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Abstract

Under Lyapunov and monotone conditions, the exponential ergodicity in the in-
duced Wasserstein quasi-distance is proved for a class of non-dissipative McKean-
Vlasov SDEs, which strengthen some recent results established under dissipative con-
ditions in long distance. Moreover, when the SDE is order-preserving, the exponential
ergodicity is derived in the Wasserstein distance induced by one-dimensional increasing
functions chosen according to the coefficients of the equation.
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1 Introduction
Consider the following second order differential operator on R%:
T d
L= 5 Z aij&-@j + Z bza'u
ij=1 i=1

where a := (a;j)1<ij<a is positive definite and C*-smooth, b := (b;)1<i<q is C'-smooth.
The Harris theorem says that if there exists a Lypaunov function 0 < V € C?(R?) with
lim|;|—00 V() = 00 such that

(1.1) LV <Cy— OV
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holds for some constants Cy, C; > 0, then the diffusion process generated by L is exponen-
tially ergodic, see [12, Theorem 1.5] for a more general assertion, and see [9, Theorem 2.1]
for an explicit estimate on the exponential convergence rate when a = I, the d x d-identity
matrix. A typical example satisfying (1.1) is L = %A +b-V with b € C* such that

(1.2) b(r) = —[z" 2z, |o] > 1

holds for some p > 1. It is easy to see that when p > 2, this operator is dissipative in long
distance, i.e.

(1.3) (x —y,b(x) = by)) < Cslz — y| — Cylz —y/?

holds for some constants Cs, Cy > 0. However, when p € [1,2), it is fully non-dissipative in
the sense that

(1.4) sup (z —y,b(x) —b(y)) >0, r>0.

|z—y|=r

On the other hand, when p € (0, 1), the diffusion process is not exponential ergodic since the
Poincaré inequality fails (see for instance [22, Corollary 1.4]). Therefore, in this example,
p = 1 is critical for the exponential ergodicity.

In this paper, we aim to extend the above mentioned Harris theorem to McKean-Vlasov
SDEs (also called distribution dependent or mean field SDEs), for which the time-marginal
distribution pu; of the solution satisfies the following nonlinear Fokker-Planck equation on
2. the space of probability measures on R%:

(1.5) Ope = L, iy

in the sense that p; is continuous in ¢ under the weak topology and

0= [ =D+ [ (B n)ds, 12 0.5 € C R,

where for any p € &2, the operator L, is defined by
1 d
ij=1 i=1
for the above mentioned a and a distribution dependent drift
b:RYx & — R

This nonlinear Fokker-Planck equation can be characterized by the following McKean-Vlasov
SDE on R%

(17) dXt = b(Xt, D%Xt)dt -+ O'(Xt)th,

where o : [0,00) x R? — R? ® R™ such that oo* = a, W; is the m-dimensional Brownian
motion on a complete filtration probability space (€2, {.Z; }1>0, P), and Z is the distribution
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of a random variable £. Indeed, according to [1], for any solution of (2.1) with p; := Zx,
satisfying

T
(18) [ sllal + o6 )t < o0, 720,
0

e solves (1.5); while a solution of (1.5) satisfying (1.8) coincides with Zy, for a weak solution
to (1.7). Therefore, if (1.7) is weakly well-posed in a subspace & C 2 (i.e. for any initial
distribution in 2 it has a unique solution with Zx, € @), continuous in ¢ under the weak
topology, the exponential ergodicity of (1.5) in & is equivalent to that of the SDE (1.7)
with initial distributions in 2.

In recent years, different types of exponential ergodicity have been investigated for solu-
tions to (1.5) under the dissipative condition (1.3) in long distance and that the dependence
of b(x, 1) on p is weak enough. When a = I, see [18] for the exponential ergodicity in Wiy,
[21] for the ergodicity under the polynomial mixing property for the associated mean-field
particle systems, [10] for the exponential convergence in the total variation norm for Dirac
initial measures, [11] for exponential ergodicity in the “mean field entropy”, [17] for exponen-
tial ergodicity in the L'-Wasserstein distance. See also [20] for the exponential ergodicity in
the relative entropy where a may be non-constant. However, as already mentioned above that
the condition (1.3) excludes fully non-dissipative examples of b satisfying (1.2) for p € [1,2).
On the other hand, in this case the diffusion process generated by L := A+ b -V is expo-
nential ergodic according to the Harris theorem, so that in the spirit of stable perturbations,
when b(z,u) = —V|x|P + by(x, u) for p € [1,2) and large |z| and by is small enough, the
exponential ergodicity for (1.5) with a = I; should also hold. This has been confirmed in
[2, Theorem 3.1] for b(z, u) := bo(x) + €by(z, u) with small € > 0, where by and b; satisfies
(by(x),z) < —cq|x| for some constant ¢; > 0 and large |z|, ||b1]/c0 < ¢2 and

bo(x) — bo(y)| + [br(x, 1) — by, V)] < oz — y| + Wa(p,v))

for some constant ¢, > 0 and the L?-Wasserstein distance W. In this paper, we will prove
a general version of such a result for (1.5), which includes non-constant diffusion coefficient
a and non Ws-Lipschitz by (z, -), see Example 1.2 below.

The main idea of the present study is to decompose a into a = A\l;+66* for some constant
A > 0 and Lipschitz continuous ¢ as in [19], then for the corresponding McKean-Vlasov SDE
we adopt the coupling by reflection for the noise with coefficient v AI;, and the coupling by
parallel displacement for the noise with coefficient &.

The coupling by reflection was applied in [5, 6, 7] to estimate the first eigenvalue on
Riemannian manifolds as well as the spectral gap for elliptic diffusions, and has been devel-
oped in the study of SDEs and SPDEs. Unlike in the study of classical SDEs (or diffusion
processes) for which we may let two marginal processes move together after the first meeting
time (i.e. coupling time), in the distribution dependent setting this is no-longer practicable
since the difference of marginal distributions may separate the marginal processes after the
coupling time. To fix this problem, after the coupling time we will take the coupling by
parallel displacement for all noises, so that the marginal processes will not move too far
away each other.



The remainder of the paper is organized as follows. In Section 2, we investigate the
exponential ergodicity of (1.5) under Lyapunov and monotone conditions, which apply to
a class of fully non-dissipative models (see Examples 2.1 and 2.2). In Section 3, we prove
the exponential ergodicity under the dissipative condition in long time, which extends some
existing results to non-constant a (see Example 3.1). Finally, Section 4 concerns with the
exponential ergodicity for order-preserving McKean-Vlasov SDEs.

2 Under Lyapunov and monotone conditions

We will consider the following more general version of (1.7) where the coefficients may also
depend on the time parameter:

(21) dXt = bt(Xt, D%Xt)dt + O't(Xt)th,

where

0:[0,00) x R 5 REQR™, b:[0,00) x R x & — R?
are measurable and W; is the m-dimensional Brownian motion. Recall that the SDE (2.1)
is called strongly (respectively, weakly) well-posed in a subspace P C P, if for any s > 0
and .Z,-measurable initial value X, with .Zx, € & (respectively, any u € &), (2.1) has a
unique solution from time s (respectively, a unique weak solution with initial distribution
i from time s) such that the time-marginal of the solution is continuous in 2 under the
weak topology. We call (2.1) well-posed if it is both strongly and weakly well- posed In this
case, we denote P;,u = L, for X; solving (2.1) from time s with Zx, = u € P, s0 that
t — P, is continuous in ¢ > s and

(2.2) Pr, = PP

s,17

0<s<r<t.

When b and a do not depend on ¢, we have Py, = P := Py, .t > s.

2.1 Main result

For any ¢t > 0 and p € &, consider the second-order differential operator
1
(2.3) Ly, = Etr{atat*v2} +b(yp) - V.

For any probability measure ;o and a measurable function f, we denote u(f) = [ fdu is the
integral exists. We assume the following Lyapunov condition. For any positive measurable
function V on R?, let

Py ={pe P pulV) < oo}
(H,) (Lyapunov) There exists a function 0 <V € C?*(V) with lim,_,o V(z) = 0o and

(2.4) sp @V
1>0,zerd 1+ V()

such that for some Ky, K, € L}, ([0, 00); R)

(25) LWV S Ko(t) — Kl(t)V, t Z O,,U € @V'
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We remark that the existence of invariant probability measure has been studied in [13] under
an integrated Lyapunov condition weaker than (2.5), see also [15] for a recent survey on this
topic.

For any [ > 0, consider the class

U, = {v € C*([0,1];[0,00)) : ¥(0) =4'(l) = 0,4¢'|joyy > 0}.

For each ¢ € U, we extend it to the half line by setting «(r) = ¥(r A1), so that ¢’ is
non-negative and Lipschitz continuous with compact support, with

r'(r)
2.6 Cyp 1= Su < .
( ) P T>%) ’QD(T‘)
When " < 0, we have [|))||o := sup [¢'| = ¢'(0) and ¢y = lim,.jo T:fég) =

For any constant 8 > 0, the weighted Wasserstein distance (also called transportation
cost) is given by

Wy sv(p,v) = Inf / Ul —y))(1+ BV (2) + BV (y))n(dw,dy), n,v € Py.
T€C (V) JRd xR

In general, Wy, gy is only a quasi-distance on &y as the triangle inequality may not hold.

But it is complete in the sense that any W, gy-Cauchy sequence in &y is convergent. For

any pu, v € Py, we introduce

i o Jpaea (e =y BV (2) + BV ()7 (dx, dy)
(2.7) Wy pv(p,v) = we‘lrfI%fL,V) fRdx]Rd Wz —y) (1 + BV (z) + BV (y))m(dz, dy)’

which will come naturally from 1t6’s formula for the process
(X = Vi) + BV (X)) + BV (V2))
for a coupling (X3, Y;) of the SDE. We observe that

sup /R Ve =y BV (@) + BV ())m(de, dy) < 1+ Fu(V) + Bu(V),

TEE (p,v)

A W 5 ( ) ) - -
so that Wy gv > 175575755 As shown in Example 1.2 below that in many cases

holds for some constant ¢ > 0.
Moreover, let |V f||s be the Lipschitz constant of a real function f on R?. We need the
following non-degenerate and monotone conditions.

1
loc

6:10,00) x R* — R* @ R?

(H;) (Non-degeneracy) There exist o € L;,.([0,00); (0,00)) and measurable

with fOT | V61| odt < oo for T € (0, 00), such that

(2.8) a)(z) == (0,07) () = audy + (6,67) (), t>0,2 € R
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(Hs) (Monotonicity) b is bounded on bounded set in [0, 00) x R? x &y,. Moreover, there
exist | >0, K,0,q € L}, .([0,);[0,00)) and ¢ € ¥, such that

(2.9) 200" (r) + Ko’ (r) < —q(t)(r), r€[0,1],t >0,

(2.10) (bl 1) — ey, ), — ) + 5 100(x) — 6u(0) s

< Kt|x - y|2 + 0t|x - y|ww,ﬁ\/(,uv V)a T,y € Rd“u,l/ € 9V7t > 0.

Remark 1.1. (1) Since V' > 0 with V(z) — oo as |z| — oo, we have

_ e K@OV(z) + KOV (y) — 2K(t)
(211) uplt) = o B+ V(z) + V(y) <K

[ >0,

and r; g(t) > 0 for large enough I > 0 and K, () > 0.

(2) Consider the one-dimensional differential operator L = 2)\(;'1—; + K< on[0,1]. In (2.9)
one may take 1) to be the first eigenfunction of L with Dirichlet boundary at 0 and Neumann
boundary at [. In this case, ¢; > 0 is the first mixed eigenvalue.

(3) (2.4) and (H,) imply that

_ [VV(z) - VV(y)]
wt)=eosmn {or S P ven
L Haul@) = o) H(G () VV)(2) + (&t(')*VV)(y)H} < o0
[z =y~ +V(z) +V(y)}
for any 3,1 > 0. In many cases, we have oy 3 | 0 as 8 | 0. For instance, it is the case when

V(z) = el for p € (0, 1) and large ||, and & is Lipschitz continuous with ||6(2)|| < c¢(1+|z|9)
for some constants ¢ > 0 and q € (0,1 — p), or V(x) = |z|* for some k > 0 and large |z|.

(2.12)

For Ko, q, kig and oy g given in (Hy), (Hs), (2.11) and (2.12) respectively, let

(213) )\l’g(t) = min {Iilﬂ(t), ql(t) - 2K0(t)5 — Oél,g(t)}.

Since a;5(t) — 0 as f — 0, and since rp(t) > 0 for K;(t) > 0 and large [ > 0, when
Ki(t) > 0 we may take large | > 0 and small 5 > 0 such that X\ g(¢) > 0. The main result
in this part is the following.

Theorem 2.1. Assume (Hy)-(Hjs), with ¢" < 0 when 6.(+) is non-constant for some t > 0.
Then the SDE (2.1) is well-posed in Py, and Py := Fy, satisfies

(2.14) W av (Pr i, Prv) < e Jous@=03dsyy oo (1), >0, 1,0 € Py

Consequently, if (a,b) does not depend on t and N\ g > 0, then P} has a unique invariant
probability measure i € Py such that

(2.15) WQP,BV(Pt*:u’ i) < e_(Al’ﬁ_e)twlbﬂV(:u’ i), t>0,u€ Py.
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2.2 An example

In the following example, the drift by is fully non-dissipative in the sense of (1.4). As
mentioned in Introduction that a critical model for the exponential ergodicity is the diffusion
process generated by A — (VH) -V with H(z) = |z| for large |z|, which is now covered by
this example for p = 1. Moreover, the following example is not covered by [2] even for 6 = 0,
because log (V') is not Wy-Lipschitz continuous in p.

Example 2.1. Let a = I; + ¢6* for some Lipschitz continuous matrix valued function &,
V(z) = e for some p € (0, 1], and

bz, p) := bo(x) + e®(z,log u(V))

for some ¢ € [0,1), by € C*RY) with by(z) = —|z|Px for |x| > 1, and ® € C}(R? x
[0,00); RY). Let
(2.16) Wy (u,v) = inf / (LA 2=y} {1+ V(@) + V() }(de, dy).

TEE (11,V) JRd xR

Then when € > 0 is small enough, P’ has a unique invariant probability measure i € Py,
and there exist constants ¢, ¢ > 0 such that

WV(Pt*:U’vﬁ) < Ce_thV(M,ﬂ), t> Oalu S <@V'

Proof. 1t is easy to see that (H;) holds for some constants Ky, K1 > 0, (H>) holds for o = 1.
Since V(x) — oo as |z| — oo, we take [ > 0 such that

lz—y[>1

So, in (2.11) the constant x; 3 > 0 for all 5 > 0. Next, take ¢» € ¥; such that (2.9) holds
for some ¢ > 0, for instance 1) is the first mixed eigenfunction of 2;—; + K& on [0,] with
Dirichlet condition at 0 and Neumann condition at [. Then there exists a constant ¢y > 0
such that

(2.17) V(@) = V)l < covolle —y)(V(2) + V), =,y€R"

Next, since for any m € € (u, v) we have
[l =g+ V() + 8V (@)r(ds, dy)
RexR

<1/l | {1408V AVl dy)
< @+ (V) Ar(V)], Be 1],

(2.7) implies

i Wy sv (1, 1)
Wy pv (1, v) > 25 V) Av) B e (0,1].
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Combining this with ® € C} and noting that (2.17) implies

V)= vV < _int [ Vi) = V)l dy) < @ W (u)

TEL (u,v)
for some constant ¢y > 0, we find a constant ¢; > 0 such that
b(z, ) — b(z, V)| < e[| VO(z, )| log u(V) —logv(V)]

el|[Ve (2, -)|[oo| (V) — v(V)] i
W) A (V) < e Wysv(p,v), B€(0,1].

Noting that [|[Vbo|leo + [|[VP|loc + [VF||ee < 00, this implies (H3) holds for some constant
K >0and 0 =cef™1, 5 € (0,1].

Finally, as observed in Remark 1.1(3) that for the present V' we have oy 3 | 0 as 5 | 0.
Then in (2.13), A; 3 > 0 for small 5 € (0, 1]. Therefore, by Theorem 2.1, when € > 0 is small
enough, P has a unique invariant probability measure 1 € &y, such that

W av (P, i) < e "Wy gy (p, 1), t20
holds for some constant ¢ > 0. This completes the proof since
CT'Wy < Wy sy < CWy

holds for some constant C' > 1. O

2.3 Proof of Theorem 2.1

Since ¢(r) := ¢¥(r A1) for ¢ € U, is not second order differentiable at [, we introduce
the following lemma ensuring It6’s formula for ¢ of a semi-martingale which will be used
frequently in the sequence.

Lemma 2.2. Let & be a non-negative continuous semi-martingale satisfying
d& < Ay dt +dM,

for a local martingale M; and an integrable adapted process A;. Then for any ¢ € C1([0,00))
with ' mon-negative and Lipschitz continuous, we have

AV(&) < ¥/(E) At + S0 (€)A(M), + /(€)M

where / |
Y"(r) := lim sup lim sup V(s+e) =y (3)’ r>0
slr el0 £

is a bounded measurable function on [0, 00).



Proof. By restricting before a stopping time, we may and do assume that &;, fot Agds and M,
are bounded processes. For any n > 1, let

dalr) =1 / o+ s)e s, >0,

Then each v, is C*°-smooth, with ¢/, > 0, (¢, ¢],) — (1, v¢’) locally uniformly, {||1)"]|c tn>1
uniformly bounded, and by Fatou’s lemma,

ne "ds

o0 ’ o
lim sup ¢, (r) < lim Sup/ lim sup P(r+s+e) =Y (r+s)
0

n—00 n—00 el0 €

/ Y,
§limsuplimsup¢<r+8+€) Yiir+s) =" (r), r>0.
540 el0 €

Therefore, by applying It6’s formula to v, (&;) and letting n — oo, we finish the proof. [

A. The well-posedness. For any 7' > 0 and a subspace & C 22, let C,,([0,T]; &) be
the class of all continuous maps from [0, 7] to & under the weak topology.

Lemma 2.3. Assume that for some K € L}, ([0, 00); (0, 00))

loc

(218) LWV(:L’) < Ct(l + ,M(V) + V(.T)), t > O, HANS Rd, ue :@V,

(2.19) o VV (2)| < G(1+V(x)), t>0,2€RY

2(bi(x, ) = by, v),x = )" +llow(@) — ou(y)lls
< Glz —yl{le =yl + Wy v(p,v)}, t>0,2,y eRY pv e Py.
Then (2.1) is well-posed for distributions in Py with

(2.20)

T
(2.21) EV(X;) < 62fOTCSdSEV(Xo)/ el Grargg,
0

Proof. 1t is easy to see that (2.21) follows from (2.18) and It6’s formula. To prove the well-
posedness for distributions in &y, we adopt a fixed point theorem in distributions. For any
T>0,v:=%%, € Py, and

pe Py = {ne Cull0.TEPV) : wo =7},
consider the following SDE
(2.22) AXP = b(X ) + o (X)W, XY = Xot € (0,7

It is well known that the monotone condition (2.10) in (Hj3) implies the well-posedness of
this SDE up to life time, while the Lyapunov condition (2.18) implies

sup E[V(X})] < o0.
te[0,7)



Then by the continuity of X" in ¢ we conclude that
H(p)(-) := Lxr € Co([0,T]; Pv).

It remains to prove that H has a unique fixed point i € Py, so that X" is the unique
solution of (2.1) up to time 7', and by the modified Yamada-Watanabe principle [?, Lemma
2.1], this also implies the weak well-posedness of (2.1) up to time 7.

To prove the existence and uniqueness of the fixed point of H, we introduce

L@&]TV = {u € Cu([0,T]; Pv) : po =1, sup e Vi (V) < N(1 —l—v(V))}, N >1.
te[0,7)
Then as N 1 co, we have Z2 oo 7 T Pypas N T oo. So, it suffices to find Ny > 1 such that

for any N > Ny, H 33% 4@%‘/ and H has a unique fixed point in (@%g . We prove this
in the following two steps.
(a) Construction of Ny. Let

T
¢ = el Gds N = 3c.

By It6’s formula and (2.18), for any N > Ny and p € @TV, we have
t
e VEV(X[') < y(V)elo ctsme / G{L+ N1+ (V) Jels 6dr=N=9)gs
0

< cy(V) 4+ 2eN(1 +~(V)) sup /t e NE=9ds < ey(V) + 2¢(1 + (V) < N(1 +~(V)).

t€[0,7] J0

So, HP}y C P4 for N > Ny,
b) Let N > N,. It remains to prove that H is contractive in 22N under
p TV

Wyva(i,v) = sup e MWy v (i, vy), p,v € @%5
t€[0,T]
for large A > 0.

For p,v € QZTV, by (2.20) and the Ito-Tanaka formula, we find Cy € L}, ([0, 00); (0, 00))
such that

X! — X/

d| X} — X7 < Co(t) (W gy (e, 1) + | X7 — X7|)dt + <W {on(X

at(Xt”)}th>.

Since ¢ € ¥;, by extending to the half-line with ¢ (r) := ¥ (r A l), we see that v’ is non-
negative and Lipschitz continuous. By Lemma 2.2, u,v € ;@‘W/év , and noting that " < 0
when o; is non-constant for some ¢t > 0, we find C; € L*(]0, T]; (0, 00)) such that

dp(1X7 = XY]) <CiOe(IXF = XV]) + W sy Mta’/t)}dt

Xt — Xy

(2.23) + (| X — XV|><W {at t(X;’)}th>
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holds for ¢ € [0, 7.
On the other hand, by (2.18) and p,v € @%Y, we find a constant K (NN) > 1 such that

V(X)) + V(X)) < G{L+m(V) + (V) + V(X)) + V(X)) e
+ (oo(X)VV(X]) + 0o (X} )VV (X)), dW;)
< K(N)G{14+ V(X)) + V(X)) bt + (o(X])VV(X]) + ou(X])VV (X)), dW,).

Combining this with (2.6), (2.19), and (2.23), we find Cy € L'([0,T7]; (0, c0)) such that
&= P(IXY = XY (1+ V(XY + V(X))
satisfies
A& < Co(t)[&+ (1 + VI(XE) + V(X)) Wy (pe, vi)|dt + dM,, t € [0,T)
for some local martingale M;. Since H(u), H(v) € @&? implies
EV(X!) +EV(X/) < N(1+~4(V)e" = D(N) < oo, t€[0,T],

this and &, = 0 yield
t
e ME& < (1+ D(N))Wyva(u,v) / Cy(s)els (@D s ¢ € [0,T],A > 0.
0

Noting that limye Supep 1 f(f Cg(s)efst(CQ(”)*A)d”ds = 0, we conclude that when A > 0 is
large enough,

1
eiAth,V(Ht(ML Ht(”)) < eiAt]Eft < éww,v,)\(:uv V)? te [O, T]
Therefore, H : BZ%Y — @;{X is contractive in Wy, r ) for large enough A > 0. O

B. Construction of coupling. Simply denote

Yav(w,y) = Y(lx —y[)(1+ BV (2) + BV (y)), =,y €R™
For s > 0 and u,v € Py, let X, and Y be .%,-measurable random variables such that
(2.24) Lx, =Pn, L, =Pv, Egy(X,,Ys) = Wy sy (Prp, Piv).

Let B} and B? be two independent d-dimensional Brownian motions and consider the fol-
lowing SDE:

(2.25) dX; = by(Xy, Pfp)dt + /a;dB} + 64(X;)dB}, t > s.

By (Hs), this SDE is well-posed. Indeed, since b is locally bounded, by Girsanov’s transform
to the regular SDE
dX, = /oy dB} +6,(X,)dB?, t>s
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up to the exit time of a large ball, we construct a weak solution to (2.25) up to the same
stopping time. On the other hand, the monotone condition in (H3) implies the pathwise
uniqueness of (2.25), then the well-posedness is implied by the Yamada-Watanabe principle.
Moreover, the Lyapunov condition in (H;) ensures the non-explosion. Since by (H3) and the
definition of P} the solution to the McKean-Vlasov SDE (2.1) is a weak solution to (2.25),
the weak uniqueness of (2.25) implies that Zx, = P/u,t > s.

To construct the coupling with reflection, let

r—y
u($7y):ma I‘#yERd.

We consider the SDE:
(2.26)  dY; = b(Yy, Pv)dt + oo {1y — 2u(X,, Y;) ® u(Xy, Yy)lary pAB) + 64(Y;)d B}

for t > s, where
7:=inf{t > s:Y;, = X;}

is the coupling time. Since the coefficients in noises are Lipschitz continuous in Y; # X, by
the same argument leading to the well-posedness of (2.25), we conclude that (2.26) has a
unique solution up to the coupling time 7. When ¢ > 7, the equation of Y; becomes

(2.27) dY; = bi(Y;, Pyv)dt + ad Bl + 6,(Y;)AB?,

which is well-posed as explained above. Therefore, (2.26) has a unique solution up to life
time. On the other hand, the Lyapunov condition in (H;) implies that the solution is non-
explosive, and by the same reason leading to Zx, = P/ 11, we have %y, = P/v.

C. Proof of (2.14). By (H3) and the It6-Tanaka formula for (2.25) and (2.26), we obtain

d[X; = Y| <{0 Wy oy (P, Prv) + K| X, = Y| bt
+ 2y (u(X, Y1), dB;) + (w(Xy, V), (64(Xy) — 6:(Y)dBY), t <.

By Lemma 2.2 and noting that ¢ < 0 when & is non-constant, we get

dy(|X; — Vi)
< {00/ (|1X; — Vi)W av (P, Pv) + K| Xy — Y[/ (1 X — Vi) + 200" (| X, — Vi) Jdt

+ /(X = i) [2va(u(X,, Yi), 4B ) + (u(Xi, Vo), (0e(X0) — 6u(¥))ABE )|, t <
Therefore, (2.9) yields

dyp(1X; = Yil) <{6: (|1 X: — Yil) Wy v (P 1, Prv) — qu(8)(1 Xe — Vi) 1qpx,—vij<ny ot
(2.28) + (1 X = Yi]) [2\/E<U(XuYt),dBtl>
+ <u(Xt, Ya), (64(X;) — &t(Yt))dBfﬂ, t<r.
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By (H;) and It6’s formula, we obtain

V(X)) + V(Y)} < {2Ko(t) — Ki(H)V(Xy) — Ki(t)V(Yy) bt
(2.29) +V/a(VV(X,) + VV(Y:) = 2(u(X,, V), VV(Y2))u(Xe, V), dBy)
+ (6¢(X,) VV(Xy) + 6:(Y,)*'VV(Y,), dB7).

This together with (2.28) yields that
Or = Vv (Xe, Vi) = ¥(|X, — Vi {1 + BV(Xy) + BV (V2) }
satisfies
dep, S{Gt@b’(lXt — Vi)W v (B, Frv) [T+ BV (X0) + BV (Y)] = a(t)éel x, vy

+ 81X = Vi) [2Ko(t) — Ki()V(X,) = K (HV (V)]
(230)  +B0(1X - Vi) (al TV (X)) - YV (V)

+ [{61(X0) = (V) }a(X) TV () + (¥ TV (V)] ) bae

+dM,;, t<T
for some martingale M;. Combining (2.6), (2.11) and (2.12), we derive

BY(1X, — Vi) {2Ko(t) — Ki()V(Xy) — Ki(t)V (Y2) }
< 2Ko(t) Bl xi—vii<ty — k1,80 Delqix,—vii>1y,

B (1%, = Vil { a9V (X) = VV ()
+ [{u(X0) = Gu(Y) (X TV (X0) + (Y YV (V]| b < qus(®)nl x,vigary.
Hence, it follows from (2.30) that

de <6 (1X; — Vil )Wy v (B i, Prv){1 + BV(X,) + BV (V) }dt
—{[a(t) — aup(t) — 2Ko(t) Bl l{x,—vij<ty + Fup(t) ol x,—vii>iy dt + dM,
<{OY' (| X, — Yi )Wy s (P, Pyv){L + BV (X)) + BV (Y)Y — Ng(t)pe bt + dM,, ¢ < 7.

Since ¢, = 0 for t > 7, this implies

oo Ap()dsgg, = E[(btmeﬂf“ /\l,ﬂ(S)dS] < el Mp(r)dr g

+E /W elo @G, (| X, = Vi)W g (B, Pv) {1+ BV (X,) + BV (Y,) }dr, > 5.
Therefore, for any t > s, we have

IE¢t/\7‘ <e fst AL (r)drE¢s

(2.31) t thr
T el Pusl i / 6, W0 (P2 Pv)/ (X, — Vi) {1+ BV(X,) + BV(Y;) }dr.
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On the other hand, for ¢t > 7, by It0’s formula for (2.25) and (2.27), and applying (2.10),
we find C} € L},.([0,0); (0,00)) such that

dip(1X; = Vi) <{Cr(®)e(| Xy = Vi) + 60 (|1 Xy — Vi)W gy (B, Bv) ot
+9/ (|Xt YiD({6:(Xy) = 60(Y2) }u(X,, Yy), dBg).

Combining this with (2.29), we find Cy € L}, ([0, 00); (0, 00)) such that
a6y < { Calt)n + O W (P o, Bv)0' (1 = Vi) {1+ BV(X,) + BV(Y) pt + My, > 7

for some martingale M;. Therefore, for any ¢t > s, we have t A 7 > s so that

E[1gsry (01 — dinr)]
<E / ol G W (P, PO (X, Yo ){1+8V(X,) + BV (Y;) bdr
tAr
< ofs C2ap /t 0, Wy v (Pr 1, PV (|1 X, — Y, ) {1+ BV(X,) + BV (Y,) bdr.
tAr
This together with (2.31), (2.24) and (2.7) yields
B¢, = E¢unr + E[1(isry (61 — dinr)] < e 20V Eg,

t
+ efs('w'”?)(”d’"E/ 0. Wy v (P, Prv)d (|1X, = Yo ){1 + BV(X,) + BV (Y;) pdr

< e~ J sl YWy, sy (P, P 1/)—|—ef e / O el eI EG dr, ¢ > s,

s

where the last step follows from the definition of Ww,ﬁv which implies

o B,
Wy sv (P, Prv) < E[y/ (| X, — Y,){1+ BV (X,) + BV(Y,)}]

By Gronwall’s lemma, we obtain

ol MaMIE Y, < W sy (P, Prv)exp [ef: (ZRuslca) }d"/ 0, d?“] t>s.

S

Thus, for a.e. s > 0,

& Wy sv (P, Prv) — Wy v (P, Py
d—sz,ﬁv(P;‘u, Prv) := limsup wpv (B, Prv) v.av (P, Piv)
s tls t—s
E¢; — W Pru. P*
S llm Sup (Zst T/JﬁV( S ILL, S V)
tls t—s

—(Nis(8) = 0s)Woy gy (PS u, Prv).

This implies (2.14).
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D. Proof of (2.15). Let a,b be independent of the time parameter and
RZIA175—9>0.

We intend to show that P} has an invariant probability measure i € Py, so that (2.14)
implies (2.15) and the uniqueness of the invariant probability measure. This can be done as
in the proof of [23, Theorem 3.1(2)] by verifying that P;dy converges in &2, under Wy, g1
as t — 00, where dy is the Dirac measure at 0 € RY. Precisely, by (2.14) and the semigroup
property Py, = P;P; for s,t > 0 due to (2.2), we have

sup Wy, gy (P do, P .00) < e sup B [(| X[ ){1 + BV(0) + BV (X,)}]

s>0 s>0

< [[llwe™ {14+ BV(0) +supEV(X,) . ¢ >0,

s>0

where E? is the expectation taken for the solution to (1.7) with Xy = 0. Since (2.5) yields

K,
sup E°[V(X,)] < V(0) + = < oo,
§>0 K,

we arrive at

lim sup Wy, gy (P00, Pl ;00) = 0,

t—00 g>(

so that when ¢ — oo, P;dy converges to a probability measure i € &y, which is an invariant
measure of P;. Indeed, in this case the semigroup property and (2.14) imply

W v (Pi, ) = lim Wy, gy (P, PP 00) < Tim Wy gy (1, B d9) = 0, s > 0.

3 Under dissipative condition in long distance
For any ¢ € ¥, where
U= {4y € C*([0,00)) : ¥(0) = 0,9" > 0,7¢'(r) +7*(¢")*(r) < cr for some constant ¢ > 0},

the quasi-distance

W)= nt [ e =y, dy)

WSAORY

on the space
Py =€ P :|lully = p(l ) < oo}

is complete, i.e. a W,-Cauchy sequence in &, converges with resect to W,,. When % is
concave, W, satisfies the triangle inequality and is hence a metric on Z.

In this part, we do not assume the Lyapunov condition (H;) but use the following con-
dition to replace (Hj).
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(Hj) (¢-Monotonicity) Let ¢ € ¥, v € C([0,00) with v(r) < Kr for some constant
K > 0 and all » > 0, such that

(3.1) 209" (r) + (W¢')(r) < —a@¥(r), =0

holds for some ¢ € L} ([0,00);(0,00)). Moreover, b is locally bounded on [0, 00) X

loc

RY x 2, and there exists 6 € L, .([0,00); (0,00)) such that

1, . .
(bu(, 1) = buly, v), x = y) + 5164(x) = &:(y) s
<z —yl{OWy(p,v)+~(jz —y))}, t>0,2,y e R pve Py

(3.2)

When a = I; and
b ) = tofa) + [ 2w y)uldy

Rd
for a drift by and a Lipschitz continuous map Z : R x R¢ — R%, the exponential convergence
of (2.1) is presented in [9, Theorems 2.3 and 2.4] under the condition that

(bo(2) = bo(y),z —y) < K(lz —yDlz —yl*, =,y R

for some function x € C((0,00)) with fol ret(r)dr < oo and limsup,_, . k(r) < 0, and that
the Lipschitz constant of Z is small enough. It is clear that in this case (3.2) holds for
v(r) := rk(r) and ¥(r) comparable with r, for which we may choose ¢ € ¥ as in (3.15)
below such that (3.1) holds for & = 1 and some ¢ > 0. Therefore, this situation is included
in Theorem 3.1 below.

3.1 Main results and example

Theorem 3.1. Assume (Hy) and (HS), with " < 0 if 64(-) is non-constant for some t > 0.
Then (2.1) is well-posed in Py, and P} satisfies

(3.3) Wy (P, Pv) <e” fg{qs_es‘w,”wmsww(u, v), t>0,u,ve Py
Consequently, (by,a;) does not depend on t, q¢ > 0]|1'|| w0, and
(3.4 sup | Pl < o0

>0
which is the case when ¢" <0, then P} has a unique invariant probability measure i € Py,
such that
(35) Wiﬁ(f)t*uaﬂ) < e—(q—9H¢'Hoo)th('u’ ﬂ)a t>0,pe yiﬁ'

Proof. By (Hz) and (H}), the well-posedness follows from the proof of Lemma 2.3 with W,
replacing Wy, 1/, and the solution satisfies

(3.6) sup || Pyl < 00, € Py,T > 0.
te[0,7
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We omit the details to save space. It remains to prove (3.3) and the existence of the invariant
probability measure fi in the time homogeneous case.

(1) Proof of (3.3). Let s > 0 and p,v € ;. We make use the coupling constructed by
(2.25) and (2.26) for initial values (X, Y;) satisfying

(3.7) L, = Pip. Sy, = Plv, W(Piu, Piv) = Eb(X,, V).

By the same reason leading to (2.28), by (H}) for ¢» € ¥ with ¢” < 0 when ¢ is non-constant,
we derive

dy(1X, = Vi) <{00'(1 X, = Vi)W (B i, Pv) — qb(1X, = Vi) }dt
(3.8) + (1% = ¥il) [2VA{u(X,, Y;), 4B} )

+ <U(Xt,Yt)’ (0:(Xy) — &t(n>>dBt2>}7 t<T.

By the same argument leading to (2.31), this implies
tAT
(3.9) EW(|Xinr = Yinr|) < e EQ(1X, - Yi|) + 9||¢'||°°/ Wy (B, Prv)dr, t>s.

On the other hand, when ¢ > 7, by (Hj) and applying [t6’s formula for (2.25) and (2.27),
we find a constant C' > 0 such that

dyp(|X; — Yi]) <{CP(1X; — Yi|)dt + 0][¢ || Wy (B 1, P v) }t
+ ' (1X; = Vi) ({6:(X0) — 6:(Yy) Yu(Xe, Yy), dBY).

Thus,
t
E[Lisryd(1X: — Yil] < 014/ [locc®IE / W (P, Prv)dr, t> s,
tAT

Combining this with (3.9) and (3.7), we derive
Wo(Pr s, Prv) < E(IX, — Yil) = B (1 Xunr — Vi) + E[Lgsry(1X, — ]

t
< e 1IEY(|X, — Vi) + 0| || e / W (P, Piv)dr
t
_ e_Q(t_S)W¢(PS*u, Prv) + 9||¢/||ooec(t_8)/ Ww(P:/% Prv)dr, t > s.

Therefore,

a W (P, Prv) — Wy (P, P
_Ww(P:lu,P:]/) = hmsup d}( t i ty> 1/1< s M SV)
ds tls t—s

< — (g =019 llo0) Wy (P, Piv), s> 0.

This implies (3.3).
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(2) Existence of i € &,. Let (as, b;) do not depend on ¢, and
A=q— 0|}l > 0.
Then (3.3) implies
W (P o, Py 00) < e MWy (8o, Pidy), t,s>0.

Combining this with (2.30) we see that as t — oo, { Pdy is a W-Cauchy family whose limit
is an invariant probability measure of P;. It remains to show that (3.4) follows from ¢ <0
and (3.3). Indeed, in this case W, satisfies the triangle inequality so that, for n being the
integer part of t > 1, (3.3) and (3.6) imply

3
—

[P dolly = Wiy (do, P d0) < ) Wy (Pido, Pryydo) + Wy (P00, Py do)
0

n—1 0
< S M Pl + e sup [Pl < (sup [1P0olly) e < oo
=0 s€[0,1] s€[0,1] =0

B
Il

Therefore, (3.4) holds. O

As a consequence of Theorem 3.1, we consider the non-dissipative case where Vb (-, u)(z)
is positive definite in a possibly unbounded set but with bounded “one-dimensional puncture
mass” in the sense of (3.12) below. Let &) = {u € & : pu(]-|) < oo} and

Sp(x) == sup { (Vb (-, p)(x),0) 1 t>0,]v| <1Lpe P}, zeR
(HY) There exist constants g, 61,02, > 0 such that

I )
(3.10) slloe@) = 61 (W)llTzs < bolr —yP, t =02,y € R

(3.11) Sp(z) <01, |b(x,p) —b(x,v)| < eWi(p,v), t >0,z € Rd,p, ve A,

(3.12) K=  sup / 115, (z+4sv)>—0,3ds < 00.
R

z,weRY |v|=1

Let Wy = W, and &, = &, for ¢(r) =r.
Corollary 3.2. Assume (Hy) and (HY). Let

y(r) = (6, + 92){(/17“’1) A r} — (03 — Oy)r, >0,

(313) L o— 12): o 30(62 — 90) / te% fg'y(u)dudt
fooo teax Jo v(wdugy 2\ 0
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Then there exists a constant ¢ > 0 such that
W (P, Pfv) < ce ™ Wy (u,v), t>0,p,ve P

[f 92 > 00 and

4)\?
(62— 62)(J;™ tex forthuqy)2’

(3.14) o <

then kK > 0 and P} has a unique invariant probability measure 1 € &, satisfying
Wl(Pt*:U“na> < Ce_ktwl(ﬂvﬂ>v t 2> Oa,u S <@1'

Proof. For v in (3.13), let

q .= 12/} ’ 0= (10(92 - 60) / te% fot 'y(u)dudt,
foooteﬁ Jo v(w)du gy 2\ 0
and take
(3.15) ¢(r> - / e_i I ’Y(u)du/ teﬁ fg’)’(u)dudt7 r>0.
0 s

By Theorem 3.1, it suffices to verify

(a

) e W and ¥ < 0;
(b) there exists a constant C' > 1 such that C~'W, < W; < CW,;
(c) (3.1) and (3.2) hold.

(

a) We have ¢(0) = 0,¢’(r) > 0 and
(316) ¢//(T) = —%}\)e 22 fo 7(” u/ teﬁ fg?’(u)dudt —r, T Z 0

To prove ¢ € ¥, it suffices to show ¢” < 0. To this end, take

/1(91 + 92)
VO, — 6,

To ‘=

It is easy to see that v in (3.13) satisfies
(3.17) Yool = 05 Y(ro,00) < 0.

Combining this with (3.16) we have ¢”(r) < 0 for r < ry. On the other hand, for r > ry we

have v(r) < 0 and
r 1

(1)~ (62— Oo)r P — (61 + Og)rr—(1D)
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is decreasing in 7 > 7¢, so that

/ te% I v(wdugy — / 2()\2; (%em Jor u)du> dt

= — 2?3@% Jo v(w)du + 2)\/ (% 2>‘(1;))621A I (u)du gy < — 2(>\T) e% foT’Y(u)du’ > Ty.
y\r T - W

This together with (3.16) yields ¢"(r) < 0 for r > r¢. In conclusion w e V.
(b) Since ¢ € ¥ with " < 0 implies that 1(r) < ¢'(0)r and £ is decreasing in r > 0,
we have W, < ¢/(0)W; and

inf M

v(r)

i = A = i v)
(3.18) = Jim ). ;‘;XP z} Jor ddU]d
2Ar . ” 02)\ .
=Jm = ==, € 0
Thus,
S W < Wil < 20w,

(c) By (3.13) we have
20" (r) +~y(r)'(r) = =2 r, r>0.

Since ¢ (r) < '(0)r, this implies

22" (r) +y(r)y'(r) < -

Therefore, (3.1) holds.
Next, for x # y, let v = ==

o7~ Then (3.11) implies

(Oe(, ) = be(y,v), v —y)
= |z — y|(be(x, ) — by, 1), v) + |2 — y[(be(y, 1) — be(y,v),v)

lz—yl
(3.19) < plr —y|Wi(u,v)+ |x—y|/ Sp(y + s(x —y))ds
0

|lz—yl?
= plz —y|Wi(p,v) +/ Sp(y + sv)ds, p,v e Py
0

On the other hand, by (3.11) and (3.12) we obtain
|lz—y[? |z—y|? |lz—y|?
/ Sy + sv)ds < 6, / Lis, (@+sv)>—6,3ds — 92/ L{s, (@+sv)<—623ds
0 0 0
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|lz—yl?
= (01 + 09) / L5y (ars)>—023d8 — Oo|x — y[* < (01 4 02) (k A |z — y|?) — o] — y|*.
0

Combining this with (3.10) and (3.19), we derive (3.2).
[

To illustrate Corollary 3.2, we consider the following nonlinear PDE for probability den-
sity functions (p;)s>0 on R%:

d
1

ij=1

where G € C%*(R?), W € C?(R? x RY) and

(3.21) Wep= | W y)e(y)dy.

R
According to the correspondence between the nonlinear Fokker-Planck equation (1.5) and
the McKean-Vlasov SDE (2.1), the exponential ergodicity of p;(dz) := p;(z)dx is equivalent
to that of P associated with (2.1) for

(3.22) b(x,pn) == =VG(x) / {(VW(,2)(z)}u(dz), zeR% pe 2.

When a = I; and W is symmetric (i.e. W(z,y) = W(y,z)), the exponential ergodicity in
W, is derived for V2 > \I,; for some X > 0 and a class of W with locally Lipschitz continuous
VW, the exponential ergodicity in the mean field entropy has been investigated in [11] under
the dissipative condition in long distance for small enough ||V,V,W ||, see also [3] for a
special setting, [17] for the exponential ergodicity in Wy, [10] for the exponential convergence
in the total variation norm, and [20] for the exponential ergodicity in relative entropy. In the
following example, we consider the exponential ergodicity in W7 for possibly non-constant
a. Indeed, Corollary 3.2 also applies to granular type equations with non-constant diffusion
coefficients.

Example 3.1. Let a satisfy (Hy) with ¢ satisfying (3.10). Consider (3.20) with G € C*(R?)
and W € C?(R? x R?) such that

Vw2 felgizaoy — ilany, 2 ERY

(3.23) _ d
||V$VyW(x,y)|| <0, z,yeR

holds for some constants Ag, 01,02 > 0. Then the assertion in Corollary 3.2 holds for kK = 4
and (Pfp)(dz) := pi(z)dz, where p; solves (3.20) with po(z)dz € £;.

Proof. 1t is easy to see that (3.23) implies (3.11). So, it remains to verify that x in (3.12)
satisfies k < 4)g. By the second inequality in (3.23) we have

Sp(2) < =021 {jaiza0) + 01l (i<}, © € R™
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For z,v € R? with |v| = 1, if there exists sy € R? such that |z + sov| < Ao, then
|z + sv| > |s — so| — |x + sov| > |s — so| — Ao

so that
{S eR: |£L‘ + SU| < )\0} C (So —2X, S0 + 2)\0),

which implies

K:=  sup / ds <  sup / ds < 4\.
2 ERY,[v=1 J{Sp(z+sv)>—02} z,wERY [u]=1 J {|a+sv[<Ao}

4 Order-preserving McKean-Vlasov SDEs
In this part, we consider (2.1) with

(4.1) o(z) = diag{o1(z1), - ,0a(za)}, be(x,p) = (bi(t, 2, p), -, ba(t, z, 1)),

where {Ui}lgigd C C(R) and

bi(t,z, 1) == b;(z;) +/ Zi(t, v, y)u(dy),

Rd
b € C(R), Z; € C([0,00) x R x R:R), 1 <4 <d.

(4.2)

Then X; = (X}, , X?) for (X})1<i<q solving the SDEs
(4.3) dX] = {b:(X}) + Lx, (Zi(t, Xy, ) pdt + o3 ( X)W, 1<i<d,

where pu(f) := [ga fdp for a measure 1 on R and a measurable function f € L*(p), W, :=
(Wi)i<i<q is a d-dimensional Brownian motion on a complete filtration probability space
(Qv {gzt}tZO’ P) ]
When Z = 0 (i.e. without interaction), for each i, X is a one-dimensional diffusion
process generated by ,
- d 1 5 d
Li(r) = bi(r)g + 5@(7‘) 72
Sharp criteria on the exponential ergodicity have been established for one-dimensional diffu-
sion processes, see for instance [7]. These criteria also apply to the diffusion process generated
by L(zx) := Zle L;(z;) as the components are independent one-dimensional diffusion pro-
cesses. We will investigate the exponential ergodicity for the solution to (4.3) by making a
distribution dependent perturbation to the L-diffusion process.
To this end, we take the following class of functions as alternatives to the first eigenfunc-
tion of L;,1 <1 <d:

P = {¢ = (¢1,-+ 1 ¢a) + ¢ € CH(R), lim [¢(r)] = oo,

|r|—o0
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@; > 0 is locally Lipschitz continuous, 1 < i < d}.

For any ¢ € ®, R? is a Polish space under the metric

dy(z,y) == |d(z) — d(y)1 = Z |pi(xi) — ¢i(yi)|, @,y € R,

so that
Py ={pe P u(loh) < oo}

is a Polish space under the Wasserstein distance

Wy(p,v) := inf / dy(z,y)m(dz,dy).
RdxRd

TEE (1)

4.1 Main result and example
(A) There exists ¢ € ® such that the following conditions hold:

(A1) o,V and Z(t,-) (uniformly in ¢) are locally Lipschtiz continuous, and there exits a
constant K > 0 such that

|dioil < K(1+|¢i]), Ligi < K(1+67). 1<i<d.
(Ay) ¢; € C*(R) and there exists a constant ¢ > 0 such that

Ligi(r) — Ligi(s) < —qloi(r) — ¢i(s)|, —oo <s<r<oo,1<i<d
(As) sup;sq|Z(t,0,0)| < oo, for each 1 <@ < d, Z;(t, z,y) is increasing in (;);»; and y, and
there exist constants 61,6, > 0 such that
d
> 1Zit ) dl(w) — Zi(t, 7, 9) ()]
i=1
< b1dy(z,T) + 02dy(y,y), t>0,2>z,y>7.

We see that (A) implies the well-posedness of (4.3) in &y, and the solution is order-
preserving, i.e. for any initial values Xy, Y, with distributions in &4 and P(X, > Yp) = 1,
we have P(X; > Y;,t >0) = 1.

Theorem 4.1. Assume (A). Then (4.3) is well-posed and order-preserving for distributions
in Py. Moreover,

(44) W¢(Pt*y“7 Pt*y) < e_(q_el_GQ)tW¢(M7 V)a t>0,p,ve ‘@@5'

Consequently, if ¢ > 61 + 05, then P} has a unique invariant probability measure i € Py
such that

(4.5) W (P, ) < e N0 W (), >0, € Py,
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To illustrate this result, we consider below a simple example which includes the one-
dimensional diffusion process generated by

L:=A-VH
with H(z) := —c|z| for some constant ¢ > 0 and larger | - |, since for ¢ = /2 and ¢(r) =
sgn(r)efl" for |r| > 1 we have
. 0+ 5 q+é

b(r) = (r) = —

¢’ €

This is a critical situation for the exponential ergodicity as explained in Introduction.

, |l > 1

Example 4.1. For each 1 < i < d, let 0; € C'(R) and ¢; € C3*(R) with ¢/ > 0 and
¢i(r) = sgn(r)efl"! for some € > 0 and |r| > 1. For a constant ¢ > 0 we take

2
_ i+ 2
(4.6) b = —WT?,

Moreover, for a constant a > 0 and functions G; € C*(R? x R?) increasing in (z;);4 and y
with

1< <d.

d
(4.7) > 1Gi(x,y) — Gi(@, )| < dylx, %) + dg(y,7), x,y,2,5 € RY,
i=1
we take
&Gi(‘ray)
4.8 Zi(v,y) = ——, T,y €R.

Then (A) holds for 6, = 6, = a. Consequently, if @ <  then P} has a unique invariant
probability measure i € &, such that

W (P, i) < e U2Wo (1), t>0,u€ Py,

Proof. Obviously, each Z; is locally Lipschitz continuous with Z;(x,y) increasing in (x;),
and y, and (4.6) implies

oi(r)?

2
Then (As) holds. Next, (4.7) and (4.8) yield

Ligi(r) = O} (r) + bi(r)¢i(r) = —q¢i(r), reR.

d

Z | Zi(z, y) i) — Z:(Z, 9)9i(Ti)| < Z Gi(z,y) — Gi(z, )] < a{dy(x,T) + dy(y, )},

=1

so that (Ajs) holds for #; = 6, = a.. Then the desired assertion follows from Theorem 4.1. [
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4.2 Proof of Theorem 4.1

(1) We first prove the well-posedness by using the fixed-point theorem in measures as in the
proof of Lemma 2.3. Let X, be #y-measurable with %%, € %4, and let T" > 0. For any
e Cu([0,T]; Pg), consider the SDE

dX} = b(XY, ) + o( X} )dW,, t € 0,T], X§ = Xo,

where b and o are given in (4.1) and (4.2). By (A1), the coefficients of this SDE are locally
Lipschitz continuous, so the SDE is well-posed up to the life time 7 := lim,, o, 7,, where

T, =inf{t >0:|X}| >n}, n>1

By (A3) with £ = y = 0 we obtain

d

D 12t y)di(@)] < a1+ [o(@)] + [e(y)]),

i=1

which together with (A;) yields

Z Lig; 42 Z(@éﬁ)(%) /Rd Zi(z, y)u(dy) < e2(1+ |o(2)[* + [d(2)|u(|¢]))

for some constant ¢ > 0. Then by It6’s formula, we obtain
d
P (XF) < o (14 [6(XP)* + pe(|0])*) At +2 Y (didos) (X[)s) AW

i=1
So, letting & := /1 + |p(X}")|?, we derive
d
d& < esdt + Z ¢ o) ((X1):)dW]

for some constant cg > 0 depending on u. Thus,

sup (Pp)(|¢]) < sup E& < oo.

t€[0,7T] te[0,T
This together with the continuity of X* yields H(u) = ZLxr € Cy([0,T]; Z). So, as
explained in the proof of Lemma 2.3, it remains to show that H is contractive under the
metric

W¢,)\(lu7 V) = SElp}e_MWQﬁ(:utht)a m, v S Cw([O7T]7 ‘@¢)
tel0,T

for large A > 0.
For ut', pu? € C,([0,T]; Z4), we choose random variables n!, 7% on C([0,T]; R?) such that
.,%,7; = /ﬂ,i =1,2. Let

t = gntl\/n?a fu = gntl/\n?? te [OaT]
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Then fi; > pé > ji; in the sense

a(f) = pi(f) = u(f), t€0,T],f e MR, i=1,2

where ., (R%) is the class of all bounded increasing functions on R?. Combining this with
(A3), we conclude that

(4.9) bi(t,x, fu) < bit,y, ), bilt,y, i) < bi(t, z, ), t>0

holds for 1 <4 < d and z,y,2 € R? with z; = y; = 2z; and x; < y; < z; for j # 4. By the
order-preservation, this implies

(4.10) P(XF> X! > XPtel0,T],i=1,2) =1

Indeed, when b and o is Lipschitz continuous, by for instance [14, Theorem 1.1] with
v =7 =0 and 1o = 0, (4.10) follows from (4.9) and (4.1). Since b and o are locally
Lipschitz continuous and X/ is non-explosive for any u € C,([0,T]; £;), we prove (4.10) by
a truncation argument. Obviously, (4.10) and ¢} > 0 for 1 <1i < d imply

d
(411)  DCE[({XE) - (X)) ZEI@ (X3 - (Xt ).
Moreover, by (4.10) and (Ay) we see that

&= do(X] XT) = ) [6i{XFY) — da({XT )]

s
”M&
I

satisfies & > 0 and
dé't S (01 + 92 — q>§tdt —+ th

for some local martingale M;. As shown in the proof of Lemma 2.3 that for A > 2(6;+60,—q) ™,
this implies the contraction of H under the metric Wy ».

(2) Next, since Z;(x,y) is increasing in (z;);-; and y, it is easy to see that conditions (1)
and (2) in [14, Theorem 1.1] holds for b = b, and its proof applies also with W, replacing
W, therein, so that the order-preserving property holds. We omit the details to save space.
Moreover, since &y is complete under Wy, according to the proof of [23, Theorem 3.1(2)],
when ¢ > 6, + 0y the inequality (4.4) implies that P has a unique invariant probability
measure ji € &, and (4.5) holds. Therefore, below we only prove (4.4).

(3) To prove (4.4), let &,no be Fy-measurable random variable with %, = pu, %, = v
and

(4.12) Edy (&0, m0) = Wi (p,v).

For T,y € Rd, let x VvV Yy = (.TZ V yi)lgifd and z A Yy = (IZ N yi)lgigd‘ Take
(4.13) Xo=2& Vo, Yo=Z& Ano.
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Let Xy, Y:, &, ne solve (4.3) with initial values Xo, Yo, &o, 1m0 respectively. By the order-
preservation, we have

(4.14) Y <§EA <&V <Xy, t2>0.

Consequently,

5(X, Y)) = Z{@XZ —¢:(Yi)}, t>0.

By Ito’s formula and applying (A;), (AQ), we obtain

ddy(X:,Yy) < { = qdo(Xe, Vi) + 01dy (X4, V) + 0:Bdy (X, Yy) fdt + dM,

for a local martingale M;. By a standard argument with Gronwall’s lemma, this implies

Edy(X;,Y;) < "M Edy (X, Yo) = = Edy (&, m0), T2 0.

Combining this with (4.12) and (4.14), we arrive at

W (P, Prv) < Edy(&,mi) < Bdg(X,,Y:) < e @O=92W (1 v), > 0.

Then the proof is finished.

Acknowledgement. The author would like to thank Professor Jian Wang for helpful
comments and corrections.
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