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Size control in granulation is of great importance yet is often difficult to achieve. While numerical and
analytical models have previously been reported there is still no comprehensive model to describe wet
agglomeration systems. In this paper the basis for a new analytical solution towards predict limiting gran-
ule size is suggested. The focus of the model is on bulk behaviour of the granules where the interactions in
the granular bulk after the initial contact between agglomerating granules continues to affect the proper-
ties, such as in high-shear granulation as well as flow processes such as pan or drum agglomeration. The
model as developed assumes that granule size is limited by both saturation and dynamic interactions,
and matches the results in the literature regarding the final and continuous growth behaviour in those
systemswhere themodel is appropriate. Based on the factors that limit the size, granule growth behaviour
can be predicted as a consequence of consolidation. Themodel matches the behaviour of systems captured
by classical growth regime maps in a more quantitative manner, and should allow improved scaling as the
model develops.
© 2022 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Wet agglomeration is one of a variety of methods of product size
modification, in which a dry powder feed is combined with a binder
and then agitated to bind the particles together into granules. Wet ag-
glomeration has been a challenging research area for many years be-
cause of its many interconnecting factors and the difficulty of direct
experimental observation of the underlying phenomena. Being able to
control this process to achieve a target granule size based solely on
raw process parameters and material properties would be ideal. How-
ever, simply understanding how different parameters interact would
be advantageous.

Iveson et al [1] produced a longstanding review that describes many
of the factors involved. The problem, as described, is that as a multi-
phase interaction, agglomeration or pelletization is affected by the
properties of the solids, the binder, and the interfaces between them
and how the granulation device applies forces to the feed. Furthermore,
as Mort [2] discusses, scaling of the process has historically been diffi-
cult. The process parameters that are most important can be difficult
to directly measure, they can interact in unpredictable ways and are
often in direct competition. As an example, when increasing a mixer di-
ameter one cannot keep both the Froude number and the tip speed
.

. This is an open access article under
constant [2]. One way to better manage granulation processes is using
regime maps. These map out the different mechanisms occurring as
conditions are changed [3].

Fig. 1(a) shows the qualitative growth regimemap initially proposed
by Iveson and Litster based on the general trends that are observed
in practise and is shown alongside Fig. 1(b), where the experimental
conditions are noted along with the growth type, to compare the two.
Various growth cases from the map have been described elsewhere
in the literature, such as steady [5] and induction growth [5–7], with
other forms of growth being noted in the literature [8] not mentioned
on the map including, equilibrium growth [9,10] and layering [11–13].
The map uses two key parameters to define growth behaviour: satura-
tion and deformation number. This is consistent with reported findings
for saturation [5,6,14–16] and kinetics limiting the growth [10,17]. It has
also been shown how an increase in the viscosity and reduction in
particle size improves the granulation capability of materials, and both
parameters contribute to strength [18]. The effect of the distribution of
granules on growth has also been reported [19]. When examining
mechanism maps quantitatively, the boundaries become less clear and
sometimes reported data from other experiments does not fit into
the expected regions. Part of this is due to experimental limitations.
Unrecognised changes over the process can lead to misrepresented
growth patterns, a changing temperature during processing can reduce
the viscosity of the material, or in one reported case, release moisture
due to hemihydrate decomposition [20], both of which would affect
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Fig. 1. Granulation regime mapping results by Iveson et al.
(a) The qualitative growth regime map from [4], used with permission of the publisher,
indicating the various regimes and how they relate to the deformation number and the
maximum pore saturation. (b) From [4], used with permission of the publisher, the
qualitative growth behaviour and the saturation/deformation positions of various experi-
ments to validate the map.
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the granulation behaviour. Alternatively, themoisture content has been
shown in different experiments to reduce over the course of the granu-
lation process [21]. Furthermore, growth regimemaps are largely qual-
itative. Four of the regions usually described, crumb, slurry, dry powder,
and nuclei represent steady state situations. In contrast, rapid growth
and steady growth regions are rate controlled processes, and induction
is a variable rate process. Some work to quantify the boundaries be-
tween these regions has been attempted [22] but analytical models
could help to determine whether these boundaries are really fixed as
the growth regimemap implies. The need for a clearly defined analytical
solution is also driven by the need for a method that can be imple-
mented efficiently in a discrete element model. Being able to determine
for any given collision whether consolidation occurs based on current
properties would allow better resource usage due to not needing to re-
cord the history of any given granule, and as such a deterministic,
memoryless solution is of significant value for such an implementation.

1.1. Analytical models

One well-known model that accounts for both saturation and de-
formation is here referred to as the Stokes number criterion, which
was developed by Ennis et al. [23] and subsequently extended by
Liu et al. [24]. This model works to understand the process by dividing
up the behaviour into three steps, nucleation, growth, and breakage,
subsequently focussing purely on growth behaviour as a function of
viscous dissipation. This focus on growth means that it has been used
2

in population balance models as the kernel for growth [25]. While the
authors recognise their model is not predictive, they claim it is more
meaningful and more physically based compared to kernels obtained
by trial and error. Nonetheless it still requires fitting parameters.

1.1.1. Stokes number criterion model
The physically based coalescencemodel found in [25] comes in three

equations, depending on the case at hand, with (1) being “elastic & sur-
facewet”, (2) being “plastic & surfacewet”, and (3) being “plastic & sur-
face dry”.
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Though the model is intended to account for the various cases of
observed granulation phenomena, specifically induction, steady growth
and rapid growth, it has not been demonstrated to produce significant
predictive results. The liquid surface layer used and the presence of Stdef
means it accounts partially for growth behaviour observed according to
Fig. 1(a), but only qualitatively. Also, the plastic criterion permits
indefinite growth, requiring separate solutions for breakage behaviour
where relevant. When implemented and tested, the ratio h0/ha is
consistently treated as constant [23,25] (and [26–28] too, according to
[25]), which raises doubts over how well it accounts for saturation
variation. When the elastic solution was subsequently expanded the
new equations provided no significant improvements over the original,
despite seeming to account for more of the physical parameters [29].

1.1.2. Saturation limiting size
Butensky and Hyman [30] developed a solution based on the physi-

cal conditions of where and how liquids fill granule internal volumes,
representing the system shown in Fig. 2. They validate it using amethod
to calculate saturation using a time delayed chemical reaction to stiffen
the granules, then calculating the relative quantities of the chemical and
the solids for a given size. The equation calculated is:

1
�Dr

¼ 1
Kg

� 1

KgKf
1
3

W
W∞
Kf

0@ 1A1
3

ð4Þ

Where Kg is the dimensionless fraction describing the distance
from the outer bounding diameter and the surface of the sphere,
nondimensionalised with respect to Dp, and is bounded between
0 and 2 as a physical requisite to ensure that all particles within
the granule are wetted, and can be assumed to be around 1 [30].

This can be re-arranged Appendix A to produce:

Δsat ¼ KgDp
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3

� � ð5Þ



Fig. 2. Simplified diagram showing the physical meaning behind (4). The total saturation
(grey) is limited on account of the observed liquid surface layer with the saturation below
it being full equal to that of KSmax : Kg is the dimensionless fraction describing the distance
from the outer bounding diameter and the surface of the saturation, nondimensionalised
with respect to Dp Recreated based on [30].
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This form can easily be compared with the literature, see Fig. 3,
where it matches strongly those cases where saturation is tracked
[1,5,6,14–16,25]. Note that KSmax is the maximum value of saturation
before slurry formation, which is a property of the feed and potential
air entrapment in the granule centre.
Fig. 3. Eq. (5) plotted, demonstrating the observed rapid increase in growth rate as the
granule becomes saturated.

3

It does not match the liquid to solid ratio relations as strongly be-
cause saturation is a function of the Liquid to solid ratio as well as the
porosity, which can vary independently. Although it does not account
for viscosity, it has been reported that viscosity is not always relevant
[15]. The assumed arrangement of the liquid makes sense (Fig. 2), as
liquids in a granular material favour forming fewer larger clusters of
liquid as this is more stable [31] and such behaviour has been
observed when wet granular piles were scanned [32]. As the liquid
content increases, the structure merges into larger clusters. There-
fore, the liquid in the granules can be assumed to also be formed
into such clumps where possible, and in this fashion arrange them-
selves in a way consistent with Fig. 2. In real granulation, Dp is
expressed as a range. In the original experiments, the arithmetic
mean of the particle diameters appears to be a suitable value for
this [30]. Some experiments with the particle diameters have found
that finer particles result in wetter granules. This is likely due to
two effects. The first is that since the liquid is found at a distance
DpKg/2 from the surface, smaller particles will lead to a smaller
distance from the surface of the liquid. Finer particles will also
require a greater degree of saturation for the same total granule
diameter compared to larger particles. On the other hand, there are
cases when viscosity is relevant, such as for crumbling and high
shear granulation. In such cases a dynamic limiting size must be
relevant.

1.1.3. Dynamic limiting size
A dynamic limiting size solutionwas determined by Ouchiyama and

Tanaka [33] who calculate the probability that

σbond > σ sep ð6Þ

after granules come into contact. The value of σsep is derived by
consideration of the moments that are applied by contacting forces on
the particles from external sources after σbond has formed. From this,
and consideration of the probability of the coalescence over the whole
system, Eq. (7) is developed:
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ζ and η are parameters that adjust the function for plastic or elastic
granules. Wet agglomerates appear to behave plastically under uncon-
fined conditions [27], so for plastic granules this gives (8)
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This is promising as the power matches Watano et al's findings [10]
wherein the limiting diameter was found to be proportional to

1= Vi=Vf
� 	2� �� � 1=4ð Þ

, which is the ratio of the impeller tip speed and

the fluidisation velocity for a fluid bed granulator system i.e. related to
the strength of separation forces and collision forces. However, the full so-
lution specified by Ouchiyama and Tanaka is a probabilistic one, which
makes it less useful as it requires prior knowledge of the kinematic behav-
iour of the collisions. It also lacks a solid basis forσbond. Further, it also does
not account for saturation which is necessary for determining growth
behaviour.

2. Development of a new analytical model

Eqs. (5) and (8) provide two separate cases for the limiting size but
they have limitations.

1. They are both lacking one half of the solution, either the dynamic
limit for Eq. (5) or the saturation for Eq. (8)
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2. Eq. (8) is defined as part of a probabilistic solution, and although the
limiting size does not depend on the probability, it limits themodel's
general applicability.

3. Neither equation describes growth rates which are important in de-
fining the behaviour of a system.

Therefore, the proposed solution sets out to combine the two solu-
tions in a physically meaningful framework.

2.1. Dynamic limit

The model begins with Eq. (6), determining the values of σbond and
σsep in a deterministic manner.

2.1.1. Bond strength σbond

A suitable prediction for the bond strength comes from [34]. The au-
thors determine the strength of a bond between two partially saturated
cylinders as they are pressed together, shown for sphere surfaces in
Fig. 4, before being pulled apart again. The saturation of the cylinders
surface is similar to that determined by the limiting case in Eq. (5), as
there is the drier boundary with the moisture underneath.

Based on this, from an analogy drawn from coldwelding, the follow-
ing equation is obtained:

FBond ¼ 0:65σyπr0 2εrr þ εrr þ 1−e−Ksεrr
� 	 ð9Þ

With the analogy being that instead of fresh metal being exposed from
beneath an oxide layer as in cold welding, binder rich liquid comes to
the surface as the materials are pressed together during agglomeration.

Eq. (9) can be re-arranged to find the bond strength of the final area
of contact, which is necessary as spheres coming into contact have an
initial contact area of 0. In addition, the value 0.65 is replaced with a
constant Kt

c
which is a constant describing the ratio of the compressive

strength to the tensile strength.

σbond ¼ Kt
c
σy 1−

e−Ksεrr

εrr þ 1ð Þ2
 !

ð10Þ

Where Ks is a constant related to the immediate strength of the bond
without prior compression and is expected to be inversely proportional
to viscosity and generally related to saturation in some fashion,
Fig. 4. Diagram of agglomerates wetted to just below the surface before and after contact.
(a) Diagram of surfaces of wet agglomerates prior to contact. (b) Diagram of surfaces of
wet agglomerates pressing into one another, inducing the capillary bonds and some
particles to inter-mingle, initiating bonding.

4

especially for saturation values greater than 1 when the surfaces will
be wet. In the original paper [34] though Ks is assumed to be 0, and
the findings in that original paper seem to tentatively agree with this
assessment.

2.1.2. Radial strain εrr
To determine the radial strain, the granule is assumed to be isotropic

and follow the Poisson's ratio relationship,

εrr ¼ −νεzz ð11Þ

from which the following is obtained, noting that E is an observed
pseudo-elastic stiffness observed in [35] appropriate for wet
agglomerates

εrr ¼ −νεzz ¼ −
νσzz

E
¼ νQ

EA
ð12Þ

where the negative sign indicates compression. For a plastic sphere
[36]:

Q ¼ p0A ð13Þ

So that

εrr ¼ νQ
EA

¼ νp0
E

¼ νKHσy

E
ð14Þ

With KH being a constant that relates the hardness and the yield
strength [36]. The value of Poisson's ratio ν is assumed to be similarly
constant. From a physical standpoint, granules do not demonstrate
significant elastic behaviour. Therefore, a value of ν below 0.5 would
result in a permanent reduction in volume. Such a permanent
reduction in volume is considered in the consolidation behaviours.
Experimentally, for soils with saturations above 0.6 with significant
proportions of fines, the Poisson's ratio tends to be between 0.4-0.5
[37]. As this is the saturation level in most granulation processes
where practical growth is applied, the use of a constant Poisson's ratio
is taken as a good approximation at this stage.

Note, this implies that the surface radial strain is constant. In plastic
deformation experimental testing it was found that the deformed area
of a sphere when pressed against a non-deformable surface was found
to remain linear with respect to load, supporting the idea of a constant
value for radial strain [38]. Another way to consider it comes from
[35] which shows that for granular materials, the value E appears to
be constant until the agglomerate fractures. This fracture point would
then coincide with the appearance of the crumb state for excessive de-
formations. Considering both at the same time, there is almost no stress
per unit strain from 0 strain to 0.4 units of strain, and only a slight raise
from 0.4 to 0.5 [39]. Also the bulk behaviour of the granule is relatively
stable across a wide range of liquid contents, softening once the liquid
solid ratio goes over 100% [39].

2.1.3. σbond summary
Combining Eqs. (10) and (14) gives:

σbond ¼ Kt
c
σy 1−

e−Ks
νKHσy

E

νKHσy

E þ 1
� �2

0B@
1CA ð15Þ

Which may be simplified by recognising that the third term is the
nondimensional value relating the amount of strain to the amount of
fresh wet area over which to create the bond (which as previously
established appears to be relatively constant until crumbing behaviour
occurs) and this third term will be referred as the adhesion function.

σbond ¼ Kt
c
σyαwet εrrð Þ ð16Þ
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As mentioned, Ks is suggested to be in some way related to the
saturation. Therefore, this wet adhesion function is likely tied to (5) in
some fashion. This would be consistent with findings showing that
critical strain changes with saturation [16], although, as will be explored
later, on an individual level the granules can be assumed to have similar
internal saturations. One final point regarding this value is that adhesion
was not assumed when considering the deformation behaviour of the
granules. Adhesion models such as that developed by Johnson, Kendall
and Roberts [40], also referred to as the JKR model [41] are designed to
balance elastic and adhesive forces against one another within elastic
spheres, but here the granules are assumed to be perfectly plastic.

2.1.4. Separation strength σsep

The expression forσsep is partly based on the original solution [33]. It
defines the separation forces in terms of the maximum moment that
will be applied during the process, which comes from the bulk shear
motion of the granules. The basic equation for the stress induced by
moments around the centre of the bond is:

σ sep ¼ 3M

4π3
2A

3
2

ð17Þ

To calculateσsep thus requires themomentMand the area of contact A.

2.1.5. Area of contact A
The area of contact can be calculated by considering the normal ki-

netic energy of the collision of two particles as it dissipates while
being plastically absorbed.Z δ�

0
Qdδ ¼ EP ¼ EKN ¼ 1

2
VCN

2 ~m ð18Þ

The relation between compression force and deformation depth for
plastic spherical contacts is [36]:

Q ¼ p0πa
2 ¼ p0π~Rδ ð19Þ

from which the area can be shown to be proportional to the kinetic
energy of the collision, (derivation in Appendix B), in Eq. (20)

πa�2 ¼ A ¼ π
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4
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2.1.6. Separating moment M
In Ouchiyama's work [33], M is further broken down into Eq. (21)

M ¼ AM
g D, dð Þ
2α ð21Þ

(g(D,d)/2α) is a function of granule diameters related to different cases
where volumes can be related to separating forces. AM is a dimensioned
constant of proportionalitywhich relates these forces.AM is unrelated to
the particle sizes beyond the relationship specified throughM. g D,dð Þ is
a function which switches between five different cases, however, these
can be described satisfactorily with a single function Eq. (22) [33]

g D;dð Þ ¼ dDð ÞKγ

dþD
2

� 	2Kγ−4 ð22Þ

which provides a sliding parameter Kγ for distinguishing between the
original five cases. This in turn can be re-arranged to form Eq. (23):

g D,dð Þ ¼ D̂
�D

 !2Kγ

�D
4 ð23Þ
5

D̂ is the geometric mean (GM) and �D is the arithmetic mean (AM).
This arrangement highlights two distinct terms on the right-hand side,
thefirst being the layering componentwhich changes the behaviour de-
pending on the ratio of the two granules colliding, and secondly the
“steady” component which is consistent. A second benefit to this ar-
rangement is that, because of AM-GM inequality, the layering compo-
nent is known to be always <1 while Kγ > 0.

AM is less simple, but, since it relates the volume of the granules to
the forces, it has known units, see Eq. (24).

AM ¼ F
V
¼ M

T2L2
ð24Þ

This makes AM well suited to dimensional analysis, as it has known
dimensions, a specific role in the function and is explicitly unrelated to
the granule diameter [33].

The summary of this dimensional analysis is as follows. Since
AM is relating the size of the particles to a force, then it is reasonable
to assume that it is a function of granule density. In addition,
assuming AM is related to the velocity of the particles (or some other
characteristic velocity such as that of an impactor) which is also
reasonable, squaring this velocity allows it to correspond to the
change in kinetic energy due to such impacts. This leaves another
variable, L−1. This can be expressed as Eq. (25)

AM ∝
M

L3
� L

T

� �2

� 1
L

ð25Þ

Applying a nondimensional constant then gives Eq. (26)

AM ρg ,Vch
2, Lch

� �
¼ KAρgVch

2

Lch
ð26Þ

Where Lch is a characteristic length scale. It cannot be the granule
diameter, and it must be some variable that results in lesser intensity
of separation forces as it grows and can be described independently of
the granulator system. A suitable analogy then is the “mean free path”,
λ, as applied in kinetic theory of gasses. Due to inelastic collisions intrin-
sic to granularmaterials [42], and the fact that themaximum separating
moment of the collisions is oblique, and that the collisions must be sig-
nificant given that minor collisions will enhance the bond, this is more
complex than the simpler molecular case. The resulting λch is likely
related to the turbulence of the granular flow, as this will result in
more tangential contacts and more rotation of the coalescing granule
pair.

Combining and rearranging Eqs. (21), (23), and (26) gives (27)

M ¼
AM ρg ,Vch

2,λch

� �
2α

D̂
�D

 !2Kγ

�D
4 ¼ KαρgVch

2

λch

D̂
�D

 !2Kγ

�D
4 ð27Þ

Sinceα is just a constant tied to the collision behaviour, (2α) is incorpo-
rated into KA to form Kα, the agitation constant.

2.1.7. σsep summary
Collecting Eqs. (17), (20), and (27) gives

σ sep ¼ 3M

4π3
2A

3
2

¼
3
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Fig. 5. strength of agglomerate as saturation varies, reproduced based on previous data
[48,49]. The strength plateaus initially from pendular bonds forming, and then a linear
growth occurs as capillary bonding connects multiple particles with the same droplet,
and eventually the strength drops sharply as the gas interface no longer exists to provide
surface tension within.
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2.2. Dynamic limit defined

Substituting Eqs. (28) and (16) into (6) gives

Kt
c
σyαwet εrrð Þ >

3
KαρgVch

2
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4
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This can be rearranged (see Appendix C) to form

D̂
�D

 !2Kγ−4 �D �D3
� �3

4

D̂
2

< Cm
Kt

c

KαKH
3
4

αwet εrrð Þσy
1
4
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4

VCN

3
2

Vch
2 λch ð30Þ

And in turn, by defining d= rdD and noting that themerged granule
diameter between two granules D and rdD is D

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ rd

3
p

(full derivation
in Appendix D) gives

Δbond < Cm
Kt

c

KαKH
3
4

αwet
σy

1
4

ρg
1
4

VCN

3
2

Vch
2 λch

1þ rdð Þ2Kγ � 21112

rdKγ � 3 1þ rd3ð Þ34
ð31Þ

Δbond is now the limiting size that themerged granule can reach. The
presence of 1/rdKγ−3 means that while Kγ > 3, as rd → 0, Δbond = ∞, and
the bond does not limit the ability for such mergers to occur. This is
relevant, not just for layering systems but also for heterogeneous
systems, since some of the granules would grow faster than the bulk
by consolidating with smaller feed granules, even if this means they
grow larger than the system Δbond.

The granule size ratio term also has the interesting property that, for
values of Kγ > 4, below r value of around 0.2 it favours dissimilar
granules and above around 0.2 it favours the merging of larger
granules. This would explain the contradictory results observed in [43]
where the overall behaviour of the granule growth is best described
with an equipartition of kinetic energy kernel which favours large-
small coalescence, but the tracer distribution appeared to be better
described by a shear kernel which favoured large-large coalescence.

Eq. (31) can be further simplified by assuming that VCN ∝ Vch, which
makes sense for granulation systemswhere the sources of input kinetic
energywill increase both in proportion. Doing so allows (30) to bewrit-
ten in the form

Δbond < Cm
λch

KαStdef
1
4
KH

3
4Kt

c
αwet

1þ rdð Þ2Kγ−21112

rdKγ−3 1þ rd3ð Þ34
ð32Þ

There are three major terms, the agitation term, the adhesion term,

and the size variation term. The presence ofStdef
−1

4 is promising, as it re-
tains the relationship reported by Tardos et al [44] describing Watano
et al's work [10], where the average granule size was related to

ðVi
2Þ−

1
4, and Stdef is directly proportional to Vc

2.

2.3. Yield strength σy

Since the yield strength is a factor in Stdef, a brief consideration is
relevant. There has been much work on this topic, relating yield
strength to porosity, interparticle friction and viscosity, as well as
other factors. For this work, (33) is used, which accounts for many of
these factors [45], which combines a capillary [46] and a viscous [47]
strength equation linearly, along with a factor to account for the
aspect ratio's contribution to the strength.
6

σy ¼ AR�4:3S
1� ε
ε

6
γcosθ
Dp3,2

þ 81
128

1� ε
ε

πμVc

Dp3,2

" #
ð33Þ

Although Eq. (33) is linear with respect to saturation, note that sat-
uration and yield strength have a complex relationship [48,49].

Notice that from S=0.8 onwards in Fig. 5 there is only one line, and
KSmax appears to typically be larger than 0.8 [30]. Also, in this region the
strength is relatively indifferent to the saturation until S > 1. Based on
this an assumption ismade that below the surface boundary, the satura-
tion is equal to KSmax , and this bulk saturation is what provides the
strength of the granules, so long as S < KSmax , after which the solution
is assumed to result in a slurry. Relatively constant behaviour over a
wide range of added liquid has been reported [39], supporting this as-
sumption. Also, for a wide range of liquid to solid system ratios, the
granules themselves have relatively constant saturations [50], again
suggesting this assumption is reasonable.

Interestingly, the idea that the yield strength is related to the
velocity suggests that Stdef ∝ V for high Ca values, and Stdef ∝ V2 for low
Ca values. Such a relationship, or rather the implication of such a
relationship, has also been reported [22].

2.4. Consolidation

To account for growth rates, the dominant time dependent effect is
assumed to be consolidation. This is because consolidation affects both
the yield strength and the saturation simultaneously. A suitable model
to describe consolidation is given in Iveson et al [51]. They show that
the observed porosity can be described by Eq. (34).

ε−εmin

ε0−εmin
¼ e−kεN ð34Þ

with kε being a coalescence parameter and N being the number of rev-
olutionswhich simply a nondimensionalisedmeasure of time. This form
is consistentwithmeasured changes in porosity in a high shearmixer as
well [7], which is promising as it suggests the consolidation behaviour is
consistent between devices, further demonstrating the universality of
these solutions.

The value of kε changes with several variables, among which is the
apparent inverse proportionality to the yield strength [51,52] and the



Table 1
The variables used in the results when not specified
otherwise.

Variable Value

Kt
c

0.65

Kα 253
KH 2.8
λch 10 mm
αwet εrrð Þ 1
Dp 50 μm
Kg 1
KSmax 1
rd 1
Kγ 4.5
μ 1 mPas
γ 0.072 N/m
θ 30
AR 1
εmin 0.3
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kinetic energy of the collisions [53]. The finding that the granules are
inversely proportional to (μ0.26) could be a result of the yield strength
only partially being related to the viscosity with changing velocity
[52], as described above in Section. 2.3. Based on these observations
and considering possible relations the value of kε that best matched
observed behaviours was found to be:

kε ¼ kεA e
1

−kεB Stdef ð35Þ

Where kεA and kεB allow appropriate scaling to be applied depending on
the rate of collisions and the energy of those collisions respectively. By
combining and rearranging Eq. (34) and Eq. (35) the following can be
found:

ε ¼ εmin þ ε0−εminð Þe−kεA e
1

−kεB Stdef t ð36Þ

Because Stdef itself depends on the porosity this needs to be calculated
numerically, although a final expected size can be found by setting εmin

to an assumed final porosity appropriate to the system. This equation
has a similar form to the Arrhenius equation [54], particularly
considering that Stdef measures the ratio of the granule deformability to
the kinetic energy of the average granules, which matches the activation
energy and temperature relation of the Arrhenius equation.

As Eq. (36) is an exponential decay function, the initial porosity af-
fects the initial rate of growth while the final porosity affects the final
size. Similar arguments could be made for εmin itself, considering how
intragranular porosity increases as Stdef increases [55]. This is also
consistent with theoretical work [56] demonstrating how εmin can
increase for higher acceleration forces, and a reported linear
relationship between the ratios of the force applied to the force
providing the minimum porosity, and the porosity value and the
minimum porosity determined [57]. This is also consistent with the
finding that the “elongation” is proportional to the Stdef, [58] and this
elongation would dilate the granules.

However, since the exact manner in which these terms are related is
still not clearly understood, the value of εmin will be assumed to be
constant. The liquid to solid ratio will also be treated as constant
despite the evidence mentioned previously concerning evidence
showing that for certain cases it may decrease during consolidation
due to evaporation or even increase due to dehydration reactions of
the granulation materials [20,23,59].

2.5. Summary of new model

The new model, which depends on all the above features, is
summarised as the “Adhesion-Cohesion” model. This highlights the two
part nature, where the granules are able to grow if they have sufficient
moisture such that they remain cohered together via Eq. (5), and they
can adhere if, on contact, they satisfy Eq. (31). The diameter of the granule
is limited to the smaller of the two limits. As the Cohesion component is
highly dependent on the saturation, the consolidation is sufficient to de-
scribe the change in size. By reducing the total pore space for a given liq-
uid volume, the saturation increases, which increases the value of Δsat.
The assorted material and system dimensionless constants, all defined
using K along with a subscript, are defined clearly, so that they can be
adjusted appropriately depending on the material and systems as the
model is further developed. Some preliminary values are available for
them, based on previous research, however these should not be
assumed to be universal but rather simply a starting point. These are a
result of either the mechanical requirements of the model, such as those
specified forKg, or fromexperiments using specific particle-binder combi-
nations, such as the value used for Kt

c
previously mentioned. Kα is a

dimensionless constant which accounts for externalities not considered
elsewhere in the separation behaviour, and being derived fresh,
7

will need investigation to determine the range of values applicable in
different granulation systems.

3. Results

The following graphs are the size predictions based on the conditions
of a limiting size assuming only equal size granules (rd=1) aremerging.
Eqs. (31) and (5) are used together, with the limiting size taken to be the
smaller of the two. Whether or not the granules turn into a slurry is
simply determined by whether the granule saturation is larger than
KSmax , in accordance with the growth behaviour demonstrated in Fig. 1.
It may be possible for granules in certain systems to not form into a
slurry with an excess of saturation, such as in very high viscosity
systems, but in such cases a different form of the yield strength
equation may be necessary as well and so can’t be assumed to be
within the scope of this solution.

Eqs. (5), (31) and (36), combined can be used to demonstrate the
same distribution of dominant mechanisms in the classical mecha-
nism map format. The plots are given using the simplified case of a
constant minimum porosity for the reasons mentioned in Eq. 2.4
though the value of εmin, and other variables, listed in Table 1 are
based on relatively common or accepted values drawn from the
literature. Other values, such as Kα are then defined at the values
shown to demonstrate the growth regimes that can be observed
and would vary according to each system according to any number
of reasons (see [60], where only changing the number of blades in a
high shear granulator nonetheless results in significantly different
behaviour). Kγ is set based on the case described by 4.5 in [33], and
this also lines up with the behaviour described in [43] for reasons
previously mentioned.

3.1. Final size prediction

Fig. 6 simply describes the relative granule size at the minimum
porosity, which is treated as the same across the map.

The regions described as “crumb” and “nucleation only” from Fig. 1
can be seen in Fig. 6, as well as the region where growth does occur,
which would be the steady and induction growth regions on that
map. The letter-number pairs relate to various growth phenomena
described in Eq. 3.3.

3.2. Growth behaviour prediction

The consolidation Equations, Eq. (36), can be applied to calculate the
change in porosity over time, and for each Vl/Vs, a unique saturation can



Fig. 6. Limiting size predicted for different conditions. (Sfin) used to describe the final
saturation reached, to differentiate between the final saturation and the maximum
saturation the system can have before turning into a slurry. The values along the
contours specify the final predicted dimensionless size (Δ/Dp) of the granules under the
conditions specified.

Fig. 7. The growth rate between τA = 0 and τA = 1. The numbers along the contour lines
indicate the increase in relative granule size per τA over this time span within the
boundary.
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be found. Therefore, the growth behaviour can be predicted. Using the
values in Table 2, Figs. 7, 8 and 9 show the growth behaviour at
sequential points in time, representative of early, middle and late
stages of growth.

The term τA is used to refer to the dimensionless time as defined by
τA ¼ tkεA . The use of scaling according to time has been shown to work
in the past [61].

In Fig. 7, note the presence of the rapid growth, the steady growth
and the nucleation regions, and that the growth rate diminishes as
the granule deformation approaches the crumb region but is still
faster than the low deformation region where consolidation isn’t
sufficient to develop the levels of saturation required to grow
beyond nuclei.

In Fig. 8much of the region previously described as rapid growth has
turned into slurry, or some has ceased growing, being in the crumb re-
gime, while the steady growth region continues to grow. Also note the
progress of the growth moving downwards to the low deformation
number region.

And finally, in Fig. 9 the steady growth region has slowed down in
growth rate, as it approaches equilibrium. The region around Stdef =
10−3 has started growing at significant rates, though due to the
changing rate nature of induction, it is easier to observe on individual
plots at points in the region over time.
3.3. Specific growth patterns predicted

The growth predictions for specific points on the map are shown in
the following results. In each case, the combination of the various agita-
tion variables defined by Eq. (37) is noted.
Table 2
Constants related to the consolidation process.

Variable Value

ε0 0.5
εmin 0.3
kεA 1e-3 1/s
kεB 1e3
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Ωdef ¼
KαStdef

1=4

λch
ð37Þ

Ωdef is useful in that it would be hard to measure the precise value of
Kα and Stdef in any real system, so instead this constant describes the
combined effect of the intensity and frequency of the collisions the
granules experience, to highlight how different feedstocks might react
differently even within the same granulator which can nonetheless be
described using the equations above. The choice for the plots is based
on previous descriptions of the various accepted granule growth
behaviours [8], as well as the various growth behaviours Previously
described in the introduction. Fig. 10 shows the plots of the growth
patterns with parameters specified by Table 3 displayed over
dimensionless time.

Fast growthwithout limit observed in systems such as drum granula-
tionwith coarse particleswith lowviscosity binders in drums, ormedium
viscosity binders in mixers [18,39,52,62]. The larger Dp in this case
accounts for this, while the low Ωdef would be more expected in drum
granulation cases.
Fig. 8. The growth rate between τA = 1 and τA = 2. The numbers along the contour lines
indicate the increase in relative granule size per τA over this time span within the
boundary.



Fig. 9. The growth rate between τA=2 and τA=10. The numbers along the contour lines
indicate the increase in relative granule size per τA over this time span within the
boundary.

Table 3
Growth cases determined by the Adhesion-Cohesion with rd = 1.

Growth case Code Ωdef Sfin Dp

Equilibrium E3 4500 0.978 50 μm
Induction I2 2250 1 5μ m
Fast Growth F1 2250 1.2 500μm
Nucleation Only N4 4500 0.9 50 m
Crumbs Only C5 16000 0.99 500μ m
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Induction behaviour can also be shown using this solution. Once in-
duction is initiated, the growth rate is rapid enough to cause indefinite
growth, though the granulation is usually stopped once the growth
hits this state [26,39]. The low Ωdef and the low particle sizes
contribute to the induction behaviour, though lower values of kεB
would provide similar results and are likely related.

The equilibrium growth, which is found when the saturation is
below the amount required for a slurry. In the case shown in Fig. 10,
the size is at a boundary where changes in both the saturation and the
deformation number can result in changes in the granule size. This is
the ideal growth regime to be in as it is controllable, and found in [4,9,
11,16,18,21,23,39].

Nucleation is the result of insufficient binder to grow the granules.
Because the distribution isn’t perfectly even in granulation processes,
the droplets that are initiated result in localised higher saturation,
which result in the observed nuclei and the size dependence on the
droplets, in accordance to nuclei size growth observed by [63] and
[64]. The generally observed nuclei limited growth is found in [15,16,
Fig. 10. Growth predictions for various circumstances, cases specified in Table 3. Equilib-
rium growth is E3 in Figs. 8 and 9. Induction (with no limit) is I2 in Figs. 8 and 9. Fast
growth (with no limit) is F1 in Fig. 7. Nucleation is N4 in Figs. 7 and 9. Crumbs only is
C5 in Fig. 9. Layering growth applies a different algorithm based on Eq. (32) to test the ef-
fect of variations in granule diameters and is shown for comparison.
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27,65] for low saturation and no observed growth, and the same can
be said for all of the previously mentioned saturation cases previously
mentioned in Section 1.1.2.

The Crumb region is in fact not a clearly defined region, other than
granule diminution due to excessive agitation. This is further muddied
by the fact that for some granulation conditions, the “crumb” state is
temporary [66], before the mixture actually forms into a slurry. [67]
test the breakage of nucleated, rather than pressed, pellets, which
would be more realistic comparison for reasons mentioned previously,
though [45] does show that the number of survivors, and hence, Δbond

stabilises quickly into the more stable smaller size. Crumbling can also
be the result of insufficient saturation but if the granules are
introduced at a larger size due to being manufactured in that shape
the binderwill re-distribute into the lower size. Other experimentsfind-
ing the stability of low size of crumbs are [18,58]. If εmin is allowed to
increase for high deformation numbers, then this effect is even more
drastic, but can also lead to the case where an oversaturated slurry
results in granules, though this has been observed in [12] so may be
plausible. Viscosity is noted to be relevant in the development of
granules beyond crumbs, and this may be explained through the
increase in yield strength due to the viscosity, particularly in high
velocity granulation systems, but other possibilities are considered in
the discussion.

Layering can also be predicted, and it matches the general trends
found in [12,68]. The prediction comes from the rd terms, and the
growth rate depends on the rate of interaction, which would be linked
to λch. It would also be limited by the saturation, though layering
systems often include binder with the feed particles. [11] interestingly
demonstrates the effect of providing enough saturation to nucleate
the granules evenly. In such a case the layering decreases, as there are
fewer free feed granules that are not nucleated, and the rd term is
relatively linear above rd = 0.2, which would also suggest a limit on
the size of layering growth if a finite feed is provided, which is
observed in [12].

The layering behaviour is quite important as it accounts for the effect
of the variable rd, in turn which would provide the slow growth period
after the main growth has finished as observed in other studies [9,23]

4. Discussion

The model presented here is derived from three basic principles.

1. Regardless of the original distribution, moisture will move to a stable
configuration in the centre of the granule according to capillary pres-
sure

2. Growth occurs if the diameter is smaller than that which the current
saturation capacity allows as defined by Eq. (5)

3. Growth is inhibited if the bond strength is too low to survive the
forces applied during processing.

Using this model with a range of input parameters, a variety of phe-
nomena in granulation can be defined. Themodelmatches observations
of ‘nucleation only’ and crumb behaviour. When consolidation is con-
sidered, themodel is also capable of predicting the trends in growth rate
behaviour during wet agglomeration. Slurry behaviour is simply de-
fined by the occurrence of a global saturation greater than a prescribed
value, assumed here as 1, so that slurry formation is predictable too.



W.K. Walls, J.A. Thompson and S.G.R. Brown Powder Technology 407 (2022) 117519
Themodel is still limited in some respects. A bettermodel for consol-
idation rate would allow higher quality predictions of growth rate. Ad-
ditionally, there are different available methods to calculate yield
strength although they ascribe similar importance to capillary, frictional
and viscous strength effects, as noted in Section 2.3. Finally, certain
values are assumed to remain constant such as λch and αwet. The
former is assumed to be a function of the system, while the latter is a
function of the saturation limit. This is an unresolved issue and is a
topic for further work, noting that the surface saturation will be very
hard to track, especially since the surface saturation will also be lower
than the average saturation of the bulk of the granule, not just due to
capillary inward pressure but also due to evaporation from the
surface. As noted in Eq. (31), the variation in granule size is a factor in
the bond limiting size. If there is a wide range of granules, then this
would result in higher average granule sizes and generally affect the
growth patterns observed in a way that would change over the course
of the granulation. This would need to be accounted for and would
be affected by the particular details of the granulator. Nonetheless,
the results presented here are consistent with many previously
established findings. The Adhesion-Cohesion model still requires a
large number of parameters to develop a prediction, but overall it
should allow a better understanding of the internal behaviours affecting
the granulation process. Further, many of these parameters are able to
be studied outside the complexities of granulation.

One finding thatwas surprising, though reasonable in hindsight, was
that the model suggests the final granule size is inversely proportional
to Vc while the growth rate is directly proportional to Vc. This, in part,
would explain why finding a single solution to determine final granule
size has been such a challenge. The implication is that, until the final
consolidation is reached, the granule size is proportional to Vc. For
granulation systems relying on self-selection to remove granules at
(or above) a desired size such as disc pelletisers, the interactions of
the properties will be much harder to analyse because heterogeneity
may still be present internally. For example, if a granule has high poros-
ity, but also high liquid content, then it would have the same saturation
as awell consolidated granulewith lower porosity and lower liquid con-
tent, but they would have different strength values for the same size.

Since the minimum porosity expected is not always reached (nor is
it the same as an external measurement of porosity such as wet tapped
porosity) then the “true” value of KSmax might be greater than the mea-
sured KSmax . This would explain how some published data contains re-
sults that match Eq. (5) for an KSmax>1 [14]. The size limit described by
Eq. (5) is better considered in terms of the overall “Cohesion criterion”
it represents rather than as a “Saturation limit”, since there are other ef-
fectswhichmight alter this behaviour. For example, bentonite has dem-
onstrated an ability to increase the size of pellets for a given liquid
addition. The simplified form of the Adhesion criterion Eq. (32) is
strongly supported by experiments with a fluidized bed granulator
[10], which given that it is implicitly based on the cohesion criterion,
suggests that the same fundamental behaviours described in the com-
bined model are relevant in such systems.

This porosity change dependence may also explain other behav-
iours. If the feed porosity is not precisely controlled, which is unlikely
to be practical in many applications, then it can result in different
growth behaviours for the same mixture. The same mixture that in
one batch grows with induction behaviour due to high initial porosity
may begin the process again with lower porosity and growmuch faster,
which is found in [27] for the small particle size, high viscosity case.

In general, Eq. (5) suggests, for a low intensity systemwhere the sat-
uration is the limiting parameter and granulation is desired to convert
from small feed particles to large granules, that saturation control is cru-
cial. The predicted difference in granule size between 1% saturation at
low saturation values and 1% at high saturation values is very large.
This sensitivity is most easily observable when granulating very small
feed into very large granules.
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Because when the granules contact, they must also satisfy the adhe-
sion criterion, i.e. the dynamic size limit, then the effect mentioned
above is balanced somewhat. Because the size ratio term promotes
growth between larger and smaller granules, this means that larger,
and thereforemore highly saturated granules have awider range of col-
lision parameters which can allow them tomergewith smaller, less sat-
urated granules. Upon merging, the combined granule has a reduced
saturation, which results in less oversize granules than would be pre-
dicted if only the saturation was controlling the growth. The kinetics
also slows the rate of growth to some extent by the need for appropriate
collisions, and this in turn allows the saturation to get as close toKSmax as
it does, especially when the real implications of the moisture being lost
to evaporation over time is considered in practise.

That the fastest growth occurs initially in the high Stdef, high Sfin
corner of the map, and slows down in rate for lower Sfin and is delayed
in time for lower Stdef matches the qualitative behaviour described in
Fig. 1, and indeed the various findings listed in [8]. The fashion in
which the growth map changes over time is also of note and offers a
method to obtain consistent product from granules using uncertain
feedstock. Often, granule size is controlled merely by stopping the
process when the appropriate size has formed [2]. However, for batch
processes where the granules are limited by the separation forces, a
more precise method would be to perform higher speed granulation
and then slowly reduce the velocity until the desired granule size is
reached.

As Pohl and Kleinebudde [3] pointed out in 2020, although the
utilisation of saturation and deformation behaviour is logical and
has been successful, there has been almost no noticeable recent prog-
ress, especially with regards to introducing other dimensionless param-
eters. This paper aims to begin such progress using three dimensionless
parameters, with explicit reasoning behind them, and some dimen-
sioned parameters which are tied to system variables.

A final note on the findings of this model. The bond strength model
was derived from purely mechanical interactions, yet the Arrhenius
type equation used for consolidation and themean free path parameter
both appear to provide links to kinetic chemistry. A potential direction
of research would be to consider “Granular temperatures” [69]. Given
that granulation is essentially physically interacting the granules and
determining which bonds result in growth this would allow further
analogies to be drawn between these two processes.
5. Conclusion

By considering the granule size purely in terms of the limiting size
(determined by saturation and also bond strength versus separation
forces), an analytical model for granulation has been developed which
is consistent with previous literature. This model was expanded to de-
velop a growth model to account for consolidation. From this a gradual
transition between rapid, steady, and induction-based growth behav-
iours was obtained consistent with classical growth regimemaps. Vari-
ous non-dimensional constants, as well as the mean free path, have
been introduced allowing the model to be adjusted for a wide range of
granulator conditions. These constants, and how they relate to the pro-
cess could provide the basis for further research. There are some limita-
tions to the current model. Some are due to the nature of granulation
itself, being intrinsically time-dependent and stochastic in nature,
which is hard to capture in a simple analytical model. Others are due
to a lack of quantified studies into the process of consolidation and
other granular physical properties such as yield strengths and bond
strengths. Despite these limitations the proposed model appears to be
a promising topic for further investigation, and it is currently being im-
plemented into aDEMmodel to simulate and control granule size distri-
butions in a drum granulator. This ongoing work will also allow direct
observation of howkinematic behaviour affects the granulation process.
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Nomenclature

A Area
a radius of contact area
AM Constant of proportionality relating the granule volume to the

force applied
AR aspect ratio of constituent particles
B Separating force coefficient
Cm Constant related to merging particles
Ca Capillary number, defined by dp˙εμ

γcosθ
D Granule diameter

MeanseD Harmonic Mean

D̂ Geometric Mean
�Dr Arithmetic Mean
Dp feed particle diameter
Dp3,2 surface mean diameter of the particles
E material stiffness, Young's modulus for elastic materials
EP plastic deformation energy
EKN kinetic energy
erest Coefficient of elasticity
FBond force required to break the bond
Kf interparticle spacing occupied by void/gas volume
Kg liquid free surface proportional to the feed diameter
g D,dð Þ Function which relates the granule diameter to the lever of

the maximum moment
h0 height of liquid surface layer
ha asperity height
K constant relating to contact stiffness
Ks constant relating the strain to bonding area
Kt

c
constant relating the tensile to the compressive strength

KH Constant relating hardness to the yield strength
KA constant relating the characteristic velocity, mean free path

and granule density to the separation stresses
Kα KA with α included from same function. “Agitation Constant”
kεA constant connecting how the rate of collisions affects the con-

solidation behaviour
kεB constant connecting how Stdef of impacts affects the

consolidation
Lch Characteristic length derived from dimensional analysis ofAM
Kγ constant relating the granule diameter to various force cases
M Moment
m mass
p0 pressure applied by spherical contact
Q compressive force
�Dr granule diameter to feed particle ratio
r0 initial contact radius
rd relative size of the smaller to the larger granule
R Radius of granule
Stdef Stokes deformation number, Vc

2ρg

σy

Stv Stokes viscous number, 4ρgVc
~D

9μ
S saturation
KSmax maximum granule saturation before slurry formation
Sfin the final saturation reached for a given εmin and Vl/Vs
t time
Vi impeller tip speed
Vf velocity of fluidising air flow
Vl Volume of liquid
Vs volume of solids
Vp pore volume
Vlmax Maximum volume of liquids that can fill a granule, defined in

terms of a ratio
11
Vch characteristic velocity
Vc Collision Velocity
VCN normal Collision Velocity
W Weight of granulating liquid per unit weight of solid
W∞ Weight of granulating liquid per unit weight of solid when

�Dr ! ∞
α constant related to separating moment type
αwet εrrð Þ function of area of contact and intermingling of granules
γ surface tension
Δ Diameter limit for granules for given conditions
Δsat Diameter limit restricting growth based on saturation
Δmerge the minimum diameter of granules that can merge for

d = D = Δmerge, equal to Δffiffi
23

p

ẟ deformation
εrr radial strain
εzz axial strain
ε porosity
εmin minimum porosity
ε0 Porosity at the start of consolidation
ζ constant related to plasticity, 1 for plastic, 2/3 for elastic
η constant related to plasticity, 0 for plastic 2/3 for elastic
θ contact angle
λch mean free path between granules
μ viscosity
ν Poisson's ratio
ρg granule density
σy yield strength
σbond bond strength
σsep separation stress
σzz axial stress
τA Dimensionless time for scaling purposes, τA = t × kεA
Ωdef Combination of all agitation variables
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Appendix A. Saturation re-arrangement

The original equation from [30]

1
�Dr

¼ 1
Kg

� 1

KgKf
1
3

W
W∞
Kf

0@ 1A1
3

ðA:1Þ

1
�Dr

¼ 1
Kg

1 � 1

Kf
1
3

W
W∞
Kf

0@ 1A1
3

0B@
1CA ðA:2Þ

�Dr ¼ Kg

1 � W
W∞

� �1
3

� � ðA:3Þ
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f describes the amount of internal volumewhich is occupied by voidage
within a given granule, and its meaning is captured within the subse-
quent KSmax , which also accounts for this.

W ¼ ml

ms
¼ ρlVl

ρsVs
, W∞ ¼ ρlV l∞

ρsVs
¼ ρlV lmax

ρsVs
ðA:4Þ

�Dr ¼ final granule size to particle size ratio

�Dr ¼ Δsat

Dp
ðA:5Þ

Δsat

Dp
¼ Kg

1 �
ρlVl
ρsVs

ρlVlmax
ρsVs

 !1
3

ðA:6Þ

S is the liquid saturation of the pores, which can be defined as

S ¼ Vl

Vp
as by definition Vl ¼ VpS ðA:7Þ

Δsat

Dp
¼ Kg

1 �
ρl
ρs
ρl
ρs

� �1
3 VpS

Vs
VpKSmax

Vs

 !1
3

ðA:8Þ

Δsat

Dp
¼ Kg

1 � VpS
VpKSmax

� �1
3

ðA:9Þ

Which, dividing through and multiplying up Dp gives:

Δsat ¼ KgDp

1 � S
KSmax

� �1
3

ðA:10Þ

Appendix B. Area of contact derivation

Since

Q ¼ p0π R
~
δ ðB:1Þ

With eR being the harmonic mean of the radii The following can be
found, δ* being the final deformation)

Z δ�

0
Qdδ ¼ p0π R

~
δ�

2

2
¼ EP ðB:2Þ

This then allows the area to be found through the relation

Q ¼ p0πa
2 ðB:3Þ

Where a is the radius of the area of contact. Since the force at depth δ* is

Q� ¼ πp0eRδ� ðB:4Þ

Therefore

δ� ¼ Q �

p0π R
~ ðB:5Þ

To find the final force, and hence, the final area of contact:

1
2
VCN

2 em ¼
p0πeR Q�

p0πeR
� �2

2
¼ Q �2

2p0πeR ðB:6Þ
12
Q � ¼ VCN
emp0πeR� �1

2 ¼ VCN

ffiffiffiffiffiffiffiffieRfR3

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π
3

ρgp0π

r
ðB:7Þ

The harmonic mean of the masses of the particles is separated to get
the harmonic mean of the radii cubed, which will be necessary later
when determining the limiting diameter. Allowing p0 = KHσy, and
re-arranging, gives

πa�2 ¼ π

ffiffiffi
4
3

r ffiffiffiffiffiffiffiffiffiffiffiffi
ρg

KHσy

s
VCN

ffiffiffiffiffiffiffiffieRfR3

q
¼ A ðB:8Þ

Appendix C. Rearrangement of bond limit equation

Putting Eqs. (23) and (26) into (21) gives

M ¼
AM ρg ,Vch

2,λch

� �
2α

D̂
�D

 !2Kγ

�D
4 ¼

KAρgVch
2

λch

2α
D̂
�D

 !2Kγ

�D
4

¼ KαρgVch
2

λch

D̂
�D

 !2Kγ

�D
4 ðC:1Þ

Substituting Eqs. (28) and (16) into (6) gives:

Kt
c
σyαwet εrrð Þ >

3
KαρgVch

2

λch

D̂
�D

 !2Kγ

�D
4

4π3
2 π

ffiffi
4
3

q ffiffiffiffiffiffiffiffiffi
ρg

KHσy

q
VCN

ffiffiffiffiffiffiffiffi
~RfR3

q !3
2

ðC:2Þ

expanding this gives

Kt
c
σyαwet εrrð Þ >

3

4π3
2

ffiffi
4
3

q
π

� �3
2

Kαρgffiffiffiffiffiffiffiffiffi
ρg

KHσy

q� �3
2

Vch
2

λch

VCN

3
2

D̂
�D

 !2Kγ �D
4ffiffiffiffiffiffiffiffi

~RfR3

q 3
2

ðC:3Þ

eR ¼
eD
2
, fR3 ¼

fD3

23 ðC:4Þ

Kt
c
σyαwet εrrð Þ >

3 � 23

4π3
2

ffiffi
4
3

q
π

� �3
2

Kαρgffiffiffiffiffiffiffiffiffi
ρg

KHσy

q� �3
2

Vch
2

λch

VCN

3
2

D̂
�D

 !2Kγ �D
4ffiffiffiffiffiffiffiffiffi

~DfD3

q 3
2

ðC:5Þ

Arranging with diameters as focus, and noting that

eDfD3
� �3

4

¼ 2dD
dþ Dð Þ

2d3D3

D3 þ d3
� �

0@ 1A3
4

¼ 2D̂
2

2�D
2ðD̂2Þ

3

2 �D3

0@ 1A
3
4

¼ D̂
2

�D
D̂
6

�D3

 !3
4

¼ D̂
6

�D �D3
� �3

4
ðC:6Þ

D̂
�D

 !2Kγ �D
4

D̂
6

�D �D3
� 	3

4

< Kt
c
σyαwet εrrð Þ

4π3
2

ffiffi
4
3

q
π

� �3
2

3 � 23

ffiffiffiffiffiffiffiffiffi
ρg

KHσy

q� �3
2

Kαρg

λchVCN

3
2

Vch
2 ðC:7Þ

Another re-arrangement to get like variables together, and to group the
mathematical constants into a single value Cm gives
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D̂
�D

 !2Kγ �D
4 �D �D3
� �3

4

D̂
6 < Cm

Kt
c

KαKH
3
4

αwet εrrð Þ σy

σy
3
4

ρg
3
4

ρg

VCN

3
2

Vch
2 λch ðC:8Þ

Dividing through gives:

D̂
�D

 !2Kγ � 4 �D �D3
� �3

4

D̂
2 < Cm

Kt
c

KαKH
3
4

αwet εrrð Þσy
1
4

ρg
1
4

VCN

3
2

Vch
2 λch ðC:9Þ

Appendix D. Adjusting for d = rd D

Allowing d = rdD gives

�D ¼ Dþ rdD
2

¼ D
2

1þ rdð Þ, D̂ ¼ DrdDð Þ12 ¼ Drd
1
2 ðD:1Þ

This allows the re-arrangement of the left hand side to form

Drd
1
2

D
2 1þ rdð Þ

 !2Kγ−4 D
2 1þ rdð Þ D3

2 1þ rd3
� 	� �3

4

Drd
1
2

� �2
¼ rd

1
2

1þrdð Þ
2

 !2Kγ−4 D
3

2
1þ rdð Þ 1þ rd

3� 	� 	3
4

D2rd

¼ 1þ rd3
� 	3

4

1þ rdð Þ2Kγ−314
rd

Kγ−3D ¼ 1þ rd3
� 	
1þ rdð Þ

 !3
4 rdKγ−3

1þ rdð Þ2Kγ−4 D ðD:2Þ

Finally, since D is the size of the larger of the two granules being
merged. The total diameter of the two granules being merged is

D 1þ rdð Þ13 ¼ Δbond, so
Δbond

1þrdð Þ13
¼ D

1þ rd3
� 	
1þ rdð Þ

 !3
4 rdKγ−3

1þ rdð Þ2Kγ−4
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1
4
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1
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2 λch
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4 1þ rdð Þ21112
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3
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1
4
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1
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Δbond < Cm
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