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1. Introduction and statement of results

Consider the problem

—Apu=AuP2u+uf 2u inQ
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where Q is a smooth bounded domain in RN, N > 2, A, u = div(|Vu[P~2 Vu) is the
p-Laplacian of u, 1 < p < N, p* = Np/(N — p) is the critical Sobolev exponent, and
A > 0 is a parameter. Existence and multiplicity of nontrivial solutions to this problem
has been widely studied beginning with the celebrated paper of Brézis and Nirenberg [10]
(see, e.g., [1-8,11-15,17-24,27,28,30-34,36,39,41,42,45,47]). In particular, the following
multiplicity results are known in the semilinear case p = 2:

(¢) f N > 7, then problem (1.1) has infinitely many solutions for all A > 0 (see
Devillanova and Solimini [22]).

(#1) f4 < N <6and 0 < A < Ay, where A\; > 0 is the first Dirichlet eigenvalue of —A
on €, then problem (1.1) has (N + 2)/2 distinct pairs of nontrivial solutions (see
Devillanova and Solimini [23] and Clapp and Weth [19]).

(19) If 4 < N < 6 and A > \; is not an eigenvalue, then problem (1.1) has (N +1)/2
distinct pairs of nontrivial solutions (see Clapp and Weth [19]).

(iv) If N = 50r 6 and A > A, then problem (1.1) has (N + 1)/2 distinct pairs of
nontrivial solutions (see Chen et al. [16]).

(v) If N =4 and A > A is an eigenvalue of multiplicity m > 1, then problem (1.1) has
(N —m + 1)/2 distinct pairs of nontrivial solutions (see Clapp and Weth [19]).

In the general case 1 < p < N, it is known that problem (1.1) has infinitely many
solutions for all A > 0 if N > p? 4+ p (see Cao et al. [11]). The purpose of the present
paper is to prove some multiplicity results for the case where p? < N < p? + p, similar
to those of Clapp and Weth [19] and Chen et al. [16] for the case p = 2. However, the
arguments in [19] and [16] are based on the relative equivariant Lusternik-Schnirelmann
category and the Krasnoselskii genus, respectively, and make essential use of the fact that
the Laplacian is a linear operator and therefore has linear eigenspaces. These arguments
do not extend to the p-Laplacian, which is a nonlinear operator and hence lacks linear
eigenspaces. Our proofs will make use of a new abstract critical point theorem based on
the Zs-cohomological index that we will prove in the next section. This theorem has no
hypotheses involving linear subspaces and is of independent interest.

To state our multiplicity results, recall that solutions of problem (1.1) coincide with
critical points of the energy functional

1 A 1 .
E(u) = - / |VulP doe — = / lul? do — — / lu|P dz, we WP (),
p p p
Q Q Q
and that eigenvalues of the asymptotic eigenvalue problem
~Apu=Auf2u inQ

u=20 on 0f)

coincide with critical values of the functional
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1
\I/(u)zi’ ueSsS= UEWOLP(Q)Z/|VU‘de:1
/|U|pd$ Q
Q

Denote by F the class of symmetric subsets of S and by ¢(M) the Zs-cohomological
index of M € F (see Definition 2.1), let F, = {M € F : i(M) > k}, and set

Ap = inf v E>1.
e AU

Then A\; = inf U(S) > 0 is the first eigenvalue and A\; < Ay < --- is an unbounded
sequence of eigenvalues. Let

/|Vu|p dx
SN,p = inf RY

ueDL?(RN)\{0} p/p

ulP” da

*

N

denote the best Sobolev constant. Our first multiplicity result is the following.

Theorem 1.1. Let N > p2.

(1) If 0 < A < Ay or Ay < A < Apy1 for some k > 1, then problem (1.1) has N/2
distinct pairs of nontrivial solutions.
(#6) If X = A1 and N > 3, then problem (1.1) has (N — 1)/2 distinct pairs of nontrivial
solutions.
(#30) If Mk—m < A= A1 = -+ = Mg < g1 for some kb >m > 1 and N > m + 2,
then problem (1.1) has (N —m)/2 distinct pairs of nontrivial solutions.

These solutions satisfy

0< E(u) < %Sﬁgj. (1.3)
Eigenvalues based on the cohomological index were first introduced in Perera [37] (see
also Perera and Szulkin [40]). A complete description of the spectrum of the p-Laplacian
is not known when p # 2, and (A;) may not be a complete list of eigenvalues. However,
Theorem 1.1 (i) gives N/2 distinct pairs of nontrivial solutions of problem (1.1) whenever
A > 0 is not an eigenvalue from the sequence (A).
Our second multiplicity result makes no references to the spectrum.

Theorem 1.2. If N?/(N+1) > p?, then problem (1.1) has N/2 distinct pairs of nontrivial
solutions satisfying
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2
0< B(u) < SN'P (1.4)
for all A > 0.

As is usually the case with problems of critical growth, the energy functional E as-
sociated with problem (1.1) does not satisfy the (PS). condition for all ¢ € R. However,
it has certain weaker compactness properties (see Theorem 3.3). We will first prove an
abstract multiplicity result that only assumes these weaker conditions, and apply it to
prove Theorems 1.1 and 1.2.

To state our abstract results, let D be a Banach space and let W be closed linear
subspace of D. For A C D and § > 0, we set

Ns(A) = {u e W :dist (u, A) < d}.
Let E be an even C'-functional on W such that E(0) = 0. For ¢ € R, let
K.={ueW:E'(u)=0, E(u)=c}

be the set of critical points of FE at the level ¢. We assume that E has the following
compactness properties:

(C1) there exists ¢* > 0 such that E satisfies the (PS). condition for all ¢ € (0, c*),
(C2) there exist b > ¢* and for each ¢ € [¢*,b) a set M, C D\ {0} such that
(7) every (PS). sequence (u,) has either a subsequence that converges strongly to
a point in K, or a renamed subsequence that converges weakly to a point in
K._.~ and satisfies

dist (up,, M.) =0 or dist (u,, —M.) — 0,
(#) Ns(M.) N Ns(—M.) = 0 for all sufficiently small § > 0.
Let S = {u € W : |Ju| = 1} be the unit sphere in W, let 7 : W\ {0} — S, u — u/ |jul|
be the radial projection onto S, and let SN = {z € RN*!: [z] = 1} be the unit sphere

in RV*+1. We will prove the following theorem in the next section.

Theorem 1.3. Assume (C1) and (C3). Let By and Cy be symmetric subsets of S such that
Cy is compact, By is closed, and

Z(Co) Z k— m, Z(S \ BQ) S k (15)

for some k > m > 0. Assume that there exist an odd continuous map @ : SN
S\ Co, N>m+2 and R > r >0 such that, setting
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p(SN) if Co =10
A —
’ {m(QA—=t)v+tw):veCowe p(SN), t€0,1]} if Co#0,

A={Ru:u€ Ap}, B ={ru:ue€ By}, X={tu:ue A tel0l1]},
we have

sup E <0 <inf E, sup E < b.
A B X

Then E has (N —m)/2 distinct pairs of critical points at levels in (0,D).

We will apply this theorem to a class of abstract p-Laplacian equations that includes
problem (1.1) as a special case. Assume that W is uniformly convex and let (W*, || -|)
be its dual with duality pairing (-, -). Recall that f € C(W, W*) is a potential operator if
there is a functional F' € C*(W,R), called a potential for f, such that F’ = f. Consider
the nonlinear operator equation

Apu=ABpu+ f(u) (1.6)

in W*, where A,,B,,f € C(W,W*) are potential operators satisfying the following
assumptions, and A € R is a parameter:

(A1) A, is (p— 1)-homogeneous and odd for some p € (1,00): A, (tu) = |t|P~2t Apu for
all u € W and t € R,

(A2) (Apu,v) < [w|["~" |Jo|| for all u,v € W, and equality holds if and only if au = Bv
for some constants «, 8 > 0, not both zero (in particular, (A, u,u) = |jul|” for all
u e W),

(B1) By is (p—1)-homogeneous and odd: By, (tu) = |t|[P~2t B,u for all u € W and t € R,

(By) (Byu,u) > 0 for all u € W\ {0}, and (B,u,v) < (Byu,u)?" /7 (B,v,v)"" for
all u,v € W,

(B3) B, is a compact operator,

(F1) the potential F of f with F(0) = 0 satisfies F(u) = o(||u|") as u — 0,

(F) F(tu)

t—+oo P

= +o00 uniformly on compact subsets of W \ {0}.

Solutions of equation (1.6) coincide with critical points of the C'-functional
E(u) = Ip(u) — AJp(u) — F(u), uveW,

where

1 1 1
Ip(u) = (Apuu) = Jull”, - Jp(u) = (Bpu,u)



[ C. Mercuri, K. Perera / Journal of Functional Analysis 283 (2022) 109536

are the potentials of A, and B, satisfying I,,(0) = 0 = J,,(0), respectively (see Perera et
al. [38, Proposition 1.2]). Moreover, eigenvalues of the asymptotic eigenvalue problem

Apu=ABpu

coincide with critical values of the C''-functional

1

Y= By

u €S,

where S = {u € W : (A, u,u) =1} is the unit sphere in W. Denote by F the class of
symmetric subsets of S, let F, = {M € F : i{(M) > k}, and set

Ap = inf v E>1.
e AU

Then A; = inf U(S) > 0 is the first eigenvalue and A; < Ay < --- is an unbounded
sequence of eigenvalues. Moreover, denoting by ¥* = {u € S: ¥(u) < a} (resp. ¥, =
{u €S :TU(u) > a}) the sublevel (resp. superlevel) sets of ¥, we have

i(S\ W) < k < i(TM) (1.7)

(see Perera et al. [38, Theorem 4.6]). We have the following multiplicity result for the
equation (1.6).

Theorem 1.4. Suppose (A1)—(Fz) hold and E satisfies (C1) and (C3). Assume that A <
Ait1, there exists a compact symmetric subset Coy of S with i(Coy) > k —m for some
0 < m <k, and there exists an odd continuous map ¢ : SN g \ Co, N > m + 2 such
that

sup E(tw)<b ifCo=10 (1.8)
wep(SN),t>0

and

sup E(sv+tw) <b if Cy # 0. (1.9)
veCH, weP(SN), s,t>0

Then equation (1.6) has (N —m)/2 distinct pairs of nontrivial solutions satisfying
0< E(u) <b.

We will prove this theorem in the next section, and apply it to prove Theorems 1.1
and 1.2 in Section 4.
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2. Abstract multiplicity results

In this section we prove Theorems 1.3 and 1.4. We begin by recalling the definition
and some properties of the Zs-cohomological index of Fadell and Rabinowitz [25].

Definition 2.1. Let W be a Banach space and let A denote the class of symmetric subsets
of W\ {0}. For A € A, let A= A/Zjy be the quotient space of A with each u and —u
identified, let f : A — RP> be the classifying map of A, and let f* : H*(RP*) —

H*(A) be the induced homomorphism of the Alexander-Spanier cohomology rings. The
cohomological index of A is defined by

0 if A=10
i(A) =
sup{m >1: f*(w™ 1) £0} if A#£0,

where w € H'(RP*) is the generator of the polynomial ring H*(RP*) = Zs[w].

Example 2.2. The classifying map of the unit sphere SV in RN+ N > 0 is the inclusion
RPY < RP*, which induces isomorphisms on the cohomology groups H? for ¢ < N,
soi(SNV) =N +1.

The following proposition summarizes the basic properties of this index.
Proposition 2.3 (/25]). The indexi: A — N U{0,00} has the following properties:

(11) Definiteness: i(A) = 0 if and only if A=0.

(i2) Monotonicity: If there is an odd continuous map from A to B (in particular, if A C
B), then i(A) < i(B). Thus, equality holds when the map is an odd homeomorphism.

(i3) Dimension: i(A) < dim W.

(i4) Continuity: If A is closed, then there is a closed neighborhood N € A of A such
that i(N) = i(A). When A is compact, N may be chosen to be a d-neighborhood
Ns(A) = {u e W : dist(u, A) < d}.

(i5) Subadditivity: If A and B are closed, then i(AU B) < i(A) +1i(B).

(i) Stability: If XA is the suspension of A # 0, obtained as the quotient space of A x
[—1,1] with Ax{1} and Ax{—1} collapsed to different points, then i(3A) = i(A)+1.

(i7) Piercing property: If A, Cy and Cy are closed, and ¢ : A x [0,1] = CoUC1 is a
continuous map such that p(—u,t) = —p(u,t) for all (u,t) € Ax[0,1], p(Ax[0,1])
is closed, (Ax{0}) C Cy and p(Ax{1}) C C, then i(p(Ax[0,1])NCoNCL) > i(A).

(is) Neighborhood of zero: If U is a bounded closed symmetric neighborhood of 0, then
i(OU) = dim W

Next we recall the definition and some properties of the pseudo-index of Benci [9].
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Definition 2.4. Let A* denote the class of symmetric subsets of W, let M € A be closed,
and let ' denote the group of odd homeomorphisms of W that are the identity outside
E~1(0,b). Then the pseudo-index of A € A* related to i, M, and T is defined by

i*(A) = min i(y(A) N M).

yel’

The following proposition lists some properties of the pseudo-index.

Proposition 2.5 ([9]). The pseudo-indez i* : A* — N U {0, 00} has the following proper-
ties:

(i7) If A C B, then i*(A) <i*(B).
(3) If7 €T, then i*(v(4)) = i*(A).
(1%) If A and B are closed, then i*(AU B) < i*(A) +1i(B).
For j > 1, let
A5 ={M € A* : M is compact and i*(M) > j}

and set

cj = MngfA; max E(u). (2.1)

Theorem 2.6. Assume (C1) and (Co). If 0 < ¢y <--- < cpyy <b for some k >0 and
[ >3, then E has (I — 1)/2 distinct pairs of critical points at levels in (0,b).

First we prove a deformation lemma. For o < § in R, let

Ey,={ueW:Eu)>a}, E°={ueW:E{)<}},
EP ={ueW:a<E(u)<pj}.

Lemma 2.7. Assume (C2) and let ¢ € [¢*,b), B= K. UM.U—M,, and é > 0. Then there
exist £9 > 0 and for each € € (0,£9) a map n € C(W x [0,1], W) satisfying

(1) n(-,0) is the identity,

(i) n(-,t) is an odd homeomorphism of W for allt € [0,1],
(i43) n(-,t) is the identity outside EST3E\ Ns/3(B) for all t € [0,1],
() |In(u,t) —ul| < /4 for all (u,t) € W x [0, 1],

(v) E(n(u,-)) is nonincreasing for all u € W,
(vi) m(E+\ N3(B), 1) € B,
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Proof. We claim that there exists €9 > 0 such that for each ¢ € (0, 2¢),

/ * 32¢ c+2e
IE" ()l = == Vu € EZ*32\ Noys(B). (2:2)

5 c—2¢
To see this, suppose there is no such ey. Then there is a (PS). sequence (u,) C W\
Ns/3(B). Since K. C B, (uy) has no subsequence that converges strongly to a point in
K.. On the other hand, since M, U —M,. C B, (uy) also has no renamed subsequence
that satisfies

dist (wn, M;) = 0 or dist (u,, —M.) — 0.

So (Cs) is violated.
Let V be an odd pseudo-gradient vector field for E, i.e., a locally Lipschitz continuous
mapping from {u € W : E'(u) # 0} to W satisfying

V@I < IE @], 208 @), V@) > (IE@])°, Vi-w=-Vw. (23

Take an even locally Lipschitz continuous mapping g : W — [0, 1] such that g = 0 outside
ECt2en Ns/3(B) and g = 1 on EST2\ Nog/s(B), and let n(u,t), 0 <t < T(u) < +oo be

c—2¢e
the maximal solution of

V(n)

=g

t>0, n(u,0) =u e W.
Then

s t) — ] < 4 / ”V’;i)

~|

dT<8€//n—))*dT§
1" (n(u, 7))

by (2.3) and (2.2), so ||n(u,-)| is bounded if T'(u) < 4+00. So T(u) = +oo and (i)—(iv)
follow. Since

d iy e (E'(n),V(n))
pr (E(n(u,t))) = (E'(n),n) = —4eg(n) TR < —2e9(n) <0 (2.4)

by (2.3), (v) holds. To see that (vi) holds, let u € E“"¢ \ Ns(B) and suppose that

n(u,1) ¢ E°¢. Then for all t € [0,1], n(u,t) € ES*Z by (v) and n(u,t) ¢ Nas/3(B) by

(iv). So n(u,t) € ES*E\ Nos/3(B) and hence g(n(u,t)) =1 for all t € [0, 1], so (2.4) gives
E(n(u,1)) < E(u) —2e < c—g¢,

a contradiction. O
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Next we show that if two of the minimax levels defined in (2.1) coincide, then there
are infinitely many critical points at that level.

Lemma 2.8. Assume (C1) and (C2). If 0 < ¢ = cj 4 = c <b, then K. is an infinite set.
Proof. If ¢ € (0,c¢*), then E satisfies the (PS). condition by (C;) and hence the desired
conclusion follows from a standard argument. So suppose ¢ € [¢*,b), and let B = K. U
M. U —M.. If K. consists of a finite number of pairs of antipodal points, then (Cs)
implies that for sufficiently small § > 0, Ns(B) is the disjoint union of +Ns(M,.) and
a finite number of pairs of closed balls centered at antipodal points. So there is an odd
continuous map from Ns(B) to {1} and hence i(N5(B)) < 1 by (i2) and (ig). We will
show that
i(N5(B)) > 2, (2.5)
and conclude that K. is an infinite set.
Let g9 > 0, € € (0,&9), and n € C(W x [0,1], W) be as in Lemma 2.7. Since ¢}, = c,
there exists M € Aj,; such that M C E“t¢ and hence
J+ 1< (M) < (E°T) (2.6)

by (i}). Take ¢ < min{c/2, (b —¢)/2} and let v = 5(-,1). Then ~ is an odd homeomor-
phism of W by (ii) and is the identity outside E~1(0,b) by (iii), so v € I'. Hence

(ETE) =i (y(E°TF)) (2.7)
by (i3). By (vi),
Y(ETTE) = (BT \ N5(B)) Uy(Ns(B)) € EF Uy(Ns(B)), (2.8)
and 7(Ns(B)) is closed since 7 is a homeomorphism, so
& (y(ETT9)) <" (B°7F) +i(v(Ns(B))) (2.9)
by (i7) and (i3). Since ¢§ = ¢, E°~* ¢ A? and hence
(B <j—1, (2.10)
and
i(Y(Ns(B))) = i(Ns(B)) (2.11)

by (i2). Combining (2.6)—(2.11) gives (2.5). O
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We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. We may assume that 0 < ¢;,; < -+ < ¢ ,; < b in view of

Lemma 2.8. For j = k+1,...,k + [, if E satisfies the (PS).: condition, then ¢ is a

critical level of E by a standard argument (see, e.g., Perera et al. [38, Proposition 3.42]).
On the other hand, if £ does not satisfy the (PS)c+ condition, then ¢} € [¢*,b) by (C1)
and F has a (PS)C; sequence with no convergent subsequence. Then ¢} — ¢* is a critical

level of E by (C2). So ¢} or ¢j —c* is a critical level of E in (0,b) for each j such that

cj # ¢*, and it follows that F has (I —1)/2 distinct critical levels in (0,b). O
Next we prove the following theorem, from which Theorem 1.3 will follow.

Theorem 2.9. Assume (C1) and (C3). Let Ag and By be symmetric subsets of the unit
sphere S ={u € W : ||lu|| = 1} such that Ay is compact, By is closed, and

i(Ag) > k+1, i(S\ By) <k (2.12)
for some k>0 and [ > 3. Assume that there exist R > r > 0 such that, setting
A={Ru:ue€ Ay}, B={ru:u€ By}, X={tu:ue A tel0l1]},
we have
sng§0<i%fE, sng<b.
Then E has (I — 1)/2 distinct pairs of critical points at levels in (0,b).
Proof. We take M to be the sphere S, = {u € W : ||u|| = r}, show that

0<i%fE§c}Z+1S---gcz+l§s§pE<b,

and apply Theorem 2.6. We note that A and S, \ B are radially homeomorphic to A
and S\ By, respectively, and hence

i(A)>k+1, (S \B) <k (2.13)

by (i2) and (2.12).
If M € A;_,, then (2.13) gives

WS\ B) <k <k+1<i(M)<i(MnS,)

since the identity is in I', so M intersects B by (i2). Hence cj,, > inf E(B).
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For v € T', consider the continuous map
0: Ax[0,1] =W, o(u,t) =~(tu).

We have (A x [0,1]) = «v(X), which is compact. Since 7 is odd, ¢(—u,t) = —¢(u,t)
for all (u,t) € A x [0,1] and ¢(A x {0}) = {y(0)} = {0}. Since E < 0 on A, 7|, is the
identity and hence (A x {1}) = A. Applying the piercing property (i7) of the index
with Co ={u e W: |lul]| <r} and Cy = {u € W : ||lu|| > r} gives

i(y(X)NS,) =i(p(Ax[0,1])NCoNCy) >i(A) > k+1
by (2.13). Hence i*(X) > k +1. So X € A, and hence ¢}, <sup F(X). O
We are now ready to prove Theorems 1.3 and 1.4.
Proof of Theorem 1.3. If Cy = (), then k = m by (1.5) and (i1), and
i(Ag) = i(p(SM) >i(SM)=N+1=k+N—-m+1

by (i2) and (ig), so the conclusion follows from Theorem 2.9.

If Cy # 0, recall that ©Cy denotes the suspension of Cy, which is obtained as the
quotient space of Cy x [—1,1] with Cy x {1} and Cy x {—1} collapsed to different points.
Let YN¥+1Cy be the (N + 1)-fold suspension consisting of points (v,t1,...,tNy1), where
veCCyandt; € [-1,1] for j =1,...,N + 1, with the appropriate identifications for
t; = £1. Set

N+1 N+1
Po = H(1_|tl‘)7 p]:|t_]| H (1_|tl|) fOI'jzl,...,N, pN+1:|tN+1|;
=1 I=j+1
let {e1,...,en,1} be the standard unit basis of RV*! and let

w RV {0} = SN, 2 =

]

be the radial projection onto S”V. Then

N+1
1
ZJV+IC’O—>1407 (U7t17"'7tN+1)'_>7r<p0’u+(1_p0)90<w<1 D ijsgnt]q)))
—pg 4
Jj=1

is an odd continuous map, and hence
i(Ag) > {(ENT1Co) =i(Co) + N+1>k+N—-m+1

by (i2), (i), and (1.5). So the conclusion follows from Theorem 2.9 again. O
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Proof of Theorem 1.4. We apply Theorem 1.3 with By = ¥y, .. By (1.7),i(S\ ¥y, ,,) <
k. For u € S and ¢t > 0,

Etu) = % (1 - \Ij(u)) ~ F(tu).

Since ¥(u) > 0 by (Ba), this gives

% (1 - %) — F(tu) < B(tu) < % <1 + %) — F(tu),

where A\* = max {£,0}. Since AT < Apy1, the first inequality and (F}) imply that
inf E(B) > 0 if r > 0 is sufficiently small. Since Ay is a compact subset of W \ {0}, the
second inequality and (F3) imply that sup E(A) < 0 if R > r is sufficiently large. By
(1.8) and (1.9), sup E(X) <b. O

3. Compactness conditions

In this section we show that the energy functional
1 A 1 * 1,p
E(u) = , [VulP de — » |ulP dx — pe [ulf dz, we W, P (Q)
Q Q Q

satisfies the compactness conditions (Cy) and (Cy).
Solutions of the asymptotic equation

—Apu=[ulf" 2y (3.1)
in DP(RY) coincide with critical points of the functional
1 1 . N
Eoo(u) =~ [ |[VulPdv — — [ |ul” dz, weD>PRY).

Denote by RY = {w = (21,...,2n) ERYN 1an > 0} the upper-half space in RY and by
Dé’p(Rf) the closure of C§°(RY) in D'P(RY) after extending by zero on R \ RY. Set

* L on/p

C :N N,p-

Lemma 3.1. Let u be a nontrivial weak solution of the equation (3.1) in DHP(RY) or
Dy P(RY). Then

Eoo(u) > c*. (3.2)
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Ifu e Dé’p(Rf), then this inequality is strict. If u is sign-changing, then
E(u) > 2c". (3.3)

Proof. The inequality (3.2) follows by testing (3.1) with u and using the Sobolev in-
equality. If u € Dé’p (RY) and equality holds in (3.2), then u = 0 by Mercuri and Willem
[35, Theorem 1.1] (see also Farina et al. [26]). If u is sign-changing, testing (3.1) with u®

and using the Sobolev inequality gives (3.3). O
Next we prove a global compactness result for problem (1.1).

Theorem 3.2. Let ¢ € R and let (u,) C Wy P(Q) be a (PS).. sequence for E. Then, passing
to a subsequence if necessary, there exist a possibly nontrivial solution u € Wol’p(Q) of
problem (1.1), k € N U {0}, nontrivial solutions v;,i = 1,...,k of equation (3.1) in
H;, where H; is RN or (up to a rotation and a translation) RY , with v; € DHP(RN) if
H; =R" and v; € Dé’p(Rﬁ) if H; = RY, and sequences (y},) C Q and (¢}) C Ry such
that

n

(1) ™" dist (4, 09) — 00 as n — oo if H; = RV,

(Ei )71 dist (y%,@ﬂ) is bounded if H; = RY,

n

k
Up — U — Z (5;)*(pr)/1’ vi((- — yfl)/s;) — 0 asn — oo, (3.4)

i=1

k
[un | = [full” + > fJoi|” as n — oo,
i=1
k
E(u) + Z Eoo(v;) = c. (3.5)
i=1

Proof. This theorem follows by arguing as in Mercuri and Willem [35, Theorem 1.2].
Note that (u,) is bounded by a standard argument and % is finite by Lemma 3.1. Unlike
in [35], here v; may be a solution of (3.1) in R" or R¥ since we make no assumptions
on u,, (see also Farina et al. [26]). O

Recall that the infimum in (1.2) is attained on the functions

(N—=p)/p(p—1)
CN.p € £>0,yeRY, (3.6)

Ue, y(2) = :
a,y( (gp/(pfl) + |.’E _ y‘p/(pfl))(N—P)/P



C. Mercuri, K. Perera / Journal of Functional Analysis 283 (2022) 109536 15

where the constant cy,, > 0 is chosen so that

. N,
/|Vu€’y|pdx:/u’5’)ydm=SN)/§
RN RN

(see Talenti [44]). Set
M ={u,y:e>0,ycR"}.

The main result of this section is the following theorem, which implies that E satisfies
(Cl) and (CQ)

Theorem 3.3. The functional E satisfies the (PS). condition for all ¢ < ¢*. If ¢* <
¢ < 2¢* and (u,) is a (PS). sequence for E such that u, — u but not strongly, then
u € Kq._.« and

dist (up —u, M) =0 or dist(u, —u,—M) — 0
for a renamed subsequence. Moreover, setting
Mc=Ke oo+ M={u+v:u€Ker,vE M},
we have M, C D\ {0} and Ns(M.) N Ns(—M,.) = 0 for all sufficiently small & > 0.

Proof. The proof is based on Theorem 3.2. We have

E(u) = B(u) — ;—)E'(u)u - %/|u|p*daj
Q

since E'(u) =0, and Eo(v;) > ¢* for i = 1,...,k by Lemma 3.1, so (3.5) yields

1 "
N / |ulP dz + ke* < c. (3.7)
Q

If ¢ < ¢*, this implies k£ = 0, so u,, — u by (3.4).
Suppose ¢* < ¢ < 2¢*. Then k < 1 by (3.7). If &k = 0, then w,, — wu as before, so
suppose k = 1. Then

Up, — U — (s;)_(N_p)/p vi((-—yh) /e = 0asn — oo

by (3.4) and

E(u)+ Ex(v1) =c¢ (3.8)
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by (3.5). If ¢ = ¢*, then u = 0 by (3.7) and hence E(v;) = ¢* by (3.8). Then either
vy € M or v1 € —M by Talenti [44]. If ¢* < ¢ < 2¢*, then Ey(v1) < 2¢* by (3.8)
and hence v; does not change sign by Lemma 3.1. So vy is a constant sign nontrivial
solution of (3.1) in DM?(RY) by the Liouville theorem on RY of Mercuri and Willem
[35, Theorem 1.1] (see also Farina et al. [26]). Then either v; € M or v; € —M by Sciunzi
[43] and Vétois [46] (see also Guedda and Véron [29, Theorem 2.1(i7)]). In particular,
Ex(v1) = ¢*, so E(u) = ¢ — ¢* by (3.8) and hence u € K._.«. Since ¢ — ¢* < ¢* and
hence K._.~ is compact by the first part of the theorem, the rest now follows as in Clapp
and Weth [19, Lemma 9]. O

4. Proofs of main theorems

In this section we prove Theorems 1.1 and 1.2 by applying Theorem 1.4 with D =
DLP(RN), W = W, P(Q), and the operators A, , B, , f € C(W, P(Q), W17 (Q)) given
by

(Apu,v) =/|Vu\p_2 Vu - Vodz, (Bpu,v) = /|u|p_2 uv dz,
Q Q

(f(u),v) :/|u|p*72uvda:

Q

for u,v € Wy P(Q). Tt is easily seen that (A;)—(F») hold, and E satisfies (Cy) and (Cs)
with

1
= — gN/p

/p
= % 5np S

2 N
b:N N,p

by Theorem 3.3.

To construct the compact symmetric set C, we assume without loss of generality that
0 € Q. Fix 0 < & < dist (0,09) and let 7 : Wy P(Q)\ {0} = S, u — u/ ||u|| be the radial
projection onto S.

Lemma 4.1. For each k > 1 and sufficiently small 0 < § < dg, there exists a compact
symmetric subset Cy 5 of S with i(Cy5) > k such that v =0 on Bss/4(0) for allv € Cy 5
and

0 if)\ > A\
sup  E(sv) < (4.1)
vECK,s,5>0 aé‘(pr) N/p ’Lf A=\
for some constant a > 0.
Proof. We have A\, = --- = \; < A\j41 for some [ > k. By Degiovanni and Lancelotti [21,

Theorem 2.3], the sublevel set U has a compact symmetric subset C; of index [ that
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is bounded in L°(£2) N CL.*(Q). Let € : [0,00) — [0,1] be a smooth function such that
&(s)=0for s <3/4 and &(s) =1 for s > 1. For u € C}, set

]

us(x) = 5(7) u(z), v =m(us),
and let
Ck,(;:{v:ueCl}.

Since Cj is a compact symmetric set and u — v is an odd continuous map of C; onto
Ch,s, C,s is also a compact symmetric set and

i(Crs) 2i(C1) =1 >k

Let u € Cy, v = 7(us), and s > 0. Since u is bounded in C*(B;,(0)) and belongs to
\Ij}\[ — \IlAk,

/\Vuﬂp de < / |Vul? dz + / (IVul? + a1 67 [uP) dz < 1+ as 6N

Q\B5(0) Bs(0)
and
1 N
[us” dev = Jul? da = Iulpd:c = | lulPde>5-—a30
@ Q\B;(0) B4 (0)

for some constants aq, as,as > 0. So

/|U5|p dx

>1_ ay 0N P (4.2)

/|v|pd:c— By
/|Vu5|pdx k

for some constant a4 > 0 and hence

/ l|P"dx > as (4.3)

Q

for some constant as > 0. We have

P A
- 5_/|vv|pdx_ A5
p
Q
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and maximizing the right-hand side over s > 0 gives

1

B(sv) < 1 Q@)™,

where

+

/\Vu|pdx—)\/\v|pdw
_\o Q
p/p* '
/\v|p*dx
Q

Q(v)

By (4.2) and (4.3),

A +
Q) < ap (1 - — +ar 5N—p>
Ak
for some constants ag, a7 > 0, so (4.1) follows for sufficiently small § > 0. O
Next we construct the odd continuous map .

Lemma 4.2. For each € > 0 and 0 < § < §y with € < 6, there exists an odd continuous
map @e5 : SN — S such that w =0 on Q\ Bss,4(0) for all w € e 5(SY) and

2 N/p [ 3
NSNJ’ 1+C61(g

2 [ e\’ N\
ESPN,p 1+a1<5> —a26p10g<g)] if N = p?

) (4.4)

(N—p)/(p—1) N/p
) —ageP if N > p?

sup E(tw) <
wEPe 5(SN),t>0

for some constants a1, as > 0.

Proof. Referring to (3.6), let

(@) (@) CNPE(N*p)/p(pfl) 0
U () = u T) = - , €>0.
e e, 0 (517/(13*1) + |x|p/(p71))(N7P)/P

Let ¢ : [0,00) — [0, 1] be a smooth function such that ((s) =1 for s <1/8 and ((s) =0
for s > 1/4, and set

Ues(x) = C<—> us(x), €>0,0<6<dy.
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We have the estimates

N o\ W-p)/(p-1)
/|Vu5,5\pdx < SN{;) 1—|—a3<3> , (4.5)
Q
N N\ N/ 1)
/ugédx > SN’/;D 1—a4<5> ) (4.6)
Q
[ o\ V=P (—1)
eP a5—a6(5> if N > p?
/uﬁﬁ dx > : (4.7)
¢ eP |aslog (é> - aG] if N =p?
€

for some constants ag, aq,as,a6 > 0 (see, e.g., Degiovanni and Lancelotti [21, Lemma
3.1]).
Let SV=! be the unit sphere in RY, let

SY ={z=0a'V1-s23s):2" € S" s€0,1]}
be the upper hemisphere in RN¥*1 and define a continuous map ¢. s : Sf — S by
e s(x) =m(ues(- — (1 —s)a'/2) = (1 = s) ue 5(- + 2/2)).

Let w = ¢, 5(x) and note that w = 0 outside Bss,4(0). For ¢ >0,

P P p* *
Eltw) = t—/|Vw|”da:— Ai/|w|pcza:— t—*/|w|p da,

and maximizing the right-hand side over ¢t > 0 gives

B(tw) < - Q)™",
where
/|Vw|p dx — )\/ |w? dx
Q(w) == N
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Noting that Q(w) = Q(ues(-— (1-8) #/2) — (1-5) e s(-+'/2)) and e 5(-— (1) a'/2)
and wu. 5(- + 2'/2) have disjoint supports gives

1+ (1—s)P
[+ (L= s

Q(U)) = Q(us,5)7

and maximizing the right-hand side over s € [0, 1] gives
Qw) < 2PN Q(uc5).
So

Etw) < % Ques)N/?. (4.8)

Since ¢ 5 is odd on SV~1 and F is an even functional, ¢. s can be extended to an odd
continuous map from S to S such that (4.8) holds for all w € ¢, 5(SV) and ¢t > 0.
Since € < 6,

(N-p)/(p—1)
) —ase? if N > p?

) — a4 P log (g) if N =p?

for some constants as,aq > 0 by (4.5)—(4.7), so (4.4) follows. O

S+a3<

S ™

Q(ues) <
S’+a3<

S| ™

We are now ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let 0 < § < §p. Lemma 4.2 gives an odd continuous map ¢. s :
SN — S satisfying

sup E(tw) < — SN/p (4.9)
we@s,é(sN)thO

for all sufficiently small € > 0.

(i) If 0 < XA < A1, Theorem 1.4 with K = m = 0 and Cy = 0 gives N/2 distinct pairs
of nontrivial solutions satisfying (1.3). If Ay < A < Agy1, Lemma 4.1 gives a compact
symmetric subset Cj 5 of S with i(Cy s) > k satisfying

sup E(sv)=0 (4.10)
v€Ck 5,520

when ¢ is sufficiently small. Let v € Ci 5, w € . 5(SV), and s,t > 0. Since v = 0 on
Bss/4(0) and w = 0 outside Bsgs4(0), ¢e,5(SY) € S\ Ck,s and
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E(sv + tw) = E(sv) + E(tw). (4.11)

It follows from (4.9)—(4.11) that

2
sup E(sv+tw) < — S]]\\,[/g.
’L)Gc'k,g,UJGL,Dg,J(SN),S,tZO N ’

So Theorem 1.4 with m = 0 again gives N/2 distinct pairs of nontrivial solutions satis-
fying (1.3).

(i) If X = A1, then A\ < Ag since the first eigenvalue is simple, so Theorem 1.4 with
k=m =1 and Cy = 0 gives (N — 1)/2 distinct pairs of nontrivial solutions satisfying
(1.3).

(490) If Mgy < A = Ag—pnp1 = -+ = Ak < Agy1, where & > m > 1, Lemma 4.1 gives
a compact symmetric subset Cy_y, s of S with i(Ck_m,s) > k —m satisfying

sup E(sv) =0
vECK _—m,s5,5>0

when § is sufficiently small. As in the proof of part (i), ¢. s(S™) C S\ Ck—_m.s and

2
sup E(sv+tw) < — S]]\\;/]f.
Ueck,f'm,(hU’ELPE,E(SN)vsthO N 7

So Theorem 1.4 gives (N —m)/2 distinct pairs of nontrivial solutions satisfying (1.3). O

Proof of Theorem 1.2. The case where 0 < A < A\j or Ay < A < Apy1 for some k& > 1 is
covered in Theorem 1.1 (i), so we assume that A = A\, < A1 for some k > 1. Lemma 4.1
gives a compact symmetric subset C s of S with i(Cf s5) > k satisfying

sup  E(sv) < adN P N/P (4.12)
v€Ck 5,520

for some constant a > 0 when 0 < 6 < Jp is sufficiently small. Lemma 4.2 gives an odd
continuous map ¢, : SV — 9 satisfying

9 n o\ =P/ (=) N/v
sup E(tw) < N SN’/ﬁ 1+a; (5) —age? (4.13)

’LUEQDE’(;(SN), t>0

for some constants a1, az > 0 for all sufficiently small ¢ > 0. Let v € Cy 5, w € gog,g(SN),
and s,¢ > 0. Since v = 0 on Bs;s/4(0) and w = 0 outside Bss/4(0), ¢c5(SN) C S\ Cys
and

E(sv 4+ tw) = E(sv) + E(tw). (4.14)

Take § = ¢* with 0 < a < 1. Then
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) o\ NV-p)/(p=1) )

§(N=p)N/p _ -p+[(N—p) Na—p]/p <_> — gPHIN=p"=(N=p)a]/(p=-1)
’ 0

(4.15)

Since N2/(N + 1) > p?,

p? N — p?

0< <
(N-p)N = N-p

<1,

so we can take p>/(N —p) N < a < (N — p?)/(N — p), combine (4.12)—(4.15), and take
¢ sufficiently small to get

2
sup E(sv+tw) < — SJI\\,[/g.
vECE,5, wWEPe 5 (SN), 5,t>0 N ’

So Theorem 1.4 with m = 0 gives N/2 distinct pairs of nontrivial solutions satisfying
(1.4). O
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