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Abstract
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Doctor of Philosophy

Duality and Integrability in String Theory

by Giacomo PICCININI

This thesis investigates aspects of duality and integrable deformations in String Theory.
In the first two chapters we review standard material in Mathematics and Physics, laying
the ground to the novel contributions later reported. In Chapter 4 we introduce gener-
alised cosets, on which we are able to provide a canonical construction for a generalised
frame field and spin connection that together furnish an algebra under the generalised
Lie derivative. In Chapter 5 we study the geometric properties of the Yang-Baxter defor-
mation of CPP", showing that it constitutes an exemplar of Generalised Kéhler Geometry.
For CP? we compute the generalised Kihler potential. Tangentially, we furnish a closed
form for the metric and B-field of the Yang-Baxter deformed sphere S™, for every n.
In Chapter 7 we address the problem of two-loop renormalisation of the Tseytlin dou-
bled string for cosmological spacetimes. Whilst the results do satisfy a number of key
consistency criteria, we find however that the two-loop counter-terms are incompatible
with O(n,n) symmetry, pointing perhaps to the presence of scheme changes. In Chapter
8 we build on this work and set the stage for a two-loop calculation for a Poisson-Lie

T-duality covariant theory.
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Chapter 1

Introduction

Physics and Art have evolved in radically opposite ways throughout the centuries. With
scientists trying to organise a vast, scattered body of notions under a few guiding prin-
ciples, painters systematically and deliberately carved rationality out of the original Re-
naissance order. If a progressive abandonment of the concept of harmony took over the
aesthetics of the XX century, in 1972 the Physics Nobel laureate P.W. Anderson wrote
“It is only slightly overstating the case to say that Physics is the study of symmetry” [6].

In either subjects, symmetry is usually regarded as some invariance property of a model,
be it the facade of a church or a Quantum Field Theory, that simplifies its description.
As one might expect, the more symmetric a model, the more constrained is the dynamics,
sometimes to the point where it is possible to solve it exactly. Solvable systems are called
integrable, and are incredibly hard to come by: they represent the opposite of chaos, a

lush oasis of kdsmos.

As rare gems, integrable theories need to be handled with care, wisely cutting their
facets to maximise brilliance. In String Theory, the goldsmith toolkit consists of two
essential utensils: on the one hand, a number of rigorous mathematical methods proper
to integrability, developed to extract otherwise inaccessible information; on the other
hand, smooth modifications of a model — called integrable deformations — that while

preserving integrability furnish new highly non-trivial examples.

Integrable deformations, and in fact String Theory, are hardly discussed without a men-
tion of dualities. If making an appropriate artistic parallelism would certainly be a
stretch, we could nevertheless extend the fairly intuitive idea of symmetry so as to incor-
porate that of duality. By that, we mean a relation between two a priori distinct theories
that turn out to describe the same physics. Qualitatively, this is extremely surprising

as it draws unforeseen connections among theories with completely different degrees of
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freedom. If this were the end of the story, though, we would have certainly gained a
gratification of our aesthetic sense, but not much in terms of quantitative results and

predictions (that supposedly represent the ultimate goal of Science).

Even though duality per se does not imply any kind of formal solvability — e.g. there is no
arsenal of dedicated techniques and methods as we had for integrability — it nevertheless
bears a more subtle and perhaps effective form of simplification. Credits go to its simple
proposal: if the description of a phenomenon is too convoluted in theory A, it might
well be simple enough in the dual theory B. The prototype is when A is too strongly
coupled to be tackled with perturbation theory, but standard Quantum Field Theory
techniques readily apply to B. In truth, dualities do not require String Theory at all to
be formulated (think, for example, of Seiberg duality in supersymmetric gauge theories
[7]) but there is a huge body of evidence indicating their role as primary actors whenever

strings are involved.

Rather than concentrating on the weak/strong duality mentioned above (also called
S-duality), we shall focus on a more geometric (and thus stringy) type of implementation
known as T-duality. It was first observed in [8], but only later formalised by Buscher in
[9, 10] and its whole program is easily stated: String Theory does not quite agree with
Riemann as to what we mean by “geometry”. After all, that XIX century differential
geometry was not really satisfactory in describing string backgrounds was already pretty
clear: the metric alone is not the sole focus any longer, and needs to be supplemented
at least with fluxes (differential forms) and dilaton (scalar). But T-duality goes way
beyond that: T-dual geometries, i.e. the different backgrounds giving rise to the same
physics, are not related by ordinary diffeomorphisms but through a completely new
type of transformation, the eponymous T-duality. What’s even more astonishing (or
perhaps exciting?) is that in some cases the whole concept of differentiable manifolds
collapses and one needs to resort to generalisations, such as T-folds [11], to address the

non-geometric aspects entailed by T-duality.

Even when restricting our interest to T-duality, ruefully accepting the inadequacy of
some of the lessons painstakingly learnt and brought to us by Einstein, the situation
remains involved. Buscher’s duality, most often called “Abelian”, does not certainly
encompass all relevant cases, as it only strictly applies to tori, arguably the simplest
(compact) manifolds strings are allowed to propagate on. Whilst the importance of toric
compactifications for our comprehension of String Theory can not be overstated, the

need for more challenging, and yet dualisable, manifolds has become clear.

Conceptually, Abelian T-duality is based on the presence of Abelian isometries for the
target space, thereby justifying the relevance of tori in this context. Evidently, more

complicated manifolds shall come at least with non-Abelian isometries or, even more
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likely, no isometries at all. In these cases, the hypothesis of the Buscher’s derivation go
astray, and one is required to cook up some generalisation. In the light of Ockham’s
razor, we could try and upgrade Abelian to non-Abelian isometries, replicating the steps
that lead to the discovery of Abelian T-duality. This works, and, as one might guess,
the result is known as non-Abelian T-duality [12]. Still, it is not quite satisfactory, as
the case with no isometries is completely missing from the picture. Here there is no
philosophical tool to our rescue: we simply can not give up on isometries and retain
the Buscher’s procedure. The resolution of the conundrum, called Poisson-Lie T-duality,
was put forward by Klim¢ik and Severa in [13, 14|: while admitting that dualisable
manifolds can have no isometries, they need to obey an additional constraint, known as
the Poisson-Lie condition. This last form of duality, that comprises of both Abelian and

non-Abelian as special cases, will represent a central topic for this thesis.

At this point it is perfectly legitimate to ask how duality and deformations relate to
one another. We have so far remained purposefully vague on explicit implementations
of either concepts, but we shall now partially remedy that. Our starting point is the
Principal Chiral Model (PCM), the two-dimensional non-linear o-model describing the
motion of a Bosonic string on a group manifold G'. Albeit perhaps not very realistic,
the PCM is extremely relevant, for it is arguably the simplest non-trivial example of
integrable system in this context. Other than that, it displays many of the features
typical of QCD, such as a dynamically generated mass-gap, asymptotic freedom and

confinement.

Since the 1990’s, many integrable deformations of the Principal Chiral Model have been
found?; in essence, they all rely on modifying and/or extending its action through the
introduction of some parameters and operators, so that the PCM is eventually recovered
in a certain limit. Of paramount importance for this thesis are Yang-Baxter (or 7-) de-
formations, first conjectured by Kliméik in [16]. They are based upon the introduction of
a deformation operator based on the so-called Yang-Baxter matrix (whose relevance for
the model is controlled by a real parameter 1), and were only proven integrable in [17].
A few years later, Sfetsos [18] proposed a new integrable deformation of the Wess-Zumi-
no-Witten (WZW) model (a conformal extension of the PCM [19]), the A-deformation.
Crucially for us, 7- and A\-deformations are related by Poisson-Lie T-duality [20, 21]3.

Up to now we have only mentioned group manifolds and we should really plead guilty
to oversimplification for that: even in the theoretician’s spirit of easing the description

of the universe, Lie groups are too narrow of a subclass of manifolds to consider. At the

'Even though String Theory admittedly constrains the number of spacetime dimensions, we will
mostly neglect this aspect and free G of any imposition so as to broaden the discussion.

2It is possible to consider integrable deformations that do not require the PCM as a starting point,
for instance TT-deformations [15]. However, they will not be part of this thesis.

3Plus, in fact, an analytic continuation.
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very least we should be able include spheres, (anti-) de Sitter and projective spaces if
we want to have a shot at putting forward integrable deformations as a topic worth of
explaining some of the features of String Theory. Actually, all of these manifolds have a
common denominator: they are symmetric spaces, i.e. quotients of a Lie group G by a
subgroup H C G with particular properties. Starting from the PCM on G, we can tweak
it so as to describe the dynamics of a Bosonic string on G/H by opportunely removing
the degrees of freedom associated to H: the lesson previously learnt is not to discard
after alll Furthermore, this model is easily proven integrable* and, up to some detail,

allows for integrable deformations, too.
Despite this progress, many problems both at the classical and quantum level remain open.

We have already mentioned that Riemannian geometry has some serious shortcomings
when it comes to describing string backgrounds. For instance, Abelian T-duality for the
NS-NS sector is characterised by some non-linear transformation involving metric and
B-field that makes T-duality hard to detect. To draw a parallelism, the formulation
of Electromagnetism with electric and magnetic fields overshadowed the underpinning
Lorentz covariance for decades. Building on previous experience, it would be advanta-
geous to have a re-formulation of String Theory with T-duality made explicit. In fact, this
exists and consists, roughly speaking, in embedding the two T-dual manifolds in a new
fictitious space of doubled dimensions. In the same spirit, space and time were reunited
in a single four-dimensional entity in Special Relativity. The mathematical framework
into which this formulation fits is that of Generalised Geometry as introduced by Hitchin
and Gualtieri [24, 25]|.

The first task we shall embark upon is precisely the description of coset models in Gen-
eralised Geometry. We shall not be concerned with the dynamics but rather with their
(generalised-) geometric properties. In practice, this point will be addressed through a
detailed and canonical construction of generalised frame fields, the analogues of the vier-
bein lying at the heart of the tetrad formalism so widely employed in General Relativity.
The purpose is twofold: on the one hand, we achieve a great deal of simplification, for
arbitrarily complicated objects will be traded for constant quantities which are much
easier to handle. On the other, generalised cosets lend themselves to Supergravity and
consistent truncations, and we shall provide the necessary backbone to those useful ap-

plications. This will be the subject of Chapter 4.

Building on that, we will consider Yang-Baxter deformations of complex projective spaces

in Chapter 5. Even though originally motivated by the investigation of some extensions of

“Here we are really making statements only about classical integrability; one should anticipate that
quantum integrability necessitates modifications, e.g. the inclusion of appropriate fermionic content for
CP™ [22, 23].
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the AdS/CFT correspondence [26]°, e.g. the deformation of the AdS, x CP? background,
we shall unravel a beautiful geometrical structure, Generalised Kéhler Geometry, under-
pinning CP. This legitimates an outright interest, even devoid of possible holographic
applications, repaid with the explicit construction of a generalised Kéhler potential for
CIF’%, an extremely rare object. Furthermore, the same technology will be applied — with
minor modifications — to the study of n-deformed spheres and AdS spaces, for which we
conjecture closed form for metric and B-field in every dimension. The expressions are
simple and can be used straight out of the box, without resorting any longer to a lengthy
and somewhat involved algebraic construction. Finally, in passing, we shall resolve a
puzzle that dates back to [20] and concerns the possibility of a double Yang-Baxter

deformation of CP".

We will then start exploring the quantum properties of the doubled formalism from the
worldsheet point of view. To this end, in Chapter 7 we study the two-loop renormalisa-
tion of the “doubled string” (i.e. an explicit Abelian T-duality covariant formulation of
String Theory compactified on an n-torus) in a simplified setting known as cosmological
spacetime. Notwithstanding the apparent reduced complexity, we will face a large num-
ber of technical challenges which we will try to address. In doing so, we will develop and
discuss novel techniques for evaluating loop integrals and create a Mathematica notebook
for automatising the entire calculation. In Chapter 8 we will report on a conceptually
similar computation, this time adapted to Poisson-Lie T-duality on a Drinfel’d double
(a specific type of Lie group we will introduce soon). We will be able to infer a number
of constraints on the shape of the final result — also providing a graphical interpretation
to it —, as well as to furnish an all-loop expansion of the interacting Lagrangian. We
anticipate that the treatment of this chapter will not be complete, for the project is still

under investigation at the time of writing.

Finally, we will draw conclusions on this work and, more broadly speaking, on the whole
field. We will indicate a few interesting avenues for feature research that we hope might
materialise in useful results and outline the main technical and conceptual challenges one

is expected to face. We complement the entire thesis with a number of appendices.

®The AdS/CFT correspondence, a particular materialisation of the holographic principle proposed by
Susskind [27], conjectures the equivalence of String Theory on anti-de Sitter spaces and a dual Conformal
Field Theory living on the boundary of said space.



Chapter 2

Mathematical Preliminaries

In this introductory chapter we shall review the main mathematical concepts that will
be used on a number of occasions as the thesis unfolds. Rather than letting them comple-
ment the Physics review of Chapter 3, we have preferred to furnish here a more cohesive
presentation that can be consulted quickly whenever needed. Given the wide breadth
of the topics touched here, we will not attempt to deliver an exhaustive treatment, but
only report results that are pertinent to our goals. In this sense, proofs will be omitted
but the interested reader will nevertheless be referred to various resources where they

can be easily found.

2.1 Drinfel’d Double

The algebraic structure known as Drinfel’d double, which we shall introduce shortly, is

key to the understanding of Poisson-Lie T-duality.

Given a Lie algebra g with Lie product [-,] : g ® g — g, if it is possible to further
endow it with a coproduct! which is also a cocycle, then we call (g,[-,-],A) a bialgebra.
Remarkably, we can immediately declare the dual vector space g* a bialgebra if we equip

it with the transposed products A and [-,-]* [28].

We now take one step further and consider the vector space 0 = g g*. On 0 we have the
notion of natural scalar product ((-,-)): for x,y € g and £, n € g* it is given by {(z,y)) = 0,
(& m) =0 and (&, x)) = (z,§), where (-,-) denotes the natural pairing between a vector
space and its dual. As it is, however, ? is not (yet) a Lie algebra. It turns out [28] that

every Lie bracket on 9 = g @ g* preserving the natural scalar product ((-,-)) and such

!That is, an anticommutative map A : g — g®g that obeys co-Jacobi identity (A®id)oA+cyclic = 0.
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that both g and g* are subalgebrae is given by

[x7y]D: [l‘,y] vx??/Eg
[577}]0 = [5777]9* v&?” € g* (21)
[, €Jo = adi€ — adiz Vi € g, V€ € g

where ad* denotes the co-adjoint action?. The Lie algebra (0 = g@g*, [-, o) is called the
Drinfel’d double of the Lie bialgebra (g, [-,], A) [28]. Equivalently, (9, g,g*) is known as
a Manin triple [29, 30|, and will appear often when treating integrable deformations. To
complete the picture, one can prove that in fact g is a Lie bialgebra if and only if the

Jacobi identity holds for all triples a € g*, x,y € g, i.e.

[Oé, [1’, y]]a + [l’, [y7 a]]D + [ya [Oé, :L‘Hb =0. (2'2)

Let us make an example to clarify the notation. Take generators T, and 7@ to span g and
g%, respectively (conventions for indices are reported in Appendix A). These will induce
different types of structure constants, namely [Ty, T},] = fap®Te and [T2,T°] = fab e,

For the mixed commutator [T}, T®], a straightforward calculation using (2.1) yields
[Ta7 le] = _faclec + flbcaT@ . (23)

Given (2.3), the Jacobi identity (2.2) will comprise two parts, one directed along g and
one along g*. The latter automatically vanishes: it corresponds to the Jacobi identity

for g. The other part, instead, results in the non-trivial constraint

fabcfd®c = fa@dfm}[b + fa@®fdcb + f@ﬂodfcea + fa:lbefdca . (2-4)

For a semi-simple Lie algebra g — the case we will always be interested in — because
of Whitehead’s lemma the bialgebra structure is necessarily specified by an R-matrix
[28], i.e. an endomorphism R of g obeying the modified Classical Yang-Baxter Equation
(mCYBE)

[R(x), R(y)] = R([R(x),y] + [z, R(y)]) + [z, y] = 0, (2.5)

for some ¢ € C and for all 2,y € g. Upon picking a basis {T,} for g, the explicit
action of R is determined by R(z®T,) = 2*R,PT;,. Thanks to g being semi-simple

and thus equipped with a non degenerate pairing kap, it is possible to raise (or lower)

2Recall that, given a Lie algebra g > x,y and a dual vector space g* 3 £, the co-adjoint action is
defined as the map ad’ = —ad’ satisfying (¢,ad.(y)) = —(adi(¢),y). The adjoint action on the algebra
is simply ad.(y) = [z, y].
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g is a Lie

bialgebra \

(0,9,9%) is a g* is a Lie
bialgebra

Manin triple

0=g®g*
is a Lie
algebra

FIGURE 2.1: The relation between a bialgebra and a Manin triple.

the indices of R, resulting in a skew-symmetric tensor’ R®P = x?*R.P = —RP?  One
consequence of the presence of R is that we can introduce a second Lie-bracket on g given
by [x,y]r = [R(z),y] + [z, R(y)]: anti-symmetry is manifest and the Jacobi identity is
automatically implied by the mCYBE. We will indicate with gr the vector space g
endowed with the Lie bracket [-, ] g.

Naively, the mCYBE for ¢ = —1 is identical in form to the vanishing of the Nijenhuis
tensor for an almost complex structure. Guided by this observation, one could try and
turn a Lie algebra g of even real dimension into a complex Lie algebra. As expected, R will
be required to obey R? = —1 but this alone is not sufficient: the additional requirement
R([z,y]) = [R(z),y] for all x,y € g is necessary [32]. On coset spaces the situation is
slightly more delicate. Consider a real Lie group G and a subgroup H = exp(h) C G,
giving rise to the (reductive) homogeneous space M = G/H. Indicate with m the linear
space such that g = h@&m. If R is an R-matrix on g with the aforementioned properties,
it would be tempting to first restrict it to m and then uplift it, through the action of a
vielbein, to a complex structure on M. However, as proved by Koszul [33-35], additional

requirements are needed.

Theorem 2.1.1 (Koszul theorem). Let G be a real connected Lie group with Lie algebra g
and H C G, a closed subgroup of G with Lie algebra ty. Suppose that g has a decomposition
such that g = b @ m, with [h,m] C m. The coset space G/H has a G-invariant complex

structure if and only if there is a linear operator R on g (the Koszul operator) such that
1. Rly=0 and R|n* = —1;

2. ad(z) o R = Road(z),Yz € b;

3. [R(z), R(y)] — R([R(x), y] + [z, R(y)]) — [z, y] = 0 (mod b) ,Vz,y € g.

3 An R-matrix is more formally defined [31] as an element of g®g that comprises of a skew-symmetric
and a symmetric part. For our purposes, we will restrict to purely anti-symmetric R-matrices and most
often view them as endomorphisms thanks to the canonical isomorphism provided by k.
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2.1.1 Example: Symmetric Space and Coisotropic Subalgebra

Let us conclude this section with an example aiming at encompassing some of the con-
cepts encountered thus far. Let g = Lie(G) be a semi-simple Lie algebra. As such, g
is endowed with a non-degenerate pairing k, the Killing form. Non-degeneracy implies

that x induces an isomorphism ¢ : g — g* explicitly given by
¢(z) =k(z,-)egh Vreg. (2.6)

Let R : g — g be an R-matrix obeying the mCYBE. Upon rescaling R, we can always
set ¢? to either +1, —1 or 0. Here, we shall fix ¢ = —1. If we choose {1} as a basis for

g, we can raise the indices of R through the action of the Killing form,
R* = g™ R.> = —R". (2.7)

Indicating with fa,* the structure constants on g induced by the canonical Lie bracket

[, ], the algebra gr with Lie bracket [-, -]z will have structure constants fan®,

falbc = _2R[adfb]dc- (28)

Take M = exp(m) to be the coset M = G/H and further require it to be a symmetric
space [36], so that g = m @ b and x(m, ) = 0, where h and m are, respectively, the +1
and —1 eigenspace of the Zs involution. We shall further impose that b is a coisotropic
subalgebra. Recall that a subalgebra h of a Lie bialgebra g is called coisotropic if its
annihilator h*, i.e. the space of functionals ¢ € g* such that (£,z) = 0 Vo € b, is
a Lie subalgebra in g* [37]. Defining m* = ¢(m) and h* = ¢(h) (so that g* = m* @
h*), orthogonality implies 0 = k(m,h) = (m*, h). There can be no £ € h* obeying
(€,h) = 0, or otherwise the restriction of s to h would be degenerate, hence h+ =

* is not a subalgebra of g*, as needed for b to be

m*. Without further constraints, m
coisotropic. Requiring [m*, m*]g- C m* is equivalent to imposing [m, m|glp= 0. We

obtain the coisotropy condition
([Rz,y] + [, Ry])ly=0  Va,y €m. (2.9)

If b is coisotropic and the coset G/H is a symmetric space, H* = exp(h*) is a subgroup
of G* = exp(g*) and the coset M* = G*/H* is a symmetric space, provided we endow

g* with the Lie bracket [+, -]y« induced by the Drinfel’d-Jimbo R-matrix? [38], obtained

“In general, the Drinfel’d-Jimbo procedure is not the unique possibility for constructing an R-matrix.
However, it is most useful when building Poisson bi-vectors out of Yang-Baxter matrices, as in our case.
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by taking the wedge product of (properly normalised) positive and negative roots®

1
R:§ZX>\/\X,,\ Eghg. (2.10)
AeAt

This is most easily seen using the dual bracket [-,-]g. More precisely, grading g into
+1-eigenspaces, it follows from the definition of the Cartan-Chevalley basis that, for
a fixed root A, the ladder operators X, and X_) belong to the same subspace, while
the Cartan subalgebra belongs to the +1 eigenspace. The Drinfel’d-Jimbo construction
then implies that the Yang-Baxter matrix has no mixed components, R(h)|m= 0 and
R(m)|p= 0. This fact, together with coisotropy and symmetric space decomposition,
yields

[m,m]p =0, [m,blp C m, h,hlr CH. (2.11)

Lifting these conditions to the dual algebra g* we get [h*,h*]g~ C b*, [H*, m*|g+ C m*
and [m*, m*]g« = 0, the defining relations for a (particular type of) symmetric space M*.
It can be checked for G/H = SU(2)/U(1): assuming m = Span(oi,02), where o; are
the Pauli matrices, the Drinfel’d-Jimbo R-matrix acts as R(01) = 02, R(02) = —01 and
R(03) = 0; the relations (2.11) follow.

2.2 Poisson Manifolds

Together with Drinfel’d doubles, Poisson manifolds represent the mathematical back-
bone of integrable deformations of bosonic String Theory. Whilst the reader is certainly
familiar with the concept of Poisson brackets, we shall nevertheless recapitulate some
less-known facts building in particular on the interplay between Poisson and group struc-

ture.

A Poisson manifold M is a Riemannian manifold endowed with a Poisson structure, i.e.
an R-linear map called Poisson bracket {-,-} : C°(M) x C*°(M) — C>*(M) satisfying
the properties of anti-symmetry, Jacobi identity and Leibniz rule [39]. We call Poisson
bi-vector the skew-symmetric two-tensor m € T'M ® TM that implements the Poisson

structure
{f.g} =(df ®dg,m), (2.12)

where f,g € C*°(M), d is the exterior derivative and (-,-) the natural pairing between

dual vector spaces. Notice that the Jacobi identity for the Poisson bracket is equivalent

®We adopt a Cartan-Chevalley basis {H»x, Xx, X_»}, where A\ € A, is a positive root, Hy span the
Cartan subalgebra and Xi, are ladder operators. We choose the normalisation with respect to the

Killing form x(Xx, X_) = <>\2>\)'
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to the vanishing of the Schouten bracket for 7, reading in local coordinates !
rlillg ikl = o . (2.13)

Every Poisson manifold admits a trivial Poisson structure, {f,g} = 0 Vf,g € C®(M)
or, equivalently, a mazimally degenerate w. On the opposite side of the spectrum, if
the bi-vector is everywhere non-degenerate, it can be inverted yielding a non-degenerate
symplectic two-form w,

w=n"1. (2.14)

The vanishing of the Schouten bracket for 7 translates to w being closed. In this situation,
M is called a symplectic manifold. Hence, all symplectic manifolds are Poisson but the
converse is, in general, false. Nevertheless, any (not necessarily symplectic) Poisson

manifold can be foliated with symplectic submanifolds called symplectic leaves.

Poisson-Lie groups are particular instances of Lie groups where the multiplication map
is required to preserve the Poisson bracket [31]°. In broad strokes, Poisson structures on
a Poisson-Lie group G come in two flavours — multiplicative and affine — depending on
whether they obey 7(gh) = A\gm(h) + pr(g) or w(gh) = Agm(h) + pp7(g) — Agrpm(e) for
every g, h € G [30]. Here and henceforth, \; and p, represent the differential of left and

right translations, respectively”.

Theorem 2.2.1. Every multiplicative Poisson structure w on a connected semi-simple

Lie group G is of the form
m(9) = pg(R) — Ag(R), g€G (2.15)

where R € /\2 g is a bivector at the identity e € G.

Factorising a left-action out, the multiplicative Poisson structure above becomes 7(g) =
Ag(Ad,1 R — R), where Ad,-1_indicates the differential of the adjoint action®. In a
basis {1y} for g = Lie(G), the term inside bracket is

Ady-1 R — R = (Ady)?c R*(Ady1)a" Ta ® T, — R**T, ® T, , (2.16)

SA map ¢ : M — N between Poisson manifolds respects the Poisson brackets (i.e. it is a Poisson
map) if {f, g} (¢(x)) = {f 0 9,9 0 p}ar() for every z € M and f,g € C¥(N).

"If £ € g, then Ayx = gz and p,x = xg. Notice that, with abuse of notation, when z = 1 ®z2 € g®g
we will still use the same symbols to denote e.g. Ag(z1 ® z2) = Agz1 ® Agza.

8We define Adg, g2 = g1g297 "
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where we have used Ad-invariance of the Killing form to replace Ad,—1 = Adg. It is

common to rewrite Ad,-1 R — R = R, — R introducing the notation?

Ry=Ad, 1 -R-Ad,. (2.17)

Given a Poisson-Lie group G with Poisson structure 7, a subgroup H C G is not neces-
sarily Poisson-Lie as it is not granted that, for f,g € C°°(H), the bracket {f, g} is closed
in C*°(H). Hence, a Lie subgroup H of a Poisson-Lie group G is called a Poisson-Lie
subgroup if it has its own Poisson-Lie structure and the inclusion ¢ : H — G is a Poisson
map [31]. A Poisson-Lie subgroup H can be characterised more explicitly using proper-
ties of its algebra h. Recall that a subalgebra h C g is called coisotropic if its annihilator
bt is a Lie subalgebra of g*. However, it can be proven that H is a Poisson-Lie subgroup
of G if the annihilator h* is an ideal in g*. Given that any ideal is also a subalgebra,
a Poisson-Lie subgroup H is necessarily a coisotropic subgroup. Quotient spaces G/H
with Poisson structures will be our main focus in Chapter 5; these are called Poisson
homogeneous spaces, provided the projection map p : G — G/H is Poisson [31]. Whilst
H being a Poisson-Lie subgroup of G' guarantees that G/H is Poisson homogeneous, it

is possible to relax this condition and require that H be only coisotropic.

Proposition 2.2.2. Given a Poisson-Lie group G and a subgroup H C G, a sufficient
condition for the coset space G/H to be a Poisson homogenous space is for H to be a
coisotropic subgroup of G. Moreover, there exists a unique Poisson structure, known as
Poisson-Bruhat, on the coset

B = (dp* @ dp*) 7 (2.18)

such that the projection map p : G — G/F is Poisson.

Coadjoint orbits serve useful examples of Poisson homogeneous spaces. Given a compact
semi-simple Poisson-Lie group G, its coadjoint orbits are: i) obtained as the quotient by
a Poisson-Lie subgroup; ii) homogeneous Kéhler manifolds [40, 41]. The first condition
tell us that the orbit O inherits from G a unique Poisson-Bruhat structure. The second
condition implies the presence of a second Poisson structure w™! obtained from inverting

1is not multiplicative

the Kéahler form. Contrary to the Poisson-Bruhat structure g, w™
but rather affine. We now have two different, and equally valid, Poisson structures on an
orbit. We might wonder whether the two can be combined into a “larger” object, given
by a linear combination 7, = mg — 7w™!, with 7 € R. In general, this object need not
be a Poisson structure itself, for 7g and w™' might not be compatible, i.e. the Schouten

bracket [mg,w™!] might not vanish. When this is the case we call 7, Poisson pencil.

9Here - denotes composition of operators. The actual matrix product is reversed in order, cf. (2.16).
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As we will eventually restrict to CPP", which is both a codajoint orbit and a Hermitian

symmetric space, it is important to recall that the following theorem holds [42].

1

Theorem 2.2.3. For any hermitian symmetric space, the Poisson structures w™" and

mg are compatible.

2.3 Generalised Geometry

Riemannian geometry is not completely satisfactory when it comes to the description
of (bosonic) String Theory. Certainly Riemannian metrics, symplectic forms, complex
structures and diffeomorphisms (just to name a few) remain key players; however, the
inclusion of the B-field with its associated gauge transformations, the dilaton and the RR
fluxes all point to some sort of extension of conventional Riemannian geometry able to
put these objects on the same footing. Also, a genuinely stringy feature such as T-duality
(to be discussed in the next chapter) relates manifolds through transformations that are
simply not ascribable to diffeomorphisms. Generalised Geometry has emerged as the
mathematical framework more suited to addressing these issues, resulting in a clearer
understanding of the theory as a whole [43-48|. Reviewing its main aspects we will lay
out the foundations for several concepts (Double Field Theory, the geometry of integrable
deformations etc.) that will constitute the core of the thesis. The main mathematical
corpus of Generalised Geometry was developed by Hitchin, Gualtieri and Cavalcanti in
an impressive series of papers [24, 25, 49-53| but, in exposing it, we shall also make use

of the useful physical review provided by Koerber [54].

2.3.1 The Generalised Tangent Bundle

Conceptually, Generalised Geometry moves from a shift of focus, from the tangent
bundle to the generalised tangent bundle. Given a Riemannian manifold M of di-
mension dim M = d with tangent bundle 7', the generalised tangent bundle E is the
2d-dimensional direct sum bundle E = T'®T*. An element X of the section I'(E), called
generalised vector, is the formal sum of a vector v and a one-form £, X = v + £. The
natural pairing between 71" and its dual T™ can be used to introduce an inner product on
L via

(04 €w+Q) = Sl + ruk) (2.19)

where ¢ indicates contraction'?. Using a matrix representation for the generalised vectors

X = (v,&) and Y = (w, (), the inner product is realised through a pairing 1 of signature

1We will sometimes use the alternative notations t,& = £(v) = (£,v).
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(d,d)

01
n= (1 0) , such that (X,)Y)=n(X,Y), (2.20)

where 0 and 1 are understood to be (d x d)-dimensional matrices.

The extension of the Lie bracket between vector fields to the generalised tangent bundle
is known as the Courant bracket. For two sections v+ & and w+ ¢ of T'@®T™* the Courant
bracket is

o € +C] = [1 ]+ LuC — L — (€ — 1) (221)

where L is the ordinary Lie derivative. Sometimes it is useful to consider instead the
H-twisted bracket [-,-]p, consisting in a modification of the Courant bracket so as to

include the contribution from a closed three-form H,
w+&w+lg=v+&w+ ]+ twwH . (2.22)

Partially related to this, we shall sometimes make use of the generalised Lie derivative
% which is described by

ZLxY = [v,w] + (LyC — 14,dE) . (2.23)

2.3.2 0O(d,d) Elements and Generalised Diffeomorphisms

Consider the pairing 7. Given its signature, it defines an element g of the Lie group

O(d,d) through ng'n = g=!. If g = exp(z), then z is constrained:

0 —A 00 B 0

L ] L ] L
TA zg B

for A € gl(d) and skew-symmetric 3, B. Notice that exponentiating x4 and xzp and

letting them act on a generalised vector results in

v eA'U x (% v
P <£> = (e—At§> , e%B . <§> = <€+LvB) . (2.25)

As et € GL(d), the first transformation implements diffeomorphisms on vectors and
one-forms. Conversely, the second operation (sometimes known as B-action) does not
affect vectors but shifts one-forms, just as gauge transformations do. In this sense,
Generalised Geometry is seen to treat diffeomorphisms and gauge transformations on a

similar footing. In fact, the B-action leaves the inner product (2.19) invariant and is
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an automorphism of the Courant bracket (2.21) provided B is a closed two-form. The
global symmetry of the theory is given by the semi-direct product of closed two-forms
and diffeomorphisms

0Q*(M)q x Diff(M), (2.26)

sometimes known as generalised diffeomorphisms.

2.3.3 Generalised Complex Geometry

Drawing inspiration from the complexification of Riemannian manifolds, Generalised
Geometry can be complefixied with the introduction of a (generalised) complex structure
[25]. As a first step, the generalised bundle itself needs complexification, obtaining
(T'eT*)c = (I'dT")®C. Then, a generalised almost complex structure is defined
as an endomorphism J of T @ T*, with J2? = —1, that defines a maximally isotropic
sub-bundle!! L of (T @ T*)¢ with L N L = 0'2. Hence

(Te&T)c=LaL. (2.27)

To obtain a full-fledged generalised complex structure, an integrability condition is nec-
essary. In Riemannian geometry, the latter is encoded in the vanishing of the Nijenhuis
tensor for the complex structure J, expressed in terms of Lie brackets of vector fields.
On a generalised tangent bundle, we can impose an identical condition upon replacing

the Lie bracket with the Courant bracket and vector fields with generalised vector fields,
TX,TY] - T(TX, Y]+ [X,TY]) = [X,V]. (2:28)

Alternatively, and equivalently, J is said to be integrable if it +i-eigenspace L is closed

with respect to the Courant bracket.

2.3.3.1 Form of Generalised Complex Structures

A generalised complex structure has to satisfy three type of constraints. Two are al-

gebraic, namely J2 = —1 and JnJ? = 7, and one differential, i.e. the integrability

()
J = : (2.29)
L K

A subspace L of E = T ®T* is called isotropic if, for any X, Y € T'(L), (X,Y) = 0. If the dimension
of L is maximal, i.e. dim(L) = dim(T’), L is called maximally isotropic or Lagrangian.
121, is the +i-eigenspace in (T @ T*)c and L the —i-eigenspace.

condition. Assume J has the form
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where no conditions are placed on the blocks. The algebraic constraints, together with
a few simple manipulations, lead to P! = —P, I = —K! and L' = —L. Additional
information is contained in the differential constraint. One can try and plug the generic
form for J into the integrability condition (2.28) and workout the requirements for the
blocks. Crucially, the one for P reads [P, P] = 0 where [-,-] is the Schouten bracket.
Hence P = 7 is a Poisson structure [55]. The conclusion is that the generic form of an
integrable generalised complex structure is

I = ] 9
J = with Lr=-1-1%, (2.30)
L -1

plus the left-over differential constraints. Notice that two possibilities stand out. Namely,

if J and w are respectively a complex structure and a symplectic form,

JE0 0 w!
Jj = , Ju = ) (2.31)
0o —-J w 0

Generalised Complex Geometry thus encompasses symplectic and complex geometry.

2.3.3.2 Pure Spinors

Generalised complex structures can be rephrased in terms of polyforms. Given a manifold
M, take a polyform!® ¢ € Q*(M); the natural action (indicated with -) of a generalised
vector X = v+ & on it is

X -d=1,0+ENP. (2.32)

Letting {X,Y} -e=(X Y +Y - X)- e we have
{V,X} - o=2(Y,X) ¢, (2.33)

so that the - action is in fact a Clifford action. The presence of a Clifford algebra sug-
gests that polyforms transform in the spin representation of Spin(d, d) and are identified
with (generalised) spinors. Actually, the precise statement [54] is that the positive and

negative chirality spin bundles ST are isomorphic to

even/odd
St N\ Tr@|det T (2.34)

That is, a spin representation of positive (negative) chirality corresponds to a polyform
of all even (odd) forms, up to a volume form e € I'(det T*M) entering as ¢ = €'/29),

where 1 represents the spinor. Preference of one form over the other is just a matter of

13 A polyform is the formal sum of differential forms of different degree.
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convenience. For instance, it is somewhat useful to introduce the Mukai pairing between

two polyforms

(f1,02) = (1 A U(¢2))|top ) (2.35)

where o is a reversing operator defined by

1 . 4 1 . .
o: Hwh...ipdx“ A...ANdz? — Hwil,,_ipdxzp AL A da't (2.36)

and “top” is used to select the top-form (i.e. the form with degree d = dim M).

To reconnect with generalised complex structures we shall start by considering pure
spinors, i.e. spinors for which the null space Ly = {X € T® T*|X - ¢ = 0} as a
sub-bundle is maximally isotropic. The type of ¢, i.e. the integer k corresponding to the
lowest degree of the forms it is made up of, is useful to constrain its form: as proved by
Gualtieri [25], the general form of a non-degenerate (complex) pure spinor is ¢ = Z A p,

where p is a complex two-form, = a decomposable k-form and k its type.

Now, a generalised almost complex structure J comes with a natural maximally isotropic
sub-bundle, the +i eigenspace L. A spinor ¢ can be constructed and associated to J
requiring that L = Lg. For all polyforms ¢ € Q°(M) and sections X, Y of the generalised
tangent bundle the identity

[(X,Y]-¢=[{X,d},Y]- ¢ —dn(X,Y)) A ¢ (2.37)

holds. If X,Y are restricted to be sections of the null space Lg, the last term vanishes.

On top of that, sections of Ly annihilate ¢ by definition and the identity boils down to
[X,Y] - ¢=X Y -do. (2.38)

Integrability of J requires L = Ly to be Courant involutive, thereby imposing via (2.38)
that d¢p = Z - ¢ for some Z € I'(E ® C). The converse is also true.

Theorem 2.3.1. A pure spinor ¥ defines a generalised complex structure if and only if,
for some X € I'(E ® C),
dyp =X -v. (2.39)

2.3.3.3 Generalised Kahler Geometry

One of the perks of having a Kéhler structure in Riemannian geometry is the ability to
deduce the metric g from the complex structure J and Kéhler form w via g = —Jw. As
seen, Generalised Complex Geometry already puts w and J on the same footing as they

can be associated to two generalised complex structure 7, and J;. In particular, we can
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observe that H = diag(g~', g) = JsJun, i-e. the generalised metric of a Kéhler manifold,
is completely determined by the two generalised complex structures. Clearly this is an
extremely special case, but one can nevertheless try and generalise this construction: the
result is known as Generalised Kéhler Geometry [52] in which the generalised metric can
be decomposed in terms of two commuting integrable generalised complex structures,

H = TJ1T27.

Even more surprisingly, Gualtieri was able to show that Generalised Kahler geometry is
in fact equivalent to bi-Hermitian geometry. The latter was theorised much earlier as the
target space of a two-dimensional non-linear o-model with N' = (2,2) supersymmetry
is required to be bi-Hermitian [56-58|: that is, the metric g should be Hermitian with
respect to two complex structures Ji each of which is covariantly constant with respect
to the torsionful connections 0 = V) J. = (04T + H)Jy with H = db. More precisely

the map between Generalised Kihler and bi-Hermitian geometry is'?

11 0 (JL £ Jt) —t(wit FwIh) 1 0
N2=5 (t—lb 1) (t_l(w+$w_) —(Jp £ J2) ) <—t—1b 1) - 240

with wye = Jig.

4We have added here a dependence on the (inverse) string tension ¢ for later convenience.



Chapter 3

Physical Preliminaries

The purpose of the mathematical technology introduced thus far was to lay the ground
for several concepts in Theoretical Physics. String Theory is an enormously vast and rich
subject, modelled in many facets that most often do overlap or interact with one another.
Amongst these many aspects, the present thesis will concentrate on the intersection of
two — duality and integrability — and will revolve mostly around Poisson-Lie T-duality
and integrable deformations. Even so, the amount of literature is somewhat extended
but we will try and sharpen our focus on a handful of concepts. As they are mostly built
on one another, we will try and follow this logic in the presentation. In doing so, it is
perhaps worth remarking that we are really only scratching the surface of these topics:

only vital tools are discussed, refraining from furnishing a more thorough overview.

3.1 Classical Integrability

Albeit integrability is a building block of our work, it is most certainly not limited
to String Theory by any means. It was first developed in Classical Mechanics and,
remarkably, a number of famous models turn out to be integrable, e.g. the Kepler

problem or the harmonic oscillator.

Perhaps with a misnomer, integrable models are sometimes called “solvable”. Even
though integrability and solvability do appear together very often, this is far from being
a general rule: integrability per se refers to a number of properties a system might have
that usually make it the opposite of a chaotic system. When this is the case, one has
many different tools to extract information, possibly leading to the exact solution. On
the other hand, solvability merely refers to one’s ability (and, perhaps, technology) to

retrieve some sort of solution, regardless of the intrinsic properties of the system.

19
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As we will see shortly, the formalism employed to prove the integrability of classical
problems does not quite translate to field theories: passing from a finite to an infinite
number of degrees of freedom is tricky, and will prompt us to rethink the way we assess
integrability. The introduction of quantum mechanics, leading to the concept of quantum
integrability, is yet another thing requiring different and advanced mathematics. As we
shall not make use of it anywhere in the thesis, we will simply restrict to its classical
counterpart. A standard book on the subject, to which the interested reader is referred

to for a thorough discussion, is [59].

3.1.1 Liouville Integrability in Classical Mechanics

Integrability in the realm of Classical Mechanics is mostly known as Liouville (or Li-
ouville-Arnold) theory [60, 61]. Classically, dynamics is encoded in the Hamiltonian
function H and coordinates on the phase-space are given by positions z° and momenta
p; with canonical Poisson brackets {x%, p;} = §%;. A system describing the motion of a
particle on a D-dimensional manifold M is said Liouville integrable if there are exactly

D independent conserved charges (J; in involution, that is, obeying

{Qi,Q;} =0, Vi,j=1,...,D. (3.1)

For a Liouville-integrable theory, it is always possible to solve the equations of motion
by quadrature, i.e. through a finite number of algebraic manipulations and integrations.

In practice, however, these steps are difficult to perform.

An equivalent way for assessing Liouville integrability of a classical system is through

Lax pairs. A Lax pair (L, M) consists of two matrices such that the evolution equation

i =1L, M] (3.2)

1

encodes the equations of motion of the entire dynamical system-. If we define a set of

charges as Q; = Tr(L7), these are conserved thanks to (3.2),
Qj = j Tr(L =L, M]) = 0. (3.3)

However, these need not be independent nor in involution. Independence can be either
checked explicitly (when possible, e.g. lower-dimensional systems) or just assumed true

based on group-theoretical arguments.

'We will indicate with a dot the time-derivative, L= %L.
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Involution is instead assessed exploiting R-matrices. Let us introduce some notation
which will be used throughout the thesis. Given a g-valued object L (g being a Lie
algebra), we denote with L; and Ly the tensor products L1 = L ® 1 and Ly = 1 ® L.
Similarly, an element R = u ® v € g ® g can be extended to g ® g ® g in a number of
ways, e.g. Rio=R® 1, Ri3 =u®1®wv etc. As it turns out [59], a sufficient condition
for the charges to be in involution is that the Poisson bracket for the Lax matrix L can
be written in the form

{L1, Lo} = [Ri2, L1] — [Ra1, Lo] , (3.4)

where r satisfies the classical Yang-Baxter equation which, in tensor notation, reads

[Ri2, R13] + [Ri2, Ra3] + [R32, R13] = 0.

3.1.2 Classical Integrability in Two-Dimensional Field Theories

Replicating the Liouvillian construction of classical mechanics in two-dimensional field
theories (and, in particular, non-linear o-models [62]) is a delicate matter. In fact,
the infinite amount of degrees of freedom of field theory would somehow suggest the
presence of an infinite amount of conserved charges (in involution) for an integrable
theory. However, this notion of infinity clashes with the limited tools currently at our

disposal.

To remedy that, we shall take the notion of Lax pair and upgrade it introducing a spectral
parameter z, that is, a C-valued scalar the Lax pair is required to (smoothly) depend
on. In doing so, we dodge the counting issue and condense the infinity in the continuous
parameter z. In fact, for the purposes of field theory, it is better to first consider the

Lax connection £, a g-valued one-form obeying the flatness condition?
O+ L —0_Ly+ L4, L]=0. (3.5)

To reconnect with the canonical Lax formalism, we can identify the temporal and spatial
components of the Lax connection with the Lax matrices, L, = L and £, = M. Equation
(3.5) then implies

0-L —0,M +[M,L] =0. (3.6)

Any system admitting a Lax connection whose flatness implies the equations of motion
is called weakly integrable, i.e. admits an infinite number of charges. As in Classical

Mechanics, these need not be in involution and further requirements have to be placed.

2Recall the conventions for worldsheet coordinates: ot = 7 + o, 0+ = %(EL +0s).
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3.1.3 Maillet Algebra

A sufficient condition for addressing the problem of the involutive conserved charges in
two-dimensional field theories was put forward by Maillet in a number of papers [63, 64].
His proposal is reminiscent of that encountered in the previous section: it states that a
sufficient condition for the infinite charges obtained from the Lax connection to be in

involution is that the equal time Poisson brackets are, in tensor notation, given by

{Li(0,2), La(0’,w)} = [Ri2(2,w), L1(0,2)]0(c — 0’) — [Ra1(w, 2), La(co”,w)]6(c — o’)
—(Ri2(z,w) + Ra1(w, 2))8' (6 — o’) .

(3.7)
Some comments are in order. Whenever derivatives of the Dirac delta appear, the theory
is said to be non-ultra local: this is the case we shall be interested in. Conversely, if the
theory is wltra-local (i.e. it only contains the Dirac delta), a sufficient condition was
already suggested by Sklyanin [65]. Notice that, in this sense, the g ® g-valued matrix
R need not be skew-symmetric, i.e. Ri2(z,w) # Rai(w, z). If so, the non-ultra local
term would drop out. Hence, we shall assume that R has a symmetric part s and a

skew-symmetric part r,
1 1
r12(z, w) = §(R12(z,w) — Ro1(w, 2)), s12(z,w) = §(R12(z,w) + Rao1(w, 2)). (3.8)
Therefore, we can rephrase the Maillet condition as the following

{L1(0,2), Lo(o’,w)} =[r12(z,w), L1 (0, 2) + La(co,w)]d(c — o’) (3.9)
+[s12(2,w), L1(0, 2) — La(o,w)]6(0 — 0') — 2s12(2,w)d (0 — o).

Observe that the Poisson bracket on the left-hand side should obey the Jacobi identity;

this requires R to satisfy the classical Yang-Baxter equation, making it an R-matrix.

3.1.4 Application to NLSM on Group Manifolds

As long as integrability is concerned, this thesis will revolve around (integrable) non-lin-
ear o-models with (deformations of) group manifolds or cosets as target spaces. In such
cases the general discussion from the preceding section can be made more specific as we
shall now explain®. If the target space is a Lie group G with semi-simple Lie algebra g,
we have at our disposal a canonical construction for the r and s matrices (provided the

model is weakly integrable, of course). More precisely, we can consider the split Casimir

3Even though integrable deformations do affect the geometry to a great extent, most of the general
results here carry on unaltered, as they only rely on having an underlying group/coset structure.
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element of g,
Ci2 = K*PT, @ Ty, , (3.10)

where k is the non-degenerate Killing form, and {7,} a basis of generators for g. It is

possible to show (see [66] for a review) that the quantity

1

w—z

R?Q(z,w) = Ci2 (3.11)

obeys the CYBE. This solution for R is called the standard non-twisted R-matrix on the
loop algebra of g. In particular, RY, is skew-symmetric as swapping w and z produces
a minus sign. Furthermore, given any function ¢ : C — C the matrix Rio(z,w) =
R, (2, w)p~t(w) satisfies the CYBE. This new R is called a twisted R-matrix and ¢ the

twist function. The r and s matrices are affected by ¢ according to

B O R O VRS € (0 B ©

Cia. (3.12
2 Z—w 2 Z—w 12 | )

’1“12(2, ’LU) =

The twist function encodes crucial details for the theory at the hand and its computation
should just represent our primary concern®. Ideally, we would start from a set of Poisson
brackets, compute the left-hand side of (3.9), infer r and s and finally extrapolate the
twist function. Actually, the matter is slightly more delicate. Suppose we decompose the

Lax matrix according to

L(z) = Y Aq(2)Q, (3.13)

QeO

where @ are the operators/fields in our theory and Ag coefficients possibly depending
on the spectral parameter. On the right-hand side of (3.9), we can separate ultra-local

terms (named collectively P3Y) from non-ultra-local terms (called PRSUY) so that
{Li(0,2), La(o’,w)} = PYF(z,w,0)5(0 — o) + PR (2, w)d' (0 — o). (3.14)

Given the form for s as in (3.12), it is evident that PREYL (2, w) = —WGU. As
for the ultra-local part we observe that [C12, @1 + Q2] = 0, for structure constants are
completely antisymmetric objects. Making use of this fact when plugging the expansion

(3.13) for L into (3.9) we arrive at

PBL(Z,U},O') — Z AQ(Z)QO_I(M) — AQ(U))QD_I(Z) [C12a QQ(U)] ) (315)

zZ—w
Q

This step does not determine r or s at all, but it is nevertheless useful as it singles out

the dependence on the twist function.

41t has been recently proven in [67] that it is possible to extract one-loop S-functions out of the twist
function (see also [68]).
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3.1.5 Example 1: Principal Chiral Model

It is now time to apply the technology developed so far to some actual examples. Given
its centrality for the remainder of this thesis, we shall start from the Principal Chiral
Model on a Lie group G. We will use this example as an excuse to introduce the model

and study its main features.

The principal chiral model (PCM) with “radius” k and tension ¢ is expressed by the

action
2

s / Lo (g7 0,g,970_g). (3.16)
>

Tt
where g : ¥ — G are maps from the worldsheet 3 to the target space G, a (semi-simple)
Lie group. As in Chapter 2, the pairing (-, -) denotes the Killing form on the Lie algebra
g = Lie(G). Famously, this action shows a global G, x Gr symmetry, corresponding
to multiplication of g by a constant group element either on the left or on the right.
Introducing the currents (left-invariant forms) j+ = g~ '01g, the equations of motion

and Bianchi identity are

aTj’T - 8U,ja = 07 (317)
aTjO’ - 8O'jT + [jT?jO’] =0. (318)

It is easy to check that the flatness of the Lax connection

Lilz) = 1‘7; (3.19)

implies both equations of motion and Bianchi identity, thereby making the model weakly

integrable.

Proving strong integrability requires knowing the Poisson brackets involving j, and j,.
If we place coordinates 2 on G, dual to a set of momenta p;, their (equal time) Poisson
brackets are canonical {z(c), p;(¢’)} = §;6(c —o”). Letting e = g~'dg be a frame field,
the momentum is p; = %Gaﬁ j2 making X = e®ip; Ty, = % Jr a convenient object to intro-

duce®. In the same spirit, it is sensible to introduce Y = %ja. Since {g1(0),92(c")} =0,

Yi(0), Ya(o')} = 0. (3.20)

°In the case of PCM, some of these definitions are redundant. For instance, the frame field coincides
with the current, e®; = j%; and X is just a multiple of j,. However, in view of more complicated cases,
we shall keep these objects separate.
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Recalling that vector fields dual to left-invariant one-forms v, = et o generate the Lie

algebra of G, [va, vp] = fap“ve, We also have
{X1(0), X2(0")} = —[C12, X2(0)]d(0 — o). (3.21)
The algebra is completed with
{X1(0),Ya(0")} = —[Ci12, Ya(0)]6(0 — ') — %612&,(5(0 —a). (3.22)

Now, the Lax matrix is

2T

L=Li— Lo =5 (EX+Y) = Ax(2)X + Ay ()Y, (3.23)

— 22

where, following the notation outlined above, we have identified Ax(z) = 12_”;2 and

Ay (2) = 72%,. Computing {L1(0, 2), L2(¢’, w)} making use of the brackets given above

1—22

and exploiting e.g. (3.15), we find the twist function for the PCM:

_ 1 22
2l — 22

o(2) (3.24)

3.1.6 Example 2: Principal Chiral Model on Symmetric Spaces

The construction of the PCM action can be modified so as to accommodate the case
of cosets. There are a number of additional intricacies entailed in this scenario (mostly
when including deformations), but for the Principal Chiral Model they do in fact remain
easily under control. We will concentrate on a specific type of cosets — symmetric spaces

— to which will return on multiple occasions in what follows.

Consider a semi-simple Lie group G and a subgroup H C G such that G/H is a symmetric
space. That is, there exists an automorphism of g = Lie(G) realizing a Zy-gradation of
the algebra,

g g9 @gl. (3.25)

The subalgebra h = Lie(H) = 9(© and the linear space m = g correspond to the +1
and —1 eigenspace, respectively. The Zg-gradation enforces the (schematic) commutation
relations [h,h] C b, [h,m] € m, and [m,m] C h. The projection of z € g onto g is

obtained via projectors P; and denoted with z(%).

If j+ = g '0+g with g € G, the action for the Principal Chiral Model on the G/H

symmetric space is

5= [ ). (3.26)
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The PCM on a group manifold had a global symmetry G, x Gr, corresponding to left and
right multiplication by a constant element of G. Now, considering the right-multiplication

by a non constant element h € H,
j+ = h7Yiih+h7t0Lh. (3.27)

The second term on the right-hand side is h-valued and drops out upon applying the
projector P;. Ad-invariance of the inner product (-,-) then ensures that Hp is a gauge

symmetry for the action (3.26). The left global symmetry G, is left untouched.

The equations of motion and Bianchi identity for the system are given by

0= a0 + [, 9], (3.28)
0=0," -0+ 9 O+ ;0 (3.29)

and can be encoded in the Lax connection
Lo=j0 44150 (3.30)

Having assessed weak integrability, we can try and ascertain strong integrability of the
model. This poses a challenge, for the Hpg local symmetry makes the theory constrained:
different solutions of the equations of motion are related to one another via gauge trans-
formations. This subtle point is overshadowed in the Lagrangian formalism (weak inte-
grability) but most certainly kicks in when the Hamiltonian formalism is involved (strong

integrability).

The theory of constrained Hamiltonian systems is a vast topic in the Mathematical
Physics literature and we will not aim at providing a complete treatment of the subject
which can be found in the standard references |69, 70]. Rather, we shall focus on aspects
pertinent to our case. A Lagrangian with a gauge invariance group becomes a constrained
Hamiltonian system. Gauge symmetry implies the existence of first class constraints,
i.e. quantities having weakly vanishing Poisson brackets with all other constraintsS.
The model might also require second class constraints, that is having some non-weakly
vanishing Poisson bracket. We will label the set of N constraints generically by ®g,
k=1,...,N. Accordingly, the Lax matrix as well as the Hamiltonian can, and as we

will see should, be extended by adding terms proportional to these constraints.

As in the group case, the algebra-valued momentum X takes the form

1.
xM = ﬁj@ : (3.31)

SA function F' of the phase space variables is said to vanish weakly if it does when the constraints
are applied. In Dirac’s notation, this situation is indicated with F' = 0.




Physical Preliminaries 27

As a consequence of the Hp-invariance, its subgroup-directed counterpart X (9 implies

the primary constraint” ®; : X(© = 0, which as expected is first class. Replicating

the construction of the previous section, we shall complete the picture with the spatial
1 (1)

component of the current, Y (V) = 5-Jo - The Legendre transformation of the Lagrangian

leads to the Hamiltonian
Ham = ;r/da (<X(1>,X<1>> + <Y<1>,Y<1>>) . (3.32)

As argued above, in a constrained Hamiltonian system, the correct object to consider is

instead the extended Hamiltonian
Hamp = Ham + /da (x, X0y (3.33)

where x is an algebra-valued Lagrange multiplier. Using the extended Hamiltonian one
can check that no secondary constraints arise from the stability under time evolution of

the constraint, {Hampg, X(O)} =0.

Replicating the reasoning above, one ought to consider a suitably extended Lax matrix
Lg(z) = L(2) + f(2)® obeying the usual Maillet algebra. The function f(z) can be fixed
by requiring the closure of the Maillet algebra. In the coset case, the untwisted R-matrix
RY also assumes a new form [66],

W (00) z a1
o€

Ria(z,w) = oz — 2 12 (3.34)

where now Cg) are the graded components of the Casimir operator. The explicit calcu-
lation reveals that, for the PCM on a symmetric space, the twist function and f(z) are
given by

1 z 9

3.2 T-duality

Dualities relate two seemingly unrelated (string) theories by ensuring that they describe
the same physics only, so to speak, from different viewpoints. They come in a number of
flavours [71-73|, but we shall restrict to the so-called target space duality or, for short,

T-duality.

"Primary constraints are relations between dynamical variables that do not require the equations of
motion to hold. However these need to be preserved over time. If this is not immediately the case,
one has to provide additional constraints, known as secondary, that depend on the application of the
equations of motion.
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Its first formalisation was to due to Buscher [9, 10|, and was then extensively studied
and extended in various directions. At the core it states that, provided some criteria are
met, two string backgrounds with different geometries, dilaton and fluxes are physically
equivalent, and the choice of one over the other is just a matter of convenience. Most
importantly, the explicit relation between the two is known, making us able to move with

relative ease between the two descriptions.

As a matter of fact, T-duality itself comes in a number of flavours depending on the geo-
metric features of the background we are trying to T-dualise. The easiest (and original)
incarnation is Abelian T-duality: in this case the target space should display Abelian
symmetries in the form of isometries and the relationships with its dual go down in the
literature as “Buscher rules”. Growing in complexity we encounter non-Abelian T-duality
[74-76] where isometries are now required to furnish a representation of a non-Abelian
group. Even more general, we find Poisson-Lie T-duality [14, 77, 78|, where one tries to
relax the notion of symmetry (and, in particular, isometry) in favour of what it is called

a Poisson-Lie condition.

We shall begin with an introduction to Abelian T-duality via the Buscher procedure,
i.e. the series of steps which ultimately lead to the Buscher rules. We will show how
this set-up might benefit from a doubled formulation (in a sense akin to that of Gener-
alised Geometry), following a recent review [79]. We will then explain how Poisson-Lie
T-duality generalises this construction whilst retaining both Abelian and non-Abelian

T-dualities as particular cases.

3.2.1 The Buscher Procedure

Take an n-dimensional manifold M. Consider the bosonic Polyakov o-model Lagrangian
having M as target space (hence neglect the overall tension, as well as factors of 7); in
particular, gauge-fix the worldsheet metric to the constant two-dimensional Minkowski
metric and neglect dilation contributions in the form of a Fradkin-Tseytlin term [80-82].
This reads

L= 02" (g + bu)0-x" = 012" E,,,0_x" , (3.36)

+ = 740. We require

with Greek indices running from 1 to n and light-cone coordinates o
M to have D < n Abelian isometries realised as D commuting vector fields k; = k£'d,,,
i=1,...,D. Even though the generalisation is straightforward, we shall take n = D+1,
i.e. a one-dimensional base. These vectors are Killing and, furthermore, shall preserve
fluxes, Ly, H = 0, for H = db. In practice, on M we can choose adapted coordinates
x# = (2, y) so that neither g nor b depend on z-coordinates, thus realising the symmetry

explicitly. The z'- and y-coordinates are called “isometries” and “spectators”, respectively.
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Adopting matrix notation and shorthand
Eiy=E, E,; =N, Ep,=M, E,=K, (3.37)
the Lagrangian expanded according to the coordinate-split reads®
L=0.2'"E0_x+0,2'M0_y+0,y'NO_x+ 0, y'KO_y. (3.38)

Notice that M and N serve as “connection terms” between the base manifold and the
torus (identified with the zi-coordinates) fibred above it. This observation can be made

more precise introducing two connections B and B that obey
Moy=EB+B, 0y'N=B'E—-B. (3.39)
Upon inserting (3.39) into (3.38), the Lagrangian with covariant derivative Va = 0z + B
L=V, 2'EV_x+8,2'B_ —d_a'By — BLEB_ +8,y'Kd_y (3.40)

is obtained. Now, the U (1)D global isometries, which correspond to the constant shifts
' — 2t 4+ ¢, can be gauged by making ¢ a local parameter. Whilst £ enjoys no such
local symmetry, gauge invariance is restored inserting 2 x D gauge fields A1 transforming
as

A — Al = Ay — 04C, (3.41)

and promoting 0+ — 0+ + A+. In the Buscher procedure we shall require the connection
A to be flat, i.e. of vanishing field strength F' = 0,1 A_ — 0_A+ = 0. The easiest way to

accomodate this constraint is through the use of a Lagrange multiplier Z;,

Laaged = (Vex + A)'E(V x4+ A )+ 01z + A)'B.— (0-z+ A )'By

(3.42)
~BYEB_ +0;y'KO_y+ 3" (04 A_ — 0_AL).

If we integrate over Z, the gauge field A becomes pure gauge and can be consistently
set to zero, thereby recovering the original model (3.40). Conversely, we could try and
integrate by parts the term containing the Lagrange multiplier. In this case, A comes

with no kinetic term and can thus be integrated out via its equations of motion

A =-V z-E'V_z, (3.43)
Ay =-Vix+E'V,%, (3.44)

8From now on, z without indices is understood to represent the isometries zt. Also, despite having
a single y-coordinate, we persist on using transposition for a better comparison with z'.
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where the covariant derivative has been changed to VI = 0% + B. What we obtain is

the “dual” Lagrangian
Lpua = V4@ EV_& — 0_#'B, +8,#'B_ — BLEB_ + 0,y'Kd_y, (3.45)
where we have identified the combinations

E=E("1 K=K-NE'M, M=E'M, N=-NE'  (346)

The form of (3.45) is identical to that of (3.40), upon using the so-called “Buscher rules”
(3.46): they relate metric and B-field of two seemingly different models that, however,

describe the same physics i.e. are T-dual.

3.2.2 A Generalised Geometry Perspective

The procedure outlined above provides us with a mechanical way to obtain the La-
grangians (3.38) and (3.45) in the two duality frames. However, T-duality is not really
manifest. Our starting point to remedy that is the gauged Lagrangian (3.42): albeit
not explicitly, Lgauged already hints at a “doubled” torus, for it contains both 2! and ;.
For a single scalar field f (with 0+ f # 0 everywhere), we impose on A the gauge-fixing

condition

O fA_ = 0_fA, . (3.47)

A possible parametrisation is to take Ay = Ad1 f, with A a D x 1 matrix of scalar fields.
The equations of motion (3.43) can be in fact used to solve for A: operating a symmetric

choice we find that

1
20_f

A= g HEV_2+V_7) - g N BV, 2 — V., 7). (3.48)

1
204 f
We shall now plug this choice for Ay back into the gauged action (applying integration by

parts on the term containing Z). Once the dust settles, a number of O(D, D)-covariant

quantities can be introduced,

i B g ! g tb 0 -1
X = y B = 5 ,H = ) W = ’
x B —bg~t g—bg'b +1 0

(3.49)
"= (0 1)  Pe= M),

10

as well as an O(D, D)-invariant metric

X 1 1 1
K=K - 5Ng—lM — ZMtg_lM — ZNg—lj\ﬂf , (3.50)
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so as to rewrite the gauged Lagrangian in a doubled fashion,

1 1
£Doubled = §V+Xt,HV7X — 58+XtW8,X
10-f t 1 a+f t
———V . X'HP.V. X - -—"=V_X'HP,.V_X
20,1 7 YN + (351)

1 1
+58+th153_ — ia_xtnm
+8+ytk(9_y .

One of the novelties with respect to the treatment of Generalised Geometry as provided
in Chapter 2 is the presence of w. The coordinates « and Z span the 2D-dimensional
torus T2P a Kihler manifold. As T%P =2 CP /A for some lattice A, we can assume that
locally its Kéhler form is precisely w. Hence, the contribution of the new term to the

action is simply the pull-back of the Kéhler to the worldsheet

Sw:_l/d208+th8_X:—1/X*(w):—1/ w. (3.52)
2 Jx 2 s 2 Jx(®)

By definition, w is a closed two-form and its integral will only depend on the homology
class of X(X). For a fixed homology class § of X(X), S, contributes with a pre-factor
to the path-integral. In particular, it is insensitive to the worldsheet metric and is thus
topological. Nevertheless, it is important not to discard this term, as it is vital in the

path integral approach [83, 84].

Now, a particularly simple gauge-fixing for the doubled Lagrangian is 94 f = d_ f. Using
HPy = 3(H +n) and trading the light-cone coordinates for the ordinary 7 and o, an

explicit calculation reveals that

Lpoubled = _Zalxt,Halx + Zalxtna(]x + ialxtnﬂgo — ialxt;l-ﬂggl
1
4

(3.53)

1 1 . 1
+-BinBy — ZBﬁHIEBl + Z(%yth(‘wy + zaoxtwalx.

This is the Hull-Tseytlin action [11, 85]. Its minimal formulation — the one we shall use
in Chapter 7 — is recovered for B = 0°. Interestingly, for vanishing connection the dual

metric on the base boils down to K,

1 1 1
LMinimal = —Zalxt}[alx + Zalxtnaox + Zaﬂythaf‘y . (3.54)

9We will also neglect the topological term for it only contributes an overall factor, as discussed.
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3.2.3 Abelian T-Duality in Generalised Geometry

Abelian T-duality and the Buscher rules are better understood in a generalised-geometric
formalism [43]. For simplicity, we shall restrict to the case of a U (1) isometry group, even
though a generalisation is straightforward. Recall that the Buscher rules hold provided
we have an Abelian isometry in our background, meaning that there is a vector v such
that

L,g=0, L,H =0, (3.55)

for a Riemannian metric ¢ and an H-flux H = db. In general, L,H = 0 does not
imply that L,b = 0. A simple counterexample is when v = 9y, H = df A dxz A dy and
b = 0dx N dy. Still, the invariance of H has implications for the invariance of b. Given
that H is exact, we have L,H = di,H, meaning that we can rewrite, at least locally,

1, H = da, for some two-form «. In a similar fashion, we have that
Lyb = dipb+ 1, H = d(t,b+ @) . (3.56)

The B-field is defined up to gauge transformations, though. Hence, we could define a
new field b’ = b+d¢’ such that now L,b" = d(1,b+ a+1,d¢’). In practice, we can tune &

so as to make the former expression vanish. Or, in terms of b, we can equivalently write
Lyb = d(1,d¢' + df) = d€, (3.57)

where we have introduced yet another scalar function f thanks to properties of the

exterior derivative. So, to sum up, Abelian T-duality is possible whenever
L,g=0, L,b=d¢. (3.58)

As we can notice, these conditions rely on a vector field v and on a one-form £. It is
natural to gather them together in a unified object — a generalised vector V = v + &.
As one can check, our conditions can be rephrased as the invariance of the generalised

metric under the generalised Lie derivative & H = 0.

Now, recall that the vector £ is not completely fixed, for we have the gauge redundancy
& = £+ df leaving the conditions for T-duality unaltered. We could gauge fix this
freedom by requiring that the generalised vector be of unit norm, n(V,V) = 1. This
goes as follows. First, we can always find adapted coordinates such that v = 0y for some
direction # (the isometry). Then, by construction, it follows that V = 9y + 1pd&’ + df.
Finally, by definition n(V,V) = 1pdf. If we choose df = df then the norm is one.
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Therefore, after gauge fixing, our generalised vector looks like
V =0y +df — 1pd€’. (3.59)

Notice that, in most cases, the last term is not really necessary for we already have a
B-field not depending at all on the isometric direction. The T-duality transformation

corresponding to the Buscher rules is then implemented via an O(D, D) matrix
T=1-2V® (V) (3.60)

acting on the generalised metric H as THT®. The form with indices is somewhat more
explicit, Tj? = 617 =214V, Tt is simple to check that 7?2 = 1, meaning that the application
of two T-dualities along the same direction brings us back to the background we started

from.

3.2.4 Poisson-Lie T-Duality

We can now try and upgrade the concept of T-duality to backgrounds other than those
admitting Abelian isometries. In fact, we would like to completely give up on the re-

quirement of isometries as a whole.

To this end, consider a D-dimensional target manifold M and take the two-dimensional

non-linear o-model with action

gL / A% 04" E,,0_2" (3.61)

7t

where FE is a shorthand for the generalised metric £ = G + B. Again, we have fixed
the worldsheet metric to the flat Minkowski metric and neglected the Fradkin-Tseytlin
term. Given a Lie group G acting freely on M, let vy = v#,0,, a =1,...,dim G be the
left-invariant vector fields corresponding to the right G-action. For a set of worldsheet

+

coordinates-dependent parameters € = €*(c™, 07 ), the variation of the action entailed

by the diffeomorphism ¥ — x* + €2vy* reads

1 1
58 = — /d2a €04t (Ly, E)p0—a” + — /dea A Ja, (3.62)
7t Tt
where we have introduced the convenient one-form

Jo = —0:2"Eyvatdo™ + vt By 0_2¥do . (3.63)
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In case of the G-action being an isometry, L, (E) = 0, the first term in 0.5 vanishes
and *J, is in fact a conserved current thanks to dJ, = 0'°. This is just plain Noether
theorem at work. However, we would like to give up on the presence of isometries in

favour of a milder condition.

In [77], Klimé¢ik and Severa put forward the idea of requiring the current J; not to be

conserved but to instead obey a Maurer-Cartan type of equation, namely
1
dJa+ 5 fPeadu AN Je=0. (3.64)

The f[b@a are just some constants that will be given proper justification in a moment.
Judging from 45, this condition imposes a constraint on the Lie derivative of the gener-
alised metric,

L’UaE}U/ = EupEaV (NI f'lbo:a . (365)

This equation is known as the Poisson-Lie condition. Actually, the identity Ly, .| =
[Ly., Ly, | for the Lie derivative enforces a relation between the structure constants f,pn°
of g = Lie(G) and the fP°,,

fabcfdec = fa@dfcelb + faa:@fd@b + f@lbdfcea + fclbefdca . (3-66)

We have already encountered this equation in (2.4): it expresses the necessary consistency
condition between the structure constants f of a Lie bialgebra g, and those f of the dual
bialgebra g*. At this point, it is clear that we would like our f ’s to precisely be structure

constants of a bialgebra g* generated by T?, so that J = J,T® € g*.

As explained in Chapter 2, the two bialgebrae g and g* = g are in one-to-one correspon-
dence with a Drinfel’d double d = g @ g. Duality is expressed in the ability to swap roles

for g and g, obtaining a dual model with currents J? and generalised metric E/w obeying

~ 1 ~ ~ ~
A" + 2 foc” JPNJ® =0,  LgEu = E,pEy, 0707 fie®. (3.67)

3.2.5 Poisson-Lie Models

For our purposes, we shall focus on the case where M is the group manifold G, meaning
that, as a group, G will act on itself. In particular, we shall choose g = Lie(G) =
span(7y) semi-simple, thereby having a coboundary Lie bialgebra structure specified by
an R-matrix R. Convention-wise, we will adopt coordinates z* on G, reserving xz* for

more general contexts (e.g. M being a G-fibration). Given g € G, define the left-invariant

10The symbol x denotes the Hodge dual.
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one-forms g~ 'dg = €®T}, and their dual vector fields v4''. Let 7% be the Poisson bi-vector
of the group G, with 72P = e®;7¥e;P = (R, — R)2P its flattened version. Also, let (Ep)y;
be a dim G x dim G matrix obtained from dressing an invertible, constant matrix (Ep)ap

with the frame fields e®. In the light of the above, it is straightforward to check that
Ly = 2P0 + fa2r®P + 729 P (3.68)
Now, consider a string model on G described by the generalised metric
Eij = —e;*(Byt +m)e® . (3.69)
Exploiting (3.68) we find
Ly, Bi; = By Erjo* ol 20 (3.70)

that is, the Poisson-Lie condition. Therefore, any model on G whose generalised metric
can be expressed in the form (3.69) for some choice of Ey is amenable to Poisson-Lie
T-duality. Accordingly, we will call Poisson-Lie model [14, 77, 78, 86, 87] with tension

t'12 4 bosonic non-linear o-model on G with action

1 _ _
S = —— o e (Eyt + ) pel. (3.71)
To find the dual model, we can just swap the roles of g and g; the bialgebra g exponen-

tiates to a Lie group G with Poisson bi-vector 7 which in turns defines a new action
q 1 2 _~ ~\—labx
S = i doeny (Ep + ) €b_ - (3.72)
s

Depending on the properties of G and C~¥, Abelian and non-Abelian T-duality can be
recovered. For the sake of simplicity, let us discuss the Principal Chiral Model on G.
Recall that its action is given by
12

S = — /dZO' (g7'0,g,97'0_g). (3.73)
(Non-)Abelian T-duality is based on having a (non-)Abelian group of isometries. In
virtue of (3.64), this requires the current J, to be closed, i.e. the dual structure constants
to vanish. Hence, the dual group should be Abelian, G = U(1)P with D = dim G. For
Abelian T-duality, we fix G = U(1)?; because of (3.67), the dual currents J® are closed
(that is, G = U(1)? generates the D isometries of the dual background). In this case,

"That is, they obey ty,e® = 6,°, where ¢ indicates contraction.
12WWe adopt a different tension ¢’ as this might not necessarily coincide with that of the ordinary
non-linear o-model, t.
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Ey = k?k for s the Killing form on g and, since 7 = 0, we recover the Buscher rule
k — k~!. For non-Abelian T-duality, we need G to be non-Abelian, but G = U(1)?
again. The Poisson structure m still vanishes, but 7 does not and coincides with the

Kirillov-Kostant-Souriau form [88§].

3.2.6 &-Models

In the same spirit of Section 3.2.2, the two dual Poisson-Lie models can be conveniently
uplifted to a single action on a Drinfel’d double D = exp(?), dim D = 2D, that comprises
of both G and G. The result is called an E-model.

The £-model [14, 21, 89] is a theory of currents ¢ = Ty _#(0) = g~ '0,g valued in
the loop algebra of 0 which originate from the embedding map g : ¥ — D of the string
worldsheet into the Drinfel’d double. The dynamics is generated by the Hamiltonian

Hamg — ﬁ fda«j,g/», (3.74)

in which the eponymous operator £ : 9 — 9 is an involution, £2 = 1, that is self-adjoint
with respect to the inner product on 9, (-, &) = (&-,-)). This involution can be specified
by D? parameters which are associated to those of the Poisson-Lie o-model. If we split

Ey into a symmetric and skew-symmetric part, Ey = go + by, the mapping is

-1 —1
_ g, gy bo 0 1
EaP = (Hn A", HAIB%:< 0_1 0 1 > ; UAJBZ( ) ;
—bogo " 90 —bogy b0/ , . L0/,
(3.75)

with Hap the associated generalised metric. The Poisson structure of the theory is

defined to be a current algebra

{F(0), F8(0")} = 2nFe" Fc(0)d(0 — o) + 2mnupd' (0 — o), (3.76)

in which FygC are the structure constants on 9 and {-,-} denotes the equal time Poisson

brackets. Accordingly, we find the equations of motion

0. 7 ={ 7 Hamg} = 0,6 7 +[£.7, 7). (3.77)

Taking into account that £ is an involution, we could also decompose the currents into

chiral and anti-chiral parts

Ji= %(1 +&).7, (3.78)
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and rewrite (3.77) as

O-Jr+0+ J-+ 7, F+]=0. (3.79)

Since £ 4+ = +_¢+, only half of the components of ¢, and _#_ are independent.
Therefore, although the £-model apparently depends on 2D degrees of freedom contained
in g, the first order equations of motion allow half of them (those associated to the
subalgebra g) to be eliminated on-shell to yield second order equations for the rest (those
associated to g). In this way, the dynamics of the theory specified by the o-model (3.71)
on the target space M = D/ G is recovered.

The Hamiltonian for a non-linear o-model can be expressed in terms of a generalised

metric Hyy as

J

Hamy = =S ?{da (27rp &,x)ﬂ’}—[u (277}?) with  Hyy = ( to™! g )
4m Oy —bg~! t7Y(g —bg1b) u

(3.80)
in which the canonical momentum is given by p; = (gi;0r27 — b3;0,2%)/2nt and where
(9ij, byj) is the geometric data entering the o-model. Here the indices I denote that the
fields act on the generalised tangent space of M and one has the usual canonical Poisson
brackets {z!(c),p;j(0’)} = (53:15(0 — 0’). Given the structure of Hamy, it is natural to
introduce some generalised currents ¢ = (&,wﬂ, 27Tp]'1) taking values in the generalised
tangent space of the target space M. By virtue of the canonical Poisson brackets for

(z,p), they can be shown to obey

{A1(0), F1(0')} = 2mnyyd’ (o — o), (3.81)

where 7 is again the O(D, D)-invariant metric. The same choice of letter for these cur-
rents is not accidental as they can be related to the £&-model currents _#, by introducing

generalised frame fields Fy! such that
Ia=E\' 71, Ea'mpEg’ =map, Ea"HuEs' = Has. (3.82)

The generalised frame field E%; is the Generalised Geometry analogous of the left in-
variant Maurer-Cartan form e?; on the target space group manifold M = G. For each
value of the algebra index A, Fa" defines a generalised vector comprising of a vector field
and a one-form (whose components in a coordinate basis are Ex" and Ejj, respectively).
Armed with such a generalised frame field, the elegant results of Alekseev and Strobl
[90] show that one can indeed, starting from the canonical Poisson-brackets for p; and

x; appearing in (3.80), derive the Poisson brackets for the currents _#j as

{ Zu(0), (0} = 2n%p, Es'EC)_gcd(o — o) 4 2mnapd’ (o — o). (3.83)
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Evidently, these are coherent with (3.76) provided Zg, Epl = FugPEpt. We will discuss
this constraint at length in Chapter 4.

3.3 Integrable Deformations

The name “integrable deformation” is used to refer to a two-dimensional integrable
o-model obtained as a smooth deformation of another integrable system. Whilst this
definition is quite broad, we shall restrict to deformations of the PCM, either on group
manifolds or coset spaces. Depending on the precise implementation, they acquire differ-

ent names and enjoy different physical as well as mathematical properties.

First off, the relevance of the PCM is to be attributed to it being a solvable toy-model that
nevertheless encompasses a number of non-trivial features of QCD, such as confinement,
dynamically generated mass gap and asymptotic freedom. In this sense, it is tempting
to try and retain as much simplicity as possible, while extending its capabilities to more

complicated scenarios.

A first attempt in this direction can be found in the work of Cherednik [91], where a
PCM on SU(2) =2 S3 is deformed away from the round three-sphere. In detail, the action

with radius k )

S = lit /d% (Tr(J+J_) + CJiJ?’) (3.84)

™

was considered. The currents J appearing here are the left-invariant one-forms J = g~'dg
with, in particular, J® = Tr(73.J) being T3 the third su(2) generator. C is a real,
constant, parameter. The original SU(2)r, x SU(2) g symmetry of the PCM is apparently
broken down to SU(2)r, x U(1)gr in the deformed case. Despite this loss, the model is
still classically integrable. A more sophisticated analysis [92| reveals that this naive
symmetry-breaking pattern is not quite right: the Lie algebra su(2)r becomes in fact a

quantum enveloping algebra U, (su(2)), with parameter ¢'® given by

q = exp (ﬁ) : (3.85)

The fact that the initial symmetry is modified to a quantum group is not an accident
of the squashed sphere, but rather a generic feature of integrable deformations (see e.g.
[93]).

Reconnecting with more general aspects of String Theory, integrable deformations might

provide new insights into the AdS/CFT correspondence. It just so happens that, possibly

13The parameter q describes, in general, the deviation from the canonical su(2) commutation relations
of the Hopf algebra U, (su(2)).
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in some limit, superstrings moving on a AdS,, x Mjo_, background (for some choice of
n € N and (10 — n)-dimensional manifold Mjy_,) are classically integrable; on the other
side of the duality, we find a (classically) integrable CFT. The most famous example is
the classical limit of type IIB superstring on AdSs x S® dual to the planar limit of N' = 4
super Yang-Mills theory [26]. Whereas the interpretation of a deformation on the gravity
side is clear (superstring moving on a deformed geometry perhaps with non-vanishing
fluxes), less so is its field-theoretical counterpart: the possibility of a deformed gauge

theory is still under current investigation [94].

In this thesis, we shall restrict to two types of integrable deformations, named Yang-Bax-
ter model and A-deformation. They furnish instances of Poisson-Lie T-dual pairs and
have been successfully applied as part of the study of the Green-Schwarz superstring on

deformed backgrounds [95-100].

3.3.1 (Bi-)Yang-Baxter Model

The Yang-Baxter model, or n-deformation, [16] on a group manifold G owes its name to

the parameter 7 governing the depth of the deformation as per the action

_ 1 2 1 1 —1
Sn—t/d(f(g 0+9: 7 R’ d-9g)
_ 1 2 1 1
= [ dol0rg9™ nRﬁ—gg ) (3.86)

If g € G, the operator R, is defined by R, = Adg_1 -R-Adg, being R an R-matrix obeying
the mCYBE. The prefactor ¢ indicates the string tension. Note that we indeed have a
smooth n — 0 limit, whence we recover the PCM. The Yang-Baxter model has been
proved weakly and strongly integrable in a number of works [93, 101], mostly stemming
from the original paper [17|. Technicalities about the actual proof are omitted, but a
much more involved set-up (double Yang-Baxter-like deformation of coset spaces) will
be studied in great detail in a later chapter. Let us just mention here that R obeying

the mCYBE is a fundamental ingredient of the proof.

From an algebraic point of view, the most striking consequence of the deformation is that
the original global G, x G symmetry of the PCM is broken down to Gg only. This is
immediately evident from the second expression of S, in (3.86), formulated in terms of
right-invariant forms'. In terms of geometry, recall that the PCM action can be recast in
the form of a Polyakov action with metric only. The identification of the dressed Killing

form s with the metric G of the Lie group, Gj; = eja/‘iabelbj7 where ¢~ 'dg = e®;dzi T,

141n fact, the story is much richer: the relation between conserved changes (coming from the integrable
structure) and quantum groups unveils more subtle patterns in the symmetry-breaking process. However,
this aspect will not be part of this thesis.
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provides the map. The modified action (3.86) entails a different geometric structure: the
metric G of the original PCM gets n-deformed to some new g and a (usually) non-trivial
B-field b is turned on, H = db # 0.

The Yang-Baxter model can be tweaked so as to include a second deformation parameter,
¢. This new type of deformation, called bi-Yang-Baxter model [17], is encoded in the

action
1

R R |
1—77Rg—§Rg 0_g). (3.87)

1
S = /dQJ (g0,
7t

Its weak and strong integrability were only proved quite recently, in [102] and [103],
respectively. The additional deformation makes it impossible to preserve any global

symmetry for generic values of 7 and (.

3.3.2 M-Deformation

The A-deformation is a second type of integrable model obtained from a modification
of the PCM. It was first introduced by Sfetsos [18] and later proven Poisson-Lie T-dual
(modulo an analytic continuation of generators) to the Yang-Baxter model [21]. The
construction of the action is somewhat involved and we shall briefly review it. Starting

from a PCM at level k on a Lie group G 3 g,

) 2 TR
Spem(g] = —w/d20<g 10,5,5710-3), (3.88)

we gauge the G, global symmetry, acting as § — h~'g, by promoting partial to covariant
derivatives 0+ — D1 = 04+ + A4 for a g-valued connection one-form A. We indicate the
resulting action as Sgpcm([g, A]. Additionally, the diagonal symmetry Gaiag : g — h=tgh

of the Wess-Zumino-Witten action!® at level k for a new element g € G,

k ~ - k - _ _
Swzwl9] :—%Adzﬂg 10,9.9 18—g>—247r/M (g7'dg, (g 'dg, g 'dg]), (3.89)
3

can be gauged to obtain a gauged WZW action
k _ _
Sawawlo, Al = Swowlal + & [ o (401097 ~ (Arg7'0g)

Hlsgdig ) - (AnAD). (o)

15The Wess-Zumino-Witten (WZW) model, which we have not formally introduced so far, is an
extension of the PCM that includes a three-dimensional Wess-Zumino term, see (3.89). It was first
considered in the context of non-Abelian bosonization by Witten [19]. It is a prime example of conformal
field theory with symmetry described by an affine Lie algebra and where standard CFT techniques (e.g.
the Sugawara construction) find powerful application. For an extensive treatment the reader is referred
to the classic book [104].
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The combination of the two actions, Si[g,7, A] = Sewzwlg, 4] + Sgpcm|g, 4], can be
gauge-fixed to g = 1; besides, the connection A behaves as a Lagrange multiplier and is
integrated out. As a consequence, we realise that S\[g] is a deformation of the WZW

model at level k given by

kA
S\ = Swzwlg] — - /d20<0g1918—97 dy997"), (3.91)

where Oy = (1 — /\Adg)*l. The effective parameter A, whence the name of the model,

amounts to a combination of the two original levels,

k

k+ k?

The A-deformation has been rigorously proven integrable, in both weak and strong sense,
in [18, 105-107]. Since then, a number of papers have addressed its properties. In
particular, much like in the bi-Yang-Baxter case and even more so, multi-parameter

integrable deformations are allowed [108].

3.3.3 Yang-Baxter Deformation as an £-Model

To reconcile the presentation of Poisson-Lie T-duality with that of integrable deforma-
tions, we will show how the Yang-Baxter deformation is an instance of £-model. This

fact will be used throughout the thesis a number of times.

The construction of the £-model starts from a comparison of the Poisson-Lie and Yang-Bax-

ter actions, which we recall are'®

1 _ _ 1 _ _

Spr, = - /dQO' e (Ey' + W)a%euf , Sy = — /dQO' et (kT + nRg)a%elk_’ . (3.93)
Owing to the fact that, on the semi-simple group G, m = nx~}(Ry — R)'" we immediately
identify Eal = tx~1(1 +nR). The latter needs to be inverted and split into symmetric
and antisymmetric parts so as to build the generalised metric in (3.75). Performing the

inversion, with Eg = gg + bg, we find

1 1
_ 41 _ 41
go = t mf@, and b[) =1 1—7’)’/2R2RH7 (394)
from which
tk1(1 — n’R? Rk
T ( ( . " ) ) (3.95)
—nkRK t7 'K AB

SNotice that, when using a notation with explicit indices, S, acquires a slightly different form: in
particular the Killing form x enters explicitly and an additional minus sign due to the transposition of
R, appears.

'"The presence of 7 in the definition of the Poisson structure is a useful convention we shall adopt.
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3.4 Double Field Theory

The final ingredient of this brief review is Double Field Theory (DFT)!8. It is well known
that the low-energy limit (i.e. o/ — 0) of Superstring Theory is Supegravity. In fact,
type II superstrings of different chirality (type IIA or IIB) will reduce to supergravities
with different field content. Nevertheless, at the SUGRA level they share a common

Bosonic action in string frame

S = / APz \/ge=2? [R +4(8¢)? — %HQ , (3.96)

where z# with g = 1,..., D are local coordinates, R is the Ricci scalar of the metric g,
H = db the flux and ¢ the dilaton. As written, however, this shows no sign of T-duality
whatsoever. The idea lying at the core of DFT is precisely to make the O(D, D) T-duality
group of String Theory manifest at the Supergravity level.

From a conceptual point of view, an O(D, D) formulation of String Theory compactified
on TP makes perfect sense: the fundamental representation of the group is 2D-dimensional
and we identify D components with momenta and other D components with windings
modes of the string on T”. However, Supergravity is, by definition, the point particle
limit of String Theory, and no such thing as winding exists for zero-dimensional ob-
jects. For example, coordinates would need to sit in some O(D, D) representation, but
we clearly only have D of those, 2#. Hence, we shall introduce some dual 7, so that
X! = (z,, ") does transform as an O(D, D) vector. We might then wonder what the new
D degrees of freedom are. These are just a mere artefact of our description, introduced
to ease the appearance of a manifest T-duality. Of course, such an extension results
in an unwanted redundancy. Therefore, a constraint to eliminate those extra fictitious
elements is most definitely needed. This is known as the section condition for DFT and

reads!?

lor(...) =0, (3.97)

where the dots indicate any field transforming in some O(D, D) representation. The
section condition is then equivalent to 5’“‘(‘% which can be solved by imposing 5“( ) =0,
i.e. removing dependence on the extraneous degrees of freedom. This choice is sometimes

called the supergravity frame.

18Here we shall only provide a streamlined introduction to DFT so as to keep digressions at a minimum.
Amongst the many good references, we single out [109] for a more comprehensive review of standard
material on the subject.

19 An equivalent formulation [110] is Yiu/n 0r0s(...) = 0 with tensor Yiu/n = nIJnMN. This is
to be preferred when generalising the present discussion to Exceptional Field Theory. The latter is not
part of the thesis and we shall not comment on it further.
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With this premise, we can start to repackage the objects in (3.96) in O(D, D) multi-
plets. The lesson of Generalised Geometry suggests to reunite metric and B-field in a

generalised metric H to be accompanied with an O(D, D) pairing n defined as

-1 -1
g g—b 0 1
His = . K nry = : (3.98)
—bg g—bg™"b 10

The dilaton requires some further manipulation, though, as ¢ alone is not T-duality
invariant. Actually, the combination \/§€_2¢ is indeed invariant and, accordingly, we

shall call generalised dilaton d the expression
1
d=¢— 1 log det g . (3.99)

In a similar fashion, diffeomorphisms and gauge transformations parametrised respec-
tively by a vector A* and a one-form 5‘# do combine in generalised diffeomorphisms.
They are described by the generalised Lie derivative .% with respect to ¢/ = (5\“, AF)

acting on a tensorial density V! of weight w as
LV =0,V +(0'¢; — 0,6V +wdse’ Ve (3.100)

With these ingredients it is possible [46] to formulate an action for DF'T which reads (up

to total derivatives)

1 1
S = / dX e (8HMN8M7-LKL8N’HKL - §HMN3NHKL8LHMK + QHMNaMaNd> :
(3.101)
where dX = dPzd”z. To reconnect with the Einstein-Hilbert action, it is possible to

introduce a generalised Ricci scalar R defined by

R = AHMN 9y 0nd — OpONHMN — AHMN 9y rdONd + 40y HMN Ond
1 1
+ gHMN(?MHKLaNHKL - §HMN8MHKL3KHNL , (3.102)

so that (3.101) becomes S = [dX e~24R. Upon imposing the section condition and
parametrising H, n and d according to (3.98) and (3.99) it is possible to recover (3.96).

3.4.1 Flux Formulation of DFT

In the same spirit of the tetrad approach to General Relativity, we could shift our focus
from the (generalised) metric to the frame fields to convey a transition between (doubled)
curved and flat indices. The result is known as the flux formulation of DFT [111-114].

Pivotal are generalised frame fields £ 47 which are required to turn the generalised metric
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Hry into a constant object Hap via Hry = ErAHapEP; and preserve the O(D, D)

pairing 177 = Er*napEP ;. A canonical choice is to adopt the parametrisation

o v ab 0
A =T ) =Y , (3.103)
a
0 € 0 Jab

where b is the B-field and g4 is the Riemannian metric in flat indices, g, = e#agabebl,.
Assuming Euclidean signature, g,; exhibits invariance under local Lorentz group O(D),
and the same holds true for its inverse ¢?. Hence, H 45 will display a local double Lorentz
invariance under the group O(D) x O(D), which coincides with the maximal compact
subgroup of O(D, D). Therefore, the generalised metric H is really an element of the
coset space O(D, D)/(O(D) x O(D)).

Now, the degrees of freedom can be encapsulated either in H or in E plus, in both cases,
the generalised dilaton d. When opting for the frame field formulation, it is somewhat
useful to introduce additional objects known as generalised fluzes, indicated with Fapc

and F4, defined in terms of the generalised dilaton and frame field as

Fapc = Ec1Zp, Es" = 3Qapcy (3.104)
Fa=—e2%p e =0Pps+2E470;d. (3.105)

The object 2 appearing here is called the Weitzenbock connection and reads
Qupc = EA'01Ep”Ejc = —Ques.- (3.106)

The generalised fluxes are by construction O(D, D) covariant and so will be any com-
bination thereof. They entail another neat “Einstein-Hilbert” formulation of (3.96) in a
doubled formalism

S = / dX e R, (3.107)

where, with P = 1(n+H) and P = 3(n — H), the generalised Ricci scalar R is given by

AP 1, _
R=-pP'Pp"F (PCF + 3P0F> FapcFper + 2P P FaFs. (3.108)



Chapter 4

(Generalised Cosets

Abstract

Recent work has shown that two-dimensional non-linear o-models on group manifolds
with Poisson-Lie symmetry can be understood within Generalised Geometry as exemplars
of generalised parallelisable spaces. Here we review and extend this idea to target spaces
constructed as double cosets M = é\]D/ H. Mirroring conventional coset geometries, we
show that on M one can construct a generalised frame field and a H-valued generalised

spin connection that together furnish an algebra under the generalised Lie derivative.

4.1 Introduction

The ability to construct generalised frame fields has different advantages depending on

the preferred point of view and final objective.

When interested in Supergravity, one often starts from a maximal 10- or 11-dimensional
theory and retains a “consistent truncation”. By that we mean a lower-dimensional
theory whose solutions to the equations of motion also solve the higher-dimensional
ones. A consistent truncation is not always feasible, though, let alone easy to find. A
possible constructive approach is the Scherk-Schwarz reduction [115]: in a nutshell, if
the compactification manifold M is a unimodular Lie group G' it is possible to truncate
the parent theory. The proof essentially relies on G being parallelisable, i.e. endowed
with a set of globally defined vector fields k; dual to the left-invariant Maurer-Cartan

one-forms and obeying Lj_kp = fan“ke. Now, this approach has a major shortcoming in

!This condition can be slightly relaxed to M being the quotient of G by a discrete subgroup I' acting
on the left [116]. Also, recall that a Lie group is unimodular if the structure constants of its Lie algebra
obey fap® = 0. This is the case for compact and/or semi-simple groups [117].

45



Generalised Cosets 46

that one is often interested in “coset reductions” — where M is indeed assumed to be a
coset space [117] — a scenario that escapes the Scherk-Schwarz construction. To remedy
that, it was first observed in [116] and later refined in [118] that it is possible to extend
the core principles of the Scherk-Schwarz reduction to Generalised Geometry requiring

the presence of a global generalised frame Fj that obeys
%, En = Fap*Ec (4.1)

for some constants F. Then, M (which is necessarily a coset [43]) is said to be generalised
parallelisable and gives rise to consistent truncations provided some conditions are met
[118]. The remaining challenge is to find at least one tuple (M, E) such that (4.1) holds

for a given constant generalised torsion Fap®.

When focussing on the geometric properties of a non-linear o-model, instead, generalised
frame fields have a somewhat different appeal. Let us take, for instance, the case of
Poisson-Lie models introduced in the previous chapter, our main sources of interest.
As they are deeply intertwined with Poisson-Lie T-duality, it is convenient to adopt a
doubled formalism — the £-model — to facilitate the analysis. If we had a canonical
construction for Fy at our disposal, we could immediately retrieve the associated metric
and B-field by dressing (3.75) with the generalised frame fields. Moreover, as a rule of
thumb, models having a group-theoretic origin are more conveniently described with the
aid of algebraic objects. In other words, it is much preferable to stick to tensors having
flat generalised indices for as long as possible, reverting to curved ones only when strictly
necessary. Once again, the mapping is provided by the frames, and will prove invaluable
in many calculations carried out in the thesis. As an analogy, consider the Riemannian
geometry of a semi-simple Lie group G: while the metric and Riemann tensor could
be arbitrarily complicated when using explicit coordinate expressions, their form in flat

indices is completely fixed by the structure constants and Killing form.

Although a few examples were known [116, 119, 120], the systematics for F5 were missing
until recently. In Generalised Geometry, a complete construction of generalised parallelis-
able spaces was worked out in a series of papers [121, 122] in which the right coset é\D
is identified with the internal manifold M, and D is a Lie group that admits a non-de-
generate, invariant pairing of split signature for which the subgroup GcCDis maximally
isotropic. The constant generalised torsion is given by the structure coeflicients of 9, the
Lie algebra of D. In the first section of this chapter we shall revisit this construction is

a more mathematically oriented way with respect to the presentation in [121].

However, this is rather a special case of the dressing coset construction [123] with M =
é\]D) /H for a trivial H. Hence, motivated by the interplay between Generalised Geometry

and Poisson-Lie T-duality, we will show that dressing cosets give rise to a class of new
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generalised geometries which are relevant for the construction of consistent truncations.
They are named generalised cosets in force of the analogy with conventional coset spaces.

We shall detail them in a second section.

4.2 The Descent From D

Let us begin with some general reasoning as to the form of the generalised frame fields

before moving to their actual construction.

Consider a 2D-dimensional Lie group D. At the level of the algebra, 0 = Lie(D) is
generated by a set of Tx’s, A = 1,..., D, that give rise to the commutation relation
[Ta, Tg] = Fyg®Te. Also, 0 is equipped with an ad-invariant, non-degenerate, bi-linear,

symmetric pairing of split signature ((-,-)) from which we define

(Ta, Ts)) = nas - (4.2)

Take a subgroup G C I, dim G = D, maximally isotropic with respect to ((-,-)). The Lie
algebra g = Lie(é) is generated by T2, a = 1,..., D, obeying [T®,T?] = F#P.T°. In
geometric terms, D can be thought of as the principal bundle G—D— CNT’\]D), making G
the fibre over the base manifold M = C~¥\]D) Other than a projection map p : D — é\D
that comes along with this construction, we shall eventually consider a section o, i.e. a
map from the base onto the total space, o : é\D — . Generalised parallelisable spaces
are those for which we can construct on M a set of O(D, D)-valued generalised frame
fields Fj for which the generalised torsion is constant and identified with the structure

constants of 0, i.e.
Zp, By = Fa©FEc and  (Ep, Ep) = (Ta, TB) = nas, (4.3)

where we recall that for two generalised vectors U = u + p and V' = v + v the pairing
is (U, V) = tuv + typ. As a generalised vector, E, will be split in a vector ky and a
one-form @u, Ey = kp + @a. Assuming the presence of a closed three-form flux H, the

requirements (4.3) imply that the vector part obeys
[k, k] = Fas®kc, (4.4)

and the one-form part should satisfy Ly, ¢p — tky(dpa — th, H) = FapCpc. While it
is tempting to impose the vanishing of the expression in brackets, this cannot be done
consistently. Indeed, we have not placed any demand of D-invariance on the H-flux,

whereas this would imply Ly, H = 0. The best we can do is assume that a set of
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two-forms 4 encode the failure of D-invariance, that is Ly, H = —did,. With this

choice, the one-form part of the frame algebra is satisfied provided
dpa = v, H + 4, Ly, 08 = Fas®ec + trUa - (4.5)

Having clarified the general approach, let us now dig deeper into its actual implementa-
tion. In simple terms, the construction of a generalised frame field on M can be achieved
through some appropriate reduction of objects defined on D. Indeed, being a group
manifold, the latter has canonical frame fields given by either the left- or right-invari-
ant Maurer-Cartan one-forms. Out of these (and their dual vector fields) we should try
and carve a generalised frame field F, which does not depend on G data. To this end,
choose local coordinates #; on G and ' on M and let m(z") be a representative of the
coset space M = é\ID) such that, for g(z;) € G, the element g € D is parametrised by

g(%3,2%) = §(Z1)m(z!). Introduce the natural right-invariant form on @, namely
A=dgg . (4.6)

The structure equation dA — %[A,A] = 0 implies that A is, in fact, a flat g-valued
connection on the bundle. As such, it splits the tangent bundle of D into a vertical and
a horizontal part, locally T[> = VoD ® HgD for any g € D. In particular, the horizontal
bundle is the kernel of the connection one-form. As a group manifold, D is equipped
with two natural sets of vector fields, EA and Ty, corresponding to the dual of the left-
and right-invariant Maurer-Cartan one-forms, respectively. That is, for a group element
geD,

0,8 g =T,  dgg =Ta. (4.7)

These vectors separately furnish two representations of the Lie algebra 0,

~

(kn, ks = FaCke,  [0a,08) = —Fas"0c,  [ka,08] =0. (4.8)

Even though EA’S do reproduce the algebra (4.4), they can not be identified with k4 ’s for
two reasons: first, they contain a non-trivial vertical part, i.e. they retain information
about G ; second, they are still defined on D, as opposed to M. Addressing these issues
is relatively straightforward: we restrict % to its horizontal part k% and then push it
forward to M via the projection map. That is, we identify ks = p.kas. The only thing to
be checked is that k’s obey the correct algebra. By definition, the horizontal component
is obtained via

Fa = ka — 17, An?®. (4.9)

2Here and henceforth, an overbar will always indicate horizontal quantities.
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From dgg~! = A+ Adzdmm™, it follows immediately that the vector field v® is dual
to the connection one-form, t5a Ay, = 01®, and that 5 Ay, = 0. The flatness of A implies

Lsa Ay, = A F®%, which in turn can be used to reach the desired result
[ka, ka] = Fap“kc . (4.10)

As the vector part is settled, let us move on to the one-form part. As a group manifold,

D naturally comes with a bi-invariant three-form

—~ 1 _ _ _
H = —-((deg Ldgg™ Adgg™)

1 1
= —6<<dmm_1, dmm™* Admm™1) + §d<<§_1d§, dmm™1Y) , (4.11)

which is closed thanks to the Jacobi identity. Since dmm ™' is horizontal with respect
to 0%, i.e. tgadmm ™' = 0, the first term on the second line, dubbed H, is horizontal.
Accordingly, we let an overbar denote it. The second term is exact, and the closure of
H implies the closure of H. On 0 we can introduce an endomorphism K : 9 — 0 which
is an involution, K? = 1, compatible with the pairing, {(Tx,KTs)) = — (KT, 1), and
such that its +1 eigenspace is identified with g. This places a para-Hermitian structure
on 0 [122]. Explicitly, K can be constructed as follows: suppose the ? generators are split
according to Ty = (T®,T,), where, as before, T® generate g and Ty indicate collectively

the rest®. A matrix representation for IC that obeys all the requirements is

Ka® = <5a[b _«Ta’T“)») . (4.12)
0 5%

For 9 a Drinfel’d double, the north-east block would vanish making the g algebra coincide
with the —1 K-eigenspace, obtaining the para-Hermitian structure associated to a Manin

triple, see e.g. [124]. Thanks to K, we can define a two-form
1
© =5 (dee™" Kdge™") = —(5~'dg, dmm ) + 2, (4.13)

where we have singled out a particular horizontal quantity @ = % (dmm ™", Kdmm™1).
Notice that, by construction, & is a right-invariant two-form, i.e. it obeys L%ACJ = 0.

Looking back at (4.11), it is possible to employ & and @ to write
~ _ L 1
H:H+dw—§dw. (4.14)

These two-forms are useful as they allow us to eventually retrieve the desired properties

of the one-form part of the frame field (which we have not discussed yet). To see how, we

3In the particular case of d being a Drinfel’d (which we don’t necessarily assume to be true here), T5,
would generate the dual group G.
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first use the definition g~ 'dg = g~ ! Ag +m~'dm together with (4.7), to arrive, through

a chain of equalities, to the identity
§<<TA, g dg)) = QLEA(LU —2@) + (Tp,m™ ~dm)) — §<<LEAm dm,m™"dm)). (4.15)

Now, one of the requirements for the one-form part , is that it reproduces the pairing
constraint in (4.3) which, when expressed in terms of k and ¢, reads nap = tk, PB+ kg PA-

If we contract (4.15) with EB we recover on the left-hand side the pairing nap up to a

constant. It is then sensible to define the horizontal one-form %, as*
_ _ 1 _ -
Dp = (Tn,mtdm)) — §<<LEAdmm Ldmm™1Y), (4.16)
_ 1 1 N o
[’EAQOIB = §<<TA, T]B>> — §LEAL/":‘]B(W — 2@) . (4.17)

Notice how the symmetrisation of (4.17) precisely returns the desired pairing (up to a
push-forward /pull-back). To corroborate our finding for the one-form we shall check that
the constraints in (4.5) are actually satisfied. Taking the exterior derivative of (4.15),
using the fact that Ly @ = 0, and finally comparing with (4.14) we obtain

dpy = 15, H + Lz, @, (4.18)

prompting for the identification 94 = Ly, @ As for the Lie derivative, a direct calculation
following from (4.18) and (4.17) leads to

LEAE]B = FA]BC@(C + LEIE LEAE . (419)

It is actually possible to simplify this expression a little further. Owing to the fact that,
for two vectors v, w, the general property [Ly, ty] = Ljv,w] Dolds, we can choose to recast

the last term so as to obtain
Ly, @5 = Fas“oC, (4.20)

where we have re-defined @), = @, — 1, T Similarly to what happened to the vectorial
part of the frame field, we shall project g, (and all the other differential forms involved
in the construction) down to M = G\ID. To this end, consider the section o : G\ID — D:

its pull-back is the required map, from which we can define

YA =0 Py, H=0"H, w=0"w7. (4.21)

4Since I m~tdm = % m~Ydm, we have changed the definition accordingly.
A A
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4.2.1 Application: Drinfel’d Double

As an application of this construction, let us consider the case where 0 is a Drinfel’d
double. This will provide us with the frame field for a number of models, including the

n-deformation on a group manifold G.

Let us assume D is a Drinfel’d double, thereby assuring that the coset space is in fact the
group G dual to C:‘, M = é\]D) >~ (7. As a consequence, the coset representative m is just
an element of G. By construction, the algebrae of the two groups are both maximally
isotropic. Indicating the generators according to g = span(Ty), g = span(7®), we then
have that (T, TP) = (Ta,Tp,) = 0 and (T, T®)) = 6,P.

Let us choose coordinates z' on G and Z; on é, so that the Drinfel’d double element
g(zh, ) is split as g(zt,#;) = §(d@)g(at), for g,§ € G,G. The d-valued left-invariant

form is accordingly divided as
g ldg = e*;da' Ty, + ép'di (Ad,-1) P4 Ty (4.22)

where e and ¢ are frame fields on G and C:‘, respectively. It is now easy to find the dual

vector

o~

ko =ea,  k*=e"(Ad; )p? + 1Py . (4.23)

Here we have adopted a shorthand for displaying purposes: the fundamental vector fields

9. b
oxt

Poisson structure is obtained from the product of adjoint actions 72 = (Ad,)2®(Ad,)P..

on G and G have been indicated with en = ey and e¥ = ¢;

%, respectively, while the

As a consequence, LEaA[b =0 and 1, Ap = (Adg_l)@a(Adg)‘Blb. Using the adjoint action
to derive ¥ from E, we can obtain the vertical part of E, namely 1, AP = éb(Adgl)u@a.
This is actually the first term in the second equation of (4.23): correctly, the vertical
part is directed along the fibre, i.e. along the directions identified by the Z; coordinates.

The final expression for ka is then easily gathered as
ka = ea, A T (4.24)

The one-form part is even easier: isotropy of g and g guarantees H = @ = 0 and the

definition of B, (4.16) boils down to
PP =e*, pa=0, (4.25)

where e is simply the vielbein for G, e® = e®;da?.
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4.3 Dressing Cosets

We shall now consider a dressing coset M = é\]D)/ H, where a second sotropic subgroup
H is to be modded out. We start with an inspection of the geometric properties of
generalised cosets with the aim of working out the appropriate frame algebra. In essence,
the latter is found by requiring that both the torsion and curvature associated to a natural
connection we will introduce are specified by the structure constants of 0. Once this is
achieved, we will move to the determination of an algorithm for the construction of frame

fields similar to the one we detailed for é\]D

4.3.1 Geometry of Generalised Cosets

Let us briefly review conventions. Generators of 0 are, as before, T with indices A =
1,...,2D. The Lie algebra h = Lie(H) is spanned by Ty, a = 1,...,dimb. As for the
remainder, it is more convenient to consider € such that © = b + ¢ in place of g. In
particular, ¢ is further split in two parts, € = p + ¢ such that the pairing ((-,-)) is non-
degenerate on q. At the level of the generators, we take p = Span(7%), a =1,...,dimb,
and q = Span(Ty4), A=1,...,2N for some integer N. Notice, 2D = 2N + 2dimbh. The

requirements on the pairing can be made more explicit in the form

(Ta,Tg) =nap,  (TaTp) =0,  (To,T°) =6},
(Ta,Tp) =0,  (T*Tp)=0.

(4.26)

We shall place further requests on the coset. Not only we want it to be reductive, in
the sense that [h, €] C €, but also we want p and q to form independent representations,

meaning that
b,plCp,  [halCq. (4.27)

We shall call a generalised coset having these properties generalised reductive.

Consider now a generalised frame field £ 4 on the generalised coset M, dim M = 2N. As
we are quotienting by H, there should also exist a non-vanishing h-valued spin connection
Q = Q%T,. Out of it, we define two additional objects, namely Q%p = (Q%, Fp) and
Qapc = QY4 F.pc. As before, we impose that E4 preserves the pairing

(Ea,E) =nap = (Ta,TB)) , (4.28)

ensuring that the frames are indeed O(N, N) elements. Concerning the connection, we

can try and mimic the structure of this latter requirement but we are necessarily forced
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to introduce a non-constant Q8
(Q,0F) = (T, T%) + 209, (4.29)

for, a priori, we can’t guarantee the pairing to be constant as we did for F 4.

In a given patch pick coordinates =%, i = 1,..., N, and decompose E 4 accordingly, i.e.
Ej = Eda’ + EA'0;. Tt is useful to give the frame a matrix form via Eol = (Ea, EA?),
where indices I, J,... will be interpreted as curved indices on the generalised bundle of
M. In a similar fashion, we incorporate the section condition in the “doubled” derivative
Jr = (0,0;). We can use the latter to introduce a covariant derivative V; acting on a

frame according to
V]EAJ = 6[EAJ — Q[ABEBJ =+ FJ[KEAK , (4.30)

where the spin connection is assumed to be OB = EICQCAB, and T/ x indicate
some generalised Christoffel symbols. These, unless the connection is torsionless, are not
symmetric in I, K. Nevertheless , if we require Vj to be compatible with the pairing

nrj, i.e. Vgnry =0, I'’s are constrained to obey
Irg+Tik=0. (4.31)

In fact, as customary, we would like to impose the vielbein postulate V;E 47 = 0 which,
after some algebra, equivalently reads I'gr; = Qryx — 0rEaxE? ;. Upon acting on the

latter with frame fields and anti-symmetrising the result we obtain
3T upc) = 3Uapc) — 3EA O E” Ecyy . (4.32)

Thanks to (4.31), the left-hand side boils down to T'apc + I'poa + I'cap and, in virtue
of the results in [47], coincides with the generalised torsion, Typc. As for the right-hand
side, the doubled derivative 0y enables us to recast the (untwisted) generalised Lie deriva-
tive in the form XEAEBI = EA’0;Eg! —E’0;EA + Eg’0'E4;. Acting on the latter
with E¢cr on both sides we obtain ZEAEBIECI = SE[AJ8|J|EBIE|I|C]. Now, our goal is
to obtain a constant torsion but the spin connection in (4.32) prevents us from doing so
unless the frame algebra is tuned so as to precisely cancel off against the non-constant

contribution. Therefore, we require

Lp,Ep = (Fapc + 3Qapc))EC = FapcEC . (4.33)
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As for the curvature of Vy, the generalised Riemann tensor [47] in curved indices is
1
Riykr = 20T o + 20 DY g + irJMIFLMK +(IJ) < (KL). (4.34)

Observe how, in the third term on the right-hand side, anti-symmetry in I and J in

ensured by (4.31). Its flat version, using (4.32) and (4.33), evaluates to

Rapep = 2004Qp1cp — 2QapeEic” — (Fape +2Qp8)Q"cp

1
— §QEABQECD + (AB) > (CD) . (4.35)

At this point it is not clear if, similarly to the torsion, this object is constant and
completely specified by the structure constants of 9. We begin by observing that using

the definition of generalised Lie derivative, as well as the algebra (4.33),
EarFacpZaeEp’ = 2004Qp10p — Feascp . (4.36)

Also, thanks to the generalised coset being reductive by construction, we can use the

Jacobi identity to prove
F5 FacpQ 405 = —2Q4ppQpic” - (4.37)
Finally, the pairing (4.29) ensures that

%QEABQECD = %QQ{QﬁIFBABFaCD = %«TavTB»FBABFaCD + QD) FyapFach -
(4.38)
Exploiting (4.36), (4.37) and (4.38) it is possible to make the generalised Riemann tensor
(4.35) constant by adding the request

Lo Ep = VP FypcEC + FOpcEC + F, Q8 pQ? (4.39)

to the frame algebra. Whilst the first and third term on the right-hand side serve the
purpose of cancelling against non-constant contributions (pretty much as we did for the
torsion), the second term seems unnecessary at a first glance. With this choice, in fact,

Rapcp evaluates to
Rapop = —Fap"Fyep — Fap,F cp — FapyFeps (T7,T°) . (4.40)
However, the generalised Riemann tensor should obey the Bianchi identities

3R(apcp) = 4VaTpep) + 3T " Tepie | VaRpepe =0, (4.41)
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where V4 = E4!V;. For the first, we notice that V4Tgcp = 0 since 94 Fpep = 0
by definition and the connection term vanishes by the Jacobi identity. The first two
terms in (4.40) (i.e. the ones induced by the funny contribution in (4.39)) then precisely
guarantee that, again via the Jacobi identity, the rest of Bianchi identity is satisfied.

Once this is settled, the second Bianchi identity follows.

Hence we conclude that, with our choice of frame algebra, both the generalised torsion
and curvature of a generalised coset are completely fixed by the structure coefficients
of the underlying Lie algebra 0 and are, in particular, constant. This result might seem
surprising, for one crucial difference between geometry and Generalised Geometry is that,
for a torsion-free connection, the generalised Riemann tensor can not be completely fixed
using the metric, B-field and dilaton. There remain undetermined components which
however do not affect the generalised Ricci tensor and scalar. The reason for this feature
is that the metric, B-field and dilaton only fix an O(D, D) frame up to a local double
Lorentz transformation valued in O(D) x O(D). The construction we present, however,
also singles out a particular double Lorentz frame and thus determines the connection

and curvature completely.

Finally, let us mention that it is possible to include the generalised dilaton in this descrip-
tion. In the context of DFT, the generalised dilaton d is related to the ordinary String
Theory dilaton ¢ via d = ¢ — 1/41og(det g), being g the metric. In particular, recall that

the quantity e=2¢

is used as an invariant integration measure, cf. (3.107). In General
Relativity, an analogous role is played by y/det g and it is such that, for some vector field
v and metric-compatible connection V, [ dPzy/det gV, ,v* = 0. Something similar holds
in the case at hand, provided one imposes some constraints on the generalised Christoffel
symbols. For a generalised vector V', we would like 0 = [dX e~24v VI, Exploiting
e 20V VI = V(e 2V T) — V(e 24) V! and neglecting the boundary term 9;(e=24V1),

we find that our request is met provided
20rd = —T1;;. (4.42)

This fixes the exterior derivative of the dilaton completely. Alternatively, one can encode
the dilaton in
Fua=FEBOER"Eay+2E4"01d = QP 4. (4.43)

Together with Fapc, they form the natural objects in the flux formulation of Double
Field Theory.
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4.3.2 Frame Field Construction

We can now proceed to a detailed account of the way such generalised frame fields are
constructed on a dressing coset. First, we shall check that we can further reduce the
frame field E, inherited from é\ID) so as to reproduce (4.33). After that, we shall ensure

that the second constraint (4.39) is met, too.

With a new subgroup to mod-out, we can interpret é\ID) as the principal bundle H —
G\D — G\D/H. As we are considering the right H-coset, we can introduce an b-valued
left-invariant one-form &/ = h~'dh, for h € H, acting as a connection on this space.
More precisely, this would require us to be able to choose (locally perhaps) the group
element as g = gnh, with g € é, h € H and n parametrising M . Addressing the vector
part of the generalised frame field is fairly easy and requires us to subtract the vertical
part once again. In practice, the vector field k, inherited from é\]D) can be restricted to
the dressing coset via

ka =ky — LkA,Qfﬁkg . (4.44)

By construction ¢, /P = 6,°, so that ky is horizontal, which is to say LEA,Q%B = 0. This
also implies that one component of the horizontal fields vanishes, namely k, = 0. Being
a left-invariant form, 27 obeys the Maurer-Cartan identity dof = —o/ A o7 which in turn
implies immediately Ly, </ p = —Fmﬁ /7. The Lie bracket of the horizontal vector fields

evaluates, after some simple algebra, to
[EA,EB] = FABCEC — 2Lk[AJZ/6F5|B]CEC . (4.45)

If we appropriately restrict the indices, recalling that k. vanishes and that H has an

action on the generalised coset, we get
[EA, EB] = FABCEC + FABWE'Y — 2Lk[A$275F5‘B]CEC . (4.46)

Therefore, we see that (4.46) closely resembles the algebra (4.33) we are looking for,

upon making the identifications
EA|vect: EA 5 QO(B’ = _Ldea 3 QOé‘vect: Ea 3 Qaﬂ = _Lkﬁda 3 (447)

where |yect stands for restriction to the purely vectorial part.

We now need to take care of the one-form component of the frame. As before, we take
as starting point the one-forms 4 on é\]D) Unfortunately, their horizontal projection

is not sufficient to furnish the algebra we are looking for. Some extra modifications are
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in order. To begin with, let us introduce what we shall call a B-field, i.e. the two-form
B = A L AP N ot 4.48
- 05+ 5““6907 . (4.48)

Let us inspect its properties. First of all, a contraction with k., returns
Uy B = Qo — dﬁLk(agoﬂ) = @q - (4.49)

The last equality follows from observing that we had (4.17), with the symmetric part
corresponding to the actual inner product. However, by coset construction, (T, 73)) = 0,
hence our result. The Maurer-Cartan relation de/? = —%M YA 5F756 can be used,

together with the isotropy condition, to check that the two-form is also invariant
Ly, #=0. (4.50)

The purpose of the two-form & is to tweak the naive one-form 4 into the one appropriate

for the coset construction, which we shall call ¢4, explicitly given by
¢A = QYA — LkA%. (4.51)

Because of (4.49), it follows that ¢, = 0. Moreover, one can use (4.17) and (4.49) to
check that ¢ ¢a = (Ta,Ts)). This relation shows its importance when constructing the
horizontal part of ¢; by the usual procedure, we define it to be ¢, = ¢p — Lky éu?P but,

in fact, one immediately checks that

aazoa 604:(15&_52{&7 aA:qu- (452)
Therefore, both k, and ¢, vanish. We shall now prove that ¢ completely specifies the
one-form part of £4 and Q% via

T

EA’one—form: aA s QOC‘one—form: gb . (453)

Remarkably, with this choice we immediately obtain the correct pairings (4.28) and
(4.29). Consider now the frame algebra. The check here is more involved as, by definition
of the generalised Lie derivative, differential forms enter in a number of places. In

particular, we shall prove that LEAaB

— LEB@A — LEAEB% obey the same algebra as
(4.46), for some choice of three-form J#. Start from the bit involving the ordinary Lie
derivative: exploiting (4.49), (4.50), Lk, B = FusCpc and tkg@c = 0, after a lengthy

yet straightforward calculation we arrive at

Ly &5 =Fa“bc + Fapy® + Fapy @ + Q' aF,5%6c — thy Li, B (4.54)
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As for the three-form, we surely inherit H from the é\D construction: assuming there
we had re-absorbed 77 inside the definition of ¥ (which is always possible, as explained),
we have, thanks to (4.18), iz H = dpa + QP 4dps. However, H can be augmented with
the exact three-form dZ: properties of £ then imply that LEAd% =Ly, % — du,, B —
QﬁAdch. Defining 5 = H + d%, we find

o A = doa+ Li, B (4.55)

Summing up the various contributions, and cleaning up the result with a symmetrised

version of (4.54), we recover
Ly 05— 5,404 — 5 5, = Fap“dc+ Fapy¢' + Fap, " + 2074 Fy 3/ “dc . (4.56)

This is almost the desired algebra, were not for the «/-dependent term. Actually, we are
missing an ingredient: all of the objects here are still defined on é\]]]), but we would like to
project them down to the dressing coset. This is attained with a pull-back /push-forward
of forms /vectors via the section o : M — G\D or the projection p : G\D — M. Since &/
is a flat connection, a section such that o*</ = 0 has to exists, at least patchwise. With

this choice, the generalised frame field and €2
Ejp=pks+0"b,, and 0% = p k" + %" (4.57)

obey the frame algebra (4.33). To complete the picture, let us check the validity of
(4.39). First, the following identity holds,

QLE[AdQFyB] = —F(;EPYQ&AKFB =+ FAB(;QWS — FAB’Y =+ FABEQ’YE =+ QF[A|5EQ(53]Q’YE , (458)
as can be proven with a simple calculation. Noticing that
Lo Ep = (Qa pFPpe — 2%[Bdm@) EC (4.59)

we arrive, after some careful rearrangement of terms, at precisely (4.39).

4.3.3 Application: Drinfel’d Double and Coisotropic Subgroups

Paving the way to some calculations which will be carried out in the next chapter, let
us study in detail the case where D is a Drinfel’d double, locally the product of two
Poisson-Lie groups G and G, and H is a coisotropic subgroup of G. Recall that, when

H C G is coisotropic, the Poisson structure m on G descends to the Poisson-Bruhat
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structure g on G/H: morally, we expect a result for the frame field akin to that of

Section 4.2.1, upon replacing m with mg and restricting the vielbein to the coset space.

As g = Lie(G) and g = Lie(G) = g* are dual algebrae, the generators T, of h C g
will have corresponding generators T in g such that (T, T7%) = 55. In this sense, we

identify p = b* and q = m + m*, where expm = G/H.

Even though we build on the previous example, we shall slightly change the notation so as
to accommodate the additional level of detail entailed by the dressing coset construction.
Taken an element g € G, we indicate the left-invariant form with ¢g~'dg = €?;(g)d2'T,.
Suppose we split coordinates on G according to z* = (¢, 2*), where z refer to G/H and
z# to H alone. Accordingly, we pick a group element g such that g(z') = m(z")h(xH).
With this choice, and exploiting the defining property of a reductive coset,

g1 dg = e(9)?Ta = (Adj—1 )%t (m)da' T, + (Ady-1)5% 1 (m)da' T, + o7/, da" T, .
(4.60)
To ease the notation in the following steps, we will equivalently denote the connection
one-form as /%, = e*,(h), so that its inverse reads e*,(h). The vector dual to the

Maurer-Cartan one-form on G is easily found to be

ko' = (Adp)alely(m), kot = ety (h), ko' =0,

1 g . ) (4.61)
k' = e o () (Ady )57 (m) ey (m)(Ady)a”

From the previous example, we know that k, = ex(g), k* = 7@Pep(g); therefore, we have

ko = (Adp)olep(m),  ka=0, k' =a%Ady)lec(m), k" =n%ey(m).
(4.62)

It is also possible to compute the explicit form for Q¢p which, in components, reads
Q% = (Ad; Y% (m)elc(m) (Ady),°, Q% = gbeqe, — b, (4.63)

Also, we have
QP = 7P — 7B Q% et = mPey(m) . (4.64)

Let us move to the one-form part. From the construction of frame fields on é\]D) we
recover p® = e® and ¢, = 0. Dividing up the non-vanishing contribution into the

different components we get

©® = (Adj,-1)5%";(m)da’ + e, (h)da" % = (Ady-1)p%e’ (m)da’ . (4.65)
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Since 5 = 0, we necessarily have no %, thereby making ¢ coincide with ¢. Hence

a=0,  $,=0, 3" =(Ady )5l im)da’, ' = (Ady) el (m)dat.

(4.66)
To obtain the final result we need to push-forward/pull-back the vectors/forms via the
section/projection previously introduced. In particular, we wish to consider a section o
such that 0*o = 0. For the sake of simplicity, we will choose it so that it is equivalent
to gauge-fixing the group element h = e, being e the identity element of H. In doing so,
recall that the Poisson structure 7® depended on the choice of g = mh; therefore, upon
adopting such section, every instance of 72P(mh) will be in fact reduced to 7®”(m). In
particular, if R is an R-matrix, we will have 72 (m) = (R,, — R)®". Once restricted to

coset indices, this is the Poisson-Bruhat structure W%b. Hence:

E® = e%(m) + 71%(m)ey(m) E, =eq.(m), Q% = 1% (m)ey(m) + e*(m),
0% = e%i(m)e'y(m), Q% = 7% (m)Q%, — 7 (m), Q% = 72¢(m)QP, — 7% (m) .
(4.67)

4.4 Conclusions

Let us briefly recap the key results of this chapter. On CNJ\]D) we have reviewed the
construction of a set of generalised frame fields Ey that realise the algebra 0 of DD via the
generalised Lie derivative. With respect to [121] we have improved the presentation with
the adoption of a more direct, mathematical oriented and index-free approach. To show
how this works in practice, the case of D being a Drinfel’d double was analysed in detail.
We have then performed a reduction to the dressing coset é\D/ H in which a second
isotropic subgroup H was quotiented out, provided suitable generalised reductiveness
conditions apply. In this setting we have constructed a generalised frame field obeying
the vielbein postulate VE = 0 for some covariant derivative V. The generalised torsion
and curvature associated to V, in flat indices, were completely determined by a selection
of the structure constants of 0. To complement the discussion and to furnish a cornerstone
of the chapter that will follow, we have finally worked out the generalised frame field for
a dressing coset where D is a Drinfel’d double, locally D = (~}'G, and H C G.



Chapter 5

Integrable Deformation of CP" and

Generalised Kahler Geometry

Abstract

We build on the results of Chapter 4 for generalised frame fields on generalised cosets
and study integrable deformations for CPP". We elucidate how the deformed target space
can be seen as an instance of generalised Kéhler, or equivalently bi-Hermitian, geometry.
In this respect, we find the generic form of the pure spinors for CP" and the explicit
expression for the generalised Kéhler potential for n = 1,2. In addition, we show how
a two-parameter deformation can be introduced in principle. The second parameter can
however be removed via a diffeomorphism, which we construct explicitly, in accordance
with the results stemming from a thorough integrability analysis we carry out. We
complete the discussion providing explicit expressions for the n-deformed metric and
B-field of S™ and AdS,,.

5.1 Introduction

The generalised frame fields of Chapter 4 provide a privileged view point for the explo-
ration of the geometry underpinning the target manifold M of a non-linear o-model. For
integrable deformations the sole Riemannian geometry is unable to capture the entirety of
the features, as a non-vanishing B-field is most commonly part of the picture. To include
it, one has then to resort to Generalised Geometry and the frame fields, among other
things, precisely bridge the gap between the two-dimensional o-model and its description

in Generalised Geometry.

61



Integrable Deformation of CP" 62

For holographic applications coset spaces are especially relevant as they include, among
others, spheres and complex projective spaces that appear in a number of backgrounds,
most notably in the original AdS/CFT formulation of type IIB on AdSs x S° [26],
the M-theoretic AdSy x S7 or the type ITA AdS; x CP3. Generalising the AdS/CFT
correspondence to spaces obtained as integrable deformations of the aforementioned cases
necessarily requires a good understanding of their geometries. With this goal in mind,
the aim of this chapter is to enlighten a few properties of deformed projective spaces
and, tangentially, of spheres. Remarkably, as AdS, can be thought of as the analytic
continuation of the sphere S”, we will be able to extend the analysis to anti-de Sitter
spaces, thereby furnishing a more thorough description of the NS-NS sector of these
backgrounds.

At this point it is fair to remind that knowing the generalised metric alone, possibly
through the construction of frame fields, is far from being exhaustive: the NS-NS sector
of String Theory most certainly needs the dilaton to be completed, and the RR sector
has been entirely omitted thus far. Whilst algebraic approaches, based on supergroups,
are a viable option for their extraction (explored, for instance, in [125]), a path much less
travelled is that based on Generalised Geometry. Here, the program would be to recover
the dilaton and fluxes which solve the Supergravity equations from the knowledge of a

few objects that appear in Generalised Geometry such as, for instance, the pure spinors.

The major criticality of the latter approach is that, for (deformations of) String Theory
backgrounds of the form AdS,, x Xj9_,, for some (10 —n)-dimensional manifold X, whilst
the overall metric and B-field are expected to factorise into those of the two manifolds, the
dilaton will usually mix up, in a completely non-trivial way, AdS and X contributions.

>~ §10-n in 98], but we obviously do not anticipate

This has been proven for Xqi9_,
any improvement in more convoluted cases. Hence, the completion of the NS-NS sector
necessarily requires an approach where the interplay between the internal and external
manifolds is manifest. A similar story holds true for the RR sector as well. Even though
it might be possible to (geometrically) address these issues in the context of Generalised
Supergeometry [126], we shall not comment on them any further and restrict ourselves

to the generalised metric.

More specifically, we will be focusing on Yang-Baxter deformations of complex projective
spaces, where the entire machinery of generalised cosets established in Chapter 4 applies.
After proving that they constitute an example of Generalised Kédhler Geometry, we shall
resolve a little puzzle that dates back to [20]: whilst in principle these spaces allow for
a double deformation — akin to a bi-Yang-Baxter model in the case of group manifolds
—, the second deformation parameter can be smuggled away through an appropriate

diffeomorphism involving the string tension, which we provide.
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5.1.1 Riemannian Geometry of CP"

To orient the reader, we will close this introductory part with a review of well-known
facts concerning the Riemannian geometry of (undeformed) CP" spaces. These will
serve as building blocks for a number of geometric results obtained in later sections. The

references [40, 42, 127, 128] can be consulted for additional details.

Complex projective spaces can be characterised in a number of ways, most commonly as
coset spaces, Kahler manifolds or flag manifolds. As a quotient space, CP" represents a

particular instance of complex Grassmannians

(5.1)

As a Kéhler manifold, it is equipped with a Riemannian metric G, a complex structure
J and a Kéhler form w related by w = JG. Being a Grassmannian, it is a compact
Hermitian symmetric space and, moreover, a generalised flag manifold — a particular
form of algebraic variety — describing a coadjoint orbit of SU(n + 1). In terms of
Poisson geometry, the Poisson structure 7 on SU(n + 1) descends to a Poisson-Bruhat
structure g on CP"; also, the Kéhler form can be inverted, producing a new Poisson
structure w™!. On any compact Hermitian symmetric space the two are compatible,
[7B,w™!s = 0, and can thus be linearly combined into a third object, the Poisson

pencil, m; = mg — Tw™ ! for some choice of parameter 7 € R.

These facts may also be interpreted at the level of the algebra, mostly building on the
results of Example 2.1.1 to which we refer for details and notation. Since g = su(n+1) is
semi-simple, the Killing form & is non-degenerate. If T}, generate g and, in the symmetric
space decomposition g = h@m, T, and T, generate h and m (respectively), the restriction
Kab = K(Tga, Tp) uplifts to the metric G of CP". Similarly, the Drinfel’d-Jimbo R-matrix
on g respects the hypothesis of Koszul theorem, meaning that its restriction R,® to
m uplifts to J. Finally, lowering its index with the Killing metric, Ry, = Ry Kep, We
obtain the flat version of the Kéhler form w. The Poisson-Bruhat structure, instead,
reads 78 = (R, — R)®, where m is a coset representative obtained from exponentiating

elements of m.

As a manifold, CP" can be covered with n + 1 patches. An alternative description is
as the quotient CP" = (C"*! — {0})/~, where the equivalence relation ~ identifies the
(Zo, - .., Zy) coordinates of C"*! — {0} with their rescaling (A\Zp, ..., \Z,) by a constant
parameter A € C — {0}. With the identification implemented, the coordinates indicated
with Z = [Zy : -+ - : Z,] are called homogeneous. In practice we can choose n + 1 patches

U; = {Z|Z; # 0}: in the i-th patch we can introduce local coordinates z; := Z;/Z;, j # i.
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Following standard nomenclature, we shall call z;’s Fubini-Study (F'S) coordinates and

Uy the largest Bruhat cell.

In F'S coordinates (obtained from every U; patch), the metric of CP" has the well-known

Fubini-Study form
dzdz; ziijdéidzj

d82 - - )
L+ 22 (1+]2%)?

(5.2)

with |z|?= 2;Z;, the corresponding Kihler potential being Krg = log(1 + |2|?). The
complex structure J is diagonalised according to Darboux theorem, J = idz; ® 0,, —
idz; ® 0z, and w follows accordingly. Unlike these objects, the choice of the patch U;
determines different local forms of the Poisson-Bruhat structure. In fact, FS coordinates

do lead to a somewhat involved expression for mg which will not be shown here.

In contrast, we can opt for other types of local coordinates — built out of F'S coordinates
— that result in a much simpler form for 7 and, anticipating some future discussion,
for the metric after the deformation. Whilst these can be defined in every U; patch we
shall henceforth stick to the largest Bruhat cell for simplicity. Here, the new coordinates

(x4, ¢;) are related to FS coordinates by

o\ 2 izl

2 = <1fZX> i with 0§1:1-<1—Zxk and 0< ¢; <27, (5.3)
k=1

where X = ) x;. With this choice the Poisson-Bruhat structure has a remarkably

simple expression,

™ = Z (—1 + Zﬂ?k> 8331 VAN 8@ + Zxﬁxl A aqu . (5.4)
k=1

i i>j
5.2 Generalised Kahler Geometry of CP)

Having described in some detail the geometry underpinning CP", we are now ready to
tackle the problem of its n-deformation CP}. We introduce projectors P; onto g in the
symmetric space decomposition and let rq, = (T,,Tp). Denoting with ex = m~toLm
the left-invariant form associated to a coset representative m, the corresponding o-model

with tension ¢ is
1

mp1€_> . (55)

1
S=— /dZO' <7>16+,
it

Projectors P; onto g(l) = m ensure that, in the decomposition ey = €% T, + e$7,, only
the m-directed components e contribute to the action. Notice how convenient it is to
adopt the Poisson pencil: with obvious manipulations R%’ = (Rm — R)®™ + R = 7r$b

for 7 = 1. From this observation it is clear that the deformation entailed in the action
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(5.5) is geometrically induced by the Poisson pecil. To make this more precise, one can
extract a conventional metric g and NS two-form b either from directly evaluating the
o-model action or equivalently by dressing the generalised metric with the appropriate

generalised frame field. In fact, the latter has already been discussed in Example 4.3.3,

ed t abe—t
EAz(O ””]:"), (5.6)

€a

where we have additionally introduced the convenient factor nt.

To construct the generalised metric, we would need to compare (5.5) with the action for
a Poisson-Lie model, so as to extract Fy out of which H 4p is built. However, so far we
have only considered Poisson-Lie o-models on group manifolds. On the (reductive, but
not necessarily symmetric) coset G/H, a natural suggestion is to restrict the indices in

(3.71) to run over m, and so we consider

Sq/p = 717/2d20 et (Ey' + Wg);bl e’ (5.7)
However, a priori, the degrees of freedom entering this action still contain those corre-
sponding to the subgroup H and thus, without imposing further constraints, (5.7) does
not provide a valid description of the coset G/H. This is remedied by demanding that
the action develops a local gauge symmetry under the action of H from the right which
serves to eliminate the unwanted degrees of freedom. A short calculation shows that

under an infinitesimal transformation this is the case provided that [129]
0= fab,y + Eo—l adf’ydb + f'ydaE()_l db ) (58)

This result is general, and does not require H to be coisotropic, as in the case of CP".

Also, in a doubled fashion, it can be equivalently rewritten as'

0= Fon“Hop + Fap“Hea . (5.9)

When coisotropy is imposed, f“bv = 0 and the expression above simplifies. Specifically,
it By lab g any linear combination of k* and R%, the constraint is obeyed and the coset
model well-defined. For CPyp, it results in Ej lab — 4k 4 nR™), giving rise to the

generalised metric in flat indices

1+n’ts™" R
Hoap = ( "R’i "_1 . (5.10)
n t7 'K AB

We will indicate with F the structure constants of the corresponding Drinfel’d double. For 7-
deformations of a Lie group G = exp(g), the double is just ? = gc.
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After some manipulations one finds that the deformed geometry encapsulated by g and b

can be expressed in terms of G and 7, as
g =61 —n*r.Gr,, byt = —nGr,. (5.11)

Let us emphasise that, despite the elegant form of (5.11), in terms of explicit coordinate
expressions these become rather intractable. We can now observe that the generalised

metric with flat indices given in (5.10) admits the decomposition & = Hn~! = J1J» with

R0 1+t 'R
JiaB = B and AP = ' (s B, (5.12)
0 —R " t 'Rk —n "

such that, for i =1, 2,
JP=-1, [N, J]=0. (5.13)

Thus, upon dressing these flat space quantities with the generalised frame fields (5.6),

we see that the target space geometry is indeed generalised Kéhler with

Jt tn(Jtrg + mpJ —nmrw  —t(w t + Prrwn,
0 —J tTw NWT,

Using the parametrisation of generalised complex structures (2.30), we know that the
North-East blocks of 7 2 are Poisson structures. This can rendered explicit recalling that
Generalised Kéhler Geometry is equivalent to bi-Hermitian geometry, the map between
the two being given by (2.40). It is now easy to show that, if we introduce the quantities
Q+ =1+ bg~! =1 F nGn,, the objects appearing in (2.40) are given by

Je=Q1'JQx, wi'=QLw 'Qs, ¢=0QiGQT". (5.15)

Out of these, one can construct three Poisson structures? [130], namely o = g~ [J, J_]

and 7y = £+1/2 (w_i__l + wzl), specifically resulting in

= (1+nPrmwrww !, n_ =n(J'tg +mBJ), o=w'J —wi'J_. (5.16)
As we can see, m+ correspond to the North-East blocks of J; 2, as anticipated. Gener-
alised Kahler Geometry is related to bi-Hermitian geometry and consequently to N =
(2,2) supersymmetry. In this sense, the types of supersymmetric multiplets required to

furnish an /' = (2,2) action can be extracted from the three Poisson structures we have

#We choose to introduce an extra factor of 41/2 with respect to the standard definitions so as to get
rid of some numerical factors which will not affect the subsequent analysis.
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just singled out. Chiral superfields parametrise

Ker(Jy — J_) =Kerm_, (5.17)
whereas twisted chirals are needed to parametrise

Ker(Jy + J-) = Kermy . (5.18)

The remaining directions, i.e. (Ker[J,,.J_])*, corresponding to the symplectic leaves of

o are to be parametrised by semi-chiral superfields [130].

Let us briefly study these superfields in our case. For my, its kernel is isomorphic to
the kernel of 1+ (nm,w)? which, since (n7,w)? is positive definite, is trivial. Hence, no
twisted chiral multiplets are present. The kernel for w_ is better studied in Fubini-Study
coordinates of the largest Bruhat cell. Here the complex structure is diagonal and the
expression (5.16) for m_ amounts to selecting the diagonal blocks of 7 which, in this
patch, turn out the complex conjugates of one another. Each one of these blocks is
a n X n dimensional matrix and, therefore, has vanishing determinant for odd n. In
particular, each block has a null space parametrised by one single vector so that, upon
linearly combining them, we have a total of two vectors generating the null space. In the
even case, it turns out that the determinant is non-vanishing, implying a trivial kernel.
In summary, when n is odd we have two vectors generating the kernel of 7_ and, thus, a
single chiral superfield. We therefore end up with (n — 1)/2 semi-chiral multiplets plus

a single chiral multiplet in the odd case and n/2 semi-chiral multiplets in the even case.

5.2.1 Pure Spinors

Having identified CPj as an instance of generalised Kéhler geometry, we can proceed
with an analysis of the associated pure spinors. These can be studied without fixing a
specific (complex) dimension. We will follow the standard procedure, namely we will
first compute a basis Vf; o for the +i-eigenspace of each complex structure and then we

will impose that the same basis annihilates the associated pure spinor.

Let us start from J;. It is most easily analysed in Fubini-Study coordinates: J is diagonal
and n +i-eigenvectors for J; are immediately found to be Vlj =0,,j=1,...,n. On

the other hand, 7_ in these coordinates reads

m_ =2n Z(zizj&zi N0 +c.c.), (5.19)

J>i
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making it easy to see that the remaining eigenvectors are

Vi =dz gtz | Y z0; - Y %05 |, j=1....n. (5.20)
i>j 1<j

As proved by Gualtieri [25], the general form of a non-degenerate complex pure spinor
is U =2Ael , where p is a complex two-form, = a decomposable k-form and k the type
of the spinor. For odd n, we proved that dim Kermr_ = 2 and the spinor will be of type
1 (that is, = will be a one-form). On the contrary, for even n the Poisson structure m_

has trivial kernel: the spinor will have type 0 and we can consistently set = = 1 since

the spinor is defined up to an overall function.

Now, the requirement Vlj : \Tfl = 0 for j = 1,...,n implies that the spinor is made

up of anti-holomorphic forms only. The constraints arising from V{H'j . \/I}l = 0 with

j=1,...,n are equivalent to
0=¢M 4+ tyip  forevenn, (5.21)
0= va”E —ZEA LyptiP NS for odd n, (5.22)
where U?H and f;”j are, respectively, the vector and form part of the generalised vectors

(5.20). Observe that (5.22) can be in fact split into two separate equations, corresponding
to degree zero and two. In this sense, the degree zero requirement is the same as saying
that the interior product of = with v’fﬂ' vanishes for all j = 1,...,n. As one can

explicitly check, all of the equations are satisfied with

1 even n

(1
I

] . dz; AdZ
p= it Z(_l)z-l-kg and =
=i %%k int > (~1)FLEZE odd n

2k

(5.23)

With this normalisation we remark that for vanishing 1 the pure spinor is well defined
and coincides (after an appropriate rescaling) with the decomposable anti-holomorphic

form Q =dz; A ... AdZ,.

As for Jo, it is sufficient to notice that its explicit form (5.14) implies that each and

every generalised eigenvector VQj with +:¢ eigenvalue will be given by
Vi =it(w  +inm )&+ & j=1,...,2n, (5.24)

being f% a set of 2n independent one-forms. The second pure spinor then results in

~

Uy = exp [—itil(ufl + inm)*l] . (5.25)
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In particular, notice that the n — 0 limit correctly yields the exponential of the K&hler

form, as it should for a Kéhler manifold.

Finally, notice that, for every value of n, dp = d= = 0; also, d(w™! +inm,;)~! = 0 follows
from the compatibility of 7 and w™!. Thus, d:I\ILQ = 0. Actually, this is a consequence
of our choice of normalisation for the spinors; for instance, we have set the zero-form
component of \Tlg to one. Instead, we could impose a different normalisation using the
Mukai pairing ||U;]|2= ¥; A U(E’i)hop. Should we scale the pure spinors such that they
have equal normalisation, then they would no longer be closed. The geometry is hence

not generalised Calabi-Yau?.

5.2.2 Generalised Kahler Potential

Finding the generalised Kéhler potential I for a deformation of CP" is complicated, at

least for generic n. We thus devote the present paragraph to some general reasoning.

A key challenge in establishing the generalised Kéhler potential is to find appropriate
coordinates. It is a trivial matter to check that JioJy = —o, i.e. that o splits into
o = 020 1 502) with respect to either complex structures. Invertibility, however, is not
necessarily guaranteed. It is well known (see e.g. [39] for a comprehensive treatment) that
each Poisson structure w defines a foliation. Specifically, although m might not be globally
invertible, when restricted to one of its leaves ¥, the two-form (7|s)~! is well-defined.
It has been first proven in [57] that for 7 = o, the leaves have real dimension 4m, for
some m € N. In the CP" case, the integer m is related to the complex dimension of the

projective space via m = [5].

1

Suppose we now restrict to one leaf 3, dim ¥ = 4m, where o~ is well defined*. Because

o is a Poisson structure do—! = 0 has to hold. In general o~! will inherit from o the

1 ~1(2,0) (0,2)

decomposition ¢~ = o +a ! and the holomorphic coordinates we look for

should be such that it is brought to the canonical form

m m
ol = Z dg* Adp; + cc. = Z dQ! A dP; + c.c. (5.26)

i=1 i=1
(¢,p) and (@, P) can be thought of as the complex coordinates diagonalising, respec-
tively, J; and J_ restricted to X (where they do not commute, so that they cannot be
simultaneously diagonalised). In the language of supersymmetry, one can also look at

(¢*, @, P;, P;), for a fixed value of i, as part of a semi-chiral superfield [132]. The crucial

3A generalised Kihler geometry is generalised Calabi-Yau when the pure spinors associated to the
generalised complex structures are nowhere-vanishing, closed when choosing their relative norm with
respect to the Mukai-pairing to be a constant [25, 131].

“Here and henceforth ¢! should be understood as o™ = (o) ™".
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point is that the transformation between (p,p,Q,Q) and (P, P, q, ) is canonical with a
(real) generating function (P, P, ¢, @) such that
oK

pi:aiqi’

. oK
Q=55 (5.27)

It is this generating functional that becomes identified with the generalised Kéhler po-
tential. Thus, extracting K can in general be hard and cumbersome: first one has to

obtain p; and Q' and then integrate the above equations to determine K.

The discussion above completely determines the Kahler potential when semi-chiral fields
parametrise the whole geometry, i.e. for the n-deformation of CP?™ (cf. the discussion
around (5.17)). For CP?™*! we need to augment the semi-chiral multiplets with a single
chiral multiplet. When chiral and/or twisted chiral multiplets are required, the algorithm
for determining the Kahler potential is slightly more involved but has been detailed in
the literature [132, 133]. In essence, one simply repeats the above construction on each
symplectic leaf; however, the resulting expressions are somewhat more complicated [132].
Here, however, we will content ourselves with considering explicitly the Kéhler potential
for the case of CP! and CP?.

To find the (p,q) and (P, Q) coordinates explicitly we exploit the fact that there are n

Linvariant (considering for simplicity here the case relevant

Killing vectors which leave o~
to CP®’*" for which o is invertible). The coordinates (%, ¢n,) introduced in (5.3) are
adapted to this such that the Killing vectors are simply given by the d;,,. We can select

the holomorphic (with respect to J1) part of o~! by acting with a projector

1
oyl = 5+ Ji)o b, (5.28)

such that
dgAndp+dQAdAP =o' + 0Tt (5.29)

Because both o} ! are invariant under the action of the Killing vectors dym
Lad)magl =0= d(La¢mU£1) , (5.30)
we obtain the momentum maps
du = La¢m0£1 , (5.31)

which, together with the one-forms d¢" dual to the isometries, form a basis of one-forms.

A symplectic form o~! which satisfies (5.31) has to have the form

1 1
or! = S(a+aba)mndg™ A dg" + (14 ab)m"d@™ A dpuzy + S dpriy, Adprzy . (5.32)
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where

Amn = Logm At With  dap, =0. (5.33)

Furthermore, 0! has to be closed. This implies that the only free parameter ™" has
to be constant like a,,,,. To fix b™", we just have to match the left and right hand side.

As result, we find that
o' =d¢" Adp,, and oZ' =dQ™ AdP,, (5.34)

where d¢™ and dp,, are linear combinations (with constrained coefficients) of d¢™ and
du. The same holds for dQ™ and dP,, but with respect now to the linear combination
built from d¢™ and du.,. So the procedure is simple in principle: first integrate the mo-
ment map to find the u,, and take appropriate linear combinations p and ¢ to define the
canonical coordinates. Then find the generating function X by integrating the canonical

transformation of (5.27).

5.2.2.1 CP!

It is a well-known fact that every two-dimensional complex manifold is Kéhler [134]; as
such, the deformed CP' geometry is completely determined by the standard (i.e. non gen-
eralised) Kéhler potential. In fact, one can further notice that, given the dimensionality,
the B-field is always pure gauge and thus negligible. As for the patch, we put ourselves
in the largest Bruhat cell where the homogeneous coordinate Zy # 0 and introduce the

holomorphic coordinate z = Z;/Zy. The Kéhler potential is®

. »
K = ——ImLi, (’7 Z_|z]2> : (5.35)
2n n+1

where we notice that the n — 0 limit is non-singular and yields Kg, i.e. the undeformed
Fubini-Study Kihler potential for CP', Kpg = log(1 +|z|?). As CP! is Kahler, J, = J_,
and 7_ vanishes. In turn, there is a single set of complex coordinates diagonalising Ji

expressed by

1—=x

¢ = ~2ulog(s) = <log (x) - 2z'¢>> = 1 (log (sin(8 + x) cse(B — X)) — 2i)(5.36)

and its conjugate, and®

1 1—1
_ t — =t . 5.37
x—2n(77 any), 1 Wik n an 3 ( )

SWe use “Im” to indicate the imaginary part of the dilogarithm.
SStrictly speaking, for CP' the precise form for p is undetermined. We nevertheless choose it so as
to match the higher dimensional cases, see next section.
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5.2.2.2 CP?

CP? is the first case where we can study a non-trivial generalised Kéhler potential and

give a rather nice explicit presentation thereof.

A first step in computing it is to find the holomorphic coordinates of Ji, that is, to
identify p(z, 2),q(z, 2), P(z, 2), Q(z, Z), such that

Ji = idp® 9y — idp ® 05 + idq ® 9, — idg ® 95,
idP ® dp —idP ® 9p 4 idQ ® dg — idQ ® dg , (5.38)
o l=dprdg+dpAdig=dP AdQ +dP AdQ.

~
[

Using the symplectic moment map associated to U(1) actions as described previously

one finds for p, ¢ (with p, ¢ given by standard complex conjugation)

q=u (log (—e_ix2 sin (84 x1 — x2) csc (8 — Xl)) - 2i¢1) ,

. (5.39)
p = (log (—ie™™ sec(f) csc (x2) sin (8 + x1 — x2)) — 2id2) ,
where the angles x12 are a generalisation of the one previously introduced
1 .
1 tan(x1), w2 = — sec(x1)sec(x1 — x2)sin(x2), (5.40)

T2 2 21

and p and f follow the definition in (5.37). In particular, p is a coefficient needed
to ensure that o' has the correct form (5.38). The relations (5.39) in Fubini-Study

coordinates are

o otoe (VP 4 10e (10 = 21 F22f) + (1 + |2)%)
q_“{ 2! g(m)“ g( |21|2(n(1|2|2)+i(1+|2|2))>}’ (541)
| —o10e (V22 o (1 = [z z) +i(1 + |2?)
p_”[ 2! g(@) ! g( |22[2(1 + |2]?) ﬂ ’ (5:42)

where we recall |z|2= |21|?+|22|>. Instead, one can use the angles 12 to show that a

simple relation between p, g and P, () exists, namely
p+P=—2ipx1, q+Q=—2iuxa. (5.43)
Letting the generating function
K(P,P,q,q) = —(Pq + Pq) + K1(P, P,q.q), (5.44)
we require, in accordance with (5.27) and (5.43), that

8q]C1 = —2i,uxl s 8PIC1 = *21',11,)(2 . (5.45)
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A closed form for the potential in terms of the angles x; can be given in terms of the

parametric integral

Zo(y) = /ycot <y—i2—a> dy =2 (y log (1 - ei(o‘ﬂ’)) —1Liy (ei(y+a))) - Z‘f , (5.46)
such that

Ki(x1,x2) = (Z-25(2x1) — T2p(2x1 — 2x2) — Zo(2x2)) - (5.47)

32tn

To complete the specification of the potential one needs to express the y; in terms of

(P, P, q, ) which can be done implicitly via the relations

elPl/IHl = sec() esc(x2) sin(B + x1 — x2)

(5.48)
elql/\ﬂ\ :CSC(ﬁ — Xl) Sin(ﬁ + X1 — X?) .

5.2.3 T-Dual Geometry

Following the publication of [2|, the authors of [135] have been able to prove that, after
applying abelian T-duality on all n angular coordinates ¢; of CPy, the resulting geometry
is enhanced to Kéhler (in the strictly Riemannian sense). Whilst not an original work of
ours, we nonetheless feel that this aspect ought to be reported so as to complement the
presentation. With respect to [135], however, we shall add a brief discussion on how the

dualisation is implemented on the generalised complex structures.

The n-deformed CP" preserves a U(1)" toric action from the undeformed case. This is
most easily seen in the (x, ¢) coordinates, where the torus is identified with the angular
coordinates ¢;: the n vectors dy, are all Killing. This fact can be used to T-dualise the
deformed projective space a number of times between 1 and n. For our purpose, we shall

consider a duality along all angular coordinates.

Even though we could simply apply the Buscher rules, implementing T-duality in a
generalised-geometric fashion best suits our description of CPy as a Generalised Kéhler
geometry. Suppose T, with 72 = 1 and T = T, is the O(n,n) element implementing
T-duality on the generalised metric £ = Hn~' as &€ = TETT. Recalling the form of the
metric in terms of generalised complex structures, it is immediate to see that in fact
E = jljz, where jl = TJ5T and jg = TJ1T. The reason for swapping the indices
is that, as usual, T-duality interchanges “chiralities”®. It is straightforward to check

that the dualised structures commute and square to minus one, making the T-dual of a

"For any object X we shall use X to denote its T-dual.
8For instance, if in the 7 — 0 limit J; and J> respectively comprised of J and w only, the opposite
is true after the transformation, hence the relabelling.
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Generalised Kéhler Geometry again Generalised Kahler. We now want to prove that, in

our case, it is simply Ké&hler.

To this end, we adopt the approach reviewed in Section 3.2.3. The vector fields we
consider are v; = 0y,. Being Killing, they obviously satisfy L,,g =0 and L,,H = 0. An
explicit computation shows that in fact also L,,b = 0 holds true so that the generalised
vector can then be taken to be simply V; = 04, + d¢;. Finally, we compose the various
dualities into a single operation 7' = [[!_; T;. We can now apply T to either £ or the
generalised complex structures. In the former case, we find that b = 0, so that it is

actually possible to have a legitimate Kahler manifold. On the complex structures, for

. Jt 0
T =TT = . (5.49)

instance, we have that

—J
where we can check that in fact J is a complex structure for the dual metric.

The T-dual geometry can be given explicit coordinate expression as follows [135]. We
first introduce the (n+ 1) x (n + 1) matrix R which is totally skew-symmetric and with
upper triangular block made up of +4 only. We can employ R to construct two other

quantities
n+1

N =iz Rk, M; = Z(/\fjkdm — Npjdo;) . (5.50)

k=1

In turn, these do enter the definitions of the Riemannian metric and Kahler form as

n+1 d¢2+(d$— M)2 7L+1d ) ) n+1 .
2 j i — nM,; B ¢; Ndx; ., 4
ds? = Z 57 . w= Z o T Z - Rikddj Adgy, (5.51)
j=1 j=1 7,k=1
upon further imposing the constraints zp,11 =1 — > " 2; and ¢py1 = — Y. ¢; needed

to remove the extra degrees of freedom we have introduced. Now, being the manifold
Kahler we should be able to re-express the two quantities above in terms of a single Kéhler
potential. As shown in [135] this is achieved with the introduction of new coordinates

(and their complex conjugates)
i k k
zk:%log 1+ in 1—2295]- —z’Z@-, (5.52)
7=1 7j=1
to be supplemented with the constraints

log(1 + 4 log(1 — 1
jog(ltim) — _ log(l—in) (5.53)
2n 2n

Z0 —
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With this choice, the Kahler potential reads

n n+1
. _ _ 1 _ _
K =in jEQ(Zij_l = Zjzj-1) + % ;1 P2n(z + 2 — zj-1 = 2j-1)) (5.54)

where the function P is defined by

P(t) =i (Lig(eit) + W) . (5.55)

5.3 The Double Deformation Puzzle

When discussing gauge-invariance for Poisson-Lie coset models, the constraint (5.8) was
understood as a necessary ingredient for proving that H degrees of freedom can be
consistently removed from the picture. As we noticed, in F; lab any linear combination
of the m-restriction of the Killing form and the R-matrix, £* and R, would solve the
equation, as fa% = 0 by coisotropy. Given this fact, one could try and mimic the way
the bi-Yang-Baxter model is defined on group manifolds, namely with the introduction

of a second deformation parameter ¢ entering the action as

1
1—nRyP1 — (RP;

7)1€_> . (5.56)

7t

1
S = / d*c(Pre,
x

In [20] it was shown that, for CP! 22 S2, the ¢ parameter could be reabsorbed away via
a diffeomorphism, changing both the overall tension of the model and the n parameter.
(CIP’%, however, is a dramatically simplified setting when compared to deformed higher-di-
mensional projective spaces, where explicit expressions for the NS-NS fields immediately
become intractable. One might then ask if the reabsorption of ¢ is an accident — most
likely due to low dimensionality of CP* — or if, instead, it is a genuine feature of all these

models.

Proving it in general is quite a cumbersome task, as it involves a number of non-trivial
steps. First of all, it is not necessarily granted that the redefinitions ¢, 7j of ¢, induced by
the diffeomorphism explicitly found for CP! do generalise to higher dimensions. Ascer-
taining that this is case would require a dimension-independent approach: to this end we
shall carry out a detailed analysis of the integrability of the system described by (5.56).
Even so, albeit armed with a strong indication towards the triviality of the (-parameter,
we would need an explicit form for the diffeomorphism. We shall provide a putative all-n
expression for it, even though it was only possible to check its validity explicitly up to
n = 6. Nevertheless, this limitation is sufficient to encompass holographic backgrounds

relevant for either String or M-theory.
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5.3.1 Integrability

The first objective of our analysis is to prove that the model described by (5.56) is classi-
cally integrable, both in the weak and strong sense. This has a two-fold purpose: even if
the ¢ parameter could not be reabsorbed, we would still put the doubly deformed model
in the very special class of integrable models on coset spaces; if { could be reabsorbed,
as we shall prove to be the case, a strong integrability analysis should suggest the new
“effective” parameters ¢ and 7 we mentioned earlier. In fact, they should be deducible
from the comparison between the twist functions associated to this model and the one

with a single deformation parameter.

5.3.1.1 Weak Integrability

Proving that a model is (classically) integrable in the weak sense amounts to find a Lax
connection whose flatness implies the equations of motion and Bianchi identity. To this

end we introduce the currents?

1

=TI TRy L CRP, ex(m). (5.57)

By

On a symmetric space, we can additionally define the projections of these currents onto
99 or g™ through the appropriate projectors, B(ii) = P; By, with i = 0, 1. After noticing
the closed form for the operator appearing in (5.57)!°, we make use of the coisotropy

condition to obtain the equations of motion in the form:
(0-B + (B9, BY)) + (0.8 + (B, BY]) = 0. (5.58)

The Bianchi identity for e (m) coincides with the Maurer-Cartan equation dye_—0_e4—
[e—,e4] = 0. On symmetric spaces, however, we can employ the P;’s we have at hand
to project the Bianchi identity down to either the g(® or g(!) subspace. Along g(® (or

equivalently, the subalgebra of the group we are modding out) we find

0.B” —o_BY + B B+ 1+ - »BY, BY

(5.59)
1 1 1 1

+¢PrrBY, BV —¢BY P RBY = 0.

9To make contact with the literature we adopt the notation in [66].

°0One can easily show that the inversion is given by m = Po+ (1 F nPoRm F

{POR)m. This result is an extension of the one appearing in [93].
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On g(M, the projection of the Bianchi identity can be mixed with the equation of motion

(5.58) so as to obtain the simpler equations
0.BY + BY, BV =0. (5.60)

It is remarkable that, in order to achieve these results, we have used multiple times the
three defining hypothesis of the Koszul theorem for interpreting R as a complex structure,
as this is the case for CP". In particular, we have exploited PyR(e) = 0, where e denotes

any operator R is acting upon. Introducing the currents
jr =kBY + %PlRBi” , (5.61)

where k is the combination of parameters

1/2
14m2_ 2 112 — (02 1 4c2
k:( + C+\/(2+77 <)+<> | (5.6
one can recast (5.59) and (5.60) in the canonical form
0= dsjs + [BY, j 5.63
ij?"‘[iv]jF]? ( )
0=0,BY -5.BY + B B + [j;,5], (5.64)
which is well known [136] to be equivalent to the existence of the Lax connection
£y =BY + 24, (5.65)

The doubly deformed model is thus weakly integrable. As a cross-check, we notice that
upon taking the limit ¢ — 0, k correctly reduces to \/1 + n? and the second term in the

definition of j+ vanishes, thus matching the result in [93].

5.3.1.2 Strong Integrability

Strong integrability requires us to pass to the Hamiltonian formalism of the system. It

is convenient to introduce the Lie algebra valued quantities

, 1
X =egpiTa, Y=g _e(9)Tn— XP(nRy + CR)b* T, (5.66)

where we take ¢ = mh and p the canonical momentum. The advantage of these definitions

is that the Lax matrix can be written as a function of X and Y,

L(z) =27y © 4 <z + i) <7r/<;Y(1) + wi(RX)(1)> - <z — i) <7rkX(1) - TrIi(RY)(l))
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+ F(2) X9 + g(2)(RX)© (5.67)

On the second line, we have added two so far unspecified function of the spectral param-
eter, f(z) and g(z), that weigh the primary constraints X(® ~ 0 and (RX)©® ~ 0. As
previously reviewed, these are needed to ensure the closure of the Maillet algebra, once
a precise form for f, g is picked. X and Y are convenient as they can be embedded into
a generalised vector via 23 = 27(tY®, Xa). The crucial observation is that the latter
is related to the currents ¢, for the £-model introduced in Section 3.2.6 by a constant
O(d, d) transformation /3

-1
% =B #s  with B= ((1) t(”+?” R) . (5.68)

As a result, the Poisson brackets for 2, and thus the ones for L(z), can be inferred from
the ones for ¢ already given in (3.76). Eventually, the Poisson brackets for the Lax
matrix can be used to check if the Maillet algebra is satisfied: the function g turns out

not to depend at all on the spectral parameter, g = 27 (, whereas

flz)=m (—2 + k214 2%) + CQ(ZZ;”) : (5.69)

Our model fits into the class of models with twist function, where we find

k2 z
SD(Z) = 2 (12— : (5'70)
tr(k? +¢%) (2 =1)* + kk(2k+<21) (2% +1)°
Upon identifying new deformation parameter and tension according to
2012 _ 1 R 2 2
L GnlenltD B L ol o (5.71)
k2 + (2 k2

one can see that the twist function above coincides with the one for the single Yang-Bax-
ter deformation already present in the literature [93]. It is tempting to infer, judging
from this analysis, that the second parameter ( is not affecting the model. Nevertheless,
given the existence of transformations not affecting the twist function [137] and yet yield-
ing to a non-trivially deformed target space, a more detailed geometric check is needed.
We will explicitly construct the diffeomorphism removing ¢ from the deformed metric in

the next section.

5.3.1.3 Explicit Diffeomorphism

Before providing the explicit form for the diffeomorphism removing the deformation

induced by (, let us briefly strengthen the indications of the previous section with a
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renormalisation group analysis. The one-loop RG flow for this model was first obtained

in [20]; building on those results, we single out two RG-invariant combinations namely

tn and % The remaining non-trivial flow equation is
= 2 4?). (5.72)
dlog u

Now, given the effective parameters (5.71), we notice that algebraically nt = fjt. There-
fore, it holds true that 7t is RG-invariant, too. Even more generally, it is easy to prove
that 7 and # obey the flow equation (5.72), upon setting ¢ = 0. Thus, it seems that our

findings are consistent with one-loop quantum corrections.

To show the diffeomorphism, we put ourselves in the largest Bruhat cell and adopt
(x4, ¢;) coordinates; other than the parameters identified so far, it is particularly useful
to introduce a new combination o defined by a? = k2 — 1 — /2. In terms of the latter,

while leaving the angles ¢; untouched, we redefine the x;-coordinates through

(k2 — o?)z;
ka2 2 — DIk +a(2) 0,25 — 1]

Ty =

i=1,...,n. (5.73)

This is our conjectured diffeomorphism. Indeed, although we do not dispose of a general
proof, we have checked up to n = 6 that this removes the deformation induced on metric
and 3-form H = db by (. On dimensional grounds, this is enough for any application of
deformed projective spaces to either String or M-theory. Moreover, given the extremely
complex geometries this diffeomorphism has been successfully applied to, we believe we

can safely conjecture its correctness for all n.

5.4 Variation on a Theme: Spheres and AdS Spaces

Yang-Baxter deformations of spheres and de Sitter spaces have been extensively con-
sidered in the literature, mainly as part of of backgrounds relevant for extensions of
AdS/CFT. Oddly enough, they have only been studied on a case-by-case basis and a
more general treatment is currently missing, at least to the best of our knowledge. Aim
of this section is to address this point, building on some of the mathematical and physical
technology developed in this chapter. As the geometry of anti-de Sitter spaces can be
recovered via an appropriate analytic continuation of that of spheres, we shall mostly
concentrate on the latter. We will comment on the precise implementation of the trans-
formation in a later section. The results that follow arise from a set of unpublished

notes.
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5.4.1 Spheres

In analysing Yang-Baxter deformations of CP", we purposefully avoided detailing the
explicit Lie algebra implementation of the deformation: for instance, we refrained from
picking an explicit basis for su(n + 1) or a coset representative. Rather, our findings
were based upon a number of well-known results for the geometry of complex projective
spaces, enabling us to overstep the algebraic viewpoint in favour of the more elegant
geometric approach we have pursued. Reversing the logic, we shall now take the Lie
algebra implementation as our starting point and construct the deformations of spheres

from scratches.

The n-dimensional sphere S is diffeomorphic to the homogenous space SO(n+1)/SO(n).

A convenient choice for the anti-Hermitian in(n + 1) generators of so(n 4 1) is

2
(Tup)i? = 64i6” — 647 bi (5.74)
where a,b=1,...,n+1 label the matrix and 7,5 = 1,...,n+1 indicate its components.

We choose as Killing form x(z,y) = %Tr(:vy), for two x,y € g, which is of course

non-degenerate. Following [138], we define the projector P onto the coset directions

acting as
n+1
P(z) = — Z w(z, 1)1, (5.75)
=2
for any x € so(n + 1). Accordingly, we identify the n matrices T12,...,T1 41 as the

coset generators, and the remainder as the so(n) algebra we will mod out.

As a warm-up, and to set some notation, let us compute the metric for the undeformed S™
by algebraic means. To this end, let us pick a coset representative m which in spherical

coordinates ¢; reads

n
m =[] elorriem2)Trass, (5.76)
a=1

Upon dressing the matrix form of x with the vielbein for S™ constructed through the
projection P(m~'dm), one obtains the well-known metric for the round n-sphere. Nota-
tion-wise, let us denote it with ds? = d,(¢) and, more generally, indicate with d{2,,(¢)
the volume element for the m-dimensional sphere in spherical coordinates. The downside
of spherical coordinates is that they make both the introduction of a deformation and the
analytic continuation to AdS cumbersome, due to the presence of trigonometric functions

in the metric. To circumvent this issue, we shall opt for a new set of coordinates.
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To get a grasp on the simplification they entail, consider the versors & for an n-dimensional

sphere defined by

T1p =cospr, Ton=snYicosps ... Tp_1, =sSiNY]...CO8P_1, (5.77)
Ty = siny...sinp,_1,
and use them to construct new coordinates (r, @, ¢1, .. . ,gon,l)ll according to
¢i = arccos |r—— ?ﬁ’{lig —| i=1,....,n—1
(17T Zk:l xk,nfl) / . (578)
On =
With this choice, the metric for the n-sphere becomes
ds? = (1 —r3)dp? + dr? + r2dQ, () (5.79)
()0 1 _ 7"2 n—2 QO * *

Notice how here the new (’s behave as spherical coordinates for a S"~2. It should then
be clear that in performing this change we have not really avoided the issue of having
trigonometric functions, as they have been simply hidden in d€2,_2(¢). Nevertheless,
the same observation precisely suggests a way forward: define a transformation ¥, of

order m € N as the set of changes

Timo .
¢ = arccos |7 () Lo L , i=1,....m—1

G (1=r(m)? Ehmy 8 1)/ . (5.80)

Suppose we start with the round metric on a n-dimensional sphere d€Q,(¢). A single
transformation %, (that would correspond to (5.78)) is not sufficient for completely
removing the dependence on trigonometric functions, as we have seen. However, we
could apply ¥,,_2 on the coordinates appearing in d€2,,_2(¢p), thereby obtaining something
analogous to (5.79). Iterating this line of thought, the composition %30 ...0%, 40
9,—2 09, should exactly fulfil our needs. Observe how in fact the last transformation
on the left is “ambiguous” as it depends on having an odd or even dimensional sphere
in the first place'?. Following this procedure we find a simple form for the S™ metric in

(ri, ;) coordinates (and identifying ro = 1)

5]

(8] [
dr?
i rildeha . (5.81)
1

ds? = Z ?"]2-_1 <(1 — T?)d(p? + 1—7”2> + 0n0dd 1
i=1 \j=1 ¢ j= ’

11 Albeit somewhat confusing, in this standard notation r indicates an angle, and not the radius of the
sphere.
121n either case, %1 are just the identity and we neglect them.



Integrable Deformation of CP" 82

Now, suppose we want to n-deform this space. As a first step, it is necessary to construct
an R-matrix, and once again we resort to the Drinfel’d-Jimbo prescription for that.
Recall that this procedure requires us to single out the Cartan’s subalgebra as well as
the positive and negative roots of so(n+1). To this end, one needs to distinguish between
the even and odd case, i.e. 50(2¢q) and s0(2¢+ 1) for integer q. In either case, the Cartan
subalgebra ¢ has dimension ¢ and is spanned by H; = iT5j_12;. In the even case, s0(2q),

we pick positive and negative roots (denoted with + and —, respectively)

1

Efj = T\/é(TQi—l,Qj—H + 1T 2541 + 1(Toi—1,2j+2 + 112 2j12)) 5 (5.82)
E;rj = 2\1/§(T2i—1,2j+1 + i1 9541 — 1(Toi—1,2j42 + 125 2j42)) 5 (5.83)
E ;= 2\i/§(T2i—1,2j+1 — iT% 2541 — i(Toi—1,2j4+2 — 112 2j42)) , (5.84)
ij = 2\25(1121'1,2%1 — iT% 2541 + 1(Toi—1,2j+2 — iT22j42)) , (5.85)

withi=1,...,¢g—1and j=14,...,q— 1. For s0(2q + 1), we supplement this basis with

additional 2¢g generators

~ 1 .
E;r = §(T2j71,2q+1 +iT%j24+1) 5 (5.86)
~ 1 .
Ej = §(T2j_1,2q+1 —iTj2441) (5.87)

with j = 1,...,q. Gathering together the positive and negative roots as E) and F_)
for A € AT, we employ the usual formula R = %ZA€A+ Ey\ N E_)y for constructing the

R-matrix.

Now that we have at our disposal the Yang-Baxter matrix we are able to draw various
conclusions. First and foremost, we can explicitly check that the restriction of R to coset
directions, i.e. R,?, vanishes. Nonetheless, this does not imply that the n-deformation of
S™ is trivial, as the restriction of the dressed Yang-Baxter matrix, (R,,).’, is not zero'®,
Also, one can check that the coisotropy condition (2.9) is met with our embedding of
s0(n) in so(n + 1): in turn, this implies that the Poisson bracket 7w of SO(n + 1) will
descend to a Poisson-Bruhat bracket g for S™. Moreover, as R,? = 0, its expression is

simplified to W]%b = R%. Upon dressing the latter with frame fields, we arrive at a very

neat expression for the Poisson-Bruhat structure for S™ in (¢, ) coordinates, namely

(5]
™ = 5 ;T’id@i Adr;. (5.88)

13That is, we first dress R with adjoint actions and then project it.
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Comparing the action for the Yang-Baxter model for a sphere (which formally coincides
with (5.5), being S™ a symmetric space too) with the generic Poisson-Lie model (5.7),
we recognise immediately Ey = k. Replicating the steps carried out in the case of CP",
it is easy to see that the quantities Q1 = 1 F nGmg, where G is the undeformed metric
for S™, do in fact implement the deformed metric g as g = Q;lGQ;t. As in the case of
projective spaces, this is a general result that does not rely on the chart of our choice.
However, owing to the simplicity of the objects appearing in this formula when in (¢, r)

coordinates, it is possible to write down the line element for S;L:

3 /s (L g 4 ]
i ) AP + 1- r 2
d82 - Z H TJ2'*1 <1 + 7727“2 1—[ ) + 5n,0dd H 7"]2' d902n+1 . (5.89)

2
i=1 \j=1 7=1 ] 1 j=1

Similarly, the explicit expression for the B-field is

5] ( ; 17";‘1 1)
=1 5 (rydr; Ade;) . (5.90)
= 1+n%; HJ LT J 1

Despite the many elements of similarity in construction with deformed projective spaces,
the spheres S}’ do not seem to fit generically into any Generalised Complex, let alone
Generalised Kéhler, geometry. Of course, in principle there could be specific values of n

for which they do; for instance, as n = 2 we have the famous S? = CP!.

5.4.2 Anti-de Sitter

Having detailed the construction for spheres, moving to AdS spaces is just a matter of
analytically continuing the previous results to Minkowskian signature. Time ¢ is obtained
through the replacement ¢; — —it/«, where « is the AdS/S radius, and similarly we
rescale r; — r1/a. We then multiply both the metric and B-field by a factor of o?
(neglected so far in the discussion, as we implicitly assumed the sphere to have unit
radius) and finally continue the radius, @ — i«. Having done so, we can decide to switch

back to the unitary AdS setting o = 1.

5.5 Conclusions

Using the tools of Poisson-Lie non-linear o-models on generalised coset spaces, we have
described a specific but particularly striking class of examples in which G/ H were Poisson
Hermitian spaces. Upon constructing an integrable Yang-Baxter deformation of these,

we showed that their target space is described by generalised Kéhler geometry. We
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discussed in detail CP" as a prototypical example and, for the case of CP?, gave an
explicit formulation of the corresponding generalised Kéhler potential. We filled a gap
in the literature by showing that a previously conjectured two-parameter deformation
for CP" is indeed integrable but coinciding with the already well-known Yang-Baxter

deformation of coset spaces.

A background motivation for this work was to investigate integrable deformations of
AdS, x CP? with the aspiration of identifying quantum group deformations in the ABJM
model. At first sight the corresponding geometry is rather unattractive but in this work
we have elucidated many of the key features. A complete analysis would of course require
furnishing the geometry with appropriate RR fields and investigating the fermionic sector.
Whilst one might “boot-strap” an RR sector, an approach done for the case of Poisson-Lie
models on groups in [121], ultimately it would be desirable to extend the considerations
to super-cosets [97, 125, 139-141].

We only considered coset spaces for which the gauge group is coisotropic, as these nat-
urally solve the invariance constraint, leaving the construction of other holographically
relevant coset spaces open. Moreover, the explicit examples taken into account here
were based on quotients in which the Drinfel’d double was 0 = g¢. The incorporation of
A-models requires the more general case of 0 = g + g; the general tool kit of Chapter 4
accommodates this scenario and so it would be interesting to explore if there can be some

underlying generalised Kéhler structures in the A-deformations of G/H-WZW models.

Finally, we showed how it is possible, using a similar technology, to construct the
Yang-Baxter deformation for spheres and anti-de Sitter spaces in every dimension. We
furnished explicit expressions for the metric and B-field that can be readily used for any

application involving these deformed spacetimes.



Chapter 6

Intermezzo

The discussion in Chapters 4 and 5 has mostly remained classical. The inclusion of
quantum corrections, however, is essential and must certainly be addressed in String
Theory, the leading candidate for a quantum description of gravity. This is in fact an old
topic that dates back to the seminal work of Friedan [142], where the renormalisation of
a two-dimensional non-linear o-model was first considered. When a Riemannian metric

g completely specifies the model, the famous one-loop renormalisation group equation

8g;u/ — o
0log

R;UJ (61)

was found: at first order, g flows according to its Ricci tensor. Since then, this result
has been extended in all sorts of directions, adding for example B-field and dilaton

contributions, as well as higher order corrections and supersymmetry [138, 143-146].

In this regard there are, at the very least, two important questions worth of investigation.
The first is rather practical and is most easily formulated with an example. In Chapter
5 we have mentioned in passing that the main tensors describing the deformed geometry
of CP™ do have extremely involved coordinates expressions. As usual, a clever diffeomor-
phism alleviates this issue, but even with the best coordinates we could find (the (x, ¢)
patch we discussed at length) the metric for C]P’?7 could barely fit on a page. Hence, it
should really be no surprise that computing the RG flow for the deformation parameter
using (6.1) and its B-field counterpart is quite a formidable task even with the help of a
computer. And this is just for the first perturbative order! On the other hand, we know
that a Yang-Baxter model has a quite simple algebraic description in terms of a constant
Yang-Baxter matrix. This observation suggests that the brute force approach of (6.1)
is just not computationally convenient at all for sufficiently complicated geometries. We

then ask:
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Is it possible to characterise the renormalisation group flow algebraically rather than

geometrically, at least for a restricted class of models?

The second question is more conceptual but is somehow related to the technical challenge
we just discussed. T-duality is usually made explicit through a repackaging of metric
and B-field in a single unified object, the generalised metric H. However, (6.1) and its
Kalb-Ramond partner by construction do not “see” any H. Hence, we could worry about
the survival of classical dualities at the quantum level. In general, and in particular
for more exotic types of T-duality such as non-Abelian or Poisson-Lie, this is far from
obvious and needs an explicit check. In this regard, it is possible to proceed in one of two
ways: we either compute the renormalisation group flow in terms of metric and B-field
and then ascertain that T-duality is left intact; or we use a doubled formalism that makes

T-duality covariance explicit from the outset.

At a first glance the second path seems preferable, as one is apparently dispensed from the
additional (and quite cumbersome) task of “rediscovering” duality that usually requires
quite some work, especially for higher loops calculation. Moreover, it does not seem
conceptually satisfactory to lose sight of T-duality, only to eventually recover it. But in
fact, there are at least two serious drawbacks to this approach. In terms of convenience,
the first path does not involve performing a new full-fledged quantum calculation from
scratches: even obtaining the two-loop S-functions for the NS-NS sector, as e.g. in
[145], required a remarkable effort, even leading to some initial disagreement on the
correct result. Avoiding this technical challenge is extremely helpful. Besides, a quantum
calculation in some doubled formalism usually implies additional intricacies: in essence,
adopting e.g. the Tseytlin doubled string (3.54), the price to pay for having T-duality
explicit is the breaking of Lorentz invariance: this makes many techniques canonically

employed in QFT ambiguous, if not inapplicable. Nonetheless, we ask:

Is it possible to perform a two-loop calculation in a doubled approach overcoming all the

technical intricacies?

Now, the two paths we have outlined should eventually converge on a final answer. Or,
at least, this is what we expect. It is not necessarily granted and (higher)-loop cal-
culations need to be performed in order to assess the validity of doubled formulations
beyond the leading (classical) order. Actually, one-loop calculations for the Tseytlin
string/E-model (for Abelian/Poisson-Lie T-duality, respectively) have already been car-
ried out in [147, 148|. Still, one-loop results are not such strong indications, and possible
issues at the quantum level are better probed in a two-loop approximation (at least).
Going against our own words of caution, we will devote the last two chapters to try and
address these points. We anticipate that the outcome of this investigation will not be

completely satisfactory: for the Tseytlin string we are able to finalise the calculation
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in all of its technical aspects other than possible field /coupling redefinitions that should
ideally reconcile it with the expected T-duality invariant answer. For the £-model, whilst
field redefinitions should play a minor role, there are further complications that arise and

we are still investigating in this direction at the time of writing.

As we will discuss quantum computations at great length in the remainder, let us briefly
summarise the state of the art for the first path. In the case of Abelian T-duality,
it all started with the work of Meissner. In the seminal work [149], building on the
result of [145], he was able to prove that the two-loop (or fourth-order in derivatives)
results does respect the O(n,n) symmetry. This was in fact proven in a highly simplified
scenario — called cosmological spacetime — where objects are only allowed to depend on
a single coordinate. Taking it from here, there have been significant efforts [150—-155] in
developing the theory of higher derivative corrections in a T-duality covariant fashion (see
[156] for recent lecture notes on this topic). Much more recently, the case of Poisson-Lie
T-duality on group manifolds at two-loop was remarkably addressed in [157]. Together
with the author of this paper, we were trying to explore the same setting on generalised
coset spaces, exploiting the technology of Chapter 4 but the results are partial and will

not be discussed here.

Without further ado, let us move on to the actual computation.



Chapter 7

The Duality-Symmetric String at
Two-Loop

Abstract

The Tseytlin duality symmetric string makes manifest the O(n,n) T-duality symmetry
on the worldsheet at the expense of manifest Lorentz invariance. Here we consider
the two-loop renormalisation of this model in the context of “cosmological” spacetimes
consisting of an internal n-dimensional torus fibred over a one-dimensional base manifold.
The lack of manifest Lorentz symmetry introduces a range of complexities in momenta
loop integrals which we approach using different methods. Whilst the results do satisfy a
number of key consistency criteria, we find however that the two-loop counter-terms are
incompatible with O(n,n) symmetry and obstruct the renormalisability of the duality

symmetric string.

7.1 Introduction

We shall now tackle the problem of including (higher-loop) quantum corrections in a T-d-
uality covariant formalism from the worldsheet perspective. This task will be articulated
in two different chapters, the present dealing with Abelian T-duality and the following
with Poisson-Lie T-duality.

The study of the renormalisation group flow for two-dimensional non-linear o-models
dates back to the original work of [142], and provides a linkage between the worldsheet
and spacetime points of view of String Theory. Demanding the vanishing of the Weyl

anomaly associated to a closed string propagating in a spacetime geometry requires
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that the target space background data (i.e. metric and NS two-form in the bosonic
sector) obey a set of equations [142, 158, 159]. These equations can be interpreted as
field equations of an appropriate target space gravitational theory'. At one-loop on
the worldsheet, this target space theory has a common bosonic sector shared with the
type II Supergravity theories. Higher loop quantum calculations [145, 161, 162] lead in
turn to modifications to the target space effective theory, organised in an expansion in

derivatives?.

This picture largely retains the conventional geometric notions associated to point parti-
cles and does not capture all the features we have come to associate with String Theory.
In particular, it is now well understood that there is a rich duality symmetry structure
that heavily constrains the form of the target space effective description. The O(n,n) T-
duality symmetry of strings on a n-dimensional torus [9, 10] indicates that fields should be
repackaged into appropriate representations of this symmetry group. The target metric
and two-form become unified into a combined object, the generalised metric H — a repre-
sentative of the coset space O(n,n)/(O(n) x O(n)). The target space formulation of the
dynamics of this generalised metric has been well expounded [46, 85, 111, 112, 163, 164]
and has become known as Double Field Theory. Starting with the seminal work of Meiss-
ner [149], there have been significant efforts [150-155| in developing the theory of higher
derivative corrections in a T-duality covariant fashion (see [156] for recent lecture notes

on this topic).

This progress poses a sharp question: can one exploit worldsheet renormalisation to
obtain higher derivative corrections of the target space theory in a way that maintains

T-duality covariance throughout?

7.1.1 The Doubled String

Key to answering this question is to adopt a reformulation of the string worldsheet
theory in which T-duality is promoted to a manifest symmetry [11, 83, 85, 163, 165
168]. In Chapter 3 we have already introduced the action (3.53) that indeed meets our
requirement of explicit T-duality covariance. Recall that, for the target space to exhibit
O(n,n) T-duality, we impose a U(1)" isometry group, such that the target is a torus
fibration T™ < M — B over a base B. On a patch, we let 2*, i = 1...n, be coordinates
adapted to the isometry that parametrise the fibre, and y that on the one-dimensional

base. To allow T-duality to be exhibited manifestly we consider a larger doubled space

!Though somewhat tricky to source, we found the contemporary lectures notes [158, 160] to be a
particularly useful resource.

2The full description of String Theory is richer still, since this two-dimensional quantum expansion
needs to be supplemented with a gs expansion in the worldsheet genus.
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M with fibration 72" < M — B in which the original coordinates 2’ are supplemented
with additional z;, i = 1,...,n, that can be thought of as describing the T-dual space,
T", to the torus such that locally 7?7 = T™ x 7. In fact, given the difficulties entailed
in a two-loop calculation without explicit Lorentz covariance, we shall restrict ourselves

to an even simpler version of (3.54),
1 1 1
S = /dQO' (—2H1J81X181XJ + 5171J80XI81X‘] + 5)\ 6My8“y> . (71)

On the base manifold, where Lorentz invariance is unbroken, we have accordingly retained
the use of a vector o# = (¢, 0'). A number of simplifications have been assumed: only
a single coordinate y on B is considered, such that the base geometric data is just
encoded in the coupling A which can be thought of as a partial fixing of the target
space lapse variable. Furthermore, we have set to zero off-diagonal components of the
metric and two-form which together provide a connection in the doubled bundle. On
a general worldsheet, this action should be supplemented with a Fradkin-Tseytlin term
that induces a coupling to the duality-invariant dilaton d = ¢ — iln det g in which ¢
is the conventional dilaton field. In the present context, we will consider the theory on

two-dimensional Minkowski space such that this dilaton coupling is absent®. Though

this is a heavily simplified set-up, even here we will find sufficient complexities.

The one-loop quantum effective action resulting from the Lagrangian in (7.1) was first
considered in [147, 169]. This was later expanded to a more democratic approach in
which both the fibre and base space are doubled allowing direct contact to be made
with Double Field Theory [170, 171]. The doubled action of (7.1) can be generalised
to accommodate non-Abelian and Poisson-Lie generalisations of T-duality 77|, and its
renormalisation was considered in [148, 172|. More recently the one-loop calculation of
[147, 169] has been revisited and refined in [173] with the inclusion of a connection in

the doubled bundle M.

Here we will push the techniques of [147, 169| further and apply them at two-loop order.

There are several critical aspects that make this calculation extremely challenging:

e The lack of manifest worldsheet Lorentz invariance. This has two consequences,
the first is that it requires treating non-covariant loop momenta integrals and the
second is that we can not disregard contributions arising from the connection 2 =

V~1dVY associated to the (generalised) vielbein V that diagonalises H.

3In general, the dilaton does make a contribution to the Weyl anomaly which can be established
by calculating on a curved worldsheet. However a pragmatic approach is to determine the dilaton
contributions through consistency requirements as was done for the Tseytlin string at one-loop in [169)].
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e To treat the loop integrals we consider two different methods. In Method 1 we
employ dimensional regularisation and move immediately to d = 2+ € and evaluate
the wide variety of tensor integrals encountered by reducing them in a basis of
standard scalar integrals. In Method 2 we work in d = 2 to perform the maximal
number of simplifications of loop momenta (by e.g. replacing p% —p? = p?) express-
ing the result implicitly in terms of a set of only five independent integrals whose
regularisation and evaluation is left initially implicit. We are then able to extract
conclusions that are largely independent of the choice of regularisation method?.
For concreteness, we then complete Method 2 by employing the dimensional regu-

larisation approach of Method 1 to the few remaining loop integrals.

e The chirality nature of the theory which obstructs a straightforward regularisation
of IR divergences. Whilst this may prove challenging in general, we are able to
address this potential troublesome issue in a rather naive fashion which we find to
be satisfactory. By shifting momenta p?> — p?> — m? in the denominator of loop
integrals one regulates the divergence, and all features (such as mixed IR and UV
divergences at two-loops) associated to the introduction of m? are removed once

we include a “mass” term for the background fields.

e The departure from conventional Riemannian geometry invoked by the generalised
metric H prevents the use of known (target space) covariant background field meth-
ods [174, 175] to simplify the calculation. Instead, we resort to a non-covariant
background field expansion with a linear split between the classical background
and quantum fluctuation. To tackle the abundance of diagrams produced in this
expansion, we complement a pen-and-paper calculation of the counter-terms for
the generalised metric ‘H with a Mathematica implementation to determine the

renormalisation of the coupling .

7.1.2 A Few Details on Renormalisation

If the renormalisation of the action (7.1) could be successfully performed, regardless of the
detailed choice of method for evaluating the diagrams, within dimensional regularisation

the bare and renormalised generalised metric and base coupling are to be related by

Hp = u (7—[ + Ze”Tn(H,)\)> . Ap =4 (A + Ze”fn(’H,)\)> : (7.2)
n=1 n=1

4For instance one could invoke prescriptions that do not require analytic continuation of the world-
sheet dimensions (Pauli-Villars and cut-off regularisations among the others) which are potentially more
compatible with the chiral nature of the duality-symmetric string.
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with p some mass scale and T}, (#, A), T,,(H, A) the e-independent counter-terms that ren-
der the effective action finite when phrased in terms of H, A\. The coupling A also provides
a loop counting parameter such that we can further express T,,(H,\) = >, T (H)NE
and Tp,(H, \) = >or T (H)AE=L. The O(n,n) invariant metric on the other hand will

not be renormalised g = un°.

Because at the classical level the lapse variable can be fixed to A = 1 by rescaling y, one
anticipates it should be irrelevant to the quantum theory. However, some care is required
since the one-loop result [147] indicates that a non-constant divergent counter-term pro-
portional to 0,y0"y is produced even when A = 1. Such divergences at one-loop can
be removed by the addition of a counter-term proportional to the equation of motion
for the background fields (equivalently via a field re-definition of y). The required term
depends rather implicitly on f, and can be established exactly for particular models as
in [176]. Doing so will induce a modification of the fibre counter-term. We prefer to
keep A explicit as it serves as a loop counting parameter and mirrors the way the lapse

function enters in the target space description [149]°.

As the bare couplings are independent of the scale we can take the derivative of Hp, Ap

to determine the B-functions in terms of the e poles”:

M 8)\
g = ,ua——ke?-[ - ZLT AL, pr= —l—e)\ - ZLT D) (3, )AL+

(7.3)

The higher order poles are not independent and instead provide a set of consistency

8

relations known as the pole equations®. Specialising to the two-loop case we have in

particular that on the fibre?

0=27" -1V o ;HT(” + 7T, (7.4)

SWe will prove this statement explicitly soon. For the time being, let us just assume it to be true.

5In Appendix D.1 we illustrate this point with an explicit example and furthermore show that such
field redefinitions do not ameliorate the difficulties encountered at two-loop order.

"The derivation of this result slightly deviates from that in the conventional non-linear o-model, as
the counter-terms are not homo%eneous in H alone but are homogeneous when viewed as a function of
both H and 5. In particular T (H,n) is of homogeneity degree 1. One must then keep track of the n
dependence, even though all its counter-terms vanish.

8As we are employing a simple linear splitting of a quantum fluctuation on top of a classical back-
ground field it is sufficient to use the pole equations as presented here rather than the more general ones
[177, 178] required of a geometric non-linear background field method.

9The symbol o is used here to indicate both index contraction and integration, e.g. X o %= =

6Y
f dyXIJ( ) 5YIJ(?/) ’
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In addition to this we have a further consistency requirement that comes from demanding
that Hp preserves np, which invokes not only n = Hn~'H but also
n—1
0=Twm "H+Hn"Tn+ > T T (7.5)
m=1
Inserting the loop expansion of the counter-term one obtains the requirements relevant
for two loops:
0 ="y~ "M + Hy 1Y
0 =Ty + 1y TP (7.6)
0 =Ty "M + 1y ' T + 7Oyt

Our findings however show that this renormalisation programme, whilst valid at one-loop

order, is unsuccessful at two-loop order.

Certain features are valid and provide strong checks on the calculation; the e~2 pole of
fibre obeys both the pole equation of (7.4) and the consistency relation of the last (7.6).
The e 2-pole on the base @(2) reflects the unbroken Lorentz covariance of the base part
of the Lagrangian in (7.1) - this is despite that fact that the constituent diagrams that
produce Jpydoy and 01y01y are vastly different. Moreover, @(2) is expressible only in
terms of H and n which is a deeply non-trivial fact since the individual diagrams depend,

in addition, on the connection Q = V~1dV.

However, the simple pole on the fibre T1(2) does not, regardless of the method used to
evaluate momentum integrals, satisfy the O(n,n) compatibility requirement (7.6). This
alone is enough to raise serious questions as to the quantum validity of the Lagrangian
in (7.1) since it would seem to destroy the possibility of integrating out the T-dual
coordinates and hence prevent the matching of degrees of freedom with the standard
string. Moreover, this conclusion is robust and can be reached regardless of the precise

prescription for evaluating loop integrals.

The situation on the base is less pleasant still. We find that the simple poles do not
respect the unbroken Lorentz covariance of the base part of the Lagrangian in (7.1). That
is, Joydoy and O1yd1y come with different counter-terms and, moreover, a counter-term
is produced for dpyd;y. Furthermore, unlike the one-loop result or the two-loop €2 pole,

these counter-terms are not evidently expressible in terms of just  and H.

The outline of the chapter is as follows. In Section 7.2, we recall the basics of the back-
ground field method and furnish an all-order expansion of the action. In Section 7.3, we
summarise one-loop results as first obtained in [147, 169]. In Section 7.4 we first detail the
relevant Wick contractions that produce the contributing diagrams to the two-loop calcu-

lation. We consolidate these in an appendix by then summing all contributing diagrams,
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reorganised in a basis of tensors of H and its derivatives, expressing the result in terms
of un-evaluated momentum integrals!®. Then, in Section 7.5 we tackle the evaluation
of the resultant loop integrals using the two alternative methodologies described above.

Multiple technical appendices detailing the calculation supplement the presentation.

7.2 Expansion

To calculate the renormalisation of the action (7.1) we adopt a background field expan-
sion method, (Taylor) expanding around some classical saddle for the fibre and base
coordinates

Xl=xh+¢, y=ya+(. (7.7)

The fluctuations £ and ¢ are dynamical, whilst the classical background fields X and
Yol are frozen (i.e. we will not integrate over them in the path-integral approach). The
quantum effective action I' is then obtained via Wick contraction of the exponential of

the interacting Lagrangian Ly

el = ¢Sl (exp (i/d2051>)1pl- (7.8)

Some comments are in order. On the right-hand side, only one-particle-irreducible (1PT)
diagrams need to be considered and the average is taken with respect to the quantum
fluctuations &, (. S denotes the classical action, i.e. the one comprising of the classical
fields X and ye only''. We choose'? the background fields to be on-shell: terms in £;
linear in the fluctuations are necessarily proportional to the equations of motion and will
be dropped. The effective action is effectively recovered taking logarithms, thus removing

disconnected diagrams.

As this is a Taylor expansion of actual coordinate values, it is evidently not geometri-
cally covariant. In the context of the conventional non-linear o-model it is much more
preferable to maintain geometric covariance in the calculation, and this can be achieved
by means of a covariant background field expansion [175]. Here, however, the departure
from conventional Riemannian geometry entailed by the introduction of the generalised
metric H means such notion of “covariant” background field expansion is currently (at

least to our knowledge) lacking. Instead, we will proceed non-covariantly adopting (7.7).

10This provides an intermediate result that is largely independent of any details of the regularisation
procedure. It could be harnessed in further studies which might employ different regularisation schemes.

1To ease the notational burden we henceforward omit the subscript X — X on the classical back-
ground and, where useful, indicate the worldsheet point with a subscript, e.g. {(o) = (,.

12This is not mandatory, and one could decide to work off-shell for the classical background.
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Our first task is to single out, for each fluctuation type, a kinetic term. While for  the
latter has a standard form, %)\8“(8’% , fluctuations along the fibre coordinates require
the introduction of a (generalised) vielbein V4 to remedy for the non-constant Hys(y)

factor. The vielbein and its derivatives are defined by
Hry = Vi'HapV,?, nry = VitnasVi®?, Q. =V 0,074, (7.9)

where €2 is known as the Weitzenbock connection. Early alphabet capital Latin indices
A, B, ... are used to indicate the flat generalised tangent bundle. Accordingly, the fluc-

tuations on the torus can be “fattened” by defining &7 = VT 4¢4.

Both £€4’s and (’s have now a canonical kinetic term

L

1
S1aBE T + SA0COMC, (7.10)

1
Lk = —§HAB(91§A31§B +
from which two-point functions are easily extracted'? as

(M) (o) = HAPA(o — o) + "Pllo — o), (C(0)¢(0")) = A" A — o),
(7.11)

where

d2p —ip-o i d2p —ip-o i bo

Performing the Taylor series one finds the entire interaction Lagrangian, at any order, is

given by

—2Ly = 17 K Qo — 101640014 — 1006 Q14
1 () 2 1) m_
+3 <H‘H§J)< nxTo X7 + WH(I el ¢4, X!
n>2 ’ ’
2 (n—1)

_ 1 n—1) on_
_ WHIJ QlJKCn 1€K01XI + WHELXB 1)< lalé-AalgB
2 ne . 1 n— n—
T2 2),7'[,(4J 2007 2l ot + =2y 2)|,H§J 20,77 ¢ 2§K€L> :
(7.13)

To simplify the presentation of the tensorial structure we have introduced some notation.
We indicate derivatives with respect to the base coordinate with a dot, e.g. H = OyH,
or in general for the n-th derivative we use H(™ (so that H(®) = H). Concatenations

of (matrix) products of H’s and their derivatives (assuming 7 is used to raise indices

13There is one subtlety if we were to consider dimensional regularisation; when computing the Green
function for & one ends up with an expression such as p2 — p?. It is not clear that one should directly
trade this combination for p? in d-dimensions. However our general approach will be to remain strictly
in d = 2 where p2 — p? = p? and only continuing to d = 2 + € when evaluating integrals.
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whenever needed) will be indicated with -, e.g. H®%) = H @ .40 .4 *) Contractions
of H with an external torus leg ;X will be shown with a e, i.e. Hie = HishX’. We
also use as shorthand HX% = VAIH%)VBJ.

By inspection of this expansion we can immediately make two general statements that
are true to all orders perturbatively. First is that the O(n,n) pairing n does not receive
quantum corrections at any order in perturbation theory; as no 9yX’ legs appear in
(7.13)', it is impossible to generate terms proportional to X! X” upon expanding
exp(iS7). Secondly, we cannot generate any mixed base-fibre terms of the form 0,Xd,y
in the effective action. This follows as any such term would necessarily involve an odd

number of ¢ fields, and thus vanish upon Wick contraction.

7.3 One-loop Recap

Before moving on to the two-loop calculation, let us recapitulate the situation at one-loop.
At this order it is sufficient to consider only quadratic terms in the fluctuations and the

effective action is given by (assuming only 1PI and connected diagrams are considered)
i
['= Sa + (S1) + §<512> ; (7.14)

where S7 = f d?cL;. To calculate the quantum correction to Hy;0:X!01X7 we can
ignore the Weitzenb6ck connection pieces all together, as any such contribution implicitly
contains derivatives of the base coordinates gy, such that the relevant interaction term
reads

L1D —%#Ug?aleali — HarCen 20X . (7.15)

There are two contributions to consider here. The first requires only a single copy of the

worldsheet and is given by
1. 1 ]
— X X (GG) = —ZHSQ.)A(O) - —iH@I, (7.16)

in which HSZ.) = H; ;00 X!, X7. We will denote this contraction as a bubble and introduce

the divergent integral

2
I=—iA(0) = /(;};ply (7.17)

14The reason why this is the case is straightforward: any 99X’ leg must necessarily come from the
background field expansion of 77 ;90X 9;X”; however, 1 is constant and terms linear in the fluctuations
are discarded on-shell.
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The second contribution arises from (S?) and requires two copies of the worldsheet:
[ o (;ﬁAzﬁBJaleali<<m<@><8153181§5;>> = L - I
(7.18)

We will denote such contraction as a loop and introduce the integrals

_ d*p  pi = d?*p pipo
L= [ Grer b= oo (7.19)

On general grounds (e.g. integration over an odd integrand) we may assume L = 0,

however the integral L is expected to result in a UV divergence.

At one-loop order we can simply regulate IR divergences by the replacement of p?> —

2

p?> —m? in integrals, and UV divergences can be unambiguously regulated in d = 2 + €.

The fundamental divergent integral I evaluates, in dimensional regularisation, to

I-P+2, p=_.

47’ ome’

(7.20)

where O(e) contributions have been dropped and the combination 5 = vg + log(m?/4r)

introduced. In d = 2 + ¢ we can invoke Lorentz invariance to relate

ddp PuPv Nuv
| i o = 1 (720

A naive prescription to compute L is to simply set the free Lorentz indices p = v =1 to
give

L~ —%1. (7.22)

This is sufficient at one-loop, and in general allows an unambiguous determination of the
leading divergence of any integral we encounter. However, strictly speaking the relation
(7.21) is only valid in d = 2 + € and the process of specifying the component p; of a
d = 2 + € dimensional vector is rather ambiguous. Different prescriptions for doing so
will lead to different finite parts. At two-loop this ambiguity becomes more acute since
whilst the €2 pole will be well determined, a prescription needs to be given to find the

e~ ! pole.

The minimal subtraction procedure (i.e. removal of % divergences only) then gives a
counter-term to Hee Of

m__ 1 (3@ (1,1,0)
T = — (H +H ) . (7.23)
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Calculating the correction to the base term is a little more complicated since there are a
number of possible diagrams involving the vielbein pieces. After some work, and invoking

identities such as

1

Tr(HQ0H) = Tr(Q0f) + 5 Tr(H ) doydoy (7.24)
one finds a counter-term to A\ of
(1) _ _L (1,1)
T (’H ) . (7.25)

Though far from obvious from the intermediate stages of the calculation, one finds that
the counter-term for A(Jpy)? matches that of A\(91y)? and that no terms in the form of
OoyO1y are generated, as expected. According to the general results as per (7.3), the

B-functions are extracted as

1
4\

1

L (1,1)
o (D), (7.26)

Bl =~ MO +HY) gy =

where the subscript is used to emphasise the loop order we are working at.

In the above we regulated IR divergences in an ad-hoc fashion by replacing p? — p? —m?.

However, the inclusion of a mass term is a delicate matter as it is in general disruptive to
the chiral nature of the fields X. Indeed, it seems hard to find a local term that precisely
recreates this prescription. We come closer by introducing

2 A

Lor = *mT/H[JXIXJ, Lng = f§m2y2, (7.27)

as mass terms on the fibre and base, respectively. For two-loop calculations both the
background field expansion of L,r mass term, and its one loop renormalisation are

important. A straightforward calculation shows that the counter-term for the mass is

Ty = — 1@ (7.28)

Together we end up with a one-loop counter-term Lagrangian

_ i (1) I J iN(l) m m72 IJ
Lor=—5 (T1 )U ax'ox + o TNy — T (L), XX (7.29)

In addition, we have a freedom to add any terms that vanish as a consequence of the

classical equations of motion satisfied by the background

1.
Oy + M soxiox/ =o. (7.30)
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Multiplying this equation by a function f(y) assumed to be first order in derivatives,

and integrating by parts allows us to consider the addition of
1. " 1 . T J
['on—shell = _Ef(y)auya Y+ ?Ef(y)/HIJalx 81X . (731)

Choosing f(y) = %Tv eliminates the base divergence in

1 m?2

_ () e I Jg _m- IseJ
LT+ Lon-snan = =5 (T1 fH)Ualx X — T (Tn) XX (7.32)

The same result can be obtained by performing a field redefinition y — y — % f(y).
In what follows we choose not to perform this redefinition (though we will examine its

consequences for the two-loop result in Appendix D.1).

7.3.1 Renormalisation of

A subtlety is the renormalisation of the Weitzenbock connection 2. Albeit somewhat
irrelevant at one-loop — it recombines so as to return only instances of H in the final
result — it does bear a significance at two-loop, as we shall see. Notice that, since €2 is
first order in derivatives by construction, [38) will necessarily be third order. Actually, Q2
is not quite an independent quantity as it is obtained from the generalised frame fields

that also determine H. Thus, it should be possible to extract ﬁg) from 52‘1‘).

Using (7.9), and explicitly avoiding indices for the sake of simplicity, we could write
H = VHoV!, Ho being the identity'®. If ¢ is the RG time and r = £ (V)V~! we have
from this

B = rH + Hrt . (7.33)

In particular, compatibility of V with 7 ensures that r* = —n~'rn. The most general

form of r that satisfies these two constraints is'®

1

=T (HO2 — 20y, (7.34)

N

51n general Ho coincides with a constant Hap. However, it is possible that a constant generalised
metric contains flowing parameters, cf. (3.95). Via an O(n,n) rotation it is possible to move this
dependence onto the frame fields, and we assume to have done so here.

16 Actually, once all identities involving H and € are exploited, the most general would be rn =
o (HO2D — 129) 4 0{Q® HOY £ p(QD + HOQWHO) for two unspecified parameters a, b and
where {-,-} denotes the anti-commutator. The coefficient of the first combination that does not involve
Q is completely fixed by 8%. The fact that the result is ambiguous should not be surprising, for the
generalised frames are not completely specified by . However, as the terms involving Q) are not
created at one-loop and, besides, do not contribute to the result we will omit them.




The Duality-Symmetric String 100

Using the definition of Q in terms of V we easily find 5 = —n_layr — Qr — rQ), hence

1
Q _ = (B0 _403) (2,1) _ 24(1,2) (0,2) _ 1y(2,0)
By = 1oy (HOO = #HOD 4 D — 302 4 0D, 0) - WCO q]) . (7.35)

As expected, this object is third order in derivatives and skew-symmetric.

7.4 Two-loop Expansion and Wick Contractions

The two-loop effective action is evaluated to

1

(5. (7.30)

7 1
I'=Sg + (San) + §<5/2xu> — 6<5/3§11> -

where the restriction to 1PI connected diagrams is understood. Here Sa; = f d%20Lan
contains the interaction Lagrangian expansion to quartic order in fluctuations and the
background field expansion of the one-loop counter-term Lagrangian to quadratic order!”.
Because this is quite involved we will treat the fibre and the various contributions to

Lorentz components 0gy0dyy, O1yd1y and Jyyd1y separately.

7.4.1 Fibre Contributions

To renormalise the term H;;01 X 9; XY we can discard all terms in which the classical

background {2 is involved. This leaves only a few contributors

1 1 1 1
@22 S 9/03) 3 a4 4 7X(2) 2 X[ XJ
Lan D < 47-[ ¢ 127‘[ ¢ 487'[ ¢ 5 ¢ )Ual o

1 1
+ (—ng — AP = O - X“)c) el o X’
1J

1 1
n (_2H(1)C _ ZH(2)<2 _ X) 010,68
AB

4 %Yaugaﬂg. (7.37)

1" This approach of expanding the counter term Lagrangian is something of a shortcut and one of
the great virtues of the background field method; however when employing covariant background field
expansions in which the quantum-classical splitting is non-linear this approach is not complete [177] and
instead one should renormalise each and every vertex in L£1. Here however we are employing a linear
splitting and so anticipate that the resultant Ward identity ensures we can complete the renormalisation
by considering only diagrams with external classical background fields. For completeness we have cal-
culated the full one-loop renormalisation of L1 by splitting the fluctuations into a quantum-background
(indicated with a tilde) and a dynamical part & — & + &, ¢ — ¢ + ¢ performing the path-integral over
the latter. As expected, doing so recovers the expansion of the one-loop counter-term Lagrangian to
quadratic order.
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Here X;; = 2 <T1(1)>IJ and Y = %Tl(l) arise from the expansion of the counter-term

€

Lagrangian in the MS scheme. Schematically we group the terms here in the number of

classical background fields as

Lan 2 AP o x 0, x7 4+ Alllg x4 A0 (7.38)
—_——— ——
Al2] Alll

where we further denote by AZM the term in AM that contains ¢ derivatives of H. As
the loop expansion is organised into a derivative expansion of the generalised metric,
two-loop contributions occur with fourth order in derivatives. Since Al carries at least
one derivative, the expansion of I' truncates to this order with the term (E‘}Ml). We only
require terms with exactly two occurrences of the background field 9;X. This will give

the following contributions to deal with

ar = (A%),ay = i(ADAP) a0y = S(AMA),

g = _%< A A0 ARy g — _%< A AW ALY gy — _%'( AL A0 4111 4011y

The first step is to evaluate the Wick contractions to obtain expressions containing an

un-evaluated momentum integral of the form

A’k d*p  T(po,p1, ko, k1)
(2m)2 (2m)2 (p?)i(K2)[(k + p)?]k

[[T'(po, p1, ko, k1) j i =/ (7.40)
where the T'(pg, p1, ko, k1) will be some specific components of momenta k and p, arising
predominantly from the fibre propagator terms. The Wick contraction is standard though
tedious, here we only present ag in detail. In ag there are three distinct contractions to

consider. The first is

G, =~ HABHODHarHar (CorCou) (Couon (164, D165,) 010 ED N OREE L)
= T HE Y ([ + k)R (oo + Koo — 1+ ki )ko)llsi1)
(7.41)

In deriving this expression we have made use of cyclicity of trace to discard terms involv-
ing Tr(H10)) = — Tr(H119)). The diagram that gives rise to a [[. .. ]]3.1.1 we call square
envelope topology (see Appendix C.1 for more details). The remaining contractions here

yield

@6, = = {HABHODHarHar (o ) (o) (D164, 15001 € 0165 (D101 L)
1

=gyz e ([RpEpTIann — 2Alkokipopllana + (Kpillsa) (7.42)
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which is another square envelope and

ag, = —3%AB%CD%.E%.F<<01 Cos) (CoaCou) (01620165, ) (0168 €L, ) (018 01 €E)
2/\27'1(1 B0 (H(pl + k1)*pikil)a.2 — 2[[(p1 + k1) (po + ko)p1pokil)a2,1

+ [[(p1 + k1)2]91p0k31k0]]2,2,1> ; (7.43)

where the [[...]]2,2,1 integral arises from what we call diamond sunset topology.

The remaining contributions ay, ..., as are dealt with, in an similar fashion, in Appendix
B.1. Combining these contributions results in the following tensor structures with coef-

ficients given by un-evaluated integrals:

H . %12 _ %IP
HEM s (P = D[ l200 — ;TP
2025 21P L[
HE %IP - %P[[P%]]z,o,o + [[prk1p - KlJ2,10
s LIP = P00 - %[[P%k?%]bzo — (P = Dlplsoo
HEO Pl + ARl + 5Tpills00 + PR Tls00
~ [tk s+ %uplklp llsna — [ + )R],
M T HOD) s — P[00 + gl + Bikap- b+ K2
MO T HOD) s S Plllses — (G + kb kK. (749

This result provides a determination of the contributions to the generalised metric
two-loop counter term for which any subsequent regularisation scheme can be employed.
Occurrences of P = ﬁ arise in these expressions from diagrams with one-loop coun-
ter-term insertions. The explicit evaluation of the remaining integrals is a delicate matter

and will be discussed at length in Section 7.5.

In addition, if IR divergences are to be regulated by including an explicit mass term as
described before, the background field expansion of the mass terms in the Lagrangian
contained in (7.27) must be included as should one-loop diagrams with the mass coun-

ter-term of (7.28) insertion. These contractions are detailed in Appendix B.1.
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7.4.2 Base Contributions

Contributions to the base manifold can be organised in terms of the type of external
legs, (Goy)?, (O1y)? or Ooydry, they come with. Given the chiral nature of the action
(7.1) these are better treated separately; eventually, we shall compare our findings for

the various cases and comment on the (broken) Lorentz invariance of the final result.

Restricting ourselves to (Gpy)?, we can discard all terms in which the classical back-

grounds 27 and 0;X are involved. This leaves only a few contributors

1
LanD— §QOA181€A§I
1 1
-5 (H% + 5 HPC+ X) 0,160,167
AB

1 1
+ 5 Y 9,00 + v ¢, cory + ZY(Z)CQZBMy@“y. (7.45)

Similarly to the fibre, we group terms in the number of classical background fields they

come with. Recalling that (29 counts as a Jygy insertion, we have

Lay > BY + BMayy + BE (95y)? . (7.46)
T 76]_/
B

We denote by BZW the term in B that contains i derivatives of H or V such that
BO =g g, g =pyBl, =5 (7.47)

First we consider only contractions that lead to exactly two occurrences of dyy and four

derivatives in H or V. These are given by

b =By, by =i(BBLY

by = — (B BIEY) b= BB BB (7.48)

We detail the explicit evaluation of each of these in Appendix B.2, but note here that by

vanishes outright since it contains no connected diagram.

With the classical background fields viewed as external legs to the diagrams in by — by,
the divergences are extracted at zero external momenta (i.e the momenta associated to
the Fourier transform of the background field on external legs). In addition to these con-
tributions, we must take into account some diagrams for which the vertices contribute
fewer than four derivatives of background fields, but for which the loop integrals carry

divergences that are linear or quadratic in the external momenta. Fourier transforming



The Duality-Symmetric String 104

these external momenta then produces a worldsheet derivative which acts on the back-
ground fields H, V, . The inclusion of such contributions is vital to the cancellation of
terms involving €2 which could not otherwise be rewritten in terms of the generalised
metric H. If vertices contain no occurrences of dyy and two derivatives of H or V, the

relevant contribution is
by = %<B§°JB§°]> . (7.49)

If vertices contain dyy once and three derivatives of H or V, the relevant contributions

are
) 1
be = z<B£1]B[20]> , b= —§<B£1]BEO]B£O]> . (7.50)

Note that bs67 do also source (01y)? and O1ydoy terms, which we will carry forward
for inclusion in the relevant calculation later. The evaluation of these contractions is

detailed in the appendix.

Terms with Jyydiy legs are somewhat simple to study. Adopting our by now familiar
]

approach, we single out in Ly the relevant terms and name them Cl[n;gu where [n; o]
denotes the number of occurrences of 9,y and ¢ the number of derivatives of background

fields.The relevant combinations are

] T, 0 T, 0 1 3T Nea
=~ HEETIOICDY = (B, e = LTI ElEy,  (ra

ey = —i(cle el e = —iqeltelel el g = —(clteltely (7.52)

These ¢’s must be supplemented by some other contributions to get the full picture;
in fact, as anticipated, integrals with external momentum insertion, such as the ones
appearing in bs g7, can give rise to terms with Jpyd1y legs. We shall deal with them

explicitly in Appendix B.3.

Terms with (91)? legs are high in number and complexity when compared to those
we just analysed. To deal with them (and the others, too) more efficiently we have
created an appropriate Mathematica notebook!®. We shall collect the results for all
Wick contractions, including those on the fibre, in Appendix B.4. Albeit involved, they
are obtained with minimal assumptions'® and could be employed as the starting point

for testing new methods for the evaluation of non-invariant integrals.

18We report additional details concerning the implementation in Appendix E.
19We have assumed in particular: momentum routing as per the figures in Appendix C.1, Taylor
expansion of integrals involving external momentum insertion.
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7.5 Evaluation of Integrals

We turn now to the evaluation of the momentum integrals for which we can follow two
slightly different methods. Adopting dimensional regularisation, a critical decision is
when in the calculation one assumes d = 2+ € or d = 2, and what cancellations are made

before the evaluation of integrals:

e Method 1: We move immediately to d = 2 + ¢ and do not make any assump-
tion on the relation between pg — p? and p? to combine integrals. Instead, we
use arguments of Lorentz invariance to evaluate the myriad of tensor integrals

[[T'(po, p1, ko, k1)]]i,5,% that are encountered.

e Method 2: We remain in d = 2 for as long as possible, and simplify combinations
of integrals by replacing pg =p? + p%, kg =k + k% and pokog = p -k + p1k1. The
invariant combination are left to cancel against the denominators. Only once all
such cancellations are made we continue to d = 2 4+ €. This method dramatically
simplifies the situation as the calculation can be reduced to the evaluation of just

four loop integrals.

7.5.1 Method 1

The first strategy we consider is to use O(d) symmetry to relate the various integrals
with non-scalar numerators in terms of a basis of scalar integrals, i.e. those of form
[[f(p?, k2, p - K]l j, which can be easily evaluated in terms of the basic dimensional

regularised integrals (in Minkowski space)

B dp 1
I, = / : | (7.53)

2m)1 (52— )"

In particular, the integrals we shall encouter are

m2l, = ﬁ, mily = — (7.54)

7 ko
L =1I= —
1 + .

T 2me | Am’
where the expressions have been truncated to the relevant order. To achieve this we
operate as follows: given a non-invariant integral of the form [[py*py2k(*ky*]);  k for
some n; € N, we consider the associated integral where momenta are given d-dimensional

Lorentz indices, [[p,, . ky, ...k 1]i.jx- We then use O(d) invariance to argue

. ‘pﬂnl+n2 *WWng4ny

that the latter should equal a combination of Minkowski metrics multiplied by both a

d-dependent finite factor and a scalar integral. Finally, we set the Lorentz indices so as to
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match our initial expression and recover the desired result. All of the relevant integrals

are listed in Appendix C.1.

Albeit standard in QFT, this technique here necessarily involves explicitly the 111, mgo
and 791 components of the now d-dimensional worldsheet Minkowski metric. A prescrip-
tion for these needs to be given and might in principle depend on €. To keep track of this
possibility we consider?? ngg = —n11 = 1 + ge for some g € R (with higher orders in ¢
irrelevant to the two-loop calculation) and 791 = 119 = 0. A simple example encountered

is

d
enpella00 = / (if)jd <p2p_“€§;2)2 = W21+ m?Dy). (7.55)

Specialising the Lorentz indices this prescription gives

[[pop1]l2,00 =0,  [[Poroll2,00 = —[[pP1p1]]2,00 = (I +m?Ly). (7.56)

One might wonder if there is some preferred value of g required by consistency. A natural

demand might be to set

[[Popoll2,00 — [[P1p1]]2,00 = [[Pup*]]200 = (I1 + M? L), (7.57)

which is achieved for g = % However, consider now the “triangle” integral

pi(p5 — p7) (1+ ge) 2 4
In = =—4———(L +2m s + m™I3). 7.58
o= G = gy ) (5
In deriving this, we have prevented the numerator from cancelling against the denomina-
tor, thereby computing, in schematic form, [[p?p3]]s.00 — [[p1]]3,00. On the other hand,

if we now replace p% — p% = p? prior to integrating we get

14 ge
In = [[pill200 + m?[[pi]ls00 = — dg (I +2m*I, + m'I3) . (7.59)
These two results agree in their leading % singularity but differ in the finite parts by
%. This shows that there is no universal unambiguous choice for g. At one-loop this

has no material impact on the g-functions, but at two-loops this ambiguity is dangerous
because the Ian appears multiplied by a further % (coming either from a counter-term
insertion or from a factorised loop in a diagram). The prescription we follow in this
Method 1 is to not combine explicit factors of p% — p% into p? prior to performing the

integral®!.

200ne can consider a more general choice where 700 = 14 ge and 711 = —1 — fe, however setting f # g
does not produce simplifications of the final result.

21With respect to the un-evaluated loop integrals reported in Appendix B.4, we should re-expand
p® = pg — p? etc. and then apply the rules for Method 1.
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When evaluating the counter-term contributions on the base, one additional technical
difficulty is posed by integrals with non-invariant denominators, containing explicit com-
ponents, e.g. pi1, in place of invariant combinations. These we tackle by means of a

Schwinger parametrisation
1_ /00 due Pt (7.60)
P 0
As described in detail in Appendix C.1.4, we then proceed formally by series expansion of
this exponential to produce a sum of loop integrals with non-invariant numerators; each
term can be recast, using the same O(d) symmetry technique, as some invariant integral
multiplied by a combinatorial (and d-dependent) factor. In the integrals encountered,
we found that we could resum the series obtaining a hypergeometric function of the
invariant combinations of momenta. The Schwinger parameter can then be integrated
using standard identities for hypergeometric functions®? to produce an expression for

which the final loop momenta can then be integrated.

At two-loop order we expect divergences of the form 6% and % The latter contribute

to the S-function whilst the former are constrained from the one-loop % contribution by
pole equations. Terms of 6% can be sourced in one of two ways; either as a two-loop
diagram giving a contribution I%, or as a one-loop diagram giving a contribution I; with
a counter-term insertion carrying a further % Terms of %, instead, can arise in several

ways:

a2

(i) First, expanding I? and %I 1 produces sub-leading % poles proportional to 1. These
we anticipate should cancel out, and indeed the correct counter-term Lagrangian

should make this the case.

(ii) Second, we can find in a two-loop diagram a contribution proportional to either
m2I1 Iy or m*I;I5. The explicit mass that enters here as a result of the IR regu-
lator cancels the same in the finite integrals Is and I3. We anticipate that these

divergences should also cancel as happens in the standard string S-function.

(iii) Finally we can have a pre-factor f(d)I? whose expansion results in a % pole. These

are the terms responsible for the S-function.

We will now collect and present the results for our calculation using Method 1. In doing
S0, let us recall that terms with a double e-pole shall not depend on our prescription for

computing integrals and are thus unambiguous.

22For instance

/000 duu® " oFi(b; —u) = F(l;(il)a) . (7.61)
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Let us start from the fibre. The e~2 counter-term turns out to be

(2 _ 1 (4) (3,1,0) _ (2,0,2) (2,1,1) _ (1,2,1) (1,1,1,1,0)
T = o (R +an 2H 6 T )
1
(1,1) (2) (1,1,0)

T iagpme ) (H +H ) !

(7.62)
in exact agreement with the pole equation
5 -

0=27? -1V o L7 4 7O (7.63)

oH

Regarding the single e-pole, 4’s cancel out, as they should, among different a’s (equiva-
lently: topologies). Contributions coming from IR regularisation - those involving I5 3 -
do not vanish on their own but can be removed with the addition of the appropriate mass
term (7.27) to the Lagrangian. Crucially this term has a non-trivial expansion so that
interaction vertices with mass insertions are produced at all orders. These are relevant,
as they can be used to precisely cancel off against I3 3-dependent terms produced in the
calculation. More concretely, as we explain in Appendix B.1, four different topologies
are involved: triangle envelope, square envelope, decorated loop and decorated triangle.

Their contributions respectively evaluate to

2 2 4
my = m8§1212 Tr(HONHE , my = L(m 182; m’l) Tr(HED) R
(7.64)
m2I, Iy 2 I (m21y + m*l 1,1,0
m3 = - e Tr(H(L”)%S.), my = — ( 162 ) Tr(HMY) G
In summation these yield
! 1
1,1,0 2
i=1

Including these, which precisely cancel all m?I;I, and m?*I; I3 contributions, we find the

e~ 1 counter-term

2g — 1 4g — 1 3(8g—1)
73 _ (2,0,2) (2,1,1) (1,1,1,1,0)
1 32w2A2H + 167r2)\2H + 12872 )2 H

1—4g 1,1 1,1,0
Sag Tr(H By L0 (7.66)

Let us consider the constraint that T1(2) be compatible with the O(n,n) structure. We
find that the consistency condition of eq. (7.6) is not obeyed and instead:

_4g-3

13 — 40g
" 25672)\2

Tl(z)nle_i_anTl(z) Tr(H(l,l))H(1,1)+ e 2(LLL1)
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2 -1
+ 32217T2)\2 (H(2’072’0) JrH(o,z,o,g)) : (7.67)

which does not vanish for any choice of g. On the base we find the e~2 pole

_ 1
6412\

T3 = (2 Tr(H®V) + Tr(H ) 4 Tr(?-[(l’l’l’l))) : (7.68)
in which it is notable that we could combine all terms containing the connection €2 to give
a final answer in terms of the generalised metric alone. Moreover, we find that the =2
counter-term for dyydoy matches that of 01y0d,y (despite arising from a totally different

set of diagrams and contractions) and that no e 29yyd1y counter-term is produced.

Turning to the single e-pole on the base, 4’s cancel out. Contributions coming from

1

IR regularisation cancel entirely. For the remaining e~ counter-terms, indicated with

fl(z) |, O*y0"y, we obtain

16
7)) - _ 1 —6g (1,1,0) 3t 4g @)
i lon 6472\ Tr(H 24) 6472\ Tr(H7Q0Q), (7.69)
~@2), _ 1—38g (1,1,1,1) 1 22)
r - Tr ) = 13 — 10g) Tr :
1 o0 = qogray T )~ 3ga.2y (13 — 109) Tr(357)
35 -8
+ Sagmzy (THHD00) = TeHOOHD) + 2o (56 + 80) Tr(H D),
(7.70)
T —3+4g 9 — 10g
T(z) = T (1,1,1,1)y _ T (2,2)
1l = Togey, T ) = Sganzy )
13 + 169 (1,1) 11 — 8g Do) 5(1 —g) 21)
+ S5amzy M )~ Sgapzy BOHHTQ) 4 e T )

(7.71)

It is clear that not only does the result depend on the connection 2 rather than H alone,

there is no value for g for which ff2)|01: 0 and T1(2)|00: f1(2)|11.

7.5.2 Method 2

In this method we shall perform the maximal simplifications that we can before actually

evaluating any integral. We make four key assumptions:

1. Integrals are first dealt with in d = 2. In particular, we replace factors of p3 in the
numerator of momentum integrals with p? + p? and cancel off against factors of p?

between numerator and the denominator?3.

23This step is potentially ambiguous as there can be multiple ways to implement such a simplification,
e.g. in k3ps we could extract either (k- p)® or k*p*k - p. However, at least at the two-loop order we are
working to, no such possible ambiguity occurs.
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2. After these cancellations have happened we continue the integral to d = 2 + €

dimensions and, in particular, we assume shift-symmetry in the momenta k and p.

3. IR regulating should be done at the end of such simplifications, and based on the
experience of Method 1 when done successfully will not be important for the %

pole.

4. Having done these simplifications, we will assume that the integration method is
such that any integrand whose numerator contains an odd number of temporal

components of momenta vanish?*.

This methodology greatly assists in dealing with integrals that contain non-Lorentz invari-

ant denominators. For instance, consider the following expression which is encountered

ddk ddp n
. 72
J= / (2m)d k2p2(ky + p1) (7.72)

in the computation

Suppose in the numerator we sum and subtract kq:
7= / ddk dp k1+p1 B / d? dp k1
27T d k‘2 (kl + pl) (27T)d (27T)d k2p2(k1 + pl)

N (2m)® (2m)4 k2p? (k1 +p1) ’

(7.73)

where in the last step we used the fact that the denominator is invariant under the

swapping of k and p. Hence, we see that the integral is easily solved as J = %12_

Further simplifications follow from the momenta shift-symmetry. Consider [[(k1+p1)?]]1,1.1;
expanding the square and using the k <> p symmetry of the integrand gives [[(k1 +
p1)?|)1.11 = 2[[k3]]1.11 + 2[[k1p1]]1.1,1. On the other hand, shifting k — k — p followed by
p — —p yields [[(k1 +p1)*]l1,11 = [kf]]1,1,1- Hence [[kipi]li1,10 = —5[[k{l1,0.

With these rules implemented the entire two-loop contributions can be remarkably ex-

pressed in terms of only five (non-invariant) integrals:

d% 1 d9k k2 A9k k4
I:/ww L‘/@m (k)2 T:/wuﬁw

S—/ A%k dp ki TE—/ d% A% kipi(ki+p1) (7.74)
) @m)d@2r)d PR3 (k +p)? ) o)t )Rk +p)2T

corresponding respectively to the fundamental integral I and then integrals in the Loop,

Triangle, Sunset and Triangle Envelope topologies. For each of these we denote by X;

240ne could do away this restriction, however this will not effect the broad conclusions we reach as
integrands with odd and even numbers of temporal components of momenta are associated to different
tensorial combinations of the background fields. This is because a factor of p1po can only arise in
conjunction with an n and a factor of p1p; comes with an H.
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the L contribution to the integral X. The leading divergence and J-dependence of the

€t

remaining integrals is unambiguous, such that we may express

7 1 vy . 3 3y
I=P+ — L=—-—-P—-_—+iL T=-P T
s 3¢ " gr IO g T3ap O
1 5 S 1, v | TEq
S=--P? — TE=_-P°— 7.75
2 * 8m2e * e 8 32m2e e (7.75)
in which we recall P = ﬁ and have introduced L(q), T (), S(1) and TE) to signify the

undetermined contributions from these integrals.

In general, two-loop diagrams which can be factorised into the product of one-loop di-
agrams do not lead to simple % poles once the appropriate one-loop diagrams with
counter-term insertions are subtracted off [162]. Here we see this through contributions
of the form (I — P)L where P comes from a counter-term insertion in the MS scheme;
the simple pole part of (I—P) drops such that only a term proportional to is produced
(such terms should cancel with an appropriate treatment of counter—terms). Using (7.75)

we see similarly that the combination (P 4 L)L has no §-independent % contribution.

To expose the simplifications of this method one needs to organise the calculation by
grouping all terms with the same tensorial structure. In general these occur from differ-
ent Wick contractions and across different topologies. Let us highlight this method by

1.L.1.0) in more detail. The terms in ag require the most work and

examining the term H
proceed as follows. The strategy is first remove all temporal components of momenta by

replacing e.g. kopo = k - p + k1p1, and then cancel numerators and denominators. For

example
a, 27)\27.[.1,’1’1’1’0 (—2[[k1p3k - pllsaa + [kipip°]3.1.1)
2)\2 7—[.1.’1’1’1’0 (—[k1p3l]s0,0 + [K1pil]s.00 + [K1pi]]on 1 + [K5pTl211)
Tax? H.1.71,1,1,0 (=[kpillsao + [k = pOpillsno + [lkapillzan + [kpilaaa)
2)\2?{(1,1,1,1,0) (TE-TIxT). (7.76)

The contributions arising from the remaining Wick contractions relevant to (1110

are summarised below.
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/\,Q,HSI.,I,LI,O)
as, 1P x L
as,, L2
as,, I T
as,, 1P x L
ag, F(TE-IxT)
ag, —TE
Tot. | L? = {TE+ 2P x L

TABLE 7.1: Method 2 two-loop contributions to H£1.,1,1,1,0).

The other tensorial structures can be treated in a similar fashion, both on the fibre and
base manifold. We will refrain from detailing the discussion any further here and rather
report our findings in tabular forms. The interested reader is referred to the appendices

where the explicit steps for carrying out the calculation are shown.

Tensor Result 64# & ﬁ
HeY L2 11P 1 |o 0
B0 —3IL—JIP+3PL | —4 | 0
HZO? 1P + 38 210 S1
211) P IPL+IIL+1S | -6 | © S
21 P -3PL-IL2+ L | —4 | 0 0
#{LLL1L0) —LiTE + L? 4+ 3PL 3 | 0 | —3(~Lo+4TE)
1D Tr(H D) —4IP — 1S I lo —551
2L (3 (1) LPL+ 1TE 2] 0| 3(-Lo+A4TEy)

TABLE 7.2: Two-loop contribution for each tensorial structure on the fibre.

Tensor Result ﬁ & ﬁ
Tr(H1000) —3LP — JLI - ;PI - 2TE 0 | 0| Ly—4TE,
Tr(HPQQ) | LeL-I)(I-P)+4TI+2S—4TE| 0 | 0 | —1S; —2TE,

TABLE 7.3: Two-loop contribution for each tensorial structure on the base with external
legs Joydry.-
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Tensor Result @ % ﬁ
Tr(HGY) SLOI-P) — &I(P —2I) -1 10 0
Tr(H*?) —158 — 3TE + {5PI -5 10 —1Sa) — 2TE,
Tr(HOHED) [ IPT+ L(P —L)+ S+ 4TE | —3 | 0 | 3(S(1) — L(o) + 4TE(y))
Tr(H1D0Q) 2LI + 2TT + ;17 0 |0 —4L) — 4T o)
Tr(HWoHDQ) ;L2 — 3LI—2TT - {1° 0 |0 4L(g) + 4T o)
Tr(HVQ) | SLI+2TT-LP - {PI+3I2 | 0 | 0 —3Lg) — 4T g

TABLE 7.4: Two-loop contribution for each tensorial structure on the base with external

legs O1y01y.-

Tensor Result ‘ @ 4%6 4%5
Tr(HED) ILP — ILI- LPI 1|0 0
Tr(H(>?) %S — 1TE — {;PI 3 |0 —38(1) — 2TE(,
Tr(HLLLD) L2+ 1LP 110 0
Tr(HMD00) 3S+LI+2TI 0 | 0 | —2Lg) — 4T + 28
Tr(HWQHWQ) | —1L2 - JLI-2TI-3S+2TE | 0 | 0 |4T() —3S() +8TE,
Tr(HZDQ) JLI+2TI+S 0 | 0 | =L +4Su) — 4T

TABLE 7.5: Two-loop contribution for each tensorial structure on the base with external

legs Opydoy.

In summary we find the results for the simple e-poles of counter-terms to be given by

T = s (H(Q’O’Z) NpY/CAR

1
8

1 Tr(Ha,l))H(z))

1 1
+ (TE(1) _ 4L(0)> (H(l,l,l,l,o) - Tr(H(1,1))H(1,1,0)> ’

~ 1
7T)\T1(2)‘01: -2 <TE(1) — 4L(0)> TI‘(/H(LI’O)QQ) +2 (S(l) — 2TE(1) — T(O)) TI“(’H@)QQ) ,

= 1 1 1
7T)\T1(2)‘11: - <8S(1) + TE(l)) Tr(’H(Q,Z)) + <4s(1) + TE(l) _ 4L(0)> Tr(rH(l,l,l,l))
2 (L) + T() (Tr(D00) - Tr(HDon M)

3
— <2L(0) + 2T(0)> Tr(H®VQ),
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3
= (SS +TEq )) Tr(H*?) + (=S) + L) + 2T () Tr(HD00)
+

| W

S — ATE, )—2T(0)> Tr(HWoHDQ)

7.5.2.1 O(n,n) Consistency Requirement

We can now return to question of compatibility of the fibre counter-term with the O(n,n)

1)

structure. At one-loop, it follows immediately that Tl( satisfies the required condition
Tl(l) "+ H g Tl(l) = 0. At two-loop order TQ(Q), we recall, ought to obey
0= T2(2)77_1’H + Hn_1T2(2) + Tl(l)n_lTl(l). There are four relevant independent tensors
Xo(H,n) with four derivatives and total homogeneity one that obey H -n~!- X, + X, -
n~t-H =0 given by

X, =H® + 2(?—[(3’1’0) 4 7—[(0’1’3)) — 3(202) | gy (11011

Xy =HZLD 4 4 (112) 4 99/(1,1,0.11)

X3 :7_[(1,2,1) o 7_‘(1,1,0,1,1)

Xy = (H® = HOOD) Ta(y(D).

(7.77)

(2)

It is useful to introduce these combinations in 7, as they just drop when checking the

compatibility condition:

(2) _ 1 1 (2,0,2) (1,1,0,1,1)
7 = ———=(4X] — 12Xy — 16 X3+ X ] e — BB .
5 1287TW( 1 2 —16X5 + 4)+327r2)\2(’H H ). (7.78)

The rest of the proof is easy and only involves simple identities to recast
H i ,,,]—1 . H(?,OQ) + H(270,2) . 77—1 . H — _2<H(2,2) + H(1,1,072) + H(270,1,1)) ) (779)

As for TI(Q), the tensor (202 enters into the result but there are no contributions of (4
and HG10) that allow for its completion into X;. As a result, to ensure T1(2) is O(n,n)
compatible we are required to enforce S(;) = 0. This on its own is not an unexpected
conclusion, in fact is the case if we use the Lorentz invariant regularisation scheme with

g= % However once S(j) = 0 is set, we are left with

T (TE(I) - iL(0)> <7—[(1’1’1’1’0) - iTr(H(l’l))H(l’l’O)) : (7.80)
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and again this is not O(n, n) compatible unless L) = 4TE;). Unlike S(y) it is impossible
to tune g within the Lorentz invariant regularisation scheme to make this combination

vanish since Ly — 4TE () = 32# is independent of g.

The conclusion of this analysis is that the only way the counter-term TI(Q) is compatible
with the O(n,n)-structure (neglecting scheme changes, which we will discuss) is that the
prescription for evaluating the integrals be such that T1(2) ~ 0 and hence 7 receives no

contribution at two-loops.

7.5.2.2 Lorentz Consistency Requirement

Turning now to the base, we examine if restoration of Lorentz invariance is possible.
To eliminate the mixed f1(2)‘01 contribution we require again that L) = 4TE() and
additionally Ty = S(1) —2TE(j). Notice also that Tr(HLLLD) enters in Tv1(2) |11 and not
in fl(Q)IOO, so to eliminate this mismatch requires once again that S;) = 0. Eliminating

S(l), TE(l) and T(O) in this way yields

. 1
{7 1 = =1L Tr(H?) — Ly, (Te(HD00) — THHOOHDO))

1
— 5L Tr(HZVQ), (7.81)
~(2 1 1
7T g0 = Lo Tr(H®?) = L) Tr (D Q). (7.82)
Lorentz symmetry is restored only when also L) = 0 and the entire counter-term

7@ <.

7.5.2.3 Evaluation of Remaining Integrals

We can invoke the O(d) Lorentz invariant integration prescription employed throughout

Method 1 to now evaluate the remaining integrals to be:

1 3—28g 1 2g -1
TE(l) = _ET(O) = , S(l) = _iL(O) = 6n (783)

Using these values we can eliminate TE ;) and Sy to give:

1 1
T = 1L (H(2’0’2) +HEED - ST (Y )7—[(2)>

1 1 1
(st (0 Lneern) . s
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On the base we find

TP oy = (;T(O) + ;L(0)> TR0 00) — (L(o) n ;lT(o)) THO00) . (7.85)
WT1(2)|11 = <116L(0) + éT(0)> Tr(H(QvQ)) _ (gL(O) + éT(0)> Tr(’H(lelvl))

=2 (L) + T(o)) (TY(”H“’”QQ) — T‘r(H“)QH(UQ))

B <2L<0> + 2T<0>) Tr(H*DQ), (7.86)
wfl(2)|00 =— <1?%L(0) + éT(U)) Tr(H22) + (;L(o) + 2T(0)> Tr(HDQQ)

3 4
- <4L(0) + 3T(0)> Tr(HYanMQ)

+ (2L(0) + 2T(0)> Tr(HVQ). (7.87)

The g = % prescription could now be adopted to further simplify the results by setting
L) = 0. As a final simplification let us assume further that the background is such that

the one-loop counter-terms all vanish, in which case

1
~ )
71 =5 To) Tr(HH000) (7.89)

N . 1 10
(T2 1T 00) =T (6 Tr(HBHED) — 4 Tr(HIY00) + 0 Tr(H(l)QH(l)Q)> .

(7.90)

These final expressions demonstrate that even with such additional assumptions, the
fibre counter-term remains incompatible with O(n,n) structure and Lorentz invariance

of the base counter-terms can not be enforced without placing constraints.

7.6 Couplings Reparametrisation

We have so far neglected the possibility of scheme changes and redefinitions that could
possibly remedy the broken Lorentz-invariance and/or the O(n,n) compatibility. We
shall now expand on the discussion in the pre-print [3| and discuss this point more

thoroughly.

Suppose a theory depends on some set of couplings ¢?, i = 1,..., N such that the
0
Opt
by ¢’s. Up to now we have worked in a minimal subtraction (MS) renormalisation scheme:

B-function can be viewed as a vector 8 = 3°+%; on the space with coordinates parametrised
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that is, we have only removed divergent parts and ignored finite pieces when renormal-
ising the action. There are other possibilities, of course. Changing the scheme means
adding finite local counter-terms and is equivalent to a redefinition of the couplings o,
sometimes called “coupling reparametrisation” (CR) [145]. For a multi-coupling theory,
the B-functions are affected by a CR starting at two loops. Under ¢’ — ¢ 4 6, the
change in the S-function S¢ for the i-th ¢ is given by the Lie derivative

, Lo . o .
(5 Z:6 ‘77. (- ‘77‘(5 l. 791

8 =0 58— g 50 (7.9)

Momentarily reinstating the string tension, at two-loop the reparametrisation d¢° is order

o/ so that, according to (7.91), a change 55%2) in the two-loop B-function ﬁfg) for the i-th

coupling will be induced by the one-loop results 6{1)'

Now, the counter-terms of the previous sections indicate that, at two-loop, the (9py)?
and (O1y)? legs do not renormalise in the same way. This clashes with the fact that they
share a common coupling A: as a result, we see broken Lorentz invariance on the base
upon renormalisation. This observation is additionally strengthened by the appearance
of the non-vanishing T1(2)’01 counter-term. Let us then re-start from scratches and give

up on Lorentz-covariance on the base from the outset by considering

1 1 A A A
ﬁG = —581XI7-LU81XJ =+ iaoxlnjjalx‘] + %(60?;)2 + %803/813/ — 711(81?4>2 . (7.92)

In Lg, we can consider the three base-couplings as distinct objects and treat their renor-
malisations separately. If the three RG flows are eventually consistent, i.e. Agg and Aqy
receive the same quantum correction and \y; receives none, we do take the limit Agg — A,

A11 — A, Ag1 = 0. When no confusion can arise, we shall employ the shorthand

limy = lim lim lim so that e.g. L =1im)Lg. 7.93

A /\004))\ A11—A )\01 —0 g G ( )

With this choice we can fully leverage CR/finite counter-terms: within £ we could only
add a finite counter-term for 4 and/or \. Now we can re-parametrise separately H,
Aoo, A11 and Ag1: that is, we have twice as many degrees of freedom! Equivalently: for
each coupling we can add different finite counter-terms that need not be related to one

another.

The price to pay for this generalisation is the re-computation of one-loop S-functions for
all couplings. For instance, the one-loop result (7.26) is really the limy of the one we
would obtain from the use of Lg. The limiting procedure indeed washes away the precise

dependence of, say, 52‘1‘) on Agg, A11 and Ag;. However, this is crucial as we eventually
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need to calculate

0 0 0
5ﬁz-2[ = 57{757%) + 5/\008T0062-1[) + 5)\11 5(1) + 001 5 Dot ﬁ(H)
0 3 0
A A A
5 57—[ B 10)0 Do oOH — 5(11)1 D OH — 5(10)1 Dhar 0H. (7.94)

In fact, for a two-loop calculation, the use of L (as opposed to the simpler £) can be
limited to the computation of one-loop S-functions. The reason is that, eventually, we

will be interested in

Biay = Timy (B + 38y, ) - (7.95)
The derivatives in 63" as per (7.91) imply that we cannot exchange limit and reparametri-
sation. However, the polynomial base couplings and the particular limit we are consid-

ering imply that it is safe to directly use £ to compute 622)

7.6.1 One-Loop, Again

Singling out the precise dependence of the one-loop S-functions on the couplings is vital
for determining the effects of scheme changes on the two-loop S-functions. Therefore, we
need to re-perform the one-loop calculation, this time with Lg, though. As all X’s are
assumed constant, the effect of trading £ for L¢ is only to modify the propagator for the
base fluctuation . As no new interaction terms are created, the one-loop computation
will be identical to the one performed with £, at the price of changing some of the loop
integrals. Most importantly, these modifications will not affect the renormalisation of the
N's. At one loop, the only possible source for 0y legs of either types is the Weitzenbdck
connection €. Exploiting this fact, it is easy to see that only fibre fluctuations £ can
contribute to the production of two Jy legs in the effective action. Thus, L5 will only
modify the renormalisation of H (7 is still protected by the general all-loop arguments

that applied to £). More concretely, we introduce a new notation for the (-propagator

1

(C(a1)¢(02)) = )\005(0’1 —02), (7.96)
&’k i 1

E(o1 —02) = / e iklo1=02) _ , (7.97)
(2m)? 14 g2 4 ju i

where AX = A\gg — A11 and obviously limy= = A. The A\gi-dependent term in L implies
that structures with different parity than the ones encountered thus far can appear in
the RG flow. In fact, in Fourier space, Ag1 adds to = an explicit dependence on kg that
was previously absent. To guarantee that this is paired up with another odd power of
ko (so as to produce a non-vanishing loop integral) combinations of H and 1 other than

the ones considered in the A\g; = 0 case have to be considered.



The Duality-Symmetric String 119

Evidently, = will make the evaluation of certain loop integrals much nastier, mostly due to
the presence of Ag1. In fact, we can generically solve integrals coming from this propagator
by Taylor-expanding the second fraction in Z (that depending on \’s), evaluating each
integral with Method 1%° and then re-summing the series. As we shall see in a moment,
this is easily done when A\g; = 0. For non-vanishing Ag; we are unfortunately unable to
obtain a closed expression for the re-summation. Nevertheless, we are only interested in
the linear dependence of BZ%) on Agp: this is the only order for which the combination of
limy and 9/9\g; can produce a non-vanishing result. On top of that, when restricting
to integrals with linear dependence on A1, we can in fact set \gg = A1 = A from the

outset: possible deviations will be killed by lim).

Upon re-performing the entire calculation, it turns out that there are just two integrals

that need evaluation. Following the guidelines of Method 1 we find

AN

&2k k? 1 1 — e oo
i :/ s o s =—>x—P, (7.98)
(2m)* (k2) 14+ )%2‘% oo
d’k 1 1 Ax
Ja :/ 575 > =e2P. (7.99)
k
SRS 1
Notice that, as it should, limyJ; = —%P and limyJo, = P. We can now report the

results for the one-loop calculation using L¢ (where O(A\3;) terms are being suppressed):

AN AN
n o e 2200 9 1 — e2Xoo 1,0,1 )\01 1,1 2
i ol Ty e T L
A 1 1,1 A A
50 = T6r T =g B =0 (7.100)

The RG flows of A\gg and A1; are equal and unaffected by the more general action. This
could be anticipated from the fact that (7.26) did not depend on A in the first place. The
new coupling Ag1, in particular, does not flow, making our limy consistent at one-loop.
However, the S-function for H depends on the different A’s (in the case of \g; we have

only kept the linear contribution, as explained before).

7.6.2 Scheme Choices

We are now in the position to explore the effect of CR on the two-loop S-functions. Let

us start by considering 6oy = coo Tr(HY) and dA;; = ¢11 Tr(H (D). Plugging them

2>Recall that, at one-loop, Method 1 is completely unambiguous and affords us with the possibility of
using combinatorial arguments to easily evaluate complicated integrals.
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into (7.94), using (7.100) and finally taking the limit we find

Coo + C11

3coo + c11
16m\2

. H
llm/\(Sﬂ(Z) =2 ]_671')\2

Te(HED)YHP) + Tr(HED)yH 0D (7.101)

Recall that one of the issues with O(n, n) compatibility was that terms with traces in ﬁg),
such as the ones above, did not have the same coefficient. Since in (7.101) we have two
independent parameters we can always choose cgg and ¢q1 so that in Bg) = 62’2‘) +4 BZ'Q[) the
terms Tr(HMD)YH P and Tr(HTD)HEOD share the same pre-factor. Notice how this is
made possible by the different finite counter-terms for Agg and Aq1: if they were equal,
(7.101) would only depend on an effective parameter ¢ = cpp+ 11 and we would not have
enough freedom to fix both tensorial structures. Similarly, consider the O(n,n)-violating
reparametrisation 0% = A (Ao, A1, Ao1)HP + As( Ao, A1, Aor)HEOD | for two func-
tions Aq2 ot the A-couplings. Given the one-loop result, these should be such that

limyA; 2 = ‘”T’Q, for some constant coefficients a 2. we arrive at

lim, 637, = alﬁ_ a2 (7—[(2’0’2) L1 +7_[(1,1,2))
a141 8141

_ Lmy — 1+ limy — ) T (DY (2)
167 UMM, T ‘mAaMl) (A

. 6A2 . 8A2 1.1

— — (limy =2 4 limy o2 ) Tr(HED)H 00 7.102
. <lmAaAOO n lmxa/\n> e(HOD) (7.102)
The H(%2) structure was already identified as problematic for O(n,n) compatibility.
With this addition it is always possible to make its coefficient in Bg) vanish. Once
again, observe how this is afforded by a reparametrisation that explicitly violates one

of the symmetries we are eventually trying to restore. Also, A\g1 does not enter here, as

i =0

A problem arises with the reparametrisation of A9, though. Given that 7@ lo1 explicitly
depends on 2, we are forced to assume that §Ag; does too. The only term that might
satisfy our needs is d\g1 = co1 Tr(Q’H(O)Q). Indeed, this would result in

limyd5) = 2% (Tr(H@)QQ) - Tr(’H(l’O’l)QQ)) . (7.103)

Hence, if the integrals in T1(2) lo1, upon evaluation, were to precisely give opposite coeffi-
cient to Tr(H2QQ) and Tr(H10DQ0N), we could always make T7|g; vanish. However,
a nasty consequence of this form for d A1 is that it will affect 56?’2‘), too. Concretely, this
would yield, because of the form of Bg),

limy 857, o % Tr(QHOQ)HOD . (7.104)

Notice that i) any non-vanishing d\g1 implies a contribution to (55{21) proportional to
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HOD: given the “parity” of H(D | it can’t be removed with other reparametrisations;
ii) if we picked a precise evaluation of the integrals, we could make T1(2)|01 vanish from

the outset, sparing us from the introduction of dAg;.

7.7 Summary and Conclusions

In this chapter we have computed the two-loop effective action for the T-duality sym-

metric bosonic string.

As a first step we provided a complete calculation of all contributions to the effective
action arising from Wick contraction keeping loop integrals unevaluated. We then em-
ployed two methods to simplify and evaluate these (non-Lorentz covariant) loop integrals.
The two methods agree with each other for the e~2 divergences, but are subtly different
when it comes to the sub-leading ¢! divergences that contribute to the S-functions at

two-loop order.

Of the two approaches, Method 2, in which the maximal number of simplifications is
performed in d = 2, results in compelling simplifications such that the results can be
phrased in terms of a basis of just five independent integrals. We are then able to analyse
the results in a way that keeps the choice of regularisation method implicit giving general
conclusions that would hold with any choice of regularisation (dimensional or otherwise).
For concreteness, here we completed Method 2 by employing continuation to d = 2 + ¢

after all simplifications have been made to evaluate the remaining integrals.

Both methods pass a number of important consistency checks:

e The 2 contributions are in exact accordance with the expectations from the pole

equation on the doubled fibre in which the T-duality acts.

e The ¢ 2 contributions on the base are consistent with Lorentz invariance. This is
to say, no dyyo1y legs are produced (even though they do appear in intermediate
steps) and the counter-terms for dyydpy and 01yd1y coincide (even though they

come from totally different sets of diagrams).

e For e72 poles, all occurrences of the Weitzenbdck connection € combine in a fashion

to be expressible in terms of H alone.

e After regularising IR divergence as described, mixed IR/UV divergences of the

form w are removed in the cancellation of 4 terms.
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e On the doubled fibre, possible contributions to the % pole due to the IR mass
regulator giving divergences of the form m?I; I are cancelled with the introduction

of an appropriate mass term and its background field expansion.

Notwithstanding the dramatic simplifications afforded by Method 2 compared to Method
1, the results for the e~! pole that contribute to the two-loop S-function present some

puzzles:

e On the fibre, the counter-term does not have the right structure to allow the O(n, n)

constraint HnH = n to be preserved by RG flow.

e The ¢! pole on the base manifold is not Lorentz invariant. A new interaction
vertex proportional to dypydyy is created, and the counter-terms for the legs dyydoy

and 01ydhy have differences.

e The ¢! pole on the base manifold involves the connection €2 in a way that can
not be combined into something expressible in terms of the generalised metric H

alone.

Method 2 does afford one possible avenue to resolve these puzzles. Namely the possibility

L counter-

that an integration prescription can be invoked such that the entire two-loop €~
terms vanish. This is the case if the undetermined subleading part of the integrals
L, T,S, TE of (7.75) vanish. Such a result would be equally surprising as it would be in

contradiction to that of the conventional non-linear o-model for the bosonic string.

More likely, appropriate finite Lorentz- and O(n,n)-violating one-loop counter-terms
could be added so as to cure the pathological behaviours. To this end, it is important
to enlarge the set of admissible finite counter-terms by considering a more general La-
grangian L. However, their determination appears very difficult in practice and might

also involve an explicit evaluation of the integrals to be carried out successfully.

The calculation involved in arriving at these results is of considerable complexity (espe-
cially with regards to the counter-terms on the base) and so we can’t rule out that these
issues pointed out here may be resolvable. As methods other than ours might in principle
be considered, we have collected the relevant loop integrals, prior to any evaluation, in a
way which is suitable to further investigation. Even though it is possible that different
prescriptions might result in a non-vanishing S-function compatible with both O(n,n)-

and Lorentz-symmetry, it seems likely that the resolution would be highly non-trivial?®

260One might contend that an anomaly in double Lorentz transformations for the duality-symmetric
string, [179], could play a role here. The Green-Schwarz mechanism required to cancel this would
doubtless be important in the most general setting, however in the present “cosmological” set-up, there
is no such anomaly to contend with, as the base manifold has only one dimension.
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and would need to give a compelling non-ambiguous proposal for regulating the loop

integrals involved.

As it stands, however, the results obtained cast some doubt as to the full validity of the
doubled action in the form of (7.1) at the quantum level. At the very least one can say
that the power of invoking manifest T-duality on the worldsheet is far outweighed by the

added complexities that the chiral nature of this formalism entails at the quantum level.



Chapter 8

Towards Poisson-Lie T-Duality at
Two-Loop

Abstract

We begin a study of the two-loop renormalisation of the action that makes Poisson-Lie
T-duality manifest. Similarly to the Tseytlin string, the breakdown of explicit Lorentz
covariance entails a number of technical difficulties which we try to address. We report

partial results, as the project is ongoing at the time of writing.

8.1 Introduction

Kliméik and Severa proposed in [14] a (worldsheet) action that describes two Poisson-Lie
T-dual models on a Drinfel’d double . Similarly to the doubled string, the price for
explicit T-duality covariance is the breakdown of Lorentz invariance. More concretely,
their proposal is to extend the chiral WZW action by an Sy term, S = Swzw + Sy,

being H the generalised metric in flat indices and

1 1 1
Swzw = 2/ d?a (Ly|Lo) + 12/ (L|[L, L]), Sy = 2/ d*c (L1[H|L1). (8.1)
) Ms b))

Here ¥ indicates the two-dimensional worldsheet with coordinates o = (7,0), and M3 a
three-dimensional manifold such that 0M3 = . L is used to indicate the Maurer-Cartan
left-invariant one-form L = g~'dg, for g € D'. For generators T of 0 = Lie(D), the
pairing (-[-) is (Ta|Th) = nag.

! Accordingly, the right-invariant one-form is denoted with R = dgg~*.

124
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This action offers a privileged standpoint when exploring the quantum corrections to
models it encompasses. Indeed, we only have a single coupling Hap to renormalise?
and, furthermore, this is a constant object. In fact, the power of this formalism is
that, whatever the result might eventually be, it needs to be a function of only Hap,
nap and the structure constants FygC of 9. The geometric intricacies due to e.g. a very
complicated metric (think of (CIP’Z, for instance) are effectively stripped out of the picture,
and one is left with a much neater renormalisation group flow in terms of constant and

algebraic objects.

The one-loop renormalisation of (8.1) was first addressed in [148|. There it was shown

that the g-function for H was given by

1
ﬁ?f) = g(17‘“(:77%@ — HACHBD) (Ol BE 9Ol Fop s Fopw - (8.2)

From the target space perspective, i.e. without re-performing a quantum computation
as explained in Chapter 6, this result was recovered in [157] and further extended to two
loops. Aim of this chapter is to carry out a two-loop calculation using the action in (8.1)

to obtain Bé‘): ideally, that should also agree with the one found in [157].

Superficially, the computation resembles the one for the doubled string detailed in Chap-
ter 7 but in fact there are a few differences worth highlighting. Since for D we have no
fibration, we do not require to distinguish between base and fibre any more; this brings

several advantages:

1. We only have one type of fluctuation, called £. As a consequence, there is no need

to distinguish between base and fibre propagators.

2. There is no ambiguity on whether to treat 9, as a two- or d-dimensional quantity

when regularising.

3. There are no Lorentz-invariant combinations to reconstruct. Possibly the main

issue of the doubled string calculation is avoided altogether from the outset.

Despite these remarkable perks, the absence of a base/fibre split has a major drawback:
recall that, for the doubled string, the two-point function for mixed fluctuations £ and
¢ vanished, (£¢) = 0. This fact, together with the structure of the expanded action,
implied that a 10-point function® (schematically) factorised (£8 (%) = (¢8)(¢?), resulting
in roughly order 1,500 terms. Conversely, for the £-model action (8.1) we easily find

terms of the form (£1), contributing some 30,000 terms each. This added extra factor

2That is, assuming that naz does not flow, as we expect.
3At two-loop order the 10-point function is, on dimensional grounds, the one containing maximum
number of fluctuations. The absence of e.g. (¢'%) depends on the details of the calculation.
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of 20 makes the calculation much more computationally intensive with respect to that

in Chapter 7.

8.2 Symmetries

Before delving into its details, let us take some time to discuss a few peculiarities of the
calculation as, with respect to the doubled string, we have now at our disposal a much

more rigid group structure due to the Drinfel’d double.

8.2.1 Constraints on Results

Even though (8.2) is by itself pretty elegant, its form can be made much more compelling,
as first noticed by Kliméik in [180]. To this end introduce the projectors P = 3(n + H)
and P = %(77 — H) and view them as elements of the symmetric product S?0 thanks
to P = PABT, @ T and similarly for P. It is possible to introduce a double bracket
[-,-] : S%0 x S%0 — S%0 defined through

[Ta ® T, Tc @ Tp] = [Ta, Tc) @ [Ts, Tn] (8.3)

where [+, -] is the usual Lie bracket on d. Using this notation, the one-loop S-function
reads

1P + P[P, P]]P) : (8.4)

1
Bty == (P [P,
This rewriting makes the underlying structure much more transparent, but also advises
us against the use of n and H in formatting the final result. In fact, the adoption of
projectors enables us to draw some conclusion as to the general shape of the (all-loop)

answer.

Projectors need to obey their defining relations, namely P? = P, P’ =7P and PP = 0.
Defining for the sake of simplicity the RG time ¢ = log i, taking a t-derivative of the

first constraint yields

dp P dp
TP+P = —. (8.5)

If we multiply the latter by P or P on the left and right, we easily arrive at respectively

dp _dP—
P P=0, PP=0. (8.6)

Inspired by the one-loop result (8.4), it seems reasonable to assume that generically

d .
diz — PR,P+PFRP, (8.7)
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for some unknown tensors Fj 2. This would indeed guarantee that (8.6) be automatically
satisfied. An identical result holds true for the renormalisation of P, for some possibly

different tensors F34. However, as n = P + P should not be renormalised, these new

objects are in fact constrained by % = f%. Finally, since the projectors are symmetric,
we find F{ = F} and so
1dH = =

Now, for two objects Oy 2 it is easily proven that [O1,03]" = [O}, OL]: hence, we see
that if these two coincide with projectors (which are symmetric by construction), the

identification Fy = 5=[P, P] indeed perfectly fits the discussion.

8.2.2 Graphical Representation

The fact that the one-loop f-function is completely specified by the double bracket [-, -]
should not be too surprising after all. At one loop, we expect the result to depend on
two structure constants* and, given (8.8), there are four indices left to be paired: this
makes [-, -] the unique candidate. At higher orders, things start getting more convoluted
as there are potentially more “pairings” than just [-, -] the S-function could be made up
of. For instance, at two loops where four structure constants are needed, we could i)
concatenate two double brackets [-, ][, -], or ii) compose them [-, [-,-]] or iii) create a

completely new pairing which we will denote with {-, -, -}.

This added complexity can be facilitated by the use of a graphic representation of the
result, mostly following that introduced in [157] with few minor changes. A word of
caution: even though these graphs look like proper Feynman diagrams, i.e. pictorial
representations of a perturbative series, they have nothing to do with an actual quantum
computation other than shedding some light into the structure of the perturbatively
computed S-function. In this sense, we will see that proper Feynman diagrams will
still be described, in our jargon, as “sunsets”, “square envelopes”, etc. Also, to further

minimise any source of confusion, we will reserve the word “graphs” to indicate this

pictorial description of the S-function.

The idea is to associate to every tensor a graphical element. For instance, we shall
adopt a solid line to represent H and a wiggly line to indicate n, treating H and 7
as “propagators”, the extrema being labelled by their indices. Conversely, a structure

constant is described by a three-vertex interaction. Graphically:

B
FAJB(C:A,LC, HAB = A —— B, nAB:A’VWV\rB. (8.9)

“In this algebraic setting, structure constants morally play the role of derivatives in the geometric
approach. That is, the n-loop result should contain 2n structure constants/derivatives.
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Even though we advocated for the usage of projectors as opposed to 1 and H, we found
this exceptionally convenient as a final polishing step. For example, we only used P
and P for rearranging our final expression (8.2) and not before. At higher loops there
is even more compelling evidence for adopting this approach: contractions of structure
constants through 7 are constrained by Jacobi identities that allow reshuffling and, pos-
sibly, simplifications. If we move too soon to projectors, we could simply overlook such

identities, being them now expressed in a more convoluted and less transparent way.

Let us warm up exploring the one-loop renormalisation. Using a placeholder M for
either n or H, we consider the double bracket [M;i, Ms],p. According to our rules, its

representation is

1

[My, Ms)] 5 = FacpFeer MIEMPF = A O B - (8.10)

2

Since [, -] is symmetric under the exchange of its arguments, three graphs will exhaust

all possibilities corresponding to My, Ms € {n, H}, namely

A yoooad ¥ A{:}E. 11

Were we to precisely reproduce 62'1[), these pictures ought to be supplemented with the
appropriate projectors attached to either the A or B endpoint. As anticipated, at two
loops more possibilities have to be taken into account. The generic contribution to 5(7'2[)

at this order is schematically given by
LeM© (F'MP),  MPP Ly (8.12)

where once again M € {n,H}. There are only three possible connected graphs, corre-

sponding to

1 4
A GLQ B = [My, My]Ma[My, M],5 (8.13a)
2 5
3
2 5
A B = [{M1,M2[[M3,M4]]M5]]AB, (8.13)
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= {M1,M2;M3;M47M5}AB- (8.13c)

The tensorial expression associated to the last one reads

{Ml, Mo; M3; My, M5}AB = Fan,n; FBByB; FC,CoC3 FDiDoDs

% M{M(& M2A3D3M§CID1 M}LBBC?) M?ZDQ , (8.14)

where we have added subscripts on indices for displaying purposes. Actually, these graphs
are not independent as they can be related via the Jacobi identity, which is why we kept

n and H (as opposed to projectors) in the first place. Specifically, the relations are

1
3 3 4
A B+ A B = B, (8.15a)
Jacobi
1 4 2 4
3
1 3
= A%B,
Jacobi
2 4

(8.15b)

2 2
1 4 4 1
A B ja?obi A B (815C)

Using these identities, we can build a basis of all independent couplings of the form

(F4M5)AB’
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: )
L)

Hence, we have a total of 26 possible contributions to BZ;).

the third topology in (8.13) only enters once, in the H°® coupling. In fact, it is possible

Notice, in particular, how

to show that, although the result in [157] naively depends on this topology, the correct
application of the identities (8.15) makes 5(7;) boil down to an expression involving only
(8.13a) and (8.13b), i.e. [-, -]

8.2.3 Diagrams with External Momentum Insertion

When renormalising the doubled string, a crucial aspect was not to miss out on Feynman
diagrams involving the insertion of external momenta. Let us briefly recapitulate this
point for the reader’s convenience and then show how it does not apply to the case at
hand.

The inverse string tension o’ is a convenient loop counting parameter around which to
organise the perturbative renormalisation of the (generalised) metric. Having dimensions
of an area, the n-th loop contribution to 8 should comprise of 2n derivatives on purely
dimensional grounds. For the two-loop renormalisation of the doubled string, we realised
that if the required number of derivatives (that is, four) was already saturated by the
tensorial expression associated to a particular loop integral, we could simply set the “ex-
ternal” momenta (i.e. those on which the tensors depend upon, in Fourier space) in the
integral to zero. Hence, the resulting “zero-momentum” integral was much easier to com-
pute depending only on two “internal” momenta (which we called p and k). Conversely,
if the number of derivatives was not saturated (e.g. it was three) we had to retain some
power of the external momentum in the integral (linear ¢, for three derivatives in the

tensorial structure) and later convert it into a derivative via a Fourier transformation.

In principle, the same reasoning applies to the Poisson-Lie case. Here, the only objects
derivatives can non-trivially act upon are left-invariant one-forms L, as the rest (Hs,
nap and Fapc) are all constants. Now, the S-function for Hyp can be extrapolated from
terms that, after the evaluation of integrals (possibly with external momentum insertion),

have two occurrences of Ly. If, prior to integration, a term had no L’s in its tensorial



Towards Poisson-Lie T-Duality at Two-Loop 132

part, it would definitely be impossible to create two L;’s for the derivatives would act on
constant objects. Conversely, if we had two or more left-invariant forms, integrals with
momentum insertion would play no role either. Instead, expressions involving a single
L1 could benefit from momentum insertion as the Maurer-Cartan equation would allow
for the creation of the missing L through d. — L A L = 0. Nevertheless, even if this
was the case, the term would necessarily look like [ d?¢ (L) x const, which is a total
derivative. We conclude that integrals with momentum insertion are irrelevant for the

renormalisation of Hp.

8.3 Expansion

Having elucidated a number of aspects that relied on the generic features of the theory
rather than on the specifics of the calculation, let us now venture into more technical de-
tails. We shall start with the background field expansion of (8.1). To better leverage the

group structure underpinning this action, we base our expansion on the decomposition
g=9gaZ, (8.16)

for a “classical” group element g, and a quantum fluctuation = = € for £ € 0 = Lie(DD).

At the level of Maurer-Cartan forms, this amounts to
L=Adz'Lg+ %, with £ =E'd=. (8.17)

A similar notation is employed for right-invariant forms, e.g. Z = Adz.Z. The latter can
be given an all-loop expansion in powers of the fluctuation & by means of an argument
that dates back to Schur [181]. Let & = {(o*) be a differentiable curve, ¢ € R a real

parameter and Z(t) = e'¢ a one-parameter family of group elements. Defining the object
Z(t):=dEM)E(t)",  with  9Z(t) = Adg(yy d€ = e dg, (8.18)
it is obvious that we can write

1 1 1
%:%(1):/ dt@t%’(t):/ dt e dg:/ dt e de¢ . (8.19)
0 0 0

If we expand the exponential factor in the previous expression in ¢ and perform the

integration we get

RS SN SRS - WS SRR
%_jzo(jJrl)!adédf—jzo(jJrl)!dﬁ (p))a" T , (8.20)
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where, in the last step, we have introduced the matrix ps? = €CFoaP to render the
adjoint action explicit, ad¢Ty = paCTc. A completely identical argument reveals that

the expansion for the left-invariant form is given by

L = i ad] d¢ = Z

J=0

dgA )BT . (8.21)

The expansion of the WZW term is best treated recalling the Polyakov-Wiegmann iden-

tity which, in the chiral case, reads

Swzw [ga Z] = Swzw [ga] + Swzw [E] + /2 d?0 (Lay | %) - (8.22)

The first term is just the classical contribution while the last is immediately dealt with
adopting (8.20). With this technique, and using the Cauchy product for series, the full
expansion gives
1 —1)k

S = / d20' ( )
2 Jx (k+1)!

LCI?LCIOA +2 Lcll aOfB Z
k>0

pXJB + 2 81£A80§B Z

XRB
|
= (2k +2)! f

CD
Loy Lay m, k: m,PACPDB
k>0 m=0

Aq ¢Ba/CD (=™ k-
—2La1h&H ZZ il (k+1— )!pKCPDBm
k>0 m=0

_1 m
— 01eh 0P H‘CDZZ m—i—l)( (k)+1 )!pK‘cpﬁﬁm]

k>0 m=0

Y
12

FABCD?A/\.iﬂB/\gcﬁ-FABCLClA/\LClB/\LC]C].

(8.23)
Some comments are in order. Unlike the doubled string, there is no need for the in-
troduction of (generalised) frame fields as the kinetic term turns out to be canonical.

Specifically, we easily see that the two-point function evaluates to
(M) (o)) = HMP Ao — o) + 1*20(0 — o) (8.24)

where A and 0 do coincide with those introduced in (7.12). Also, the expansion (8.23) still
contains terms defined on the three-manifold M3 but, order by order in the fluctuations

number, one can prove that Stokes theorem applies.

Notice how it is possible to conclude, in full generality, that nap does not flow: the
Polyakov-Wiegmann identity (8.22), together with the expansion of Sy, simply forbid

the presence of L. external legs in the interacting Lagrangian.
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8.4 Current Status

Using (8.23), the one-loop S-function (8.2) is easily recovered. As in the case of the
doubled string of Chapter 7, the result is unambiguous, as we are only determining the
leading divergence of the loop integrals involved in the computation. Also, were we to

adopt Method 2, the integrals I, L and T would completely specify the outcome.

At higher order the situation worsens significantly. The explicit calculation shows that,
within Method 2, numerous new integrals are created, at least in the intermediate steps
of the calculation. Many of them eventually simplifies once all terms are taken into

account and summed, but a few seem to survive. These are:

3 4
- Xg=__ P21
p*k2(k1 +p1)’ p*k2 (k1 +p1)?’
p5 ]{72
Y=———- "+ DL, 1 (8.25)

k2 (k1 +p1) - p2k2(ky + p1)2’
k1p3

TE)y = ————— .
27 k2 (k + p)?

Actually, TEs is not genuinely new as it is part of what we used to call TE. However, it
is missing its partner that would made up TE. Let us briefly sketch how to obtain the

leading €2 order of these.

Let us start from TEs. As it contains no spurious p; in the denominator, it can be
immediately evaluated thanks to the rules in Appendix C. Dropping sub-leading parts

here and henceforth, we find
3

TE) = ———.
27 64m2e2

(8.26)
The evaluation of the other integrals is much more subtle. It is based on the Schwinger
trick

1 1 o0
—_— = duule ud, 8.27
An T (n—1)! /0 wa e (8:27)

Let us explain in detail what happens in the case of X: the others are completely identical
in spirit. First notice that, up to the (k1 +p1) term (to which we will apply the Schwinger
trick) the integral is completely factorised between k and p integrals. Now there are two

ways to proceed:

1. Newton’s binomial

o

1 o oe 1
_ d —u(k1+p1) :/ d "k + n
k1 + p1 /0 ue o u%n!u (k1 + p1)

[T > (1w (8.28)

0 n=0m=0
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2. Separation of k£ and p in the exponential

1 oo (o)
= / duy e~ wk1tp1) — / du e k1 up1
k14 p1 0 0

= /000 du <Z 511"/{:?) (Z ﬂ;umpqln> : (8.29)

n=0 m=0

In general, the two options are reconciled using Cauchy product formula. However, option
1 turns out more complicated in the practical goal of resumming series. Reinserting the

integrals over momentum we see that

d dd o0 e 2nk2n 00 2m+1 2m+4
_/(27T) d (27)d / (;@Z )( Z 2m+1 ) (8.30)

We have used the fact the we only care about even powers of either k& and p, and odd

powers have been dropped accordingly. Now we employ the usual trick of Method 1: for
each momentum integral we replace every combination of momenta with explicit indices
with a scalar object multiplied by a combinatorial factor. As we will only deal with a

bunch of either ki or p;, we can simplify this approach down to

om (2n — D!

P = ) (831)

n—1

Doing so we find
Ak d¥p [ (S~ Ca =D )" s
X= (2m)d (27r)d/ du Z (2n)! 2n—14 (1 + ¢ ()
0 n=0 n) ( + 2)n71

> (2m + 3)!! (n11)™*2 m
8 (7;0 @m+1)!2mtld(1+9) »°) ) ’ (8.32)

At this point our usual approach is to resum the series and obtain hypergeometric func-
tions. This works in this case, too.

312T(d/2)? 1 [ ~ d 1 ~/(d 1
X = 22+2(d7.{2d) /ddkddka/o duuoky (;2+2;—4p2u2¢> oF1 (;;—k%zw)

2" 4
¢3F(d/2)2 dy a1d p2 0 3 = (. d_ 145 5 ~ ‘d' 15,
‘l‘W d%k d pﬁ o duw 0F1 ,3+§,—1puw OFl ,5,—1ku1/} .

The problem with this result is that we can’t really integrate over u now: there are
no rules, to the best of our knowledge, for performing the integral of the product of
two hypergeometric functions. Actually, there are identities for turning the product of
two into a single hypergeometric, but that requires a particular fine tuning between

the parameters and variables which we don’t have here. Hence, we adopt a different
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approach. First, as everything depends on either p? or k2, we move to polar coordinates

d—1

d% — Qudpp?t, where Q is the volume of the d-dimensional sphere. Then we redefine

the Schwinger parameter v = u? and introduce new momentum variables

1 1
K= Zk%@b, P= Zp%w. (8.34)

We end up with
_ T(d)2)PQd e [ d2-2 7= (.4
X = 6an2d /0 dvw /0 dK K oF1 ,5,—K

x [;’/ dP P> By (;2+Z;—P> —/ dp P2, Fy (;3+Z;—P>] - (8.35)
0 0

With respect to the doubled string, we now want to integrate over K and P first and

over v last. Integrals are carried out with the usual identities (C.34) and

—d/2
and we end up with
B-d)@d—29" " (d N’ /OO 1-d
X = r'i=--1 . .
A 5 ; dvw (8.37)

Notice that the gamma function would produce a double € pole, but it is reduced to a
single by the (d — 2) factor. The missing e-pole sits in the v-integral. The problem is
that, if we are integrating from v = 0 we necessarily incur in an additional divergence
which can not be regulated with €. To cope with this, suppose our integration ranges

from some small @ > 0 to infinity. Then

00 a2—d 1
/ dvol=? = =~ —log(a) + O(e) . (8.38)
€
a
This has precisely the form of an IR regularised integral, and we shall interpret a as a
sort of mass. In any case, the leading pole is insensitive to this choice. Hence we find

1

Replicating this construction for all cases we find the following results at leading order

1 1
- Xy— -
64722’ 2 64722’
3 1
Y= - DLi = —— 8.40
256722’ 1™ 390227 (8.40)
TE, = 3

64m2e2
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These can be used to extract the T2(2) counter-term for H. From the pole equation, it is
possible to check that the expected answer is

1 o I _ _
Ty = 53 ( — PuCPsC [P, PIPIP. Plep + Pa“PsC [P, PIPIP, Plep

+ PASPeC[P, PIP[P, Plep — PaCPrC[P, PIP[P, Plep
— PuPRC [[73, P[[P,f]]f]] o~ PaCPs" [[73 ~ P, P[P, fﬂpﬂ o

CH Cl=md DID Co CllpD p D
+ Pa P [['P,P[[P,’P]]P]]CD-F'PA Py [[Papﬂpvpﬂpﬂ(cﬂ]))‘ (8.41)

We still have not managed to reproduce it but, given the complexity of the calculation,
this counter-term should represent a very strong indication towards the robustness of

our implementation.

8.5 Conclusions

In this chapter we have carried out a preliminary analysis of two-loop quantum cor-
rections to Poisson-Lie T-duality in the form of an £-model. This project is currently
under investigation together with C. Eloy and D.C. Thompson, and the results are nec-
essarily partial and inconclusive at this stage. Nevertheless, it is possible to draw some

conclusions from the experience we have gained so far.

In this scenario, the absence of a fibration similar to that of Chapter 7 is a double-edged
sword: if some theoretical issues are more easily addressed (e.g. no ambiguity in de-
ciding how to treat covariant Lorentz indices and no loop integrals with momentum
insertion), the computation is rendered much more intensive due to an abundance of
terms. Nonetheless, we should be able to overcome this additional difficulty through the
use of a sufficiently powerful computer and the optimisation of the Mathematica code

used for the doubled string.

The one-loop result can be recovered with little effort and the procedure is unambiguous
and conceptually identical to that of Chapter 7. At two-loop, however, when adopting
Method 2 we find that new integrals other than the ones previously encountered need to
be considered. Some of these, whilst appearing in intermediate steps of the calculation,
do end up summing to zero in the final result. This could be an indication that, once

again, a limited subset of integrals shall determine the two-loop contributions.



Chapter 9

Epilogue

As we are on the verge of a wrap up, it seems appropriate to loosen it up a little and adopt
first person singular here and henceforth. Conclusions should not just be a summary of
results — each chapter has a dedicated section for that — but a broader discussion as to
the current status of the field, what we have and have not achieved and which questions

I would like to know the answer to.

Nunc Fluens Facit Tempus, Nunc Stans Facit Aeternitatem

People working at the interface of Duality and Integrability have gone a long way during
the years of my Ph.D. course. It seems reasonable to start from the trilogy of Costello,
Yamazaki and Witten [182-184], offering a radically new perspective on integrable mod-
els via four-dimensional Chern-Simons theory. Building on this, Delduc, Lacroix, Magro
and Vicedo [185, 186] were able to embed many integrable o-models — including (but not
limited to) Yang-Baxter and A-deformations — as well as re-interpret Poisson-Lie T-du-
ality in this framework. Additionally, some of these authors, together with collaborators,
pointed out the relevance of affine Gaudin models for our comprehension of two-dimen-
sional integrability [66, 187, 188|. Broadly speaking, the twist function has emerged as
a central actor out of which new models can be easily built and quantum corrections
explored [67, 68].

In fact, (higher) loop calculations for integrable deformations have seen an impressive
surge of interest. The first project I was assigned as a Ph.D. student was what appears
here as Chapter 8. Back then only a handful of people (if any) were working on quan-
tum corrections. As years passed, numerous papers have appeared. Hoare, Levine and
Tseytlin have studied to great depth the interplay of integrability and RG flow [189-193];

Hassler and Rochais addressed the o’-corrections to Poisson-Lie T-duality from the DFT
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perspective [157, 194]; Pulman, Severa and Youmans explored the one-loop renormalisa-

tion of £-models using Chern-Simons theory [195], just to name a few.

On the duality side, a lot of effort has gone into finding an extension of U-duality similar
to Poisson-Lie T-duality. This line of enquiry resulted in what is now called an excep-
tional Drinfel’d algebra [196-199]. Since then, various articles have stemmed to provide
a mathematical formulation in terms of algebroids® [202, 203] and applications in Super-
gravity [204, 205]. As this field is extremely recent, I expect many more interesting works
to appear soon, possibly merging Poisson-Lie U- and T-duality in a unified framework,

along the lines of [202].

It’s All About Geometry

Having sketched the evolution the field has gone through in the last four years, I will
now take the chance to analyse what I would hope to see achieved in the future. The
exposition will clearly suffer from my own personal bias, and should not be regarded, by

any means, as a list of topics sorted by relevance.

In Chapter 5 we made some progress towards a deeper understanding of the geometry
underpinning Yang-Baxter deformations. Poisson structure(s), as expected, do play a
pivotal role in determining the metric and B-field of the deformed manifold. And yet, I
feel like we are missing the bigger picture. Supergravity solutions for the NS-NS sector
do require additional information such as dilaton and fluxes which, to the best of our
knowledge, simply cannot be extrapolated from a Poisson structure, but demand an
algebraic (and cumbersome) approach to be flashed out. While this definitely works, I

find it unsatisfactory.

My suggestion is that it should be possible to extract the RR sector (which is somehow
related to fermions) from a Poisson superstructure II of a projectable Poisson superman-
ifold [206]. In this case, IT would contain the “bosonic” Poisson structure 7 as well as
other supertensors that likely describe the missing part of the geometry. With addi-
tional effort, it would be extremely interesting to inspect how Supergeometry interacts
with Generalised Geometry, along the lines of [126]. This would have a twofold pur-
pose: first, to elucidate the general structure of SUGRA solutions involving Yang-Baxter
deformed spacetimes highlighting what the algebraic approach overshadows; second, to
provide a handle for generalisations of the AdS/CFT correspondence. Unless we have

the gravitational (i.e. geometrical) side fully under control, I find it unlikely that we will

n fact, Poisson-Lie T-duality was given a very rigorous formulation in terms of exact Courant
algebroids since its very early days [200, 201].
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be able to probe the dual gauge theory to a great extent. Unfortunately, I did not have
the time to explore this topic adequately.

Speaking of Supersymmetry, it is intriguing to understand if CP; can be re-obtained as
a gauged linear o-model (GLSM). The theory of toric varieties as GSLMs has been well
expounded in [207] in the context of Mirror Symmetry. It is in general possible to recover
a NLSM with target manifold M as the low-energy limit of a GLSM with moduli space
described by M. In particular, it is possible to apply this procedure to “squashed” toric
manifolds [208, 209]: for example, even though the squashed CP! does naively resemble
(CIP’}], they are definitely not the same. Finding the right superpotential necessary for
eventually obtaining (C]P’Z seems in general quite hard. Perhaps, it would be preferable to
attack the problem using gauged Gross-Neveu models, as recently proposed in [210, 211].
Either ways, one final goal is to exploit supersymmetric localisation techniques to obtain

exact results, e.g. the partition function of a deformed model.

To close off the discussion on possible research avenues in the geometry realm, let me also
point out the geometric quantisation of £-models, as well as the study of Poisson models.
The former shall put £-models on solid mathematical foundations, and its exploration
lead to a deeper understanding of Poisson-Lie T-duality as a whole. In the light of [212]
it should also be possible to use the power of QP manifolds and the Batalin-Vilkovisky
formalism to further address additional quantum properties. Finally, one could try and
use all of the above, together with the AKSZ construction of topological field theories (see
[213] for a recent review), to study Poisson o-models and their interplay with Poisson-Lie

groups, as initiated in [214].

Silicon Loops

It should be clear from the discussion in Chapters 7 and 8 that the determination of high-
er-loop quantum corrections in a T-duality covariant formalism is extremely involved.
Loop integrals are in general ambiguous or, at least, there is no settled method for comput-
ing them beyond the leading e-divergence; similarly, it is not clear which renormalisation
scheme is to be preferred. Practically speaking, these are very serious drawbacks as they
pose a particularly hard challenge for those who want to probe the quantum structure
of (generalised) T-dualities. Unless more robust procedures are found, it seems implau-
sible that three, or even higher, loop calculations can be carried out without gigantic
effort. Nonetheless, I am somewhat confident that the renormalisation group flow for
Poisson-Lie T-duality on Drinfel’d doubles can be given, at least in the form of a con-

jecture, an all-loop expression. The constraints imposed by the underlying structure are
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quite stringent, and point towards the use of the double bracket [-,-] as the elementary
building block.

Irrespectively of the success of this research, I fear the power afforded by computers
is not being fully leveraged or, at least, not in a homogeneous way. If probably every
theoretician has some degree of familiarity with Mathematica, the absence of a shared
and multi-purpose toolkit — perhaps spun out of a collective project — is quite remark-
able. There are certainly various (unofficial) packages for performing General Relativity
or Standard Model calculations, but a single framework that can handle both the di-
versity of mathematical notions (tensors, differential forms, spinors, etc.) as well as the
physical theories is missing. This necessity became evident to me while developing the
notebook for the computations in Chapter 7: most of the tools were already present, but
scattered and not capable of performing quantum computations right off the bat. With
minor modifications, the notebook can correctly compute the two-loop S-function for
A¢* theory and also deliver results for the £&-model of Chapter 8. These are completely
different-looking theories, signalling that a generalisation of the code to encompass most
of the commonly studied theories should be within reach. This putative software would
then take care of most heavy-lifting duties in the common practice of Theoretical Physics

and, besides, provide a common ground where to test calculations and reproduce results.



Appendix A

Conventions

A.1 Indices

Even though we try to minimise the displaying of indices, there will still be an abundance
of those. Somewhat unconventionally, we adopt small double-stroked letters to indicate
elements of a generic Lie algebra g as well as coordinates on the corresponding group
G. This choice serves the purpose of reserving greek and latin letters for subgroups and
coset space, respectively. As long as algebraic objects are involved we will stick to the

following conventions':

g g b m 0 p q
Generators T, T2 To T. Ty T Ta
Structure Constants  fap° fa[b@ fag'y fab® FA]B(C Fa’g(c FABC
Exponentiation G G H G/H D P Q

TABLE A.1: Conventions for algebraic objects.

On the (co)tangent bundle of groups and manifolds, we will employ again a similar idea,
this time with letters from the second part of the alphabet. As the local frame from a

group coincides with its algebra we opt for a notation similar to that used before:
G G D E 1T T B E T%

Coordinates 4 7 XU ¢ 7 oy XX
Local (Flat) Frame v® v, V# VA  pA

TABLE A.2: Conventions for geometric objects.

!Some of the entities indicated here will be given proper meaning during the relevant chapter.
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Wick Contractions

B.1 Fibre Wick Contractions

We report here Wick contractions which are relevant for the two-loop computation on

the fibre. We use conventions as explained in the main text, namely we set

ay = (APl ap = i(ADAB) g = %<,4[1}.,4[1]>7

g = 7%< AOLA0 ALY gy = 7%< A AN ALY g = 7% AL A0 41 4151

with
0 1 1 2 1,0,1 1,
A = = TR D)9, — (i — Hiag o one” — JHGpC o 0re”
(B.2)
o _ 1) oo can B
Ay = 5 HapCOE ™, (B.3)
Al = —wllcone?, (B.A)
1
Ay = S HG o, (B.5)
n_ L e (1,1,1) (1,0,2) (2,0,1) A 13,34 .4
A = — (U 0D (102 Ly 20D) et - n(Gaet, (B)
1
AP = —Z”HEQ.)CQ, (B.7)
1
A = —E’H@C?’, (B.8)

AR — 1 (_H(4)+H(1,2,1)+4H(1,1,2)+2H(2,0,2)+2H(1,0,3)>

1
2 (4) -4
47 16me) ¢ 48/H"C )

(B.9)
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Owing to the fact that # is an involution, and thus H - H = —H - H, at two-loop order

a basis for the relevant independent tensors without traces is

S 1S 7/ G B /St B /S O (B.10)
which can be extended by the ones with trace
HD Te (), H) TrHOY) (B.11)

We first extract the coefficients of this basis in terms of the unevaluated tensorial integrals
[[f(po,p1,q0,q1)]]i,j,x which can be evaluated using the Method 1 rules. We then use
Method 2 rules to present a final answer in the I, L, T, S, TE basis of integrals. When

dealing with counter-term insertions we adopt the shorthands

1
~ 8mel

1
(7—[(2) + 7{(1,170)) 7 Y = T rﬁp(;:.[(lvl)) ) (B.12)

a

The contributing diagrams are either bubbles or decorated bubbles and evaluate to

o = (Afly=—= S4.><c4> fX£%><<2>

Z
= WHE')H ]]1,1,0—59(.(2)[[1]]1,0,0 16)\2 E.) —ﬁXS%)I (B.13)

Expanding the derivatives of the counter-term insertion yields

0 = 1 2x _ LIP (7—[(4) 421D _934(202) 4 99/(3.1.0) _ 7—[(1’2’1)> (B.14)

1672 82
a2

After discarding non-1PI graphs we obtain

ay = i(APAR + AP AR = ’H(Q) LHEC 0ied el ) + YH..< 0oy 0"Co, C2,)

! )
- _WT(H( N1 [k ]]210—

7

ﬁy[[ﬁ]h,op : (B.15)

The potentially linearly divergent [[k%]]2,1,0 term cancels with the same from a4 and can
be set to zero. In Method 2 we cancel the p? in numerator and denominator of [[p?]]2,0.0
to yield

1P

a = =5 Tr(H )T (B.16)
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a3

There are two contributions in ag without counter-term insertion, of which the first comes

from

ase = i(AMAMN) = fH,A O B ne 0168

- ﬁmﬁ’:ﬂ’“’[[plﬂm + 52 [papollz 0
A 4(8,1,0)
_ 2)\2 (310) (B.17)

The second contribution arises from

1 1
a = 5(A A = SHOIHING G0l onel)
1 1
- = 52.’0’2)[[P%]]111+W7'l(2 >[[p1ponl,1,1
S . (202
= v 202 (B.18)
We also have a one-loop diagram with a counter-term insertion
aze = THUXGNCorCorOERDIED)
= —iH Y HAP X [P]]200 — HO P X [p1po]]2.00
PL
= o (7_[(3,1,0) L gALLL0) (2 _H(1,1,2)) . (B.19)

In the final steps we have invoked that [[p1p0]]2,0,0 = [[p1po]]2,1,o = [[Plpo]]l,m =0.

Qg

This triangle envelope topology diagram evaluates to

1
ar = —(APAPAY) = U EHED (G ConornhERNERNEDIER)

= WH?-) Tr(HIY) (H(Pl + k1)(po + ko)k1kol]211 — [[(p1 + kl)Qk%]]g,Ll()B..QO)

Under Method 2 we proceed by replacing e.g. p% = p? + p? to give

1
w0 = M2t (3 + [0h0)

= - 3;2 H D (B.21)
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In the last line we dispensed with the potentially linearly divergent contribution [[£2]]2,1.0

which in a case cancels against the same from as.

as
First we consider the part of
L] 401 400
as, = —5 (A ATALT) (B.22)

that does not involve the insertion of one-loop counter-term operators. There are three

topologies involved here giving contributions as,,, as,,, as,.:

as, = 1%22%&?}3%5;2@@@9<<02<03><615;;‘1@1§£><alf£;alsD>

1
= oz ( A +2H(1’1’1’1’0)> [[pTki]l2,20 + ﬁ/H(l’z’l)[[Plpoklkoﬂz,zo
2
_ 21;\2 ( H(12D) +2%(1,1,1,1,0)) ' (B.23)

Here there is a small subtlety; in Method 2 one could have made a replacement such as
[[p1pokikoll2,2,0 = [[P1kip - kl]2,2,0 + [[P1p1k1k1]]2,2,0 and produced a % pole; however, as
this is factorised diagram, general arguments [162] imply that the counter-term contribu-
tion must cancel such a pole. Hence the correct procedure is to replace [[p1pokikol]2,2,0 =

([[P1po)]2,0.0)? = 0. The second and third parts are

as, = 4H£/2H§;27HB.<<03<03><<alc@><als e (e meD)

"y 2 (2 O a0 + HD (p8llsa0 ~ [llsa0))

- Gl ) (B.21)
G = HOHEHE S NED) (G, Co) (s (rEA NED)

= 2A2T(H(1’1)) WO )s 0 (B.25)

Then there are two contributions, as,, and as,,, from one-loop triangles with coun-

ter-term insertions:

as,, = H(1)Hg2Y<§0101501C02815 uC033“C03>
= ﬁHﬂl.’l’D) [lip ]]300—1-)\27-[( DY [[prpop?]]3.0.0
B o TTH(M)HSI;LO)’ (B.26)
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as,, = %EQH“)XCD<<mals£1<@815£;alsgals£>

= —% ((H(l 0 XHOV) o [[p1]]3,00 + (H(I)X’H“))--[[p?pﬁ]]a,o,o)

_ _%I; (20 - yO1120) (B.27)

Finally we have a second contraction with three vertices given by

as, = _<A[11]A[21]A[0]> 7'[(1)7'[(1) (2)<C<71Cag<U381§0161§‘7281£‘7381503>
1
= He Y (R0 + Rl + (w0l + K)1(p+ R)ol)z)
S + 2IL 1
= e e = (R R0 (B.28)

The final [[p}k?]]5,1,0 contribution (which we expect not to contain divergent terms in %

or }2) cancel between as, and as,,., and ag,.

Qg

For the last contraction,

ag = - (AP AT AN AL (B.29)

there are three different topologies of diagrams to consider:

a6, = —JH“H“) DI H D (Co Co) (o Coa N (O1EL 0160 (0168 0162 ) (0n€E r L)

= O UL
4N?

x (=[lp+ k)Tkpills1 + [[(p + k)1 (p + k)okikopT]]s,i1)

ag, = —7%“) HEDHIH D (Cor Coa ) Gy Coa) (0162 1S ) (0068 D165 ) (0n62 016
B 1 2(LLLLO)

N2
< ([[(p+ *)ipillsas — 2[[(p + k)1(p + k)opipollsa + [[(p + k)ipipglls ) »

ag, = _,H<1>H<1> DHH G (Cor Cog ) (ConCos ) (0162 01651 (0168 0165 V(016D 01€E)

— ﬁmi’l’l’l’“) x (B.30)

(wp R — 200+ F)u(p + Wopipoklza + [0 + k>%p1pok1konz,z,1) |

X
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As detailed in the main body for the case of ag,, under Method 2 each of these can be
simplified to yield

1
. = Tg2 (2llpiaflls, 10 — TE) Te(HD)HE (B.31)
1
o = e T, .
o = Tman, 3

B.1.1 IR Regularisation in Method 1

Let us explore here in some detail the way our IR regularisation prescription deals with
the cancellation of loop integrals proportional to /5 3 in the final result. It is fairly easy to
tackle this problem explicitly once some observations are made. First, if we are interested
in I1 15 or I1I3 contributions only, we can safely neglect the counter-term insertions, as
by definition they would not give rise to any such term at this loop order. Obviously,
we will also drop in Ly any term proportional to 2. Another important remark is that,
when considering exp(iSt), we can discard any term which is not proportional to m?2, as
these do not originate from the expansion of the mass term and have thus been previously
considered. Finally, to keep things simple, we restrict ourselves to combinations that lead
eventually to the desired tensor structures, namely Tr(HD)H 2 and Tr(H®D)H 110,
While other tensors might arise in the full calculation, they eventually cancel in the final
result. The first contribution belongs to what we call triangle envelope topology. It is

given by

m —”ﬁ%(?)%(” HIL (G2, Con o (L L. 015 1€
1= 00 "L ABTLoD\So1 602603/ \So0509 150'3 150’3>
2

32 [[£% + & - pll2,1,0 Te(HED)HE) (B.34)

The second contribution comes from the square envelope topology and evaluates to

me = — %;)BH(CEHE)./HEF<€01C02C03C04><§ ¢8o1eC el onek ol

2

m
= alP (4 k- p)llsan T (RO (B.35)

The third possibility is a decorated loop diagram, coming from

m2

162

my = SmHGHEC G EALD) = -

32 1[[1]]2,00 Te(H D)1 (B.36)
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Finally, we have a decorated triangle (we neglect the double loop part, as it is not relevant

for the tensor structure we are interested in)

2
L[[p])5.0,0 Tr(HD)HLEO

m2 m
mi = T HGHEH DL G G ERERRET 01ED) = 255
(B.37)

16

B.2 Base (Jyy)* Wick Contractions

We are now to evaluate in detail the Wick contractions associated to the base (dyy)?

term. Completing combinations which are already fourth-order in derivatives, namely
o= ), =B, b= BN, b= s BB,
we have three which are second- or third-order
b= (BB b= iBUBY), b= BB (B3s)

We need the following identifications

1
B = —57-[5411)3(315‘45153, (B.39)
Bl = %QOAB€A61§B, (B.40)
BY = _ L menyeanco B.41
W = - )0, (B.41)
2] _ 1 (1,1) m 1 (2) (1,0,1) Aq ¢B
— T = _
5o Same THHT)0u00%C = oo (H H )AB DhETE
1
- JHIBCHE e, (B.42)
p_ L (2,2) 34 42 "
Bl 5 ( Tr(H2?) + Tr(H ))g B,yd"y . (B.43)

The combinations bs 7 require us to evaluate integrals with insertion of external mo-
menta. When looking at terms on the base manifold with legs dyyOdoy or 01y01y, the

relevant basis of tensors turns out to be

Te(HBY), Tr(H3?), Te(HOLWDY o T YQ),
Tr(HIYQQ), Tr(HMoHMQ). (B.44)
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by

The first case is immediately solved as

1P

b= (B = YO @) () = —155

(Te(H®2) + T (D) ) (Doy)? . (B.45)

by

This contribution consists of diagrams in which one vertex contains only ¢ and the other

only ¢ fields and hence upon Wick contraction no relevant 1PI graphs are produced.

bs

bs has a simple structure

1
by = 2<B[°]B[”B[”> I <4X + 517# >> QoapQocn (DL 0168 €2 0168 ¢ 0n€D)
EF

1
=5 (104 5 ) Quanfecn @18 L) OELALNEAE) (B0
EF

where we have already contracted ((2) = iA~'T for simplicity and used the symmetries of
the tensorial part to simplify the Wick contraction. We immediately recognise a triangle
diagram, possibly decorated in the case of #(). The contractions are easily calculated

as

i / d02dos (D160, 0160,) @ (D160, O1Eny) @ (Egsbns)

= [[(0") Ms00H @ HOH+[[(0°) (") s00n@n@H+n@HON+HOn@1).
(B.47)
in which we have once again omitted the vanishing [[p°(p*)3]]3,0,0. Using Method 2 we re-
place [[(p°)2(p1)*]]3,00 = T+L and [[(p*)*]]5,00 — T. This produces after simplification

of the tensors

Abg = <iIL + IT> Tr(H(l’l)QQ)Jr%L(I—P) Tr(H(2’1)Q)+% (2IT + LP) Tr(#H11D)

(B.48)
Two remarks are in order. Assuming that integration by parts holds, we can write
A’k k? d?k k?
L= = | ——5k10k, o5 = 2L — 4T B.49
[ rrir = Ghon e (549
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which implies that the Tr(H1QQ) term vanishes. However we will not enforce this
directly but allow 3Ly + 4Ty # 0 to keep track of any ambiguity. The Tr(’}-[(2’1)(2)

coefficient gives rise only to a X that will cancel against a counter-term insertion.

by
Within
oS
7
= _aHS}H(CY}}{QOABQOCD@mC@)< ;‘35218165181££81€%616£815£816£> , (B.50)

there are two different topologies of Wick contractions to consider. First is a diamond

sunset arising from

DS = /d02d03d0'4<ga1 C0'2><8150'1€z73> ® <81£a38150'2> ® <8l€ogal§a4> & <8150'150'4> .
(B51)

Setting [[...]]2,2,1 integrals with odd number of timelike or spacelike components of mo-

menta to zero, we get the contribution to b4 from diamond sunset diagrams

1
bs|ps = o Tr(QH(l)Q'H(l))[[klpl(k.opo . k1p1)2“2,271
1
= oy TEOQHEOQHOD) [k ?pp! (k0" — KOp")la2.1 (B.52)

Proceeding now to Method 2 we obtain

Nbalps= (;1} _ iTE) Tr(H(LLLD) 1 <—;L2 +TE - és) TrHOOHDQ) . (B.53)

In addition the square envelope topology is given by

SE = /d02d03d04<C01C@)(allfalal{oz)®<81502§os>®<81503§a4>®<81§o481501>- (B.54)

Once the contractions are carried out, and basic identities applied, two tensors only

appear. The final result for the square envelopes evaluates to

1
)\b4|SE:§ Te(HEVQQ) [[k1p1 (3kip1pg — 3kop?po + kips — kopd)]a.11

1
+t1 Tr(HEHED) [kt (kapd + kapt — 2kopop1)])s,11 - (B.55)
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Proceeding with Method 2 we have

1 1 1 1
Abalsp= (4TE - 4IT> Tr(H D) — <—TE + L+ oS+ IT) Tr(H 1 0Q).
(B.56)

In summation we obtain
Loy 1 (1,1,1,1) 1 1 (1,1)
by = gL — ZIT Tr(H) = ( —TE + ZIL + §S +1IT ) Tr(H'VQQ)

4 (—;LZ +TE — ;s) Tr(HYOoHMVQ) . (B.57)

bs

As it stands, b5 contains tensors which, in total, are second-order in derivatives. We are
thus prompted to extract terms quadratic in the external momentum ¢ from the loop

integral. We have

b = 5 BB = & [ sty o U (2) G G 1A O 1S, 1D

_

2

1 d2 ) d2k 42 2k2 ACqyBD kik AC BD
,qu)B(O'l)/ q Hg})(q)e—zqal/ p P H H +p1p0 170M

4 (2m)? (2m)? (27)? p*k2lq — (k +p)?

(B.58)

Now, to second order, the denominator with external momentum insertion is expanded

" 1 _ [(k +p) - q]? q°
P A (CET L S (u0 2 S

In the previous expression, we restrict ourselves to terms involving qg, as we want to
concentrate on external legs (60y)2. In passing from momentum to position space,
we turn qg into —83 acting upon H(c%z)) However, as a second derivative would nec-
essarily produce a derivative of {2, integration by parts is in order. Specifically we let
’H(l) 5O} (7—[(1) )= —60(7-[(1) )00(7-[8])3). We eventually arrive at

1

bs = — (Tr(H(l’l)QQ) — Tr(HYOHMQ) + 2Tr(HZVQ) — 3 Tr(H@?)))

1

2

x (=[[prk1(poko — prk1)]l1,1,2 + 4l[(ko + po)*prk1 (poko — prk1)]l11,3) (Ooy)* -
(B.60)

With Method 2, the above expression boils down to

bs = <iS +2TE) X
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x <Tr(’H(1 D0Q) — Tr(HOQHWDQ) + 2 Tr(H? )Q)—;Tr(’H(Q’Q))> (Boy)?. (B.61)

be

Although Bg)} = =Y 0,(0"¢ — %Hfg&@ﬁ“‘@lﬁf” — Xap016401€8 we can simplify the
evaluation of bg = i(lS’gl]Bg)]) by noting the term with Y will not contribute (it is a
disconnected diagram) and the ¢ loop on the term with H®@) is evaluated to iI; hence

effectively we use
o] _ A A B A _ (2)
By’ = Aaphi§701§7, Aap= I?—[ — XuB. (B.62)
The contraction gives

b = — *QOAB(O'l)ACD(Uz)(al&gl B o015 0nel))

2 o [ 1
— Qoap(o1) / ﬁACD@e_WI / (27TZ))2 p*(p—q)?

X (plpl(q — W HAYHBD 1 pop1 (g — p)on*“nPP

+ p1p1(g — p)oHA PP + pop1(q — p)mAC’HBD> : (B.63)

To proceed one simply Taylor expands to extract the linear dependence on ¢y (and ¢,
even though we will omit that part here) from the integrands. In this case it is not even
really necessary to use the specific rules for Method 2, for no pg appears once the dust

settles. Still, in the language of Method 2 we can rephrase the result as
1 1
bs = LI~ P) Tr(HZY0)dgydoy — JLI-P) Tr(HBV)doydoy . (B.64)

Note that the final contribution from this diagram to dyydy cancels out.

br

This is by far the most complicated case and we shall provide the reader with additional
details. The Wick contractions are easily simplified exploiting the symmetries of the

tensorial structure

b= L <B[0} BBl

HEF o1 /d02d03%g})(az)QOAB(U?,)@lﬁUS L0065 R nEE 01€E ) (G, o)
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1
= 27‘[%%(0’1)/(10’2(310’3 /H(C)D(O'Q)QQAB(O'g)AlgalQAIQ 823A 81A13 5 (B65)

where we have shortened the expression using A;; = A(o; — o) and A;‘}B =HABA(o; -
oj) + nB0(s; — 0;). The momentum routing is slightly subtle. First: two external
momenta, ¢ and [ (Fourier partners of o2 and o03), have to be introduced. Second: we

are entitled to choose the routing that will best suite our purpose.

Killing every instance of ¢; and l; (they would eventually produce some 01y leg) we

arrive at

2
b= o) [ S oantge [ SCHEme

/ d?p d%k p1(p1 + k1)
(2m)? (2m)2 k2 (p + k)2 (p + 1)2(p + 1 + ¢)?

x (k1 +p1)HEE + (po + ko)n®") (pHAP + (po + lo)n™*P)
X (leBF +(p+1+ q)onBF) ) (B.66)

Judging from the tensorial structures already at our disposal, we need to extract from

the loop integral linear terms in either gg or Iy

_ i d*q cigor [P L) o —ito
b7—_2HEF<01)/(27T)QQOAB(Q)6 I 1/(%)2%01)(5)6 !

/ Pp Pk 1 1 pi(p+ k)
(2m)? (2m)% (p*)3 K (p + k)?

<l0 [4pop2 HAPHPE 1 2po(p3 + p?2)n*PnPF

((pr + k1)HE + (po + ko)n“F)

+ (2p%p1 +p1( %‘FP%)) (/HAD BF +77ADHBF)]

+ qo[2poptHAPHBEY + po(pd + pE)nPnBE

+ 208 PHPE - pr (R + p%)HADnBF]) . (B.67)

We shall now pass to position space and turn [y, gy into derivatives. While the former
would hit a generalised metric, the latter would act upon €. As we would like to avoid
that situation we integrate by parts. Massaging the expression we obtain a little further,

dropping terms linear in pg or kg

1 W) o /1) 2 ay1) a 1) d’p &k 1
e =i (MEROMED = WHEHED) | s G w2

X [p%(pl + k)2 (203 PHPE + (0} + ph)yHAPBE) 1OF
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+ pipo(p1 + k1) (po + ko) (203HAPHEE + (3 + phnPnB) n“F| . (B.68)

We can now perform the tensor contractions. The crucial observation here is that, when

contracted, H 4p anti-commutes with both H(A% and 607-[1(41})9. To see this, it is important

to keep in mind that 7{,(41])3 = VAI’H%)VBJ. We obtain
by =1 (Tr(H(l’l)QQ) —TrHOQHDQ) + Tr(H@l)Q)) Boydoy , (B.69)
where I stands for the integral we are left with, namely
I = [[p1(k1 + p1) (ko (p§ + 3pop?) — 3kipgpr — pi (k1 +p1) + po) s, - (B.70)
Using Method 2 the latter becomes

1 1
I =S~ 2TE+ jLI+2TL. (B.71)

B.3 Base 0yyd,y Wick Contractions

In order to evaluate Wick contractions associated to the dyydiy legs we single out the

following terms in the action

1
clol = —§HS,)5;C31€A81§B, (B.72)
1
el = _ZH%gZalgAalgB —~Y0,00"¢ — Xapdh&rong? (B.73)
C;)I;T] _ —2Y(1)§80§80y (B74)

" 1
e = S HEL AT R + 2Y COCOy — 2XpehaCE DR, (B.T)

el = —HG) 014 cehaneB (B.76)
- 1
C?’ V= Hpea%0168 + 591AB€A30§B, (B.77)
a1
Cgl’ ] = §QOAB§A81§B, (B.78)
T, 1
CE T = Zacosete”, (B.79)
where C}[yn;o*‘] indicates a term with p derivatives, n external legs of type o*. They can

be used to be create the following combinations

] T, O T, O 1 T Nea
o=~ LTI = (AT, ey = LTI, (5s0)

ey = (el e = —igeltlel ey g = —(cltleltely (B.81)
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These should be supplemented with additional terms coming from integral with external

momenta insertion. The relevant basis of tensors is simply

Te(HI000), Tr(HP00). (B.82)

&1

In this case

1
Cl:—EHgg)H(El})rQlAIQOBI<C02<U3><€o 815 816 815 816 >

1
= —5[%?(2?3 + %) — 2kikopipol)2,1 Tr(HEH000) doydry
1

1
=55 (LI - 2s> Tr(HEH00) 9o,y . (B.83)
&)
In ¢y we discard a disconnected contraction and obtain
i T, (2
Cp = _§XCDQIAIQOBI<£;41§£261§§282§UDQ> - §H((Jf)t)QlAIQOBI<<@C02><§3415c]f3181§<%61§£z>

S LT <X + im“’) (el oned ned)
CD

1
= 5 T P)llpg — pill200 Te(H®QQ)doydry
1 1
- 55 (TEl00 + 5155 ~ stllaan ) OO0y

1 1
= —51 (L + 2P> Tr(H1000)dgydry + S 1I-P) Tr(HPQ0)yd1y .

(B.84)
C3

This combination comprises of square envelope and diamond sunset topologies, making
it the hardest to compute. However, one can show that the diamond sunset topology
does not ultimately contribute to the final result, as the corresponding integral always

contains odd powers of 0-components.

c3 = 1690-43%(01))%591)’?%1”91 G<§Ul81501502alfgg81503815038150481§a4><C03C04>

Hggagmwamg “00e €2 0068 016C 0160 016E 006E ) (CosCon)



Appendix B. Wick Contractions 157

1

= L[5 +2p1) — kokapopr) (0] — p?) + Akapop (kopr — kapo)]la 1.1 Te(H 0 000)
1 1

=3 (is ~2TE - LI+ 2TI> Tr(HOL000)dyydry . (B.85)

Cq

In this case the topologies involved are triangle (with counter-term insertion) and deco-

rated triangle.

*/HDIQ1 cXprQoap (€S 8 0162 01¢8 on¢L onel)
U H DN 000an(C )€ AN ED LR ED)

+4XEF910090AB<€ &2 ool ol o onel)

+ 2 HE 000005 (N ES A DD B el dnek)

1 /1 1
=3 (P[[(p?) — 1) ll300 — 51llp (307 +P(2))H3,0,0> Te(H10Q) Aoy dry

2 2
1

+ ﬁ(P 1)([(p5 — p1) ]300 Tr(HPQQ)doydry

21)\ (P — L — 4T) Te(HHH900)dpyd1y + %( — 1) Tr(HPQQ)dydry . (B.86)

Cs

The only topology involved here are triangle envelopes.

fHSB)LH(” 0L AQ00D (Cor g WEL EC 0168 D16 0162 0168 )

—X[[k%(po +p?) — 2kokipopi]]a1,1 Tr(HB10Q0) doydry

= % <LI — ;s> Tr(HEH000)dyydry - (B.87)

Ce

This one contains only loop and decorated loop topologies.

c6 = iXppQoapQl o (6C €2 0,2 01e8) + HSJ}QI Q048 (Cor (o (€S €2 016D 0168 )
1

= 2)\ (P[[pE]]2,00 + I[p]2,00) Tr(H 000 doydry

+ 5[[]93]]2,0,0(1 — P) Tr(HP Q) doydry
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1 1
=5, (IP+ LI+ LP) Tr(HOL00) 001y + HI+L)(I-P) Tr(HPO0)dpydry .
(B.88)
Contributions From External Momentum Insertion
There are a few contributors to dyyd1y legs that c1, ..., cg have missed. These arise from

loop integral with non-vanishing external momentum. A careful analysis reveals that in
fact only the sunset topology with a linear insertion of external momentum is responsible
for such contributions. Also, we shall only get a correction, call it c¢7, to Tr(’}-[(Q)QQ).
We find

cr = ~[[k1po(k1po — kop1)]l2,1.1 Tr(HPQQ)doydry

— >N

=5 (;s - LI) Tr(HPQ0)0yd1y . (B.89)

B.4 Results of Wick Contractions

Before we evaluate the loop integrals, we collect and present in this section the results of
the standard Wick contractions. To slightly reduce the length of expressions, each time
a numerator of a loop integrand contains an even number of 7-components of momenta,
these are swapped for the invariant combination e.g. p3 — p?+p?, though at this stage no
assumption about how this holds in d = 2+ ¢ is made and, in particular, no cancellations
of factors of p? between numerator and denominator are employed up to this point. For

the counter-term attached to A\29; X 9;X” we obtain

W, lp_lp
16 8
HE S =Dl — ;TP
G iIP - i[[p?]h,l,l
G5 J1P = SP(pllos + lprhip - Klan
G20 TP CPlllno - R lz0 - 5 (P~ Dlpte*lsoo
O SPpRlloo + (91220 + 3Tlptlls00 + PlRP o0
— [lpikik - pllsp1 + %[[P%kfpg]]&l,l — [[(pIkT + pik1) K22,
H T (M) - ;*QP[WHZO,O + é[[(p +k)ki(p - kK]0
MO T D) s P00 — e+ k)Pt k4 R as (BOO)

16 4
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For counter-term attached to dyydyy external legs we find:

Te(H3Y) 0 (ki (ky +p1) (0 + pD) (B2 4+ K- p)llaaa

B i[[kl(kl +p1) (B + k- p)ll21a

TH (D) QP—Dmmmo
Tr(HBLED) éP[[P%P Il3,0,0 + I[p))z00+ 7 [[k‘lm(klp —2p1k - p)ls,11
- R[[klp —dpikk - p+ 3p1/<? 2,21
Tr(HD0Q) : HP (3p° + 4p7)]l3,00 + 5 Wﬁ(k p(ky —p1) + k* (k1 +p1)J2,1,1
;um@pkml+4k&u+pn@ )l
— Sk p(kapd 4+ 24k + ) s
THOQHDR) s = Sk plhy = 1) + Ky +p+ D)2
420l (k- p + B+ pikp s
+ 2k (kpt (k- p+ & +p*) + ik — k- p)laa
TPV s (P = Dlipllann - (P - DIl

+ [k (K (k1 + p1) + K1k - p)]]2,11
— 2[[k1 (k1pip? + 2(k1 + p1) k2 (p* + pD)]3.11
— 2[[k1(2k1p7 + 2k1p” + p1p*)k - p)]]3,11 - (B.91)

For the counter-term attached to mixed derivatives of the background field dyydi1y we

obtain:

Te(HH000) - %P[BPZ = 2pi]l2.00 — Ilpill200 + %I[[(pQ)Z]]&o,o
%I[[P i —4pills00 — §Wf%p2 — 2kipik - pll211

+ (k1 (k1 (p°)? + 4pik - p — p1p? (k- p + 2k1p1)]]31.0

T(HO0):  — 1P~ DB + 200 + 3 (P~ DI 00

+ 2[[k1 (k1 (p*)? — 2k1pip® + 4pYk - p)]l310 (B.92)

For the counter-term attached to 01y01y we obtain

Te(H32) . [[ki(kr 4+ p)p? (K2 + k- p)llsaa + — Hkl(kl +p1) (K + k- p)lJ2na

1, 1 3
Te(H®Y) . 21 = ~P[[p” — pillaoo + 5

1
S g g ~P[[pir*l]s00

I[[pill2,00 — 5
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() PR +2p%nzoo+ o0 - éPup%p% ) s00
+ 2 1[pills00 + 5 [[kfl + Rl + 5 [[lﬁp —2p1(p1 + 2k1)k - pll211

[[k1(k1p* — 2p1k - p) (p? —p1)]]311+ [[kﬁ 2(k-p+ kip1)]l2,21

.-lk\’—'»-lk\H

Tr(HDOQ) - il[[p + 6p3]]2,0,0 — ZI[[(pZ)2 +pip” — 4111300
1[[(k1 +p1)(p2 +k p)H

2 P1 Y

1.k

= ol (2% bapr (k- p 2 = 3p%) 4+ 51 (6 + k- p))Jz.10
1k

((p*)%k - p + 2p1k1 (p*)? + pIp%k - Pll30

piln
[[]; (kip3(p? + 2k - p + 2k%) + 26%p])]]3.1.1
Tr(HVOHWQ) . —[[p* + k- plliia
+ %[[(41?% — kip1 + kT — 2p°)k - p 4 k1 (K*k1 + 5pik® — 2p1p?)]]2,10
+ 2[[k1p1(0°k - p) + kapr (k- p+ k> +p) + (K — k- p)pills 11
— iy (<2807 + 9 + TR 2

Lk p 2307 — 892) + (207 1 550) ez

8
Tr(H*1Q) : iP[[QP +pill200 + i [P + 5p3]]2,0,0
~ 2P =D 500~ SPIPRls00 — TP 00

+ [[ker (K (k1 + p1) + K1k - p)))2.11
— 2[[k1 (k1pTp” + 2(k1 + p1)k*(p* + p)ls.1.1
— 2[[k1(2k1p} + 2k1p” + p1p”)k - p)l3 1 - (B.93)
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Loop Integrals

C.1 Loop Integrals via O(d)-invariance (Method 1)

For a L-loop calculation, 2L copies of the worldsheet are needed. We shall label each copy
by a number and indicate the n-th with n. Propagators stretching from n to m will be
reported schematically as n — m, where n and m are allowed to coincide. Accordingly,

a sequence with the same extrema shall indicate a closed loop.

At one-loop order, two topologies only contribute to the g-function: having two copies
of the worldsheet, propagators can either stretch from 1 to 2 or close on the same copy.
All possible loops are exhausted by 1 — 1 and (1 — 2)?. We shall name them bubble

and loop, respectively.

At two-loop order, divergences can originate from either i) one-loop integrals multiplied
by a 1/e pole due to one-loop counter-term insertions; ii) products of one-loop integrals;
iii) genuinely new two-loop integrals. New topologies for one-loop diagrams arise in i)

and ii).

For a two-loop calculation, triangle-shaped and square-shaped loops, corresponding schemat-
ically tol 52 —-3 —-1and 1 -2 — 3 -4 — 1, are in fact allowed. For the sake of
simplicity, we will refer to them as triangle and square diagrams. On top of that, 1 — 1

and (1 — 2)2 can still appear, even though their finite O(¢) parts are now to be kept!.

Graphs of type ii) can all be seen graphically as dressings of the previous diagrams (up to
the squares) with an extra loop or bubble. When a bubble is added, we call the resulting
diagram “decorated”: for example, adding a bubble to a triangle results in a decorated

triangle.

! Actually, square diagrams are only required in calculating one-loop diagrams with external quantum
fields.

161
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Scenario iii) is the most intricate as it allows for many different topologies. The simplest
instance of genuine two-loop diagram is the sunset diagram, corresponding to (1 — 2)3.
The only way to non-trivially extend the triangle diagram to two-loop is by adding
an internal line, resulting in (1 — 2)?> — 3 — 1. We shall call it triangle envelope
diagram. Squares allow for two extensions: we can either add a line joining two adjacent
vertices, (1 — 2)2 — 3 — 4 (square envelope), or let is stretch to the opposite vertex,
1—-2—-3—4—1)(1— 3) (diamond sunset).

—k k
3 4 3
k 11 2 —k k —k k
1 2 1 9
(A) Bubble k k k
(B) Loop (¢) Triangle (D) Square

FI1GURE C.1: One-loop diagrams.

C.1.1 Combinatorics

The basic integrals in Minkowski space are given by

= ddk 1 — (_1)nZ F(n_ g) m2 g—n
I”_/(mr)d R—m?" (i L) (m7)27". (C.1)

Our aim is to recast divergent 1-loop and 2-loop integrals as combinations of the basic
integrals I,,, postponing the evaluation of their precise dependence on the dimension-

al-regulator €. At 2-loop order we require only I, I3 and I3 which are given by

i iy ie (697 + 7?) 5 iiey A i de(y—1)
I~y O ) I~ 4420 L0770 (oo
1™ ore 47T+ 961 A2 +47r+87r’ s 8T 167  (C2)
where
s =t log 72 (C.3)
Y =E g ar ) .

Integrals with non-positive n can also be dropped: I'(n) has poles for n € Z~, thus

forcing I,<o — 0.

Prior to venturing into the explicit evaluation of loop integrals, let us pause and analyse
their combinatorial structure. Fix some integer number g € N and consider the one-loop

integral

dp pa, .- -Da
I)\l-..)\Qq = / (27T)d : _D = (04)
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for some denominator D = D(p?). Integrals of this form are usually evaluated assuming
O(d) symmetry in the final result; that is, we postulate that the right-hand side can be

recast in the form

dp pri---Pa dip (p2)?
/(Qﬂ)d 1 = 2q :A(nAl,\Q...qu_l,\Qq+perms.)/(27r)d o (C.5)

where the “scalar” integral is in general known, and the prefactor A is to be fixed by taking
appropriate contractions of both the left- and right-hand side with the d-dimensional

Minkowski metric.

Let us indicate by Py, .»,, the rank 2¢ totally symmetric tensor made up of all possible

permutations of tensor products of the d-dimensional Minkowski metric

Py dog = Mg - - - Mhag_ 1A, T+ DETINS. (C.6)

As can be easily seen, a total number of (2¢ — 1)!! terms have to be accounted for in the

permutations. Particularly important is the trace of this object, P29,

q—1
d
P(2Q) = 77)‘1)\2 . 77)‘2‘1*1)‘211P>\1m>\2q = | | (d =+ 2]) = 2(]*1d <1 =+ 2) . (C?)
=0 q—1

To be concrete, the constant A in (C.5) would be 1/P(24).

In the case of two-loop integrals, the situation is more involved as there are two distinct

momenta to deal with. A prototypical example is for instance

ddp dk kukva1 < Phog
= An,, .. .
/ (2m)d (2m)d D um (M1 x Maq—1X2, T PETMS ) (C.8)

+B(nu)\1771/)\277)\3>\4 c - Mag—1X2g + perms.) )

where A, B will now be combinations of scalar loop integrals and some combinatorial

Ad2 - pr2a-122¢ we obtain a first

factors. Contracting both sides with the tensor n**n
equation

= P (dA +2¢B). (C.9)

d%p A% k*(p*)1
/ (2m)d (2m)¢ D

A second equation is deduced in a similar manner by contracting with n#*n¥A2 | pr2a-1A2

= PP [A4 (2g+d—1)B] . (C.10)

dfp d%k (k-p)*(p*)?""
e o

Solving (C.9) and (C.10) for A and B, one finds the correct rewriting of (C.8) in terms

of scalar loop integrals and combinatiorial factors.
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In a theory with non-manifest Lorentz invariance, Pj, . Ag 18 most often encountered
with explicit values assigned to its indices (either 0 or 1). As we shall make large use of
this formula, let us mention that if Py, Aa, COmes with 2go O-indices and 2¢; 1-indices

(so that 2q = 2qo + 2q1), the tensor specifically evaluates to

P01 02g9 11124, = (20— 1) (21 —=1)! (100)® (m1) " = (2q0—1)!! (2¢—2g0—1)!! (1100)®° (m11)"* -
(C.11)

C.1.2 One-loop Integrals
Bubble Diagrams

Integrals for bubble diagrams are trivial, as they simply coincide with I;.

Loop Diagrams

Loop diagrams are only slightly more involved. In general we are interested in both
the divergent and convergent (at least O(e”)) parts, as the latter is important for coun-

ter-terms. The divergent diagrams we shall encounter are of the form

Ak kuk, o )
/ @mi (2 2y~ a ). (C.12)

Diagrams with an odd number of momenta in the numerator vanish by symmetry. Fully

convergent integrals are necessary of the form

d?% 1
/ @ () Iy. (C.13)

Triangle Diagrams
Divergent integrals stemming from triangle diagrams are of the form

- 14 e vo ollv [ 2 2I 4[ C14
gﬁ)d (k2 —m2)3 d(d+2)(77“ Npo + NMupTve + My Up)( 1+2m Iy +m*1I3), ( )

/ A%k kukykks 1
(

where we have made use of O(d) symmetry to perform the integral. By the remarks
above, the right-hand side is mass independent at zero-th order in €. Other finite results

are

ddk 1 ddk kuky 77!“/ )
/ 2m)d (k2 — m2)3 Iy, / 2m)d (k2 —m2)3 7(12 +m°Is). (C.15)
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C.1.3 Two-loop Integrals

A two-loop integral with vanishing external momenta is of the form

[ d% (...)
[[ . Hzgk - / (27T)d (27r)d (p2 _ m2>z‘(k.2 _ mQ)j[(k +p)2 _ mQ]k ’ (C'16)

where the dots will be specified on a case-by-case basis. In performing manipulation we

discard finite terms, for instance:
[1)ije =0, fori,jk>1. (C.17)
Typical UV divergent integrals encountered are

[[1“1,0,1 = [[1“1,1,0 = [[1“0,1,1 = 112 J [[1“2,0,1 =Nl . (C.18)

k p
1 2
—(k
P k+) 1, 1 2
4 3
—-p k
(A) Square Envelope (B) Diamond Sunset (c) Sunset
—(k+p)
1 2

O O

) Decorated bubble
3
(F) Decorated loop
(D) Triangle Envelope

1 3
b k p
(G) Decorated triangle (1) Double loop

F1Gure C.2: Two-loop diagrams. Momentum flows are aligned with numerical ordering
of vertices.
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Sunset Diagrams

Sunset diagrams are equivalent to [[...]]1,1,1 integrals. Given the exchange symmetry

k < p in the denominator, the only relevant integrals are

Wi =1, [0 Kl = -7 (C.19)

It immediately follows that

1 1
Hpupu]]l,l,l = gme%, [[ppkl/]]l,l,l = _?dnw/[%' (C'2O)
Diamond Sunset Diagrams
Diamond sunset diagrams correspond to [[...]]2,2,1. Notice that this class is symmet-

ric under k < p; hence, we will omit integrals which can be deduced from symmetry

arguments. Again, we begin with the scalar integrals

[(p*)* )220 = IT + 4m* L1, (C.21a)
[(P*)2(p- B)la1 = —IF —m* L1y, (C.21b)
[(p*)*K]l2,20 = If + m* 115, (C.21c)
1
[P (p - k)K?])2.2.1 = —5112, (C.21d)
3 1
[0*( - k)220 = 1112 + §m211]2 ; (C.21e)
2 —3d 2—d
[[(p- k)3]]2,2,1 = T ad 112 + WWQHIZ . (C.21f)
Tensorial integrals can now be deduced
[Lp/ﬁpupppapnpk]b&l =I (nuvnpa"?m)\ + 14 perms)([lz + 4m2I1]2) , (C.22a)
([PupvPppopekall221 = Fi(MuwMpenka + 14 perms) (—112 — mQIlfg) , (C.22b)
F
[[pupvpppdknk/\“lll = di_ll(n;wnpo + 2perms)nﬁ>\(dll2 + (d + 1)m211[2)
F
+ d-1) — 0 (Muruanpe + 11 perms)((3d — 4)I7 +2(d — 2)m* [ 1) ,
(C.22¢)
F

[[pupvppkokiki]lz2n = m(munmnm + 8 perms)

X | =2(d? = 2d + 2)I? + 4(d — 2)m*I1 I,

Fy

t m (nlwnwﬂlp)\ + 5 perms)
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x | —2(3d® — 2d — 1) I} — 4(d* — 4)m* 11 I | . (C.22d)
Triangle Envelope Diagrams
This class is equivalent to [[...]]2,1,1. Scalar integrals are
[(P*) 200 = 1T, (C.23a)
[P*K]l201 = I + m* 15, (C.23b)
3 1
[[(p . ]{7)2“27171 = 1112 + imzflfg , (C.23C)
1
[P*p - F)l211 = —51127 (C.23d)
[[(p . k)kZ]]ZLl = —[12 — m211[2 y (C.23e)
(K210 = If +3m* L 15 . (C.23f)
Adopting the symbol F» = m, tensorial integrals evaluate to
([Pupvrppsll2 i = Fa(nuwnpe + 2perms)]12 , (C.24a)
1
[[Pupvppkoll211 = _§F2(77#V77P0 + 2perms)[12 , (C.24b)
F:
[[pupvkpkoll211 = Q(Tfl)munpah[@d — 1)1 + 2dm* L]
Fy
+ m(nupnua + NuoNvp) 1 [(3d — 4) 11 +2(d — 2)m212] ,  (C.24¢)
([pukvkpkoll211 = —Fa(uwnpe + 2perms)I1 (I} +m?Iz), (C.24d)
[[kukukokollant = Fa(nuwnpe + 2 perms) (17 + 3m?11 1) . (C.24e)

Square Envelope Diagrams

Square envelope diagrams correspond to [[...]]3,1,1, and the scalar integrals we shall need

for this topology are

[((*)*))s00 = 17,
[((p*) k]300 = LIy 4 2mP Ty + m'l3)

(P2 ()31 = Li(I + 4m° I + 3m*I3)

6% Fllsis = 512,

2(p . k)2 3 m2nn ™
[[p*(p )]]3,1,1—4 1 +m il + 5 1ls,

[P°(p- k)Kl|s 11 = —IF — 2m* 111, — m* 1113,

(C.25a)
(C.25D)
(C.25c¢)

(C.25d)

(C.25e)

(C.25f)



Appendix C. Loop Integrals 168

7d + 2
(p- ks a1 = IF + = —=m* LI+ m’Ly). (C.25g)
7 3 3
[[(p . k)g]]3’171 = —§112 — §m211[2 — Zm411[3. (025h)

Integrals with “open” Lorentz indices can be built out of these. They all share a common

pre-factor Fy = [d(d + 2)(d + 4)] 7! coming from the contraction of indices. The results

are:
[[pupuDpPoPrPAll3,1,1 = FL(1puwnpotir + 14 perms)I7 (C.260)
1
[Pupvpppopekal]s i = -5 (MuwMpotix + 14 perms)I7 (C.26b)
F
([Pupvpopokcka]]31,1 = d—_ll(munpa + 2 perms)naq [d[l + mQ(d L 1)(20 + m2I3)]
Fy
T @1 Meshoalon -+ 11 perms)
x I [(3d = 4) I +2(d = 2) m* (2L + m*I3)] (C.26¢)
F
[pupvppkokik]]si1 = Wil)(munpanm + 8perms) I, [(3 — 4d) ],
+2(1 = 2d)ym? (213 + m®I3)]
Fy
+ m(nuaﬁunﬁp,\ + 5 perms)I1[(10 — 7d)I;
+6(2 — d)ym?(2, + m*I3)] (C.264)
F
pupvkpkokika]ls11 = Win(nuunponnA + 2 perms) [d(d e

+ (4d? — 2d — 4)m* I Iy + (3d* — 5d — 4)m411]3]

F
+ Win(nupnuanﬁ)\ + 11 perms) {Q(d — 1)[12 +(7d — 6)m2I1[2
+ (7d — 4)m4I1[3] . (C.26¢)

C.1.4 Schwinger Parametrisation

When considering the renormalisation of the (91y)? component of the metric, the inte-
grals above are not sufficient since we also encounter diagrams which give rise to inte-

grands in Fourier space wit non-scalar denominators.

The first integral we shall be concerned with arises from a particular instance of the

sunset topology. Consider

[ A% d% E'(p")? 1
h= / (2m)d (2m)d  pt (k2 —m?2)(p? — m2)[(k + p)?2 — m2| : (C.27)
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To address the p! momentum in the denominator we employ a Schwinger parametrisation

1_ due " . (C.28)
p! 0

The Lorentz-scalar part of (C.27) and the momentum integrals are easily dealt with using

the above techniques so we momentarily omit them by defining a “reduced” integral

Jp = / due " k1 (p?)2 (C.29)
0

We now perform a series expansion of this exponential which we understand will give
a series of loop integrals we can evaluate using some combinatorics and formulas in
Appendix C.1. Even powers of u drop out since the numerator of the corresponding
momentum integral will contain an odd number of 0 components of momentum - this
implies that any scalar contraction will come with a factor of 791 and hence will drop.

So we need retain only
7 > = u?" 17,072/, 1\2n+1
J=— d —k nre C.30
1 /O uu 30 Gt (") (p") (C.30)

Now, the precise replacement stems from the usual combinatorics in loop integrals

1

a1 Van+3
kEp™t . op —>P(2”+4)

pr-vanss (k. p) (p?)" (C.31)

In a scheme where ! = 0, there are (2n+1)!! non vanishing contributions in PHV1-V2n+3

with a choice of indices as in (C.30). We then end up with

o0

- 5 [ (2n + 1! 9 n
Bo= el u@eepn? [ dwds 5 B a8
where we have adopted the parametrisations n'! = —(e) and % = ¢(e), with ¢ =

1+ ge and ¢ = 1 + ge are both positive definite. Introducing a new integration variable
z = up*p/4, one can prove that the series can be resummed to yield the regularised

hypergeometric function oF
i _ple),(d T d
Jp="—I|= (k‘p) dzoF1 (24 =,—2] . (033)
2 2 0 2

The remaining integral is part of a family of parametric integrals whose precise evaluation

is known and equals
(o)

ROER (C.34)

/ dz 207 By (b; —2) =
0
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Adapting this formula to the case at hand we find

Jy = 9026)(1@ p), Ji= ‘2(2)112. (C.35)

Other than Ji, we have a family of relevant non-invariant integrals depending on a integer

parameter o € N reading

B o e e e Gy
Using the same technique the relevant cases evaluate to
7Y = mwe)ﬁ? (C.37)
- e S o
5 = 4(d— 11)5d((3c§l ¥ 24))(d +4) Pl I + (d— 1?c(lc(id_+2;7)7€c21 +4) ele)'m*h <IQ * njb’) '

(C.39)
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Example

D.1 Example

We complement the main presentation with an explicit toy example. This allows for an
independent computerised cross-check of the calculations done elsewhere in the project.
In this toy model we are also able to explicitly examine the implication of removing
the base manifold counter-term at one-loop via a field redefinition/addition of total

derivative.

We begin with a model consisting of a single S* direction of radius 7 = 7(y) for the fibre

with Lagrangian

L= %(6137809% + 801‘81{2') — % (r281x5'1x + 7"72(91@81.%) + %%y@“y . (Dl)

The one-loop renormalisation yields

2 2

o 1 7
(01201 T — r481x81x) + Rﬁaﬂya"y, (D.2)

1 ori— 7
Lor=——
dme 1t

where over-dots denote, as usual, derivatives with respect to y. Using Method 2 followed

by Method 1 for final evaluation of integrals, we find the two-loop contributions

~ 1 5(rM)t = 8r(r(M)2r(2) 4 p2(p(2)2 4o 2720 (10 (3)

TP =0, (D.4)
@, 1 2(rM)y — 6r(rW)2e@) 4 472pWpG) 4 p2((r(2))2 — ()

Ty lae = = 1672¢2 r? ’ (D-5)

7@ _ 1 6(7“(1))4 - 14r(r(1))2r(2) + 4r2r(MypB) 4 7“2(5(7“(2))2 — rr(4)) D6
2 les = 1672€2 r6 ’ (D6)
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g ((r)? —rr®)?

~(2
700 = Srle " , (D.7)
~ 1 (g—DErM)*+23g — Dr(rM)2r@ — (3g — 1)r2(r?)?
o) < L @D 200 U - @
f1(2)|01 =0, (D.9)
_ (1))4 _ (1))2,.(2) _ 2((2))2
NS T B () LR B L G L 1 ) SN
1 1672¢ 72
_ (14 _ _ (1)y2,.(2) _ 2((2))2
T(2)|g~c;z _ 1 2(=4+49g)(r'")* —=9(2g — 1)r(r'M)*r®) 4 2(2g — 1)r=(r'¥) (D11
1 1672€ 76

where (™) is an alternative notation for the n-th derivative of 7 with respect to y. These
agree with the results of the main text upon the substitution of the generalised metric
H = diag(r?,72). We remark that the vanishing of T o is due to the triviality of the

tensorial combinations within this example.

Let us note that we can amend the one-loop counter-term through the inclusion of any

piece that vanishes upon integration by parts and application of the equations of motion

1
Eon—shell = f(y)auyauy - §f(y)H£10) ~ 07 (D12)

for some function f(y). With the choice that f= —%T(l) the base divergence of the

one-loop counter can be removed, considering instead

1 ri— 2

Lot + Lonamen = LY (viom00e — Sonaons ) + -
4me 73 4 4

e T

(81‘%815‘ — T481:E(911') .
(D.13)
We may now proceed to re-calculate the two-loop divergences using this modified one-loop

counter term. One might anticipate that this resolves some of the discrepancies between

f1(2)‘00 and fl(Q)\ll seen in the above. However, an explicit calculation yields

(L= g)(r M)t — 2gr(rV)2r® 4 gr2(r)?

72
T loo = 1672¢ r4
L (14 29)frr (0 — rrl2)
D.14
16m2e r4 + ) ( )
7, — L (1490 D) 441 = 3g)r(rD)2r® + 21 - 3g)ri(r2)?
LT 16m2e ré
— W (N2 _ pp(2)
LA il U (D.15)
8m%e r

where ellipsis indicate terms proportional to g (which do not now vanish). Far from
ameliorating the situation, we still have Lorentz violation from the base counter terms

and, moreover, un-cancelled ¥ terms.
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Mathematica Implementation

To perform the calculations in Chapter 7 and 8 we wrote a specific Mathematica note-
book, capable of expanding the action to any given order, exponentiating the interacting
Lagrangian, performing Wick contractions, computing loop integrals etc. As, to the best
of our knowledge, no available packages comprise of these features, we shall spend some

time reviewing our implementation.

E.1 Tweaking xAct

The best tool to deal with canonicalisation of tensorial expressions is the xAct suite
[215] and, in particular, the xTensor and xPerm packages. However, they are not suited
for a quantum computation out of the box, and we shall push them a little further to
achieve this. More in detail, the first issue we encounter is the Taylor expansion of the
exponentiated interacting action exp(i [ d?0L;1). Up to a prefactor, its n-th term is in

fact the product of n St’s, each one evaluated on a different copy of the worldsheet,

exp <z'/d2a£1> =1 +§:1j3 (/d%l £1(01)> X ... X </d2an EI(an)> . (E1)

Hence, tensors appearing in L1(o,) shall accordingly retain a dependence on the world-
sheet copy even in the code. This is achieved treating the worldsheet coordinates as
parameters (in the language of xAct) and defining 4n of those (i.e. 2n 7’s and 2n o’s)
for an n-loop calculation. Similarly, for each copy of the worldsheet, we will define a set
of tensors (H, Q, £ etc.) carrying explicit dependence on the relevant set of parameters.
The result of Wick contractions' will be products of propagators of either types (A and

0) treated as tensors with zero indices.

!The Wick theorem is easily implemented with a recursive function that does not require xAct.
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E.2 Loop Counting and 1PI Feynman Diagrams

As for Feynman diagrams, we have a twofold issue. First, we want to discard diagrams
that do exceed the loop order we are working at. This problem is easily tackled observing
that all relevant graphs are planar and hence we can use Fuler formula at genus g = 0,
i.e.

V-E+L=1, (E.2)

where V', ¥ and L are respectively the number of vertices, edges and loops. Notice how
we are using L, as opposed to the usual F' (faces): this is due to the fact that the number
of faces equals the number of loops plus one, as it also includes the outer and infinitely
large region. In practice we do not need to actually draw the graph, nor apply Wick
theorem, to ascertain the loop number: we can simply solve (E.2) for L, being F half
the number of the propagators? and V' the number of relevant copies of the worldsheet
present in the expression at hand. Second, we shall restrict ourselves to connected, 1PI
graphs. To check this property it is firstly necessary to draw the graph; Mathematica
has a dedicated function, and we suggest the adoption of Tutte embedding for displaying
purposes. Building on this, we found very useful the package IGraph, which implements
a number of functions for graph analysis currently unavailable in the Mathematica main
architecture. In mathematical jargon, a 1PI diagram is called 2-edge-connected. The
function IGEdgeConnectivity, when applied to a graph, precisely returns the number of
edges and we shall hence discard those which fail to meet our criterion. On top of that,
IGraph also provides the handy function IGGetIsomorphism able to find the relabelling
of indices between that makes two graph isomorphic. This is extremely useful, as it
enables us to vastly reduce the number of total terms by graphically implementing the
relabelling we implicitly perform when counting the symmetry factor associated to a

diagram.

2If odd, the expression is discarded from the outset, thanks to Wick theorem.


https://igraph.org/

Bibliography

1]

2l

3]

4]

[5]

6]
7]

18]

19]

[10]

[11]

[12]

S. Demulder, F. Hassler, G. Piccinini, and D. C. Thompson, Generalised Cosets,
JHEP 09 (2020) 044, [arXiv:1912.11036].

S. Demulder, F. Hassler, G. Piccinini, and D. C. Thompson, Integrable
deformation of CP" and generalised Kdhler geometry, JHEP 10 (2020) 086,
[arXiv:2002.11144].

N. B. Copland, G. Piccinini, and D. C. Thompson, The Duality Symmetric String
at Two-loops, arXiv:2110.14481.

C. Eloy, G. Piccinini, and D. C. Thompson, Poisson-Lie T-duality at Two-loops,

Work in Progress.

G. Piccinini, Yang-Baxter Deformations of spheres and anti-de Sitter spaces,

Private Notes.
P. W. Anderson, More is different, Science 177 (1972), no. 4047 393-396.

N. Seiberg, Electric - magnetic duality in supersymmetric nonAbelian gauge
theories, Nucl. Phys. B 435 (1995) 129-146, [hep-th/9411149].

K. Kikkawa and M. Yamasaki, Casimir effects in superstring theories, Physics
Letters B 149 (1984), no. 4 357-360.

T. H. Buscher, A Symmetry of the String Background Field Equations, Phys.
Lett. B194 (1987) 59-62.

T. H. Buscher, Path Integral Derivation of Quantum Duality in Nonlinear Sigma
Models, Phys. Lett. B201 (1988) 466-472.

C. M. Hull, A Geometry for non-geometric string backgrounds, JHEP 10 (2005)
065, [hep—th/0406102].

X. C. de la Ossa and F. Quevedo, Duality symmetries from nonAbelian isometries
in string theory, Nucl. Phys. B 403 (1993) 377-394, |[hep-th/9210021].

175


http://arxiv.org/abs/1912.11036
http://arxiv.org/abs/2002.11144
http://arxiv.org/abs/2110.14481
http://arxiv.org/abs/hep-th/9411149
http://arxiv.org/abs/hep-th/0406102
http://arxiv.org/abs/hep-th/9210021

Bibliography 176

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

C. Klimcik, Poisson-Lie T-duality, Nucl. Phys. B Proc. Suppl. 46 (1996) 116-121,
[hep-th/9509095].

C. Klimcik and P. Severa, Poisson-Lie T-duality and loop groups of Drinfeld
doubles, Phys. Lett. B 372 (1996) 65-71, |hep-th/9512040].

F. A. Smirnov and A. B. Zamolodchikov, On space of integrable quantum field
theories, Nucl. Phys. B 915 (2017) 363-383, [arXiv:1608.05499].

C. Klimcik, Yang-Baater sigma models and dS/AdS T-duality, JHEP 12 (2002)
051, [hep-th/0210095].

C. Klimcik, On integrability of the Yang-Bazter sigma-model, J. Math. Phys. 50
(2009) 043508, [arXiv:0802.3518|.

K. Sfetsos, Integrable interpolations: From exact CFTs to non-Abelian T-duals,
Nucl. Phys. B 880 (2014) 225-246, [arXiv:1312.4560].

E. Witten, Non-abelian bosonization in two dimensions, Communications in
Mathematical Physics 92 (Dec., 1984) 455-472.

K. Sfetsos, K. Siampos, and D. C. Thompson, Generalised integrable - and
n-deformations and their relation, Nucl. Phys. B 899 (2015) 489-512,
|[arXiv:1506.05784].

C. Klimcik, n- and A-deformations as €-models, Nucl. Phys. B900 (2015)
259-272, [arXiv:1508.05832].

E. Abdalla, M. C. B. Abdalla, and M. Gomes, Anomaly Cancellations in the
Supersymmetric CPN=1 Model, Phys. Rev. D25 (1982) 452.

E. Abdalla, M. C. B. Abdalla, and M. Gomes, Anomaly in the Nonlocal Quantum
Charge of the CP™=Y) Model, Phys. Rev. D23 (1981) 1800.

N. Hitchin, Generalized Calabi- Yau manifolds, Quart. J. Math. 54 (2003)
281-308, [math/0209099).

M. Gualtieri, Generalized complex geometry, math/0401221.

J. M. Maldacena, The Large N limit of superconformal field theories and
supergravity, Adv. Theor. Math. Phys. 2 (1998) 231-252, [hep-th/9711200|.

L. Susskind, The World as a hologram, J. Math. Phys. 36 (1995) 6377-6396,
[hep-th/9409089].

Y. Kosmann-Schwarzbach, Lie Bialgebras, Poisson Lie Groups, and Dressing

Transformations, vol. 495, pp. 1-11. 02, 2004.


http://arxiv.org/abs/hep-th/9509095
http://arxiv.org/abs/hep-th/9512040
http://arxiv.org/abs/1608.05499
http://arxiv.org/abs/hep-th/0210095
http://arxiv.org/abs/0802.3518
http://arxiv.org/abs/1312.4560
http://arxiv.org/abs/1506.05784
http://arxiv.org/abs/1508.05832
http://arxiv.org/abs/math/0209099
http://arxiv.org/abs/math/0401221
http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9409089

Bibliography 177

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

V. G. Drinfeld, Quantum groups, Zapiski Nauchnykh Seminarov POMI 155
(1986) 18-49.

J.-H. Lu and A. D. Weinstein, Poisson Lie groups, dressing transformations, and

Bruhat decompositions, Journal of Differential Geometry 31 (1990) 501-526.

V. Chari and A. N. Pressley, A guide to quantum groups. Cambridge university
press, 1995.

R. Campoamor Stursberg and G. P. Ovando, Complex structures on tangent and
cotangent Lie algebras of dimension six, arXiv e-prints (May, 2008)

arXiv:0805.2520, [arXiv:0805.2520].

J.-L. Koszul, Formes hermitiennes canoniques des espaces homogénes complezxes,
in Séminaire Bourbaki : années 1954/55 - 1955/56, exposés 101-136, no. 3 in

Séminaire Bourbaki. Société mathématique de France, 1956. talk:108.

D. Guan, Classification of compact complex homogeneous spaces with invariant
volumes, Transactions of the American Mathematical Society (2002) 4493-4504.

Z. J. Liu and M. Qian, Generalized Yang-Bazter equations, Koszul operators and

Poisson Lie groups, Journal of Differential Geometry 35 (1992), no. 2 399-414.
J. Eschenburg, Lecture notes on symmetric spaces, .

J.-H. Lu, Multiplicative and affine Poisson structures on Lie groups. PhD thesis,
University of California, Berkeley, 1990.

J. Donin and D. Gurevich, Some Poisson structures associated to Drinfeld-Jimbo
R-matrices and their quantization, Israel Journal of Mathematics 92 (1995), no. 1

23-32.

J. P. Dufour and N. T. Zung, Poisson structures and their normal forms,

vol. 242. Springer Science & Business Media, 2006.

A. Besse, Finstein Manifolds. Classics in Mathematics. Springer Berlin
Heidelberg, 2007.

J. Bernatska and P. Holod, Geometry and topology of coadjoint orbits of
semisimple lie groups, in Proceedings of the Ninth International Conference on

Geometry, Integrability and Quantization, pp. 146-166, 2008.

S. Khoroshkin, A. Radul, and V. Rubtsov, A family of Poisson structures on
Hermitian symmetric spaces, Comm. Math. Phys. 152 (1993), no. 2 299-315.


http://arxiv.org/abs/0805.2520

Bibliography 178

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

M. Grana, R. Minasian, M. Petrini, and D. Waldram, T-duality, Generalized
Geometry and Non-Geometric Backgrounds, JHEP 04 (2009) 075,
[arXiv:0807.4527|.

A. Coimbra, C. Strickland-Constable, and D. Waldram, Supergravity as
Generalised Geometry I: Type II Theories, JHEP 11 (2011) 091,
[arXiv:1107.1733|.

M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, Supersymmetric
backgrounds from generalized Calabi-Yau manifolds, JHEP 08 (2004) 046,
[hep-th/0406137].

O. Hohm, C. Hull, and B. Zwiebach, Generalized metric formulation of double
field theory, JHEP 08 (2010) 008, [arXiv:1006.4823|.

O. Hohm and B. Zwiebach, Towards an invariant geometry of double field theory,
J. Math. Phys. 54 (2013) 032303, [arXiv:1212.1736|.

O. Hohm, C. Hull, and B. Zwiebach, Background independent action for double
field theory, JHEP 07 (2010) 016, [arXiv:1003.5027|.

N. Hitchin, Instantons, Poisson structures and generalized Kahler geometry,

Commun. Math. Phys. 265 (2006) 131-164, [math/0503432].
N. Hitchin, Lectures on generalized geometry, arXiv:1008.0973.

H. Bursztyn, G. R. Cavalcanti, and M. Gualtieri, Reduction of Courant algebroids
and generalized complex structures, Adv. Math. 211 (2007) 726-765,
[math/0509640].

M. Gualtieri, Generalized Kahler geometry, arXiv:1007 .3485.

G. R. Cavalcanti and M. Gualtieri, Generalized complex geometry and T-duality,
6, 2011. arXiv:1106.1747.

P. Koerber, Lectures on Generalized Complex Geometry for Physicists, Fortsch.
Phys. 59 (2011) 169242, [arXiv:1006.1536].

U. Lindstrom, R. Minasian, A. Tomasiello, and M. Zabzine, Generalized complex
manifolds and supersymmetry, Commun. Math. Phys. 257 (2005) 235-256,
[hep-th/0405085].

S. J. Gates, Jr., C. M. Hull, and M. Rocek, Twisted Multiplets and New
Supersymmetric Nonlinear Sigma Models, Nucl. Phys. B248 (1984) 157-186.


http://arxiv.org/abs/0807.4527
http://arxiv.org/abs/1107.1733
http://arxiv.org/abs/hep-th/0406137
http://arxiv.org/abs/1006.4823
http://arxiv.org/abs/1212.1736
http://arxiv.org/abs/1003.5027
http://arxiv.org/abs/math/0503432
http://arxiv.org/abs/1008.0973
http://arxiv.org/abs/math/0509640
http://arxiv.org/abs/1007.3485
http://arxiv.org/abs/1106.1747
http://arxiv.org/abs/1006.1536
http://arxiv.org/abs/hep-th/0405085

Bibliography 179

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

A. Sevrin and J. Troost, Off-shell formulation of N=2 nonlinear sigma models,
Nucl. Phys. B492 (1997) 623-646, [hep-th/9610102|.

A. Sevrin, W. Staessens, and D. Terryn, The Generalized Kahler geometry of
N=(2,2) WZW-models, JHEP 12 (2011) 079, [arXiv:1111.0551].

O. Babelon, D. Bernard, and M. Talon, Introduction to Classical Integrable
Systems. Cambridge Monographs on Mathematical Physics. Cambridge
University Press, 2003.

J. Liouville, Note sur l’intégration des équations différentielles de la dynamique,
présentée au bureau des longitudes le 29 juin 1853., Journal de Mathématiques

Pures et Appliquées (1855) 137-138.

V. Arnold, Les méthodes mathématiques de la mécanique classique. FEditions Mir,

1974.
K. Zarembo, Integrability in Sigma-Models, arXiv:1712.07725.

J. M. Maillet, New Integrable Canonical Structures in Two-dimensional Models,

Nucl. Phys. B 269 (1986) 54-76.

J.-M. Maillet, Hamiltonian structures for integrable classical theories from graded
kac-moody algebras, Physics Letters B 167 (1986), no. 4 401-405.

E. K. Sklyanin, Boundary Conditions for Integrable Quantum Systems, J. Phys.
A 21 (1988) 2375-2389.

S. Lacroix, Integrable models with twist function and affine Gaudin models. PhD

thesis, Lyon, Ecole Normale Superieure, 2018. arXiv:1809.06811.

F. Delduc, S. Lacroix, K. Sfetsos, and K. Siampos, RG flows of integrable
o-models and the twist function, JHEP 02 (2021) 065, |[arXiv:2010.07879].

F. Hassler, RG flow of integrable £-models, Phys. Lett. B 818 (2021) 136367,
[arXiv:2012.10451].

A. Hanson, T. Regge, and C. Teitelboim, Constrained Hamiltonian systems.

Accademia Nazionale dei Lincei, 1976.

M. Henneaux and C. Teitelboim, Quantization of Gauge Systems. Princeton

paperbacks. Princeton University Press, 1992.

E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443
(1995) 85-126, [hep-th/9503124].


http://arxiv.org/abs/hep-th/9610102
http://arxiv.org/abs/1111.0551
http://arxiv.org/abs/1712.07725
http://arxiv.org/abs/1809.06811
http://arxiv.org/abs/2010.07879
http://arxiv.org/abs/2012.10451
http://arxiv.org/abs/hep-th/9503124

Bibliography 180

[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

[30]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

A. Sen, Strong - weak coupling duality in four-dimensional string theory, Int. J.

Mod. Phys. A 9 (1994) 37073750, [hep-th/9402002].

C. M. Hull and P. K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438
(1995) 109-137, [hep-th/9410167|.

Y. Lozano, NonAbelian duality and canonical transformations, Phys. Lett. B 355
(1995) 165170, [hep-th/9503045|.

E. Alvarez, L. Alvarez-Gaume, and Y. Lozano, An Introduction to T duality in

string theory, Nucl. Phys. B Proc. Suppl. 41 (1995) 1-20, |hep-th/9410237|.

K. Sfetsos and D. C. Thompson, On non-abelian T-dual geometries with Ramond
fluzes, Nucl. Phys. B 846 (2011) 21-42, [arXiv:1012.1320].

C. Klimcik and P. Severa, Dual non-Abelian duality and the Drinfeld double,
Phys. Lett. B 351 (1995) 455-462, [hep-th/9502122|.

C. Klimcik and P. Severa, Poisson Lie T duality: Open strings and D-branes,
Phys. Lett. B 376 (1996) 82-89, [hep-th/9512124].

S. Driezen, A. Sevrin, and D. C. Thompson, Aspects of the Doubled Worldsheet,
JHEP 12 (2016) 082, [arXiv:1609.03315].

E. S. Fradkin and A. A. Tseytlin, Quantum string theory effective action, Nuclear
Physics B 261 (1985) 1-27.

C. Hull and P. Townsend, Finiteness and conformal invariance in non-linear
sigma models, Nuclear Physics B 274 (1986), no. 2 349-362.

A. A. Tseytlin, Conformal anomaly in a two-dimensional sigma model on a

curved background and strings, Physics Letters B 178 (1986), no. 1 34-40.

C. M. Hull, Doubled Geometry and T-Folds, JHEP 07 (2007) 080,
[hep-th/0605149).

A. Giveon and M. Rocek, Generalized duality in curved string backgrounds, Nucl.
Phys. B 380 (1992) 128-146, |hep-th/9112070].

A. A. Tseytlin, Duality symmetric closed string theory and interacting chiral
scalars, Nucl. Phys. B 350 (1991) 395-440.

K. Sfetsos, Canonical equivalence of nonisometric sigma models and Poisson-Lie
T duality, Nucl. Phys. B517 (1998) 549-566, [hep-th/9710163|.

K. Sfetsos, Poisson-Lie T duality and supersymmetry, Nucl. Phys. B Proc. Suppl.
56 (1997) 302-309, [hep-th/9611199].


http://arxiv.org/abs/hep-th/9402002
http://arxiv.org/abs/hep-th/9410167
http://arxiv.org/abs/hep-th/9503045
http://arxiv.org/abs/hep-th/9410237
http://arxiv.org/abs/1012.1320
http://arxiv.org/abs/hep-th/9502122
http://arxiv.org/abs/hep-th/9512124
http://arxiv.org/abs/1609.03315
http://arxiv.org/abs/hep-th/0605149
http://arxiv.org/abs/hep-th/9112070
http://arxiv.org/abs/hep-th/9710163
http://arxiv.org/abs/hep-th/9611199

Bibliography 181

[33]

[89]

[90]

[91]

[92]

(93]

[94]

195]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

A. A. Kirillov, Lectures on the orbit method, vol. 64. American Mathematical

Soc., 2004.

C. Klimcik and P. Severa, Non-Abelian momentum winding exchange, Phys. Lett.
B383 (1996) 281-286, [hep-th/9605212].

A. Alekseev and T. Strobl, Current algebras and differential geometry, JHEP 03
(2005) 035, |hep-th/0410183].

I. V. Cherednik, Relativistically invariant quasiclassical limits of integrable
two-dimensional quantum models, Theoretical and Mathematical Physics 47
(1981), no. 2 422-425.

I. Kawaguchi and K. Yoshida, Hidden Yangian symmetry in sigma-model on
squashed sphere, JHEP 11 (2010) 032, [arXiv:1008.0776|.

F. Delduc, M. Magro, and B. Vicedo, On classical q-deformations of integrable
sigma-models, JHEP 11 (2013) 192, [arXiv:1308.3581].

A. Jevicki and S. Ramgoolam, Noncommutative gravity from the AdS/CFT
correspondence, JHEP 04 (1999) 032, [hep-th/9902059].

F. Delduc, M. Magro, and B. Vicedo, An integrable deformation of the AdSs x S°
superstring action, Phys. Rev. Lett. 112 (2014), no. 5 051601, [arXiv:1309.5850].

G. Arutyunov, R. Borsato, and S. Frolov, S-matriz for strings on n-deformed

AdS5 x S, JHEP 04 (2014) 002, |arXiv:1312.3542].

B. Hoare, R. Roiban, and A. A. Tseytlin, On deformations of AdS, x S™
supercosets, JHEP 06 (2014) 002, [arXiv:1403.5517|.

O. Lunin, R. Roiban, and A. A. Tseytlin, Supergravity backgrounds for
deformations of AdS,, x S™ supercoset string models, Nucl. Phys. B 891 (2015)
106-127, [arXiv:1411.1066].

G. Arutyunov, R. Borsato, and S. Frolov, Puzzles of n-deformed AdSsx S°, JHEP
12 (2015) 049, [arXiv:1507.04239].

R. Borsato and L. Wulff, Non-abelian T-duality and Yang-Baxter deformations of
Green-Schwarz strings, JHEP 08 (2018) 027, |arXiv:1806.04083].

T. Matsumoto and K. Yoshida, Yang-Baxter sigma models based on the CYBE,
Nucl. Phys. B 893 (2015) 287-304, [arXiv:1501.03665].

C. Klimcik, Integrability of the bi- Yang-Baxter sigma-model, Lett. Math. Phys.
104 (2014) 1095-1106, [arXiv:1402.2105].


http://arxiv.org/abs/hep-th/9605212
http://arxiv.org/abs/hep-th/0410183
http://arxiv.org/abs/1008.0776
http://arxiv.org/abs/1308.3581
http://arxiv.org/abs/hep-th/9902059
http://arxiv.org/abs/1309.5850
http://arxiv.org/abs/1312.3542
http://arxiv.org/abs/1403.5517
http://arxiv.org/abs/1411.1066
http://arxiv.org/abs/1507.04239
http://arxiv.org/abs/1806.04083
http://arxiv.org/abs/1501.03665
http://arxiv.org/abs/1402.2105

Bibliography 182

[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

F. Delduc, S. Lacroix, M. Magro, and B. Vicedo, On the Hamiltonian integrability
of the bi-Yang-Bazter sigma-model, JHEP 03 (2016) 104, |[arXiv:1512.02462].

P. Francesco, P. Di Francesco, P. Mathieu, D. Sénéchal, and D. Senechal,
Conformal Field Theory. Graduate Texts in Contemporary Physics. Springer,
1997.

G. Itsios, K. Sfetsos, K. Siampos, and A. Torrielli, The classical Yang—Baxter
equation and the associated Yangian symmetry of gauged WZW-type theories,
Nucl. Phys. B 889 (2014) 64-86, [arXiv:1409.0554].

T. J. Hollowood, J. L. Miramontes, and D. M. Schmidtt, Integrable Deformations
of Strings on Symmetric Spaces, JHEP 11 (2014) 009, [arXiv:1407.2840|.

G. Georgiou, K. Sfetsos, and K. Siampos, Strong integrability of A-deformed
models, Nucl. Phys. B 952 (2020) 114923, [arXiv:1911.07859.

G. Georgiou and K. Sfetsos, The most general A-deformation of CFTs and
integrability, JHEP 03 (2019) 094, |[arXiv:1812.04033].

G. Aldazabal, D. Marques, and C. Nunez, Double Field Theory: A Pedagogical
Review, Class. Quant. Grav. 30 (2013) 163001, [arXiv:1305.1907|.

D. S. Berman, M. Cederwall, A. Kleinschmidt, and D. C. Thompson, The gauge
structure of generalised diffeomorphisms, JHEP 01 (2013) 064,
[arXiv:1208.5884].

W. Siegel, Two vierbein formalism for string inspired axionic gravity, Phys. Rev.

D 47 (1993) 5453-5459, [hep-th/9302036].

W. Siegel, Superspace duality in low-energy superstrings, Phys. Rev. D 48 (1993)
28262837, [hep-th/9305073].

O. Hohm and S. K. Kwak, Frame-like Geometry of Double Field Theory, J. Phys.
A 44 (2011) 085404, [arXiv:1011.4101].

D. Geissbuhler, D. Marques, C. Nunez, and V. Penas, Exploring Double Field
Theory, JHEP 06 (2013) 101, [arXiv:1304.1472|.

J. Scherk and J. H. Schwarz, How to get masses from extra dimensions, Nuclear
Physics B 153 (1979) 61-88.

K. Lee, C. Strickland-Constable, and D. Waldram, Spheres, generalised
parallelisability and consistent truncations, Fortsch. Phys. 65 (2017), no. 10-11
1700048, [arXiv:1401.3360].


http://arxiv.org/abs/1512.02462
http://arxiv.org/abs/1409.0554
http://arxiv.org/abs/1407.2840
http://arxiv.org/abs/1911.07859
http://arxiv.org/abs/1812.04033
http://arxiv.org/abs/1305.1907
http://arxiv.org/abs/1208.5884
http://arxiv.org/abs/hep-th/9302036
http://arxiv.org/abs/hep-th/9305073
http://arxiv.org/abs/1011.4101
http://arxiv.org/abs/1304.1472
http://arxiv.org/abs/1401.3360

Bibliography 183

[117]

[118]

[119]

[120]

[121]

122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

M. Cvetic, G. W. Gibbons, H. Lu, and C. N. Pope, Consistent group and coset
reductions of the bosonic string, Class. Quant. Grav. 20 (2003) 5161-5194,
[hep-th/0306043].

D. Cassani, G. Josse, M. Petrini, and D. Waldram, Systematics of consistent

truncations from generalised geometry, JHEP 11 (2019) 017, [arXiv:1907.06730].

O. Hohm and H. Samtleben, Consistent Kaluza-Klein Truncations via
FEzxceptional Field Theory, JHEP 01 (2015) 131, [arXiv:1410.8145].

G. Dibitetto, J. J. Fernandez-Melgarejo, D. Marques, and D. Roest, Duality orbits
of non-geometric fluxes, Fortsch. Phys. 60 (2012) 1123-1149, |arXiv:1203.6562].

S. Demulder, F. Hassler, and D. C. Thompson, Doubled aspects of generalised
dualities and integrable deformations, JHEP 02 (2019) 189, [arXiv:1810.11446].

F. Hassler, D. Liist, and F. J. Rudolph, Para-Hermitian Geometries for
Poisson-Lie Symmetric o-models, JHEP 10 (2019) 160, [arXiv:1905.03791|.

C. Klimcik and P. Severa, Dressing cosets, Phys. Lett. B381 (1996) 5661,
|hep-th/9602162].

V. E. Marotta and R. J. Szabo, Para-Hermitian Geometry, Dualities and
Generalized Flux Backgrounds, arXiv:1810.03953.

B. Hoare and F. K. Seibold, Supergravity backgrounds of the n-deformed
AdSy x S? x TS and AdSs x S5 superstrings, JHEP 01 (2019) 125,
[arXiv:1811.07841].

M. Cederwall, Double supergeometry, JHEP 06 (2016) 155, [arXiv:1603.04684|.

J.-H. Lu, Coordinates on Schubert cells, Kostant’s harmonic forms, and the
Bruhat-Poisson structure on G/ B, eprint arXiv:dg-ga/9610009 (Oct., 1996)
dg-ga /9610009, [dg-ga/9610009].

P. Foth, Integrable systems associated with the bruhat poisson structures,

math/0102192.

K. Sfetsos, Duality invariant class of two-dimensional field theories, Nucl. Phys.
B561 (1999) 316-340, [hep-th/9904188|.

U. Lindstrom, M. Rocek, R. von Unge, and M. Zabzine, Generalized Kahler
manifolds and off-shell supersymmetry, Commun. Math. Phys. 269 (2007)
833-849, [hep-th/0512164].


http://arxiv.org/abs/hep-th/0306043
http://arxiv.org/abs/1907.06730
http://arxiv.org/abs/1410.8145
http://arxiv.org/abs/1203.6562
http://arxiv.org/abs/1810.11446
http://arxiv.org/abs/1905.03791
http://arxiv.org/abs/hep-th/9602162
http://arxiv.org/abs/1810.03953
http://arxiv.org/abs/1811.07841
http://arxiv.org/abs/1603.04684
http://arxiv.org/abs/dg-ga/9610009
http://arxiv.org/abs/math/0102192
http://arxiv.org/abs/hep-th/9904188
http://arxiv.org/abs/hep-th/0512164

Bibliography 184

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

P. Koerber, Lectures on generalized complex geometry for physicists, Fortschritte

der Physik 59 (Mar, 2011) 169242, [arXiv:1006.1536].

U. Lindstrom, M. Rocek, R. von Unge, and M. Zabzine, A potential for
Generalized Kahler Geometry, IRMA Lect. Math. Theor. Phys. 16 (2010)
263-273, [hep-th/0703111].

M. Zabzine, Generalized Kahler geometry, gerbes, and all that, Lett. Math. Phys.
90 (2009) 373-382, [arXiv:0906.1056|.

S. Vandoren, Lectures on riemannian geometry, part ii: Complex manifolds, .

D. Bykov and D. Lust, Deformed o-models, Ricci flow and Toda field theories,
Lett. Math. Phys. 111 (2021) 150, [arXiv:2005.01812].

C. Klimcik, Dressing cosets and multi-parametric integrable deformations, JHEP
07 (2019) 176, [arXiv:1903.00439].

B. Vicedo, Deformed integrable o-models, classical R-matrices and classical
exchange algebra on Drinfel’d doubles, J. Phys. A48 (2015), no. 35 355203,
[arXiv:1504.06303].

A. A. Tseytlin, Conformal Anomaly in Two-Dimensional Sigma Model on Curved
Background and Strings, Phys. Lett. B 178 (1986) 34.

B. Hoare and F. K. Seibold, Poisson-Lie duals of the n-deformed AdSy x S% x T6
superstring, JHEP 08 (2018) 107, [arXiv:1807.04608].

B. Hoare and A. A. Tseytlin, On integrable deformations of superstring sigma
models related to AdS,, x S™ supercosets, Nucl. Phys. B897 (2015) 448478,
[arXiv:1504.07213].

B. Hoare, T. J. Hollowood, and J. L. Miramontes, g-Deformation of the AdSsxS®
Superstring S-matriz and its Relativistic Limit, JHEP 03 (2012) 015,
[arXiv:1112.4485|.

D. H. Friedan, Nonlinear models in 2 + e dimensions, Annals of Physics 163
(1985), no. 2 318-419.

C. M. Hull and P. K. Townsend, The Two Loop Beta Function for o Models With
Torsion, Phys. Lett. B 191 (1987) 115-121.

S. Ketov, Two-loop calculations in the nonlinear sigma model with torsion,

Nuclear Physics B 294 (1987) 813-844.


http://arxiv.org/abs/1006.1536
http://arxiv.org/abs/hep-th/0703111
http://arxiv.org/abs/0906.1056
http://arxiv.org/abs/2005.01812
http://arxiv.org/abs/1903.00439
http://arxiv.org/abs/1504.06303
http://arxiv.org/abs/1807.04608
http://arxiv.org/abs/1504.07213
http://arxiv.org/abs/1112.4485

Bibliography 185

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

R. R. Metsaev and A. A. Tseytlin, Order alpha-prime (Two Loop) Equivalence of
the String Equations of Motion and the Sigma Model Weyl Invariance Conditions:
Dependence on the Dilaton and the Antisymmetric Tensor, Nucl. Phys. B 293
(1987) 385-419.

A. Foakes and N. Mohammedi, Three-loop calculation of the beta-function for the
purely metric non-linear sigma-model, Physics Letters B 198 (1987), no. 3
359-361.

D. S. Berman, N. B. Copland, and D. C. Thompson, Background Field Equations
for the Duality Symmetric String, Nucl. Phys. B 791 (2008) 175-191,
[arXiv:0708.2267].

K. Sfetsos, K. Siampos, and D. C. Thompson, Renormalization of Lorentz
non-invariant actions and manifest T-duality, Nucl. Phys. B 827 (2010) 545-564,
[arXiv:0910.1345|.

K. A. Meissner, Symmetries of higher order string gravity actions, Phys. Lett. B
392 (1997) 298-304, [hep-th/9610131].

O. Hohm, W. Siegel, and B. Zwiebach, Doubled o' -geometry, JHEP 02 (2014)
065, [arXiv:1306.2970|.

A. Coimbra, R. Minasian, H. Triendl, and D. Waldram, Generalised geometry for
string corrections, JHEP 11 (2014) 160, [arXiv:1407.7542].

K. Lee, Quadratic a’-corrections to heterotic double field theory, Nucl. Phys. B
899 (2015) 594616, [arXiv:1504.00149].

D. Marques and C. A. Nunez, T-duality and a’-corrections, JHEP 10 (2015) 084,
[arXiv:1507.00652].

O. Hohm and B. Zwiebach, Double metric, generalized metric, and o’ -deformed

double field theory, Phys. Rev. D 93 (2016), no. 6 064035, [arXiv:1509.02930].

W. H. Baron, J. J. Fernandez-Melgarejo, D. Marques, and C. Nunez, The Odd
story of a’-corrections, JHEP 04 (2017) 078, |arXiv:1702.05489|.

E. Lescano, a’-corrections and their double formulation, J. Phys. A 55 (2022),
no. 5 053002, [arXiv:2108.12246].

F. Hassler and T. B. Rochais, O(D,D)-covariant two-loop [3-functions and
Poisson-Lie T-duality, JHEP 10 (2021) 210, [arXiv:2011.15130|.


http://arxiv.org/abs/0708.2267
http://arxiv.org/abs/0910.1345
http://arxiv.org/abs/hep-th/9610131
http://arxiv.org/abs/1306.2970
http://arxiv.org/abs/1407.7542
http://arxiv.org/abs/1504.00149
http://arxiv.org/abs/1507.00652
http://arxiv.org/abs/1509.02930
http://arxiv.org/abs/1702.05489
http://arxiv.org/abs/2108.12246
http://arxiv.org/abs/2011.15130

Bibliography 186

[158]

[159]

[160]

[161]

[162]

[163]

[164]

(165

[166]

167]

[168]

[169]

[170]

[171]

[172]

C. G. Callan, Jr. and L. Thorlacius, Sigma models and String Theory, in
Theoretical Advanced Study Institute in Elementary Particle Physics: Particles,
Strings and Supernovae (TASI 88), 3, 1989.

C. G. Callan, Jr., E. J. Martinec, M. J. Perry, and D. Friedan, Strings in
Background Fields, Nucl. Phys. B 262 (1985) 593-609.

C. M. Hull, Lectures on nonlinear sigma models and string theory, in NATO
Advanced Research Workshop on Superfield Theories, 7, 1986.

C. M. Hull and P. K. Townsend, The Two Loop Beta Function for o Models With
Torsion, Phys. Lett. B 191 (1987) 115-121.

I. Jack, D. R. T. Jones, and N. Mohammedi, A Four Loop Calculation of the
Metric Beta Function for the Bosonic o Model and the String Effective Action,
Nucl. Phys. B 322 (1989) 431-470.

A. A. Tseytlin, Duality Symmetric Formulation of String World Sheet Dynamics,
Phys. Lett. B 242 (1990) 163-174.

C. Hull and B. Zwiebach, Double Field Theory, JHEP 09 (2009) 099,
[arXiV:O904.4664L

M. J. Duff, Duality Rotations in String Theory, Nucl. Phys. B 335 (1990) 610.

J. Maharana and J. H. Schwarz, Noncompact symmetries in string theory, Nucl.

Phys. B 390 (1993) 3-32, |hep-th/9207016].

C. M. Hull and R. A. Reid-Edwards, Gauge symmetry, T-duality and doubled
geometry, JHEP 08 (2008) 043, [arXiv:0711.4818|.

C. M. Hull and R. A. Reid-Edwards, Non-geometric backgrounds, doubled
geometry and generalised T-duality, JHEP 09 (2009) 014, [arXiv:0902.4032].

D. S. Berman and D. C. Thompson, Duality Symmetric Strings, Dilatons and
O(d,d) Effective Actions, Phys. Lett. B 662 (2008) 279-284, [arXiv:0712.1121].

N. B. Copland, Connecting T-duality invariant theories, Nucl. Phys. B 854
(2012) 575-591, |[arXiv:1106.1888|.

N. B. Copland, A Double Sigma Model for Double Field Theory, JHEP 04 (2012)
044, [arXiv:1111.1828|.

S. D. Avramis, J. P. Derendinger, and N. Prezas, Conformal chiral boson models
on twisted doubled tori and non-geometric string vacua, Nucl. Phys. B 827 (2010)
281-310, [arXiv:0910.0431].


http://arxiv.org/abs/0904.4664
http://arxiv.org/abs/hep-th/9207016
http://arxiv.org/abs/0711.4818
http://arxiv.org/abs/0902.4032
http://arxiv.org/abs/0712.1121
http://arxiv.org/abs/1106.1888
http://arxiv.org/abs/1111.1828
http://arxiv.org/abs/0910.0431

Bibliography 187

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

182]

[183]

[184]

[185)

[186]

R. Bonezzi, T. Codina, and O. Hohm, Beta functions for the duality-invariant
sigma model, JHEP 10 (2021) 192, [arXiv:2103.15931].

L. Alvarez-Gaume, D. Z. Freedman, and S. Mukhi, The Background Field Method
and the Ultraviolet Structure of the Supersymmetric Nonlinear Sigma Model,
Annals Phys. 134 (1981) 85.

S. Mukhi, The Geometric Background Field Method, Renormalization and the
Wess-Zumino Term in Nonlinear Sigma Models, Nucl. Phys. B 264 (1986)
640-652.

A. A. Tseytlin, On the form of the black hole solution in D = 2 theory, Phys.
Lett. B 268 (1991) 175-178.

P. S. Howe, G. J. Papadopoulos, and K. S. Stelle, The background field method
and the non-linear sigma model, Nucl. Phys. B 296 (May, 1987) 26-48. 26 p.

C. M. Hull and P. K. Townsend, Finiteness and Conformal Invariance in
Nonlinear o Models, Nucl. Phys. B 274 (1986) 349-362.

R. Bonezzi, F. Diaz-Jaramillo, and O. Hohm, Old Dualities and New Anomalies,
Phys. Rev. D 102 (2020), no. 12 126002, |arXiv:2008.06420|.

C. Klim¢ik, Affine Poisson and affine quasi-Poisson T-duality, Nucl. Phys. B 939
(2019) 191-232, |[arXiv:1809.01614].

F. Schur, Zur theorie der endlichen transformationsgruppen, Mathematische
Annalen 38 263-286.

K. Costello, E. Witten, and M. Yamazaki, Gauge Theory and Integrability, I,
ICCM Not. 06 (2018), no. 1 46-119, [arXiv:1709.09993].

K. Costello, E. Witten, and M. Yamazaki, Gauge Theory and Integrability, 11,
ICCM Not. 06 (2018), no. 1 120-146, [arXiv:1802.01579].

K. Costello and M. Yamazaki, Gauge Theory And Integrability, 111,
arXiv:1908.02289.

F. Delduc, S. Lacroix, M. Magro, and B. Vicedo, A unifying 2d action for
integrable o-models from 4d Chern-Simons theory, Lett. Math. Phys. 110 (2020)
1645-1687, [arXiv:1909.13824|.

S. Lacroix and B. Vicedo, Integrable £-Models, 4d Chern-Simons Theory and
Affine Gaudin Models. I. Lagrangian Aspects, SIGMA 17 (2021) 058,
[arXiv:2011.13809].


http://arxiv.org/abs/2103.15931
http://arxiv.org/abs/2008.06420
http://arxiv.org/abs/1809.01614
http://arxiv.org/abs/1709.09993
http://arxiv.org/abs/1802.01579
http://arxiv.org/abs/1908.02289
http://arxiv.org/abs/1909.13824
http://arxiv.org/abs/2011.13809

Bibliography 188

[187]

(188

[189)

[190]

[191]

[192]

193]

[194]

[195]

[196]

[197]

(198

[199]

[200]

S. Lacroix, B. Vicedo, and C. A. S. Young, Cubic hypergeometric integrals of
motion in affine Gaudin models, Adv. Theor. Math. Phys. 24 (2020), no. 1
155-187, [arXiv:1804.06751].

S. Lacroix, B. Vicedo, and C. Young, Affine Gaudin models and hypergeometric
functions on affine opers, Adv. Math. 350 (2019) 486-546, |arXiv:1804.01480].

B. Hoare, N. Levine, and A. A. Tseytlin, Integrable 2d sigma models: quantum
corrections to geometry from RG flow, Nucl. Phys. B 949 (2019) 114798,
[arXiv:1907.04737].

B. Hoare, N. Levine, and A. A. Tseytlin, Integrable sigma models and 2-loop RG
flow, JHEP 12 (2019) 146, [arXiv:1910.00397].

B. Hoare, N. Levine, and A. A. Tseytlin, Sigma models with local couplings: a new
integrability — RG flow connection, JHEP 11 (2020) 020, [arXiv:2008.01112].

N. Levine and A. A. Tseytlin, Integrability vs. RG flow in G x G and G x G/H
sigma models, JHEP 05 (2021) 076, [arXiv:2103.10513].

N. Levine, Integrability and RG flow in 2d sigma models. PhD thesis, Imperial
Coll., London, 2021. arXiv:2112.03928.

F. Hassler and T. Rochais, o/-Corrected Poisson-Lie T-Duality, Fortsch. Phys. 68
(2020), no. 9 2000063, |arXiv:2007.07897|.

J. Pulmann, P. Severa, and D. R. Youmans, Renormalization group flow of
Chern-Simons boundary conditions and generalized Ricci tensor, JHEP 10 (2020)
096, [arXiv:2009.00509].

C. D. A. Blair, D. C. Thompson, and S. Zhidkova, Ezploring Exceptional Drinfeld
Geometries, JHEP 09 (2020) 151, [arXiv:2006.12452].

E. Malek, Y. Sakatani, and D. C. Thompson, Eg) exceptional Drinfel’d algebras,
JHEP 01 (2021) 020, [arXiv:2007.08510].

E. T. Musaev and Y. Sakatani, Non-Abelian U duality at work, Phys. Rev. D 104
(2021), no. 4 046015, [arXiv:2012.13263|.

Y. Sakatani, Fztended Drinfel’d algebras and non-Abelian duality, PTEP 2021
(2021), no. 6 063B02, |[arXiv:2009.04454|.

P. gevera, Letters to Alan Weinstein about Courant algebroids,

arXiv:1707.00265.


http://arxiv.org/abs/1804.06751
http://arxiv.org/abs/1804.01480
http://arxiv.org/abs/1907.04737
http://arxiv.org/abs/1910.00397
http://arxiv.org/abs/2008.01112
http://arxiv.org/abs/2103.10513
http://arxiv.org/abs/2112.03928
http://arxiv.org/abs/2007.07897
http://arxiv.org/abs/2009.00509
http://arxiv.org/abs/2006.12452
http://arxiv.org/abs/2007.08510
http://arxiv.org/abs/2012.13263
http://arxiv.org/abs/2009.04454
http://arxiv.org/abs/1707.00265

Bibliography 189

[201]

1202]

203

204]

[205]

[206]

207]

208

209

[210]

[211]

[212]

[213]

214]

P. Severa, Poisson—Lie T-Duality and Courant Algebroids, Lett. Math. Phys. 105
(2015), no. 12 1689-1701, [arXiv:1502.04517|.

M. Bugden, O. Hulik, F. Valach, and D. Waldram, G-Algebroids: A Unified
Framework for FExceptional and Generalised Geometry, and Poisson—Lie Duality,
Fortsch. Phys. 69 (2021), no. 4-5 2100028, [arXiv:2103.01139].

O. Hulik and F. Valach, Exceptional algebroids and type IIA superstrings,
arXiv:2202.00355.

C. D. A. Blair and S. Zhidkova, Generalised U-dual solutions in supergravity,
arXiv:2203.01838.

I. Bakhmatov, A. Catal-Ozer, N. S. Deger, K. Gubarev, and E. T. Musaev,

Generalizing eleven-dimensional supergravity, arXiv:2203.03372.

F. Cantrijn and L. Ibort, Introduction to Poisson supermanifolds, Differential
Geometry and its Applications 1 (1991), no. 2 133-152.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil,
and E. Zaslow, Mirror symmetry, vol. 1 of Clay mathematics monographs. AMS,
Providence, USA, 2003.

K. Hori and A. Kapustin, Duality of the fermionic 2-D black hole and N=2
liouville theory as mirror symmetry, JHEP 08 (2001) 045, |hep-th/0104202].

R. K. Gupta and S. Murthy, Squashed toric sigma models and mock modular
forms, arXiv:1705.00649.

D. Bykov, Quantum flag manifold o-models and Hermitian Ricci flow,

arXiv:2006.14124.

D. Bykov, Sigma models as Gross—Neveu models, Teor. Mat. Fiz. 208 (2021),
no. 2 165-179, [arXiv:2106.15598|.

A. S. Arvanitakis, C. D. A. Blair, and D. C. Thompson, A QP perspective on
topology change in Poisson-Lie T-duality, arXiv:2110.08179.

N. Ikeda, Lectures on AKSZ Sigma Models for Physicists, in Workshop on
Strings, Membranes and Topological Field Theory, pp. 79-169, WSPC, 2017.
arXiv:1204.3714.

I. Calvo, F. Falceto, and D. Garcia-Alvarez, Topological Poisson sigma models on
Poisson lie groups, JHEP 10 (2003) 033, |hep-th/0307178|.


http://arxiv.org/abs/1502.04517
http://arxiv.org/abs/2103.01139
http://arxiv.org/abs/2202.00355
http://arxiv.org/abs/2203.01838
http://arxiv.org/abs/2203.03372
http://arxiv.org/abs/hep-th/0104202
http://arxiv.org/abs/1705.00649
http://arxiv.org/abs/2006.14124
http://arxiv.org/abs/2106.15598
http://arxiv.org/abs/2110.08179
http://arxiv.org/abs/1204.3714
http://arxiv.org/abs/hep-th/0307178

Bibliography 190

[215] J. M. Martin-Garcia, zTensor:. a Free Fast Abstract Tensor Manipulator, in The
Eleventh Marcel Grossmann Meeting On Recent Developments in Theoretical and
Experimental General Relativity, Gravitation and Relativistic Field Theories,
pp. 1552-1554, Sept., 2008.



	Abstract
	Acknowledgements
	List of Figures
	List of Tables
	1 Introduction
	2 Mathematical Preliminaries
	2.1 Drinfel'd Double
	2.1.1 Example: Symmetric Space and Coisotropic Subalgebra

	2.2 Poisson Manifolds
	2.3 Generalised Geometry
	2.3.1 The Generalised Tangent Bundle
	2.3.2 O(d,d) Elements and Generalised Diffeomorphisms
	2.3.3 Generalised Complex Geometry
	2.3.3.1 Form of Generalised Complex Structures
	2.3.3.2 Pure Spinors
	2.3.3.3 Generalised Kähler Geometry



	3 Physical Preliminaries
	3.1 Classical Integrability
	3.1.1 Liouville Integrability in Classical Mechanics
	3.1.2 Classical Integrability in Two-Dimensional Field Theories
	3.1.3 Maillet Algebra
	3.1.4 Application to NLSM on Group Manifolds
	3.1.5 Example 1: Principal Chiral Model
	3.1.6 Example 2: Principal Chiral Model on Symmetric Spaces

	3.2 T-duality
	3.2.1 The Buscher Procedure
	3.2.2 A Generalised Geometry Perspective
	3.2.3 Abelian T-Duality in Generalised Geometry
	3.2.4 Poisson-Lie T-Duality
	3.2.5 Poisson-Lie Models
	3.2.6 E-Models

	3.3 Integrable Deformations
	3.3.1 (Bi-)Yang-Baxter Model
	3.3.2 -Deformation
	3.3.3 Yang-Baxter Deformation as an E-Model

	3.4 Double Field Theory
	3.4.1 Flux Formulation of DFT


	4 Generalised Cosets
	4.1 Introduction
	4.2 The Descent From D
	4.2.1 Application: Drinfel'd Double

	4.3 Dressing Cosets
	4.3.1 Geometry of Generalised Cosets
	4.3.2 Frame Field Construction
	4.3.3 Application: Drinfel'd Double and Coisotropic Subgroups

	4.4 Conclusions

	5 Integrable Deformation of CPn and Generalised Kähler Geometry
	5.1 Introduction
	5.1.1 Riemannian Geometry of CPn

	5.2 Generalised Kähler Geometry of CPn
	5.2.1 Pure Spinors
	5.2.2 Generalised Kähler Potential
	5.2.2.1 CP1
	5.2.2.2 CP2

	5.2.3 T-Dual Geometry

	5.3 The Double Deformation Puzzle
	5.3.1 Integrability
	5.3.1.1 Weak Integrability
	5.3.1.2 Strong Integrability
	5.3.1.3 Explicit Diffeomorphism


	5.4 Variation on a Theme: Spheres and AdS Spaces
	5.4.1 Spheres
	5.4.2 Anti-de Sitter

	5.5 Conclusions

	6 Intermezzo
	7 The Duality-Symmetric String at Two-Loop
	7.1 Introduction
	7.1.1 The Doubled String
	7.1.2 A Few Details on Renormalisation

	7.2 Expansion
	7.3 One-loop Recap
	7.3.1 Renormalisation of 

	7.4 Two-loop Expansion and Wick Contractions
	7.4.1 Fibre Contributions
	7.4.2 Base Contributions

	7.5 Evaluation of Integrals
	7.5.1 Method 1
	7.5.2 Method 2
	7.5.2.1 O(n,n) Consistency Requirement
	7.5.2.2 Lorentz Consistency Requirement
	7.5.2.3 Evaluation of Remaining Integrals


	7.6 Couplings Reparametrisation
	7.6.1 One-Loop, Again
	7.6.2 Scheme Choices

	7.7 Summary and Conclusions

	8 Towards Poisson-Lie T-Duality at Two-Loop
	8.1 Introduction
	8.2 Symmetries
	8.2.1 Constraints on Results
	8.2.2 Graphical Representation
	8.2.3 Diagrams with External Momentum Insertion

	8.3 Expansion
	8.4 Current Status
	8.5 Conclusions

	9 Epilogue
	A Conventions
	A.1 Indices

	B Wick Contractions
	B.1 Fibre Wick Contractions
	B.1.1 IR Regularisation in Method 1

	B.2 Base (0 y)2 Wick Contractions
	B.3 Base 0 y 1 y Wick Contractions
	B.4 Results of Wick Contractions

	C Loop Integrals
	C.1 Loop Integrals via O(d)-invariance (Method 1)
	C.1.1 Combinatorics
	C.1.2 One-loop Integrals
	C.1.3 Two-loop Integrals
	C.1.4 Schwinger Parametrisation


	D Example
	D.1 Example

	E Mathematica Implementation
	E.1 Tweaking xAct
	E.2 Loop Counting and 1PI Feynman Diagrams

	Bibliography



