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Abstract

In this paper, the stability of solutions of stochastic McKean-Vlasov equations
(SMVEs) via feedback control based on discrete-time state observation is studied,
which includes the H, stability, asymptotic stability and exponential stability in mean
square for the solution of the controlled systems. Since the distribution of solution is
difficult to be observed, the corresponding particle system which can be observed is
investigated. we show that the exponential stability of control system is equivalent to
the the exponential stability of the corresponding particle system. Finally, an example
is provided to illustrate the theory.
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1 Introduction

Stochastic differential equations (SDEs) are widely used to model stochastic systems in
different branches of science and industry. The form of SDEs reads as follows:

da(t) = f(z(t),t)dt + g(z(t),t)dB(t), t > 0.



One of the popular applications for SDEs is the feedback control of stochastic systems.
We refer the readers to [5, 14, 19, 24] and references therein. Since, some real SDEs are
often unstable, an interesting problem of the automatic control field is that for some given
unstable SDEs, how can one design an effective control function for the system to make the
corresponding system be stable? Among them, the feedback control based on a continuous-
time state observation is an efficient one, which has been used in establishing the mean-square
exponential stabilization for a class of SDEs, see e.g. [1, 4, 9] and references therein. Since
the method of continuous-time state observation is usually too expensive and not realistic in
real lives, [16] proposed a more effective state feedback control which is based on discrete-
time state observation and is now widely studied. It is obvious that the state feedback
control based on continuous-time observation requires one to observe the system all the
time, while the state feedback control based on discrete-time state observation only requires
one to observe the system in some discrete time. There are many results on this problem in
the previous literatures (e.g. [15, 21]). In particular, for an unstable stochastic system, it is
very meaningful and important to design a feedback control with the form u([ % |0) embedded
into the drift part, where § is the discrete-time observation gap.

On the other hand, recently, many researchers are interested in studying the following
equations, which are called stochastic Mckean-Vlasov equations (SMVEs):

ZL’(t) = Zo + fot f(ZL’(S), :us)ds + fotg(‘r(s)a N’s)dB(s)7t < [t07 OO),
wy = L (x(t)) := the probability distribution of z(t).

Obviously, the coefficients involved depend not only on the state process but also on its
distribution. With contrast to the classical SDEs, SMVEs enjoy some essential features.
The work on SMVEs was initiated by McKean [20], who was inspired by Kac’s Programme
in Kinetic Theory [13]. Sznitman [22] investigated the existence and uniqueness of the results
under a global Lipschitz condition. Wang [23] studied the existence of invariant probability
measures for SMVEs. Govindan and Ahmed [10] studied the exponential stability of the
solutions for a semilinear SMVEs under the Lipschitz condition and linear growth condition.
Ding and Qiao [7, 8] derived the existence and uniqueness of the solution with non-Lipschitz
condition and analyzed the stability of the solutions for SMVEs, respectively. Furthermore,
in addition to the theoretical values, this kind of equations also has a lot of applied values
in social science, economics, engineering, etc. (see e.g. [3]).

To the best our knowledge, there is little study on the stabilization of SMVEs with
feedback control based on discrete-time state observation. It is clear that the controlled
Mckean-Vlasov system includes discrete-time state observations as well as its distribution
observations while feedback control systems independent of distribution only need to observe
state of the systems. In this paper, we shall study the stabilization problem by using the
feedback control with a discrete-time version: for an unstable McKean-Vlasov system, we aim
to make the Mckean-Vlasov system stable by designing a discrete-state and its distribution
feedback control on this system. Our main contributions are as follows:

e We are the first to study feedback control problem for SMVEs based on discrete-time
state observation.



e The Lyapunov functions used in this article not only contain state of the solution but
also the distribution of the solution, while the previous Lyapunov functions used in the
state feedback control system only contain state of the solution. This is an essential
feature.

e We study the asymptotic stability and exponential stability in mean square of the
solution for SMVEs based on discrete-time state observation.

e The distribution of analytical solution () is difficult to be observed while the empirical
distribution can be observed more easily. Thus, we further study the corresponding
particle system. We show that the exponential stability of control system is equivalent
to the the exponential stability of the corresponding particle system.

We close this part by giving our organization in this article. In Section 2, we introduce
some necessary notations, research objects and necessary assumptions. In Section 3, we aim
to study the stability of solutions to SMVEs via feedback control based on discrete-time
state observation. Then, an example is presented to illustrate the theories in Section 4.

2 Preliminaries

2.1 Notations

Throughout this paper, let (Q2,.%,F, P) be a complete probability space with filtration F =
{Z }1>0 satisfying the usual conditions(i.e., it is increasing and right continuous, .%; contains
all P-null sets) taking along a standard m-Brownian motion B(t). If z,y € R¢, we use |z| to
denote the Euclidean norm of z, and use (x,y) or zy to denote the Euclidean inner product.
If Ais a matrix, AT is the transpose of A, and |A| represents /Tr(AAT). Moreover, let |a]
be the integer parts of a. For 6 > 0, set oy = [£]d, where 0 is the discrete-time observation
gap. Let Z(R?) be the Borel o—algebra on R?, C(R%) denotes all continuous functions on
R? and C*(R?) denotes all continuous functions on R¢ with continuous partial derivations
of order up to k. Let Z(RY) be the space of all probability measures, and 2,(R?) denotes
the space of all probability measures defined on %(R?) with finite pth moment:

W0 = ( [ labutan)) < o

For pu,v € 2,(R?), we define the Wasserstein distance for p > 1 as follows:

m€ll(p,v)

W,(p,v) == inf {/ |x—y|p7r(dw,dy)}p,
RIxR4

where II(p, v) is the family of all couplings for p, v.

Set 5 (R?) = {m : mis a signed measure on R?satisfying ||m/|3. = [pa(1+|2])?|m|(dz) <
0o, where |m| is the total variation measure of m}, and .#)2(R?) = Z5(R?) () Z(RY). We
put on .#,2(R?) a topology induced by the Wasserstein distance Wo(-, ).
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2.2 Lions Derivatives

In this subsection, we will give the definition of Loins derivative for b : .#Z2(R?) — R with
respect to a probability measure as introduced in [8].

Definition 2.1. We say that U : .#>(R?) — R is differential at i € Mx2(R?), if there exists
some X € L*(Q, F, P;RY) such that n = £(X) and the function U : L*(Q, #,P;RY) — R
given by U(X) := U(ZL(X)) is Fréchet differentiable at X.

We reca1~1 that U is Fréchet differentiable at X means that there exists a continuous
mapping DU (X) : L?(Q, #, P;RY) — R such that for any Y € L*(Q, Z, P;R?)

UX+Y)=UX)=DUX)(Y)+o(|Y|z2),as [Y]2 = 0.

Due to DU(X) € L(L*(Q,.Z, P;R%):R), by Riesz representation theorem, there exists a
P-a.s. unique variable Z € L?(Q,.%, P;RY) such that for any Y € L*(Q, .7, P;R?)

DUX)(Y) = (Y, Z)12 = E[Y Z].

Cardaliaguet [2] showed that there exists a Borel measurable function h : R? — R? which
only depends on the distribution .2 (X)) rather that X itself such that Z = h(X). Thus, for
X e (0,7, P;RY),

U(Z(Y)) - U(Z(X)) =ERX)(Y = X)] + o]y — X].2).

We call 9,U(Z(X))(y) := h(y),y € R? the L-derivative of U at Z(X), X € L*(Q, Z, P;R?).
Let C(A2(R?)) denote all functions U : .#y2(R?) — R such that 0,U : #y2(RY) xR? —

R? is continuous. Let Cp'(#y2(R%)) be all functions U € C(.#y2(R?)) such that 9,U is

bounded and Lipschitz continuous, i.e., there exists a positive constant C' such that

(1) 10,U(p)(z)| < C for any p € M2(RY),z € R%.
(it) [0,U(u)(z) = 0,Uw)(w)]> < C(W3(p,v) + |z — yl?), v € My2(RY), 2,y € R™.
We need more definitions:

(1) The function U is said to be in C?(.#\2(RY)) if for any p € A2 (RY), U € CH(y2(R?)),
9,U(p)(-) is differentiable and its derivative 9,0,U : #)2(R?) x R? — R? @ R? is
continuous.

(2) The function U is said to be in C>' (#y2(RY)) if U € C?* (Mo (RY)) N CF (y2(RY))
and its derivative 9,0, U is bounded and Lipschitz continuous.

(3) The function ¥ is said to be in C;*(R? x .#)2(RY) if for any 2 € R, U(z,-) €
CPH (M2 (R)) and for any pu € Mx2(RY), U(-, ) € C*(RY).

4



(4) The function ¥ is said to be in € (R? x #2(R?)) if U € C7*(R? x #y2(R?)) and for
any compact set K C R? x .#)2(R?),

sup / (10,0, (2, 1) (W) |* + 10,2 (, 1) (y) ") u(dy) < o0
(z,n)EX JRA

(5) ¥ e CP¥N (R x y2(RY)) means that

(i) W is bicontinuous in (z, u).
(ii) For any = € R?, U(z, ) € CF' (My2(R?)) and for any p € #y2(RY), U(-, u) €
C%(RY).
(iii) For any p € .#52(R%), 0,,¥(-, i) is bounded.
(6) Let € (RY x #2(R?)) be the set of all functions ¥ € €(R? x .#)2(R?)) such that
U > 0. Cp2H (R x #2(R?)) denotes all functions ¥ € C %' (.#y2(RY)) with ¥ > 0.

2.3 The Ito formula

Consider the following equations:

{ dy(t) = (Fy(®)spo) + uly(t), p)dt + g(y(t), p)A B L € D.00), ) ),
y(O) = Zo, .
and
{ dl’(t) = (f(aj(t)aﬂt) + u(i(at)nuat))dt + g(x(t)a ,ut)dB(t)at S [07 OO)’ (2 2)
z(0) = o, '

where 7o € R, and p, and p, are the distributions of y(¢) and x(t), respectively. Moreover,
fiu: REx A\ (RY) — R g : R x Ay2(RY) — R>™ In Eq.(2.2), one can see that
the control function u(x(oy), is,) only depends on the state at discrete times 0,46, 24, - - - .
Moreover, we assume that f(0,d9) = 0, g(0, ) = 0, 4(0, dg) = 0, where 0 is a d—dimensinal
zero vector and dg is the Dirac measure at 0. For the existence and uniqueness of solutions
of Eq.(2.1) and Eq.(2.2), we assume that:

(H1) Suppose that f, g, u satisfy the following Lipschitz condition, i.e., there exist positive
constants L;,i = 1,2, 3 such that

|f(z, 1) = fly, )PP < La(lz —y* + W5 (w,v)),

l9(x, 1) = g(y, V)* < La(|z = y* + W5 (s, v)),
Ju, @) = uly, v)|* < Ls(|z — y[* + W3 (p, v)),
for all z,y € RY, pu, v € My2(RY).



By Theorem 3.1 in [12], under the assumption (H1), Eq.(2.1) and Eq.(2.2) have unique
solutions, respectively. We now introduce the following operators.

Definition 2.2. For V € €(R? x .#,2(R%)), the operator LV : R x #y2(RY) — R for
Eq.(2.1) is defined by

LV(z,p) = 0,V (z, p) f(x,p) + 0.V (x, p)u(z, p)

)
+ 06" o Vel o )+ [ OV o)) )p()

+ /R , 3pV($,p)(y)u(y,p)p(dy)+% /R ) tr(g” (v, p)0,0,V (z, p)()g(y, p))p(dy).  (2.3)

Definition 2.3. Let £ and n be two random variables whose distributions are p and v,
respectively. Let the joint distribution of (§,n) be F¢,(z,2). For V € €(R* x .#y:(R?)), the
operator LV : R x #y2(R?) x R x y2(RY) — R for £q.(2.2) is defined by

LV (z, p,y,v) = 0.V (x, p) f(z, ) + 0.V (z, p)uly, v)
+ 06" @ 0Var s dgai)) + [ OV () ()

/ / 0,V (x, p)(2)u(z,v)Fe ,(dz, d2)
R JRd

§/Rd tr(g" (2, 1)0.9,V (z, 1) (2)g (2, 1)) u(d).

The It6 formula has been established in [8, 11] for Eq. (2.1), we cite it as the following
lemma.

Lemma 2.1. Assume (H1) and V € Cp* (R? x #y2(R%)). Then it holds that

V(y(t),pt)—V(y(O%po):/o LV(y(S)ms)dSvL/o Va(y(s), ps)g(y(s), ps)dB(s).

Since the feedback control in Eq.(2.2) depends on the discrete time, we need to develop
an Ito’s formula for this equation.

We need more notations to formulate the It6 formula. Assume that (Q,.%,F = {7 Zi},
is another probability space taking along a m—dimensional Brownian motlon {B(t)}+>0
Consider the following equation:

{ (1) = (F(H(0), ) + (@ (01). o)) + 30, i)ABO). £ € o00).

15)

where 7o € R?, and ji; denotes the distribution of Z(¢). By the weak uniqueness, it holds
that {z(t)}=0 and {Z()};>0 are identical in probability law. Furthermore, denote by E[]
the expectation under P.

We now present the It6 formula for (2.2), which is an extension of proposition 2.9 in [§].

6



Lemma 2.2. Let V € €(R? x .#2(R?)) and the assumption (H1) hold. Then one has that

V(a(t), ) = V(0. o) + /LW(%me%Mﬂﬁ
+ [0V (als)nola(s) )8 25)

Proof. Let x(t) be the unique solution of (2.2). By the Holder inequality and the BDG
inequality, it holds that for any 7" > 0 and 0 < ¢ < T

E sup |z(s)]* < 3E|zo|* + 3E sup
0<s<t 0<s<t

é?mmm+mmmmw

+ 3E sup
0<s<t

< 3]E|x0|2+6TIE/ f(x us)|2ds+6TIE/ u(2(0,), 1o, Pds

Almmmwm

+12E/ lg(z(s), s)|*ds

< 3E|nof? + IE/ (6TLy + 12Ly)[a(s)|? + 6T Ly|z(0) 2
0
+ (6T Ly + 12Ly) W2 (s, 00) + 6T LsWE (1, , 00)]ds.

This, together with W2(us,, d) < E|z(s)[?, yields that
¢
E sup |z(s)]* < 3E|xo* + (127L, + 24L, + 12TL3)E/ sup |x(u)|?ds.
0<s<t 0 0<u<s

From Gronwall’s formula, we get

B sup [o(s)f? < SEJG(0) PeteTE LT (2.

Using similar method, one can derive that

E sup |z(s)|* < C, (2.7)

0<s<T

where C' is a constant depending on Ly, Lo, L3, T. By (2.6), (2.7) and (H1), we have

+g(x(s), us)|*)ds

EAWW%MWMMM%N
< (L, + LS)E/O (z(s)]* + |2 (o) | + W3 (1s, 60) + W3 (116, 60))ds
4 2L§1E/O (2(5)[* + W (s, 69))ds < oo (2.8)
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As in [11, Proposition A.8], we introduce another probability space (€, :?2 , P), a filtration
{Z:}+>0, a Brownian motion B on this probability space and processes B, Z on this proba-
bility space such that they have the same laws as B, x. Then, we have

di(t) = (f(2(t), fu) + w(@(0v), fio,))dt + g(E(t), fu)dB(t).

Let
bt = (f(j(t)aﬂt) + u<j(o-t)>ﬂ0t))7 5-15 = g(i‘<t)7ﬂt)
Then

di(t) = b,dt + 5,dB(t).
Since z(t) and Z(t) have the same distribution, from (2.8) one can see that
~ t ~
E/ (B[ + |5, < oo.
0

Fix = and set h(u) = V(z, ). It follows from [11, Proposition A.6] that

bij) = hijo) = [ B[5.0, (0, ) 3(6) + 500, () (005 s,

/OtIE {(f(i(s), fs) + u(z(oy), /’108))8”{/(3;7 fis) (E(s))

+;r¢@@mmm@wLm»@@M@@mmﬂm

Now, set V(x,t) = V(z, fi;). Thus, we have
OV (z,t) = M(x, iy).

Applying It6’s formula [11, Proposition A.8] to V' (z(t), fi;) and noting that p; = fi;, we derive
that

Vi(a(t), i) = V(x(0), o) = V(x(t), ) = V((0),0)
= /0 {Vn(fli(S),us)(m(S))[f(x(S),us) +u(w(04), o )]

+ gtrace[g” (2(s), po) Vie (r(s), 1) (g (a(s), )] + M (a(s), i) s
+ [ 0V a(s).pgtals).n)aB(o).

The desired assertion (2.5) holds. O



3 Asymptotic stability and exponential stability in mean
square

In order to study the asymptotic stability and the exponential stability in mean square, we
impose the following assumption:

(H2) Assume there exist V € €(R? x .#\2(R%)), and four constants \; > 0,\y > 0,7, >
0,72 > 0 such that

[ v mutan) [ Wil goPutan) + 2o [ [ 10,V Prlasniao

<-m /Rd Vi(z, ppu(dz) + .

The following two results are about the asymptotic stability of the solutions for Eq. (2.2).

Lemma 3.1. Let (H1) — (H2) hold and assume further that there exists a positive constant
1 such that ¢y [oq |z)*p(de) < [ou V(z, p)pu(dx). If 6 > 0 is sufficiently small such that

/1
Y1C1 — 8L1052 — 8L3652 — 2.[/205 > 0, 0 < 8T,
3

then the control system (2.2) is Hy,—stable, i.e.,
. 1 [ 9
limsup -E [ |z(s)|°ds < 79, (3.1)
t—o00 t 0

for any initial data xo € R™. Moreover, if vo = 0, we have
IE/ 2(1)2dt < oo (3.2)
0

Proof. We divide the proof into two parts.
(i) We construct the following Lyapunov functional which depends on the segment process
zy = {x(t+r); =6 <r <0} with z(r) = zg € R, —§ <r < 0. That is: Let

Vi) = Viat) ) +0 [ [ 015Gs). )
+u 2+ |g(x(s), ps)|*]dsdr, t > 0, (3.3)

CACHNTED)

where 6 is a positive constant to be determined later. Applying It6’s formula to 17(95,5, 1)
and noting that

A0 [ [ 15010+ u(alo). )+ b))
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= {95[5|f(w(t), pe) + u(x(0r), o )1 + lg((t), o) ]

0 / 517 (), ) + w02, 1o, ) + g (), )2 |
t—o

we get

dV (xy, pe) = LV (xy, pe)dt + dM (), (3.4)

where M(t) is a martingale and
LV (w01 = LV (@l0), e, 2(00) ) + 051817 (0) ) + (e (01), 1) + o), )
~0 [ LGl ) + o) o+ (), ) Pl (35)
(ii) We are going to prove (3.1) and (3.2). From (2.3) and (3.5), we get
LV (s gu) = LV (1), ) — 0.V (o(0), ) (a(1), ) — () )
= [ [0V (0 ) 0) ) — (512 o 0
001 (e(0) )+ (o) 10 ) P+ Lo (1), )

¢
- 9/ 6[5|f(l“(7”), pr) + u(@(op), po, )+ 1g(a(r), pr)P]dr. (3.6)
tf
By Young’s inequality, we have

=0V (), ) (u(e(t), ) — ul(on), pioy))

L L
< MOV (2(t), o) P+ -l (t) = (o) [P + W5 (1, 410,), (3.7)
4)\1 4>\1

and
— [ O ) )0ty ) — 00510 Fat o (09
Re JRE

< [ 10,V @(t) i) () Pra(dy) + 12l (0) = alon) ]+ 1o W i) (33)

Since W3 (s, 60) < El|z(t)|?, it follows from (3.6), (3.7), (3.8) and (H1) that

LV (wr, ) < LV (@(t), ) + M |02V (2(8), ) [P + X /d 10,V ((t), p1e) (y) [P e (dy)
R
+ (40,00 + 4L306% + L206)|x(t)|* + (4L,06% + 4L300° + Lo05) W3 (11, 6o)

Ls 2, Ls _ 2 (Ls 2, Ls o
+(4/\1 + 20308 +4A2)!x(t) (o) +(4A1 + 20500 +4A2)W2 (u(t), (o))
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=0 [ U0 1) + (el )+ laa(r). ) Pl (39

Noting that W2 (i, ite,) < Elx(t) — z(0¢)|?, (3.9) and (H2), we obtain

ELV (2, 1) = 5 LV (z, ) (dx) < =NE|z(2)]? + 72

+ (4L_A31 +2L306° + %)ny( t) — x(oy)]” + (fj’1 +2L306° + 4L—)\2)E\:L’( ) — (o)
—E / [B11a(r). 1) + u(alor) o )P+ laa(0), o) Pl

< “ME[2(0) + 72

+ 2(4LT1 + 20308 + 4L—)\2)E|x( ) — z(0y)|?

—E /t_6[5|f(ﬂf(?”)7ur) (o), o)+ g (r), 1) P)dr. (3.10)

where \y = y1¢; — 8L100% — 81306 — 2L,00. Noting that

t

£(t) — 2(07) = / (F((5), ) + u(z(02), 1o,))dls + / g((s). 11s)AB(s).

Ot ot

and using the Holder inequality and the BDG inequality, we have

Ela(t) — (o) |* < 2(t — Ut)E/ (1f (@ (r), mr) +u(@(or), o) + |g(x(r), pr)[*)dr.

ot

Since t — o; < §, we obtain

Elz(t) — 2(0v)|* < QE/ (01 (@(r), ur) + u(@(or), po, )1 + |g((r), o) [*)dr.

t—6
1,1

Ls
Choosing 6 > Gt )0s

=575 this together with (3.10) yields that

ELV (x4, 111) < —ME|z(t)]* + . (3.11)

From (3.4), we get
B t
0 < BV (i) < Lo = ME [ [o(s)ds + 2t
0

where Ly = V(. o) + 0 [°5 [7[61F ((w), i) + u(x(00), s, )? + g(x(w), pra) 1P| dudr.
This leads to

lim sup ]E/ lz(s)[?ds < 7,.

t—o00

If 75 = 0, the second assertion follows. O
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Lemma 3.2. Assume that (H1) and (H2) hold. Let § > 0 be sufficiently small such that
H(0,p) = (3P~ 1529L1+5 4 gp— 10 §29L2+5 | 3p— 1522L2+p) 3102t B gt g 0t < 2177
is the constant in BDG'’s znequalzty Then the solution x(t) of Eq.(2.2) satisfies the following
inequality for p > 2:

where c,

20~ H (4, p)

s O (3.12)

Elz(t) — (o)’ <

Proof. Fix any integer [ > 0. For ¢ € [I6, (I + 1)d), we have 0, = |£]d = [d. From (2.2), we
obtain

|z(t) — z(oy)|P = |z(t) — x(10)|P

-| [ 69,0 + (o) po s + [ ato(6). 10306
[ f<x<s>,us>dsp | ulale). e s
/m g(x(s), 115)AB(s)

p

P

+ 3!

< gp1
)

p
+ 3!

This, together with the Lipschitz condition (H1), implies
Elz(t) — (o) "

/f ds +3p_1E‘A:u(x(Us)7No—s)dsp
[ st (),us)dB(S)p

¢
< (3r~tgolits 4 3p_lcp52L2+§)E/ lz(s) — z(10)|*ds
15

+ (3p—1622L1+% + 3p_1522L2+% + 3p_1Cp(522L2+g)E|x<l5)|p‘

< 3R

+ 37K

It follows from Gronwall’s inequality that
Elz(t) — 2(0v)[” < H(, p)E|z(oy)[".
Hence, the required assertion follows from 2P~'H (4, p) < 1 and
Elx(t) — z(o) P < 27 H (8, p)(Elz(t)[P + Elz(t) — 2(00) ).
O

The following theorem states the asymptotic stability in mean square of the solution of
Eq. (2.2).
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Theorem 3.3. Assume (H1) and (H2) hold with vo = 0. If § > 0 is sufficiently small
such that H(8) := (126°Ly + 662 L + 126 Ly)e1?E112L2)0 < 1 “then the solution of controlled
system (2.2) is stable in mean square, i.e.,

lim E|z(t)]* = 0.

t—o0

Proof. For 0 <t; <ty < 0o, we have
E|z(ts) — x(th)[?

< 9ty — HE / (@ (s) ms) + ule(02), )

t1

< 4lty — [E / 1 @(s), 1) P + ula(04), )

t1

to
ds 4 2E / g (s), ) s

t1

2)ds + 2E / g(e(s), ) Pds

t1

to to
< 16(Ly + 2L3) |t — t4] E|z(s)|*ds + 8L, / E|z(s)|*ds
t1

t1

to
39Lalts — 1] / Ela(s) — x(0,)[?ds
t1

H(9) " 2 " 2
<16( Ly + 203+ 2L3——F—= ||[ta — 1 E ds + 8L E ds.

By (3.2), one can see that fot E|z(s)|?ds is uniformly continuous in ¢ on R*. Therefore,
E|z(t)|? is uniformly continuous in ¢. This together with (3.2) implies the assertion. O

Next, we will present the exponential stability in mean square.

Theorem 3.4. Assume that (H1) and (H2) hold with 5 = 0. Let 0 be sufficiently small
such that \y = y1¢1 — 8L106% — 8L306% — 2L,05 > 0. If there exist two positive constants c;
and ¢y such that

/ || ?pe(da) _/ V(z, p)p(de) <02/ |z|?p(dz), (3.13)
then the solution z(t) of Eq. (2.2) is exponentially stable in mean square, i.e.,

1
lim sup — log(IE\:c( ) < —

t—o00

where o > 0 is a constant satisfying aK§e®® + acy — Ay < 0 with K = 86155—3;({ +400%L, +
8062 L3 + 200 L.

Proof. Let v(mt, iy) be defined by (3.3). Applying It6’s formula to e"‘t"}(xt, i¢) and using
(3.4), we get

o~ o~ t o~
eV (1, ) = EV (20, 60) + E / (o (s, 1) + LV (0, )]s
0
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By (3.11), we obtain
¢
Ee®V (x4, p1;) < EV (20, 04y ) +/ e“*[aRV (g, pts) — ME|x(5)]?]ds. (3.14)
0

Due to (3.3) and (3.13), one can see that

Ef/(xt, p1t) < Bz (t)]? 4+ E(T (24, 1)),

whete T(en, i) = 0 [} JX61/(@(u), 1) + ue(o) i)
from (H1) that

2 + |g(2(u), po)2]dudr. Tt follows

t
El (24, pe) < 4952L3E/ lz(s) — x(0y)|*ds
15

t
+4e52L3E/ 6W22(us,,ugs)ds
t—

t
+ (206°Ly + 405 Ls + 0(5L2)IE/ lz(s)|*ds
t—5

t
+ (2952[11 + 49(52[/3 + 9(5L2)E/ WQQ(ILLS, 50)d8
t—9
t
< 8062 L4E / (2(s) — 2(0,)Pds
t—o
t
(4062, + 8062y + 205 L) / 12(s)[2ds.
t—0

By Lemma 3.3, we have

8002 LsH (6,2) , {* )
< 277 =3 \% A
E (g, p1y) < T 2H(0.2) ]E/t(S |z(s)|*ds

t
+ (466° Ly + 806* L3 + 200 L) E / lz(s)|*ds
t—4

t
< KIE/ |z(s)[ds.
t—5
From (3.13) and (3.14), we derive that

¢
e Elx(t)|* < V(xo,6ay) + (aK5e™ 4 acy — /\4)/ E|z(s)[*ds.

0

This together with aKée® + acy — Ay < 0 yields
1Bz (t)]* < V (2o, 0ry), t > 0.

The required assertion follows. O
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4 Interacting particle systems

Assume that {B*(¢)},{B*(t)}, - , are independent m—dimensional Brownian motions. We
now consider the following equations, for : = 1,2, ---

{ A2'(1) = (f((0), 1) + (o), pE)3 + 0o (1) i YA L € 0.00),

x(0) = xo,

where u;? represents the law of z(t). Let {z°(t),7i = 1,2,-- -} be the unique solution of the
above equations. We now write the corresponding interacting particle systems as follows:

dztN () = (f N (@), ™)+ ul@N (o), 1)) dt + g (N (), g )ABI (), ¢ € [0, 00),
z(0) = o,

(4.2)
where V() 1= & SV 0418 (1) (+). Obviously, in real world, the distribution of z(¢) is difficult
to be observed. However, the corresponding one of the particle system can be observed. We
will prove that the exponential stability of system (2.2) is equivalent to the exponential
stability of corresponding particle system (4.2).

First of all, we make the following assumption:

(H3) (i) Let £ and n be two random variables whose distributions are p and v, respectively,
and the joint distribution of (§,n) be F¢,(z, Z). Assume that there exists a Lyapunov
function U € €' (R? x .#2(R?)) such that

/ / LU($7M797V)F£,77($7?J)

R4 JR4

<~y [ leln(o) +asWiun) +as [ [ Jo—yPFo o)+
R R

R4

for p > 2, where a1, as, as, 8 are four constants satisfying a; > 0,a9 > 0,3 > 0,5 > 0.
(ii) There exist two positive constants ¢; and ¢y such that

o [ Jelutda) < [ Ul intda) < [ lolPutda),

For the future use, we cite [3, Theorem 5.8, pp.362| as the following lemma.

Lemma 4.1. Assume that {x,},>1 is a sequence of independent identically distributed (i.i.d.
for short) random variables in R? with common distribution p € 2(R%). For any N € N, we
define the empirical measure p¥ = % Zf\il 8u;- If € P(RY) with q > 4, then there exists
a constant C' = C(d, q, W,(n)) such that for any N > 2,

N~z 1<d<4,
EWS (uN, )] < 7(N)=C{ N"2In(N), d=4,
N-a 4<d.



The constant C' in the lemma above depends on the gth moment W, (u) of i.i.d. random
variables. In order to apply this result to the solution z(t) of Eq. (2.2), we give the following
moment estimate of z(t).

Lemma 4.2. Assume (H1) and (H3). Then it holds that

supElz(t)|P < Cypyp, p> 2.
>0

where Cy, ,, only depends on xo, p.

Proof. Let «, ) be two positive constants sufficiently small such that

H(é,p) a H(5,p)
1—2H(0,p)  °1—2H(S,p)

From It6’s formula, (H3) and (3.12), we have

1
H(é,p)<§anda62—a1+oz2 < 0.

E[e®'U(x(t), )] = Ulxo, po) + E/O e (U (x(s), ps) + LU (2(s), ps, 2(0), 1o,))ds

t
< U(xo, o) + E/ ™ (abs|z(s)]" — anlz(s)|” + W) (s, o) + as|a(s) — x(0s)[” + B)ds
0

< U(xo, po) + E/Ot e {(a@ — a1+ apy —};(2295), o) +asg —}12(255), p)) |z (s) P + 6)1 ds.

Due to the assumption in the theorem, we have

ElJa(0)") < eU a0, p0) + (1 — ).

We obtain the required results from the above inequality. O]

From the above lemma, set W, (p;) = W, (p1, do), one can see that sup,~q W (i, do) < C.
Thus we have the following theorem.

Theorem 4.3. Assume (H1) — (H3), and p > 4. Then, we have the following two results:
(1)
lim E[j2'(t) — 2"V (¢)]?] = 0.

N—oo

(2) The solution of Eq.(2.2) is exponentially stable in mean square, i.e., there exists a
positive constant {1 such that

1
lim sup Zlog(]E[x(t)F) < —4y, (4.3)

t—o00

if and only if the solution of (4.2) is exponentially stable in mean square, i.e., there
exists a positive constant ly and for any i such that

1 .
limsup lim n log(E|z™Y (1)|?) < —£s. (4.4)

t—oo IN—=o0
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Proof. Firstly, we prove the first result. By It6’s formula and Assumption (H1), we derive

Ele'(t) — oV (1) < E{ / [2<xi<s> (), S s), ) — FN (5), 1))
T2t (s) — N (s), (o), 1) — (@ (o), 5EN))
T lgai(s), ) — g(x%)’ﬂi,]v)ﬁ] ds}
L/O E|xi(s)—xi’N(s)|2ds+L/0 E[W2(u, V) ds
1 [ Ble'to) = (o) Pas + L [ BV w5 s

where L is a constant independent of ¢, whose value may vary from one place to another.
From the above inequality, we derive

¢ ¢ _
sup E\xl(s) — ZL’i’N(S)|2 < L/ sup E]a:’(s) — xi’N(s)|2dr + L/ E[W;(Mf, ,ui’N)]ds
0 0

0<s<t 0<s<r
t .
L [ B s, (145)
0

We construct another empirical measure which comes from (4.1) as follows:

1 N
j=1
Note that
W (s, w2y < 2W3 (s, 1) + WY, u2N))
N
SPLAT zw — N ()P,
and
1 N
5 2 Bla(s) = 2V ()P = Elad(s) — 22V (s)
j=1
Similarly,

W3 (e, p2Ny < 2W3 (2, pul ) + Wi (udl, pz™))

N
i 2 . .
= 2z i) + 5 Do) — 9 (o)
j=1
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and

1 N

§ L Ee) = (0)f = Ble/(0) (o)
Thus, we have

t _ t v t ' '
| EWE G s <2 [ B s+ 2 [ Bjei(s) - o ),
0 0 0

and
t _ t ) t ) )
/ E[W2 (", i) ds < 2 / E[W2 (e 1 Y]ds + 2 / El27(0,) — 2 (0 Pds.
0 0 0

These together with (4.5) imply

t t )
wpﬂf@%%ﬁ%ﬁPSL/‘wp@ﬂ@%ﬂﬁWQ&V+g/Em€mﬁu%M8
0 0

0<s<t 0<s<r
+ L [ BV s (1.6
By Lemma 4.1, one has
N~z 1<d<4,
E[W3 (uf, 1)) + EWZ (uf, )] < sup C(d, g, W (uy)) x‘: In(N), Z = ili,
> 3 _

Additionally, Lemma 4.2 implies that

sup C(d, ¢, W,(13)) < oo.

s>0

Therefore, the first result holds by Gronwall’s inequality and (4.6).
Now, we prove the second result. One may complete the proof by the following two
inequalities:

E|lz"" (1)[* < 2E|2'(t) — «"Y(8)* + 2Ela" ()],
Elz'(t)[? < 2E|a’(t) — "N (1) > + 2|V (¢)].

4.1 Example

In this section, we give an example to illustrate the theory.
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Example 4.4. Consider the following equation:

dy(t) = (2y<t> s zut<dz>>dt T (0B,
y(0) = yo,

(4.7)

where 1, is a positive constant. Set
Vi = fof + [ |oFn(d)
R

By the fact of 8M(fR |z|2,u(dz))(y) = 2y, computing the operator LV (z,u) of Eq.(4.7)

acting on V(x, i), we have

LV (o) = o+ [ aas))2e + 1o+ [ (2y+ / Zu(dZ))2yu(dy) + [ utan

Y

> 4la? + 5 / 2u(dz) +
R

. zp(dz)

Thus, from It6’s formula, we can know that the solution of Eq.(4.7) is unstable in the sense
of mean square expectation.
We now consider the following equation with discrete time feedback control:

da(t) = [2x(t) + /R zp(dz) — kyz(oy) — kg/Rzpat(dz)]dt + z(t)dB(t), (4.8)

where k; and ko are constants. The corresponding equation of (4.8) without delay (discrete
time feedback control) is as follows:

dz(t) = [22() + /R 2pu(d2) — ka7 () — ko /R 2py(d2)]dt + Z(t)dB(t), (4.9)

where p; is the distribution of Z(¢). Computing the operator LV (x, 1) of Eq.(4.9) acting on
V(z, ), one can see that

LV (2, 1) = (29; + /R 2p(dz) — knx — ko /]R zu(dz))?m o

+/ <2y+/w(d2)—k1y—kz/w(dz )Zw dy) +/y (dy)
R R R R
< (6 —2k; + ko)|z|* + (5 —2k1/]z|,udz (3 — k2< zudz).
and
A / V(1) Pad) = 40, / 22 (), Ao / 10,V )P pu(de) < 40 / 22 u(d).
R R R R
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Choosing \; = %, Ay = %, k1 =8, ko = 3, we have
[ Vtasnta) 4 [ Vit Putds) + % [ [9,Vale. 0Pl
R R R
< —5/ 22 p(d). (4.10)
R

Obviously, (H1) holds, and (H2) holds with v, = —5,72 = 0. Moreover, [, [z[*u(dz) <
Jo Ve, pp(de) < 2 fR |z|2p(dz). This means that the conditions of Theorem 3.5 hold.
Therefore we Conclude that the solution of Eq.(4.8) is exponentially stable in mean square.
Set U(x,,u) = |2|® 4+ [5 |2|°(dz). Furthermore, from (3.6) and Lemma 3.2, we know that

E[LU (z(t), e, ©(0¢), oo, )]
= BILU (2(t), 1) — 0uU (2(8), ) (u(a(t), ) — u(z(0y), i)

[ [ 0000 )01 = 00510 ) Pt oy 0
< (52 — 12k, + 12k, + g)E[|m(t)|6] + 62L3E ]|z (t) — (o))
< (52 — 12k; + 12k, + g)EHm( t)[% + 6°2L3 %Eﬂx(tm

13

< - DEa(n)) + g2y 2000

—_— )1°].
7= 3205, 6) O
Letting 6 be small enough such that 652L§% < 1, we infer that the conditions of
Lemma 4.2 hold. Thus, the corresponding interacting particle system is exponentially stable
in mean square.

(4.11)
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