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ABSTRACT. In this paper, we are concerned with regularity of nonlocal sto-
chastic partial differential equations of parabolic type. By using Campanato
estimates and Sobolev embedding theorem, we first show the Hélder continuity
(locally in the whole state space R?) for mild solutions of stochastic nonlo-
cal diffusion equations in the sense that the solutions u belong to the space
C7Y(Dr; LP(R2)) with the optimal Holder continuity index ~ (which is given
explicitly), where Dy :=[0,T] x D for T > 0, and D C R¢ being a bounded
domain. Then, by utilising tail estimates, we are able to obtain the estimates
of mild solutions in LP(2; C?" (Dr)). What’s more, we give an explicit formu-
la between the two indexes v and v*. Moreover, we prove Holder continuity
for mild solutions on bounded domains. Finally, we present a new criterion to
justify Holder continuity for the solutions on bounded domains. The novelty of
this paper is that our method is suitable to the case of space-time white noise.
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1. Introduction. Given7 > 0and D C R? let Dy := [0,T]xD. Let (Q, F,{F: }+>0,P)
be a given filtered probability space. In papers [13, 24], the authors obtained reg-
ularity of singular stochastic integrals in the following space (see section for the
definition)

LP((Dr; 6); LP(2))

for p > 1,6 > 0,0 > 0. Further, by virtue of the celebrated Sobolev embedding
theorem ZP%(D; ) — C7(D;§) for § > 1, we succeeded in obtaining estimates of
solutions in the Holder space

C(Dr; LP(Q)),

(d+2)(6—1) )

where v = In the present paper, we aim to obtain the estimates of

solutions in the space

LP(2;C7(Dr)).
The fundamental difficulty is the fact that usually

Esup <supkE.

t,x t,x

Therefore, the space LP(Q; CV(Dr)) is a subspace of C7(Dr; LP(f2)). Comparing
with the result given in [13, 24], we shall establish a new regularity of nonlocal
diffusion equations. In order to overcome the fundamental difficulty, we are going
to use the tail estimates and the equivalence between the Holder space and Cam-

panato Space to overcome the above mentioned difficulty. The idea is fairly easy to
explicate. In fact, note that

E(X]") = /Q IX[PdP(w)

p/ P{|X| > a}a? 'da
0

M 9]
p/ P{|X| > a}a? 'da +p/ P{|X| > a}a? 'da
0 M

oo
< M”—i—p/ P{|X| > a}a’ 'da
M

for any arbitrarily fixed constant M > 0. In order to obtain the LP-boundedness,
by the above inequality, we only need to show that the second integral is bounded.
Further, by utilising Chebyshev’s inequality, one can derive the desired results by
means of the estimates in .ZP9((Dr;6); LP(2)).

Let us recall some regularity results about stochastic partial differential equations
(SPDEs). The earliest results about the L,-theory of SPDEs appeared in the works
of Krylov [20, 21]. Recently, Kim-Kim [14] considered the L,-theory for SPDEs
driven by Lévy processes, also see [7, 15, 17, 23]. In papers [29, 28], van Neerven
et al. obtained the L,-theory of SPDEs by means of the semigroup approach, also
see [18]. There are many papers about the regularity of SPDEs on non-smooth
domains, see [5, 22]. Zhang [32] obtained the L,-theory of semi-linear SPDEs on
general measure spaces. Let us also mention Zhang [33] where very interestingly L,-
maximal regularity of (deterministic) nonlocal parabolic PDEs and Krylov estimate
for SDEs driven by Cauchy processes are proved.

The Holder estimate of SPDEs has been studied by many authors. Let us men-
tion a few. Hsu-Wang-Wang [10] established the stochastic De Giorgi iteration and
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regularity of semilinear SPDEs and in our paper [25], we generalized the result-
s of [10] by using similar method. Du-Liu [8] obtained the Schauder estimate for
SPDEs. Combining the deterministic theory and convolution properties, Debussche-
de Moor-Hofmanov4 [6] established the regularity result for quasilinear SPDEs of
parabolic type. Kuksin-Nadirashvili-Piatnitski [19] obtained Holder estimates for
solutions of parabolic SPDEs on bounded domains. Most recently, Tian-Ding-Wei
[27] derived the local Holder estimates of mild solutions of stochastic nonlocal diffu-
sion equations by using tail estimates [19]. Wang [30] generalized the results of [24]
to nonlocal diffusion equation. The results on Holder estimate of PDEs with space-
time white noise are few. Fortunately, our method is suitable for the space-time
white noise case.

There are two methods to deal with the Schauder estimate for SPDEs. One is
using the smoothing property of the kernel, the other is using the iteration tech-
nique. In this paper, we use the Morrey-Campanato estimates and tail estimates
to obtain the desired results. The advantage of Morrey-Campanato estimates is to
use the properties of kernel function and Sobolev embedding theorem. Comparing
with other methods to obtain the Holder estimate, it is clear that this method is
relatively simple.

The rest of this paper is organized as follows. Section 2 presents some prelimi-
naries. In section 3, we state and prove our main results on Holder estimate over
the whole spatial space. Section 4 is concerned with Holder estimate on bounded
domains. Section 5 is devoted to some applications of our main results.

2. Preliminaries. Set, for X = (t,2) € R x R? and Y = (s,9) € R x R?, the
following

0(X,Y) = max{|x—y|, |t—s\ﬁ}.
Let Q.(X) be the ball centered in X = (¢, z) with radius ¢ > 0, i.e.,
Qe(X):={Y =(5,9) eRxR: §(X,Y) < R} = (t — A, t + **) x B.(x).
Fix T € (0,00) arbitrarily. Denote
Or == (0,T) x R,

For a bounded domain D C R?, we denote Dy := [0,T] x D. For a point X €
Dr,D(X,r) := Dr N Q-(X) and d(D) := diam(D) (that is, the diameter of D).
The following definitions are introduced in [3]. Let us first give the definition of
Campanato space.

Definition 2.1. (Campanato Space) Letp > 1 and 6 > 0. A function u belongs
to the Campanato space L7 (D;d), which is a subspace of LP(D), if u satisfies the
following condition

1/p
1
[U) 2.0 (D) 1= sup 7/ [w(Y) —ux ,|PdY < o0, u € LP(Dr)
(Dr38) XeDyp,d(D)>p>0 |D(X,p)|9 D(X,p) f

where |D(X, p)| stands for the Lebesgue measure of the Borel set D(X, p) and

<,
Ux,p = o7 u(Y)dY.
g |D(X, p)] D(X,p)
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For u € P9 (Dr;6), we define
» » 1/p
lllzropry i= (16l () + [0 (i) )
Next, we recall the definition of Holder space.
Definition 2.2. (Hélder Space) Let 0 < v < 1. A function u belongs to the
Holder space CY(Dr;0) if u satisfies the following condition
[u(X) — u(Y)]

U v (Poeg) = sup —_— = < 0.

(e Dr) XeDr,d(D)zp>0 O(X, Y)Y
For u € CY(Dr;6), we define

HUHC”/(DT;é) :=sup |u| + [u]CW(DT;é)'
Dt

Definition 2.3. Let Dy C R be a domain. We call the domain Dy an A-
type domain if there exists a constant A > 0 such that VX € Dy andV0 < p < d(D),
it holds that

|Dr (X, p)| = [Dr NQ,(X)[ = A|Q,(X)].

Recall that given two sets By and By, the relation B; & By means that both
B; C By and By C Bj hold. The notation f(z) ~ g(z) means that there is a
number 0 < C' < oo independent of x, i.e. a constant, such that for every x we have
C~1f(z) < g(x) < Cf(x). We have then the following relation of the comparison
of the two spaces defined above

Proposition 2.1. Assume that Dt is an A-type bounded domain. Then, for
p>landforl1<0<1+ ﬁ (Recall that d is the dimension of the space),
P (Dr;6) = C7(Dr;6)
with
(d+2a)(0—1)
» .
By using [3, Lemmas 2.2 and 2.3], Chen [3] proved the Proposition 2.1 with
a = 1. It is easy to generalize the results to the case of 0 < a < 1. We only note

that |Q.(X)| = ¢?*2® and let the details to readers.
We want to use the tail estimate to derive the following boundedness results

<C, Vp=>1

E”“H%w([o,ﬂxp)

for solutions u of SPDEs. To this end, we need the following proposition.

Proposition 2.2. [27, Lemma 2.1] Let ug € LP(R? x Q). Consider the Cauchy
problem

dwu(t,z) = A%u(t,z), t>0, z€RY w(0,z) = up(x). (2.1)
Then, for any 0 < B8 < 1, the following estimates for the unique mild solution of
(2.1)
u(t, -)les ey < Ct 3%~ 5w ||ug || o (gay, P—a.s. w e Q, (2.2)
and for T >0
u(t + 7, 2) — u(t, )| < CtP~ 2 78 ||ug| Lo ey, P —a.s. we Q. (2.3)
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We end this section with the following properties of kernel function K satisfying
K; = A*K (the reader is referred to [1, 2, 4, 11] for more details)

e for any ¢t > 0,
K (t, )1 mey = 1 for all £ > 0.
o K(t,x,y) is C*™ on (0,00) x R% x R? for each t > 0;
o fort >0, z,y € RY x # y, the sharp estimate of K(t,z) is

. t _d/(2a
K(t,$7y) ~ min <x—y|d+2a’t d/(2 )) N

o fort >0, z,y € R% x # y, the estimate of the first order derivative of K (¢, z)
is

. t _d+2
|VwK(t,a?,y)|%|y—x|mln{|yxd+2+2a,t o } (2.4)

The estimate (2.4) for the first order derivative of K (t,z) was derived in [1,
Lemma 5]. Xie et al. [31] obtained the estimate of the m-th order derivative of
p(t,x) by induction.

Proposition 2.3. [24, Proposition 5.2] For any m > 0, we have

_ X t _dt2(m—n)
Oy K(t,x) = Chz|™ Q"mm{wmﬁ(mn)vt . }

where || means the largest integer that is less than .
3. Holder estimate in the whole space. In this section, we establish the Morrey-
Campanato estimates under different assumptions on stochastic term. Set

Kott.)s= [ [ Kt=ruatre = y)aya (r),

which is a mild solution of (3.1). The first result is similar to the deterministic case.
We consider the following equation

duy = A%udt 4+ g(t,x)dWy, uli—g =0, (3.1)

where A® = —(—A)* and W, is a standard Brownian motion on a filtered proba-
bility space (2, F,{F:}i>0,P).

Theorem 3.1. Let D be an A-type bounded domain in R4 such that D C Or.
Suppose that g € LS (Ry; LP(Q x RY)) for p > d/a is Fy-adapted process, and that

0 < B < « satisfies (a — B)p — d > 0. Then, there is a mild solution u of (3.1) and
u € ZLP9((Dr;0); LP(Q)) N LP(Q; CP(Dr)). Moreover, it holds that

lull .0 ((Drssy:r)) < CllgllLe(o,1);Lr (@xRY)s (3.2)
lullcs(prier@)) < Cllgllne(o,1);Lr(@xRDY)s (3.3)
where 6 = 1 + dfga' Moreover, taking 0 < € < 8p/2 and q > (d + 2a) /e, we have

forl<r<gq

[ullLr (o8 (Dr)) < Cllgllne=(jo,11;20 (2xRAY)5 (3.4)
where B* = — 2¢/p.
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Proof. The existence of mild solution of (3.1) is a classical result under the

above assumptions. Now we prove the inequality (3.2). Due to the definition of
Companato space, it suffices to show that

[ul 2.0 (Do) Lr(0)) < 00
Direct calculus shows that

1
ul?,, e < sup _
[ ]y O((Dr;6);LP(2)) D(X,¢),X€Dr,0<c<d(D) |D(X, c)|1+9

XE/ / lu(t, x) — u(s,y)|Pdtdedsdy
D(X,c) /D(X,c)

1
sup _—
D(X,¢),XeDr 0<c<d(D) | D(X, c)[1+0

XE/ /
D(X,c) JD(X,c)

— /S K(s—ry—2)g(r, z)dde(r)’p
0 JRre

IN

/ K(t—rx—2)g(r,z)dzdW(r)
0 Jrd

= sup

T o
- EYdtdzdsdy.
D(X,¢),xeDr0<e<d(D) [D(X,)[* Jp(x.e) JD(x,0)

Set t > s. We have the following estimates

p

EYT

IN

CE’/Os/Rd(K(tTvxz)K(sr,yz))g(r,z)dde(r)

+CE‘ /st y K(t—rax—2z)g(r, z)dde(r)‘p

p
2

IN

C’E‘/Os (/Rd(K(t—r,m—z)—K(s—r,y—z))g(r7z)dz>2dr

P
2

t 2
—I—C’E‘ / ( K(t—raz—2z)g(r z)dz) dr
s R4
= C(Hl + HQ)

Estimate of H;.

Take 8 > 0 satisfying (o — 8)p —d > 0. We first recall the following fractional
mean value formula (see (4.4) of [12])

fla+h)=f(z) + T 1+ B f PO (x + on),
where 0 < < 1 and 0 < 0 <1 depends on h satisfying

. I'2(1+73)
B _
o= I(1+28)’
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By using the Propositions 2.2 and 2.3, the above fractional mean value formula and
Holder inequality, we have

p
2

H,y

E| /0 (/Rd(K(t Crw—2) = K(s— 1y — 2))g(r, z)dz)2dr

s 2 »
< C’E’/ < |K(t—7‘,x—z)—K(s—7‘,:ﬁ—z)|-|g(r,z)dz> dr|’
0o \Jre
s 2 2
+C’E’/ (/ (K(s—r,m—z)—K(s—r,y—z))-g(r,z)dz) dr
0o \Jre
s 1 o8 % 2
5p : K 5
< C(t—s)%E]/ / [ T (€ —ra—2)dhl%dz | g(r)|2, gedr
0 Re Jo Otz
s _B_a 3
+Cla =yl B [ (s =) lgl0) s raydr
s 1 98 %
Bp 0K
< Clt—=35)2lgll”, 070 . / / / E—r,x—2)df|%dz | dr
(R ey O Y = )b

2

8 _B_d
+Clz — y|ﬁp|‘g|‘iP(Q;Lw([(),T];LP(Rd))) {/0 (s—r) a7 d’"}
< O(t-5)%F +la—y"),

where ¢ =p/(p— 1), £ = 60t + (1 — 6)s, and we used the following fact

s 1 % %
/ / | 0 5(5 —r,x—z)df|%dz | dr
0 R4 Jo Otz

s (E_T)i dg+2qap
<o ([ ot

0 0

2
L B e ) I

(§—r)2a
S C |:(9(t _ S)) d—dq-f—qq:(l—ﬁ) n gd—dq+qq;(1—/3):|
< C

because using ¢ = p/(p — 1), we have
d—dg+qa(l1—0)>0<pla—apf)>d<pla—p) >d.

Similarly, we have

3 B4 pa (a=B)p—d
sS—7r) « padp=—7 g po <C
[ 6= (a—Bp—d <

provided that (o« — 8)p —d > 0.
Estimate of Hs.

(NS
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Similar to the estimate of Hy, we have

1 2 »
Hy = E‘/ < K(t_rvf—z)g(r,z)dz> dr|’
s R4
i
t 5 2
S HgHI[)‘p(Q;Loo([O,T];Lp(Rd))) [/ (/]Rd |K(t —Tr,xr— 2;)|qu) d'f:|
ga=(g=1d p
S CHgHZ[),p(Q;Loc([07T];LP(R,1)))(t - S) qo X3

provided that ap > d. Indeed, by using 1/p + 1/q = 1, we have
ga—(¢q—1)d>0 <= ap>d.
Combining the assumption of p, we have

pa—d

HQSC(t—S> 2a

Assume that D(X, ¢) = DrNQ. and Q. = Q.(to, o). Noting that (¢,z) € Q.(to, xo)
and (s,y) € Q.(to, zo), we have

0<t—s<2 and |z —y|<|v— 20|+ |y — z0| < 2c.

By using the definition of A-type bounded domain, we have

1
u| p.0 6):LP sup 7E/ / EYdtdxdsdy
lulroqprayir@n D(x,e),xeDr0<c<d(D) DX, )" Jpix.e) JD(x,0)

Cllgl Loz (o,r1:Lr @)

IN

IN

where 6 = 1+ df—ga' This yields the inequality (3.2). Applying Proposition 2.1, one

can obtain the inequality (3.3).
Next, we prove the inequality (3.4). In order to use the technique of tail estimates,
we first consider the following estimates. Let (to,xq) € D C Op and

Q.(to, x0) = (to — ¢, to + **) X Be(x0).

Then we have Dp C Qa(p)(to, o). Set (t1,21),(t2,x2) € Dr , Q; := DN
Qci(ti7xi)’ Z == 1,2 and

1
F(ti, i, c) = |Ql+9/ / lu(t, z) — u(s,y)Pdtdzdsdy
1
= 71%/ / IKg(t,x) — Kg(s,y)|Pdtdzdsdy.

Notice that

F(t1,21,¢1) — F(ta,x2,c2) = [F(t1,21,¢1) — F(t2,21,¢1)]
+[F(ta,x1,c1) — F(ta, x2,c1)]
+[F(te, 2, 1) — F(ta, 2, c2)]

= L +1+1s.
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Estimate of I;:
I, = F(ty,x1,c1) — F(t2,21,¢1)

7 o .
= — |Kg(t,z) — Kg(s,y)|Pdtdxdsdy
|Q1|1+0 17/ Q1 ( ) |

@ J,. ),
- IKg(t, ) — Kg(s,y)|Pdtdzdsdy
|Q12|1+9 12 12
T U
= |Kg(t, z) — Kg(s,y)[Pdtdzdsdy
|Q1|1+9 { Q1\Q12 Y Q1\Q12

+/ / |Kg(t, ) — Kyg(s,y)Pdtdrdsdy
Q12\Q1 Y Q12\Q1

1 1
+ LQ1|1+0 - |Q12|1+9] / / |Kg(t, ) — Kg(s,y)[Pdtdrdsdy

= Iy + g,

where Q12 = Dy N Q., (t2,z1). For simplicity, we assume that |Q1]| > |Q12]. Oth-
erwise, we can chance the place of Q1 and @12. And thus I;5 < 0 almost surely.
Now, we consider the term I;;. Before giving the estimates of I11, we first recall
our aim. In order to apply the tail estimate, we want to obtain the estimates of I1;
like the followings:

El;; < C(t1 — t2)¢ for some € > 0.
It is easy to see that
1Q1\ Q2| < C(t1 —ta)cf and |Q:] = cf+2e.

So we must put some assumption on g in order to get some help from it.
Set t > s. Denote

E/ / |KCy(t, z) — Kg(s,y)[Pdtdzdsdy
Q1\Q12 Y Q1\Q12

/ / EYdtdxdsdy.
Q1\Q12 Y Q1\Q12

Similar to the proof of inequality (3.2), we have
EY < CiP.
Noting that (¢,z) € @1 and (s,y) € Q1, we have
0<t—5<2¢%" and |z —vy| <|z—x1|+|y—21] < 2¢1.

Using the above inequalities and the properties of A-type domain, we deduce

E/ / EYdtdzdsdy
Q1\Q12 Y Q1\Q12

< C(p,T)ec p|Q1 \Q12| ”g”Lp Q;L°([0,T];LP (R%)))"

Since Dr is a A-type bounded domain, we have for 2¢; < diamD,

AlQc, (t1,21)| < 1Q1| < Qe (t1, 1)
A|Qe, (t1,21) \ Qey (T2, 1) < Q1 \ Q2] < |Qc, (t1,21) \ Qe (t2, 1)l
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We remark that
|QC1(t17$1)| ~ Cf+2a’
Qe (t1, 1) \ Qe, (t2, 21)| < Cef [ A (11 — 1)),

where C'is a positive constant which does not depend on ¢;. Noting that Q1\ Q12 C
Q1 and taking 0 < e < 8p/2, we have

]E/ / |Kg(t,z) — Kg(s,y)Pdtdzdsdy
Q1\Q12 Y Q1\Q12

< C(Cy,D,d,T)

||9||Lp Q;Lo°([0,T];LP Rd)))|Q1| e |ty — to]“.

Similarly, we can get

]E/ / |u(t,z) — u(s,y)|Pdtdrdsdy
Q12\Q1 J Q12\Q1

< C(‘D7d7T)HgHIL),:D(Q;Loc([O’T];L:D(]Rd)))|Q1
Due to the fact that I;5, < 0, we have
EL < C(D,d, T)l|gll7» 0. 1

|2+ZT22‘; [t1 — ta| .

([0,T];LP (R%)) ‘tl tal*,

where § =1 + 5’_12?;.

Next, we estimate Is. By using the fact that
[D N Qe, (t2,21)] \ [D N Qe, (b2, 22)]| < Cel 2% ay — ],

similar to the estimates of I, we can take 0 < € < 8p/2 such that
EIQ = E[F(tg,l‘hcl) 7F(t2,’1,’2761)]
¢(D,d,T)

IN

HgHI[),p(Q;Loo([07T];LP(Rd))) |J31 — x2|5’

where § =1 + gﬁ;;

Next, we estimate I3. By using the fact that
[D N Qe, (t2,22)] \ [D N Qey (t2, 22)]| < Ccf 2% (e1 — 2), if 1 > ¢,

similar to the estimates of I;, we can estimate
EIg E[F(t2,l‘2,cl) 7F(t2,1‘2,62)]
C(D,d,T)

IN

||g||iP(Q;Loo([07T];Lp(Rd)))|Cl — C2 €)

where § =1 + fﬁzé

Therefore, we have
E|F(t1a$1a Cl) - F(tQ,CCQ, 02)‘q

< C(D,d,T)lgl7: LPa(Q; L ([0,T7]; qu(Rd)))(‘tl —to + |z — T2| + |1 — 2 )

where § =1+ gigif? (t;yz;) € Dy and 0 < ¢; < d(D),i=1,2.

For simplicity, we set Dy = [0,1]%*! and ¢ € [0,2]. One introduces a sequence of
sets:

S =1{2€Z%? 227" € (0,1)4" x (0,2)}, neN.
For an arbitrary e = (e1,eq, - ,eqr2) € Z%+? such that

le]oo 1;;,12;:_2 |e]| )
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and for every z,z +e € S, we define v2¢ = |F((z + €)27™) — F(22™")|. From the
above discussion, we have

Elvz et = (e

1< 0(B,Co, D, d, T)||g||}[7z>Q(Q;LOO([O’T];LPQ(Rd)))2

For any 7 > 0 and K > 0, one sets a number of events
Al ={w e QI > K", 2,2 +e € Sy},

which yields that

< E|v™e|d < 02*"6‘1'
= Karan — Kdrqn
Noting that for each n, the total number of the events A7:7, 2,2 + e € S, is not

larger than 29+239+2 Hence the probability of the union

P(AZ7)

AL = Uz zvees, (Uefw=1A27)
meets the estimate
0277746(] R 2d+2 n
P(A?) < —9dt2n < Og—a =) |
(A7) < Karan - (2¢7)9

Let 7 = 27%¢, where v > 0 satisfies (1 — v)eq > d + 2. Then the probability of the
event A = Up>1A? can be calculated that

P(A) < CCK1. (3.5)
For every point £ = (t,z,¢) € (0,1)1 x(0,2), we have £ = > 70,27 (||e;]|oo < 1).

Denote & = Zf:o e;27" and & = 0. For any w ¢ A, we have |F(£p11) — F(&)| <
K7kt which implies that

|F(ta,0)| <Y |F(&rn) = F(&) <K P <K@ —1)7" (3.6)
k=0 k=1

Set v1 = SUP(; 4 )e(0,1)4+1 x(0,2) [ (E; 2, ¢), then vy = sup(, ;. yejo 17a+1x[0,2) [F'(E; 7, ¢)|
since F' has a continuous version. For 1 < r < ¢, we have

0o K 0o
IDHES r/ a" 'P(v; > a)da = r/ a" " 'P(v; > a)da + r/ a" 'P(vy > a)da.(3.7)
0 0 VK
If one chooses v > (2¥¢ — 1)71, using (3.5), (3.6) and (3.7), we get
Ev; < (yK)" + Céqr/ a" " da
074

< (YK)" 4 CCr(eK) 1,
which yields that

Evi < C(D, d. T)llglZoa gy = (0,13 ooz

if we choose ||g||’£pq(Q;Loo( (Ra))) By using the following embed inequality

[0,T];LPa
LP(Q; £7%(Dr;6)) = LP(Q;C7(Dr3 6)),

we obtain the inequality (3.4). The proof is complete. [J
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Remark 3.1. It follows from Theorem 5.1 that the index B and B* satisfy
B > B*, which implies that if we want to change the places of E and sup, ., we must
pay it on the index. '
Comparing with the earlier results of [27] (Tian et al. obtained the Hoélder esti-
mate to equation (5.1) locally in RY), we find the Hélder continuous index in this
paper is larger than that in [27]. More precisely, we obtain the index of time variable
is closed to 1/2. Since the index of Hélder continuous of Brownian motion is %f,
maybe the index obtained in this paper is optimal.

Next, we consider another case. If g is a Holder continuous function, the following
theorem shows that what assumptions should be put on the kernel function K.

Theorem 3.2. Let u = K % g and Dy be an A-type bounded domain in RI*1
such that Dy C Or. Suppose that g € CP(Ry x RY), 0 < B < 1, is a non-random
function and ¢g(0,0) = 0. Assume that there exists positive constants v; (i = 1,2)
such that the non-random kernel function satisfies that for any t € (0,T]

/Os </Rd |K(t—7r,2)— K(s—r2)|(1+ |Z|ﬁ)dz>2dr < (T, B)(t — 5)(3.8)

/OS (/Rd |K (s — r,z)|dz>2 dr < Cy, (3.9)

t 2
/ (/ K (E— 7, 2)|(1 + |zﬂ)dz) dr < C(T, B)(t — s), (3.10)
s Rd
where Cy is a positive constant. Then we have, for p > 1 and f < 7,

ull 2.0 ((Drioyir)) < Cllglles @y xra))s
ulles (Drinr @) < Cllglles @, xray), (3.11)

where 0 = 1+ 2 and v = min{y1,v2,8}. Moreover, taking 0 < § < vp/2 and

q> (d+2)/0, we have for 0 <1 < g

HUHLT(Q;CB*(DT)) < C||9||Cﬂ(R+x1Rd)), (3.12)

where 8* =~ — 20/p.

Proof. The proof of the (3.11) is contained in our paper [24]. And we only focus
on the proof of (3.12).
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Similar to the proof of Theorem 3.1, we need to estimate I;, i = 1,2, 3. Estimate
of .[12

Il = F(tl,xl,cl)—F(tg,xl,cl)

] //
= — Kg(t,z) — Kg(s,y)|Pdtdzdsdy
g L att.a) Koo

@ . |
- IKg(t,z) — Kg(s,y)[Pdtdzdsdy
|Q12|1+9 12 12
7 Vo
= |KCg(t, z) — Kg(s,y)[Pdtdrdsdy
|Q1|1+9 { Q1\Q12 Y Q1\Q12

+/ / |Kg(t,z) — Kg(s,y)Pdtdrdsdy
Q12\Q1 Y Q12\Q1

1 1
+[ . ]/ / Kg(t, z) — Kg(s,y)[dtdzdsdy

QM0 Qu2| Y
= I+ I,

where Q12 = D N Q., (t2, z1). For simplicity, we assume that |Q1]| > |Q12]. Other-
wise, we can chance the place of )1 and @)12. And thus I;5 < 0 almost surely.
It is easy to see that

1Q1\ Qu2| < C(t1 —t2)c? and Q| ~ Cct2.

So we must put some assumption on g in order to get some help from it.
Set t > s. By the BDG inequality, we have

E/ / |Cg(t,z) — Kg(s,y)Pdtdzdsdy
1\ Q12 1\Q12

“ =l
Q1\Q12 Y Q1\Q12

/ K(s—rz2)g(r,y — z)dzdW (r )‘ dtdzdsdy

/ y K(t—rz)g(r,x — z)dzdW(r)

<
—|—2p71E/ / / K(s—rz2)(g(r,x—2)—g(r,y — z))dde(r)‘p
Q1\Q12 Y Q1\Q12 R4
t
+2p71E/ / / K(t—r z)g(r,x — 2)dzdW(r) pdtdxdsdy
Q1\Q12 Y Q1\Q12 R4
s g
< oo [ [ ([ R - Kl - s
Q1\Q12 Y Q1\Q12 0 R4

Rd
P
2R / ‘ / (K(t—r,2)—K(s—r,2))g(r,z — z)dde(r)’
Q1\Q12 Y Q1\Q12 Rd

R A € A L e B GOy

t 5
C(p)/ / (/ | K(t—r,z)g(r,x—z)dz|2dr)
Q1\Q12 Y Q1\Q12 s R4

= / / (Jl + JQ —+ J3)dtd13d5dy
Q1\Q12 Y Q1\Q12

(NS}
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Estimate of J;. By using the Holder continuous of g, i.e.,

IN

1 B
90w = 2) = 9(0,0)] < Cymax{r} |z}
B
Clg, )T + 1w — 21| + [1] + |21°)

< Clg,B)(T? + ¢ + |2|? + |2)7),

IN

and (3.8), we have
L= k) ( [ [ K=z = K = ) lgtre - z>|dz|2dr)
0 Rd

pa
2

IA

Cop) ([1 [ 1= r2) = K5 = nol(1 -+ 21)dsPar

+c*fPC(p,5) (/S |K(t—rz)— K(s— 7’,,z)d1")2
0 Jre

< Op, B, )1 +ef")(t—5) 7.

Here and in the rest part of the proof, we write the constant depending on ||g|cs . xre))
as C(p) for simplicity. The condition (3.9) and

|g(T,.’E _Z) _g(Tay _Z)| S Cg‘.%' _y|,8

imply the following derivation

ow [ [ (1], = olatrz =)= oy 2)itsfar)

cwo [ [ ([1], |K(7‘,Z)||17—yﬁdz|2d7“>g

C(N07p7gaﬁ)‘m - y|,(3p

Estimate of I5. By using the property g(0,0) = 0 and (3.10), we get

ya
2

Ja

IN

IA

P
2

Js = C(p) (/: \ y K(t—rz)g(r,x— z)dz|2dr)
o/ p
Cp, T, ) (/t /Rd K (t—r,2)|(1+ |z|5)dz‘2dr)2

t 5
+C(p, T, B)|x — y|°P </ /Rd |K(t—r7z)|dz’2dr)

< CW,T,B)(t—s) 2 (1+ |z —y|?).

IN

2 \ 2
LRGN+ o=l ol + 210 ar)
R

IN

Noting that (¢t,z) € @1 and (s,y) € @1, we have

0<t—s<2¢? and |z—vy|<|z—a1]|+|y— 21| < 2¢1.
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Using the above inequality and the properties of A-type domain, we deduce

[ nduedsiy < OB+ NI Quol
Q1\Q12 Y Q1\Q12

[ didsdsdy < C(CopgBer”I@1\ Qual’s
Q1\Q12 Y Q1\Q12

/ / Jsdtdrdsdy < C(p,T,B3)|Q1 \ Qz|*c1??P(1 + ¢,P).
Q1\Q12 Y Q1\Q12

Combining the estimates of Ji, Jo and J3, we get

E/ / |u(t, ) — u(s,y)|Pdtdzdsdy
Q1\Q12 Y Q1\Q12
< O(B.Co.T,p)|Q1 \ Quaf* (¢ + 1) (e + ' + ¢]).

Since D is a A-type bounded domain, we have for 2¢; < diamD,

AlQe, (t1,21)| < Q1] < Qe (t1,21))]
A|Qc, (t1,21) \ Qey (T2, 1) < Q1 \ Q2] < |Qc, (t1,21) \ Qe (T2, 1)l

We remark that
|QC1<t17x1)| ~ Cctlﬂ_??
Qe (t1,21) \ Q, (t2,21)| < Ccfe] A (11 — t2)],

where C'is a positive constant which does not depend on ¢;. Noting that @1\ Q12 C
@1 and taking 0 < § < 1, we have

E/ / ICg(t, z) — Kg(s,y)[Pdtdzdsdy
Q1\Q12 Y Q1\Q12

yp—28
S C(ﬁ7COaD7d’T)|Q1|2+ d+2 |t1 _t2|67

where v = min{v1, 72, 5}.
Similarly, we can get

IE/ / |u(t,x) — u(s,y)|Pdtdrdsdy
Q12\Q1 J Q12\Q1

~

< C(8,Co, D, d, T)|Qu> 52 |t, — t°.
Due to the fact that I;o < 0, we have
EI, < C(B,Co,D,d,T)|t; — ta|°,

- _2§
where 0 =1 + 754_2 .

Next, similar to the proof of Theorem 3.1, one can estimate Is and I3 as followings

Ely = E[F(ty,z1,¢1) — F(ta,29,¢1)] < C(B,Co, D,d, T)|z1 — 22|°,
El3 = E[F(t2, z9,c1) — F(t2,29,¢2)] < C(B,Co, D,d, T)|c1 — 2|,

=)
where § =1 + ”’dp+2 .

Therefore, we have
E[F(t1,21,c1) — F(t2, x2, c2)|?
< C(Co, D, d, T)|gllEs s, wpayy (It — to] + 21 — 22| + |1 = e2])*,
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where 0 = 1 + 55;;‘5, (tiyx;) € Dy and 0 < ¢; < d(D), i = 1,2. The rest proof
of this theorem is exactly similar to that of Theorem 3.1 and we omit it here. The
proof of Theorem 3.2 is complete. [

Next, we consider the following equation

0 .
au(t,m) = A% (t,x) + g(t, )W (t,x), ult=o =0, (3.13)
where A® = —(—A)* and W (¢, x) is a standard space-time white noise.

Theorem 3.3. Let D be an A-type bounded domain in R such that D C Or.
Suppose that g € L2 (Ry; LP(Q2 x RY)) is Fi-adapted process. Set d = 1. Assume

loc

that % <a<l,p> ﬁ Let B > 0 be sufficiently small such that p(2a—28—1) >

2. Then, there is a mild solution u of (5.13) and u € ZP°((Dr;8); LP(Q)) N
LP(Q;CP(Dr)). Moreover, it holds that

llull 2p.6 (Drioy:Lr)) < Cllgllno(0,17:Lr (@xR)) (3.14)
lulles (prse @) < CllgllLe(o,11:Lr (2xR))> (3.15)

where § = 1 + %. Moreover, taking 0 < ¢ < fp/2 and q > 3/¢, we have for
l<r<gqg

[ull rsco™ (Dr)) < CllgllLe (0,11 L74 (@ xR)) (3.16)
where * = [ — 2¢/p.
Proof. The existence of mild solution of (3.13) is a classical result under the

above assumptions. Now we prove the inequality (3.14). Due to the definition of
Companato space, it suffices to show that

[ul 0.0 (Dri5);20(0)) < 00

Direct calculus shows that

p < 1
(o royrrey < Shp B

D(X,¢),XeDr0<c<d(D) [ D(X;¢)

XE/ / lu(t, ) — u(s,y)|Pdtdrdsdy
D(X,c) /D(X,c)

1
sup —_—
D(X,¢),XeDr0<e<d(D) |D(X; c)[1+0

<E /D . /D . /0 t /R K(t— 1,2 — 2)g(r, )W (dr, d2)
/OS/RK(ST,yz)g(r,z)W(dr,dz)

IN

p

T o
= sup _— EYdtdxdsdy.
D(X.e).XxeDr0<e<d(D) DX, )M Jpix.e) Jpix.e)
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Set t > s. We have the following estimates

EY < C]E‘/OS -/R(K(t—nx—z)—K(s—ny—z))g(r,z)W(dr,dz)‘p

t
+C’E’ / / K(t—rax—2z)g(r,z)W(dr,dz) :
s JR

CE‘/S/(K(t—nx—z) — K(s—r,y— 2))2g%(r, 2)dzdr|”

IN

C’IE’//Kzt—rz—z) (’/‘Z)dZdT
=: C(Hy+ Ho).

Estimate of H;.
Take 8 > 0 satisfying (2a — 28 — 1)p — 2 > 0. By using the Proposition 2.3, and
Holder inequality, we have

y2

H, = E‘/OS/R(K(t—r,x—z)—K(s—r,y—z))2g2(r,z)dzdr2

< C’IE’//\K(t—r,mfz)fK(s—r,xfz)|2~|g2(r,z)|dzdr5
0o JR

b

—&-CE‘/ /(K(s—r,x—z)—K(s—r,y—z))2~92(r,z)dzd7‘ ’
o Jr
= H11 +H12.

For Hy{, we have

Ct—s) ]E‘/(

8p
C(t—s)> ||g||[£p(Q;Loo([o,T};Lp(R / <

where ¢ =2p/(p—2), £ =60t + (1 —0)s, 0 < 6 < 1 and we used the following fact

[ ([ x_z”qdz)gdr

P
2

=
A

2
T7$—Z)|"d2> ()l 7o gy dr

8t*

vl

IN

2
q
, T — z)qdz> dr|

(e-r)2e _ g42qa8 5
<o | [T €on e
2
of )l@—r)qm<q+2qa+2qaﬁ>z|mﬁdz|> ir
—7r)2a
1—g+qa(1-8) l1—g+qa(l-8)
SN[ e
< C

because using ¢ = 2p/(p — 2), we have

1—g¢+qa(1-p8)>0<pRa—2a8—-1)>2<p2a—-26-1) > 2.
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For His, by using the fractional mean value formula again, we have

2 p
2
H12 S C|.’L‘ — y|6 ||g||Lp Q; L°° [O T] Lp R)))‘/ </ K(ﬁ) 5 -, E — Z)]qud’f') dT
d(g—=1)+Bq 5
< Clz - |ﬂp||g||Lp (Q:L% ([0, T]:L? (R))) [/ (s—r)" " = dr]
< C|J3 - y|ﬁp7
where ¢ = 2p/(p — 2), £ = 0z + (1 — )y and we used the following inequality
s _ d(a=1)+pq qo a(a—B)—(a=1)
s—r o dr = s aa <C
/0( ) qla—p)—(¢—1) -

provided that (2 —28 —1)p—2 > 0.
Estimate of H,.
Similar to the estimate of Hy, we have

¢ P
H, = ]E‘/ K2(t —r,x — 2)g%(r, 2)dzdr ’
. JRd

t 2 5
< ||g||1[),IJ(Q;Loo([07T];Lp(]Rd))) l/ (/n |K(t—r,x— z)‘ldz> dT‘|
5

ga—(g—1)d ., p
_ 8) qa x

IN

Cllolzo(@iL=qo.ryzeeay ¢
provided that p(2ac — 1) > 2. Indeed, by using ¢ = =&, we have
ga—(g—1)>0 <— p(2a—1)>2.

Combining the assumption of p, we have
p(Ra—1)—2

Hy < C(t — 8) 2

The rest proof is similar to that of 3.1 and we omit it here. OJ

4. Holder estimate on a bounded domain. In this section, we consider the
SPDEs of the following form

du = Audt + g(t,x)dWy, (t,x) € (0,00) x D,

ulop = 0, (4.1)
Ut=0 = Oa

where D is a smooth bounded domain in R?, W, is standard one-dimensional Brow-
nian motion, and ¢ is progressively measurable L°°- or LP-function.
Throughout this section, we assume that A is a uniformly elliptic second-order
differential operator of the form
o 0 0
A=ajjm—7— +bi(x)7— +c(x
”é):vl- é)xj + Z( )8$1 + ( )

with smooth coefficients. Furthermore, we assume that at least one of the following
two assumptions holds:

B> gl pe o, 130 (252 (D)) < 00,
B i |lgllLeejo,1):n0(2x D))y < 0.
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In order to obtain the Holder estimate, we need the following Lemma. Consider the
following initial-boundary problem:

9]
a—j—szo, V=0 = F(z), vl|op =0, (4.2)

and denote by S; the corresponding semigroup:
o(t,) = (SeF) (), F=F().

Lemma 4.1. [19, Lemma 1] Let |F(x)] < M. Then, for any 0 < 1, the
following estimates hold with ¢ > 0 and T > 0:

lo(t, )l co(py < ()Mt~ exp(—ct),
lo(t +7,2) —v(t,z)| < (@) Mt=07% exp(—ct).
Moreover, if ||[F||pr(py < M and p > 1, then for >0
[o(t, | co(py < c(@)Mt=/274 @) exp(—ct),
lo(t 4+ 7,2) — v(t, )| < (@) Mt~V P10 exp(—ct).
Theorem 4.1. Let Dy be an A-type bounded domain in R4,
(1) Suppose that BP holds for p > d and that 0 < 8 < 1 satisfies (1 — B)p —
d > 0. Then, there is a mild solution u of (4.1) and u € £P%((Dz;6); LP()) N
LP(Q; CP(Dr)). Moreover, it holds that
||u||$Pv9((DT;6);LP(Q)) < C||g||L°°([O,T];LP(Q><D))7
||u||Cf3(DT;LP(Q)) < C”QHLOO([O,T];LP(QXD))v
where =1+ dﬁ—fé, Moreover, taking 0 < € < Bp/2 and q > (d + 2)/¢e, we have for
1<r<gq
||UHLT(Q;C/3*(DT)) < CHQ”LOO([O,T];LP‘Z(Qx]Rd))7
where * = — 2¢/p.
(#i) Suppose that B> holds for p > 1. Then, there is a mild solution u of (4.1)
and u € L7 ((Dr;0); LP(Q)) N LP(Q; CP(D7)). Moreover, it holds that
||u||;’£l’~9((DT;6);LP(Q)) < C||g||L°°([0,T];LP(Q><D))7
||U||cﬂ(DT;LP(Q)) < C||9HL°°([O,T];LP(Q><D))7
where 0 = 1+ dL-h' Moreover, taking 0 < € < fp/2 and q > (d + 2)/e, we have for
l<r<g
1wl Lr 008 (Dry) < CllgllLoe (o,13;000 (2xR4))
where 5* =1 — 2¢/p.
Proof. The proof of this Theorem is exactly similar to that of Theorem 3.1 by

using Lemma 4.1. We omit it to the readers. We only emphasize that the distance
will be used here

0(X,Y) = max{\m -y, [t — s|%} ,
where is different from that in Section 2. The proof is complete. [

Remark 4.1. Theorem /J.1 does not hold for the nonlocal operator because we

did not have the similar properties of kernel function on bounded domain.
Comparing Theorem 4.1 with [19, Theorems 1 and 2|, we find the index of [19]
is f < % — 2% for the case BP and the index in this paper is larger than that of [19].
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5. Applications and further discussions. We first give an example for Theorem

3.2. Consider the equation (3.1). In our paper [24], by using Proposition 2.3, we
got the following result, where p is the heat kernel.

Lemma 5.1. Let 0 < e < a. The following estimates hold.

/08 (/R IVep(t =1, 2) = Vop(s =, 2)| (1 + Izlﬁ)dz>2 dr < N(T,B)(t — s)7,

s 2
/ (/ [Vep(s —, z)|dz> dr < Ny,
0 Rd

/St </Rd [Vep(t —r, 2)|(1 + z|5)dz>2dr < N(T, B)(t — s)",

a—€
P

where v =

Then applying Theorem 3.2 with u = I x g and I = Vp, we have the following
result.

Theorem 5.1. Let 0 < e < a and Dr be an A-type bounded domain in Ra+1
such that Dy C Op. Suppose that g € CP(Ry x RY), 0 < B < 1, is a non-random
function and g(0,0) = 0. Then we have, forp > 1 and B < 7,

IVull zro((prsoyir)) < Cllgllos @, xray)s
IVulles(prie@)) < Cllglles ry xray)s
where § = 1+ 2P and v = “=. Moreover, taking 0 < d < yp/2 and ¢ > (d+2)/0,
we have for 0 <r < q

IVull rsce (pr)) < Cllgllios ®y xray)s
where * =~y —25/p.

In fact, one can use the factorization method to obtain the Holder estimates of
solutions to the following equation

duy = [A%u+ f(t,z,uw)]dt + g(t, 2)dWy, uli=p = up(x),

where A® = —(—=A)%, o € (0,1] and W} is a standard Brownian motion on a filtered
probability space (2, F, F,P). About the factorization method, see [6].

In addition, one can use the Kunita’s first inequality to deal with a general
case. Let (Q,F,F,P) be a complete probability space such that {F;}icjor) is a
filtration on 2 containing all P-null subsets of €2 and F be the predictable o-algebra
associated with the filtration {F;};c(0,7). We are given a o-finite measure space
(Z, Z,v) and a Poisson random measure p on [0,7] x Z, defined on the stochastic
basis. The compensator of p is Leb®v, and the compensated martingale measure
N := p— Leb® v. The method used here is also suitable to the case that

Gylt,z) = / /Z K(t,5,) * (s, 2)(2) N (dz, ds)

= / / K(t—s,x—1y)g(s,y, 2)dyN(dz, ds) (5.1)
0o Jz Jra

for F-predictable processes g : [0,7] x R x Z x Q — R.
In the end of this section, we give a new criteria based on the following Proposi-
tion.
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Proposition 5.1. [26, Theorem 2.1] Let {X;,t € [0,1]} be a Banach-valued
stochastic field for which there exist three strictly positive constants v, c,e such that

E[ sup |Xi(z) — X¢(y)]"] < clz — y|**e,
0<t<1

then there is a modification X of X such that

X, — X,

E[(sup M)q < 00
sAt |t —s|*

for every a € [0,e/7). In particular, the paths of X are Hélder continuous in x of

order .

For applications, we need prove the Kolmogorov criterion with the following form.

Theorem 5.2. Let {X;(x),x € [0,1]¢,¢ € [0,1]} be a Banach-valued stochastic
field for which there exist three strictly positive constants -y, c,e such that

E[ sup |Xi(z) — X¢(y)"] < clz — y|**e,
0<t<1

then there is a modification X of X such that

E[Osgltllg)l (21;5 lXt(é)__y%(y”)q < 00

for every a € [0,e/7). In particular, the paths of X are Hélder continuous in z of
order c.

Proof. Let D,, be the set of points in [0, 1] whose components are equal to 27
for some integral 7 € [0,2™]. The set D = U,, D, is the set of dyadic numbers. Let
further A,, be the set of pairs (z,y) in D,, such that |x —y| = 2=™. There are
2(m+1)d guch pairs in A,,.

Let us finally set K;(t) = sup(, yea, |Xt(z) — Xi(y)|. The hypothesis entails
that for a constant .J,
E[ sup K;(t)"] < Z E[ sup |Xi(z) — Xy (y)|"] < 2+ Ddg—ild+e) — jo—ic,

<t<1 <t<1
0<t< (z,y)EA; 0<t<

For a point « (resp. y) in D, there is an increasing sequences {z,,} (resp. {ym})
of points in D such that x,, (resp. y.,) is in D,, for each m, x,, < 2 (ym < y)
and z,, = = (ym = y) from some m on. If |x — y| < 27™ then either x,, = y,, or
(T, Ym) € Ay, and in any case

Xe(z) — Xi(y) = Z(Xt(xiﬂ) = Xi(@i) + Xe(@m) — Xi(ym) — Z(Xt(yiJrl) = Xie(y:)),

where the series are actually finite sums. It follows that

Xi(2) = Xe@)| < Km +2 ) Ki(t) <2)  Ki(t).
i=m-+1 i=m
As a result, setting M, (t) = sup{|X:(z) — X:(v)|/|z — y|*, =,y € D, © # y}, we
have
Mo(t) < sup {27 sup [Xi(x) = Xiy)l, vy € D, x £y}

meN |Je—y|<2—m
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< sup {2t S K0}

meN
< 2 29K(1).
i=0
For v > 1 and a < /v, we get with J' = 2J,

0 oo
[E sup M, ()17 <23 2E sup K;(t)]/7 <7 2107/ < .
0<t<1 o 0<t<1 et

For v < 1, the same reasoning applies to [Esupg<,<; M (t)?] instead of [Esupg<;<; Mo, ()],
It follows in particular that for almost every w, X;(+) is uniformly continuous on
D and it is uniformly in ¢, so it make sense to set

X = 1 X .
t(z,w) jebm t(y, w)

By Fatou’s lemma and the hypothesis, X;(z) = X;(z) a.s. and X is clearly the
desired modification. O

It is easy to see that one can use Theorem 5.2 to consider the equation (3.1) and
(5.1)
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