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Abstract

In this paper we study a class of distribution dependent stochastic differential equa-
tions driven by fractional Brownian motions with Hurst parameter H ∈ (0, 1/2) ∪
(1/2, 1). We prove the well-posedness of this type equations, and then establish a gen-
eral result on the Bismut formula for the Lions derivative by using Malliavin calculus.
As applications, we provide the Bismut formulas of this kind for both non-degenerate
and degenerate cases, and obtain the estimates of the Lions derivative and the total
variation distance between the laws of two solutions.

AMS Subject Classification: 60H10, 60G22
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1 Introduction

Distribution dependent stochastic differential equations (SDEs), also called McKean-Vlasov
or mean-field SDEs, were initiated by Kac [25] in the study of the Boltzman equation and the
stochastic toy model. This type SDEs are equations whose coefficients depend on the distri-
bution of the solution, and their solutions are often called nonlinear diffusion processes whose
transition functions depend on both the current state and distribution of processes. These
distributions dependent SDEs can provide a probabilistic representation to the solutions of
a class of nonlinear partial differential equations (PDEs), in which a typical example is prop-
agation of chaos phenomenon (see, e.g., [28, 39] and references therein). Hence, the study
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of distribution dependent SDEs have received increasing attentions, among which we only
mention, for examples, the works in [10, 11, 21] for large scale social interactions within the
memory of mean-field games, [8, 14, 26] for value functions and related PDEs, [22, 23, 36, 41]
for (shift) Harnack type inequalities and gradient estimates, and the references therein.

On the other hand, the Bismut formula, also known as Bismut-Elworthy-Li formula, was
initiated in [6] by Malliavin calculus and then developed in [16] by using martingale method,
which is a very effective tool in the analysis of distributional regularity for various stochastic
models. Afterwards, formula of this kind and (shift) Harnack type inequalities for SDEs
and SPDEs were obtained via (backward) coupling argument (see, e.g., the monograph [40]
and references therein). Recently, in [33] the Bismut formula for the Lions derivative (L-
derivative) was established for distribution dependent SDEs with distribution-free noise by
using Malliavin calculus, and then applied to the study of estimates on the L-derivative
and the total variation distance between distributions of solutions with different initial data.
Here, we mention that in [4] the Bismut formula for initial points was also derived for
distribution dependent SDEs, which can be regarded as a special case of the Bismut formula
for the L-derivative stated in [33]. By introducing the intrinsic and Lions derivatives for
probability measures on Banach spaces, the Bismut formula for the L-derivative was given
for distribution-path dependent SDEs with distribution-free noise in [5]. Adopting method
of heat kernel expansion and the technique of freezing distribution, the Bismut formula as
well as estimate of the L-derivative for McKean-Vlasov SDEs with distribution dependent
noise was obtained in [24].

Contrary to the above works, we will study in the current paper distribution dependent
SDEs driven by fractional Brownian motions, i.e.

dXt = b(t,Xt,LXt)dt+ σ(t,LXt)dB
H
t , X0 = ξ ∈ Lp(Ω→ Rd,F0,P),(1.1)

where p ≥ 1,LXt denotes the law of Xt, (B
H
t )t∈[0,T ] is a d-dimensional fractional Brownian

motion with Hurst parameter H ∈ (0, 1/2) ∪ (1/2, 1), and the stochastic integral can be
regarded as the Wiener integral (see Remarks 3.1 and 3.2 (ii) below). Precise assumptions
on the coefficients b : [0, T ]×Rd×Pθ(Rd)→ Rd and σ : [0, T ]×Pθ(Rd)→ Rd⊗Rd will be
specified in later sections, where Pθ(Rd) is the set of probability measures on Rd with finite
θ-th moment. Let us recall that BH = (BH,1, · · · , BH,d) with Hurst parameter H ∈ (0, 1) is
a centered Gaussian process with the covariance function E(BH,i

t BH,j
s ) = RH(t, s)δi,j, where

RH(t, s) =
1

2

(
t2H + s2H − |t− s|2H

)
, t, s ∈ [0, T ].

This implies that the relation E(|BH,i
t − BH,i

s |q) = Cq|t − s|qH holds for every q ≥ 1 and
i = 1, · · · , d. Consequently, BH is (H − ε)-order Hölder continuous a.s. for any ε ∈ (0, H)
and is an H-self similar process. This, together with the fact that B1/2 is a standard Brow-
nian motion, converts fractional Brownian motion into a natural generalization of Brownian
motion and leads to many applications in modelling physical phenomena and finance be-
haviours.

In light of the previously mentioned results obtained in the Brownian motion case, it
is natural to expect similar results to hold for distribution dependent SDEs perturbed by
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non-Markov processes. As pointed out in [12] which handled distribution dependent SDE
with additive noise, the mean-field limit of the following systems of particles subject to a
mean-field interaction

dX i,N
t = b(t,X i,N

t ,L N
XN
t

)dt+ dB
1
2
t , X i,N

0 = ξi, L N
XN
t

=
1

N

N∑
i=1

δXi,N
t

to equation (1.1) with σ = Id and H = 1/2 may hold for other processes regardless of being
Markov or semimartingale under Lipschitz condition on b. Additionally, the applications of
Bismut formula have been discussed in [4], where the author studied the sensitivity of prices of
options with respect to the initial value of the underlying asset price, and concluded that the
Bismut formula gives a better approximation of the sensitivity. The main objectives of this
paper are to show the well-posedness and then establish a Bismut type L-derivative formula
for equation (1.1) with possibly degenerate noise. We first prove the well-posedness of (1.1)
under Wθ-Lipschitz conditions with respect to the measure variable, in which the solution X
belongs to the space X ∈ Sp([0, T ]) that generalizes and improves the corresponding one in
the existing literature (see Theorem 3.1 and Remark 3.2 (i) below). Then, with the help of
partial derivatives with respect to the initial value and the Malliavin derivative of solutions
to (1.1) obtained under stronger assumptions than that for well-posedness, we are able to
establish a general result concerning the Bismut type L-derivative formula for (1.1) (see
Theorem 4.4 below). As applications, we provide the Bismut type L-derivative formulas for
both non-degenerate and degenerate situations. In addition, to illustrate the power of the
Bismut type L-derivative formulas, in the case of non-degenerate we obtain the estimates
of the L-derivative and the total variation distance for the difference between the laws of
the solutions LXµ

T
and LXν

T
with different initial distributions µ and ν (see Remark 4.4 (ii)

below).
It is worth stressing that compared with the works in the Brownian motion case, there

are substantial new difficulties presented by our setting since fractional Brownian motion BH

with parameter H 6= 1/2 is neither a Markov process nor a semimartingale, so techniques
based on Itô calculus are not applicable. Our strategy in this paper is based on fractional
calculus and Malliavin calculus.

The plan of the paper is as follows: Section 2 is devoted to recalling some useful facts
on fractional calculus, fractional Brownian motion and the L-derivative. In Section 3, we
prove the existence and uniqueness of a solution to distribution dependent SDE driven by
fractional Brownian motion. In Section 4, we state and prove our main results concerning
Bismut type formula for the L-derivative of distribution dependent SDE driven by fractional
Brownian motion, which are then applied to both non-degenerate and degenerate cases.

2 Preliminaries

This section is devoted to giving some basic elements of fractional calculus involving frac-
tional integral and derivative, Wiener space associated to fractional Brownian motion and
the Lions derivative.
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2.1 Fractional integral and derivative

Let a, b ∈ R with a < b. For f ∈ L1([a, b],R) and α > 0, the left-sided (respectively
right-sided) fractional Riemann-Liouville integral of f of order α on [a, b] is defined as

Iαa+f(x) =
1

Γ(α)

∫ x

a

f(y)

(x− y)1−αdy(2.1) (
respectively Iαb−f(x) =

(−1)−α

Γ(α)

∫ b

x

f(y)

(y − x)1−αdy

)
,

where x ∈ (a, b) a.e., (−1)−α = e−iαπ and Γ denotes the Gamma function. In particular,
when α = n ∈ N, they are consistent with the usual n-order iterated integrals.

Fractional differentiation may be given as an inverse operation. Let α ∈ (0, 1) and
p ≥ 1. If f ∈ Iαa+(Lp([a, b],R)) (respectively Iαb−(Lp([a, b],R))), then the function g satisfying
f = Iαa+g (respectively f = Iαb−g) is unique in Lp([a, b],R) and it coincides with the left-sided
(respectively right-sided) Riemann-Liouville derivative of f of order α shown by

Dα
a+f(x) =

1

Γ(1− α)

d

dx

∫ x

a

f(y)

(x− y)α
dy(

respectively Dα
b−f(x) =

(−1)1+α

Γ(1− α)

d

dx

∫ b

x

f(y)

(y − x)α
dy

)
.

The corresponding Weyl representation is of the form

Dα
a+f(x) =

1

Γ(1− α)

(
f(x)

(x− a)α
+ α

∫ x

a

f(x)− f(y)

(x− y)α+1
dy

)
(2.2) (

respectively Dα
b−f(x) =

(−1)α

Γ(1− α)

(
f(x)

(b− x)α
+ α

∫ b

x

f(x)− f(y)

(y − x)α+1
dy

))
,

where the convergence of the integrals at the singularity y = x holds pointwise for almost
all x if p = 1 and in the Lp sense if p > 1. For further details, we refer the reader to [35].

2.2 Wiener space associated to fractional Brownian motion

Let (Ω,F ,P) be the canonical probability space associated with fractional Brownian motion
with Hurst parameter H ∈ (0, 1). More precisely, Ω is the Banach space C0([0, T ],Rd) of
continuous functions vanishing at 0 equipped with the supremum norm, F is the Borel
σ-algebra and P is the unique probability measure on Ω such that the canonical process
{BH

t ; t ∈ [0, T ]} is a d-dimensional fractional Brownian motion with Hurst parameter H.
We assume that there is a sufficiently rich sub-σ-algebra F0 ⊂ F independent of BH such
that for any µ ∈ P2(Rd) there exists a random variable X ∈ L2(Ω → Rd,F0,P) with
distribution µ. Let {Ft}t∈[0,T ] be the filtration generated by BH , completed and augmented
by F0.
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Let E be the set of step functions on [0, T ] and H the Hilbert space defined as the closure
of E with respect to the scalar product

〈
(I[0,t1], · · ·, I[0,td]), (I[0,s1], · · ·, I[0,sd])

〉
H =

d∑
i=1

RH(ti, si).

The mapping (I[0,t1], · · ·, I[0,td]) 7→
∑d

i=1 B
H,i
ti can be extended to an isometry between H (also

called the reproducing kernel Hilbert space) and the Gaussian space H1 associated with BH .
Denote this isometry by ψ 7→ BH(ψ). On the other hand, it follows from [15] that RH(t, s)
has the following integral representation

RH(t, s) =

∫ t∧s

0

KH(t, r)KH(s, r)dr,

where KH is a square integrable kernel given by

KH(t, s) = Γ

(
H +

1

2

)−1

(t− s)H−
1
2F

(
H − 1

2
,
1

2
−H,H +

1

2
, 1− t

s

)
,

in which F (·, ·, ·, ·) is the Gauss hypergeometric function (for details see [15] or [30]).
Now, define the linear operator K∗H : E → L2([0, T ],Rd) as follows

(K∗Hψ)(s) = KH(T, s)ψ(s) +

∫ T

s

(ψ(r)− ψ(s))
∂KH

∂r
(r, s)dr.

According to [2], the relation 〈K∗Hψ,K∗Hφ〉L2([0,T ],Rd) = 〈ψ, φ〉H holds for all ψ, φ ∈ E , and
then by the bounded linear transform theorem, K∗H can be extended to an isometry between
H and L2([0, T ],Rd). Consequently, by [2] again, there exists a d-dimensional Wiener process
W defined on (Ω,F ,P) such that BH has the following Volterra-type representation

BH
t =

∫ t

0

KH(t, s)dWs, t ∈ [0, T ].(2.3)

Besides, we define the operator KH : L2([0, T ],Rd)→ I
H+1/2
0+ (L2([0, T ],Rd)) by

(KHf)(t) =

∫ t

0

KH(t, s)f(s)ds.

Due to [15], we know that it is an isomorphism and for each f ∈ L2([0, T ],Rd),

(KHf)(s) =

 I1
0+s

H−1/2I
H−1/2
0+ s1/2−Hf, H ∈ (1/2, 1),

I2H
0+ s

1/2−HI
1/2−H
0+ sH−1/2f, H ∈ (0, 1/2).

Then for every h ∈ IH+1/2
0+ (L2([0, T ],Rd)), the inverse operator K−1

H is of the form

(2.4) (K−1
H h)(s) =

 sH−1/2D
H−1/2
0+ s1/2−Hh′, H ∈ (1/2, 1),

s1/2−HD
1/2−H
0+ sH−1/2D2H

0+h, H ∈ (0, 1/2).

5



In particular, if h is absolutely continuous, we have

(K−1
H h)(s) = sH−

1
2 I

1
2
−H

0+ s
1
2
−Hh′, H ∈ (0, 1/2).(2.5)

We remark that the injection RH = KH ◦ K∗H : H → Ω embeds H densely into Ω and for
every ψ ∈ Ω∗ ⊂ H there holds Eei〈B

H ,ψ〉 = exp(−1
2
‖ψ‖2

H). Consequently, (Ω,H,P) is an
abstract Wiener space in the sense of Gross.

Finally, we give a brief account on the Malliavin calculus for fractional Brownian motion.
Denote S by the set of smooth and cylindrical random variables of the form

F = f(BH(φ1), · · ·, BH(φn)),

where n ≥ 1, f ∈ C∞b (Rn), which is the collection of f and all its partial derivatives are
bounded, φi ∈ H, 1 ≤ i ≤ n. The Malliavin derivative of F , denoted by DF , is defined as
the H-valued random variable

DF =
n∑
i=1

∂f

∂xi
(BH(φ1), · · ·, BH(φn))φi.

For any p ≥ 1, we define the Sobolev space D1,p as the completion of S with respect to the
norm

‖F‖p1,p = E|F |p + E‖DF‖pH.

Meanwhile, we will denote by δ and Domδ the dual operator of D and its domain, respec-
tively. Let us finish this part by giving a transfer principle that connects the derivative and
divergence operators of both processes BH and W that are needed later on.

Proposition 2.1. [31, Proposition 5.2.1] For any F ∈ D1,2
W = D1,2,

K∗HDF = DWF,

where DW denotes the derivative operator with respect to the underlying Wiener process W
appearing in (2.3), and D1,2

W the corresponding Sobolev space.

Proposition 2.2. [31, Proposition 5.2.2] Domδ = (K∗H)−1(DomδW ), and for any H-valued
random variable u in Domδ we have δ(u) = δW (K∗Hu), where δW denotes the divergence
operator with respect to the underlying Wiener process W appearing in (2.3).

Remark 2.1. The above proposition, together with [31, Proposition 1.3.11], yields that if
K∗Hu ∈ L2

a([0, T ]× Ω,Rd) (the closed subspace of L2([0, T ]× Ω,Rd) formed by the adapted
processes), then u ∈ Domδ.
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2.3 The Lions derivative

For θ ∈ [1,∞), let Pθ(Rd) be the space of probability measures on Rd with finite θ-th
moment. We define the Lθ-Wasserstein distance on Pθ(Rd) by

Wθ(µ, ν) := inf
π∈C (µ,ν)

(∫
Rd×Rd

|x− y|θπ(dx, dy)

) 1
θ

, µ, ν ∈Pθ(Rd),

where C (µ, ν) is the set of probability measures on Rd × Rd with marginals µ and ν. It is
well-known that (Pθ(Rd),Wθ) is a Polish space. Throughout this paper, we use | · | and
〈·, ·〉 for the Euclidean norm and inner product, respectively, and for a matrix, we denote by
‖ · ‖ the operator norm. ‖ · ‖L2

µ
denotes for the norm of the space L2(Rd → Rd, µ) and for a

random variable X, LX denotes its distribution.

Definition 2.1. Let f : P2(Rd)→ R and g : Rd ×P2(Rd)→ R.

(1) f is called L-differentiable at µ ∈P2(Rd), if the functional

L2(Rd → Rd, µ) 3 φ 7→ f(µ ◦ (Id + φ)−1))

is Fréchet differentiable at 0 ∈ L2(Rd → Rd, µ), i.e., there exists a unique γ ∈ L2(Rd →
Rd, µ) such that

lim
‖φ‖

L2
µ
→0

f(µ ◦ (Id + φ)−1)− f(µ)− µ(〈γ, φ〉)
‖φ‖L2

µ

= 0.

In this case, γ is called the L-derivative of f at µ and denoted by DLf(µ).

(2) f is called L-differentiable on P2(Rd), if the L-derivative DLf(µ) exists for all µ ∈
P2(Rd). If, moreover, for every µ ∈ P2(Rd) there exists a µ-version DLf(µ)(·)
such that DLf(µ)(x) is jointly continuous in (µ, x) ∈ P2(Rd) × Rd, we denote f ∈
C(1,0)(P2(Rd)).

(3) g is called differentiable on Rd×P2(Rd), if for any (x, µ) ∈ Rd×P2(Rd), g(·, µ) is differ-
entiable and g(x, ·) is L-differentiable. If, moreover, ∇g(·, µ)(x) and DLg(x, ·)(µ)(y) are
jointly continuous in (x, y, µ) ∈ Rd×Rd×P2(Rd), we denote g ∈ C1,(1,0)(Rd×P2(Rd).

As mentioned in [34, Section 2], the above definition of L-derivative coincides with the
Wasserstein derivative, which was introduced by P.-L. Lions using probability spaces ([9]).
Besides, it is easy to see that if f is L-differentiable at µ, then for any φ ∈ L2(Rd → Rd, µ)
there holds

DL
φf(µ) := lim

ε↓0

f(µ ◦ (Id + εφ)−1)− f(µ)

ε
= µ(〈DLf(µ), φ〉),

in which DL
φf(µ) is called the directional L-derivative of f along φ initiated in [1]. When

DL
· f(µ) : L2(Rd → Rd, µ) → R is a bounded linear functional, φ 7→ f(µ ◦ (Id + φ)−1))
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is Gâteaux differentiable at 0. In this case, we say that f is weakly L-differentiable at µ
(also called intrinsically differentiable at µ, see [5, Definition 2.1] or [24, Definition 1.1]).
Moreover, we have

‖DLf(µ)‖ := ‖DLf(µ)(·)‖L2
µ

= sup
‖φ‖

L2
µ
≤1

|DL
φf(µ)|.

For a vector-valued function f = (fi) or a matrix-valued function f = (fij) with L-
differentiable components, we simply write

DLf(µ) = (DLfi(µ)) or DLf(µ) = (DLfij(µ)).

Besides, we have the following useful formula for the L-derivative, which is due to [9, Theorem
6.5] and [33, Proposition 3.1].

Lemma 2.3. Let (Ω,F ,P) be an atomless probability space and X, Y ∈ L2(Ω→ Rd,P). If
f ∈ C1,0(P2(Rd)), then

lim
ε↓0

f(LX+εY )− f(LX)

ε
= E〈DLf(LX)(X), Y 〉.

3 Well-posedness of distribution dependent SDE by

fractional noise

In this section, we consider the following distribution dependent SDE driven by fractional
Brownian motion:

dXt = b(t,Xt,LXt)dt+ σ(t,LXt)dB
H
t , X0 = ξ,(3.1)

where the coefficients b : [0, T ] × Rd ×Pθ(Rd) → Rd, σ : [0, T ] ×Pθ(Rd) → Rd ⊗ Rd and
ξ ∈ Lp(Ω→ Rd,F0,P) with p ≥ θ(≥ 1). Now, we introduce the hypotheses under which we
will be able to prove the existence and uniqueness of solutions to (3.1).

(H) There exists a non-decreasing functionK(t) such that for any t ∈ [0, T ], x, y ∈ Rd, µ, ν ∈
Pθ(Rd),

|b(t, x, µ)− b(t, y, ν)| ≤ K(t)(|x− y|+ Wθ(µ, ν)), ‖σ(t, µ)− σ(t, ν)‖ ≤ K(t)Wθ(µ, ν),

and

|b(t, 0, δ0)|+ ‖σ(t, δ0)‖ ≤ K(t).

For any p ≥ 1, let Sp([0, T ]) be the space of Rd-valued, continuous (Ft)t∈[0,T ]-adapted pro-
cesses ψ on [0, T ] satisfying

‖ψ‖Sp :=

(
E sup
t∈[0,T ]

|ψt|p
)1/p

<∞,

and let the letter C with or without indices denote generic constants, whose values may
change from line to line.
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Definition 3.1. A stochastic process X = (Xt)0≤t≤T on Rd is called a solution of (3.1), if
X ∈ Sp([0, T ]) and P-a.s.,

Xt = ξ +

∫ t

0

b(s,Xs,LXs)ds+

∫ t

0

σ(s,LXs)dB
H
s , t ∈ [0, T ].

Remark 3.1. Observe that σ(·,LX·) is a deterministic function, then
∫ t

0
σ(s,LXs)dB

H
s is

regarded as a Wiener integral with respect to fractional Brownian motion.

Theorem 3.1. Suppose that ξ ∈ Lp(Ω → Rd,F0,P) with p ≥ θ and one of the following
conditions:

(I) H ∈ (1/2, 1), b, σ satisfy (H) and p > 1/H;

(II) H ∈ (0, 1/2), b satisfies (H) and σ(t, µ) does not depend on (t, µ).

Then equation (3.1) has a unique solution X ∈ Sp([0, T ]).

Before proving the theorem, we first present the following Hardy-Littlewood inequality
(see, e.g., [37, Theroem 1, Page 119]).

Lemma 3.2. Let 1 < p̃ < q̃ < ∞ and 1
q̃

= 1
p̃
− α. If f : R+ → R belongs to Lp̃(0,∞), then

Iα0+f(x) converges absolutely for almost every x, and moreover

‖Iα0+f‖Lq̃(0,∞) ≤ Cp̃,q̃‖f‖Lp̃(0,∞)

holds for some positive constant Cp̃,q̃.

Proof of Theorem 3.1. We begin with the case H ∈ (1/2, 1). Define recursively (Xn)n≥1

as follows: X0
t = ξ, t ∈ [0, T ] and for each n ≥ 1,

Xn
t = ξ +

∫ t

0

b(s,Xn−1
s ,LXn−1

s
)ds+

∫ t

0

σ(s,LXn−1
s

)dBH
s , t ∈ [0, T ].

The rest of the proof in this setting will be divided into three steps.

Step 1. Claim: For any p ≥ θ and p > 1/H, if E
(

supt∈[0,T ] |Xn
t |p
)
< ∞, then there

holds E
(

supt∈[0,T ] |Xn+1
t |p

)
<∞. Owing to the Hölder inequality and (H), we have for any

p ≥ θ,

E
(

sup
t∈[0,T ]

|Xn+1
t |p

)
≤ 3p−1E|ξ|p + 3p−1E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

b(s,Xn
s ,LXn

s
)ds

∣∣∣∣p
)

+ 3p−1E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)

≤ 3p−1E|ξ|p + (3T )p−1E
∫ T

0

Kp(s)(1 + |Xn
s |+ Wθ(LXn

s
, δ0))pds

9



+ 3p−1E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)

≤ 3p−1E|ξ|p + 32(p−1)(TK(T ))p

(
1 + 2E sup

t∈[0,T ]

|Xn
t |p
)

+ 3p−1E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)
.(3.2)

Next, we shall provide an estimate for the last term of the right-hand side of (3.2), whose
argument is partially borrowed from [3, Theorem 4].

We take λ satisfying 1 − H < λ < 1 − 1/p because pH > 1. Using the fact that∫ t
s
(t − r)−λ(r − s)λ−1dr = C(λ), the stochastic Fubini theorem and the Hölder inequality,

we get

E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)

= C(λ)−pE

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

(∫ t

s

(t− r)−λ(r − s)λ−1dr

)
σ(s,LXn

s
)dBH

s

∣∣∣∣p
)

= C(λ)−pE

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

(t− r)−λ
(∫ r

0

(r − s)λ−1σ(s,LXn
s
)dBH

s

)
dr

∣∣∣∣p
)

≤ C(λ)−p

(p− 1− λp)p−1
E

(
sup
t∈[0,T ]

tp−1−λp
∫ t

0

∣∣∣∣∫ r

0

(r − s)λ−1σ(s,LXn
s
)dBH

s

∣∣∣∣p dr

)

≤ C(λ)−p

(p− 1− λp)p−1
T p−1−λp

∫ T

0

E
∣∣∣∣∫ r

0

(r − s)λ−1σ(s,LXn
s
)dBH

s

∣∣∣∣p dr,(3.3)

where we use the condition λ < 1− 1/p in the first inequality.
Notice that for each r ∈ [0, T ],

∫ r
0

(r − s)λ−1σ(s,LXn
s
)dBH

s is a centered Gaussian random
variable. Then by the Kahane-Khintchine formula, we obtain that there exists a constant
Cp > 0 such that

E
∣∣∣∣∫ r

0

(r − s)λ−1σ(s,LXn
s
)dBH

s

∣∣∣∣p
≤ Cp

(
E
∣∣∣∣∫ r

0

(r − s)λ−1σ(s,LXn
s
)dBH

s

∣∣∣∣2
) p

2

≤ Cp

(∫ r

0

∫ r

0

(r − u)λ−1‖σ(u,LXn
u
)‖(r − v)λ−1‖σ(v,LXn

v
)‖|u− v|2H−2dudv

) p
2

≤ Cp,H

(∫ r

0

(r − s)
λ−1
H ‖σ(s,LXn

s
)‖

1
H ds

)pH
,(3.4)
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where the last inequality is due to the argument in [29, Theroem 1.1, Page 201].
Substituting (3.4) into (3.3) and using the condition 1−H < λ and Lemma 3.2 with q̃ = pH
and α = 1− 1−λ

H
(imply p̃ = pH

p(λ+H−1)+1
), we have

E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)

≤ Cλ,p,HT
p−1−λp

∫ T

0

(∫ r

0

(r − s)
λ−1
H ‖σ(s,LXn

s
)‖

1
H ds

)pH
dr

≤ Cλ,p,HT
p−1−λp

(∫ T

0

‖σ(r,LXn
r
)‖

p
p(λ+H−1)+1 dr

)p(λ+H−1)+1

≤ Cλ,p,HT
pH−1

∫ T

0

‖σ(s,LXn
s
)‖pds,(3.5)

where we use the Hölder inequality in the last inequality, and remark that Cλ,p,H above may
depend only on p and H by choosing proper λ.
Observe that, by (H) and p ≥ θ we have∫ T

0

‖σ(s,LXn
s
)‖pds ≤

∫ T

0

Kp(s)
(
1 + Wθ(LXn

s
, δ0)

)p
ds

≤ 2p−1Kp(T )T

(
1 + E

(
sup
t∈[0,T ]

|Xn
t |p
))

.

Then, plugging this into (3.5) yields

E

(
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σ(s,LXn
s
)dBH

s

∣∣∣∣p
)
≤ Cp,HK

p(T )T pH

(
1 + E

(
sup
t∈[0,T ]

|Xn
t |p
))

.

Combining this with (3.2) and the assumption that E(supt∈[0,T ] |Xn
t |p) <∞ yields the desired

claim.
Step 2. Existence. To this end, we shall prove the convergence of Xn in Sp([0, T ]) with

any p ≥ θ. For any t ∈ [0, T ], we get

E
(

sup
s∈[0,t]

|Xn
s −Xn−1

s |p
)
≤ 2p−1E

(
sup
s∈[0,t]

∣∣∣∣∫ s

0

(
b(r,Xn−1

r ,LXn−1
r

)− b(r,Xn−2
r ,LXn−2

r
)
)

dr

∣∣∣∣p
)

+ 2p−1E

(
sup
s∈[0,t]

∣∣∣∣∫ s

0

(
σ(r,LXn−1

r
)− σ(r,LXn−2

r
)
)

dBH
r

∣∣∣∣p
)

=: 2p−1I1(t) + 2p−1I2(t).(3.6)

For the term I1(t), from (H) and p ≥ θ we obtain

I1(t) ≤ tp−1E

(
sup
s∈[0,t]

∫ s

0

∣∣b(r,Xn−1
r ,LXn−1

r
)− b(r,Xn−2

r ,LXn−2
r

)
∣∣p dr

)
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≤ tp−1E

(
sup
s∈[0,t]

∫ s

0

[
K(r)

(
|Xn−1

r −Xn−2
r |+ Wθ(LXn−1

r
,LXn−2

r
)
)]p

dr

)

≤ 2p−1Kp(t)tp−1E

(
sup
s∈[0,t]

∫ s

0

(
|Xn−1

r −Xn−2
r |p + E|Xn−1

r −Xn−2
r |p

)
dr

)

≤ 2pKp(t)tp−1

∫ t

0

E
(

sup
u∈[0,r]

|Xn−1
u −Xn−2

u |p
)

dr.(3.7)

As for the term I2(t), owing to p > 1/H and p ≥ θ, (3.5) and (H) we have

I2(t) = E

(
sup
s∈[0,t]

∣∣∣∣∫ s

0

(
σ(r,LXn−1

r
)− σ(r,LXn−2

r
)
)

dBH
r

∣∣∣∣p
)

≤ Cp,Ht
pH−1

∫ t

0

‖σ(r,LXn−1
r

)− σ(r,LXn−2
r

)‖pdr

≤ Cp,Ht
pH−1

∫ t

0

Kp(r)Wθ(LXn−1
r

,LXn−2
r

)pdr

≤ Cp,HK
p(t)tpH−1

∫ t

0

E|Xn−1
r −Xn−2

r |pdr

≤ Cp,HK
p(t)tpH−1

∫ t

0

E
(

sup
u∈[0,r]

|Xn−1
u −Xn−2

u |p
)

dr.(3.8)

Plugging (3.7) and (3.8) into (3.6) yields

E
(

sup
s∈[0,t]

|Xn
s −Xn−1

s |p
)
≤ 2p−1Kp(t)(2ptp−1 + Cp,Ht

pH−1)

∫ t

0

E
(

sup
u∈[0,r]

|Xn−1
u −Xn−2

u |p
)

dr

≤ Cp,T,H

∫ t

0

E
(

sup
u∈[0,r]

|Xn−1
u −Xn−2

u |p
)

dr(3.9)

with Cp,T,H := 2p−1Kp(T )(2pT p−1 + Cp,HT
pH−1).

Hence, by the iteration we arrive at

E
(

sup
s∈[0,t]

|Xn
s −Xn−1

s |p
)
≤ C1C

n
p,T,H

tn−1

(n− 1)!
,

where C1 := E(supt∈[0,T ] |X1
t − ξ|p) <∞ due to Step 1.

Consequently, (Xn)n≥1 is a Cauchy sequence in Sp([0, T ]) with any p ≥ θ and p > 1
H

, and
then the limit, denoted by X, is a solution of (3.1).

Step 3. Uniqueness. Let X and Y be two solutions of (3.1). Along the same lines with
Step 2, we derive that as in (3.9),

E
(

sup
s∈[0,t]

|Xs − Ys|p
)
≤ Cp,T,H

∫ t

0

E
(

sup
u∈[0,r]

|Xu − Yu|p
)

dr, t ∈ [0, T ].

12



Then, the Gronwall lemma implies that Xt = Yt, t ∈ [0, T ], P-a.s.
We now move on to the case H ∈ (0, 1/2). Using the fact that fractional Brownian

motion BH is an H-self similar process, one can show that for all p > 0,

E

(
sup
t∈[0,T ]

∣∣BH
t

∣∣p) = Cp,HT
pH ,

which, together with the condition that σ does not depend on (t, µ), immediately yields the
claim of step 1. Furthermore, it is easy to see that the term I2(t) in step 2 above vanishes.
Therefore also in this case we can apply the same argument as in the case H ∈ (1/2, 1) to
obtain a unique solution X ∈ Sp([0, T ]).

Remark 3.2. (i) In [7, Theorem 3.7], the authors considered equation (3.1) with d = 1, i.e.
one-dimensional case and H ∈ (1/2, 1). Under the W1-Lipschitz conditions and ξ ∈ L2(Ω→
R,F0,P) (namely θ = 1 and p = 2 in our result Theorem 3.1 above), they proved the
existence and uniqueness of solution X ∈ S2([0, T ]) with E(supt∈[0,T ] |Xt|2) < ∞ replaced
by supt∈[0,T ] E|Xt|2 <∞. So in this sense our result extends and improves [7, Theorem 3.7].
Besides, in the case of H ∈ (0, 1/2) we also prove the well-posedness of equation (3.1) with
σ(t, µ) independence of (t, µ), in view of the fact that BH is of rough pathes in this setting.

(ii) A more challenging question coming from this work is whether our result can be
further improved in the sense of allowing σ to be dependent on Xt? Our techniques are
currently not enough to give an affirmative answer. More precisely, we consider the following
equation with H ∈ (1/2, 1):

Xt = ξ +

∫ t

0

b(s,Xs,LXs)ds+

∫ t

0

σ(Xs)dB
H
s , t ∈ [0, T ],(3.10)

where the stochastic integral can be regarded as a Young integral (see, for example, [20, 32,
43]). As argued in step 2 above, we need to estimate E(sups∈[0,t] |Xn

s −Xn−1
s |p). To this end,

using the fractional by parts formula [32, relation (4.8)] with α ∈ (0, H) we write∫ s

0

(σ(Xn−1
r )− σ(Xn−2

r ))dBH
r = (−1)α

∫ s

0

Dα
0+(σ(Xn−1

· )− σ(Xn−2
· ))(r)D1−α

s− BH
s−(r)dr.

Under regular conditions on b and σ (for instance, b satisfies (H) and σ is twice continuously
differentiable with bounded derivatives with respect to space variable), applying fractional
calculus techniques in a non-trivial way (see the proof of Theorem 3.1 in [19]) we obtain

sup
s∈[0,t]

|Xn
s −Xn−1

s |p ≤Cp,T,H exp

{
C̃p,T,H‖BH‖

1
β

β

(
1 + ‖Xn−1‖

1
β

β

)}
×
∫ t

0

E
(

sup
u∈[0,r]

|Xn−1
u −Xn−2

u |p
)

dr,(3.11)

where C̃p,T,H → 0 as T → 0, α, β satisfying 1−H < α < β < H and

‖BH‖β = sup
0≤s<t≤T

|BH
t −BH

s |
|t− s|β

, ‖Xn−1‖β = sup
0≤s<t≤T

|Xn−1
t −Xn−1

s |
|t− s|β

.
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Noting that the appearance of the term ‖Xn−1‖
1
β

β on the right-hand side of (3.11) induced by
the multiplicative noise, and recalling that the recent work of the first author and Zhang [19,
Theorem 3.1 and relation (3.25)] which investigated the exponential integrability of solution
to (3.10) with no dependence on the measure and time arguments, we will not be able to
establish a Cauchy sequence of (Xn)n≥1 in Sp([0, T ]).

In the special case with H ∈ (1/2, 1), d = 1 and σ(t, x, µ) = σ(x), we will be able to
derive a unique solution to the following distribution dependent SDE with multiplicative
noise:

Xt = ξ +

∫ t

0

b(s,Xs,LXs)ds+

∫ t

0

σ(Xs)dB
H
s , t ∈ [0, T ],(3.12)

via a Lamperti transform, where the coefficients b and σ satisfy:

(H̃) (i) There exists a non-decreasing function K(t) such that for any t ∈ [0, T ], x, y ∈
R, µ, ν ∈Pθ(R),

|b(t, x, µ)− b(t, y, ν)| ≤ K(t)(|x− y|+ Wθ(µ, ν)).

Moreover, b is bounded by a positive constantMb, i.e., sup(t,x,µ)∈[0,T ]×R×Pθ(R) |b(t, x, µ)| ≤
Mb.

(ii) There exist constants Mσ > Lσ > 0 and Kσ > 0 such that

Lσ ≤ |σ(x)| ≤Mσ, x ∈ R

and
|σ(x)− σ(y)| ≤ Kσ|x− y|, x, y ∈ R.

Theorem 3.3. Let d = 1, H ∈ (1/2, 1) and suppose that (H̃) holds and ξ ∈ Lp(Ω →
R,F0,P) with p ≥ θ. Then equation (3.12) has a unique solution X ∈ Sp([0, T ]).

Proof. Define for any x ∈ R,

G(x) :=

∫ x

0

1

σ(y)
dy.

A direct and easy computation shows that

G′(x) =
1

σ(x)
, (G−1)′(x) =

1

G′(G−1(x))
= σ(G−1(x)).(3.13)

Now, we consider the following distribution dependent SDE with additive noise:

Yt = Y0 +

∫ t

0

b̃(s, Ys,LYs)ds+BH
t ,(3.14)
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where Y0 = G(ξ) and

b̃(s, y, µ) =
b(s,G−1(y), µ ◦ (G−1)−1)

σ(G−1(y))
.(3.15)

Owing to (H̃) and (3.13), one can readily check that for any t ∈ [0, T ], x, y ∈ R, µ, ν ∈Pθ(R),

|̃b(t, x, µ)− b̃(t, y, ν)| ≤ K̃(t)(|x− y|+ Wθ(µ, ν)) and |̃b(t, x, µ)| ≤ Mb

Lσ

with K̃(t) = Mσ

L2
σ

(MbKσ + LσK(t)). Here we have used the inequality (see, for instance, [38,

Lemma 2.1])

Wp

(
µ ◦ (G−1)−1, ν ◦ (G−1)−1

)
≤MσWp(µ, ν), p ≥ 1.

Then, according to Theorem 3.1, there exists a unique solution Y to equation (3.14).
Next, we shall show that X· := G−1(Y·) is a solution of equation (3.12). It is clear that

G−1(Y·) ∈ Sp([0, T ]). By (H̃) and (3.13) again, we get

|(G−1)′(Yt)− (G−1)′(Ys)| = |σ(G−1(Yt))− σ(G−1(Ys))| ≤ KσMσ|Yt − Ys|

≤ KσMσ

(∣∣∣∣∫ t

s

b̃(r, Yr,LYr)dr

∣∣∣∣+ |BH
t −BH

s |
)

≤ KσMσ

(
Mb

Lσ
∨ 1

)
(|t− s|+ |BH

t −BH
s |),

which implies that (G−1)′(Y·) is Hölder continuous of order H − ε for all ε ∈ (0, H). So,
using the change of variables formula ([43, Theorem 4.3.1]) and the fact that Y solves (3.14)
we obtain

G−1(Yt) = G−1(Y0) +

∫ t

0

(G−1)′(Ys)dYs

= ξ +

∫ t

0

(G−1)′(Ys)
(
b̃(t, Ys,LYs)ds+ dBH

s

)
= ξ +

∫ t

0

b(s,G−1(Ys),LG−1(Ys))ds+

∫ t

0

σ(G−1(Ys))dB
H
s ,

where the last equality is due to (3.13) and (3.15). This means that the process X· = G−1(Y·)
is a solution to equation (3.12).

As for the uniqueness, we assume that X̃· is another solution to equation (3.12). By the
change of variables formula ([43, Theorem 4.3.1]) again and (3.13), we derive that G(Xt)

and G(X̃t) both satisfy (3.14). Noting that the solution of (3.14) is unique, we deduce

that there holds P-a.s. G(Xt) = G(X̃t), t ∈ [0, T ]. Consequently, it follows that P-a.s.

Xt = X̃t, t ∈ [0, T ]. The proof is now finished.
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4 Bismut formulas for the L-derivative

In this section, we will concern on Bismut formulas for the L-derivative of (3.1). To this
end, we need to assume that the noise part is distribution-free. That is, we consider the
following special version of (3.1):

dXt = b(t,Xt,LXt)dt+ σ(t)dBH
t ,(4.1)

where X0 ∈ L2(Ω → Rd,F0,P) with LX0 = µ. Our main reason for doing this is the
following: When σ depends on the measure component, instead of (4.8) below the partial
derivative in initial value of (3.1) solves

dΓηt =
[
∇Γηt

b(t, ·,LXt)(Xt) +
(
E〈DLb(t, y, ·)(LXt)(Xt),Γ

η
t 〉
)
|y=Xt

]
dt

+ E〈DLσ(t,LXt)(Xt),Γ
η
t 〉dBH

t , Γη0 = η,(4.2)

where ∇Γηt
b(t, ·,LXt)(Xt) := ∇b(t, ·,LXt)(Xt)Γ

η
t . However, since LXs is deterministic, the

Malliavin directional derivative of (3.1) satisfies (4.13) with σ(s,LXs) in place of σ(s), i.e.

DRHhXt =

∫ t

0

∇DRHhXsb(s, ·,LXs)(Xs)ds+

∫ t

0

σ(s,LXs)d(RHh)(s), t ∈ [0, T ].(4.3)

Compared (4.2) with (4.3), it is very hard to find some hε,φs0 such that DRHh
ε,φ
s0
X
µε,φ
T =

∇φ(X0)X
µε,φ
T which is a crucial condition in Theorem 4.4.

To establish Bismut formulas, we first make necessary preparations concerning the partial
derivative with respect to the initial value and the Malliavin derivative of (4.1). In the second
part, we will give a general result about Bismut formula for the L-derivative of (4.1), the
applications to non-degenerate and degenerate cases of (4.1) are addressed respectively in
the last two parts.

4.1 The partial derivative and the Malliavin derivative of (4.1)

We begin with the following assumption.

(A1) For every t ∈ [0, T ], b(t, ·, ·) ∈ C1,(1,0)(Rd×P2(Rd)). Moreover, there exists a constant
K > 0 such that

‖∇b(t, ·, µ)(x)‖+ |DLb(t, x, ·)(µ)(y)| ≤ K, t ∈ [0, T ], x, y ∈ Rd, µ ∈P2(Rd)

and supt∈[0,T ](|b(t, 0, δ0)|+ ‖σ(t)‖) ≤ K.

Note that by the fundamental theorem for Bochner integral (see, for instance, [27, Proposi-
tion A.2.3]) and the definitions of L-derivative and the Wasserstein distance, (A1) implies

|b(t, x, µ)− b(t, y, ν)| ≤ K(|x− y|+ W2(µ, ν)), t ∈ [0, T ], x, y ∈ Rd, µ, ν ∈P2(Rd).

Then, it follows from Theorem 3.1 that (4.1) has a unique solution.
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To investigate the partial derivative with respect to initial value of (4.1), we first introduce
a family of auxiliary equations. For any ε > 0 and η ∈ L2(Ω → Rd,F0,P), let (Xε

t )t∈[0,T ]

solve

dXε
t = b(t,Xε

t ,LXε
t
)dt+ σ(t)dBH

t , Xε
0 = X0 + εη,(4.4)

and define

Υε
t :=

Xε
t −Xt

ε
, t ∈ [0, T ], ε > 0.

Lemma 4.1. Assume that (A1) holds. Then

sup
ε∈(0,1]

E
(

sup
t∈[0,T ]

|Υε
t |2
)
≤ 2e8(KT )2E|η|2,(4.5)

and

sup
ε∈(0,1],t∈[0,T ]

|Υε
t |2 ≤

(
2|η|2 + 8(KT )2e8(KT )2E|η|2

)
e4(KT )2 .(4.6)

Proof. By (4.1)-(4.4) and (A1), we have for any t ∈ [0, T ] and ε ∈ (0, 1],

sup
s∈[0,t]

|Xε
s −Xs|2

≤ 2ε2|η|2 + 2 sup
s∈[0,t]

∣∣∣∣∫ s

0

(
b(r,Xε

r ,LXε
r
)− b(r,Xr,LXr)

)
dr

∣∣∣∣2
≤ 2ε2|η|2 + 4K2T sup

s∈[0,t]

∫ s

0

(
|Xε

r −Xr|2 + W2(LXε
r
,LXr)

2
)

dr.(4.7)

Taking the expectation on both sides of the above inequality, we get

E
(

sup
s∈[0,t]

|Xε
s −Xs|2

)
≤ 2ε2E|η|2 + 8K2T

∫ t

0

E
(

sup
u∈[0,r]

|Xε
u −Xu|2

)
dr,

which implies (4.5) due to the Gronwall inequality.

Moreover, substituting (4.5) into (4.7), we obtain

sup
s∈[0,t]

|Xε
s −Xs|2 ≤ ε2

(
2|η|2 + 8(KT )2e8(KT )2E|η|2

)
+ 4K2T

∫ t

0

sup
u∈[0,r]

|Xε
u −Xu|2dr.

Therefore, by the Gronwall inequality again, we complete the proof of our second claim
(4.6).
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With Lemma 4.1 in hand, we can present the partial derivative in initial value of the
equation (4.1). Consider now the following linear random ODE on Rd: for any η ∈ L2(Ω→
Rd,F0,P) and t ∈ [0, T ],

dΓηt =
[
∇Γηt

b(t, ·,LXt)(Xt) +
(
E〈DLb(t, y, ·)(LXt)(Xt),Γ

η
t 〉
)
|y=Xt

]
dt, Γη0 = η,(4.8)

where

E〈DLb(t, y, ·)(LXt)(Xt),Γ
η
t 〉 :=

(
E〈DLbi(t, y, ·)(LXt)(Xt),Γ

η
t 〉
)

1≤i≤d ∈ Rd.

Obviously, (A1) implies that the ODE has a unique solution {Γηt }t∈[0,T ] satisfying

E

(
sup
t∈[0,T ]

|Γηt |2
)
≤ CT,KE|η|2.(4.9)

Proposition 4.2. Assume that (A1) holds. Then for any η ∈ L2(Ω→ Rd,F0,P), the limit
∇ηXt := limε↓0 Υε

t , t ∈ [0, T ] exists in L2(Ω → C([0, T ];Rd),P) such that ∇ηXt = Γηt holds
for each t ∈ [0, T ], i.e., ∇ηXt is the unique solution of (4.8).

Proof. To simplify the notation, we denote Xε
θ (t) = Xt + θ(Xε

t − Xt), θ ∈ [0, 1]. By (4.1)
and (4.4), we obtain that for any t ∈ [0, T ],

dΥε
t =

b(t,Xε
t ,LXε

t
)− b(t,Xt,LXt)

ε
dt

=

[
1

ε

∫ 1

0

d

dθ
b(t,Xε

θ (t),LXε
t
)dθ +

1

ε

∫ 1

0

d

dθ
b(t,Xt,LXε

θ (t))dθ

]
dt

=

[∫ 1

0

∇Υεt
b(t, ·,LXε

t
)(Xε

θ (t))dθ +

∫ 1

0

(E〈DLb(t, y, ·)(LXε
θ (t))(X

ε
θ (t)),Υ

ε
t〉)|y=Xtdθ

]
dt

with Υε
0 = η. Here, we have used Lemma 2.3 in the last equality.

Then, combining this with (4.8) yields that for each t ∈ [0, T ],

d(Υε
t − Γηt ) =

[
Φε

1(t) +∇Υεt−Γηt
b(t, ·,LXt)(Xt)

]
dt

+
[
Φε

2(t) +
(
E〈DLb(t, y, ·)(LXt)(Xt),Υ

ε
t − Γηt 〉

)
|y=Xt

]
dt, Υε

0 − Γη0 = 0,

where

Φε
1(t) :=

∫ 1

0

[
∇Υεt

b(t, ·,LXε
t
)(Xε

θ (t))−∇Υεt
b(t, ·,LXt)(Xt)

]
dθ,

Φε
2(t) :=

∫ 1

0

(
E〈DLb(t, y, ·)(LXε

θ (t))(X
ε
θ (t))−DLb(t, y, ·)(LXt)(Xt),Υ

ε
t〉
)
|y=Xtdθ.

Consequently, by (A1) we get

|Υε
t − Γηt |2 ≤ 4T

∫ t

0

(
|Φε

1(s)|2 + |Φε
2(s)|2

)
ds+ 4K2T

∫ t

0

(
|Υε

s − Γηs |2 + E|Υε
s − Γηs |2

)
ds.
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Taking into account of (4.5) and (4.9), the Gronwall inequality leads to

E

(
sup
t∈[0,T ]

|Υε
t − Γηt |2

)
≤ 4T e8(KT )2

∫ T

0

E
(
|Φε

1(s)|2 + |Φε
2(s)|2

)
ds.(4.10)

By the Hölder inequality and (4.5), one can see that

|Φε
1(s)|2 + |Φε

2(s)|2

≤
∫ 1

0

|∇b(s, ·,LXε
s
)(Xε

θ (s))−∇b(s, ·,LXs)(Xs)|2dθ · |Υε
s|2

+

∫ 1

0

(
E|DLb(s, y, ·)(LXε

θ (s))(X
ε
θ (s))−DLb(s, y, ·)(LXs)(Xs)|2

)
|y=Xsdθ · E|Υε

s|2(4.11)

and

lim
ε↓0

E
(

sup
θ∈[0,1]

|Xε
θ (s)−Xs|2

)
≤ lim

ε↓0
E|Xε

s −Xs|2 = 0.

Then using the condition b(s, ·, ·) ∈ C1,(1,0)(Rd×P2(Rd)) of (A1) and (4.5) again, we obtain
that |Φε

1(s)|2 + |Φε
2(s)|2 converges to 0 in probability as ε goes to 0. Additionally, due to

(4.11) one has

|Φε
1(s)|2 + |Φε

2(s)|2 ≤ 4K2(|Υε
s|2 + E|Υε

s|2).

By the dominated convergence theorem and Lemma 4.1, we conclude that

lim
ε↓0

E
[

sup
s∈[0,T ]

(
|Φε

1(s)|2 + |Φε
2(s)|2

) ]
= 0.

This, along with (4.10), implies

lim
ε↓0

E
(

sup
t∈[0,T ]

|Υε
t − Γηt |2

)
= 0,

which completes the proof.

For the Malliavin derivative of the equation (4.1), consider for aH-valued random variable
h and each ε > 0 the SDE: for t ∈ [0, T ],

dXε,h
t = b(t,Xε,h

t ,LXt)dt+ σ(t)d(BH
t + ε(RHh)(t)), Xε,h

0 = X0.(4.12)

It is easy to see that under (A1) there exists a unique solution Xε,h to (4.12). Using the
pathwise uniqueness of (4.1) and the fact that Xt can be regarded as a functional of BH and
X0, the Malliavin directional derivative of Xt along RHh is shown by

lim
ε↓0

Xε,h
t −Xt

ε

if the limit exists in L2(Ω → C([0, T ];Rd),P). The above step is partially borrowed from
[33, Proposition 3.5, Page 4762]. Noting that LXt in (4.12) is independent of ε, by the same
arguments as in [18, Lemma 3.1 and Proposition 3.1] we have the following result.
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Proposition 4.3. Assume that (A1) holds. Then for any η ∈ L2(Ω → Rd,F0,P) and
H-valued random variable h with K−1

H (RHh) ∈ L2([0, T ]× Ω,Rd), the limit

DRHhXt := lim
ε↓0

Xε,h
t −Xt

ε
, t ∈ [0, T ]

exists in L2(Ω → C([0, T ];Rd),P) such that DRHhXt = (〈DX i
t , h〉H)1≤i≤d ∈ Rd holds for

every t ∈ [0, T ] and satisfies

DRHhXt =

∫ t

0

∇DRHhXsb(s, ·,LXs)(Xs)ds+

∫ t

0

σ(s)d(RHh)(s), t ∈ [0, T ].(4.13)

4.2 Bismut formula: a general result

In this part, we aim to establish a general result of Bismut formula for the L-derivative of
(4.1), which is then applied to non-degenerate and degenerate cases in the next two parts,
respectively. More precisely, for any µ ∈P2(Rd), let (Xµ

t )t∈[0,T ] be the solution to (4.1) with
LX0 = µ and denote P ∗t µ = LXµ

t
for every t ∈ [0, T ]. Now, define

(Ptf)(µ) :=

∫
Rd
fd(P ∗t µ) = Ef(Xµ

t ), t ∈ [0, T ], f ∈ Bb(Rd), µ ∈P2(Rd),

where Bb(Rd) denotes the set of all bounded measurable functions on Rd. For any t ∈
(0, T ], µ ∈ P2(Rd) and φ ∈ L2(Rd → Rd, µ), we are to find an integrable random variable
Mt(µ, φ) such that

DL
φ (Ptf)(µ) = E (f(Xµ

t )Mt(µ, φ)) , f ∈ Bb(Rd).

Toward this goal, for any ε ∈ [0, 1] and φ ∈ L2(Rd → Rd, µ), let X
µε,φ
t denote the solution

of (4.1) with X
µε,φ
0 = (Id + εφ)(X0). According to Proposition 4.2 and 4.3, ∇φ(X0)X

µε,φ
·

and DRHh
ε,φ
s0
X
µε,φ
· below are both well-defined with any s0 ∈ [0, T ), and moreover satisfy

(4.8) with η = φ(X0) and (4.13), respectively. In order to ease notations, we simply write
µε,φ = L(Id+εφ)(X0), and if s0 = 0 or ε = 0, we often suppress s0 or ε (e.g., RHh

ε,φ
0 =

RHh
ε,φ, h0,φ

0 = hφ, X
µε,φ
t = Xµ

t , · · · , etc.).
Our main result is the following.

Theorem 4.4. Assume that (A1) holds, and that for any ε ∈ [0, 1], s0 ∈ [0, T ) and
φ ∈ L2(Rd → Rd, µ), there exists an H-valued random variable hε,φs0 in Domδ such that
DRHh

ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T and (RHh

ε,φ
s0

)(t) = 0 for all t ∈ [0, s0]. Assume in addition that∫ 1

0

(
Eδ2(hτ,φs0 )

) 1
2 dτ <∞ and

lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0, φ ∈ L2(Rd → Rd, µ).(4.14)

Then we have
(i) For any f ∈ Bb(Rd), PTf is weakly L-differentiable at µ, and moreover

DL
φ (PTf)(µ) = E(f(Xµ

T )δ(hφ)), φ ∈ L2(Rd → Rd, µ).

20



(ii) For any f ∈ Bb(Rd), PTf is L-differentiable at µ, if Eδ2(hφ) ≤ L̃‖φ‖2
L2
µ

with a constant

L̃ > 0 and

lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E|δ(hε,φ)− δ(hφ)|
‖φ‖L2

µ

= 0.(4.15)

Remark 4.1. Let us just mention that there is a technical issue in the statement of Theorem
4.4, namely finding an H-valued random variable hε,φs0 in Domδ such that DRHh

ε,φ
s0
X
µε,φ
T =

∇φ(X0)X
µε,φ
T , since the initial values and the second terms of two equations (4.8) with η =

φ(X0) and (4.13) satisfied by ∇φ(X0)X
µε,φ
· and DRHh

ε,φ
s0
X
µε,φ
· , respectively, are different from

each other. In Sections 4.3 and 4.4, we shall construct some explicit H-valued random
variables hε,φs0 required in this theorem, from which one obtains explicit Bismut formulas for
both non-degenerate and degenerate cases of (4.1) (see Theorems 4.7 and 4.10 as well as
their proofs below), and moreover derives the estimates of the Lions derivative and the total
variation distance between the laws of two solutions (see Remarks 4.4(ii) and 4.5 below).

In order to prove the theorem, we first give the following lemma which will play a crucial
role in the proof.

Lemma 4.5. Assume that (A1) holds, and that for any ε ∈ [0, 1] and s0 ∈ [0, T ), there
exists an H-valued random variable hε,φs0 in Domδ such that DRHh

ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T and

(RHh
ε,φ
s0

)(t) = 0 for all t ∈ [0, s0]. Then for any ε ∈ [0, 1], s0 ∈ [0, T ) and f ∈ Bb(Rd),

E(f(X
µε,φ
T )− f(Xµ

T )|Fs0) =

∫ ε

0

E
(
f(X

µτ,φ
T )δ(hτ,φs0 )

∣∣∣Fs0

)
dτ.

In particular, it holds

E(f(X
µε,φ
T )− f(Xµ

T )) =

∫ ε

0

E
(
f(X

µτ,φ
T )δ(hτ,φ)

)
dτ.

Proof. Since DRHh
ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T , we deduce that for any f ∈ C1

b (Rd),

E(f(X
µε,φ
T )− f(Xµ

T )|Fs0) = E
(∫ ε

0

d

dτ
f(X

µτ,φ
T )dτ

∣∣∣Fs0

)
= E

(∫ ε

0

〈∇f(X
µτ,φ
T ),∇φ(X0)X

µτ,φ
T 〉dτ

∣∣∣Fs0

)
=

∫ ε

0

E
(
〈∇f(X

µτ,φ
T ),∇φ(X0)X

µτ,φ
T 〉

∣∣∣Fs0

)
dτ

=

∫ ε

0

E
(
〈∇f(X

µτ,φ
T ),DRHh

τ,φ
s0
X
µτ,φ
T 〉

∣∣∣Fs0

)
dτ

=

∫ ε

0

E
(
DRHh

τ,φ
s0
f(X

µτ,φ
T )

∣∣∣Fs0

)
dτ

=

∫ ε

0

E
(
〈Df(X

µτ,φ
T ), hτ,φs0 〉H

∣∣∣Fs0

)
dτ.(4.16)
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Now, let ζ ∈ DomD be any bounded and Fs0-measurable smooth random variable, by [31,
Proposition 1.2.3] we have for any τ ∈ [0, ε],

E
(
ζ〈Df(X

µτ,φ
T ), hτ,φs0 〉H

)
= E

[〈
D(ζf(X

µτ,φ
T )), hτ,φs0

〉
H − f(X

µτ,φ
T )〈Dζ, hτ,φs0 〉H

]
= E

[
ζf(X

µτ,φ
T )δ(hτ,φs0 )− f(X

µτ,φ
T )〈Dζ, hτ,φs0 〉H

]
= E

[
ζf(X

µτ,φ
T )δ(hτ,φs0 )− f(X

µτ,φ
T )〈K∗HDζ,K∗Hhτ,φs0 〉L2([0,T ];Rd)

]
,(4.17)

where the last equality is due to the fact that K∗H is an isometry between H and a closed
subspace of L2([0, T ];Rd).
Using Proposition 2.1 and the fact that (DW ζ)(t) = 0 for all t > s0, we get〈

K∗HDζ,K∗Hhτ,φs0
〉
L2([0,T ];Rd)

=
〈
DW ζ,K∗Hh

τ,φ
s0

〉
L2([0,T ];Rd)

=

∫ T

0

〈
(DW ζ)(t), (K∗Hh

τ,φ
s0

)(t)
〉

dt =

∫ s0

0

〈
(DW ζ)(t), (K∗Hh

τ,φ
s0

)(t)
〉

dt = 0.(4.18)

Here we have used K∗Hh
τ,φ
s0

= K−1
H (RHh

τ,φ
s0

) and the fact that (RHh
τ,φ
s0

)(t) = 0 for t ∈ [0, s0]
in the last equality.
Substituting (4.18) into (4.17) implies

E
[
ζ〈Df(X

µτ,φ
T ), hτ,φs0 〉H

]
= E

[
ζf(X

µτ,φ
T )δ(hτ,φs0 )

]
.

Hence, combining this with (4.16) we obtain

E(f(X
µε,φ
T )− f(Xµ

T )|Fs0) =

∫ ε

0

E
(
f(X

µτ,φ
T )δ(hτ,φs0 )

∣∣∣Fs0

)
dτ, f ∈ C1

b (Rd).(4.19)

Set

νε,φs0 (A) :=

∫ ε

0

E
(
IA(X

µτ,φ
T )|δ(hτ,φs0 )|

)
dτ, A ∈ B(Rd),

which is a finite measure on Rd. Then C1
b (Rd) is dense in L1(Rd,L

X
µε,φ
T

+ LXµ
T

+ νε,φs0 ), the

Banach space of all equivalence classes of functions f : Rd → R which agree a.e. with respect
to L

X
µε,φ
T

+ LXµ
T

+ νε,φs0 and for which
∫
Rd |f(x)|(L

X
µε,φ
T

+ LXµ
T

+ νε,φs0 )(dx) <∞. Therefore,

(4.19) holds for any f ∈ Bb(Rd). This completes the proof.

Proof of Theorem 4.4. We divide the proof into two steps.
Step 1. Claim: For any f ∈ Bb(Rd), PTf is weakly L-differentiable at µ = LX0 (namely

(PTf)(µ ◦ (Id + ·)−1) : L2(Rd → Rd, µ) → R is Gâteaux differentiable at 0), and moreover
DL
φ (PTf)(µ) = E(f(Xµ

T )δ(hφ)) holds for each φ ∈ L2(Rd → Rd, µ). Due to Lemma 4.5, we

deduce that for any f ∈ Bb(Rd) and φ ∈ L2(Rd → Rd, µ),

(PTf)(µ ◦ (Id + εφ)−1)− (PTf)(µ)

ε
− E(f(Xµ

T )δ(hφ))
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=
(PTf)(L(Id+εφ)(X0))− (PTf)(LX0)

ε
− E(f(Xµ

T )δ(hφ))

=
Ef(X

µε,φ
T )− Ef(Xµ

T )

ε
− E(f(Xµ

T )δ(hφ))

=
1

ε

∫ ε

0

E
(
f(X

µτ,φ
T )δ(hτ,φ)

)
dτ − E(f(Xµ

T )δ(hφ))

=
1

ε

∫ ε

0

E
[
f(X

µτ,φ
T )(δ(hτ,φ)− δ(hφ))

]
dτ +

1

ε

∫ ε

0

E
[
(f(X

µτ,φ
T )− f(Xµ

T ))δ(hφ)
]

dτ

=: I1(φ) + I2(φ).(4.20)

Since limτ→0+ E|δ(hτ,φ)− δ(hφ)| = 0 for any φ ∈ L2(Rd → Rd, µ), we obtain

lim sup
ε→0+

|I1(φ)| ≤ ‖f‖∞ lim
ε→0+

1

ε

∫ ε

0

E|δ(hτ,φ)− δ(hφ)|dτ

= ‖f‖∞ lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0.(4.21)

For I2(φ), we get for any s0 ∈ (0, T ),

|I2(φ)| ≤ 1

ε

∫ ε

0

∣∣E [(f(X
µτ,φ
T )− f(Xµ

T ))(δ(hφ)− E(δ(hφ)|Fs0))
]∣∣ dτ

+
1

ε

∫ ε

0

∣∣E [(f(X
µτ,φ
T )− f(Xµ

T ))E(δ(hφ)|Fs0)
]∣∣ dτ

≤ 2‖f‖∞E
∣∣δ(hφ)− E(δ(hφ)|Fs0)

∣∣
+

1

ε

∫ ε

0

∣∣E [(f(X
µτ,φ
T )− f(Xµ

T ))E(δ(hφ)|Fs0)
]∣∣ dτ.(4.22)

On the one hand, it is easy to see that

lim
s0→T−

lim
ε→0+

E
∣∣δ(hφ)− E(δ(hφ)|Fs0)

∣∣ = lim
s0→T−

E
∣∣δ(hφ)− E(δ(hφ)|Fs0)

∣∣ = 0.(4.23)

On the other hand, note that by Lemma 4.5 again, we have

|E[(f(X
µτ,φ
T )− f(Xµ

T ))E(δ(hφ)|Fs0)]|
= |E[E(δ(hφ)|Fs0)E(f(X

µτ,φ
T )− f(Xµ

T )|Fs0)]|

=

∣∣∣∣E [E(δ(hφ)|Fs0)

∫ τ

0

E
(
f(X

µθ,φ
T )δ(hθ,φs0 )

∣∣∣Fs0

)
dθ

]∣∣∣∣
=

∣∣∣∣∫ τ

0

E
[
E(δ(hφ)|Fs0)f(X

µθ,φ
T )δ(hθ,φs0 )

]
dθ

∣∣∣∣
≤ ‖f‖∞(Eδ2(hφ))

1
2

∫ τ

0

(
Eδ2(hθ,φs0 )

) 1
2 dθ,

which goes to zero as τ → 0 because of
∫ 1

0

(
Eδ2(hθ,φs0 )

) 1
2 dθ < ∞. This means that the

function τ 7→ E[(f(X
µτ,φ
T ) − f(Xµ

T ))E(δ(hφ)|Fs0)] is continuous at 0. Then, we derive that
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for each s0 ∈ (0, T ),

lim
ε→0+

1

ε

∫ ε

0

∣∣E [(f(X
µτ,φ
T )− f(Xµ

T ))E(δ(hφ)|Fs0)
]∣∣ dτ = 0.(4.24)

Hence, plugging (4.23) and (4.24) into (4.22) implies that limε→0+ |I2(φ)| = 0. Combining
this and (4.21) with (4.20) yields the desired assertion.

Step 2. Claim: For any f ∈ Bb(Rd), PTf is L-differentiable at µ = LX0 (namely (PTf)(µ◦
(Id + ·)−1) : L2(Rd → Rd, µ)→ R is Fréchet differentiable at 0). According to the definition
of the L-derivative, it is sufficient to show that for any f ∈ Bb(Rd),

lim
‖φ‖

L2
µ
→0

(PTf)(µ ◦ (Id + φ)−1)− (PTf)(µ)− E(f(Xµ
T )δ(hφ))

‖φ‖L2
µ

= 0.

Applying Lemma 4.5 with ε = 1, we deduce that for any f ∈ Bb(Rd),

|(PTf)(µ ◦ (Id + φ)−1)− (PTf)(µ)− E(f(Xµ
T )δ(hφ))|

‖φ‖L2
µ

=
|Ef(X

µ1,φ
T )− Ef(Xµ

T )− E(f(Xµ
T )δ(hφ))|

‖φ‖L2
µ

=

∣∣∣∫ 1

0
[E(f(X

µτ,φ
T )δ(hτ,φ))− E(f(Xµ

T )δ(hφ))]dτ
∣∣∣

‖φ‖L2
µ

≤

∣∣∣∫ 1

0
E[f(X

µτ,φ
T )(δ(hτ,φ)− δ(hφ))]dτ

∣∣∣
‖φ‖L2

µ

+

∣∣∣∫ 1

0
E[(f(X

µτ,φ
T )− f(Xµ

T ))δ(hφ)]dτ
∣∣∣

‖φ‖L2
µ

≤
‖f‖∞

∫ 1

0
E|δ(hτ,φ)− δ(hφ)|dτ
‖φ‖L2

µ

+
√
L̃

∫ 1

0

(E|f(X
µτ,φ
T )− f(Xµ

T )|2)
1
2 dτ

=: J1(φ) + J2(φ),

where the last inequality is due to the condition Eδ2(hφ) ≤ L̃‖φ‖2
L2
µ
.

Obviously, it follows from (4.15) that lim‖φ‖
L2
µ
→0 J1(φ) = 0.

For J2(φ), note first that by the Lusin theorem (see, e.g., [13, Theorem 7.4.4]), there exist
{fn}n≥1 ⊂ Cb(Rd) and compact sets {Kn}n≥1 such that

fn|Kn = f |Kn , ‖fn‖∞ ≤ ‖f‖∞, (L
X
µτ,φ
T

+ LXµ
T
)(Kc

n) ≤ 1

n2
.

Then, we obtain

(E|f(X
µτ,φ
T )− f(Xµ

T )|2)
1
2

≤ (E|f(X
µτ,φ
T )− fn(X

µτ,φ
T )|2)

1
2 + (E|fn(X

µτ,φ
T )− fn(Xµ

T )|2)
1
2

+ (E|fn(Xµ
T )− f(Xµ

T )|2)
1
2
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≤ 4‖f‖∞
n

+ (E|fn(X
µτ,φ
T )− fn(Xµ

T )|2)
1
2 .(4.25)

Note that for any τ ∈ [0, 1], we have

lim sup
‖φ‖

L2
µ
→0

E|Xµτ,φ
T −Xµ

T |
2 ≤ CT,K lim

‖φ‖
L2
µ
→0
‖φ‖2

L2
µ

= 0.

Consequently, the dominated convergence theorem yields that for every n ≥ 1,

lim
‖φ‖

L2
µ
→0

E|fn(X
µτ,φ
T )− fn(Xµ

T )|2 = 0.

Combining this with (4.25) yields

lim
‖φ‖

L2
µ
→0

(E|f(X
µτ,φ
T )− f(Xµ

T )|2)
1
2 = 0.

By the dominated convergence theorem again, we obtain that lim‖φ‖
L2
µ
→0 J2(φ) = 0, which

completes the proof.

4.3 Bismut formula: the non-degenerate case

This part is devoted to applying our general Theorem 4.4 to the non-degenerate case of (4.1).
In additional to (A1), we also need the following assumptions.

(A2) There exists a constant K̃ > 0 such that

(i) for any t, s ∈ [0, T ], x, y, z1, z2 ∈ Rd, µ, ν ∈P2(Rd),

‖∇b(t, ·, µ)(x)−∇b(s, ·, ν)(y)‖+ |DLb(t, x, ·)(µ)(z1)−DLb(s, y, ·)(ν)(z2)|
≤ K̃(|t− s|α0 + |x− y|β0 + |z1 − z2|γ0 + W2(µ, ν)),

where α0 ∈ (H − 1/2, 1] and β0, γ0 ∈ (1− 1/(2H), 1].

(ii) σ is invertible and σ−1 is Hölder continuous of order δ0 ∈ (H − 1/2, 1]:

‖σ−1(t)− σ−1(s)‖ ≤ K̃|t− s|δ0 , t, s ∈ [0, T ].

(A3) The derivatives

∂t(D
Lb(·, x, ·)(µ)(y))(t), ∇(DLb(t, ·, ·)(µ)(y))(x),

DL(DLb(t, x, ·)(·)(y))(µ)(z), ∇(DLb(t, x, ·)(µ)(·))(y)

exist and are bounded continuous in the corresponding arguments (t, x, µ, y) or (t, x, µ, y, z).
We denote the bounded constants by a common one K > 0.
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Let us stress that the conditions imposed on b are much more restrictive than σ which is
easy to be satisfied. Next, we give some examples of functions b such that (A1), (A2) and
(A3) are satisfied.

Example 4.6. Assume n ≥ 1 and f : [0, T ]×Rd → Rd, ϕ : Rd → Rd, ψ : [0, T ]×Rd×Rd →
Rd, ψ : [0, T ] × Rd → Rd and ψ̃i : [0, T ] × Rd × Rd × Rd → Rd, i = 1, · · · , n are all twice
continuously differentiable mappings with bounded derivatives.

1. Suppose that

b(t, x, µ) = f

(
t, x+

∫
Rd
ϕ(u)µ(du)

)
.

Then, it is easy to see that

∇b(t, ·, µ)(x) = ∇f
(
t, x+

∫
Rd
ϕ(u)µ(du)

)
,

DLb(t, x, ·)(µ)(y) = ∇f
(
t, x+

∫
Rd
ϕ(u)µ(du)

)
∇ϕ(y).

In particular, when ϕ = 0, b reduces to a function with no dependence on the measure.
2. Suppose that

b(t, x, µ) =

∫
Rd
ψ(t, x, u)µ(du).

Then we have

∇b(t, ·, µ)(x) =

∫
Rd
∇ψ(t, ·, u)(x)µ(du), DLb(t, x, ·)(µ)(y) = ∇ψ(t, x, ·)(y).

Note that if ψ(t, x, u) = ψ(t, x − u), this example includes the case of convolutions. More
generally, one may consider

b(t, x, µ) =
n∏
i=1

∫
Rd×Rd

ψ̃i(t, x, u, v)µ(du)µ(dv).

Then

∇b(t, ·, µ)(x)

=
n∑
j=1

n∏
i=1,i 6=j

∫
Rd×Rd

ψ̃i(t, x, u, v)µ(du)µ(dv)

∫
Rd×Rd

∇ψ̃j(t, ·, u, v)(x)µ(du)µ(dv),

DLb(t, x, ·)(µ)(y)

=
n∑
j=1

n∏
i=1,i 6=j

∫
Rd×Rd

ψ̃i(t, x, u, v)µ(du)µ(dv)

∫
Rd

(
∇ψ̃j(t, x, ·, u)(y) +∇ψ̃j(t, x, u, ·)(y)

)
µ(du).

So, by a direct calculation, it is readily checked that the functions b above satisfy (A1), (A2)
and (A3).
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Our main goal in the current part is to prove the following result.

Theorem 4.7. Consider equation (4.1). If one of the two following assumptions holds:

(I) H ∈ (1/2, 1), (A1), (A2) and (A3) are satisfied for b, σ,

(II) H ∈ (0, 1/2), b satisfies (A1), (A2)(i) and for every t ∈ [0, T ], σ(t) ≡ σ is invertible,

then for any µ ∈P2(Rd) and f ∈ Bb(Rd), PTf is L-differentiable at µ and

DL
φ (PTf)(µ) = E

(
f(Xµ

T )

∫ T

0

〈K−1
H (RHh

φ)(t), dWt〉
)
, φ ∈ L2(Rd → Rd, µ),

where the H-valued random variable hφ belongs to Domδ and satisfies for every t ∈ [0, T ],

(RHh
φ)(t) =

∫ t

0

σ−1(s)

[
1

T
∇φ(X0)X

µ
s +

s

T

(
E〈DLb(s, y, ·)(LXµ

s
)(Xµ

s ),∇φ(X0)X
µ
s 〉
)
|y=Xµ

s

]
ds.

Remark 4.2. By (2.4) and (2.5), one can recast the term K−1
H (RHh

φ)(t) in the theorem as

K−1
H (RHh

φ)(t) =



(H− 1
2

)tH− 1
2

Γ( 3
2
−H)

[
t1−2Hσ−1(t)%(t)

H− 1
2

+ σ−1(t)%(t)
∫ t

0
t
1
2−H−s

1
2−H

(t−s)
1
2+H

ds

+%(t)
∫ t

0
σ−1(t)−σ−1(s)

(t−s)
1
2+H

s
1
2
−Hds+

∫ t
0
%(t)−%(s)

(t−s)
1
2+H

σ−1(s)s
1
2
−Hds

]
, H ∈ (1/2, 1),

σ−1tH− 1
2

Γ( 1
2
−H)

∫ t
0
s
1
2−H%(s)

(t−s)
1
2+H

ds, H ∈ (0, 1/2),

where for any s ∈ [0, T ], %(s) = 1
T
∇φ(X0)X

µ
s + s

T

(
E〈DLb(s, y, ·)(LXµ

s
)(Xµ

s ),∇φ(X0)X
µ
s 〉
)
|y=Xµ

s
.

To make the study easy to follow, we first introduce the main steps in establishing Bismut
formula in the statement of Theorem 4.7 using the general result given in Theorem 4.4.

1) For any ε ∈ [0, 1] and s0 ∈ [0, T ), construct an H-valued random variable hε,φs0 such
that

(RHh
ε,φ
s0

)(t) = 0, t ∈ [0, s0] and DRHh
ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T .

2) Verify that K−1
H (RHh

ε,φ
s0

) = K∗Hh
ε,φ
s0
∈ L2

a([0, T ] × Ω,Rd). By the transfer principle
Proposition 2.2 we have hε,φs0 ∈ Domδ and

δ(hε,φs0 ) = δW (K∗Hh
ε,φ
s0

) =

∫ T

0

〈K−1
H (RHh

ε,φ
s0

)(t), dWt〉,

which yields that for a positive constant C,

Eδ2(hφ) ≤ C‖φ‖2
L2
µ

and

∫ 1

0

(
Eδ2(hτ,φs0 )

) 1
2 dτ <∞.
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3) Using fractional calculus and Lemma 2.3 shows that for any φ ∈ L2(Rd → Rd, µ),

lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0 and lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E|δ(hε,φ)− δ(hφ)|
‖φ‖L2

µ

= 0.

To fulfill these steps, we present the following lemma, in which the L2-norm conditionally
to F0 and the L1-norm error estimates between ∇φ(X0)X

µε,φ
t and ∇φ(X0)X

µ
t are provided,

respectively.

Lemma 4.8. Assume that (A1) and (A2) are satisfied. Then for any t ∈ [0, T ],

E|∇φ(X0)X
µε,φ
t −∇φ(X0)X

µ
t | ≤ CT,K,K̃`(ε, φ)‖φ‖L2

µ
(4.26)

and

E(|∇φ(X0)X
µε,φ
t −∇φ(X0)X

µ
t |2|F0)

≤ CT,K,K̃

(˜̀2
1(ε, φ)‖φ‖2

L2
µ

+ ˜̀22(ε, φ)‖φ‖2
L2
µ

+ ˜̀23(ε, φ)|φ(X0)|2
)
,(4.27)

where

`(ε, φ) = εβ0‖φ‖β0L2
µ

+ εγ0‖φ‖γ0L2
µ

+ ε‖φ‖L2
µ
,(4.28)

˜̀
1(ε, φ) = εβ0‖φ‖β0L2

µ
+ εγ0‖φ‖γ0L2

µ
+ ε‖φ‖L2

µ
+ ε

β0
2 ‖φ‖

β0
2

L2
µ

+ ε
1
2‖φ‖

1
2

L2
µ
,(4.29) ˜̀

2(ε, φ) = ε
β0
2 |φ(X0)|

β0
2 + εβ0|φ(X0)|β0 ,(4.30) ˜̀

3(ε, φ) = ε
β0
2 ‖φ‖

β0
2

L2
µ

+ ε
1
2‖φ‖

1
2

L2
µ

+ ε
β0
2 |φ(X0)|

β0
2 .(4.31)

Remark 4.3. By a straightforward calculation, one can see that

lim
ε→0

[
`(ε, φ) + ˜̀1(ε, φ) + E

(˜̀2
2(ε, φ) + ˜̀23(ε, φ)

)]
= 0,

lim
|φ‖

L2
µ
→0

sup
ε∈(0,1]

[
`(ε, φ) + ˜̀1(ε, φ)) + E

(˜̀2
2(ε, φ) + ˜̀23(ε, φ)

)]
= 0.

Proof. By Proposition 4.2 with η = φ(X0), we get for every t ∈ [0, T ],

∇φ(X0)X
µε,φ
t −∇φ(X0)X

µ
t =

∫ t

0

[
∇∇φ(X0)

X
µε,φ
s

b(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

−∇∇φ(X0)
Xµ
s
b(s, ·,LXµ

s
)(Xµ

s )

+
(
E〈DLb(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

) ∣∣∣
y=X

µε,φ
s

−
(
E〈DLb(s, y, ·)(LXµ

s
)(Xµ

s ),∇φ(X0)X
µ
s 〉
)
|y=Xµ

s

]
ds.
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Let ζt = |∇φ(X0)X
µε,φ
t −∇φ(X0)X

µ
t |. Then, by (A1) and (A2) we have for any t ∈ [0, T ],

E(ζt|F0) ≤ K

∫ t

0

(E(ζs|F0) + Eζs)ds

+ K̃

∫ t

0

E
(

(|Xµε,φ
s −Xµ

s |β0 + W2(L
X
µε,φ
s

,LXµ
s
))|∇φ(X0)X

µ
s |
∣∣F0

)
ds

+ K̃

∫ t

0

(
E(|Xµε,φ

s −Xµ
s |β0 |F0) + W2(L

X
µε,φ
s

,LXµ
s
)
)
E|∇φ(X0)X

µ
s |ds

+ K̃

∫ t

0

E
(
|Xµε,φ

s −Xµ
s |γ0|∇φ(X0)X

µ
s |
)

ds.

Notice that by (A1), we derive for any p > 0,

sup
s∈[0,T ]

E(|Xµε,φ
s −Xµ

s |p|F0) ≤ Cp,T,Kε
p
(
‖φ‖pL2

µ
+ |φ(X0)|p

)
(4.32)

and

sup
s∈[0,T ],ε∈[0,1]

E(|∇φ(X0)X
µε,φ
s |p|F0) ≤ Cp,T,K

(
‖φ‖pL2

µ
+ |φ(X0)|p

)
.(4.33)

Consequently, by (4.32) and (4.33) we obtain that for any t ∈ [0, T ],

E(ζt|F0) ≤ K

∫ t

0

(E(ζs|F0) + Eζs)ds+ CT,K,K̃χ(ε, φ),

where

χ(ε, φ) = εβ0‖φ‖β0+1
L2
µ

+ εγ0‖φ‖γ0+1
L2
µ

+ ε‖φ‖2
L2
µ

+ εβ0‖φ‖L2
µ
|φ(X0)|β0

+
[
εβ0
(
‖φ‖β0L2

µ
+ |φ(X0)|β0

)
+ ε‖φ‖L2

µ

]
|φ(X0)|.

Taking the expectation on both sides and applying the Gronwall lemma, we obtain

Eζt ≤ CT,K,K̃Eχ(ε, φ) ≤ CT,K,K̃`(ε, φ)‖φ‖L2
µ
,(4.34)

where `(ε, φ) is given in (4.28). Hence, this leads to our first claim (4.26).
Next, we focus on proving (4.27). Applying the chain rule to ζ2

t and using (A2) yield
that for any t ∈ [0, T ],

dζ2
t ≤ 2Kζ2

t + 2KζtEζt

+ 3K̃(|∇φ(X0)X
µε,φ
t |2 + |∇φ(X0)X

µ
t |2)

(
|Xµε,φ

t −Xµ
t |β0 + W2(L

X
µε,φ
t

,LXµ
t
)
)

+ 2K̃ζt(E|∇φ(X0)X
µ
t |2)

1
2

(
|Xµε,φ

t −Xµ
t |β0 + W2(L

X
µε,φ
t

,LXµ
t
) + (E|Xµε,φ

t −Xµ
t |2γ0)

1
2

)
.
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Then, by the Hölder inequality we deduce that for any t ∈ [0, T ],

E(ζ2
t |F0)

≤ 2K

∫ t

0

[
E(ζ2

s |F0) + E(ζs|F0)Eζs
]

ds

+ 3K̃

∫ t

0

[(
E(|∇φ(X0)X

µε,φ
s |4|F0)

) 1
2 + (E

(
|∇φ(X0)X

µ
s |4|F0)

) 1
2

]
×
[(
E(|Xµε,φ

s −Xµ
s |2β0

∣∣F0)
) 1

2 + W2(L
X
µε,φ
s

,LXµ
s
)
]

ds

+ 2K̃

∫ t

0

E(ζ2
s |F0)

1
2 (E|∇φ(X0)X

µ
s |2)

1
2

×
[
(E(|Xµε,φ

s −Xµ
s |2β0|F0))

1
2 + W2(L

X
µε,φ
s

,LXµ
s
) + (E|Xµε,φ

s −Xµ
s |2γ0)

1
2

]
ds

≤
∫ t

0

[
(2K +K2 + K̃2)E(ζ2

s |F0) + (Eζs)2
]

ds

+ 3K̃

∫ t

0

[(
E(|∇φ(X0)X

µε,φ
s |4|F0)

) 1
2 + (E

(
|∇φ(X0)X

µ
s |4|F0)

) 1
2

]
×
[(
E(|Xµε,φ

s −Xµ
s |2β0

∣∣F0)
) 1

2 + (E|Xµε,φ
s −Xµ

s |2)
1
2

]
ds

+ 3

∫ t

0

E|∇φ(X0)X
µ
s |2
[
E(|Xµε,φ

s −Xµ
s |2β0|F0) + E|Xµε,φ

s −Xµ
s |2 + E|Xµε,φ

s −Xµ
s |2γ0

]
ds.

Combining this with (4.32), (4.33) and (4.34) and applying the Gronwall lemma, we conclude
that that for any t ∈ [0, T ],

E(ζ2
t |F0) ≤ CT,K,K̃

(
`2(ε, φ)‖φ‖2

L2
µ

+ χ̃(ε, φ)
)
,

where

χ̃(ε, φ) =
(
‖φ‖2

L2
µ

+ |φ(X0)|2
) [
εβ0
(
‖φ‖β0L2

µ
+ |φ(X0)|β0

)
+ ε‖φ‖L2

µ

]
+ ‖φ‖2

L2
µ

[
ε2β0

(
‖φ‖2β0

L2
µ

+ |φ(X0)|2β0
)

+ ε2γ0‖φ‖2γ0
L2
µ

+ ε2‖φ‖2
L2
µ

]
.

Letting ˜̀i(ε, φ), i = 1, 2, 3 are given respectively in (4.29)-(4.31), we obtain the other assertion
(4.27).

Now, we are in the position to prove Theorem 4.7.
Proof of Theorem 4.7.
The arguments slightly differ in the cases H ∈ (1/2, 1) and H ∈ (0, 1/2), so we shall deal

with them separately.
The case H ∈ (1/2, 1). For any ε ∈ [0, 1] and s0 ∈ [0, T ), let

h̃ε,φs0 (t) =

∫ t

t∧s0
σ−1(s)

[
1

T − s0

∇φ(X0)X
µε,φ
s
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+
s− s0

T − s0

(
E〈DLb(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s

]
ds

=:

∫ t

0

σ−1(s)%ε,s0(s)I{s>s0}ds, t ∈ [0, T ].

Owing to (A1) and (A2), one can verify that h̃ε,φs0 ∈ I
H+ 1

2
0+ (L2([0, T ],Rd)), which means that

there exists an H-valued random variable hε,φs0 such that RHh
ε,φ
s0

= h̃ε,φs0 . It is easy to see
that (RHh

ε,φ
s0

)(t) = 0 for all t ∈ [0, s0]. Moreover, applying the chain rule to t−s0
T−s0∇φ(X0)X

µε,φ
t

yields DRHh
ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T .

Next, we intend to show that K−1
H (RHh

ε,φ
s0

) = K∗Hh
ε,φ
s0
∈ L2

a([0, T ] × Ω,Rd). Then it
follows from Remark 2.1 and Proposition 2.2 that hε,φs0 ∈ Domδ and δ(hε,φs0 ) = δW (K∗Hh

ε,φ
s0

) =∫ T
0
〈K−1

H (RHh
ε,φ
s0

)(t), dWt〉.
It is clear that the operator K−1

H preserves the adaptability property. With the help of
(2.4) and (2.2), we have

K−1
H

(∫ ·
0

σ−1(s)%ε,s0(s)I{s>s0}ds

)
(t)

= tH−
1
2D

H− 1
2

0+

[
·
1
2
−Hσ−1(·)%ε,s0(·)I{·>s0}

]
(t)

=
H − 1

2

Γ(3
2
−H)

[
t
1
2
−Hσ−1(t)%ε,s0(t)I{t>s0}

H − 1
2

+ σ−1(t)%ε,s0(t)

∫ t

0

I{t>s0} − I{s>s0}

(t− s) 1
2

+H
ds

+ tH−
1
2σ−1(t)%ε,s0(t)

∫ t

0

t
1
2
−H − s 1

2
−H

(t− s) 1
2

+H
I{s>s0}ds

+ tH−
1
2%ε,s0(t)

∫ t

0

σ−1(t)− σ−1(s)

(t− s) 1
2

+H
s

1
2
−HI{s>s0}ds

+ tH−
1
2

∫ t

0

%ε,s0(t)− %ε,s0(s)
(t− s) 1

2
+H

σ−1(s)s
1
2
−HI{s>s0}ds

]

=:
H − 1

2

Γ(3
2
−H)

[I1(t) + I2(t) + I3(t) + I4(t) + I5(t)].(4.35)

From (4.33), it follows that

sup
s∈[0,T ],ε∈[0,1]

E|%ε,s0(s)|2 ≤ Cs0,T,K‖φ‖2
L2
µ
.

Additionally, we have∫ t

0

I{t>s0} − I{s>s0}

(t− s) 1
2

+H
ds =

1

H − 1
2

(
(t− s0)

1
2
−H − t

1
2
−H
)

I{t>s0}

and ∫ t

0

s
1
2
−H − t 12−H

(t− s) 1
2

+H
ds = t1−2H

∫ 1

0

r
1
2
−H − 1

(1− r) 1
2

+H
dr <∞.(4.36)
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These, together with (A2)(ii), imply that

E|I1(t)|2 + E|I3(t)|2 ≤ Cs0,T,K,Ht
1−2H‖φ‖2

L2
µ
,(4.37)

E|I2(t)|2 ≤ Cs0,T,K,H(t− s0)1−2H‖φ‖2
L2
µ
,(4.38)

E|I4(t)|2 ≤ Cs0,T,K,K̃,Ht
2δ0−2H+1‖φ‖2

L2
µ
,(4.39)

which means that Ii ∈ L2([0, T ]× Ω,Rd), i = 1, · · · , 4.
Before handing I5, we set for any ε ∈ [0, 1], t ∈ [0, T ] and y ∈ Rd,

b
ε
(t, y) := DLb(t, y, ·)(L

X
µε,φ
t

)(X
µε,φ
t ).

By a direct calculation, we can reduce the integrability of I5 to that of the following three
terms in L2([0, T ]× Ω,Rd):

tH−
1
2

∫ t

0

|∇φ(X0)X
µε,φ
t −∇φ(X0)X

µε,φ
s |

(t− s) 1
2

+H
s

1
2
−Hds,

tH−
1
2

∫ t

0

∣∣∣(E〈bε(t, y)− bε(s, z),∇φ(X0)X
µε,φ
t 〉

)
|
y=X

µε,φ
t ,z=X

µε,φ
s

∣∣∣
(t− s) 1

2
+H

s
1
2
−Hds,

tH−
1
2

∫ t

0

∣∣∣(E〈bε(s, z),∇φ(X0)X
µε,φ
t −∇φ(X0)X

µε,φ
s 〉

)
|
z=X

µε,φ
s

∣∣∣
(t− s) 1

2
+H

s
1
2
−Hds.

Along the same lines as in Step 1 of Theorem 3.1, we have for any p ∈ (1/H, 2],

sup
ε∈[0,1]

E|Xµε,φ
t −Xµε,φ

s |p ≤ Cp,T,K,H |t− s|pH , t, s ∈ [0, T ].(4.40)

Furthermore, by (4.33), it is easy to see that for any p > 0 and s, t ∈ [0, T ],

E(|∇φ(X0)X
µε,φ
t −∇φ(X0)X

µε,φ
s |p|F0) ≤ Cp,T,K

(
‖φ‖pL2

µ
+ |φ(X0)|p

)
|t− s|p.(4.41)

Then, combining these with (A2) implies

E|I5(t)|2 ≤ Cs0,T,K,K̃,H

[
t3−2H + t2α0−2H+1 + t2γ0H−2H+1 + t

+ t2H−1E
(∫ t

0

|Xµε,φ
t −Xµε,φ

s |β0

(t− s) 1
2

+H
s

1
2
−Hds

)2
]
‖φ‖2

L2
µ
.(4.42)

Note that there hold

sup
r∈[0,T ]

|Xµε,φ
r | ≤ CT,K,H

(
1 + ‖Id + εφ‖L2

µ
+ |X0 + εφ(X0)|+

∥∥∥∥∫ ·
0

σ(r)dBH
r

∥∥∥∥
∞

)
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and

E
(

sup
r∈[0,T ]

|Xµε,φ
r |2

)
≤ CT,K,H

(
1 + ‖Id + εφ‖2

L2
µ

)
,

where ‖
∫ ·

0
σ(r)dBH

r ‖∞ := supt∈[0,T ] |
∫ t

0
σ(r)dBH

r |.
Then, it follows from (A1) that∣∣∣∣∫ t

s

b(r,X
µε,φ
r ,L

X
µε,φ
r

)dr

∣∣∣∣
≤ K

(
1 + sup

r∈[0,T ]

|Xµε,φ
r |+

(
E sup
r∈[0,T ]

|Xµε,φ
r |2

) 1
2

)
(t− s)

≤ CT,K,H

(
1 + ‖Id + εφ‖L2

µ
+ |X0 + εφ(X0)|+

∥∥∥∥∫ ·
0

σ(r)dBH
r

∥∥∥∥
∞

)
(t− s).(4.43)

Consequently, this implies

t2H−1E
(∫ t

0

|Xµε,φ
t −Xµε,φ

s |β0

(t− s) 1
2

+H
s

1
2
−Hds

)2

≤ 2t2H−1E
(∫ t

0

|
∫ t
s
b(r,X

µε,φ
r ,L

X
µε,φ
r

)dr|β0

(t− s) 1
2

+H
s

1
2
−Hds

)2

+ 2t2H−1E
(∫ t

0

|
∫ t
s
σ(r)dBH

r |β0

(t− s) 1
2

+H
s

1
2
−Hds

)2

≤ CT,K,H

(
1 + ‖Id + εφ‖2β0

L2
µ

+ E
∥∥∥∥∫ ·

0

σ(r)dBH
r

∥∥∥∥2β0

∞

)
t1+2(β0−H)

+ CHE

(∥∥∥∥∫ ·
0

σ(r)dBH
r dr

∥∥∥∥2β0

H−ς0

)
t1+2(H−ς0)β0−2H ,(4.44)

where we use the Hölder continuity of
∫ ·

0
σ(r)dBH

r of order H − ς0 with ς0 ∈ (0, 1/2) and

∥∥∥∫ ·
0

σ(r)dBH
r

∥∥∥
H−ς0

:= sup
0≤s<t≤T

∣∣∣∫ t0 σ(r)dBH
r −

∫ s
0
σ(r)dBH

r

∣∣∣
|t− s|H−ς0

.

Plugging (4.44) into (4.42) yields that I5 ∈ L2([0, T ]×Ω,Rd). Then we get the desired claim.
Since

Eδ2(hε,φs0 ) = Eδ2
W (K∗Hh

ε,φ
s0

) =

∫ T

0

E|K−1
H (RHh

ε,φ
s0

)(t)|2dt,

by (4.37), (4.38), (4.39), (4.42) and (4.44), one has that
∫ 1

0

(
Eδ2(hτ,φs0 )

) 1
2 dτ < ∞ and

Eδ2(hφ) ≤ CT,K,K̃,H‖φ‖2
L2
µ
.
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Finally, we shall estimate E|δ(hε,φ) − δ(hφ)|. As before, we write %ε = %ε,0 and % = %0,0

for simplicity. Using the linearity of the operator K−1
H and applying the B.D.G. inequality

and the Hölder inequality, we have

E|δ(hε,φ)− δ(hφ)| = E
∣∣∣∣∫ T

0

〈K−1
H (RHh

ε,φ)(t), dWt〉 −
∫ T

0

〈K−1
H (RHh

φ)(t), dWt〉
∣∣∣∣

≤ E
(∫ T

0

|K−1
H (RHh

ε,φ −RHh
φ)(t)|2dt

) 1
2

= E

(
E

((∫ T

0

|K−1
H (RHh

ε,φ −RHh
φ)(t)|2dt

) 1
2 ∣∣F0

))

≤ E
(
E
(∫ T

0

|K−1
H (RHh

ε,φ −RHh
φ)(t)|2dt

∣∣F0

)) 1
2

= E

(∫ T

0

E

(∣∣∣∣K−1
H

(∫ ·
0

σ−1(s)(%ε − %)(s)ds

)
(t)

∣∣∣∣2 ∣∣F0

)
dt

) 1
2

.(4.45)

By (2.4) and (2.2) again, we have

K−1
H

(∫ ·
0

σ−1(s)(%ε − %)(s)ds

)
(t) = tH−

1
2D

H− 1
2

0+

[
·
1
2
−Hσ−1(·)(%ε − %)(·)

]
(t)

=
H − 1

2

Γ(3
2
−H)

[
t
1
2
−Hσ−1(t)(%ε − %)(t)

H − 1
2

+ tH−
1
2σ−1(t)(%ε − %)(t)

∫ t

0

t
1
2
−H − s 1

2
−H

(t− s) 1
2

+H
ds

+ tH−
1
2 (%ε − %)(t)

∫ t

0

σ−1(t)− σ−1(s)

(t− s) 1
2

+H
s

1
2
−Hds

+ tH−
1
2

∫ t

0

(%ε − %)(t)− (%ε − %)(s)

(t− s) 1
2

+H
σ−1(s)s

1
2
−Hds

]

=:
H − 1

2

Γ(3
2
−H)

[J1(t) + J2(t) + J3(t) + J4(t)].(4.46)

Owing to (A2)(ii) and (4.36), we get

3∑
i=1

E(|Ji(t)|2|F0) ≤ CT,K̃,H
(
t1−2H + t2δ0−2H+1

)
E
(
|%ε − %|2(t)|F0

)
,

which leads to

E

(∫ T

0

3∑
i=1

E(|Ji(t)|2|F0)dt

) 1
2

≤ CT,K̃,HE

(
sup
t∈[0,T ]

E
(
|%ε − %|2(t)|F0

)) 1
2

.(4.47)
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Note that by (A1) and (A2), we obtain for any t ∈ [0, T ],

E
(
|(%ε − %)(t)|2|F0

)
≤ 3

T 2
E(|∇φ(X0)X

µε,φ
t −∇φ(X0)X

µ
t |2|F0)

+ 6K̃2
(

(E(|Xµε,φ
t −Xµ

t |β0 |F0) + W2(L
X
µε,φ
t

,LXµ
t
)
)2

(E|∇φ(X0)X
µ
t |)2

+ 6K̃2
(
E(|Xµε,φ

t −Xµ
t |γ0|∇φ(X0)X

µ
t |)
)2

+ 3K2(E|∇φ(X0)X
µε,φ
t −∇φ(X0)X

µ
t |)2

≤ CT,K,K̃

[ (
`2(ε, φ) + ˜̀21(ε, φ) + ε2β0‖φ‖2β0

L2
µ

+ ε2‖φ‖2
L2
µ

+ ε2γ0‖φ‖2γ0
L2
µ

)
‖φ‖2

L2
µ

+ (˜̀22(ε, φ) + ε2β0|φ(X0)|2β0)‖φ‖2
L2
µ

+ ˜̀23(ε, φ)|φ(X0)|2
]
,(4.48)

where the last inequality is due to (4.32), (4.33) and Lemma 4.8. Then, combining this with
Remark 4.3 and (4.47) yields

lim
ε→0

E

(∫ T

0

3∑
i=1

E(|Ji(t)|2|F0)dt

) 1
2

= 0(4.49)

and

lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E
(∫ T

0

∑3
i=1 E(|Ji(t)|2|F0)dt

) 1
2

‖φ‖L2
µ

= 0.(4.50)

For the term associated with J4(t), observe first that for any 0 ≤ s < t ≤ T ,

(%ε − %)(t)− (%ε − %)(s) =
6∑
i=1

Θi(t, s),(4.51)

where

Θ1(t, s) =
1

T

[(
∇φ(X0)X

µε,φ
t −∇φ(X0)X

µε,φ
s

)
−
(
∇φ(X0)X

µ
t −∇φ(X0)X

µ
s

)]
,

Θ2(t, s) =
t− s
T

[(
E〈bε(t, y),∇φ(X0)X

µε,φ
t 〉

)
|
y=X

µε,φ
t
−
(
E〈b(t, ỹ),∇φ(X0)X

µ
t 〉
)
|ỹ=Xµ

t

]
,

Θ3(t, s) =
s

T

(
E
〈
b
ε
(t, y),

(
∇φ(X0)X

µε,φ
t −∇φ(X0)X

µε,φ
s

)
−
(
∇φ(X0)X

µ
t −∇φ(X0)X

µ
s

)〉)
|
y=X

µε,φ
t

,

Θ4(t, s) =
s

T

(
E〈bε(t, y)− bε(s, z),∇φ(X0)X

µε,φ
s −∇φ(X0)X

µ
s 〉
)
|
y=X

µε,φ
t ,z=X

µε,φ
s

,

Θ5(t, s) =
s

T

(
E〈bε(s, z)− b(s, z̃),∇φ(X0)X

µ
t −∇φ(X0)X

µ
s 〉
)
|
z=X

µε,φ
s ,z̃=Xµ

s
,

Θ6(t, s) =
s

T

(
E〈(bε(t, y)− bε(s, z))− (b(t, ỹ)− b(s, z̃)),∇φ(X0)X

µ
t 〉
)
|
y=X

µε,φ
t ,z=X

µε,φ
s ,ỹ=Xµ

t ,z̃=X
µ
s
.

Owing to (A1), (A2), (4.32), (4.33), (4.41) and Lemma 4.8, one gets that

E

t2H−1

(∫ t

0

|Θ1(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0


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≤ CT,K,K̃,Ht
3−2H

[˜̀2
1(ε, φ)‖φ‖2

L2
µ

+ ˜̀22(ε, φ)‖φ‖2
L2
µ

+ (˜̀23(ε, φ) + ˜̀43(ε, φ))|φ(X0)|2
]
,(4.52)

E

t2H−1

(∫ t

0

|Θ2(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0


≤ CT,K,K̃,Ht

3−2H
(
`2(ε, φ)‖φ‖2

L2
µ

+ ε2β0|φ(X0)|2β0‖φ‖2
L2
µ

)
,(4.53)

E

t2H−1

(∫ t

0

|Θ3(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0

(4.54)

≤ CT,K,K̃,Ht
3−2H`2(ε, φ)‖φ‖2

L2
µ
,

E

t2H−1

(∫ t

0

|Θ5(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0


≤ CT,K,K̃,Ht

3−2H
[
ε2‖φ‖2

L2
µ

+ ε2γ0‖φ‖2γ0
L2
µ

+ ε2β0
(
‖φ‖2β0

L2
µ

+ |φ(X0)|2β0
)]
‖φ‖2

L2
µ
.

(4.55)

For Θ4(t, s), by (A2)(i), (4.26) and (4.40) we first have

|Θ4(t, s)| ≤ CT,K,K̃,H
[
(t− s)α0 + (t− s)H + |Xµε,φ

t −Xµε,φ
s |β0

]
`(ε, φ)‖φ‖L2

µ

+ K̃E
(
|Xµε,φ

t −Xµε,φ
s |γ0 · |∇φ(X0)X

µε,φ
s −∇φ(X0)X

µ
s |
)

≤ CT,K,K̃,H
[
(t− s)α0 + (t− s)H + |Xµε,φ

t −Xµε,φ
s |β0

]
`(ε, φ)‖φ‖L2

µ

+ K̃E
(∣∣∣∣∫ t

s

b(r,X
µε,φ
r ,L

X
µε,φ
r

)dr

∣∣∣∣γ0 · |∇φ(X0)X
µε,φ
s −∇φ(X0)X

µ
s |
)

+ K̃E
(∣∣∣∣∫ t

s

σ(r)dBH
r

∣∣∣∣γ0 · |∇φ(X0)X
µε,φ
s −∇φ(X0)X

µ
s |
)
.(4.56)

Next, we focus on dealing with the last two terms of the right-hand side of (4.56). Using
(4.43), (4.26), (4.27) and the fact that BH is independent of F0, we obtain

E
(∣∣∣∣∫ t

s

b(r,X
µε,φ
r ,L

X
µε,φ
r

)dr

∣∣∣∣γ0 · |∇φ(X0)X
µε,φ
s −∇φ(X0)X

µ
s |
)

≤ CT,K,K̃,H

{(
1 + ‖Id + εφ‖γ0L2

µ

)
`(ε, φ)‖φ‖L2

µ

+

(
E
∥∥∥∥∫ ·

0

σ(r)dBH
r

∥∥∥∥2γ0

∞

) 1
2 [˜̀

1(ε, φ) + E˜̀2(ε, φ) +
(
E˜̀23(ε, φ)

) 1
2

]
‖φ‖L2

µ

+ E
(
|X0 + εφ(X0)|γ0 · |∇φ(X0)X

µε,φ
s −∇φ(X0)X

µ
s |
)}

(t− s)γ0 .(4.57)
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Observe that by (4.27), we derive

E
(
|X0 + εφ(X0)|γ0 · |∇φ(X0)X

µε,φ
s −∇φ(X0)X

µ
s |
)

≤ CT,K,K̃E
[
|X0 + εφ(X0)|γ0

(˜̀
1(ε, φ)‖φ‖L2

µ
+ ˜̀2(ε, φ)‖φ‖L2

µ
+ ˜̀3(ε, φ)|φ(X0)|

)]
≤ CT,K,K̃

[
‖Id + εφ‖γ0L2

µ

(˜̀
1(ε, φ) +

(
E˜̀22(ε, φ)

) 1
2

+ ε
β0
2 ‖φ‖

β0
2

L2
µ

+ ε
1
2‖φ‖

1
2

L2
µ

)
‖φ‖L2

µ

+ ε
β0
2 E
(
|X0 + εφ(X0)|γ0 · |φ(X0)|1+

β0
2

)]
≤ CT,K,K̃‖Id + εφ‖γ0L2

µ

(˜̀
1(ε, φ) +

(
E˜̀22(ε, φ)

) 1
2

+ ε
β0
2 ‖φ‖

β0
2

L2
µ

+ ε
1
2‖φ‖

1
2

L2
µ

)
‖φ‖L2

µ

= CT,K,K̃‖Id + εφ‖γ0L2
µ

(˜̀
1(ε, φ) +

(
E˜̀22(ε, φ)

) 1
2

)
‖φ‖L2

µ
,(4.58)

where we use the Hölder inequality with 2+β0
4

+ 2−β0
4

= 1 and the relation (1− 1
2H
≤)γ0 ≤ 1− β0

2

in the last inequality. Note that if γ0 ∈ (1 − β0
2
, 1], we may choose γ̃0 ∈ [1 − 1

2H
, 1 − β0

2
] to

replace such γ0 in the first inequality of (4.56) due to the boundedness of DLb. In this case,
(4.60) below holds with γ0 replaced by γ̃0, which also implies the desired convergence of the
term involved Θ4.
Substituting (4.58) into (4.57) and recalling that ε ∈ [0, 1] imply

E
(∣∣∣∣∫ t

s

b(r,X
µε,φ
r ,L

X
µε,φ
r

)dr

∣∣∣∣γ0 · |∇φ(X0)X
µε,φ
s −∇φ(X0)X

µ
s |
)

≤ CT,K,K̃,H(t− s)γ0
(
`(ε, φ) + ˜̀1(ε, φ) +

(
E˜̀22(ε, φ)

) 1
2

+
(
E˜̀23(ε, φ)

) 1
2

)
‖φ‖L2

µ
,(4.59)

For the other term, applying the fact that BH is independent of F0 again and (4.27), one
sees that

E
(∣∣∣∣∫ t

s

σ(r)dBH
r

∣∣∣∣γ0 · |∇φ(X0)X
µε,φ
s −∇φ(X0)X

µ
s |
)

≤ E


[
E

(∣∣∣∣∫ t

s

σ(r)dBH
r

∣∣∣∣2γ0 ∣∣F0

)] 1
2

·
[
E
(
|∇φ(X0)X

µε,φ
s −∇φ(X0)X

µ
s |2|F0

)] 1
2


≤ CT,K,K̃,H(t− s)γ0H

(˜̀
1(ε, φ) + E˜̀2(ε, φ) +

(
E˜̀23(ε, φ)

) 1
2

)
‖φ‖L2

µ
.

Plugging this and (4.59) into (4.56), we arrive at

|Θ4(t, s)| ≤ CT,K,K̃,H

[
|Xµε,φ

t −Xµε,φ
s |β0`(ε, φ)

+ (t− s)α0∧(γ0H)

(
`(ε, φ) + ˜̀1(ε, φ) +

(
E˜̀22(ε, φ)

) 1
2

+
(
E˜̀23(ε, φ)

) 1
2

)]
‖φ‖L2

µ
.
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Hence, combining this with (4.44) and the fact that BH is independent of F0 again leads to

E

(
t2H−1

(∫ t

0

|Θ4(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0

)

≤ CT,K,K̃,H

(
1 + ‖Id + εφ‖2β0

L2
µ

+ E
∥∥∥∥∫ ·

0

σ(r)dBH
r

∥∥∥∥2β0

∞

)
t1+2(β0−H)`2(ε, φ)‖φ‖2

L2
µ

+ CT,K,K̃,HE

(∥∥∥∥∫ ·
0

σ(r)dBH
r dr

∥∥∥∥2β0

H−ς0

)
t1+2(H−ς0)β0−2H`2(ε, φ)‖φ‖2

L2
µ

+ CT,K,K̃,Ht
1+2(α0∧(γ0H)−H)

(
`2(ε, φ) + ˜̀21(ε, φ) + E˜̀22(ε, φ) + E˜̀23(ε, φ)

)
‖φ‖2

L2
µ

≤ CT,K,K̃,H(t1+2(β0−H) + t1+2(H−ς0)β0−2H)`2(ε, φ)‖φ‖2
L2
µ

+ CT,K,K̃,Ht
1+2(α0∧(γ0H)−H)

(
`2(ε, φ) + ˜̀21(ε, φ) + E˜̀22(ε, φ) + E˜̀23(ε, φ)

)
‖φ‖2

L2
µ
.(4.60)

As far as Θ6(t, s) is concerned, using (A3) and Lemma 2.3, we derive that for any ε ∈
[0, 1], s, t ∈ [0, T ] and y, z ∈ Rd,

b
ε
(t, y)− bε(s, z) = DLb(t, y, ·)(L

X
µε,φ
t

)(X
µε,φ
t )−DLb(s, z, ·)(L

X
µε,φ
s

)(X
µε,φ
s )

=

∫ 1

0

d

dθ
DLb(θs,t, y, ·)(LX

µε,φ
t

)(X
µε,φ
t )dθ

+

∫ 1

0

d

dθ
DLb(s, z + θ(y − z), ·)(L

X
µε,φ
t

)(X
µε,φ
t )dθ

+

∫ 1

0

d

dθ
DLb(s, z, ·)(LXε,φ

s,t (θ))(X
µε,φ
t )dθ

+

∫ 1

0

d

dθ
DLb(s, z, ·)(L

X
µε,φ
s

)(Xε,φ
s,t (θ))dθ

=

∫ 1

0

∂θs,t(D
Lb(·, y, ·)(L

X
µε,φ
t

)(X
µε,φ
t ))(θs,t)(t− s)dθ

+

∫ 1

0

∇(DLb(s, ·, ·)(L
X
µε,φ
t

)(X
µε,φ
t ))(z + θ(y − z))(y − z)dθ

+

∫ 1

0

(
E〈DL(DLb(s, z, ·)(·)(u))(LXε,φ

s,t (θ))(X
ε,φ
s,t (θ)), X

µε,φ
t −Xµε,φ

s 〉
)
|
u=X

µε,φ
t

dθ

+

∫ 1

0

∇(DLb(s, z, ·)(L
X
µε,φ
s

)(·))(Xε,φ
s,t (θ))(X

µε,φ
t −Xµε,φ

s )dθ,

where for any θ ∈ [0, 1], θs,t := s+ θ(t− s) and Xε,φ
s,t (θ) := X

µε,φ
s + θ(X

µε,φ
t −Xµε,φ

s ).
Then by (A1), (A3) and (4.40), we have

|Θ6(t, s)| ≤ CT,K,K,H

[
4∑
i=1

Λi + |(Xµε,φ
t −Xµε,φ

s )− (Xµ
t −Xµ

s )|+ ε(t− s)‖φ‖L2
µ

]
‖φ‖L2

µ
,
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where

Λ1 := (t− s)
(
E
∫ 1

0

∣∣∣∣∂θs,t(DLb(·, y, ·)(L
X
µε,φ
t

)(X
µε,φ
t ))(θs,t)

− ∂θs,t(DLb(·, ỹ, ·)(LXµ
t
)(Xµ

t ))(θs,t)

∣∣∣∣2dθ

) 1
2 ∣∣
y=X

µε,φ
t ,ỹ=Xµ

t
,

Λ2 :=

(
E
∫ 1

0

|∇(DLb(s, ·, ·)(L
X
µε,φ
t

)(X
µε,φ
t ))(z + θ(y − z))

−∇(DLb(s, ·, ·)(LXµ
t
)(Xµ

t ))(z̃ + θ(ỹ − z̃))|2dθ

) 1
2 ∣∣
y=X

µε,φ
t ,z=X

µε,φ
s ,ỹ=Xµ

t ,z̃=X
µ
s

× |Xµε,φ
t −Xµε,φ

s |,

Λ3 := (t− s)H
(
E
∫ 1

0

(
E|DL(DLb(s, z, ·)(·)(u))(LXε,φ

s,t (θ))(X
ε,φ
s,t (θ))

−DL(DLb(s, z̃, ·)(·)(v))(LXs,t(θ))(Xs,t(θ))|2
)∣∣

u=X
µε,φ
t ,v=Xµ

t
dθ

) 1
2 ∣∣
z=X

µε,φ
s ,z̃=Xµ

s
,

Λ4 :=

(
E
(∫ 1

0

|∇(DLb(s, z, ·)(L
X
µε,φ
s

)(·))(Xε,φ
s,t (θ))

−∇(DLb(s, z̃, ·)(LXµ
s
)(·))(Xs,t(θ))|2dθ · |Xµε,φ

t −Xµε,φ
s |2

)) 1
2

|
z=X

µε,φ
s ,z̃=Xµ

s
,

and recall that for any θ ∈ [0, 1], Xs,t(θ) = Xµ
s + θ(Xµ

t −Xµ
s ).

Note that due to (4.32), it follows that as ε or ‖φ‖L2
µ

goes to zero, X
µε,φ
s and Xε,φ

s,t (θ) converge
respectively to Xµ

s and Xs,t(θ) in probability for any s, t ∈ [0, T ] and θ ∈ [0, 1]. Then, using
(A3) again and applying the dominated convergence theorem, we deduce that

lim
ε→0

E

∫ T

0

E

t2H−1

(∫ t

0

|Θ6(t, s)|s 1
2
−H

(t− s) 1
2

+H
ds

)2 ∣∣F0

 dt

 1
2

= 0(4.61)

and

lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E

(∫ T
0
E

(
t2H−1

(∫ t
0
|Θ6(t,s)|s

1
2−H

(t−s)
1
2+H

ds

)2 ∣∣F0

)
dt

) 1
2

‖φ‖L2
µ

= 0.(4.62)

Hence, combining these and (4.52)-(4.55), (4.60) with (4.51), and applying Remark 4.3, we
conclude that

lim
ε→0

E
(∫ T

0

E(|J4(t)|2|F0)dt

) 1
2

= 0
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and

lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E
(∫ T

0
E(|J4(t)|2|F0)dt

) 1
2

‖φ‖L2
µ

= 0.

In conjunction with (4.45), (4.46), (4.49) and (4.50), the above two inequalities imply

lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0, lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E|δ(hε,φ)− δ(hφ)|
‖φ‖L2

µ

= 0.

Therefore, the assertions follow from Theorem 4.4.
The case H ∈ (0, 1/2). We argue essentially in the same way, only this time we need to

check that K−1
H

(∫ ·
0
σ−1%ε,s0(s)I{s>s0}ds

)
∈ L2([0, T ]×Ω,Rd) and (4.14)-(4.15) hold since the

inverse operator K−1
H is of the different form between the cases H ∈ (0, 1/2) and H ∈ (1/2, 1).

Firstly, by (2.5) and (2.1), we have

K−1
H

(∫ ·
0

σ−1%ε,s0(s)I{s>s0}ds

)
(t) = tH−

1
2 I

1
2
−H

0+

[
·
1
2
−Hσ−1%ε,s0(·)I{·>s0}

]
(t)

=
σ−1tH−

1
2

Γ(1
2
−H)

∫ t

0

s
1
2
−H%ε,s0(s)I{s>s0}

(t− s) 1
2

+H
ds.(4.63)

Then, using (A1), (4.9) and Proposition 4.2 with ∇ηX· replaced by ∇φ(X0)X
µε,φ
· , we deduce

E
∣∣∣∣K−1

H

(∫ ·
0

σ−1%ε,s0(s)I{s>s0}ds

)
(t)

∣∣∣∣2 ≤ CHt
1−2HE sup

s∈[0,T ]

|%ε,s0(s)|2

≤ Cs0,T,Ht
1−2HE sup

s∈[0,T ]

|∇φ(X0)X
µε,φ
s |2

≤ Cs0,T,K,Ht
1−2H‖φ‖2

L2
µ
,(4.64)

which implies

K−1
H

(∫ ·
0

σ−1%ε,s0(s)I{s>s0}ds

)
∈ L2([0, T ]× Ω,Rd).

Next, we are to verify that (4.14) and (4.15) hold. Noting that again due to (2.5) and
(2.1), we get

K−1
H

(∫ ·
0

σ−1(%ε − %)(s)ds

)
(t) = tH−

1
2 I

1
2
−H

0+

[
·
1
2
−Hσ−1(%ε − %)(·)

]
(t)

=
σ−1tH−

1
2

Γ(1
2
−H)

∫ t

0

s
1
2
−H(%ε − %)(s)

(t− s) 1
2

+H
ds.(4.65)
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We choose ε0 such that H < ε0 < 1/2. It follows from the Hölder inequality that

E

(
t2H−1

∣∣∣∣∣
∫ t

0

s
1
2
−H(%ε − %)(s)

(t− s) 1
2

+H
ds

∣∣∣∣∣
2 ∣∣∣F0

)

≤ t2H−1

∫ t

0

s1−2H

(t− s)1+2H−2ε0
ds · E

(∫ t

0

|%ε − %|2(s)

(t− s)2ε0
ds
∣∣∣F0

)

= Cε0,Ht
2(ε0−H)

∫ t

0

E
(
|%ε − %|2(s)

∣∣F0

)
(t− s)2ε0

ds

≤ Cε0,Ht
1−2H sup

s∈[0,T ]

E
(
|%ε − %|2(s)

∣∣F0

)
.

Then, combining this with (4.45) and (4.65) yields

E|δ(hε,φ)− δ(hφ)| ≤ E

(∫ T

0

E

(∣∣∣∣K−1
H

(∫ ·
0

σ−1(%ε − %)(s)ds

)
(t)

∣∣∣∣2 ∣∣∣F0

)
dt

) 1
2

≤ Cε0,T,HE

(
sup
s∈[0,T ]

E
(
|%ε − %|2(s)

∣∣F0

)) 1
2

.

Consequently, using (4.48) and Remark 4.3, we obtain the desired relations. Our proof is
now finished.

We conclude this part with a remark.

Remark 4.4. (i) Compared with the relevant result on distribution dependent SDE driven
by the standard Brownian motion (H = 1

2
) shown in [33, Theorem 2.1], it is easy to see

that our above result Theorem 4.7 applies to more general SDEs since we replace B
1
2 with

fractional Brownian motion BH with arbitrary H ∈ (0, 1/2) ∪ (1/2, 1) as driving process.
Furthermore, due to the appearance of J4(t) in (4.46), essential difficulties are overcome in
the analysis of Bismut formula for the L-derivative.

(ii) Combining the above proof and Remark 4.2, we can derive the estimate of the L-
derivative as the following:

‖DL(PTf)(µ)‖ = sup
‖φ‖

L2
µ
≤1

|DL
φ (PTf)(µ)|

≤

(
a1(T,K, K̃,H) +

a2(T,K, K̃,H)

TH

)[
(PTf

2)(µ)− (PTf(µ))2
] 1

2 , f ∈ Bb(Rd),(4.66)

where ai(T,K, K̃,H), i = 1, 2 are two positive constants satisfying

a1(T,K, K̃,H) +
a2(T,K, K̃,H)

TH
= O

(
1

TH

)
when T → 0.
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Indeed, according to Theorem 4.7 and the Hölder inequality, we have

|DL
φ (PTf)(µ)|2 =

[
E
(
f(Xµ

T )

∫ T

0

〈K−1
H (RHh

φ)(t), dWt〉
)]2

=

[
E
(

(f(Xµ
T )− PTf(µ))

∫ T

0

〈K−1
H (RHh

φ)(t), dWt〉
)]2

≤
[
(PTf

2)(µ)− (PTf(µ))2
] ∫ T

0

E|K−1
H (RHh

φ)(t)|2dt.

Then, along the same lines as in (4.37), (4.39), (4.42), (4.44) and (4.64), applying Remark
4.2 and taking into account of the relation sups∈[0,T ] E|%(s)|2 ≤ C( 1

T
+ 1)2‖φ‖2

L2
µ
, we obtain

the estimate (4.66).
In addition, following the same arguments as in the proof of [33, Corollary 2.2 (2)] and using
(4.66), we give the total variation distance estimate for the difference between LXµ

T
and LXν

T

with different initial distributions µ and ν:

‖LXµ
T
−LXν

T
‖var := sup

A∈B(Rd)

|LXµ
T
(A)−LXν

T
(A)| ≤ C(T,K, K̃,H)W2(µ, ν), µ, ν ∈P2(Rd).

4.4 Bismut formula: the degenerate case

We now restrict ourselves to the case H ∈ (1/2, 1), and let d = m+ l, b = (b(1), b(2)) and BH

be a l-dimensional fractional Brownian motion. We now consider the following distribution
dependent degenerate SDE:

(4.67)

{
dX

(1)
t = b(1)(t,Xt)dt,

dX
(2)
t = b(2)(t,Xt,LXt)dt+ σ(t)dBH

t ,

where Xt = (X
(1)
t , X

(2)
t ), b(1) : [0, T ]×Rm+l → Rm, b(2) : [0, T ]×Rm+l×P2(Rm+l)→ Rl, σ(t)

is an invertible l× l-matrix for every t ∈ [0, T ]. It is obvious that (4.67) can be rewritten as
follows

dXt = (b(1)(t,Xt), b
(2)(t,Xt,LXt))dt+ (0, σ(t)dBH

t ).(4.68)

Let us mention that, as in the Brownian motion case (see, e.g., [5, 33]), when taking the
special choices of b(1), b(2) and σ, the above model will reduce to distribution dependent
stochastic Hamiltonian system with fractional noise.

In the current part, we aim to establish the Bismut formula for the L-derivative of (4.68)
with the help of Theorem 4.4. To this end, we will impose the following condition.

(C1) For every t ∈ [0, T ], b(1)(t, ·) ∈ C1(Rm+l → Rm), b(2)(t, ·, ·) ∈ C1,(1,0)(Rm+l×P2(Rm+l)→
Rl). Moreover, there exists a constant K > 0 such that for any t ∈ [0, T ], x, y ∈
Rm+l, µ ∈P2(Rm+l),

‖∇b(1)(t, ·)(x)‖+ ‖∇b(2)(t, ·, µ)(x)‖+ |DLb(2)(t, x, ·)(µ)(y)| ≤ K,

and supt∈[0,T ](|b(1)(t, 0)|+ |b(2)(t, 0, δ0)|+ ‖σ(t)‖) ≤ K.
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It is easily checked that (C1) implies (H), so that there exists a unique solution to (4.68)
with any initial value X0 ∈ L2(Ω → Rm+l,F0,P) thanks to Theorem 3.1, where we recall
that (H) has been introduced at the beginning of Section 3. For any ε ∈ [0, 1] and φ ∈
L2(Rm+l → Rm+l, µ), denote X

µε,φ
t by the solution of (4.68) with X

µε,φ
0 = (Id + εφ)(X0) (as

before, in order to ease notation, we simply write µε,φ = L(Id+εφ)(X0)). For any s0 ∈ [0, T ),
let {g(t)}t∈[0,T ] = {(g(1)(t), g(2)(t))}t∈[0,T ] be a stochastic process on Rm+l with differentiable
paths satisfying

g(1)(t) = ∇φ(X0)X
µε,φ,(1)
t∧s0 +

∫ t

t∧s0
∇g(s)b

(1)(s, ·)(Xµε,φ
s )ds, t ∈ [0, T ],(4.69)

g(2)(t) = ∇φ(X0)X
µε,φ,(2)
t , t ∈ [0, s0],(4.70)

and then put for each t ∈ [0, T ],

(RHh
ε,φ
s0

)(t) :=

∫ t

t∧s0
σ−1(s)

[
∇g(s)b

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

+
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s
− (g(2))′(s)

]
ds.(4.71)

Proposition 4.9. Assume that (C1) holds, and that for any ε ∈ [0, 1] and s0 ∈ [0, T ), let
g = (g(1), g(2)) and H-valued random variable hε,φs0 in Domδ be respectively given in (4.69),

(4.70) and (4.71) such that g(T ) = 0,
∫ 1

0

(
Eδ2(hτ,φs0 )

) 1
2 dτ <∞ and

lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0, φ ∈ L2(Rm+l → Rm+l, µ).

Then we have
(i) For any f ∈ Bb(Rm+l), PTf is weakly L-differentiable at µ, and moreover

DL
φ (PTf)(µ) = E(f(Xµ

T )δ(hφ)), φ ∈ L2(Rm+l → Rm+l, µ).

(ii) For any f ∈ Bb(Rm+l), PTf is L-differentiable at µ, if Eδ2(hφ) ≤ L̃‖φ‖2
L2
µ

with a constant

L̃ > 0 and

lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E|δ(hε,φ)− δ(hφ)|
‖φ‖L2

µ

= 0.

Proof. Owing to (4.71), it is easy to see that (RHh
ε,φ
s0

)(t) = 0 for all t ∈ [0, s0]. Now, to show
assertions (i) and (ii), by Theorem 4.4 it remains to verify DRHh

ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T .

On one hand, according to Proposition 4.3, we obtain that for any ε ∈ [0, 1], φ ∈
L2(Rm+l → Rm+l, µ) and s0 ∈ [0, T ), the Malliavin derivative process (Yt := DRHh

ε,φ
s0
X
µε,φ
t )t∈[0,T ]

solves

Yt =

∫ t

0

(
∇Ysb

(1)(s, ·)(Xµε,φ
s ),∇Ysb

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
ds
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+

∫ t

0

(
0, σ(s)d(RHh

ε,φ
s0

)(s)
)

=

∫ t

t∧s0

(
∇Ysb

(1)(s, ·)(Xµε,φ
s ),∇Ysb

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
ds

+

∫ t

t∧s0

(
0, σ(s)d(RHh

ε,φ
s0

)(s)
)
,(4.72)

where the second equality is due to the fact that (RHh
ε,φ
s0

)(t) = 0 for t ∈ [0, s0].
Observe that by (4.70) and (4.71), we have that for any t ∈ [0, T ],

g(2)(t) = ∇φ(X0)X
µε,φ,(2)
t∧s0 +

∫ t

t∧s0

[
∇g(s)b

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

+
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s

]
ds

−
∫ t

t∧s0
σ(s)d(RHh

ε,φ
s0

)(s).

Then, combining this with (4.69) implies that for any t ∈ [0, T ],

g(t) = ∇φ(X0)X
µε,φ
t∧s0 +

∫ t

t∧s0

[(
∇g(s)b

(1)(s, ·)(Xµε,φ
s ),∇g(s)b

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
+
(

0,
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s

)]
ds

−
∫ t

t∧s0

(
0, σ(s)d(RHh

ε,φ
s0

)(s)
)
.

Consequently, in conjunction with (4.72), the above relation yields that for any t ∈ [0, T ],

Yt + g(t) = ∇φ(X0)X
µε,φ
t∧s0 +

∫ t

t∧s0

[(
∇Ys+g(s)b

(1)(s, ·)(Xµε,φ
s ),∇Ys+g(s)b

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
+
(

0,
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s

)]
ds.(4.73)

On the other hand, for any ε ∈ [0, 1], φ ∈ L2(Rm+l → Rm+l, µ) and s0 ∈ [0, T ), applying
Proposition 4.2 with η = φ(X0), one sees that the directional derivative process (Zt :=
∇φ(X0)X

µε,φ
t )t∈[0,T ] solves

Zt = φ(X0) +

∫ t

0

[(
∇Zsb

(1)(s, ·)(Xµε,φ
s ),∇Zsb

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
+
(

0,
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ), Zs〉

)
|
y=X

µε,φ
s

)]
ds

= Zt∧s0 +

∫ t

t∧s0

[(
∇Zsb

(1)(s, ·)(Xµε,φ
s ),∇Zsb

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )

)
+
(

0,
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ), Zs〉

)
|
y=X

µε,φ
s

)]
ds.(4.74)
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Owing to (4.73), (4.74) and the uniqueness of solutions of the ODE, we conclude that

DRHh
ε,φ
s0
X
µε,φ
t + g(t) = ∇φ(X0)X

µε,φ
t , t ∈ [0, T ].

This implies DRHh
ε,φ
s0
X
µε,φ
T = ∇φ(X0)X

µε,φ
T due to g(T ) = 0. The proof is now complete.

Next, we intend to apply Proposition 4.9 with concrete choices of g = (g(1), g(2)). Without
of lost generality, we consider a special case of (4.67) with b(1)(t, x, y) = Ax + By, where A
and B are two matrices of order m×m and m× l, respectively. That is,

(4.75)

{
dX

(1)
t = (AX

(1)
t +BX

(2)
t )dt,

dX
(2)
t = b(2)(t,Xt,LXt)dt+ σ(t)dBH

t .

For the equation (4.75), we impose additional conditions on b(2) and σ which are similar to
(A2) and (A3).

(C2) There exists a constant K̃ > 0 such that

(i) for any t, s ∈ [0, T ], x, y, z1, z2 ∈ Rm+l, µ, ν ∈P2(Rm+l),

‖∇b(2)(t, ·, µ)(x)−∇b(2)(s, ·, ν)(y)‖+ |DLb(2)(t, x, ·)(µ)(z1)−DLb(2)(s, y, ·)(ν)(z2)|
≤ K̃(|t− s|α0 + |x− y|β0 + |z1 − z2|γ0 + W2(µ, ν)),

where α0 ∈ (H − 1/2, 1] and β0, γ0 ∈ (1− 1/(2H), 1].

(ii) σ−1 is Hölder continuous of order δ0 ∈ (H − 1/2, 1]:

‖σ−1(t)− σ−1(s)‖ ≤ K̃|t− s|δ0 , t, s ∈ [0, T ].

(C3) The derivatives

∂t(D
Lb(2)(·, x, ·)(µ)(y))(t), ∇(DLb(2)(t, ·, ·)(µ)(y))(x),

DL(DLb(2)(t, x, ·)(·)(y))(µ)(z), ∇(DLb(2)(t, x, ·)(µ)(·))(y)

exist and are bounded continuous in the corresponding arguments (t, x, µ, y) or (t, x, µ, y, z).
We denote the bounded constants by a common one K > 0.

For any s0 ∈ [0, T ), let

U s0
t =

∫ t

s0

(s− s0)(T − s)
T 2

e(T−s)ABB∗e(T−s)A∗
ds ≥ ρ(t)Im×m, t ∈ (s0, T ],(4.76)

where ρ ∈ C([0, T ]) satisfies ρ(t) > 0 for any t ∈ (0, T ] and Im×m is the identity matrix on
Rm × Rm, and set for t ∈ [0, T ],

g(1)(t) := e(t−t∧s0)A∇φ(X0)X
µε,φ,(1)
t∧s0 +

∫ t

t∧s0
e(t−s)ABg(2)(s)ds(4.77)
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and

g(2)(t) :=
T − t

T − t ∧ s0

∇φ(X0)X
µε,φ,(2)
t∧s0

− (t− t ∧ s0)(T − t)
T 2

B∗e(T−t)A∗
(U s0

T )−1e(T−s0)A∇φ(X0)X
µε,φ,(1)
t∧s0

− (t− t ∧ s0)(T − t)
T 2

B∗e(T−t)A∗
(U s0

T )−1

∫ T

s0

T − s
T − s0

e(T−s)AB∇φ(X0)X
µε,φ,(2)
s0 ds.(4.78)

Then our main result in the current part can be stated in the following theorem.

Theorem 4.10. Assume that (C1), (C2) and (C3) hold. Then for any µ ∈ P2(Rm+l)
and f ∈ Bb(Rm+l), PTf is L-differentiable at µ such that

DL
φ (PTf)(µ) = E

(
f(Xµ

T )

∫ T

0

〈K−1
H (RHh

φ)(t), dWt〉
)
, φ ∈ L2(Rm+l → Rm+l, µ),

where the H-valued random variable hφ belongs to Domδ and satisfies for every t ∈ [0, T ],

(RHh
φ)(t) =

∫ t

0

σ−1(s)
[
∇g(s)b

(2)(s, ·,LXµ
s
)(Xµ

s )

+
(
E〈DLb(2)(s, y, ·)(LXµ

s
)(Xµ

s ),∇φ(X0)X
µ
s 〉
)
|y=Xµ

s
− (g(2))′(s)

]
ds

and g = (g(1), g(2)) is given by (4.77) and (4.78) for s0 = 0 and (∇φ(X0)X
µ,(1)
· ,∇φ(X0)X

µ,(2)
· )

replacing (∇φ(X0)X
µε,φ,(1)
· ,∇φ(X0)X

µε,φ,(2)
· ).

Proof. Observe first that by (4.76), we can see that U s0
t is invertible with ‖(U s0

t )−1‖ ≤ 1/ρ(t)
for every t ∈ (s0, T ], and then g(1)(t) and g(2)(t) given respectively by (4.77) and (4.78) are
well-defined. Since ∇b(1) = (A,B), we have that g(1)(t) satisfies (4.69). Owing to (4.78), it
is readily checked that g(2)(T ) = 0 and (4.70) holds. Besides, by (4.77) and (4.78) again, we
have

g(1)(T ) = e(T−s0)A∇φ(X0)X
µε,φ,(1)
s0 +

∫ T

s0

e(T−s)ABg(2)(s)ds

= e(T−s0)A∇φ(X0)X
µε,φ,(1)
s0 +

∫ T

s0

T − s
T − s0

e(T−s)AB∇φ(X0)X
µε,φ,(2)
s0 ds

−
∫ T

s0

(s− s0)(T − s)
T 2

e(T−s)ABB∗e(T−s)A∗
ds(U s0

T )−1e(T−s0)A∇φ(X0)X
µε,φ,(1)
s0

−
∫ T

s0

(s− s0)(T − s)
T 2

e(T−s)ABB∗e(T−s)A∗
ds(U s0

T )−1

∫ T

s0

T − s
T − s0

e(T−s)AB∇φ(X0)X
µε,φ,(2)
s0 ds

= 0,

where the last equality is due to the definition of U s0
T .

For any ε ∈ [0, 1] and s0 ∈ [0, T ), let

h̃ε,φs0 (t) =

∫ t

t∧s0
σ−1(s)

[
∇g(s)b

(2)(s, ·,L
X
µε,φ
s

)(X
µε,φ
s )
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+
(
E〈DLb(2)(s, y, ·)(L

X
µε,φ
s

)(X
µε,φ
s ),∇φ(X0)X

µε,φ
s 〉

)
|
y=X

µε,φ
s
− (g(2))′(s)

]
ds,(4.79)

where g(1) and g(2) are defined by (4.77) and (4.78), respectively. Noting that the right-

hand side of (4.79) belongs to I
H+ 1

2
0+ (L2([0, T ],Rl)) due to (C1) and (C2), there exists

an H-valued random variable hε,φs0 such that RHh
ε,φ
s0

= h̃ε,φs0 . Under (C1) and (C2), the
adaptation of our calculations in Lemma 4.8 to the present degenerate case are straight-
forward. Then resorting to the same techniques as in (4.35) and [17, Theorem 3.2], we
obtain that K−1

H (RHh
ε,φ
s0

) = K∗Hh
ε,φ
s0
∈ L2

a([0, T ] × Ω,Rl) (which implies that δ(hε,φs0 ) =

δW (K∗Hh
ε,φ
s0

) =
∫ T

0
〈K−1

H (RHh
ε,φ
s0

)(t), dWt〉), and
∫ 1

0

(
Eδ2(hτ,φs0 )

) 1
2 dτ <∞ as well as Eδ2(hφ) ≤

CT,K,K̃,H‖φ‖2
L2
µ
. Furthermore, with the help of (C3) and by a similar analysis of (4.45) we

derive that

lim
ε→0+

E|δ(hε,φ)− δ(hφ)| = 0 and lim
‖φ‖

L2
µ
→0

sup
ε∈(0,1]

E|δ(hε,φ)− δ(hφ)|
‖φ‖L2

µ

= 0.

Therefore, the assertions follow from Proposition 4.9.

Remark 4.5. Similar to Remark 4.4(ii), we can obtain that there exist two positive constants

ci(T,K, K̃,H), i = 1, 2 such that

‖DL(PTf)(µ)‖ ≤ c(T,K, K̃,H)
[
(PTf

2)(µ)− (PTf(µ))2
] 1

2 , f ∈ B(Rm+l),

‖LXµ
T
−LXν

T
‖var ≤ c(T,K, K̃,H)W2(µ, ν), µ, ν ∈P2(Rm+l),

where

c(T,K, K̃,H) := c1(T,K, K̃,H) + c2(T,K, K̃,H)

(
1

TH
+

1

ρ(T )
+

1

THρ(T )

)
with c(T,K, K̃,H) = O

(
1

THρ(T )

)
when T → 0. If the following Kalman rank condition

Rank[B,AB, · · · , AkB] = m

holds for some integer number k ∈ [0,m− 1], then (4.76) is satisfied with ρ(t) = C1(t∧1)2(k+1)

T eC2T

for two positive constants Ci, i = 1, 2 (see, e.g., [42, Theorem 4.2]), which implies that

c(T,K, K̃,H) = O
(

1
T 2k+1+H

)
as T → 0.
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