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1 Introduction

The recent success of the LIGO and Virgo collaboration in directly observing gravitational
waves (GW) from the merger of two black holes [1] kick-started the era of GW astronomy.
Since then several signals were detected, not only originating from black hole mergers [2–5],
but also from black hole-neutron star [6] and binary neutron star [7] mergers, with asso-
ciated electromagnetic signals which can be used to extract more information from these
events. In particular, the study of GW signals can be used to test General Relativity (GR)
in an unprecedented way [8–14], constraining deviations from GR and therefore alterna-
tive theories of gravity and quantum gravity completions, such as string theory. With
several ground and space-based experiments, such as the Einstein Telescope (ET) [15] and
LISA [16, 17], planned for the near future, and interest in GW searches at ultra-high
frequencies (UHF) in the range MHz–GHz [18] not covered by these experiments, the grav-
itational signals of modifications to GR will have the potential to test any theory (such as
a UV completion) in which they arise.
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This exciting progress in gravitational wave detection is complemented by a host of
other diverse experiments and observations. From torsion table-top experiments, astro-
nomical tests [19] and atom interferometry [20], to the Event Horizon telescope [21, 22]
and collider searches [23], GR is being tested in all possible regimes, with strong and weak
field tests. One should ultimately combine all these results, looking for how they match,
differ or complement each other, in order to know what kind of deviations of GR are still
possible and which are excluded [24]. A useful way to combine some of these tests is by
choosing a common parameterisation, e.g. expressing the results in terms of a correction to
the Newtonian potential [23] — we will see that one can compare a specific string theory
compactification setup with several experimental and observational results by looking at
such corrections in the form of a single Yukawa interaction.

A characteristic feature of string theory is the presence of extra dimensions and the need
to obtain a 4d effective field theory (EFT) compatible with all available observations. One
usually considers the compactification of the extra dimensions onto an internal compact
space, which results in a 4d EFT in which each higher-dimensional field gives rise to an
infinite tower of massive modes, known as the Kaluza-Klein (KK) tower,1 and the UV
cutoff is the mass of the lightest KK state (or lower if lighter moduli have been integrated
out). Since in string theory gravity is described by the ten-dimensional graviton, the KK
towers include a tower of massive graviton KK modes which might have direct effects on
gravitational waves and other gravitational effects [27–34] . These massive graviton states
are usually integrated out as their masses are much higher than the energy scale of interest,
such that the low-energy 4d theory gives simply GR. However, for high enough energies, i.e.
for energies close to the masses of these states, the first KK modes will start contributing
with corrections to the effective theory and, in particular with corrections to the Newtonian
potential.2

On the other hand, within string theory, our Universe could be confined to a (3+1)-
dimensional brane (or stack of branes), since the states giving rise to the Standard Model
can come from open strings which end on different types of branes — these states are then
confined to live on the brane and cannot directly probe the extra dimensions. The brane
itself could be located at the tip of a warped throat in the internal compact space — the
warped throat allows the natural high scale of the higher-dimensional theory, typically the
string scale, to be supressed on the brane, helping to bridge the gap between the UV scales
considered in string theory and the observed IR scales of the 4d theory. Warped throats are

1The existence of such a discrete tower of states relies on the compactness of the internal space — if the
extra dimensions are not compact, the spectrum will be a continuum of states (e.g. the spectrum of [25]
is continuous whereas the very similar setup in [26] gives a discrete spectrum because the extra dimension
is now compact). This has a direct impact on the form of the corrections to the Newtonian potential that
arise from these extra-dimensional models, which will take a Yukawa-type form for compact cases such
as [26] but a power-law form for non-compact cases such as [25].

2In principle, light moduli and higher string modes could also contribute corrections to the Newtonian
potential. We will show below that the higher string modes are typically heavier than the KK modes for our
constructions, and so present subleading corrections. We will further assume no light moduli; alternatively
their contributions could also be worked out in concrete constructions (e.g. the deformation modulus or
volume modulus).

– 2 –



J
H
E
P
0
9
(
2
0
2
2
)
2
0
8

also useful in de Sitter constructions, such as KKLT [35] and LVS [36], being responsible
for the suppression of the naturally high scale of an D3-brane responsible for uplifting an
AdS minimum into dS. An explicit solution of Type IIB supergravity describing a warped
throat, known as the Klebanov-Strassler (KS) solution, uses a warped deformed conifold as
the internal space [37] — this is a non-compact solution, but one usually considers smoothly
gluing a finite portion of this solution to a compact Calabi-Yau 3-fold (CY3), such that the
internal space is compact.

In this work we consider a flux compactification of Type IIB supergravity in the pres-
ence of a warped throat and study its effects on the gravitational sector of the 4d EFT. Our
main focus is the corrections to the Newtonian potential which can be compared to observa-
tions across diverse scales [23]. The dimensional reduction of a D-dimensional gravitational
theory down to 4d was performed in [31], with warping taken into account, in order to study
the effects of extra dimensions in gravitational wave signals. The effects of the warping
are further explored in [32, 33] in the context of warped toroidal backgrounds. Focusing
specifically on Type IIB supergravity, we dimensionally reduce the 10d action down to 4d
by considering the warped background to be described by a compact CY3 with a warped
throat described by the KS solution. The effects of this warped geometry on the tower of
KK states were previously considered in [38] (see also [39]), where the mass spectrum of
graviton KK modes was obtained. We reproduce the results found in [38], paying more-
over careful attention to the normalisation of the graviton KK mode wavefunctions which
provide the couplings to other modes in the theory. The importance of this normalisation
was already emphasised in [40], where it was noted that higher KK modes have stronger
couplings when considering a KS warped throat rather than the Randall-Sundrum model
(RSI) [26], the latter giving a good approximation only away from the tip of the throat.
Finally, we consider a braneworld model within this warped Type IIB setup and study the
corrections to the Newtonian potential between masses living on the brane due to the pres-
ence of the KK tower (this was done in the context of RSI in [41, 42]). We provide direct
relations between the phenomenological parameters characterising a Yukawa-type correc-
tion to the Newtonian potential and the parameters defining the string compactification.
By combining with consistency conditions on the string compactification, we thus identify
the exclusion region in the parameter space for a Yukawa-type correction to the Newtonian
potential arising from a Type IIB brane model in which the Standard Model hierarchy is
achieved by placing the brane somewhere along a KS warped throat. We moreover begin
a study on the implications of warped throats for gravitational wave experiments, iden-
tifying points in the parameters space of the KS solution which bring gravitational wave
frequencies down to observable scales.

The paper is organised as follows. In section 2 we obtain the 4d wave equations
describing the tensor, vector and scalar modes that descend from the 10d graviton and
depend on the geometry of the compact space, which we take to include a cut-off KS warped
deformed conifold. In section 3 we find the corresponding KK tower of tensor modes,
which describes an infinite set of massive spin-2 fields in 4d, by computing the masses and
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wavefunctions of the tensor modes, with their respective normalisations. In section 4 we use
these results to compute the corrections to the Newtonian gravitational potential due to the
massive tower and compare these predicitions with current experimental and observational
constraints. In section 5 we begin an exploration of gravitational wave signatures of a
warped throat. Finally, in section 6, we provide a summary of our results and an outlook
to future research.

2 Dimensional reduction of the 10d graviton

In this section we study the dimensional reduction of the gravitational sector in 10d Type
IIB supergravity. We are interested in the equations for the 4d modes arising from the 10d
graviton, which not only provide their masses in terms of the characteristics of the compact
internal space, but also determine how the different modes couple to one another and to
modes descending from other 10d fields. In section 2.1 we obtain the 10d wave equation
for fluctuations hMN of the 10d metric GMN (2.20) on a fully general background. In
section 2.2 we discuss the deformed conifold and the Klebanov-Strassler solution, which
will constitute part of our 6d compact space together with a compact Calabi-Yau 3-fold.
Finally, in section 2.3 we dimensionally reduce the wave equation (2.20) using the Klebanov-
Strassler background and obtain the 4d equations describing the tensor, vector and scalar
modes that arise from hMN .

2.1 Perturbed Einstein equations in Type IIB

We start with the 10d action for Type IIB supergravity, which is the low-energy EFT of
Type IIB string theory, valid at energies E �Ms ∼ 1/

√
α′,

SEIIB = 1
2κ2

∫
d10x
√
−G

(
R− 1

2(∂MΦ)(∂MΦ)− gs
2 e
−Φ|H3|2

)
− 1

2κ2

∫
d10x
√
−G

(
e2Φ

2 |F1|2 + gs
2 e

Φ|F̃3|2 + g2
s

4 |F̃5|2
)

− g2
s

4κ2

∫
C4 ∧H3 ∧ F3 , (2.1)

where R is the Ricci scalar, Φ is the dilaton, H3 is the field-strength of the NS 2-form B2
and Fp is the field-strength of the RR (p− 1)-form Cp−1,

H3 = dB2 , F̃3 = F3 − C0H3 , (2.2)

Fp = dCp−1 , F̃5 = F5 −
1
2C2 ∧H3 + 1

2B2 ∧ F3 , (2.3)

|Fp|2 = 1
p!FM1...MpF

M1...Mp . (2.4)

The action (2.1) is written in the 10d Einstein frame, with 2κ2 = (2π)7g2
sα
′4, and must

be supplemented with the self-duality condition F̃5 = ?F̃5. We use capital Latin letters
M,N,P,Q for 10d indices, while 4d indices are represented by lower-case Greek letters
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µ, ν, ρ, σ and 6d ones by lower-case Latin letters m,n, p, q. The (trace-reversed) Einstein
equations for Type IIB take the form3

RMN + 1
8(T + L)GMN − TMN = 0 , (2.6)

where we define

TMN ≡ −
δL

δGMN
=1

2(∂MΦ)(∂NΦ) + e2Φ

2 (∂MC0)(∂NC0) + gs
4 e
−Φ(H3)MPQ(H3) PQ

N

+ gs
4 e

Φ(F̃3)MPQ(F̃3) PQ
N + g2

s

4× 4!(F̃5)MPQRS(F̃5) PQRS
N (2.7)

so that T = GMNTMN , and L is the matter Lagrangian that couples to the metric (i.e.
does not include the topological Chern-Simons term),

L = −1
2(∂MΦ)(∂MΦ)− e2Φ

2 |F1|2 −
gs
2 e
−Φ|H3|2 −

gs
2 e

Φ|F̃3|2 −
g2
s

4 |F̃5|2 . (2.8)

We want to study the perturbations hMN to a background 10d metric gMN . An
equation for hMN is obtained from (2.6) by perturbing GMN → gMN + hMN to first order
in hMN ,

0 = R
(0)
MN + 1

8(T (0) + L(0))gMN − T (0)
MN

+R
(1)
MN + 1

8(T (1) + L(1))gMN + 1
8(T (0) + L(0))hMN − T (1)

MN , (2.9)

where RMN , TMN , L have been expanded to linear order in hMN , so that R(0)
MN , T

(0)
MN ,

L(0) only depend on the background gMN and R(1)
MN , T

(1)
MN , L(1) depend linearly on hMN .

In particular, T (1) = gMNT (1)
MN − gMPhPQg

QNT (0)
MN . Imposing that the background metric

satisfies (2.6), we obtain

R
(0)
MN + 1

8(T (0) + L(0))gMN − T (0)
MN = 0 , (2.10)

R
(1)
MN + 1

8(T (1) + L(1))gMN + 1
8(T (0) + L(0))hMN − T (1)

MN = 0 . (2.11)

Expanding RMN to first order in hMN to find R(1)
MN ,

RMN = R
(0)
MN +

(
−1

2�10hMN + gPQ∇P∇(MhN)Q −
1
2∇M∇Nh10

)
, (2.12)

where the covariant derivatives ∇M are with respect to the background metric gMN , �10 =
gPQ∇P∇Q and h10 = gPQhPQ. Commuting the covariant derivatives using

∇P∇MhNQ = ∇M∇PhNQ + gABR
(0)
PMNAhQB + gABR

(0)
PMQAhBN (2.13)

3We can also write
RMN = TMN −

1
8(T + L)GMN = TMN −

1
8GMNT , (2.5)

in terms of TMN ≡ − 1√
−G

δ(
√
−GL)

δGMN = TMN + 1
2GMNL and the trace T = GMNTMN . However it is useful

here to have T and L separately.
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and contracting the PQ indices with gPQ

gPQ∇P∇MhQN = gPQ∇M∇PhQN + gPQR
(0)A

NMPhQA + gABR
(0)
MAhBN , (2.14)

we can write R(1)
MN as

R
(1)
MN = −1

2�10hMN + gPQhQ(MR
(0)
N)P +R

(0)S
MNP g

PQhQS +∇(MGN) , (2.15)

where GN is defined as

GN = gPQ∇PhQN −
1
2∇Nh10 . (2.16)

We can now use (2.10) to replace R(0)
NP , so that

gPQhQ(MR
(0)
N)P = −1

8(T (0) + L(0))hMN + gPQhQ(MT
(0)
N)P , (2.17)

and the first order equation becomes

−1
2�10hMN +R

(0)S
MNP g

PQhQS +∇(MGN) + 1
8(T (1) + L(1))gMN

+gPQhQ(MT
(0)
N)P − T

(1)
MN = 0 . (2.18)

Note that, by definition of TMN , L(1) = T (0)
MNh

MN , so that T (1) + L(1) = gMNT (1)
MN , where

T (1)
MN is obtained by expanding TMN to first order in hMN ,

T (1)
MN =

(
gs
2
(
e−Φ(H3) RS

M (H3)NRP + eΦ(F̃3) RS
M (F̃3)NRP

)

+ g2
s

4! (F̃5) SIJR
M (F̃5)NPIJR

)
gPQhSQ . (2.19)

Finally, choosing the gauge such that GN = 0, known as de Donder (or harmonic) gauge,
equation (2.18) becomes

�10hMN − 2R(0)S
MNP g

PQhQS −
1
4
(
gPQT (1)

PQ

)
gMN − 2gPQhQ(MT

(0)
N)P + 2T (1)

MN = 0 . (2.20)

This is a wave equation for the 10d metric fluctuations hMN , sourced by TMN . We see
that (2.20) depends on the background geometry gMN , as well as on the background values
of the other Type IIB fields (Φ, B2, C0, C2, C4). Upon compactifying the Type IIB action
from 10d to 4d, (2.20) gives rise to three equations describing tensor, vector and scalar
modes in the 4d EFT, and the way these equations are coupled depends on the background
geometry (which depends itself on the background solution for the scalars and form fields).
In the next subsection we introduce the deformed conifold which, together with a compact
CY3, describes our internal space.
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2.2 Background solution — the warped deformed conifold

In order to obtain the 4d EFT, we consider a Type IIB flux compactification with an
internal space composed of a compact CY3, which constitutes the bulk of the compact
space, together with a warped throat, which can be described by the Klebanov-Strassler
solution [37], corresponding to a warped deformed conifold,4 smoothly glued to the bulk.
Considering surfaces in C4 given by

∑4
i=1w

2
i = ε2, with ε a non-zero complex parameter

(if ε = 0 the conifold is singular), gives a deformed conifold with metric [37, 44–46]

ds2
con = ε4/3

2 K(τ)
(

1
3K3(τ)

(
dτ2 + (g5)2

)
+ sinh2(τ/2)

(
(g1)2 + (g2)2

)

+ cosh2(τ/2)
(
(g3)2 + (g4)2

))
, (2.21)

where K(τ) = (sinh(2τ)−2τ)1/3

21/3 sinh(τ) and gi are a basis of one-forms [44]. In this basis, the metric
only depends on τ which is related to the radial direction along the cone. For large τ the
metric approaches the singular conifold metric

ds2
con = dr2

� + r2
�

(
1
9(g5)2 + 1

6

4∑
i=1

(gi)2
)
, as τ →∞ , (2.22)

where the coordinate r� is defined as r2
� = 3

25/3 ε
4/3e2τ/3, while for small τ

ds2
con = dr2

� + r2
�
8 dΩ2

2 +R2
εdΩ2

3, as τ → 0 , (2.23)

where r2
� = ε4/3

4

(
2
3

)1/3
τ2, dΩ2

2 = ((g1)2 + (g2)2) is the metric of an S2 and dΩ2
3 =

((g3)2 + (g4)2 + 1
2(g5)2) is the metric of an S3. We see that r� → 0 as τ → 0, and we are

left with the metric for an S3 whose size Rε is controlled by the deformation parameter ε,

R2
ε = ε4/3

2

(2
3

)1/3
. (2.24)

The Klebanov-Strassler solution is obtained in [37], using the deformed conifold as an
ansatz for the internal space of a warped solution of Type IIB supergravity. The 10d metric
can be written as

ds2
10 = e2Agµνdx

µdxν + e−2Agmndy
mdyn . (2.25)

Notice that this results in a non-compact solution, which is not suitable for phenomeno-
logical applications. Therefore, in practice only a finite portion of the Klebanov-Strassler
solution is used and glued to a compact CY3 (or more generally, a compact 6d bulk). Due
to the symmetries of the conifold, the warp factor can only depend on τ and is given by [37]

e−4A = 22/3 (α′gsM)2

ε8/3
I(τ) , I(τ) ≡

∫ ∞
τ

dx
x coth(x)− 1

sinh2 x
(sinh(2x)− 2x)1/3 . (2.26)

4The Klebanov-Strassel solution is a special case of a broader class of solutions for the deformation of
the conifold metric with fluxes that preserve the SU(2)× SU(2)× Z2 symmetry of the geometry [43].
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For the conifold in the small τ limit the metric takes the form

ds2
10 = e2Agµνdx

µdxν + e−2A
(
dr2
� + r2

�
8 dΩ2

2 +R2
εdΩ2

3

)
. (2.27)

The physical size of the S3 is R2
S3 = e−2AR2

ε , which does not depend on the deformation
parameter ε

R2
S3 = e−2AR2

ε =
(

22/3

31/3 I
1/2(τ)

)
(gsM)α′ τ=0≈ (gsM)α′ , (2.28)

from which follows the condition gsM � 1 for a well under control supergravity (i.e. such
that the α′-expansion with which the Type IIB low-energy supergravity used in [37] is
derived is under control).

Far away from the tip, the warp factor becomes [47]

e−4A ≈ L4

r4
�

[
1 + 3gsM

8πK + 3gsM
2πK log

(
r�
rUV

)]
, (2.29)

where we define

L4 = 27π
4
gsMK

(2π)4 l4s , (2.30)

with K being the flux number through the non-compact cycle5 and rUV the value of r�
where we cut the throat and glue it to the bulk

rUV ≡
31/2

25/6 ε
2/3eτUV/3 . (2.31)

The background warp factor, e−4A, that solves the 10d Einstein equations in the pres-
ence of fluxes, is only fixed up to a constant shift in ym, motivating the following form [48]

e−4A(y) = e−4A0(y) + c(x). (2.32)

On the other hand, gmn → λgmn together with e2A → λe2A is a gauge redundancy of the
6d part of the metric [49, 50], and we can choose λ = c(x)1/2 to rewrite (2.25) as

ds2 =
[
1 + e−4A0(y)

c(x)

]−1/2

e2Ω(x)gµνdx
µdxν +

[
1 + e−4A0(y)

c(x)

]1/2

c(x)1/2gmndy
mdyn , (2.33)

and define the warp factor as

H = 1 + e−4A0(y)

c(x) . (2.34)

In the limit c(x)→∞, H → 1 and we naturally recover the unwarped case. Approaching
that limit we identify c(x) = V2/3, where V l6s is the unwarped volume of the compact
space, as we would expect for a volume modulus once coordinates are chosen such that

5More precisely, the cycle which is non-compact in the non-compact Klebanov-Strassler solution, but
becomes compact when only a finite portion is glued to the compact bulk.
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Figure 1. Warp factor H(τ) (in log scale) for different choices of τc. We can see how the choice of
τc is directly related to the strength of the warping and the size of the warped throat (defined as
the region with non-trivial warping).

V6 =
∫
d6y
√
g6 = l6s . The factor e2Ω(x) anticipates the Weyl-rescaling necessary to go to

the Einstein frame in 4d.
Importantly, the question of whether a region is warped, through H(τ), depends not

only on the solution e−4A0(τ), but also on the size of the bulk to which the throat is glued.
The warping will dominate when e−4A0(τ) � c and be negligible when e−4A0(τ) � c, so
that effectively the throat ends at e−4A0(τ) ∼ c. This interplay between e−4A0(τ) and c

gives an interesting intermediate regime of weak warping which was explored in [51]. For
concreteness, we can define the gluing point τc such that e−4A0(τc) = c, keeping in mind
that the gluing must involve a smooth transition between the warped throat and the bulk
around τc. Therefore τc can be defined implicitly in terms of the conifold parameters

e−4A0(τc)

c
= 1 =⇒ 22/3 (α′gsM)2

c ε8/3
= 1
I(τc)

, (2.35)

which allows us to rewrite the warp factor as

Hτc(τ) = 1 + I(τ)
I(τc)

. (2.36)

This highlights the fact that the warp factor depends on one parameter only, τc. Even
though it is implicitly determined by a specific combination of the more familiar parameters
through (2.35), it is a convenient parametrisation since a choice of τc has a clear physical
interpretation. In figure 1 we show how the warp-factor H(τ) behaves for different choices
of τc.

Dimensionally reducing the 10d Einstein-Hilbert term in (2.1) down to 4d using the
metric (2.33), we obtain

S = V 0
w

2κ2

∫
d4x
√
−g4R4 + . . . , (2.37)

where the Weyl factor e2Ω(x) is defined as

e2Ω(x) = V 0
w

c(x)3/2 ∫ d6y
√
g6 H

= V 0
w

Vw
, Vw = c(x)3/2

∫
d6y
√
g6 H . (2.38)
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The choice of constant V 0
w , which ensures that theWeyl factor is dimensionless, is arbitrary.6

The most convenient choice is V 0
w ≡ 〈Vw〉, such that 〈e2Ω(x)〉 = 1, i.e. the two frames are

the same at the vev and we can relate the string scale with the 4d Planck scale using frame
independent volumes. With this choice, the definition of MP is

M2
P

2 = 1
2κ2

4
= V 0

w

2κ2 =⇒ ms

MP
= gs√

4πV0
w

. (2.39)

Note that the relation between the string scale7 and the 4d Planck scale is only determined
once the volume modulus is fixed (analogously to what happens with the dilaton in 10d,
where the physical gravitational coupling can only be related to the string frame coupling
once the dilaton is fixed). In what follows we assume that all moduli are stabilised, including
in particular the volume modulus, and work at the resulting vacuum. Therefore, we use
the metric

ds2 = H−1/2gµνdx
µdxν +H1/2c1/2gmndy

mdyn , (2.40)

by setting e2Ω(x) to its value at the vacuum and letting c = 〈c(x)〉 and Vw = V 0
w from

now on.
For the simple case we are considering, with one bulk and one throat, Vw is the sum

of the bulk volume VB and the throat volume Vth,

Vw = VB + Vth , (2.41)

where

VB ≈ c3/2
∫

bulk
d6y
√
g6 = c3/2l6s , (2.42)

whereas for Vth we find

Vth ≈ c1/2
∫

throat
d6y
√
g6e
−4A0(y)

= 25/3π
3

3
(α′gsM)2

ε8/3
ε4c1/2

∫ τc

0
dτ sinh2(τ)I(τ)

≈ 9π3

16 · 21/3
(α′gsM)2

ε8/3
ε4c1/2

{
1 + e2τc/3

(2
3τc − 1

)}
, (2.43)

where we used the large τ behaviour of the integrand to perform the integral. Expressing
this in terms of rUV (2.31), using the flux quantisation condition that defines the flux
number K and the fact that strong warping requires 2πK

gsM
� 1, we find

Vth ≈ 2π4gsMK(α′)2c1/2r2
UV = gsMK

8

(
Rthroat
ls

)2
l6s , (2.44)

where we defined the physical size of the throat, Rthroat = c1/4rUV. This can be compared
with the volume of the unwarped deformed conifold of physical size Rcon,

Vcon = (2π)3

81

(
Rcon
ls

)6
l6s . (2.45)

6Note that all the mass-scales in units of Mp will be independent of the normalisation of e2Ω(x).
7In our conventions, (2π)2α′ = l2s and ms = l−1

s , which differs from Ms = 1/
√
α′ = 2πms.

– 10 –



J
H
E
P
0
9
(
2
0
2
2
)
2
0
8

Our goal is to find the towers of KK modes that follow from the 10d metric after
compactifying the Type IIB action on the background geometry (2.40) and identify their
effects on 4d gravitational interactions. In the next subsection we decompose the wave
equation (2.20) using the background (2.40) and find the equations for infinite towers of
4d tensor, vector and scalar modes.

2.3 Wave equations in the warped deformed conifold

Using the background metric (2.40) we can rewrite the wave equation (2.20) in terms of
the 4d and 6d operators, which gives equations for hµν , hµn and hmn.

On the other hand, the background solution for the metric (2.40) together with the re-
quirement that the 4d spacetime preserves Poincaré invariance implies that the background
solutions for H3, F3, F5 take the form

H3 = 1
3!Hmnp dym ∧ dyn ∧ dyp , (2.46)

F3 = 1
3!Fmnp dym ∧ dyn ∧ dyp , (2.47)

F5 = 1
5!(1 + ?10)√g4 dα ∧ dxµ ∧ dxν ∧ dxρ ∧ dxσ , (2.48)

where we also use the self-duality condition that must be imposed on F5, ?10 is the 10d
Hodge star operator and α = H−1 [52]. Recalling that α = α(y), we can write these in
components as

(H3)MNP = δmMδ
n
Nδ

p
PHmnp (2.49)

(F3)MNP = δmMδ
n
Nδ

p
PFmnp (2.50)

(F5)MPQRS = δmMδ
π
P δ

η
Qδ

ρ
Rδ

σ
S

√
g4(∂mα)επηρσ

+ δaMδ
p
P δ

q
Qδ

r
Rδ

s
S

√
−G
5!
√
g4(∂mα)επηρσεmπηρσapqrs . (2.51)

Similarly, the background values of ∂MΦ, ∂MC0 are only non-zero for internal compo-
nents. We can therefore compute the different components of T (0)

MN (2.7) and T (1)
MN (2.19),

T (0)
µν = g2

s

4c1/2H5 (∂H)2gµν , (2.52)

T (0)
µn = 0 , (2.53)

T (0)
mn = 1

2(∂mΦ)(∂nΦ) + e2Φ

2 (∂mC0)(∂nC0) + gs
4cH e−Φ(H3)mpq(H3) pq

n

+ gs
4cH eΦ(F̃3)mpq(F̃3) pq

n − g2
s

4H4 (∂mH)(∂nH) , (2.54)

T (1)
µν = g2

s

4c1/2H9/2 (∂H)2(hµν − hρρgµν)− g2
s

4cH11/2 {g
mpgnq(∂pH)(∂qH)hmn}gµν , (2.55)

T (1)
µn = − g2

s

4c1/2H9/2hµmg
mp(∂pH)(∂nH) (2.56)

T (1)
mn = gs

2c3/2H3/2 (e−ΦH rs
m Hnrp + eΦF rs

m Fnrp)gpqhsq −
g2
s

4H7/2h
ρ
ρ(∂mH)(∂nH) , (2.57)
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where (∂H)2 ≡ gpq(∂pH)(∂qH), from which follows the trace

gPQT (1)
PQ = − g2

s

c1/2H4h
ρ
ρ(∂H)2 − g2

s

cH5 g
mpgnq(∂pH)(∂qH)hmn

+ gs
2c2H2 (e−ΦHmrsH

mrq + eΦFmrsF
mrq)gsphpq . (2.58)

Finally, we can decompose the wave equation (2.20) into the three equations describing
the 4d dynamics of the tensor, vector and scalar modes. In doing so, we are only taking
into account fluctuations of hMN , whereas all other field fluctuations are set to zero for
simplicity. One should ultimately check that this is consistent, e.g. because the fields are
heavier than the first KK modes of the graviton, or take into account such fluctuations.

µν : H1/2�4hµν + ∆Mhµν
c1/2H1/2 + hµν∆MH

2c1/2H3/2 − 2HhραgασRρµνσ −
gpq∇(µhν)p∂qH

2c1/2H3/2 (2.59)

+ gpq∂phµν∂qH

c1/2H3/2 − 1
4c1/2H5/2 (∂H)2hµν −

hρρ
8c1/2H5/2hµν(∂H)2

+ gµν
gpqgrs

2cH7/2

(
hpr(H∇q∂sH − ∂qH∂sH) + 1

4hpq∂rH∂sH
)

− gs
8c2H5/2 gµν(e−ΦHmrsH

mrq + eΦFmrsF
mrq)gsphpq = 0 ,

µn : H1/2�4hµn + ∆Mhµn
c1/2H1/2 −

gpqhµp∇p∂nH
2c1/2H3/2 − 1

c1/2H5/2 (∂H)2hµn (2.60)

− gpq∇µhpn∂qH
2c1/2H3/2 + 1

2H
−1/2gρσ∇ρhµσ∂nH +

gpq∂[qH ∇n]hµp

c1/2H3/2

− 1
c1/2H1/2 g

pqhµqτ
(0)
np −

g2
s

4c1/2H9/2 (∂H)2hµn −
g2
s

2c1/2H9/2hµmg
mp(∂pH)(∂nH) = 0 ,

mn : H1/2�4hmn + ∆Mhmn
c1/2H1/2 −

hmn∆MH
2c1/2H3/2 −

2grshprRpmns
c1/2H1/2 (2.61)

gρσ∇ρhσ(m∂n)H

H1/2 −
gpq∇phq(m∂n)H

c1/2H3/2 +
gpq∇(nhm)p∂qH

c1/2H3/2

− gpq∇phmn∂qH
c1/2H3/2 + 1

c1/2H5/2 (∂H)2hmn −
5gpqhp(n∂m)H∂qH

4c1/2H5/2

+
hρρ

2H3/2

(
H∇m∂nH − ∂mH∂nH + 1

4gmng
pq∂pH∂qH

)
+ hrs∂pH∂qH

8c1/2H5/2

(
δpmδ

q
ng

rs + gmn(gprgqs − grsgpq)
)

(
g2
s

4H7/2h
ρ
ρ(∂H)2 + g2

s

4c1/2H9/2 g
mpgnq(∂pH)(∂qH)hmn

− gs
2c3/2H3/2 (e−ΦHmrsH

mrq + eΦFmrsF
mrq)gsphpq

)
gmn −

2
c1/2H1/2 g

pqhq(mτ
(0)
n)p

+ gs
c3/2H3/2 (e−ΦH rs

m Hnrp + eΦF rs
m Fnrp)gpqhsq −

g2
s

2H7/2h
ρ
ρ(∂mH)(∂nH) = 0 ,

where �4 = gµν∇µ∇ν , ∆M = gpq∇p∇q and the covariant derivative ∇ρ (∇p) is with
respect to the 4d metric gµν (6d metric gpq).

The resulting equations (2.59)–(2.61) couple hµν , hµn and hmn, which makes it hard
to find a general solution. Since we are most interested in the 4d gravitational modes
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hµν , we may consider the simpler case where hµn = hmn = 0, i.e. a solution for which the
vector and scalar modes vanish.8 We also make the field redefinition hµν → H−1/2hµν , so
that (2.59) describes fluctuations of the 4d (unwarped) metric gµν . The equations become

µν : �4hµν + ∆Mhµν
c1/2H

− 2hραgασRρµνσ −
hµνh

ρ
ρ

8c1/2H5/2 (gpq∂pH∂qH) = 0 , (2.62)

µn : ∂nH(gρσ∇ρhµσ) = 0 , (2.63)

mn : hρρ

(
H∇m∂nH − ∂mH∂nH + 1

4gmng
pq∂pH∂qH

)
+ g2

s

2H2h
ρ
ρ

(
(∂H)2gmn − 2(∂mH)(∂nH)

)
= 0 . (2.64)

We need to check all the equations to ensure that hµn = hmn = 0 is a solution. For a
non-constant warp factor, which is the case we want to study, the vector equation implies
that gρσ∇ρhµσ vanishes. Tracing the scalar equation we find

hρρ(H∆MH + 2g2
s(∂ lnH)2) = 0 , (2.65)

which gives hρρ = 0. Therefore, the vector and scalar equations impose conditions on hµν
which correspond to the 4d transverse-traceless gauge [31],

gρσ∇ρhµσ = 0 , hρρ = 0 . (2.66)

The equation for hµν is then

�4hµν + ∆Mhµν
c1/2H

− 2hραgασRρµνσ = 0 . (2.67)

On the other hand, if we insist that the 4d spacetime is maximally symmetric, we have the
following relation

Rρµνσ = Λ4
3 (δρνgµσ − δρσgµν) , (2.68)

where Λ4 = R4/4, which gives

Rρµνσg
σαhαρ = Λ4

3 (hµν − gµνhρρ) , (2.69)

and using hρρ = 0, the wave equation becomes

�4hµν + ∆Mhµν
c1/2H

− 2
3Λ4hµν = 0 . (2.70)

This equation describes the 4d tensor components of hMN , but we should remember that
hµν(xµ, ym) is still a function of both external and internal coordinates. In the 4d EFT,
we must express it in terms of modes which are only functions of external coordinates
hµν(xµ) — more precisely, equation (2.70) corresponds to an infinite tower of 4d spin-2
modes hkµν(xµ), where k labels each mode in the tower. In the next section we study this
tower, including the masses of each mode, their wavefunctions in the extra dimensions and
the respective normalisations.

8Note that by choosing this simple solution, we are missing some possibly interesting effects, e.g. the
breathing mode identified in [31] will not be present. We should also recall the relation between hmn
and the complex structure and Kähler moduli. See also [39] for an analysis of the spin-0 modes on a
Klebanov-Strassler background.
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3 Graviton KK tower in a deformed conifold

In this section we obtain the Kaluza-Klein tower of graviton modes arising from equa-
tion (2.70). In section 3.1 we identify the operator OM whose eigenvalues determine
the masses of each mode hkµν(xµ) in the tower and whose eigenfunctions correspond to
their wavefunctions in the extra dimensions — these form a complete basis with which
we can decompose hµν in order to have fully 4-dimensional equations and are solutions of
the Schrödinger-like equation (3.7). We discuss in particular how the masses and wave-
functions of these modes depend on the warping of the deformed conifold. We solve the
equations numerically (section 3.2) and compare the results with analytical approximations
(section 3.3) in the limits τc → T (fully warped conifold) and τc → 0 (unwarped conifold).

3.1 KK wave equations and boundary conditions

We may rewrite (2.70) as
�4hµν +OMhµν = 0 , (3.1)

with OM ≡ ∆M
c1/2H

− 2
3Λ4. In the 4d EFT, we must express hµν(xµ, yp) in terms of modes

which are only functions of external coordinates hkµν(xµ), where k labels each mode in an
infinite tower, and a complete basis Φk of eigenmodes of OM,

hµν(xµ, yp) =
∑
k

hkµν(xµ)Φk(yp) . (3.2)

The decomposition is such that

OMhµν = OM(hkµν(xµ)Φk(yp)) = hkµνOMΦk(yp) = −m2
kh

k
µνΦk(yp) (3.3)

where there is an implicit sum in k, following from the eigenvalue equation OMΦk(yp) =
−m2

kΦ(yp).
Since Φk is a scalar,9

∆MΦk = 1
√
g
∂p(
√
ggpq∂qΦk) , (3.4)

and hence the equation we must solve can be written as

1
√
g
∂p(
√
ggpq∂qΦk) + c1/2H

(
m2
k −

2
3Λ4

)
Φk = 0 . (3.5)

We should remember that the compact space contains two pieces glued together —
a warped throat described by the Klebanov-Strassler solution and a compact bulk, which
is usually chosen to be a Calabi-Yau whose metric we do not explicitly know. Therefore
the 6d metric gpq which appears in (3.5) will be different inside the throat and in the
bulk — it corresponds to the metric of the warped deformed conifold in the throat region
and (usually) to the unknown metric of a compact CY3. However, we can still solve the
equation in the region where the metric is unkown if Φk = 0 in the CY3 bulk, which for

9Notice the difference in the form of the Laplacian ∆M compared to [31, 53], which follows from the
different choice of metric conventions in (2.40).
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Figure 2. The internal space consists of a 6d compact manifold with a warped region described
by the Klebanov-Strassler solution (i.e. a warped deformed conifold). We split the bulk into two
different pieces: one piece is a generic CY3 and the other takes the metric of an unwarped deformed
conifold and serves as a transition between the warped throat and the CY3 (with τc < τ < T , where
τ is the radial coordinate in the deformed conifold metric (2.21)).

consistency implies that the modes must vanish at the point where these two regions meet.
We will motivate further this boundary condition below.

This means, however, that we cannot take the interesting limit where there is no
warping and the whole internal space is the CY3 whose metric we do not know, since the
wavefunctions will be identically zero. In order to consider this regime, we may split the
bulk region into two different pieces: one piece is the generic CY3 and the other takes the
metric of an unwarped deformed conifold and serves as a transition (with τc < τ < T )
between the warped throat and the CY3 (see figure 2). While we still solve the equation
in the CY3 with Φk = 0, we can now have a non-vanishing wavefunction in the piece of
the bulk described by the unwarped deformed conifold. While τc determines the size of the
warped throat, T determines the portion of the bulk in which the wavefunctions do not
vanish (more precisely, T − τc determines the extension of the wavefunction into the bulk).
Notice that a fully warped conifold corresponds to the limit τc → T and an unwarped
conifold corresponds, roughly, to τc → 0.10

Therefore we will write (3.5) explicitly using the metric (2.21) in terms of the warp
factor Hτc(τ). We consider splitting the 6d coordinates ym into a radial coordinate τ and
angular coordinates θa, a = 1, . . . , 5 (these are related to the 1-forms gi in the conifold
metric). This will split the Laplacian into two pieces, one for τ and one along the angular

10Strictly speaking, the unwarped limit corresponds to H(τ) = 1 for all τ , whereas when τc = 0, H(0) = 2.
At τc = 0, the second term in (2.34) becomes of the same order as the first, marking the boundary between
a warped and an unwarped regime.
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coordinates. With this in mind, we can decompose the functions Φk(τ, θa) as (see [38])

Φk(τ, θa) = G(τ)−1/2Bk(τ)ϕk(θa) , (3.6)

such that (3.5) becomes a Schrödinger equation for Bk(τ)

B′′k − VeffBk = 0 , (3.7)

with an effective potential given by

Veff = −gττ
(
c1/2H

(
m2
k −

2
3Λ4

)
+ OangΦk

Φk

)
+ (G1/2)′′

G1/2 , (3.8)

where we factorise (gcon)mn = Kmn(τ)γmn(θ) (with no summation) and define

G(τ) = 24

ε8/3
gττ
√
gcon = K(τ)2 sinh2(τ) , (3.9)

Oangϕk ≡ Kab(τ) 1
√
γ
∂θa
(√
γγab(θ)∂θbϕk

)
, (3.10)

with gττ = ε4/3

6K(τ)2 following directly from the metric (2.21), the operatorOang containing the
angular information of the metric and the sum in a, b implied. Since the contribution from
the angular coordinates is more complicated, we look at modes with11 Oangϕk = 0 (usually
known as the s-orbital). In this case, we have ϕk(θa) = const. and we can absorb it into
the overall normalisation of the wavefunction. Notice that trying a constant wavefunction
(i.e. with no dependence on the internal coordinates) requires Bk(τ) = G(τ)1/2, in which
case (3.7) reduces to

gττ

(
m2
k −

2
3Λ4

)
= 0 , (3.11)

from which it follows that m2
k = 2

3Λ4. We see that for a flat Minkowski background, i.e.
Λ4 = 0, the constant wavefunction Φ0 corresponds to a massless 4d graviton, which no
longer exists if Λ4 6= 0.12 In what follows we assume a Minkowski background and set
Λ4 = 0.

Defining also Êk = ε2/3c1/4mk the effective potential can be written as

Veff = − Hτc(τ)
6K(τ)2 Ê

2
k + (G1/2)′′

G1/2 , (3.12)

which we can think of as a family of potentials, each member of which is determined by a
choice of τc and is only a function of τ (figure 3). There is no analytical solution for the
corresponding Schrödinger equations — it can either be solved numerically (section 3.2) or
we can consider approximations to this potential (section 3.3).

In order to obtain the wavefunctions, we must also impose boundary conditions, which
we choose as follows.

11These s-orbital modes will be the lightest ones [38, 54]. The isometries in the KS throat imply that KK
modes carry conserved angular momenta, which can have interesting cosmological consequences as explored
in [54–56]. Although gluing to a compact CY breaks the isometries, as the wavefunctions of the KK modes
are localised at the tip (or even vanish in the bulk), the effects of this isometry breaking should be small [54].

12Interestingly, if we choose a de Sitter background the zero mode mass matches the Higuchi
bound [57, 58]. Note that this mass is consistent with current constraints on the graviton mass [59].
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Figure 3. Effective potential Veff corresponding to the first mode for different choices of τc (left)
and for the first 3 modes when τc = 9 (right), both with T = 10.

1. The wavefunction is finite at τ = 0, i.e.

lim
τ→0

Φk(τ) <∞ =⇒ lim
τ→0

Bk(τ) = 0 ;

2. The wavefunctions vanish as they approach the CY3 region, i.e.

Φk(T ) = 0 =⇒ Bk(T ) = 0 .

As we discussed below (3.5), the boundary condition at τ = T is useful if one wants to
remain agnostic with respect to the geometry of the bulk beyond the conifold. Moreover,
it is a well-motivated approximation thanks to the following arguments. Locally, a van-
ishing13,14 wavefunction in the bulk is certainly a solution to the KK wave equations (3.5)
irrespective of the metric. With limited knowledge of the compact CY region and gluing,
we could not exclude a global obstruction to such a solution. However, the localisation
of the KK modes at the tip of the throat where they minimise their energy à la Randall-
Sundrum [25, 26] suggests that the solution is a good approximation, at least in the warped
case. Moreover, it connects to the infinite throat limit (τc → T →∞), for which the wave-
function must decay towards zero in order to be normalisable. Note that in the unwarped
case an alternative boundary condition would be ∂τΦk(T ) = 0, motivated e.g. by the
conifold ending on an O3-plane [38]. We would not expect the mass spectrum to change
qualitatively and the precise predictions could be worked out easily following the same
methods used here. However, we choose to explore the boundary condition Φk(T ) = 0 also
for the unwarped case as it clearly demonstrates that the localisation of the wavefunctions
in the warped case is a consequence of the warping and not the boundary conditions.

13Note that a non-vanishing constant wavefunction would not be a solution to equation (3.5) for the
massive modes in the tower.

14Although other KK modes will be present that are not suppressed in the bulk, we would expect these
to be heavier than the modes considered [60].
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Finally, we fix the normalisation of the eigenfunctions by looking at the kinetic terms
for hµν ,

S = 1
2κ2

∫
dDx
√
−GR

= 1
2κ2

∫
d4x
√
−g4 c

3/2
∫

d6y
√
g6HR4 + . . .

= S(0) + 1
2κ2

∫
d4x
√
−g4

{
c3/2

∫
d6y
√
g6H ∇ρhµν∇ρhµν

}
+ . . . (3.13)

= S(0) +
∫
d4x
√
−g4

{1
2∇ρh

k
µν∇ρhk

′,µν
(
c3/2

∫
d6y
√
g6 H Φk(y)Φk′(y)

)
+ . . .

}
In the last line, we make the usual field redefinition hµν → κ hµν , which gives the standard
mass dimension of 4 for a 10d bosonic field hµν (notice that this means δgµν = κ hµν =√
Vw
MP

hµν), and substitute the decomposition (3.2), with an implicit sum in the indices k
and k′. The modes Φk ≡ Φk(yp) are the eigenmodes of the operator OM and form an
orthogonal basis15 under the inner product weighted by H,∫

d6y
√
g6 H Φk(y)Φk′(y) = δkk′ . (3.14)

In order to have canonical kinetic terms for each spin-2 mode in 4d, hkµν , we include a
normalisation constant in each wavefunction Φk = N(k)Φ̃k, with N(k) defined as

N−2
(k) = c3/2

∫
d6y
√
g6 H |Φ̃k(y)|2 , (3.15)

where Φ̃k(y) = G(τ)−1/2Bk(τ) is the wavefunction obtained by solving (3.7). From the
canonically normalised action (at this order in perturbations)

S =
∫
d4x
√
−g4

{1
2∇ρh

k
µν∇ρh

µν
k −

1
2m

2
kh

k
µνh

µν
k

}
, (3.16)

we find decoupled equations of motion for each hkµν ,

�4h
k
µν −m2

kh
k
µν = 0 . (3.17)

This is an infinite set of equations describing spin-2 modes of mass mk in 4d. For the
zero mode, Φ̃0(τ) = const, which we can set to one by absorbing the constant in the
normalisation N(0),

Φ0(τ) = N(0)Φ̃0(τ) = N(0) , (3.18)

so that we have

N−2
(0) = c3/2

∫
d6y
√
g6 H = Vw . (3.19)

15One can show this by noting that (3.7) is a regular Sturm-Liouville problem, which guarantees (i)
real eigenvalues, (ii) a unique (up to normalisation) eigenfunction for each eigenvalue and (iii) normalised
eigenfunctions which form an orthonormal basis under the inner product

∫ √
g6HΦk(y)Φk′ (y). This is

equivalent to verifying that the Hamiltonian for the corresponding Schrödinger equation is hermitian.
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Hence the graviton zero mode wavefunction is simply

Φ0(τ) = 1√
Vw

, (3.20)

constant over the compact dimensions — the graviton zero mode does not localise.
We are interested in the contributions from higher modes with mk 6=0 6= 0. For these

modes we find

N−2
(k) = c3/2

∫
d6y
√
g6 H|Φ̃k(y)|2 (3.21)

= c3/2ε4

25 · 3

(∫ ∏
i

gi
)∫ T

0
dτ

sinh2(τ)
G(τ) Hτc(τ)|Bk(τ)|2 (3.22)

= 2π3

3 c3/2ε4N−2
(k) (τc, T ) , (3.23)

where we used
∫ ∏

i g
i = 64π3 and the fact that Φ̃k = 0 in the CY3, and with τc given

by (2.35). We also define N(k)(τc, T ) as

N−2
(k) (τc, T ) ≡

∫ T

0
dτ
Hτc(τ)
K(τ)2 |Bk(τ)|2 , (3.24)

which only depends on the pair (τc, T ), the known functions I(τ), G(τ) and the wavefunc-
tions Bk(τ). Note that one can easily take the limits τc → 0 (unwarped conifold) and
τc → T (fully warped conifold). In particular,

N−2
(k) ≈

1
I(τc)

∫ τc

0
dτ

I(τ)
K(τ)2 |Bk(τ)|2 +

∫ T

τc
dτ
|Bk(τ)|2

K(τ)2 . (3.25)

3.2 Numerical solutions

We can solve (3.7) with the effective potential (3.12) and the boundary conditions chosen
above, for different values of (τc, T ), which may be interpreted as the strength of the
warping, given by τc, and the proportion of the conifold that is warped, given by τc/T .

In figure 4 we plot the eigenvalues Êk as a function of the ratio τc/T for T = 10
and k = 1, 2, 3 (left), and for T = 150 and k = 1 (right). We can see from the left plot
that the effect of the warping only starts influencing the masses once the warped throat
dominates over the (unwarped conifold) bulk τc/T & 1/2, with higher modes starting to
feel the effects of warping for smaller values τc/T . In the right plot we clearly identify
the dominant behaviour of the masses in the different regimes (throat dominated vs bulk
dominated) — suppressed by the warping when the throat dominates and by the volume
when the bulk dominates.

In figure 5 we plot the wavefunctions Φ̃k(τ) prior to normalisation (left) and the nor-
malised wavefunctions Φk(τ) (right) for the first three modes (k = 1, 2, 3), when T = 30
and τc = 0, 15, 30, representing the unwarped, partially warped and fully warped regimes
respectively. Without the warping, τc = 0, the wavefunctions will spread throughout the
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Figure 4. (Left) Eigenvalues Êk for the first 3 modes obtained by solving the Schrödinger equation
numerically with Veff (3.12), for fixed T = 10 and different values of τc; (Right) Eigenvalues Ê1 for
the first excited mode obtained by solving the Schrödinger equation numerically with Veff (3.12),
for fixed T = 150 and different values of τc.

internal space, much like the zero mode, only being forced to go to zero by our choice of
boundary conditions. When we increase the warping by setting τc/T = 1/2, we see the
wavefunction starting to localise near the tip, but reaching a plateau in the bulk — this
is a transition between a warping dominated and a bulk dominated regime. When the
warping completely dominates, the wavefunctions localise at the tip and quickly decrease
as they approach the bulk. This illustrates how the balance between a strong warping
and a large bulk may influence the localisation of the modes, i.e. the profile of their wave-
functions, which is reflected in the couplings to other modes, as we discuss in section 4.
Finally, we see how the normalisation affects the wavefunctions, with higher modes having
larger amplitudes than lower modes — this will translate into stronger couplings for higher
modes, which was also found in [40]. We also see that the wavefunction amplitudes will be
smaller for weaker warping and larger volumes, which can be understood by noting that in
the absence of warping the wavefunctions will spread through a larger region and therefore
have smaller overall amplitudes — this translates to weaker couplings.

3.3 Analytical approximation

In order to find an approximate analytical solution for the Schrödinger equation (3.7),
we split the potential into two pieces, the warped region when τ < τc and the unwarped
region when τ > τc, and approximate each region using the corresponding dominant term
in Hτc(τ) (2.36). The asymptotic behaviours of the functions appearing in Veff (3.12), as
τ →∞, are given by

I(τ)
K(τ)2 →

3
2τe

−2τ/3 , (3.26)

(G1/2)′′

G1/2 → 4
9 −

16
3 τe

−2τ (3.27)

and K(τ) → 21/3e−τ/3. Notice that the subleading term in the second line goes as
τ(e−2τ/3)3, which is subdominant compared to τe−2τ/3 in the first line. In this limit the
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Figure 5. Plot of Φ̃k(τ) (left) and Φk(τ) (right) with k = 1, 2, 3, for different values of τc = 0, 15, 30
and fixed T = 30. When τc = 0 (unwarped case) the wavefunctions spread as much as possible
(given our boundary conditions) through the conifold, being constant for most of values of τ , and
when τc = T they localise at the tip τ = 0. Wavefunctions for modes with higher k always have a
larger amplitude than lower modes.

effective potential becomes

Veff
τ→∞≈ Vasym ≡


−1

4
Ê2
k

I(τc)
τe−2τ/3 + 4

9 , τ < τc

− 1
6 · 22/3 Ê

2
ke

2τ/3 + 4
9 τc < τ < T

(3.28)

We plot Vasym in (figure 6) together with the exact form of Veff . We can see that
this is a good approximation for large τ , as expected, but it behaves rather differently at
small τ . This can be problematic since we are dealing with an eigenvalue problem, which
depends crucially on this behaviour. For small τ , τe−

2τ
3 ∼ τ , so that (3.28) will approach
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Figure 6. Effective potential Veff (3.12) for the first excited mode, obtained numerically for τc =
15, T = 25, together with Vasym (3.28) and Vapprox (3.29) for the best fit values (a, ν) = (1.96, 2.45).
We see that for small τ , Vasym this behaves rather differently from Veff . Using Vapprox (3.29) we
can better approximate this regime. Notice that a better fit could be achieved by introducing
further terms, but this would not allow for an analytical solution, which is the main goal of this
approximation.

the positive constant 4/9 as τ → 0. If instead we have only the exponential behaviour,
the negative contribution at small τ remains, which means we can better approximate
this regime (figure 6). For larger τ , however, this makes the approximation less accurate.
We can modify this approximation by including a couple of free parameters, as suggested
in [38], to obtain a Vapprox that looks more like Veff at small τ . Using the notation in [38],
we write the potential as

Vapprox ≡

(−λ2
1e
− 2
ν

2τ
3 + 4)/9 , τ < τc

(−λ2
2e

2τ
3 + 4)/9 , τc < τ < T

(3.29)

where λ1 = aÊk/I(τc)1/2, with free parameters a and ν, and λ2 = λ1e
−(1+ 2

ν ) τc3 such that
Vapprox is continuous at τc (in the absence of the throat region, we would have λ2 = 31/2

25/6 Êk,
which is what we use in the limit τc → 0).

These free parameters should be thought of as a compensation for changing the asymp-
totic (τ → ∞) form of the potential. They should be chosen by comparing the analytical
solution obtained with Vapprox (3.29) with the numerical result obtained with Veff (3.12).

The wavefunction will have a profile Φ(1)
k (τ) inside the throat (τ < τc), a profile Φ(2)

k

in the unwarped piece of the conifold (τc < τ < T ), and will vanish Φ(3)
k (τ) = 0 in the CY3

(τ > T ). We therefore choose the following boundary conditions

1. The wavefunction is finite at τ = 0, i.e.

lim
τ→0

Φ(1)
k (τ) <∞ =⇒ lim

τ→0
B

(1)
k (τ) = 0 ;
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2. The wavefunctions match at τ = τc, i.e.

Φ(1)
k (τc) = Φ(2)

k (τc) and ∂τΦ(1)
k (τc) = ∂τΦ(2)

k (τc) ;

3. The wavefunctions vanish as they approach the CY3 region, i.e. Φ(2)
k (T ) = 0.

The Schrödinger equation in the warped region is

(
B

(1)
k

)′′ + [
λ2

1
9 e
−4τ/3ν − 4

9

]
B

(1)
k = 0 , (3.30)

whose solution is a linear combination of Bessel functions

B
(1)
k (τ) = C1Jν

(
νλ1
2 e−2τ/3ν

)
+D1Yν

(
νλ1
2 e−2τ/3ν

)
, 0 ≤ τ ≤ τc , (3.31)

and the Schrödinger equation in the unwarped region is

(
B

(2)
k

)′′ + [
λ2

2
9 e

2τ/3 − 4
9

]
B

(2)
k = 0 , (3.32)

with solution

B
(2)
k (τ) = C2J2

(
λ2e

τ/3
)

+D2Y2
(
λ2e

τ/3
)
, τc < τ ≤ T , (3.33)

where C1,2, D1,2 are integration constants that are fixed using the boundary conditions 1-3
as follows

1. The wavefunction is finite at τ = 0 (hence we use B(1)(τ)),

C1Jν

(
νλ1
2

)
+D1Yν

(
νλ1
2

)
= 0 =⇒ D1 = −Jν(x1)

Yν(x1)C1 , (3.34)

with x1 = νλ1
2 .

2. The wavefunctions match at τ = τc. The first condition Φ(1)
k (τc) = Φ(2)

k (τc) =⇒
B

(1)
k (τc) = B

(2)
k (τc) (cf. (3.6) with trivial angular dependence), which gives

C1Jν(x2) +D1Yν(x2) = C2J2(x2) +D2Y2(x2) , (3.35)

with x2 = νλ1
2 e−2τc/3ν . The second condition ∂τΦ(1)

k (τc) = ∂τΦ(2)
k (τc), after using

∂τΦ(i)(τ) = −1
2
G′(τ)
G(τ) Φ(i)(τ) +G(τ)−1/2∂τB

(i)(τ) , i = 1, 2 , (3.36)

and Φ(1)
k (τc) = Φ(2)

k (τc), implies ∂τB(1)(τc) = ∂τB
(2)(τc). Moreover, we can use the

relation
Z ′α(x) = α

x
Zα(x)− Zα+1(x) , (3.37)

for a Bessel function Zα(x), to rewrite ∂τB(1)(τc) = ∂τB
(2)(τc) as

λ1{C1Jν+1(x2) +D1Jν+1(x2)} = −λ2{C2J3(x2) +D2Y3(x2)} . (3.38)
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3. The wavefunctions vanish at τ = T , i.e. Φ(2)
k (T ) = 0, which implies

C2J2(λ2e
T/3) +D2Y2(λ2e

T/3) = 0 =⇒ D2 = −J2(x3)
Y2(x3)C2 , (3.39)

with x3 = λ2e
T/3.

Putting all these together, we find

D1 = −Jν(x1)
Yν(x1)C1 (3.40)

C2 = Y2(x3)
Yν(x1)

Jν(x2)Yν(x1)− Jν(x1)Yν(x2)
J2(x2)Y2(x3)− J2(x3)Y2(x2)C1 , (3.41)

D2 = −J2(x3)
Y2(x3)

Y2(x3)
Yν(x1)

Jν(x2)Yν(x1)− Jν(x1)Yν(x2)
J2(x2)Y2(x3)− J2(x3)Y2(x2)C1 , (3.42)

as well as the quantisation condition (cf. [38])

e(1+ 2
ν ) τc3 J2(x2)Y2(x3)− J2(x3)Y2(x2)

Jν(x2)Yν(x1)− Jν(x1)Yν(x2) = J2(x3)Y3(x2)− J3(x2)Y2(x3)
Jν+1(x2)Yν(x1)− Jν(x1)Yν+1(x2) . (3.43)

Notice that this is an equation for λ1 = aÊk depending on the choices of τc and T . Once
more, this cannot be solved analytically. Instead, we can look at the different limits τc → T

(fully warped conifold) and τc → 0 (unwarped conifold) for which there are analytical
solutions.

3.3.1 Fully warped conifold (τc → T )

In this limit x2 → x3, so that J2(x2)Y2(x3) − J2(x3)Y2(x2) → 0 which, together with the
property J2(x3)Y3(x3)− J3(x3)Y2(x3) = − 2

πx2
6= 0, implies

Jν(x2)Yν(x1)− Jν(x1)Yν(x2) != 0 =⇒ Jν

(
νλ1
2

)
= 0 , (3.44)

where we assume x2 � 1. For large z, Jν(z) can be approximated by

Jν(z) ∼
√

2
πz

cos
(
z − νπ

2 −
π

4

)
, (3.45)

whose roots are
z = kπ +

(
ν − 1

2

)
π

2 . (3.46)

Hence, for z = νλ1
2 and recalling the definitions of λ1 and Êk, we have

Êk = I(τc)1/2
{2π
aν
k +

(
ν − 1

2

)
π

aν

}
, (3.47)

which we can fit to a numerical solution with τc = T � 1 to find the best values of a
and ν for this analytical approximation,16 which gives ν ∼ 2.45 and a ∼ 1.96. Notice that

16The difference between our result and the one in [38] comes from an extra factor of 21/3 in our definition
of Êk.
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the energies are suppressed by the warping, as we would expect for a warped throat. The
quantisation condition also implies D1 ≈ 0, so that in this limit the wavefunction takes the
simpler form

Φk(τ) ≈
N(k)

(sinh(2τ)− 2τ)1/3Jν

(
νλ1
2 e−2τ/3ν

)
, (3.48)

which peaks near the tip of the throat and quickly decays towards the bulk (figure 7).

3.3.2 Unwarped conifold (τc → 0)

In this limit x2 → x1, so that Jν(x2)Yν(x1)−Jν(x1)Yν(x2)→ 0. Together with the property
Jν+1(x1)Yν(x1)− Jν(x1)Yν+1(x1) = 2

πx1
6= 0, this implies

J2(x1)Y2(x3)− J2(x3)Y2(x1) != 0 =⇒ J2(λ2e
T/3) = 0 , (3.49)

where we assume x1 � 1. Using the same approximation for Jν(z), these roots are given
approximately by

z = kπ + 3π
4 . (3.50)

Hence, for z = λ2e
T/3, we have

Ek = 1
Rcon

{
πk + 3π

4

}
, (3.51)

where Rcon = c1/4rT is the physical size of the conifold, with rT the value of the radial
coordinate r� = 31/2

25/6 ε
2/3eτ/3 at which the conifold meets the CY3, i.e. at τ = T . Notice

that the energies are suppressed by the size of the conifold, Rcon, which is contributing to
a large volume. This quantisation condition also implies D2 ≈ 0, so that in this limit the
wavefunctions take the form17

Φk(τ) ≈
N(k)

(sinh(2τ)− 2τ)1/3J2
(
λ2e

τ/3
)
. (3.52)

In figure 7 we plot the approximate wavefunctions in the two limits described above.
We can clearly see the localisation near the tip in the limit τc → T and the spreading of
the wavefunctions in the limit τc → 0, as one would expect from the physical interpretation
of these limits. These should be compared with the wavefunctions obtained numerically
(figure 5).

Now that we have a full description of the tower of spin-2 KK modes, hkµν(xρ), which are
the 4d manifestation of the extra dimensions, we may study its effects on 4d gravitational
interactions.

17In this limit, it is actually important to keep the D2 term in the wavefunction at small values of τ ,
otherwise it will not be regular at τ = 0.

– 25 –



J
H
E
P
0
9
(
2
0
2
2
)
2
0
8

k=1

k=2

k=3

0 1 2 3 4 5 6 7

0

2.×10-7

4.×10-7

6.×10-7

τ

Φ
k
(τ
)

k=1

k=2

k=3

0 5 10 15 20 25

0

2.×10-10

4.×10-10

6.×10-10

8.×10-10

1.×10-9

1.2×10-9

τ

Φ
k
(τ
)

Figure 7. Wavefunctions obtained analytically in the limits τc → T (3.48) and τc → 0, with T = 25.
Notice the localisation near the tip in the limit τc → T and the spreading of the wavefunctions in
the limit τc → 0.

4 Predictions for the modified newtonian potential

In this section we consider the corrections to the Newtonian gravitational potential be-
tween two point masses living on a (3+1)-dimensional brane sitting somewhere along the
deformed conifold region of the compact space and compare with experimental and obser-
vational constraints. In section 4.1 we derive the modifications to the Newtonian potential
induced by the KK tower of spin-2 modes, which can be parameterised by a Yukawa-type
interaction with a single-massive field and parameters (α, λ). In section 4.2, we relate
these phenomenological parameters to the parameters of the Klebanov-Strassler solution.
By fixing the warped-down scale at the brane to be ∼TeV scale, and bearing in mind
the need for D3-tadpole cancellation, we explore the predictions for (α, λ) for a range of
string parameters and compare with current constraints. Then, in sections 4.3 and 4.4, we
restrict to the fully warped and unwarped cases, respectively, where we can obtain clear
theoretical bounds on the (α, λ) parameter space depending on where the brane lies along
the conifold.

4.1 Modified Newtonian potential

In order to study the effects of the KK tower of spin-2 modes obtained in section 3, we pic-
ture a braneworld scenario, with the Standard Model fields localised on a (3+1)-dimensional
brane (stack) at ybrane in the compact space. We want to consider the corrections to the
Newtonian potential between masses living on the brane due to the presence of the infinite
tower of massive KK gravitons. The (Fourier transformed) potential is obtained by look-
ing at a scattering diagram where two particles interact through the exchange of a virtual
graviton, in the limit where the energy of the graviton goes to zero [41],
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For this we need both the graviton propagator and the interactions with matter on the
brane. Using the decomposition (3.2) and normalising the wavefunctions such that (3.14)
is satisfied, each propagator is simply the 4d propagator for a spin-2 field. Assuming the
spacetime is approximatly flat Minkowski, we have [61]

D
(4,mk)
µναβ (x, x′) =

∫
d4q

(2π)4
P

(mk)
µναβ(q)

q2 −m2
q + iε

e−iq·(x−x
′) , (4.1)

where D(4,mk)
µναβ (x, x′) is the 4d propagator of the kth mode (with mass mk) and with the

polarisation tensor

P
(m=0)
µναβ (q) = 1

2(ηµαηνβ + ηµβηνα − ηµνηαβ) , (4.2)

P
(m>0)
µναβ (q) = 1

2(ηµαηνβ + ηµβηνα − ηµνηαβ)− 1
2m2 (ηµαqνqβ + ηµβqνqα + ηµβqµqα)

+ 1
6

(
ηµν + 2

m2 qµqν

)(
ηαβ + 2

m2 qαqβ

)
. (4.3)

We now consider the brane action, which contains the fields living in the worldvolume
of the brane at ybrane and their interactions with the graviton,

Sbrane =
∫
d4x
√
−g LM , (4.4)

where gµν is the pullback of the metric GMN onto the (3+1)-dimensional brane

gµν = GMN
∂XM

∂xµ
∂XN

∂xν
, (4.5)

for 10d coordinates XM and 4d coordinates on the brane xµ, which we align with the 4d
coordinates of (2.40). Hence ∂µXM = δMµ + ∂µξ

M , with brane fluctuations ξM (xµ), which
gives for the pulled-back metric

gµν = Gµν + 2GM(µ∂ν)ξ
M +GMN∂µξ

M∂νξ
N . (4.6)

Since the brane perturbations are assumed to be small, we may expand
√
−g in the action18

and express it in terms of GMN ,

Sbrane =
∫
d4x

√
− detGµν LM

(
1 +GMµG

µν∂νξ
M + 1

2GMNG
µν∂µξ

M∂νξ
N
)
. (4.7)

We will neglect the fluctuations of the brane and study the interactions between graviton
KK modes and matter fields only, so that the action is simply

Sbrane =
∫
d4x

√
− detGµν LM . (4.8)

When we perturb the bulk metric GMN → G0
MN + δGMN , the action becomes

Sbrane = S0
brane −

1
2

∫
d4x

√
− detG0

µν T̃
µνδGµν , (4.9)

18We use the known result det(1 + εA) = 1 + εTr(A) +O(ε2), when ε� 1.
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where T̃µν is the energy-momentum tensor with respect to Gµν . Using the background
metric (2.40) and the fluctuations in terms of (canonically normalised) perturbations of
gµν , with δGµν = κ H−1/2 hµν ,

Sbrane = S0
brane −

1
2

∫
d4x

√
− det gµν

∑
k

(
κ Φk(yb)

)
Tµνhkµν , (4.10)

where Tµν is defined with respect to gµν ,

T̃µν = − 2√
− det gµν

δ(
√
− detGµνLM )
δgµν

H(yb)3/2 = TµνH(yb)3/2 . (4.11)

From this action we conclude that the kth mode couples to matter with a coupling (κ Φk(yb))
that depends on the 10d gravitational coupling κ =

√
Vw/MP and its wavefunction evalu-

ated at the position of the brane yb. For the zero mode, with constant wavefunction (3.20),
the coupling is therefore the usual 1/MP .

Using S0
brane, we can also see how the warping affects the energy scales on the braneworld

theory. Taking LM to include a single scalar field ϕ with a Higgs-like potential [26],

S0
brane =

∫
d4x

√
− detGµν {Gµν(Dµϕ)†(Dνϕ)− λ(|ϕ|2 − v2

0)2}

=
∫
d4x

√
− det gµν {H(yb)−1/2gµν(Dµϕ)†(Dνϕ)− λ(H(yb)−1/2|ϕ|2−H(yb)−1/2v2

0)2}

→
∫
d4x

√
− det gµν {gµν(Dµϕ)†(Dνϕ)− λ(|ϕ|2 − v2)2} , (4.12)

with the field redefinition ϕ→ H(yb)1/4ϕ, so that the field is canonically normalised. The
mass scales are then warped down as v = H(yb)−1/4v0, which depends on the position of
the brane in the compact space — the biggest hierarchy is achieved by placing the brane
at the tip of the throat, i.e. yb = 0.

Putting everything together, the gravitational potential in momentum space is given by

V (q) = Vw
M2
P

∑
k

|Φk(yb)|2
Tµν1 P

(mk)
µναβT

αβ
2

|q2 −m2|

∣∣∣∣∣
q0→0

, (4.13)

where Tµν1 = m1δ
µ
0 δ

ν
0 and Tαβ2 = m2δ

α
0 δ

β
0 are the energy-momentum tensors of two point

particles of masses m1 and m2 at rest, so that only P (m)
0000 is relevant, which in the q0 → 0

limit simply gives

P
(m)
0000(q)


1
2 m = 0 ,
2
3 m > 0 .

(4.14)

Inserting this in the potential, we obtain

V (q) = m1m2Vw
M2
P

1
2
|Φ0(yb)|2

q2 + 2
3
∑
k>0

|Φk(yb)|2

q2 +m2
k

 , (4.15)
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or in position space

V (r) = GN
m1m2
r

Vw

|Φ0(yb)|2 + 4
3
∑
k>0
|Φk(yb)|2e−mkr

 , (4.16)

where we used M−2
P = 8πGN , together with the factor of 4π coming from the Fourier

transform, to write the potential in terms of Newton’s constant GN . The first term gives
the contribution of the massless graviton, which is independent of the position of the
brane due to (3.20) and reproduces the Newtonian gravitational potential. The second
term contains the contribution from the tower of massive KK-modes, weighed by their
respective wavefunctions and suppressed by the exponential e−mkr, which corrects the
Newtonian potential and becomes negligible for large distances and larger KK masses.

Using the zero mode (3.20) we have

V (r) = GN
m1m2
r

1 + 4
3Vw

∑
k>0
|Φk(yb)|2e−mkr

 . (4.17)

Figure 8 shows the experimental bounds on deviations from the Newtonian gravitational
potential — from laboratory, geophysical, astrophysical and collider constraints19 [23, 64]
— parametrised as V (r) = GN

m1m2
r (1 + δV ) with

δV = α e−r/λ , (4.18)

where α is a dimensionless parameter describing the strength of the interaction and λ has
dimensions of length and is given in meters (m). This parametrisation arises from con-
sidering the correction coming from a Yukawa-type interaction involving a single massive
field, which takes the exponential form above. Since we have an infinite tower of massive
scalars, we will have an infinite sum of such Yukawa terms. We must, however, either keep
only the first mode, which is the dominant contribution due to the exponential suppression
for larger masses, or rewrite the sum of Yukawa terms in the form of δV given above if we
want to compare our predictions with the experimental constraints.

After exploring the general case, we will consider in detail the warped (τc → T ) and
unwarped (τc → 0) limits, with the brane located at different points in the compact space
— either at the tip (τ = 0) or away from the tip (τ � 1). In these limits we are able
to exclude large portions of parameter space from the usual control requirements in string
compactifications; gs < 1, gsM > 1, and well-motivated upper bounds on the flux number
M coming from the flux contribution to the D3 tadpole.

4.2 General case

As discussed in section 3.2, solving numerically the Schrödinger equation (3.7) with the
potential20 (3.12) for a given choice of (τc, T ) we find a set (Êk, Bk(τ)) of eigenvalues and

19See [62, 63] for cosmological constraints from overclosure and the diffuse cosmic gamma ray background,
which however assume Planckian couplings with the KK tower.

20With trivial angular dependence, i.e. s-orbital.
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Figure 8. Experimental constraints on the parameters α (coupling strength) and λ (range) of a
Yukawa-type interaction, with the shaded area indicating the excluded region of parameter space
at 95% confidence level. figure adapted from [23, 64]. See [23, 64] for details and further references.

eigenfunctions. We then substitute

Φk(τ) = N(k)Φ̃k(τ) , (4.19)

N−2
(k) = 2π3

3 c3/2ε4N−2
(k) (τc, T ) , (4.20)

G(τ) = (sinh(2τ)− 2τ)2/3 , (4.21)

mk = Êk/(ε2/3c1/4) , (4.22)

with N−2
(k) (τc, T ) as defined in (3.24) and Φ̃k(τ) = G(τ)−1/2Bk(τ), into (4.17) to obtain

δV = 2
π3

Vw
c3/2ε4

∑
k>0
N 2

(k)(τc, T )|Φ̃k(τb)|2e
−Êk r

ε2/3c1/4 . (4.23)

Defining A(τb, τc, T ) and µ(τc, T ) such that

A(τb, τc, T )e−µ(τc,T ) r

ε2/3c1/4 ≡
N∑
k>0
N 2

(k)(τc, T )|Φ̃k(τb)|2e
−Êk r

ε2/3c1/4 , (4.24)

we can write the parameters (α, λ) in (4.18) as

α = 2
π3

Vw
c3/2ε4

A(τb, τc, T ) λ−1 = µ(τc, T )
ε2/3c1/4 . (4.25)

It will be useful to replace the volume21 with the hierarchy between the tip of the throat
and the bulk, which has a direct physical interpretation. From (4.12) we know that the

21The total volume includes both the bulk and the throat, Vw = Vbulk + Vth, with the bulk being a
combination of the CY3 and the unwarped region of the deformed conifold, Vbulk = VCY + Vcon = c3/2l6s .
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hierarchy between the fundamental scale and the brane is given by the warp factor (2.36)
on the brane,

Hτc(τb) = 1 + I(τb)
I(τc)

. (4.26)

For string theory, the natural scale in the UV is the string scale ms. Let Mb be the scale
on the brane. Using (2.39), we can write it in terms of the known Planck scale MP ,

Hτc(τb)−1/4 = v

v0
= Mb

ms
= Mb

MP

√
4πVw
gs

, (4.27)

where MP = 2.14 × 1018 GeV. This implies that the hierarchy between the known scales
Mb and MP ,

H ≡ Hτc(τb)−1/4 gs√
4πVw

, (4.28)

depends on the volume and string coupling, as well as the warp factor Hτc(τb). If we
choose Mb = 1TeV, trying to solve the hierarchy problem, the hierarchy takes the value
H ∼ 10−15.

Using this in (4.25), we find

α = (2π)2

(gsM)3
2A(τb, τc, T )
I(τc)3/2 Hτc(τb)−1/2 g

2
s

H2 , (4.29a)

λ−1 = H
21/6

2π√
gsM

Hτc(τb)1/4

I(τc)1/4
µ(τc, T )

lp
. (4.29b)

The free parameters in (4.29) are (τc, T, gs,M,H, τb), six in total. We should remem-
ber that H is keeping the dependence on Vw, which is fully determined by the choice of
(τc, τb, gs,H) through (4.28) — one should check that a choice of these parameters is consis-
tent with the supergravity requirement Vw � 1. Note also that τc is determined by the de-
formation modulus |z| = ε2/l3s , which means we can think of a choice of τc as representing a
choice of |z| (which in turn depends on the flux parameter K via z ∼ e−

2πK
gsM [51, 52, 65–68]).

We will fix the H and τb, the position of the brane, which leaves four free parameters. In
principle, the position of the brane should also be determined dynamically, since it becomes
a modulus that experiences a potential due to several different ingredients [69–71]. In this
work we will assume that the position can be fixed to a certain value due to the balance
between these ingredients, without addressing the issue explicitly.

In figure 9 we show a sample of predictions (λi, αi) for different choices of these pa-
rameters, divided in three main groups: the fully warped limit, with τc = T ; the unwarped
conifold limit, with τc = 0; and a mid-regime with τc = T/2 — in this regime we see the
competition between the throat trying to localise the modes and the bulk trying to spread
them evenly throughout the compact space, since they are not forced to vanish in the bulk
as in the fully warped case (see discussion on boundary conditions in section 3.1). The
hierarchy is fixed to H = 10−15 and gs = 0.2 in all parameter sets. Tables 1–3 summarize
the parameter choices and the relevant quantities for each set of examples.

The first thing to note is that none of these examples lies within the excluded region
of parameter space, both due to the small couplings and small length scales — this means
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M τb Vw MKK H(τb)−1/4MKK Mw
KK Vth MK

A1 20
0 9.6×1016 600 3×10−3 14 19.2 755

A2 75 7.3 1.0×103 10382
A3 20 15 3.0×1020 3 8×10−4 0.253 19.2 806

Table 1. All points Ai have τc = T = 40 (corresponding to the fully warped conifold) and fixed
H = 10−15, gs = 0.2. Masses are given in TeV and volumes are in string units. See main text for
discussion.

M τb Vw MKK M con
KK R Vcon MK

B1 20
0 2.3×1027 7×10−5 0.275 7.0×103 3.7×1023 556

B2 75 0.142 1.4×104 2.0×1025 7585
B3 20 15 3.2×1027 6×10−5 0.232 7.0×103 3.7×1023 558

Table 2. All points Bi have τc = 0, T = 30 (corresponding to the unwarped conifold) and fixed
H = 10−15, gs = 0.2. Masses are given in TeV and volumes are in string units. See main text for
discussion.

M τb Vw MKK H(τb)−1/4MKK Mw
KK R Vcon MK

C1 20
0 1.0×1024 1×10−2 2×10−4 4.9 125 1.2×1013 546

C2 75 2.5 243 6.3×1014 7442
C3 20 15 2.3×1024 7×10−5 6×10−5 0.104 125 1.2×1013 595

Table 3. All points Ci have τc = 15, T = 30 (corresponding a partially warped conifold) and fixed
H = 10−15, gs = 0.2. See main text for discussion.

that none of them can be excluded from this large set of gravitational experiments and
observations. The most likely case to be probed in the near future is the fully warped
limit, which is not far from the collider experiments — these need to go slightly up in
energy, but mostly be able to probe smaller couplings, which requires an increase in the
statistics (i.e. higher luminosity). By contrast, the case that seems harder to probe is the
unwarped conifold (representing an unwarped compactification),22 which must have all its
scale suppression coming from a large compactification volume, V.

We can see that in all cases, increasing the flux number M slightly lowers both the
masses and the couplings of the graviton KK modes. It also leads to a larger tadpole charge
MK, which is determined through the choice of (τc, gs,M) → c|z|4/3 → MK from (2.35)
and z ∼ e−

2πK
gsM , with Vw being determined through (4.28) by further fixing (H, τb). In fact,

we can put this together to find

MK ∼ −3(gsM2)
2π log

{
21/3

(2π)5/6

√
gsM

g
1/3
s

I(τc)1/6I(τb)1/12H1/3
}
. (4.30)

22This can be compared with the ADD models [72, 73], with n = 6 large extra dimensions. Note that we
cannot model n = 1, 2 ADD models with the conifold.
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The tadpole cancellation condition is an important constraint in the context of moduli
stabilisation, since one typically uses fluxes to stabilise complex structure moduli and the
axio-dilaton — in doing this, one needs to make sure that the D3-tadpole is cancelled
once all the ingredients are taken into account. This interplay was recently given a lot
of attention in the context of the Tapole Conjecture23 [74, 75], where it was argued that
even with O3-plane, O7-plane and D7-brane negative contributions to the D3-tadpole,
the presence of these ingredients will actually bring a larger positive contribution to the
tadpole once the stabilisation of all the moduli is taken into account. If we restrict to
O3-planes, all examples in the literature have the number of O3-planes less than or equal
to 64, which gives a tadpole charge contribution |QO3| ≤ 32. With no other ingredients,
tadpole cancelation would require MK ≤ 32. Note however that, even staying close to the
boundary of control (e.g. gs = 0.5,M = 4 =⇒ gsM = 2) and with very small warping
τc = 1, (4.30) givesMK ∼ 47 > 32. Relaxing the hierarchy such that it connects the string
scale with e.g. 103 TeV rather than 1TeV still gives MK ∼ 38 > 32.

If one doubles gsM for better control of the supergravity approximation (e.g. gs =
0.25,M = 16 =⇒ gsM = 4), (4.30) gives MK ∼ 360. For the choice of parameters in
A1 we find MK ∼ 755 as reported in table 1 (in choosing the parameters for the sample
points Ai we also require Mw

KK < MKK and rUV > ls, which is why we actually use
different values of gs and M giving the same gsM = 4). Just asking for the hierarchy
to come (at least partially) from the warping requires a large tadpole contribution MK,
which leads us to consider the Tadpole Conjecture.

In these setups, we also see that moving the brane away from the tip of the throat has
a big effect on the gravitational corrections. For A3 the effect is more intuitive, being due
to the localisation of the modes, since the couplings depend explicitly on the wavefunction
profile (figure 5). Graviton KK modes will therefore have much weaker couplings with
modes living away from the tip of the throat. However, (4.29a) tells us that the coupling
strength also depends on the warp factor, with weaker warping giving stronger couplings,
which explains why the coupling actually increases for C3, rather than decrease — in
this mid-regime the wavefunctions reach a constant plateau rather than quickly decaying
towards zero (see figure 5), so that the biggest effect will come from the decrease in the
warp factor and the coupling increases.

Note also that in Ci a big part of the hierarchy is coming from the volume rather than
the warp factor, which is why the volume is much larger than in Ai and why it does not
change a lot from C1 to C3 when moving the brane away from the tip. This leads to smaller
MKK and H(τb)−1/4MKK and does not require MK as large as in Ai.

In all cases, the scale associated with the graviton tower (Mw
KK for Ai, Ci and M con

KK

for Bi) is around the TeV scale, which is reflecting our choice of hierarchy. One might
expect that this alone would be enough to make these modes detectable since we are able

23Tadpole Conjecture. The fluxes that stabilise a large number of moduli at a generic point in moduli
space have a positive contribution to the tadpole-cancelation condition that grows at least linearly with the
number of moduli n,

Qstabilisation > O(1)× n . (4.31)
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Figure 9. A few examples of the corrections δV (4.18) to the Newtonian potential for different
choices of the free parameters in (4.29). The hierarchy is fixed to H = 10−15 and gs = 0.2 in all
parameter sets. All points Ai have τc = T = 40, corresponding to the fully warped conifold limit.
All points Bi have τc = 0 and T = 30, corresponding to the unwarped conifold limit. All points
Ci have τc = T/2 = 15, corresponding to a mid-regime with a warped throat and a piece of the
bulk described by an unwarped conifold. We also choose M = 20 and 75 for i = 1, 3 and i = 2,
respectively, and τb = 0 and 15 for i = 1, 2 and i = 3, respectively. We notice in particular that
all predictions are outside the excluded region, with the couplings being too small to be probed at
colliders and the length scales too small to be probed by large scale experiments. See main text
for detailed discussion. Figure adapted from [23, 64], with the shaded area indicating the excluded
region of parameter space at 95% confidence level.

to access these energies at colliders like the LHC. However, as is well-known, the energy
scale (masses of the modes) alone is not enough to determine whether new effects are
detectable. The way these extra modes couple with Standard Model particles (which in
our setup are confined on the brane) is extremely important — the KK gravitons might be
extremely light and yet couple so weakly to Standard Model particles that they are still
undetectable with current experiments and observations. This makes the details of the
compactification crucial when studying these effects, not only because they determine the
masses of the modes, but also because they will affect the profile of the wavefunctions over
the extra dimensions and consequently the couplings to other modes.

When looking for examples to show in figure 9 we are not able to find any points
within the excluded region, despite apparently having a lot of freedom.24 In the next two
sections, we study the fully warped and unwarped limits, which provide more insight into
the allowed region of parameter space.

24The conifold background we are considering does not allow for an anisotropic compactification, which
would be required to realise an unwarped ADD with less than 6 large extra dimensions.
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Figure 10. Plot of N 2
(1)(τc) in the fully warped limit τc → T . We see that the normalisations fall

with A0I(τc), with A0 ≈ 0.3.

4.3 Fully warped deformed conifold

The fully warped deformed conifold corresponds to the limit τc → T . In this limit, the
solution pair (Êk,Φk) only depends on τc, so that A(τb, τc, T ) = A(τb, τc) and µ(τc, T ) =
µ(τc). In particular, we know from the analytical approximations (confirmed using the
numerical solutions) that in this limit

Êk ≈ I(τc)1/2ek , ek = 2π
aν
k +

(
ν − 1

2

)
π

aν
, (4.32)

with ν ∼ 2.45, a ∼ 1.96. Notice that we must always have τb < τc since our boundary
condition Φk(T = τc) = 0 would imply vanishing countributions to a brane at τb ≥ τc,
and hence

Hτc(τb) ≈
I(τb)
I(τc)

. (4.33)

Assuming that only the first massive mode has a relevant contribution,25 we find
A(τb, τc) ≈ N 2

(1)(τc)|Φ̃1(τb)|2 and µ(τc) ≈ I(τc)1/2e1, whereN 2
(1)(τc) ≈ A0I(τc) and A0 ≈ 0.3

(see figure 10) — physically this implies weaker couplings for modes living in longer throats
(i.e. with stronger warping), as well as smaller masses. Notice that taking the leading
contribution to be the first KK mode rather than the massive string states is well-justified
as, in this strongly warped limit, we have

Mw
KK ≡ m1 ≈

2π√
gsM

H(0)−1/4

ls
= Mw

s√
gsM

, (4.34)

that is, the first KK mode is suppressed with respect to the warped string scale by the
factor

√
gsM . Since the supergravity approximation requires gsM � 1 and masses appear

25Although higher modes have larger couplings at the tip, as emphasized in [40], the exponential sup-
pression from higher masses will dominate, so that the net result is an exponential suppression of the
contributions from higher modes to the gravitational potential compared to the first mode in the tower.
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exponentially in the corrections δV (4.23), effects from the warped down tower of string
states should be suppressed with respect to leading effects from the first KK mode in which
we focus here.

The parameters (α, λ) become

α ≈ (2π)2

(gsM)3
2|Φ̃1(τb)|2

I(τb)1/2
g2
s

H2 , (4.35a)

λ−1 ≈ H
21/6

2π√
gsM

I(τb)1/4 e1
lp
. (4.35b)

For fixed (τb,H), the bounds gs < 1 and gsM > 1, required for control of the string
loop expansion and supergravity approximation, respectively, translate into direct bounds
on (α, λ),

α <
(2π)2

H2
4|Φ̃1(τb)|2

I(τb)1/2 , (4.36a)

λ−1 <
H

21/6 (2π)I(τb)1/4 e1
lp
. (4.36b)

However, there is a stronger bound on α given by the combination

αλ6 = 1
(2π)4

4|Φ̃1(τb)|2

I(τb)2
g2
s

H8
l6p
e6

1
, (4.37)

which is bounded from above and is a diagonal line with fixed negative slope in figure 11.
Finally, one can find a lower bound on the combination

αλ2 = 21/3

H4
2|Φ̃1(τb)|2

I(τb)
l2p
e2

1

1
M2 , (4.38)

by putting an upper bound on the flux numberM . Thinking in terms of the tadpole contri-
bution MK and since the flux numbers are both positive, we have MK < (MK)max =⇒
M < (MK)max. Imposing the bound M < (MK)max allows us to connect with the
tapole cancellation discussion in the previous section. Inspired by the examples given be-
low (4.30) we choose three reference bounds, M < (MK)max = 32, 100, 1000. Note that
all of these will include point A1 in figure 9 (M = 20), although MK ∼ 755 — for a given
choice of bound M < (MK)max, all points with MK < (MK)max clearly lie within the
allowed region M < (MK)max, even though there are also points inside that region with
MK > (MK)max, such as A1.

The allowed regions of parameter space are shown in figure 11. The points (A,B,C)
correspond to the specific choice gs = 0.2 and M = 20, for each choice of τb = 0, 20, 40
(note that α and λ in (4.35) are independent of τc, though recall that a combination of τc
and Vw is fixed by our choice of hierarchy via (4.28)). Putting the brane away from the
tip allows the KK graviton modes to have lower masses due to stronger warping without
affecting the hierarchy between the bulk and the brane (which we keep fixed), while at
the same time suppressing their couplings to matter on the brane, which depends on their
wavefunctions (see figure 5). This means that we can move to regions of larger λ but at the

– 36 –



J
H
E
P
0
9
(
2
0
2
2
)
2
0
8

τb=0

τb=20

τb=40

A

B

C

10-20 10-16 10-12 10-8 10-4 1 104 108 1012
10-11

0.1

109

1019

1029

1039

λ (m)

α

Collider Atom

Casimir

Cantilever

Torsion Balance

Geophysics

Lunner

Astrophysics

Figure 11. The shaded triangles correspond to the allowed regions of parameter space for the fully
warped limit τc → T , for different choices of τb and fixed H = 10−15. All points (A,B,C) have
gs = 0.2,M = 20. The upper right bounds on each region follow from (4.37) and gs < 1, while the
left bounds follow from (4.35b) and gsM > 1. The lower lines in each triangle represent the lower
bound on (4.38) with M < 32, 100, 1000 (with larger values giving weaker bounds, i.e. lower lines).
Figure adapted from [23, 64], with the shaded area indicating the excluded region of parameter
space at 95% confidence level.

expense of also moving to lower α — this gives rise to the diagonal dashed line in figure 11,
which is an upper bound for the allowed regions which never crosses the excluded region.

The upper right bounds on each region follow from (4.37) and gs < 1, while the left
bounds follow from (4.35b) and gsM > 1. The lower lines in each triangle represent the
lower bound on (4.38) with M < 32, 100, 1000 (with larger values giving weaker bounds,
i.e. lower lines).

4.4 Unwarped deformed conifold

The unwarped deformed conifold corresponds to the limit τc → 0. In this limit, the solution
pair (Êk,Φk) only depends on T , so that A(τb, τc, T ) = A(τb, T ) and µ(τc, T ) = µ(T ). In
particular, we know from the analytical approximations (confirmed using the numerical
solutions) that

Êk ≈ e−T/3ek , ek = 25/6

31/2

{
πk + 3π

4

}
. (4.39)

Notice that we must always have τb < T since our boundary condition Φk(T ) = 0 would
imply vanishing countributions to a brane at τb ≥ T . In this limit

H ≈ gs√
4πVw

. (4.40)
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The general result (4.29) is expressed in terms of τc, whose (implicit) definition is (2.35).
However, this follows from the condition H(τc)− 1 = 1, whereas a fully unwarped conifold
would have H(τ) = 1 for all τ . This is not possible for the deformed conifold, since
the presence of fluxes, necessary to deform the conifold, will automatically source some
warping, i.e. H(τ) 6= 1 for any finite τ . Nevertheless, we could still have a deformed
conifold for which

H(τ)− 1 = 22/3 (α′gsM)2

c ε8/3
I(τ)� 1 ∀ τ , (4.41)

which gives H(τ) ≈ 1 as we would expect from an unwarped compactification. In this case,
the definition of τc (2.35) is no longer useful — one should instead substitute back in (4.29)
the parameters of the conifold and remove τc completely. This gives

α = 1
(2π)4

8A(τb, T )
c3/2|z|2

g2
s

H2 , (4.42a)

λ−1 = H
c1/4|z|1/3

µ(T )
lp

. (4.42b)

One can now relate c1/4|z|1/3 to the physical size of the conifold,

Rcon = 31/2

25/6 (c1/4|z|1/3)eT/3ls , (4.43)

such that the parameters become

α = 1
(2π)4

27A(τb, T )
8 e2T

(
ls
Rcon

)6 g2
s

H2 , (4.44a)

λ−1 = 31/2

25/6H
(

ls
Rcon

)
eT/3

µ(T )
lp

. (4.44b)

Assuming that only the first massive mode has a relevant contribution (as all other
modes will be exponentially suppressed), we find A(τb, T ) ≈ N 2

(1)(T )|Φ̃1(τb)|2 and N 2
(1) ≈

χe−2T , with χ ≈ 193 (see figure 12), and µ(τc) ≈ e−T/3e1 —we can interpret this physically
by noting that larger conifolds (larger Rcon ∼ eT/3 =⇒ Vcon ∼ R6

con ∼ e2T ) will lead to
mode wavefunctions spreading over a larger volume, and since they spread evenly through
the internal space, they consequently have a smaller amplitude at each point. This means
that modes living on larger unwarped conifolds have weaker couplings to fields living on the
brane. Again, neglecting contributions from massive string states is well-justified as now

MKK ≡ m1 ≈
Ms

(Rcon/ls)
, (4.45)

which gives the usual hierarchy between the KK and string scales in the absence of warping,
with the characteristic scale of the compact space given by Rcon.

With these simplifcations we find

α ≈ 1
(2π)4

27χ|Φ̃(τb)|2

8

(
ls
Rcon

)6 g2
s

H2 , (4.46a)

λ−1 ≈ 31/2

25/6H
(

ls
Rcon

)
e1
lp
. (4.46b)

– 38 –



J
H
E
P
0
9
(
2
0
2
2
)
2
0
8

193 e
-2 T

0 20 40 60 80

10-80

10-60

10-40

10-20

1

T


(1
)

2
(T
)

Figure 12. Plot of N 2
(1)(T ) in the unwarped limit τc → 0. We see that the normalisations fall with

T as χe−aT , with χ ≈ 193 and a ≈ 2. See main text for further discussion.

From the condition Rcon > Rmin > ls, one can immediately put a bound on λ for each
choice of Rmin, while the strongest bound on α comes from eliminating Rcon through the
combination

αλ6 = 4χ|Φ̃(τb)|2

(2π)4

(
lp
e1

)6 g2
s

H8 , (4.47)

which is bounded from above by gs < 1.
With these bounds we can plot the allowed region of parameter space over the exper-

imental and observational constraints (see figure 13). The points (A,B,C) correspond to
the specific choice gs = 0.2,M = 20, and with Rcon = 10ls for A and B, and Rcon = 104ls
for C. Notice that the upper limit following from (4.47) is only a function of τb and in the
unwarped limit the wavefunctions are constant for most values of τ (see figure 5). Therefore
the allowed regions in this case are only functions of Rmin, larger values of which decrease
their size within the region with Rmin = ls (bigger triangle). One should remember that
the example points in figure 9 have c1/4|z|1/3 fixed by (gs,M, τc = 0) through (2.35) — for
T = 30 as in figure 9, this implies Rcon ≈ 5× 103 ls. There is again no overlap between the
theoretically allowed regions of parameter space and the experimentally excluded regions.

5 Towards gravitational wave observations

All the available and planned GW experiments give us the opportunity to probe regimes
of strong gravity, which could potentially give interesting constraints to explicit mod-
els [27, 28, 30, 31, 34]. Although a more careful study is left for future research, we end
this paper by working out how a warped throat affects the scales involved in GW de-
tection. In particular, we will identify points in the Klebanov-Strassler parameter space
where the hierarchy problem is solved by warping and the gravitational wave frequencies
corresponding to the graviton KK tower reach LISA, LIGO-Virgo/ET and UHF windows.
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Figure 13. Allowed regions of parameter space for the unwarped limit τc → 0, for different choices
of the parameters (τb, Rmin/ls) and fixed H = 10−15. See main text for further discussion. Figure
adapted from [23, 64], with the shaded area indicating the excluded region of parameter space at
95% confidence level.

From (3.17) we obtain a wave equation for each mode k in an infinite tower, whose
frequency is given by26

ω2
k = m2

k + |~pk|2 , (5.2)

where ~pk is the momentum of the wave. When an event (e.g. a black hole merger) generates
gravitational waves it does so by exciting hµν(xµ, yp), which is decomposed into an infinite
tower of modes in the 4d EFT (3.2), all of which are excited. For the zero mode we have
m0 = 0, h0

µν corresponds to the massless graviton and the gravitational wave will have
a frequency associated to the source event. Higher modes hk>0

µν belong to the tower of
massive spin-2 modes, which have mk > 0. If mk � |~pk|, the frequency of the wave is given
by the mass of the respective mode,

ωk ≈ mk . (5.3)

When these frequencies are much higher than the frequency range covered by GW exper-
iments, we can only probe the zero mode, while the massive tower remains out of reach
together with the extra dimensions that it encodes. If on the other hand the masses of the
KK modes are low enough to give frequencies covered by current or future experiments,
then one might hope to detect a characteristic signature of the extra dimensions — a tower

26This follows from
(pk)µ(pk)µ = −m2

k =⇒ −E2
k + |~pk|2 = −m2

k , (5.1)

and by noting that for a wave Ek = ~ωk (with ~ = 1 and c = 1 in all equations).
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fGW (Hz) Mw
KK (eV)

LISA 10−4−100 10−31−10−27

LIGO-Virgo/ET 101−104 10−26−10−23

UHF 106−109 10−21−10−18

Table 4. Frequency range of different gravitational wave experiments and the associated mass
ranges for the case in which the wave corresponds to the excitation of a massive spin-2 mode of
mass Mw

KK .

of signals whose frequencies are separated by a constant gap ∆ω = m1 ≡ Mw
KK . For ref-

erence, we give in table 4 the frequency ranges and corresponding Mw
KK for some current

and future GW detectors.27

We focus on the fully warped case studied in section 4.3. Since mk = λ−1, (4.29) is
fixed by choosing a value for mk that could potentially be detected by one of these GW
experiments. In this limit mk is given by (4.35b) and we can fix the ratio

Mw
KK

H
= I(τb)1/4

21/6
2π√
gsM

e1
lp
, (5.5)

by fixing both Mw
KK ≡ m1 and H, and choosing the values of the parameters gs and M .

In what follows we choose gs = 0.2 and M = 20 as before. This determines the position
of the brane τb. One can then use (4.28) to determine |z|/Vw, which emphasises the fact
that only a combination of these parameters is fixed by our choices. To have a concrete
example, we fix the volume to Vw ∼ 1015, which gives |z| and therefore MK. In table 5
we give three examples by taking the upper bounds on the frequency ranges for LISA,
LIGO-Virgo/ET and UHF. We see that all these examples require tadpole contributions
of O(103), which brings us back to considering the Tadpole Conjecture [74]. The lower
the frequency, the larger the warping must be to suppress Mw

KK , which we can see by the
larger τc that results in longer throats. Since we are fixing the volume to Vw ∼ 1015 in all
cases, this also requires a larger τb in order to keep the hierarchy fixed — if the warping is
stronger, the brane must be farther away from the tip. Different values of Vw will require
different values of MK, since the strength of the warping depends on the combination
V1/6
w |z|1/3 (2.35). For the UHF case, choosing Vw ∼ 102 would require MK ∼ 2021, while
Vw ∼ 1030 would require MK ∼ 2847, which is always O(103).

It is important to note that even if the warping is such that Mw
KK is low enough to give

frequencies that lie in the ranges of any of these GW experiments, one is not guaranteed
to make a detection — we must also take into account the amplitude of the waves. This
requires a more careful analysis of the wave equations, which includes in particular the
source of the GWs. One would expect a source localised on the brane (e.g. a neutron

27We obtain fGW by reintroducing factors of c and ~, which were set to 1, such that the result is expressed
in Hz,

fGW = Mw
KKc

2

2π~ , (5.4)

where Mw
KK must be in kg.
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fGW (Hz) Mw
KK (eV) τb τc z1/3 rUV Vth MK

LISA 100 10−27 195 239 1.51×10−47 1.70 290 3259
LIGO-Virgo/ET 104 10−23 168 211 1.51×10−43 1.64 240 2906

UHF 109 10−18 133 176 1.51×10−38 1.57 183 2464

Table 5. Explicit examples of parameters and scales associated with GW signals covered by LISA,
LIGO-Virgo/ET and UHF. We fix H = 10−15 and Vw = 1015 in all cases. Lengths and volumes are
given in string units.

star merger) to have very small couplings, due to the large suppression of the KK mode
wavefunctions away from the tip of the throat. On the other hand, a source which is
higher dimensional (e.g. a higher dimensional black hole) might be able to couple strongly
to the KK modes, not being confined to the brane far away from the tip. Bulk moduli
(e.g. complex structure and Kähler moduli) might also source the wave equation and these
could have wavefunctions with big overlaps with the KK modes, and may therefore provide
signals with higher amplitudes. It will also be interesting to understand if any resonance
effects can enhance the wave amplitude. We leave a careful treatment of these questions
for future work.

6 Conclusions

Gravity is currently being probed with unprecedent precision, with experiments and ob-
servations covering strong and weak field regimes, and providing crucial information that
can be used to constrain modifications to GR, including those descending from specific UV
completions such as string theory. It is therefore important to derive concrete predictions
from phenomenologically interesting models that can be compared with observations. In
the context of string theory, warped throats naturally arise due to the fluxes used to sta-
bilise some of the many moduli present in the low-energy 4d theory, they provide a possible
explanation of the hierarchy problem in the Standard Model, and they are crucial ingredi-
ents of de Sitter constructions such as KKLT [35] and LVS [36]. In this work we explored
the gravitational effects of a warped flux compactification of Type IIB supergravity on
matter confined to a (3+1)-dimensional brane. More precisely, we derived the tower of
KK graviton modes arising from a compactification in which the internal space contains
a warped throat described by the KS solution and studied how this tower corrects the
Newtonian potential felt by matter confined to the brane. We derived the relations be-
tween the KS string solution parameters and the phenomenological parameters associated
with a modified Newtonian potential, and thus found some tight bounds on the latter, as
illustrated e.g. by figure 11.

After going through the dimensional reduction of the 10d gravitational wave equation
for Type IIB supergravity in section 2, taking into account the warp factor given by the KS
solution and keeping track of the contribution of the Type IIB bosonic sector, we focused
on the simple case of 4d Minkowski spacetime with the fluctuations of all fields apart from
the 10d graviton set to zero. This allowed us to explicitly derive the KK tower of 4d spin-2
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fields in section 3, obtaining both their masses and wavefunctions, and studying how it
is affected by the warping. We recovered the results in [38] for the mass spectrum, and
found larger wavefunction amplitudes for higher KK modes, which lead to larger couplings
as emphasised in [40]. We then discussed how the results depend on the balance between
the strengh of the warping and the size of the bulk — if the warping is strong enough, it
dictates the suppression of the KK masses, but if the bulk is so large that it dominates
over the effect of the warping, the masses are instead suppressed by the volume of the
compact space. We studied this effect by describing part of the bulk with the unwarped
deformed conifold, since the unknown metric of the CY3 does not allow us to find the mode
wavefunctions explicity. Interestingly, the warping becomes sufficiently strong to suppress
the masses and localise the modes when roughly half of the conifold is warped, in terms
of the radial coordinate τ i.e. τc/T ∼ 1/2 (see figure 4). Since the more intuitive radial
coordinate r� ∼ eτ/3 behaves exponentially in τ , this means that the throat can be an
exponentially small portion of the internal space and still provide the dominant effect.

In section 4, we showed how the masses and wavefunction profiles of the KK modes
manifest in the low-energy theory, through the range and strength of the corrections to the
gravitational interaction, respectively. After reviewing how gravity manifests on a brane,
especially when the extra dimensions are warped, and how the warping affects the scales
of the braneworld theory, we gave the general form of corrections to the gravitational
potential expressed as a single Yukawa-type interaction, which allowed us to compare
with experimental and observational constraints [23]. We gave three sets of examples,
covering the fully warped, unwarped and partially warped regimes. We also considered
placing the brane at the tip of the throat or higher up along the throat, always fixing
the hierarchy such that the string scale is lowered by warping and/or volume dilution to
∼ 1TeV in the braneworld theory. The presence of warping brings the corrections closer to
collider constraints so that we might be able to probe warped models with future collider
experiments (this requires an increase in luminosity in order to probe smaller couplings).
However, strong warping typically comes with a large tadpole contribution MK, which
has been given special attention in recent works [74, 75]. Isotropic unwarped models on
the other hand are much harder to probe, staying much further from the excluded region
of parameter space.28 This can be understood by noting that unwarped scenarios must
provide the hierarchy through a much larger volume when compared to the warped case,
which, whilst bringing down the masses, also suppresses the couplings of the KK modes
since their wavefunctions will spread evenly through the internal space.

We then focused on the fully warped and unwarped limits, in which we were able
to reduce the number of free parameters and study the parameter space more carefully.
In particular, there exist combinations of the Yukawa parameters α and λ which de-
pend only on the hierarchy, the position of the brane and on either gs, M or gsM (see
e.g. eqs. (4.35b), (4.37) and (4.38)). Therefore, using consistency conditions required by the
string loop expansion (gs < 1) and the supergravity approximation (gsM > 1, Rcon > 1),

28Models with a smaller number of large extra dimensions [72] can be excluded, but using the deformed
conifold as a background we can only consider the isotropic case with 6 large extra dimensions [23].
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and some well-motivated constraints on the flux number M based on the recent discussion
of the D3-tadpole cancellation condition within flux compactifications, we were able to
exclude large portions of parameter space. In the fully warped scenario, the tadpole can-
cellation considerations reduce the allowed region considerably, with smaller upper bounds
onM excluding larger regions. In both the fully warped and fully unwarped cases, the the-
oretically allowed regions never overlap with the experimentally excluded region. It would
be interesting to consider how these constraints could improve with future experiments and
new technologies.

The position of the brane along the warped throat drastically changes the predictions,
lowering the masses of the graviton KK modes, as well as their couplings to matter on
the brane, as the brane moves up the throat. As we have seen in section 5, this could
be especially interesting in the context of GWs, since the masses of the KK modes give
the frequency of the corresponding waves. With KK masses close to the UV scale, these
frequencies are too high for us to probe, but if they are suppressed by the warping one
might hope to detect them in future experiments. Our results show that this lowering of
the KK masses does not necessarily create any tension with current experimental data,
since the allowed regions of parameter space stay away from the experimentally excluded
regions. In section 5 we considered the required warping of the KK mode masses to bring
gravitational wave frequencies within the ranges of current and future GW experiments,
giving explicit examples of KS background parameters that achieve this. All examples
required a tadpole contribution of O(103); it would be important to understand how much
warping one can have in a consistent flux compactification with all the moduli stabilised
and compatible with tadpole cancellation.

There are several further questions which naturally arise from this work that we would
like to address in the future. Firstly, it will be very interesting to complete our exploration
of the effects of a warped throat described by the KS solution within this Type IIB setup
on gravitational wave signals. We have shown that the gravitational wave frequencies can
be brought down to observable windows, but it will be important to work out the signal
amplitudes. Not only do we expect extra higher frequency signals associated to the massive
spin-2 modes, but there could also be extra polarisations and modified dispersion relations,
which one might use to constrain these models with current and upcoming gravitational
wave experiments [29–34, 76]. Observational consequences could include the gravitational
memory effect; see [77] for a recent study of the memory effect due to massless fluctuations
in compactifications and [78] for the concept of “orphan memory” whereby higher frequency
gravitational waves, for instance from KK modes, can leave a detectable memory effect in
the LIGO-Virgo band. Tightly related to these questions is the effect of the scalar field
fluctuations we neglected in section 2. The zero modes of these fluctuations are the complex
structure and Kähler moduli of the compact space — even in this work we encounter at
least two moduli, the deformation modulus z and the volume modulus c. One might then
expect them to affect the GW signals, in a similar way to the breathing mode identified
in [31]. On the other hand, we should expect these scalar fluctuations (and possibly even
fluctuations arising from the other bosonic fields in Type IIB) to also have their masses
lowered by the warping and it would be important to check both their effects on the 4d
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theory and whether these would change our results. Similarly, we have so far neglected the
effects of gluing the KS throat onto a compact CY as we do not know the explicit metric
in the gluing region and beyond. This could be approached analytically by considering
deformations to the KS metric [54–56], or by using numerical CY metrics [79]; see [80] for
recent work that uses numerical CY metrics to compute KK towers. Finally it would be
interesting to explore the connections between our results and the swampland program in
the context of KK towers and/or spin-2 fields [67, 81, 82].
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