ASYMPTOTIC PROFILE OF GROUND STATES
FOR THE SCHRODINGER-POISSON-SLATER EQUATION
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ABSTRACT. We study the Schrédinger-Poisson-Slater equation
—Au+u+ A2 * |ul?)u = |ulP~2u  in R3,
where p € (3,6) and A > 0. By using direct variational analysis based on the comparison of

the ground state energy levels, we obtain a characterization of the limit profile of the positive
ground states for A — oo.

1. INTRODUCTION

We are concerned with the asymptotic profiles of positive ground state solutions of a Schrodinger-
Poisson-Slater equation

(Py) —Au+u+ NI * [uP)u = |u|P"?u  in R3,

where p > 2 and A > 0. Here Ir(x) := (47|z|)~! is the Riesz potential and x denotes the
standard convolution in R3. By a ground state solution of (Py) we understand a weak solution
up € HY(R?) \ {0} which has a minimal energy amongst all nontrivial solutions of (Py), namely
Ty (up) < Zx(u) for any solution u of (Py), where Zy : H!(R3) — R is the corresponding functional
of (Py) defined as

1 1 A 1
o) = /]R Vuld + /]R julde + 2 /Rg(IQ ) fufda /R luPde, ue H'(RY).

Equation (Py) appears in quantum mechanics as an approximation of the Hartree-Fock model
of a quantum many-body system of electrons [6,7,15], and in semi-conductor theory [4] (under
the name of the Schrodinger-Maxwell equation). From a mathematical point of view, as pointed
out in [26], this model presents a combination of repulsive forces (given by the nonlocal term)
and attractive forces (given by the nonlinearity). The interaction between the two forces gives
rise to unexpected situations concerning the existence, non-existence and multiplicity of solutions,
and their qualitative behavior, see e.g. [1-3,8-11,14,16,18-20,22,25,26,28,29] and the references
therein.

It is shown in [25] that for p € (2,3) equation (Py) has no solutions for A > 1/4 and has at
least two positive radial solutions for small A > 0. One of the solutions is a ground state and a
local minimizer, another is a higher energy mountain pass type solution. For p € (3,6) equation
(Py) has a positive radial ground state for all A > 0 [3,25]. For p = 3 there is at least one radial
positive solution for small A > 0 and no positive solutions for A > 1/4 [25].

Our goal in this work is to describe the asymptotic profile of the ground state solutions of (Pj)
when p € (3,6) and A — oo. Observe that for p # 3 the rescaling

(1.1) v(z) = AT (AT )
transforms (Py) into the equation
(1.2) —Av+ ATy 4 (I % [v]*)v = [v|P~%0  in R®,
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Then “zero mass” equation
(1.3) —Av+ (I # |v/*)v = |v[P"%v inR3

becomes the formal limit equation for (1.2) either if p < 3 and A — 0, or p > 3 and A — oo.
Denote by

E(R’) = {ue D"*(R?): /[R (Iy * [u|?)|ul?dz < oo}

the Coulomb-Sobolev space [15,26] and by E,(R?®) the subspace of radial functions in F(R3).
The space E(R?) is the natural domain for the energy that corresponds to (1.3). It is proved
in [13,26] that equation (1.3) has a positive radial solution in the space E,.(R3) (see below) for
p € (18/7,3) U (3,6). Such a radial solution is a global minimizer in E,.(R?) for p € (18/7,3) and
a ground state in E,.(R?) for p € (3,6). Equation (1.3) also has a positive ground state in E(R?)
(see below) for p € (3,6), see [26]. It is an open problem whether the ground state in E(R?) is
in fact radial (and hence the two ground states are the same) for p € (3,6) or for a subset of the
interval (3,6), see [23,26].

The asymptotic behavior of the solutions for (Py) were studied in [12,24,26] as A — 0. In [12,24],
by using a Lyapunov-Schmidt type perturbation argument, the authors prove that for p € (2,18/7)
there exist a family of positive radially symmetric bound states of (Py) that concentrates around
a sphere as A — 0. In [26] the author proves that when p € (18/7,3) the rescaled family of the
radial ground states vy = AZE=R) Uy ()\4@7}” x) of (Py) converges as A — 0 in E,.(R?) to a positive
radial ground state (global minimizer) vy € E,.(R3) of (1.3). To our best knowledge, we are not

aware of any results on the asymptotic behaviour of ground state solutions of (Py) when p € (3,6)
and A — oo.

The energy functional Z transforms after the rescaling (1.1) to the energy

p—2
~ 1 A43E=p) 1 1
Ia(v) := 3 Lo |Vol2dz + 5 /]RS lv|2da + 1 /]RS(IQ * o) Jv|?de — ];/RS [v|Pdz.

We denote by

~ 1 1 1
To(v) = 3 - |V’U|2dx + 1 /Rs(I2 * |v‘2)|fu|2dm — ; /]Rs [v|Pdz

the energy that corresponds to (1.3). If p € (3,6), formally we have Iy — Zo as A — co. Observe
however that when p € (3,6) the energy Zoo is well posed in the space E(R3) (cf. [13,26]), while
Ty with A > 0 is well-posed in H(R3). Since E(R3) C H'(R?), small perturbation arguments
in the spirit of the Lyapunov-Schmidt reduction are not directly applicable to the family f,\ in
the limit A — oco. Using direct variational analysis based on the comparison of the ground state
energy levels for two problems, we establish the following result.

Theorem 1.1. Let 3 < p < 6. Then for any sequence {\,} with A\, — 00 as n — oo, there exists
{€x,,} C R3 such that the rescaled family of ground states of (Py)

—2
oy, (z) = /\nﬁmn ()\nh(m + &)
converges in E(R3) to a positive ground state solution Vo, of the formal limit equation (1.3).

—2
Moreover, A= loall3 = 0 as A — oo.

We remark that our strategy is quite different form [26], and follows from the ideas of [17,21].
In [26] the author studied the profile of the radial global minimizer for p € (18/7,3) as A — 0.
Since for p € (18/7,3) the energy functional T is coercive, the approach of [26] is not applicable
for p € (3,6). Note that Theorem 1.1 remains valid also for the radial ground state solutions since
we can work in the radially symmetric settings step by step.

Our results do not rely and do not require the uniqueness or non-degeneracy of the ground-
states of (1.3). We also point out that since E(R3) C H*(IR3), it is crucial to know that the ground
state solution vy, of the formal limit equation (1.3) has exponential decay at infinity [5, Theorem
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1.3], and hence belongs to L?(R?). This plays an essential role in the comparison of ground state
energy levels between (1.2) and (1.3).

Remark 1.1. Our method can be adapted to show that for 3 < p < 6 and for any sequence {\,}
with A\, — 0 as n — oo, there exists {£), } C R? such that the translated family of ground states
uy, (z + &y,) of (Py) converges in H(R3) to the unique positive ground state solution wug of the
local equation

—Au+u = |uP?u in R®,
However, since both (Py) and the local limit problem are well-posed in H*(R?) this also can be
seen via small perturbation arguments.

2. PRELIMINARIES

We begin by describing some properties of the space E(R?). The following two propositions
have been proved in [26, Propositions 2.2, 2.4] and will be used throughout the paper.

Proposition 2.1. Let us define, for any u € E(R3),

lullg = </]R3 \Vul2dz + </]R3(12 * |u|2)|u|2dx)%>%,

Then, ||| is a norm, and (E(R3),||-||g) is a uniformly convex Banach space. Moreover, C§°(R?)
is dense in E(R3) and also C§°(R3) is dense in E,.(R3).

Let us define ¢, = I * |u|?, then u € E(R3) if and only if u and ¢, belong to D¥?(R3). The
characterizations of the convergences in E(R?) is given by the the following proposition.

Proposition 2.2. Given a sequence {u,} in E(R?), u, — u in E(R?) if and only if u,, — u and
bu, — Py in DVE(R3).

Moreover, u, — u in E(R®) if and only if u, — u in DY2(R3) and [o (I2 * |ul?)|u|?dz is
bounded. In such case, ¢y, — ¢y, in DV2(R3).

It is also proved in [26, Theorem 1.2] that E(R?®) < L?(R®) continuously for ¢ € [3,6]

E.(R3) < L9(R3) continuously for ¢ € (18/7,6], and the inclusion is compact for ¢ € (18/7,6)
As in [13], we define M : E(R3) — R as

M(u) = /]RS \Vul2dz + /Rii(IQ * |u|?)|ul?de,

then we can easily check that for any u € E(R?),

)

1
§||u|\‘,13 < M(u) < ||ul|%, if either ||ullz <1 or M(u) < 1.
The following estimate on M (u) is given by [13, Lemma 3.1].

Lemma 2.1. Assume that p € (3,6). Then there exists C > 0 such that [lul|b < C’M(u)? for
allu € E.

To finish this section, we state a Pohozaev type identity, see [13,25].

Proposition 2.3. Assume that p € (2,6).
(1) Let u € HY(R3) be a weak solution of (1.2), then

p—2
1 A\4B=p)
f/ |Vu|2dx+37/ |u|2dx+§/ (12*\u|2)|u|2dmf§/ |ulPdx =0
2 R3 2 R3 4 R3 p R3

(2) Let u € E(R?) N HE (R?) be a weak solution of (1.3), then

1
f/ \Vu\de+§/ (Iy * |u|?)|u|?dx — §/ |ulPdx =0
2 R3 4 R3 D Jgrs
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3. ASYMPTOTIC PROFILES OF THE RESCALED GROUND STATE

It is well known that in [3] the authors has obtained the existence of ground states uy of (Py)
when p € (3,6), which is a mountain pass type solution. Then the rescaling

N (gg) = )\2(31—17) u)\()\ 4(%_—2;)) ZL’)
is a ground state of (1.2) and corresponding to the rescaled minimization problem

(3.1) my = inf Ia(u), P :={uec H (R®)\ {0} : Pr(u) =0},

where Py : H1(R3) — R is defined by

p—2
3 TGP 3 29— 3
Pa(u) = 5/ \Vu|?dz + 5 / lu|?dzx + Z/ (Iy * [ul?) |u)|?dz — L / |uPdz.
R3 R3 R3 p R3

Observe that if u € H'(R?) is a critical point of Zy, then u € 2 since Py (u) = 0 is nothing but
the combination of (7} (u),u) = 0 and the Pohozaev type identity. For each v € H*(R?)\ {0}, set

(3.2) ug () == t2u(tx).
Then

(33) fult) = T(w)
p—2
3 A\TG=p ¢ 43 1203
=— |Vul|*dx + / lu|?dx + 7/ (I * [ul?)|u|?dz — / |u|Pdz.

2 R3 2 R3 4 R3 p R3
Clearly, there exists a unique t,, > 0 such that f,(¢,) = max{f,(¢) : ¢ > 0} and f/ (t,)t, = 0,
which means that t2u(t,z) € &,. Therefore &, # (). Clearly, vy € &, and Zy(vy) = my > 0.

While for the equation (1.3), we formally define

(34) Moo = i Too(u), oo = {u€ E(R)\{0}: Poo(u) = 0},

where Po, : E(R3) — R is given by

3 3 2% —3
Poo(w) = 5 /]R Vul?dz + 5 /Ra(lr2 « Ju|?)uf2dz — pT /R |ulPdz.

Similarly we can show that &2, # () and P, has the same properties as Py.

In this section, we are going to show that vy converges to a positive ground-state of the formal
limit equation (1.3). Similar to the proof of [13, Corollary 3.2], by using Lemma 2.1 we obtain a
lower bound on M (u) for all u € L.

Corollary 3.1. Let p € (3,6). There exists n > 0 such that M (u) > n for any u € Pw,.

With Proposition 2.3, we could prove that &, is a natural constraint in the spirit of [3,25]
and the proof will be skiped.

Lemma 3.1. Assume that p € (3,6). Then me > 0 and P is a natural constraint.

Remark 3.1. [13, Theorem 1.1] shows that (1.3) admits a ground state ve, € Poo With Zog (vso) =
Mo, when p € (3,6). Moreover, each solution of (1.3) has an exponential decay at infinity if
p € (3,6) [5, Theorem 1.3], which means that they belong to L?(IR?).

We now turn our attention to study the asymptotic profile of the rescaled ground state vy. As
we mentioned in the introduction, we use direct variational analysis based on the comparison of
the ground state energy levels for two problems, we begin by studying the convergence of m) as
A — o0.

Lemma 3.2. Assume that p € (3,6). Then 0 < my — Mmoo — 0 as A — 0.
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Proof. First, we use vy with A > 0 as a test function for P,,. We obtain

P AT

—p -p

loall3 = _T”U/\H% <0.
Hence there exists a unique ¢, € (0,1) such that t3vy(t\z) € P, and we have

(3.5)

Moo < Lo (3ua(trz)) =

Poo(va) = Pa(vx) —

t3(p —3)
Aif?)HVwHS +

—3)83 T
2p s /3(12 *[or?)|oaldz < Zn(va(2)) = m,

2(2p—3) Jr
which means ms, < m,.

To show that m) — ms as A — oo we shall use v, as a test function for P,. Note that the
ground state vy, of (1.3) has an exponential decay at infinity, hence v, € L*(R?) (see Remark 3.1).
p—2

Since P (voo) = )‘4(;7’)) lvao |3 > 0, there exists £, > 1 such that fiw\(ﬁx) € Py, ie.,

-3 _p=2__ -3 2p—3
3t AIG=PI Ty 3t (2p — 3)t
IVl + 2 o+ 2 [ (Tt ol Pl = L
This, combined with Pu (Vo) = 0 and v, € L2(RY), implies that
@-3)@& -1, ., AR,
D HUooHp = #H%oﬂz-
Therefore, £ty — 1 as A — co. Moreover,
Ty < 14 CATEw,
where C' > 0 is independent of A\. Thus we have
p—2 _
- - 73 AT
ma < Th(t30A(ta2)) <Too(voo) + O — 1) + = [lveol3
<M + o te=3
This, together with (3.5), means that my — ms — 0 as A — oo. O

Corollary 3.2. Let p € (3,6). Then the quantities

p—2

IVuall3, AT [luall3,  [loall2, /3(12*|UA\2)|UA|2d%
R

are uniformly bounded as X — oo.
Proof. From vy € &, and Lemma 3.2 we have

Moo + 0(1) = my =y (va())

~ 2SIVl + N 4 g E [ (ol
Therefore,
Vol AT sl ol [ (2 x o) len P
are uniformly bounded as A — oc. : O

Lemma 3.3. Let p € (3,6). Then AT loall3 = 0 as A — oo.

Proof. Lemma 3.2 implies that there exists a unique ¢ € (0, 1) such that t3v)(tx2) € Po. Indeed,
assume that ty — tec < 1 as A — oco. Then by (3.5) we have, as A — oo,

7 (p = 3) o)
o < Too t2 t — A\ Y 2 )\7/ I 2 2d
(36) Moo < Loo (th0A(EAT)) 53 [Vuallz + 22p—3) RB( 2 |va|2)|oa |2 da

< BTy (va(x)) = t3mx = 13 mae < Moo,
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which is a contradiction. Therefore £y — 1 as A — o0o. Using Puo(t3va(trx)) = 0 again, we see
that

3t3 3t3 (2p — 3)t3P 2
0="Vorl3 + = | (Tax Joa)oaPde — "2 ]jua [}
]R3
p—2
PXICEDS 33 —1 312 -1
Pa(en) = 22 o+ 28w g+ 28D oy s

-3 -n,
- . [ENG2

This, together with Corollary 3.2 and Py (vy) = 0, implies that AT loall3 +0as A —oo. O

Proof of Theorem 1.1. From Corollary 3.2, Lemma 3.3 and (3.6), we see that {t3v,(t\z)} C Pw is
a minimizing sequence for m, which is bounded in E(R?) and ¢, — 1 as A — oo. For any sequence
An — 00, Up to subsequence, it follows from Proposition 2.2 that {t?\nv A, (tx, )} converges weakly
in E(R?). Applying the Concentration-Compactness principle [cf. [27, Chapter I, Theorem 4.9]] to
t2vx(trx) and following the proof of [3], we conclude that there exists {€), } C R? and U, € E(R?)
such that

£3, 00, (tx, (z = €x,)) = T in LI(R?), g € (3,6).

By using nonlocal Brezis-Lieb Lemma [23, Proposition 4.7], we obtain that
lim [ (I [t} ox, (tr, 2)P)3, 0r, (tr,, 2) | *de = / (12 * [Toc |*) [Too [* e,
Ap—>00 JR3 "o " R3

which means that T, # 0 since by Corollary 3.1 the sequence {M (t3vx(txz))} has a positive lower
bound. It follows from the weakly lower semi-continuity of the norm that 0 = P (t3vx(trz)) >
Poo(Voo), then there exists a unique to, € (0,1] such that t2 0y (tewz) € Po. Note that
{t3 v, (tr, (x — €x,))} is also a bounded minimizing sequence for mq, we have

Moo + 0(1) = oo (13 vr, (tr, (& — E0,)))
3

£, (p—3) 3. (p—3)
= - ||V 2 An 7 T 2 2d
s IV B+ Sy [ (o, P, s
(p—3) 2 (p—3)/ 2 2
> 7 Sa—— I d
> T IVenl+ g [ (T o Pl P
t3.(p —3) 5 1. (p—3) 2 2
> B Vo g+ S [ (s ol
= ioo (tioﬁoo (too))
2> Moo,

which implies that to, = 1 and 3 wa, (tx,(z — &,)) = Teo in D'(R?), therefore 1o € P,
Too(Tso) = Moo and vy (- — €x.) — Too in E(R?) since £y, — 1 as n — oo. Hence, by Lemma 3.1,
Too 18 a ground state solution of (1.3). O
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