√
τs

20aτ5/2
b

. (4.20)

The hierarchy (2.20) in this regime becomes

hIR
hUV

∼ 1 + e
8πK
3gsM

Λ4
0V2/3 , (4.21)

which depends not only on the flux numbers and string coupling, but also on the volume
V (which is now exponentially large) and the length of the throat Λ0, large values of which
will decrease the hierarchy between the UV and the IR.

4.2.1 Example

Using a set of parameters which corresponds to the example given in [18], we find the
expected minimum and saddle point with one unstable direction. This is summarised in
table 1 and figures 2 and 3.

This solution gives the hierarchy of scales m3/2 < mw
KK < Mw

s < mKK < Ms. The
cutoff scale will be mw

KK ,11 with m3/2 < Mw
KK consistently with the 4d supergravity EFT

11If the masses of the other complex structure moduli and the dilaton are significantly lighter than this
scale, then they should be integrated in.

– 17 –



J
H
E
P
1
2
(
2
0
2
1
)
1
2
4

W0 σ gs M K Λ0 κs χ a A

23 0 0.23 22 4 0.05
√

2
9 −260 π

3 1

Solution τs τb ζ m2
1 ∼ m2

ζ m2
2 ∼ m2

τs m2
3 ∼ m2

τb

Minimum 7.52 655 6.96× 10−7 1.31× 10−5 2.76× 10−9 1.56× 10−15

Saddle 8.26 1144 6.96× 10−7 7.51× 10−6 6.34× 10−10 −2.04× 10−16

V Ms mKK m3/2 Mw
s mw

KK

1.68× 104 3.15× 10−3 6.22× 10−4 5.12× 10−6 3.82× 10−4 1.70× 10−4

3.87× 104 2.07× 10−3 3.56× 10−4 2.22× 10−6 2.89× 10−4 1.30× 10−4

Table 1. Solution and masses for the fields (τs, τb, ζ), and physical scales associated with the
solution, for a set of parameters with β � 1. The mass scales are expressed in units of Mp.
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Figure 2. Plots of the potential (4.11) in each direction (τs, τb, ζ) near the minimum (left) and the
saddle point (right), for the choice of parameters in table 1.
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Figure 3. Plot of the potential (4.11) in the (τ1, τ2) plane (which is just a rotation of the (τb, τs)
plane aligned with the eigenvectors of the Hessian matrix), for the choice of parameters in table 1,
where we can see both the minimum and saddle point solutions.

description (see also [51]). The α′ expansion remains well under control, being governed
by R2

S3 � α′ or gsM � 1 near the tip, as can be verified by estimating the suppression of
higher derivative terms in the warped background. Two other possible control issues that
have been raised in the recent literature [22, 23] are the danger that the throat does not ‘fit’
into the bulk, and that singularities are induced in the bulk with no physical interpretation.
For the present solution, 2.59 ≈ πRCY > Rthroat ≈ 0.72 so that the throat fits the bulk,
where the factor of π comes from approximating the bulk with a torus, as pointed out in
appendix A of [23] and as consistent with the estimate of mKK made in (2.10). Moreover,
the solution, corresponding to the usual LVS, also avoids the bulk singularity problem
due to the hierarchy τs � τb ∼ V2/3, where τs corresponds to the small cycle wrapped
by the E3 or D7 branes that are responsible for the non-perturbative contribution to the
superpotential.12

Finally, we consider the consistency condition (2.36), which comes from integrating the
NSNS flux through the B-cycle stretching along the cutoff warped throat and corresponds
to the strongly warped solution of [25, 37]. The current solution is indeed in the strong
warping regime and the fact that the volume is large (compared to the alternative KKLT

12In detail, the bulk-singularity problem [23] emerges when we consider two ways that the physics at the
tip of the throat is tied to physics in the bulk region. The first relation is from the requirement that the
D3-brane energy, fixed by the warp factor and thus the flux numbers at the tip, uplifts the KKLT AdS
vacuum to an almost Minkowski spacetime, that is VAdS ∼ Vuplift. The second relation comes from the
negative D3-brane-charge sources that must be present in the bulk in order to cancel the positive D3-brane-
charge sourced by the fluxes within the throat. Together, these relations imply that the warp factor on
the wrapped 4-cycle in the bulk satisfies |∂h|

h
& gsM

2 � 1 leading to a singularity where the warp factor
becomes negative, apparently far from any sources that might resolve the singularity. The LVS solution
circumvents this problem by relaxing the bound to |∂h|

h
& τs

τb
gsM

2.
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Figure 4. Plotting the potential (3.5) for two different choices of the flux M , with all other
parameters fixed at Ω2 = 8,Λ0 = 102,K = 1, gs = 0.1,V = 1015, in a regime with β � 1. Note that
we have to keep two terms in the expansion of (1+β)−1 since keeping only the first term won’t give
us the correct behaviour as ζ → 0. In the insets, we have zoomed in to highlight how the minimum
exists or disappears depending on whether or not the bound (3.17) is satisfied.

setup) does not affect the solution for the conifold, which effectively still does not feel the
effects of a large bulk. Therefore, it is not surprising that, given the analytical solution for
ζ (4.17), the relation (2.36) is approximately respected, as the probe brane only brings a
small correction to the supersymmetric solution with no brane [37].

4.3 Weakly warped scenario (β � 1)

We now consider the new limit where the warping is subdominant in the Kähler metric for
the conifold modulus, β � 1. In this case, the potential becomes13

V = g3
s

8π||Ω||2
(8gsa2A2√τse−2aτs

3κsV
− 4gsaAτse−aτs

V2 W0 + 3ξ
2√gsV3W

2
0

)

+ gs

V2 log Λ3
0
ζ

(
1−

1
(2π)4

c′(gsM)2

ζ4/3

V2/3 log Λ3
0
ζ

)[
M

2π log Λ3
0
ζ
− k

gs

]2
+ g3

s

8π
(2π)4

V4/3 c
′′ ζ4/3

(gsM)2 , (4.22)

which only has a minimum for ζ in the limit ε log Λ3
0
ζ � 1, with ε = gsM

2πK ,

τ3/2
s

16aτs(aτs − 1)
(1− 4aτs)2 = ξ

g
3/2
s κs

(4.23)

+ (π||Ω||2)τ3/2
b

 8τb
27πgsκsW 2

0
c′′

(2π)4ζ4/3

(gsM)2 +
4
(
M
2π log

(Λ3
0
s

)
− k

gs

)2

9W 2
0 κs log

(Λ3
0
s

)
 ,

(2π)4c′′
ζ4/3

(gsM)2 = gsM
2

4πτb

(
3
8 ±

√
9
64 −

4πc′c′′
gsM2

)
, (4.24)

from which we extract the expected bound

√
gsM >

16
3
√
πc′c′′ ≈ 13.6. (4.25)

13We keep two terms in the expansion of (1 + β)−1 as explained in figure 4.
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As we have seen with (3.16), this solution is not a perturbation of the GKP solution. In
particular, the minimum is not a small uplift of a solution without the brane, but rather a
new solution which relies on the presence of the brane. In particular, the brane uplifting
is suppressed due to the large volume, whilst the solution always has weak warping and
hence a small hierarchy of scales (2.20)

hIR
hUV

≈ 1 + 8π
q1(gsM2) . 1.14 , with q1 = 3

8 +
√

9
64 −

4πc′c′′
gsM2 , (4.26)

with 3
8 < q1 <

3
4 following from (4.25).

It is difficult to give the solution for the fields explicitly in terms of the parameters.
However, we can rewrite the equations in a form that allows us to find a numerical solution.
In detail, we write

V ≈ τ3/2
b ≈

3W0κs
√
τse

aτs

4aA , (4.27)

(2π)4c′′
ζ4/3

(gsM)2 = gsM
2

4π q1

(3W0κs
√
τse

aτs

4aA

)−2/3
, (4.28)

τ3/2
s ≈ ξ

g
3/2
s κs

+ (π||Ω||2)
M2

(2π)2 log
(Λ3

0
ζ

)
3aAW0

eaτs
√
τs , (4.29)

where we use εx � 1 and log(Λ3
0
ζ ) � q1. In order for a solution to (4.29) to exist, the

exponential term cannot be too large since it has to balance with the τ3/2
s on the opposite

side of the equation. In figure 5, we plot the function

F (τs) = −τ3/2
s + ξ

g
3/2
s κs

+ (π||Ω||2)
M2

(2π)2 log
(Λ3

0
ζ

)
3aAW0

eaτs
√
τs , (4.30)

defined such that F (τs) = 0 corresponds to a solution to (4.29), where we have replaced
ζ by its solution in terms of τs. In the approximation aτs � 1, we can estimate a lower
bound for the product AW0 as

AW0 &
π||Ω||2

9
M2

(2π)2 log
(

Λ3
0
ζ

)
exp

[
aξ2/3

gsκ
2/3
s

]
, (4.31)

by requiring the minimum of F (τs) to be negative. For a set of favourable parameters, e.g.
ξ ∼ O(1), κs ∼ O(10−1), gs ∼ 0.2, M ∼ O(10) as well as log

(Λ3
0
ζ

)
∼ O(10) so that ζ � 1

with Λ0 ∼ O(1), we find AW0 & 106. This suggests that we require large values of W0
and/or A in order to have a solution in this region of parameter space. Notice also that if
A becomes too large, V becomes small, and that large values of AW0 push the minimum of
the potential towards AdS (cf. (4.32) below), which implies that we need to find a balance
between these parameters.

The value of the potential at the critical points is now

Vcrit ≈
g4
s

24τ3
b

(
M2

(2π)2 log
(

Λ3
0
ζ

)
− 3
π||Ω||2 (AW0)e−aτs

)
, (4.32)
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Figure 5. The plot shows (4.30) for different choices of the parameters W0 and A, with all other
parameters fixed. Critical points for the scalar potential (4.22) exist when F (τs) = 0. We see that
the product W0A (which appears in the equation (4.29)) needs to be large enough for a solution to
exist.

which must be positive for a dS solution. In the above, we use the approximations aτs �
1, εx� 1, q1 � log

(Λ3
0
ζ

)
. In order to determine whether this critical point is a minimum,

we compute the mass matrix

M = hab
∂2V

∂ϕa∂ϕb

∣∣∣∣
crit

(4.33)

where ϕa={τb, τs, ζ} and hab is the field space metric defined via Kij̄∂Φi∂Φ̄j̄ = 1
2hab∂ϕ

a∂ϕb.
To find the masses (m2

1,m
2
2,m

2
3), we diagonalise M in the limit V ≈ τ

3/2
b � 1 and using

aτs � 1 and εx� 1. We obtain, in Planck units:

m2
1 ≈

g3
s

8
q2

9
√
πg

3/2
s τ

3/2
b

(2π)6c′′ 3/2(π||Ω||2)
(gsM)2q

5/2
1 log

(Λ3
0
ζ

) , (4.34)

m2
2 ≈

g3
s

8
1

π||Ω||2
4gsW 2

0 a
2τ2
s

τ3
b

, (4.35)

m2
3 ≈

3g4
s

8τ3
b

(
3
2

3
π||Ω||2 (AW0)e−aτs − M2

(2π)2 log
(

Λ3
0
ζ

))
, (4.36)

where q2 = q1(9 + 4q1)− 112πc′c′′
gsM2 , which we can show is always positive provided there is a

solution. Since q1 >
3
8 , indeed

q2 >
3
8

21
2 −

112πcc′′

gsM2 = 28
( 9

64 −
4πc′c′′

gsM2

)
> 0. (4.37)

We also used the fact that a solution requires large enough W0 to simplify the expression
for m2

2. Note that only m2
3 can be negative and gives us a condition for the minimum.
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Putting this together with Vcrit > 0 from (4.32), we find

3
π||Ω||2 (AW0)e−aτs < M2

(2π)2 log
(

Λ3
0
ζ

)
<

3
2 ×

3
π||Ω||2 (AW0)e−aτs . (4.38)

Defining the parameter

µ ≡
M2

(2π)2 log
(Λ3

0
ζ

)
3

π||Ω||2 (AW0)e−aτs
, (4.39)

the condition for a metastable dS solution is simply 1 < µ < 3
2 . A positive potential only

requires µ > 1, so cases with µ > 3
2 will be at best dS saddle points, which could be used

for example for quintessence or inflation. Notice also that the condition for the existence of
a solution, (4.31), corresponds to µ . 3, which is compatible with a metasable dS solution.
With sufficient fine tuning of the parameters (see table 2 for the tunable parameters), we
could also effectively find a metastable Minkowski minimum.14

It is important to note that the consistency condition (2.36), which comes from inte-
grating the NSNS flux through the B-cycle that extends along the cutoff warped throat, is
not automatically satisfied for our new de Sitter solution. In fact, the condition

K ≈ gsM

2π log Λ3
0
ζ

=⇒ 1 ≈ εx (4.40)

is not compatible with the region where the regime β � 1 has a solution (εx � 1). This
reflects the fact that this regime does feel the influence of a large bulk and the solution for
ζ depends explicitly on the volume. In such a case, the approximation where the B-cycle
is completely contained within the warped throat is no longer good and bulk effects should
become relevant and contribute to the flux. It is therefore not too surprising that the
relation (4.40) is farther from being satisfied in this regime, where the value εx quantifies
how far way we are from satisfying it.

Another important consistency requirement is m3/2 < mKK , so that the gravitino mass
of the 4d EFT remains below the cutoff and is not integrated out. Using the scales (2.10)
and (4.8), together with the solution (4.27) and the condition (4.31) required for a solution
to exist, we can write the ratio(

m3/2
mKK

)3
= g3

sW
3
0

4π
√

2||Ω||3V
&

W0√
2||Ω||M5/2

(aτs)(gsM)7/2K

9ξ (εx) , (4.41)

where recall that aτs � 1, gsM � 1, εx � 1, and the fact that a too small W0 results in
a small volume. This makes it difficult to find a region in parameter space for which the
supergravity description remains valid, however, we show a working example below.

14In the example below, with the parameters shown in table 2, we find Vcrit ≈ 8.7×10−10 M4
p . From (4.32)

we see that one can obtain a smaller cosmological constant by increasing W0 so that the two terms cancel
more precisely. For example, by choosing W0 = 801, we find Vcrit = 1.7× 10−12 M4

p . With W0 = 801.231,
Vcrit = 3.2 × 10−15 M4

p , and for W0 = 801.2314198164254, Vcrit = 3.4 × 10−25 M4
p . By making W0 ever

more precise, we may lower the cosmological constant as much as we wish. In the limit of infinite precision,
we find a Minkowski minimum.
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Table 2. Choice of parameters for the potential (4.11), with β � 1.

τs τb ζ m2
1 ∼ m2

ζ m2
2 ∼ m2

τs m2
3 ∼ m2

τb

8.79 62.8 0.0062 1.56× 10−4 5.77× 10−4 3.11× 10−9

9.09 78.5 0.0054 1.05× 10−4 3.14× 10−4 −1.30× 10−10

Table 3. Solution and masses (in units of Mp) for the fields (τs, τb, ζ) for the two parameter sets in
table 2. The first solution is metastable, whereas the second has negative m2

3, revealing an unstable
direction.

V Ms mKK m3/2 Mw
s mw

KK

498 1.11× 10−2 3.95× 10−3 1.95× 10−3 1.04× 10−2 4.46× 10−3

696 9.41× 10−3 3.16× 10−3 1.39× 10−3 8.82× 10−3 3.77× 10−3

Table 4. Physical scales associated with the solutions in table 3, for the parameter set in table 2.
The mass scales are expressed in units of Mp.

4.3.1 Example

We choose a set of parameters that satisfies the conditions (4.38) discussed above, which
guarantee both Vcrit > 0 and m2

3 > 0 and thus a dS minimum. We have parameters as-
sociated with the fluxes for the remaining complex structure moduli and the axio-dilaton
(W0, gs), with the conifold (M,K,Λ0) and with the CY and Kahler moduli (κs, ξ, a, A),
where ξ=− χζ(3)

4(2π)3 . The fixed parameters in the potential are c′=1.18, c′′=1.75, ||Ω||2 =8.
In table 2 we present a set of parameters that serve to provide a concrete example of

the stabilisation mechanism presented in this subsection.
For the parameter set in table 2, we find two solutions for equation (4.29) and there-

fore two approximate solutions. We solve the system numerically, using these as initial
conditions, to determine the true critical points of the full potential (4.11). We find one
minimum and one saddle point with a single unstable direction (roughly corresponding to
τb). The solutions are summarised in table 3.

From table 4 we see that the cutoff for the EFT is now mKK ∼ mw
KK , since this is the

smallest scale, which reflects the fact that this solution has weak warping. Note that m3/2
mKK

≈
1
2 , which is marginally consistent with the 4d supergravity description (see also [51]). We
have 1.41 ≈ πRCY > Rthroat ≈ 0.69, so that the throat still fits the bulk [22, 23]. Similarly
to the usual LVS, this solution avoids the bulk singularity problem [23, 52] due to the
hierarchy15 τs � τb ∼ V2/3.

In figures 6–7 we show the plots of the potential in each direction and in the plane (τs, τb).
15In detail, using (4.32) for the uplift to near Minkowski along with the arguments in [23], the warp factor

on the wrapped 4-cycle can be shown to satisfy |∂h|
h

& τs
τb

gs
logW0A

so that bulk singularities can be avoided.
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Figure 6. Plots of the potential (4.11) in each of the 3 directions (ζ, τb, τs), for the parameter set
in table 2, around the minimum (left) and the saddle point (right).

Figure 7. Plot of the potential (4.11) in the (τ1, τ2) plane (which is just a rotation of the (τb, τs)
plane aligned with the eigenvectors of the Hessian matrix), for the parameters in table 2.
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5 Conclusions

We have revisited moduli stabilisation for type IIB Calabi-Yau flux compactifications that
include an D3-brane at the tip of a KS throat, a warped deformed conifold. In particular,
we have focussed on the stabilisation of the conifold’s deformation modulus, including its
coupling with the Calabi-Yau bulk volume modulus. It is important to study the coupled
conifold-volume-moduli system because the flux-induced mass of the conifold modulus is
extremely light, and it may be destabilised by the ingredients introduced to stabilise the
volume modulus.

Indeed, it has recently been observed that the D3-brane uplifting potential energy den-
sity can destabilise the conifold modulus, which would otherwise be stabilised by fluxes [8]
(see also [9–12, 53]). This happens because the D3-brane energy density is warped down,
and the background warp factor at the tip depends on the vev of the conifold modulus.
The full scalar potential descends from fluxes and quantum corrections, as well as the uplift
term, and can be computed within the low energy effective field theory from an appropriate
Kähler potential and superpotential. A key object in the discussion is the Kähler metric for
the conifold modulus, which was worked out in [25] and presented in detail in appendix A,

Gzz̄ = 1
π||Ω||2

(
log Λ3

0
|z|

+ c′

(2π)4
1
V2/3

(gsM)2

|z|4/3

)
,

where the c′ term originates from the warping and induces a mixing between the volume
and conifold modulus. In all previous works, this warping term in the metric has been
assumed to dominate. In this work, we considered a new, previously unexplored, region of
parameter space, where the warping term is subdominant in the metric.

After reviewing the computation of the conifold-volume modulus potential, we began
in section 3 by studying the stabilisation of the conifold modulus by the flux superpotential,
deferring the full stabilisation including the volume modulus to section 4. In the case of
strong warping, we confirmed the well-known approximate GKP solution with |z| ∼ e−

2πK
gsM ,

present when the bound √gsM & 6.8 is satisfied [8]. Then we considered the weakly-but-
still-warped case. Here, we found a qualitatively new solution, which takes the form |z|4/3 ∼
V−2/3, and which exists only when the anti-brane is present and when the new bound
√
gsM & 13.6 is satisfied. As in the original anti-brane uplift scenarios, the gravitational

backreaction of a single probe brane can be consistently neglected when compared with
the large flux numbers that source the background warping (i.e. MK). To stay in the
weakly-warped regime, large volumes and long throats are preferred, V2/3 Λ4

0 � e
8πK
3gsM .

Having identified a new region of parameter space, with large volumes, we proceeded in
section 4 to embed the above conifold modulus stabilisation into the Large Volume Scenario
to achieve a stabilised volume modulus. To this end, it suffices to extend the Kähler
modulus sector to the large and small moduli of a “Swiss cheese” Calabi-Yau and add the
leading α′ correction to K and a non-perturbative superpotential, the interplay of which
can lead to Kähler moduli stabilisation. After working out the general scalar potential for
the three complex-moduli system, we again analyse in turn the warping dominated regime
and the regime of subdominant warping. For the strongly warped regime, we recover the
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results of [18], and moreover show that the final dS solution is consistent with the said
regime. For the weakly-but-still-warped regime, we find new metastable dS solutions with
all moduli stabilised, consistent with the weak coupling, supergravity approximation and
the subdominance of the warping. This new solution only exists when the D3-brane is
present. Note that in our new de Sitter solution, the brane potential is still exponentially
suppressed, but this now originates not from GKP but rather from the exponentially large
volume of the Large Volume Scenario, with |z|4/3 ∼ V−2/3. The hierarchy of scales between
the UV and IR is always very small for this solution.

The final vevs and mass hierarchies are not very different in the two regimes, being
distinguished in our examples mainly by the vev of the conifold modulus, |z|, which is
larger in the new regime, and the vev of the volume modulus, c, which ends up somewhat
smaller. In the end, the tadpole numbers from the throat fluxes are MK ∼ O(100), similar
to the LVS solution [18], and there also remains the issue of tadpole contributions from
bulk fluxes [16, 54, 55]. In fact, the parameter space where we have found the new dS
solutions have somewhat large values O(102 − 103) for W0, from the heavy bulk moduli,
and for A, from the leading non-perturbative term to stabilise the Swiss Cheese moduli.
The coefficientW0 is usually taken to come from bulk fluxes, although other sources such as
from non-perturbative effects in heavy Kähler moduli are also possible.16 The coefficient A
is related to a one-loop instanton determinant in the case of E3 branes or to the cutoff of the
effective gauge theory, possibly enhanced by threshold effects, for gaugino condensation on
wrapped D7-branes (see [59] for F-theory examples with large A). Other possible control
issues that have been raised recently for KKLT in [22, 23, 52], that is the throat not fitting
into the bulk and the appearance of pathological bulk singularities, are not a danger here.

An interesting open issue is a ten-dimensional understanding of our new de Sitter
solutions.17 When studying the conifold deformation modulus, we start from the non-
compact ten-dimensional Klebanov-Strassler solution cut off at some radial distance rUV
and embeded into a GKP Calabi-Yau flux compactification. As has been emphasised
in [11], the deformation parameter is not a flat direction in the KS/GKP solution and is
fixed to its supersymmetric value, |z| ∼ Λ3

0e
− 2πK
gsM , which can also be understood from our

consistency condition, (2.36), coming from the B-cycle NSNS flux quantisation along the
cut off throat. Therefore, one might not trust the effective field theory far from this value
for |z|, although doing so does lead to results that are consistent with the backreacted
analysis in [10] and also [12]. In our new solution, |z| is about two orders of magnitude
smaller than the corresponding GKP value. At the same time, we have introduced several
ingredients that go beyond KS/GKP into our effective field theory — quantum corrections,
localised sources, and four-dimensional effects such as gaugino-condensation — which we
have not fully described in ten-dimensions. Indeed, the new dS solution would not exist
without the D3-brane at the throat tip and we could only study the influence of the
D3-brane on the conifold deformation parameter using the four-dimensional effective field
theory. Despite the relatively large flux numbers/D3-branes at the tip, the induced mass

16See [53, 56–58] for progress in achieving the small values of W0 necessary for KKLT.
17See [60–65] for progress towards a ten-dimensional understanding of KKLT.
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for |z| is so light that a single D3-brane and a large bulk volume can influence significantly
its dynamics and vev. Our final de Sitter solution has an ameliorated tadpole problem,
no bulk-singularity problem, and is consistent with the Kaluza-Klein truncation, α′ and
string-loop expansions and supergravity description. However, without a ten-dimensional
description, we cannot be certain that it lies in the string theory landscape and is not
further evidence of a swampland conspiracy.
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A Complex structure moduli metric

Here we review the computation of GSS̄ for the conifold deformation modulus, S, using the
KS metric, making explicit the appearance of the volume modulus. We follow closely [25].

The metric in the complex structure moduli space can be computed using

Gαβ̄ =
i
∫
h χα ∧ χβ̄

i
∫
h Ω ∧ Ω̄

, (A.1)

where now, h = 1 + e−4A0(y)

c(x) . This corresponds to the Kahler potential

Kcs = − log
(
i

κ6
4

∫
h Ω ∧ Ω̄

)
. (A.2)

In our setup, it is assumed that all complex structure moduli are stabilised in the UV,
i.e. in the bulk, except for the deformation modulus S that governs the Klebanov-Strassler
geometry and lives in the highly-warped region. In particular, this means we can split the
Kahler potential into two different contributions

Kcs = − log
(
i

κ6
4

∫
h Ω ∧ Ω̄

)
= − log

(
i

κ6
4

∫
bulk

h Ω ∧ Ω̄ + i

κ6
4

∫
conifold

h Ω ∧ Ω̄
)

≈ − log
(
i

κ6
4

∫
bulk

Ω ∧ Ω̄ + i

κ6
4

∫
conifold

h Ω ∧ Ω̄
)

= − log
(
i

κ6
4

∫
bulk

Ω ∧ Ω̄
(

1 + i
∫

conifold h Ω ∧ Ω̄
i
∫

bulk Ω ∧ Ω̄

))

= − log
(
i

κ6
4

∫
bulk

Ω ∧ Ω̄
)
− log

(
1 + i

∫
conifold h Ω ∧ Ω̄
i
∫

bulk Ω ∧ Ω̄

)
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≈ KUV
cs + eK

UV
cs

κ6
4
i

∫
conifold

h Ω ∧ Ω̄

= KUV
cs +K(S, S̄) , (A.3)

where the first approximation follows from h ≈ 1 in the bulk and the second assumes the
contribution from the bulk is much bigger than the one from the conifold.

KUV
cs = − log

(
i

κ6
4

∫
bulk

Ω ∧ Ω̄
)

= − log
(
||Ω||2V6
κ6

4

)
. (A.4)

We can now compute the conifold contribution to the metric following the computa-
tions in [25]

GSS̄ = eK
UV
cs

κ6
4
i

∫
conifold

h χS ∧ χS̄ . (A.5)

For the KS metric, the (2,1)-form χS is given by

χS = g3 ∧ g4 ∧ g5 + d[F (η)(g1 ∧ g3 + g2 ∧ g4)]− id[f(η)(g1 ∧ g2) + k(τ)(g3 ∧ g4)], (A.6)

where the functions f, k, F were computed in [26]

F (η) = sinh η − η
2 sinh η , f(η) = η coth η − 1

2 sinh η (cosh η − 1), k(η) = η coth η − 1
2 sinh η (cosh η + 1).

(A.7)
It will be useful to look at the limits η → 0 and η →∞ of these functions:

F (η → 0) = η2

12 , f(η → 0) = η3

12 , k(η → 0) = η

3 , (A.8)

F (η →∞) = 1
2 − ηe

−η , f(η →∞) = η

2 , k(η →∞) = η

2 , (A.9)

Surprisingly the combination we need, χS ∧ χS̄ , is a total η-derivative

χS ∧ χS̄ = − 2i
64π4dη ∧

(∏
i

gi
)
d

dη
[f + F (k − f)], (A.10)

from which we find for GSS̄ (with all the integrals over the conifold region)

GSS̄ = eK
UV
cs

κ6
4
i

∫
h χS ∧ χS̄

= i

||Ω||2V6

∫
h χS ∧ χS̄

= 1
||Ω||2V6

2
64π4

∫
h dη ∧

(∏
i

gi
)
d

dη
[f + F (k − f)]

= 2
64π4||Ω||2V6

(∫ ∏
i

gi
)∫

dη h
d

dη
[f + F (k − f)]

= 2
π||Ω||2V6

(∫
dη

d

dη
{h [f + F (k − f)]} −

∫
dη
dh

dη
[f + F (k − f)]

)
, (A.11)

where we preformed the η integral by parts and used
∫ ∏

i g
i = 64π3.
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We are left with an integral in η, which corresponds to the radial coordinate of the
conifold. We introduce a cutoff scale where the conifold connects to the bulk. For the
coordinate defined in the limit η →∞,

r2
∞ = 3

25/3 s
2/3e2η/3, (A.12)

the cutoff scale ΛUV is defined as

Λ2
UV ≡ r2

UV = 3
25/3 s

2/3e2ηΛ/3 =⇒ ηΛ = 3
2 log 25/3

3 + log Λ3
UV
s

, (A.13)

where ηΛ is the maximum value of η, i.e. the upper bound of our integral where the conifold
connects with the bulk. We see that the first term in the integral is just a boundary term,
so it suffices to evaluate h [f + F (k − f)] at η → 0 and η → ηΛ (where we can think of
ηΛ � 1 and use the approximations for η → ∞). It is useful to recall the warp factor for
the deformed conifold, now written in terms of the complex structure s = |S| = ε2

e−4A0(y) = 22/3 (α′gsM)2

s4/3 I(η), I(η) ≡
∫ ∞
η

dx
x coth(x)− 1

sinh2 x
(sinh(2x)− 2x)1/3 , (A.14)

At η → 0, I(0) ≈ 0.718 and f + F (k − f) = 0, and at η → ηΛ, in the bulk, h ≈ 1 and

f + F (k − f) ≈ ηΛ
2 = 3

4 log 25/3

3 + 1
2 log Λ3

UV
s
. (A.15)

As for the second term, all we need is the derivative of h

dh

dη
= 1
c(x)

de−4A0(y)

dη
= 22/3 (α′gsM)2

s4/3
1
c(x)

dI(η)
dη

= −4× 22/3 (α′gsM)2

s4/3
1
c(x)

f + F (k − f)
(sinh(2η)− 2η)2/3 , (A.16)

and so the second integral (which is well approximated by taking ηΛ →∞) gives

−4× 22/3 (α′gsM)2

s4/3
1
c(x)

∫ ηΛ

0

[f + F (f − k)]2

(sinh(2η)− 2η)2/3 ≈ 0.093× (−4× 22/3)(α′gsM)2

s4/3
1
c(x) .

(A.17)

Hence, the metric becomes

GSS̄ = 1
π||Ω||2V6

(
3
2 log 25/3

3 + log Λ3
UV
s

+ 0.093× 8× 22/3 × (α′gsM)2

s4/3
1
c(x)

)
. (A.18)

Defining the constant c′ ≈ 0.093× 8× 22/3 ≈ 1.18 and for s� Λ3
UV (which is equivalent to

the assumption ηΛ � 1), we can neglect the first term

GSS̄ = 1
π||Ω||2V6

(
log Λ3

UV
s

+ c′
(α′gsM)2

s4/3
1
c(x)

)
. (A.19)
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This metric corresponds to the Kahler potential

K(S, S̄) = 1
π||Ω||2V6

(
|S|2

(
log Λ3

UV
|S|

+ 1
)

+ 9c′(α′gsM)2

c(x) |S|2/3
)
. (A.20)

We can now make a field redefinition, introducing a dimensionless deformation modulus
z = S/l3s and identifying the volume modulus c(x) = V2/3

K(z, z̄) = l6s
π||Ω||2V6

(
|z|2

(
log Λ3

0
|z|

+ 1
)

+ 9c′(gsM)2

(2π)4V2/3 |z|
2/3
)
, (A.21)

where now Λ0 = ΛUV/ls is expressed in string units of ls. With this redefinition we can say
that “z is small”, i.e. the dimensionless quantity |S|/l3s � 1 or |S| is small in string units.

Finally, we can make the choice V6 = l6s . Keeping it allows us to keep track of V6 and
remember where this factor comes from but, being just a volume integral, we can always
choose to normalize it in such a way, since the volume modulus keeps the overall volume
dependence.
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