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Abstract

In this paper, a class of one-dimensional stochastic differential equa-
tions driven by fractional Brownian motion with Hurst parameter H > %
is studied. The drift term of the equation is locally Lipschitz and un-
bounded in the neighborhood of the origin. The existence, uniqueness
and positivity of the solutions are proved. We estimate moments includ-
ing the negative power moments. We also develop the implicit Euler
scheme, proved that the scheme is positivity preserving and strong con-
vergent, and obtain rate of convergence. Furthermore, we show that our
results can be applied to stochastic interest rate models such as mean-
reverting stochastic volatility model and strongly nonlinear Ait-Sahalia
type model by using Lamperti transformation.
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1 Introduction

In this paper, we shall consider a one-dimensional stochastic differential equa-
tion (in short SDE) driven by fractional Brownian motion:

dX, = b(t, X;)dt + od B, Xy >0, (1.1)

where Bf is a fractional Brownian motion (fBM for short) with Hurst parameter
H € (1/2,1) and the drift term b(¢, z) is only local Lipschitz in z € (0, 00) and
unbounded in the neighborhood of 0.

There are many stochastic interest models which are characterized by stochas-
tic differential equations driven by Brownian motion. For example: the well
known Cox-Ingersoll-Ross (C-I-R for short) model [9] and Ait-Sahalia model [1].
However, in order to capture the real world more precisely, due to the memory
effects of fractional Brownian motion, it would be reasonable to replace Brow-
nian motion by fBM if there are inert investors in this market, see for instance
[24]. Additionally, motivated by studying the fractional C-I-R model, a singular
fractional SDEs has been discussed in [18] under some conditions. Recently, a
general fractional C-I-R with Hurst parameter H € (0,1) was introduced in
[21]. However, some models cannot be covered by the conditions introduced
recently in [18], see e.g. the equation (3) in [21] or Example 4.1 and Example
4.2 below. Hence one aim of the present paper is to give more general conditions
to cover more stochastic interest rate models by using the Lamperti transfor-
mation, even if their coefficients have super-linear growth, see e.g. Example 4.2
for the Ait-Sahalia-type interest rate model for details.

Numerical approximations of SDEs arising from finance are of great in-
terest. For instance, the strong approximation of C-I-R model based on the
Euler-type method was shown in [11] and optimal convergence rate was ob-
tained; the strong convergence of Euler-Maruyama (EM) type approximations
for Ait-Sahalia type model was given [25]; in [19], the EM approximations for a
general mean-reverting stochastic volatility model under regime-switching was
presented. For the EM scheme of SDEs with non-Lipschitz coefficients, one can
see [11, 25, 5, 13] and references therein. However, the numerical issues for
SDEs driven by fBM have not been well studied, comparing with SDEs driven
by Brownian motion. Recently, the authors in [15] obtained optimal strong
convergence rate of backward Euler scheme for C-I-R model driven by {BM.
For more details on numerical scheme for fractional SDEs, we refer reader to
[15, 16, 17, 22] and references therein. In the present paper, after a general
discussion on (1.1), we investigate the numerical approximation of the solution
to this equation when X, is positive. The strong convergence of the numer-
ical scheme is obtained. Based on the Lamperti transformation used as in
[11, 15, 18], our results can cover more interesting models in mathematical fi-
nance, such as mean-reverting stochastic volatility model (Example 4.1):

dZ, = (a1 — agZ;)dt + o Z}ABY, Zy > 0, (1.2)
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where v € [1/2,1); and Ait-Sahalia type model (Example 4.2):
dZ; = (a1 Z; " — ap+ a1 Zy — ax Z]) dt + 0 Z{dB[", Zy > 0, (1.3)

where p > 1, 74+ 1 > 2p and r > 2 A p+ 1. The stochastic integral in these
two models is in the sense of pathwise Riemann-Stieltjes integral developed by
Zahle in [27]. Replacing fBM by Brownian motion in equations (1.2) and (1.3),
the first model was studied in [19] under regime-switching, and the convergence
rate is obtained, the second model was studied in [25], where the convergence
rate is not clear. Following the study in [11, 15], the positivity preserving im-
plicit Euler-type method is adopted in our paper. Here, not only is the strong
convergence shown, but also the convergence rate is obtained. For concrete ex-
amples presented above, the convergence order of the mean-reverting stochastic
volatility model is the Hurst parameter H up to a logarithmic term, which is
an extension of [11]; while the convergence order for the Ait-Sahalia type model
is (2H — 1) (ﬁ A 1) up to a logarithmic term.

This paper is structured as follows. In Section 2, we shall recall some basic
facts on fractional Brownian motion. Section 3 is devoted to general discus-
sions on (1.1), including existence and uniqueness of solutions to the equation;
(negative-power) moments and modular of continuity estimates. In Section 4,
we shall present our results on the numerical approximations of (1.1) and their
applications on concrete examples.

2 Preliminaries

We shall recall some basic facts about fractional Brownian motion. For more
details, we refer readers to [6, 23, 26].

Let BY = {Bff,t € [0,T]} be a fractional Brownian motion with Hurst
parameter H € (1/2,1) defined on the probability space (2, .#,P), i.e. B¥ is a
Gaussian process which is centered with the covariance function

E (BI'BYY) = Ru(t,) = 5 (17 + 5 — |t — s

For each ¢t € [0, 7], let F; be the o-algebra generated by the random variables
{BH . s € [0,t]} and the sets of probability zero. Furthermore, one can show
that E|Bff — BE|P = C(p)|t — s[PH for all p > 1. As a consequence of the
Kolmogorov continuity criterion, B has (H — €)-order Hélder continuous paths
for all ¢ > 0. Indeed, the studies on the sample path property of fractional
Brownian motion, see for instance [26], show that

B — B < Alt — )" log (1 + (1 —5) 1)

where A is a random variable depending on H only and there is some ¢ > 0
such that Ee4” < oo.



Denote by & the set of step functions on [0, 7. Let ‘H be the Hilbert space
defined as the closure of & with respect to the scalar product

(Tio,17> 110,9)) —aH/ / L) L.q(v)|u — v*2dudv = Ry (t, s),

where ay = H(2H — 1). By the bounded linear transformation theorem, the
mapping Ijo = B can be extended to an isometry between H and the Gaus-
sian space associated with B¥. Denote this isometry by ¢ — B (¢).

On the other hand, the covariance kernel Ry (¢, s) can be written as

Rult,s) = /O Kt ) K (s, r)dr,

where Ky is a square integrable kernel given by
g1/2—H

t
T~ 1/2) [ e

in which I'(+) is the Gamma function. Using this kernel, we can define a map
from L?([0,T7]) to the reproducing kernel space 5 defined as follows: let

KH(t, S) =

A = span{Ry(t,-) | t € [0,T]} "I>R,

where (Ry(t,-), Ru(s,-))r = Ru(t,s), s,t € [0,T], and for any ¢ € L*([0,T]),
define

KHQZ) /KHtS dS tE[OT]

It has been proved in [4, 10] that Kp is an isomorphism from L?([0,7]) to JZ.
Now, define the linear operator K3 : & — L*([0,T]) by

(K59)(s) = Ku(T, s)é(s) +/ (p(r) — gb(s))aag(r, s)dr.

By integration by parts, one can see that
. 8[( H
(K50)(s / o(r r,s)dr.

It is clear that (KjLjoy) (s) = Ku(t, s)Ljog(s). Kj; is the dual operator of Ky
in the following sense: for any ¢ € & and h € L*([0,T]),

/OT<K;¢>< £)dr = / S(r) (K h)(dr). (2.1)

Due to [3], for all ¢,v € &, it holds that (K3 ¢, K5v) 120, = (¢, ¥) and then
K3, can be extended to an isometry between H and LQ([O T)). Hence, according
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to [3] again, the process {W; = BY((K};) ).t € [0,T]} is a Wiener process,
and B has the following integral representation

T
BtH_/ (K5 L) (s)dW, = /KHts)dW
0

With linear operators Ky and K7j; in hand, there exists an isometry from
H to S defined by the operator Ky Kj,. Then S can be charactered by H
with the isometry Ky K7j;. It follows from the integral representation of {BM
that ¢ is the fractional version of the Cameron-Martin space. This was shown
rigorously in [10]. The Malliavin derivative of the functional of fBM is defined
as an H-valued random variable. For more details on the Malliavin calculus for
fBM, one can consult [23].

In this paper, the stochastic integral of fractional Brownian motion is de-
fined by the techniques of fractional calculus developed by Zahle in [27]. We
cite the following results on the Riemann-Stieltjes integral and chain rule as a
proposition for future use.

Proposition 2.1. Let a,b € R with a < b, and let F € C'(R).

(1) Suppose f € C*(a,b) and g € C*(a,b), where C*(a,b) and C*(a,b) are
Holder continuous functions with order A and p respectively. If \+p > 1,
then the Riemann-Stieltjes integral f fdg exists.

(2) Suppose f € C*a,b) such that F' o f € C*(a,b) with X+ pu > 1. Then

F(f(t))—F(f(S))Z/ F'o f(r)df(r), st € (a,b).

Finally, we shall recall a result on the relationship of stochastic integral and
the Skorohod integral w.r.t. fractional Brownian motion. Let

= {wen | Wl =an [ [ wivle - sp-ast < o
and |H| ® |H| be the set of all measurable function such that

[9lerna = [ Tl u = o2t~ P dududids < o

[0,7]*

For p > 1, we denote by ]D)‘lq;fl all the random variables u such that u € |H| a.s.,
its Malliavin derivative Du € |H| ® |H| a.s., and

Ellully + Ell Dullfy e < oo

Then we have the following proposition on the link between stochastic integral
w.r.t. fBM and the Skorohod integral, see [23, Proposition 5.2.3 and Page 293|
and [2].



1,2

Proposition 2.2. Let H > 3, and let {ui}iejo1) be a stochastic process in Dy

27
such that a.s.
T T
/ / Dy ||t — s -2dtds < oo.
o Jo

Then
T T T
/utdBf{:cS(u)+ozH/ / Dyt — s|*# 2dtds.
0 o Jo

1
Forp > +,

T T T ) pH
E( sup [0(ulpg)|P ] <C E/ |us|pd8+E/ (/ |DruS|Hdr) ds | .
te[0,7] 0 0 0

Remark 2.1. The Proposition 5.2.3 in [23] concerns Stratonovich integral
w.r.t. the fBM. For a process u; satisfying the assumption of Proposition 2.2,
the same as that of Proposition 5.2.3 in [23], the Stratonovich integral of u
w.r.t. the fBM coincides with the forward integrals, see [23, Remark 2 in Page
292]. By the definition of the forward integrals w.r.t. fBM and the link between
fractional and stochastic calculus, see [6, Subsection 5.2/, the forward integral
w.r.t. fBM with H € (%, 1) is an extension of fractional integral introduced in
[27]. In particular, if us is a A\-Hélder continuous paths with A+ H > 1, then the
integration fOT u, d B coincides with the pathwise Riemann-Stieltjes integral.

The second claim of this proposition is the mazimal inequality for the diver-
gence integral, see (i) in Page 293 in [23] or [2, Theorem 4]. In the following
discussion, we shall make use of the notation

t
/ uséBf = 5(u]l[07ﬂ).
0

3 A study of SDEs driven by fractional Brow-
nian motion

In this section, we shall consider (1.1) following [18]. Fix 7" > 0. We prove the
existence and uniqueness of this equation on [0, 7] under the following assump-
tions.

(A1) The drift term b : [0,7] x (0,00) — R is continuous and has continuous
derivative w.r.t. the second variable. There exists K > 0 such that

b.(t,z) < K, x € (0,00),t € [0,7T],

where b/, is the partial derivative of b w.r.t. the second variable.
(A2) There exist 1 >0, @ > £ — 1 and hy > 0 such that

b(t,z) > hya ™, t € [0,T],2 < x;.
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(A3) There are z; > 0 and hy > 0 such that
b(t,x) < ho(x + 1), © > x9,t > 0.

Remark 3.1. The Assumption (A2) is similar to (ii) in [18]. The assumptions
(A1) and (A3) are weaker than (i) and (iii) in [18]. For example, let b(t,x) =
a1x77 — agr with v € (1,400), a; > 0 and ay < 0. It is clear that b satisfies
(A1) and (A3), while breaks (i) and (iii) in [18].

Under (A1)-(A3), we prove in Theorem 3.1 below that (1.1) has a positive
solution on (0,7] a.s. [21] studies positiveness of solutions to fractional C-I-R
models with H € (0, 1) under the framework of pathwise Stratonovich integral.
Our result covers [21, Theorem 2], where the authors deal with fractional C-I-R

model with H > % However, we do not discuss positiveness of solutions to

(1.1) with H < 1.

The existence and uniqueness of solutions to (1.1) follows from the existence
and uniqueness of the equation below:

dXt = b(t, Xt>dt + dwt, XO Z 0, (31)

where w € C?([0,T],R) for all T > 0 with § € (3, H) such that a > % —1. We
say f is a S-Holder continuous function on [s, ¢] if

£(s) = ()]

= sup ——————— <@
T W
Sometimes, we use || - || for simplicity’s sake. For a continuous function f on

[s,t], we define
1 lls .00 = S<up |-

s<r<t

Our existence and uniqueness theorem for (3.1) reads as follows.
Theorem 3.1. Assume that (A1)-(A3) hold.

(1) For all Xy > 0, it holds that the equation (3.1) has a unique solution X,
and X € CP([0,T], (0, 00))

(2) For Xy = 0, if there exists to > 0 such that b(t,-) is non-increasing on
(0,21) for all 0 < t < to, then (3.1) has a unique solution X; and X; €
(0,00) for allt € [0,T].

Proof. We first prove the uniqueness. Let Xtm and ti] be two solutions of
equation (3.1) with the same initial values, then

t
xM o xP = xln o xbPly / (b(r, XY — b(r, X)) dr, s <t <T.
Combining this with (A1), we have
2

d (Xt[” . XP) —9 (b(t, XMy Zpt, x P )) (Xt[” . Xtm) dt

7



2
< 2K (Xt[” - XP) dt,
which yields
2
(X}” - Xtm> < exp (2K1t) (X1 — x12)2,

Thus, it X' — X = 0 for all ¢ € [0, 7).

We assume that X, > 0. Since b : [0,7] x (0,00) — R is continuous and
has continuous derivative w.r.t. the second variable, it is clear that (3.1) has a
continuous local solution. Next, we shall prove that X, € (0, 00) for all t € [0, T7.
Let

70 = inf{t € [0,T] | X; = 0}, 7, =inf{t € [0,T] | X; > n}, n €N,

with the convention that inf () := T4, where T+ is an artificial added element
larger than 7', but smaller than any a > 7. We shall prove 7, = T+ and
lim 7, = T+.

n—oo

If 9 < T, then there is 7y € (0,79) such that X; < z; for all t € (7, 70].
Since b(t,z) > 0 for z € (0,21),t > 0 and

70
0=X,=X;+ / b(s, Xs)ds + wy, — wy, (3.2)
t

it follows that
Xt < |wry —wi| < ||wlg(m0 — t)ﬂ, t € (7o, 70)- (3.3)

On the other hand, by (A2), (3.2) and (3.3), we have

TO
lewlls(ro — £)F > [t — wi] > / b(s, X, )ds

t
70 . hy 70 1 A
> hy X, “ds > ( 7ds, t > 7. (3.4)
¢ ¢

~ el T — 5)°

If o8 > 1, then [
then

(Tofs)aﬁ ds = oo which leads to a contradiction. If af < 1,

(’7'0 — t)liaﬁhl

[wlls(ro — t)7 > ~ t> . (3.5)
(1—aB)|wllj
This, together with o > % — 1, implies that
: af+p—-1 hl
0= lim (7o — t) > -1 > 0,
t=ry [[wl[5

which is a contradiction. Hence 7y = T'+.
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If 7 := lim 7,, < T, then either there exists 77 such that X; = x2 + X

n—oo

and X; > x9 + X, for all t € (71, 7), or for all n € N with n > x5 + X, and
€ > 0 there exits an interval (71, 72) C (7o — €, Too) such that Xz = zo+ X and

o+ Xo < inf X;<n< sup X,
te(f1,72) te(f1,72)

In both cases,

t
Xy = X4 + / b(s, Xs)ds + w; — ws

T1

t
S 172+X0+/ hg(XS—I—l)ds—i—wt — Ws

T1

t
§$2+XQ+||”LU”57'£O+h2TOO+h2/ Xsds.
71

where we use (A3) in the second inequality. It follows from Gronwall’s inequal-
ity that for all ¢ € (71,72) or t € (71, 7o)
Xi < (22 + Xo + ||0||g7 + haoo) exp {(t — 71) Do}

< (22 + Xo + w57 + haT) ™.

Taking supremum of the left hand side in the above inequality: for all ¢ €
(71, Too) in the first case or for all ¢ € (71,72), € € (0,1), and n > 1 for the
second case, the left hand side is infinite but the right hand side is a finite
constant. This is a contradiction. Hence, 7., = T+.

Finally, we deal with the case Xqg = 0. For n € N, let Xt[n] be the solution
of (3.1) with X([)”] =1/n. For n,m € N, n < m, let 7 = inf{t € [0,77] | X =
XI™}. By the uniqueness, X[™ = X[™ for all t > 7, or 7 = T+. It is clear
that X™ > X[™ if t < 7. Thus, the sequence {X/"},cy is non-increasing
and nonnegative. Let ny € N be such that nio < w1, and let 7™ = inf{t €

0,77 | Xt[n(’} >z} Set Xy = lim Xt[n]. Then
n—oo

Xinrmo < ng]-rno < Xt[ﬁs—]”o < 1, N2 N,
Set b(t,0) = +oo for t € [0,to]. Then

b(t, X,) = lim b(t, X", t € (0,t9 A T™)]

n—-+o0o

Since for any t € [0, o], b(¢, x) is non-increasing for = € (0,x,), the following
equality follows from the monotone convergence theorem

tAtgATTO

tAtgAT™O
lim b(s, XIMds = / b(s, X,)ds.
0

n—o0 0
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]

Taking into account that Xgn satisfies (3.1), we have

tAtgAT™O
Xintonrno = / b(Sa Xs)dS + Weatgarno — Wo.
0

Moreover, this inequality yields that
tAtoAT™O
/ b(s, Xs)ds < 0.
0

Thus, b(s, X;) < co ae. s € [0, Atg A7T™]. By (A2), X; > 0 ae. s €
[0, Atg AT™]. Starting from any X > 0 with s € (0,¢ A tg A7), there exists
unique solution to (3.1) which is positive. Thus, X > 0 for all s € (0, tAtoAT™].
According to the proof above, {Xt}te[o,t/\to/\r"o} can be extended to a solution
for all t > 0 and X; > 0 for all ¢ € (0, 7.

O

Remark 3.2. It is clear that X € C?([s,T]) for all 0 < s < T only if Xy > 0
or s > 0. In [18, Remark 2.2], the authors stated that the solution of (2.1)
in [18] is in C?([0,T]) even if the initial value is 0. However, we should point
out that the positiveness of the initial value is necessary. In fact, the solution
X; with Xy = 0 is not S-Hoélder continuous on the interval which contains 0.
Otherwise, there is C' > 0 and ¢; > 0 such that X; < Ct? for t € [0,#,]. Letting
Tp, = inf{t > 0 | Xy > 21}, just as (3.4), it follows from (3.1) and (A2) that
for t < 7,, we have

ds — |lw]|st”. (3.6)

t t
1
Xt:X0+/O b(s,XS)ds—i—wt—wo Zhl/o COCSBO‘

As in proof of 7o = T+, (3.6) leads to a contradiction if @ > 1. For af < 1, it
is similar to (3.5) that (3.6) and X; < Ct? lead to the following contradiction

S T L Ny T
Otlielsz I =2 g g™ 7=

According to this theorem, the stochastic equation (1.1) has a unique path-
wise solution. Next, we shall study the Malliavin differentiablity of X;.

Lemma 3.2. Assume (A1), (A2) and (A3) hold. Let X; be the solution of

(1.1). Then for allt >0, X; € ]D)|17’{2| with

t
Dth = o exp {/ blx (7”, XT) d?“} ]l[o,t](s),

and the law of X; has density w.r.t. the Lebesgue measure on R.

The proof just follows the line of [18, Theorem 3.3.], and the outline of the
proof is presented here for the convenience of readers.
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Proof. Let € € (0,1), h € H with hg = 0 and
Xf=Xo+ /t b(r, XO)dr + o B + oe Ky Kjh(t).
0
Then by (A1),
X, — X = /t (b(r, X)) — b(r, X)) dr + e Ky Kj;h(t)
0
= /Ot v, (r, X8) (Xt — X,)dr + oeKyKj;h(t), t >0,

where Xt = X, +&(X:—X,) and & € (0,1) depends on s and e. This equality,
along with (2.1) (see also [6, Lemma 2.1.9]), implies

Xf— X, = o¢ /Ot exp {/t v, (r, X5) dr} (KgK3h)(ds)
e /O e (exp { / W (r, X9) dr} ]1[%](-)) (s) K h(s)ds.

Since the continuity of ¥, (t,-), (A1) and Kjh € L?([0,T]), it follows from the
dominated convergence theorem that the limit

lim ALKt /0 Tk (exp { / W X) dr} 1[%](-)) () h(s)ds

e—0t €
¢
=0 <eXp {/ v (r, X,.) dr} Lo,9(+), h>
. H

holds almost sure and in L*(©2). Consequently,

t
DX, =ocexp {/ v (r, X,) dT} Tog(-)

It is clear that | DX;|l3 > 0, and E||DX;||3, < oo follows from (A1). Then
the existence of density w.r.t. the Lebesgue measure follows from the classical

result of Malliavin calculus, see e.g. [23, Theorem 2.1.2 or Theorem 2.1.3].
[

Next, we shall study the moment estimates of solutions to (1.1). To this
end, we introduce the following assumption.

(A2’) The condition (A2) holds with > 1. There exist # > 0 and hy > 0
such that

b(t,x) < hs(l+x+27%), t€[0,T], 2> 0. (3.7)

It should be noted that § > « by (A2) and (3.7), and (A2’) implies (A3).
This assumption is used for positive moment estimate. To give the negative
moment estimate, we introduce the following

11



(A3’) there exists a ¢ > 0 and hy > 0 such that
(b(t,z))” < hy(1+2%), s€[0,T],2 >0 (3.8)
where (b(t,z))~ denotes the negative part of b(¢, x).

We first consider the negative moments for the solution to (1.1).

Lemma 3.3. Assume (A1), (A2’) and (A3’). Let X; be a solution to (1.1)
with XO > (.

(1) Suppose o« = 1. Then for p > 1 and

hy> ((p+1) Vv q)HT* 71K, (3.9)
one has
sup EX[? < 0. (3.10)
s€[0,T7

If (3.9) holds with p replaced by 2(p + 2), then

E sup X,? < oc.
s€[0,7T

(2) Suppose o« > 1. Then for all p > 0,

E sup X,? < o0.
s€[0,T]

Proof. We divide the proof into two steps

Step (i). We first prove (3.10). In fact, due to the Holder inequality, we only
need to prove the claim for large p. Thus we assume that p+1 > ¢. Since X, is
[S-Holder continuous for 8 < H, applying Proposition 2.1, Proposition 2.2 and
Lemma 3.2, we obtain that

t
S (s — X,)~tqpH
e+ X "p/o“+ ) 8

bob(s, Xy) ¢
-p ) A8 . —(p+1) H
< (Xo+¢€)? p/o —(6+XS)P+1dS ap/o (e+ Xs)~PTVoB;

oty i [ [ DR
o Q
PP . o Jo (€ 4+ X, )p+2

Pb(s, X)X — o?(p+ 1) Hs?H-1eKs

< (X P d
< (Xo+e) p/o (€ + X, )Pt2 5

(Xi+ )7 =(Xo+6)7 _p/o ( s, X.)

drds

¢
—Jp/ (e + X,)~®+DsBH,
0

Let

1

e KTh a—T1
: ) Lias + (21 A1) Loy

o2(p+ 1)HT?H-1

(Z'l:l'l/\l/\(
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Then

M) g g (4t
(€ 4 x)pt2 — [e<@] (€ + x)Pt2 le=21] (€ 4 x)pt2
1 1
< hy <;g117+2 + j;le-Q—Q)
and
b(s,x)x — o2(p + 1) Hs2H - 1els Kidu
(€ 4 x)pt2
hll'_(a_l) _ 02(p+ 1>H32H_16Ks]l
- e+ =
hy(1 4+ 2%z + (p+ 1)[—]&2H*16KL"’]l
(€ + z)rt? le221]
- hli,l—a—l-l . 0.2(p + 1)H82H716Ks]l )
>~ — P2 [x<Z1]

o (p o+ DH R P2 oy (000 )

Since (3.9) and the definition of #1, there exists C' > 0 depending on 1, p, q, o
such that

t t
(Xi+e) P < (Xg+e) P+ C’/ (hy + s*771)ds — ap/ (e + X,)"HDsBH,
0 0

Taking expectation and letting ¢ — 0, (3.10) is proved.
Step (ii) We shall complete the rest of the proof. If & > 1 or (3.9) holds
with p replaced by 2(p + 2), then

sup EX, 2 < 0.
[0,7]

Then X~ ®+) ¢ D42

74> (see Page 2 for the definition of D), due to the following
inequality

]

/ / E(D, X)X, "2 (Dy X)X, P |u — o272t — 52 2dudvdsdt
o112 J {0,772

< o?e* T sup ]EX[Q(HQ) / / lu — v 72|t — s|*2dudvdsdt
[0,7] 0,712 J[0,7)2

< OQ.

By Proposition 2.1, Proposition 2.2 and Lemma 3.2 again, there is some C' > 0
depending on 1, p, q, o such that

t t
X, ?P<X,?+C / (hy + s Nds — p / X PHOsBH,
0 0

13



It follows from the maximal inequality of the Skorohod integral (see e.g. [23,
Page 293] or Proposition 2.2) that

2\ 3
E sup
r€(0,t]
t t S L _pt2 L 2H %
<C /EX;2<p+1>ds+E/ (/ (p+1)uX, 7 |DTXS|Hdr) ds
0 0 0

t
< Cop(l+ tH>€Kt </ IEX;z(pH) (1 + Xf) ds)
0

/r X;(p“)(SBf
0

S

Then

T
E sup X7 < Xo_p—l—C'/ (hy 4 s>~ 1)ds
s€[0,7 0

1

T 2

+ Cp (1 4+ TH) KT ( / EX, 20T (1 + X72) ds) :
0

which implies the required conclusion. O

If (3.7) holds with b(t, z) replaced by |b(t, z)|, then we can obtain moment
estimates of | X o7, by applying [12, Theorem 3.1] to X/ *?. However, if (3.8)
holds, that is we allow that |b(¢, )| has super-linear growth near infinity, then
the following lemma can not be covered by [12]. For g € C([0,T], R?), we denote
by M, r(-) the modulus of continuity of g on [0,77, i.e.

Myr(h) = sup |g: —gsl.

0<s,t<T,|s—t|<h
We now give the estimates for the positive moments of the solution to (1.1).

Lemma 3.4. Assume (A1), (A2’) and (A3’). Let {X;}icpo,m be a solution of
(1.1) with X, > 0.

(1) If a > 1, then for any p > 0, we have
B[ X16,7,00 < 00, (3.11)

and

(EME () + EME, (1)) < Gy (b -+ W Viog(T5 /). (3.12

(2) If « = 1, then for p > 0, there exists T > 0 such that (3.11) and (3.12)
hold.

14



Proof. Suppose o > 1. We first prove that
t
E (Xf +/ des) < oo, t>0,p>0. (3.13)
0

By (2) of Proposition 2.1, Lemma 3.2 and Proposition 2.2, for any n > 0

nX? nX?

n+X{ n+X{
t 2 yp-1 t 2 yp—1
pr2X? / opn?Xr
= [ P s X)ds + | s dB
o i s
/tpn2h 3 XP1(1 + X, —I—X*Q)d +/ opn?XP~1
S —
(n + X¥)? o (n+X7)?

2Xp—2 - 1" +1)X?P
// Qpopn (np—1D" = (p+1) S)DTX5|7‘—3|2H_2drds
(n 4+ X7T)3

2pnhs XP » /t opn® X071y
< PCs | pha(1+ X0 ) d P 2s 5B
_/0 (n+X§ FohL X J st ) e

t 2 _ 1)t p—2
op(p — 1) nXE _
_'_CHeKt\/O ( n+))(5p 82H 1d8

L/ onXP b opn? XP1
<C - hs -1y ¢ / s __§BH
— tvvavHv /0' ( _|_ Xp( + &) ) S + 0 (n _|_ X§)2 s

t
+ Ct,p,K,H,a/ (h3(1 + Xs—e) + (p o 1)+S2H—1XS_2) ds,
0
where Cy ,, i m is locally bounded in ¢. Then it follows from the Gronwall lemma
and Lemma 3.3 that

Xp t _1)tg2H-1
Enn X7 gX”+eCtpKHvt/ E<h3(1+X;9)+—(p ))(28 )ds<oo,
0 s

which implies (3.13) by letting n — oo and using Fatou’s lemma.
Next, we shall prove that

E sup XP < o0, t>0,p> 0. (3.14)
s€0,t]

Indeed, by chain rule, (3.13) and Lemma 3.2, we have X' € ]D)‘l?f| and
t t
XP=Xx? +/ XP~1p(s, X,)ds +0/ xXr-laBp?
Ot 0 .
< X{+ / ha(XP'+ XP 4+ XP 9 Nds + o / X tsBH
0 0

t s
+o(p—1)ag / / XP=5D, X,|r — s|*# 2drds
0 Jo

15



t t
§X§+0/ hs(1 + XP)ds + |o] / XrspH
0 0

t
—|—CH’U,peKt/ XP2| 5|21 ds. (3.15)
0

The maximal inequality of Skorohod integral yields that the following inequality

holds
2) 3

E sup /Xf_I(SBf
selo,t] 1Jo

t t r . =2 L 2H
<C (/ EXf(pl)errIE/ (/ (p—1)HEX, 7 |DUXT\Hdu) dr>
0 0 0

t 3
< Opp(1 4 )Xt (/ EXZP=2 (14 X2) dr) . (3.16)

NI

0

Combining (3.15) and (3.16) with (3.13), we get (3.14).
Next, we shall give the estimates of modulus of continuity. By (A2’) and
(A3’), we have

b(s,2)] < (ha V hs)(1+ 29 +27%) = h(1 + 29+ 277).

Then for any t > s > 0,
t
X, - X[ < / Ib(r, X,)|dr + |o(BY — B)|

t
S/ h(1+ X2+ X% dr + |o|Mpn o((t — s))

<h (L4 X112 oo + 1X M2 00) (= 5)

5,¢,00 3,t,00

+ |o|Mpu 7((t — 5)), (3.17)

which implies for any p > 0,
EMr(h)? <Crp (14 B X |5 o + EIX ™ [#) 1+ ColoPE(Mg (1))

It follows from o > 1, Lemma 3.3 and the modulus of continuity of B (see
e.g. [26, Theorem 4.2] or [20, Theorem 6.3.3]) that

1
EMy 7 (h)? < Cpr {h” + hPH <log (1 + E))
sup | Xy — X

By the Holder inequality and the following inequality
Xth) [t—s|<h,s,t<T

[SiS]

sup X7 = X7 < sup (

[t—s|<h,s,t<T 0<s,t<T

16



< ( sup Xt_2> Mx r(h),

0<t<T

we get the moment estimate of the modulus of continuity of X 1.
For a = 1, one can repeat the argument for o > 1, and note that negative
power moments in (1) of Lemma 3.3 hold for small 7" depending on p. O

4 Numerical Approximation

In this section, we shall consider the numerical approximation of the following
equation
dX, = b(X;)dt + odB}, Xy > 0. (4.1)

The drift term b(-) satisfies (A1), (A2’) and (A3’), and all these conditions
are independent of time. To ensure the positivity of the numerical scheme, we
shall use the backward Euler method as in [15]. Moments estimates obtained
in the previous section will be used here.

Let T'> 0, N € Nsuch that h := & < (hsVK) ™, ¢, = nh, and let ABH, | =
Bt{fﬂ - B{{ . We introduce the backward Euler scheme. Define Y, = X, > 0,
and consider

Vo1 = Yo + (Y1) + cABY |, n e NU{0}. (4.2)

The equation (4.2) has a unique positive solution Y,,1, n > 0. To prove this,
we consider the following function

U(z) =blx)h —x, = > 0.

By (A2) and >0, lim U(x) = +oo. By (A2") and hsh <1,
T—>

lim U(x) < lim ((hsh —1)x) = —oc0.

T—r—+00 T——+00

Moreover, by (A1) and hK < 1, we have
Ulx)=V(x)h—1< Kh—1<0.

Then for any ¢ € R, there exists unique z such that U(x) = c¢. Hence, there
exists Y, 1 such that

U(Yoi1) = b(Ypi1)h — Yoy = =Y, —cABI
which is equivalent to (4.2). Let

toy1 — T t—1t,
oY+ Yoty tn <t <oy

v =
tn-‘,—l - tn

tn-‘,—l - tn

For a random variable £, we denote ||£||, = (IE|§]”)%. In addition to (A1),
(A2’) and (A3’), we shall impose the following assumptions.

17



(H1) The drift term b € C*(R), and there are nonnegative constants py, p2 and
C > 0 such that

V' (z)] + [b"(x)| < C(14 2P +2772), = > 0. (4.3)
Our result on numerical approximation of (4.1) reads as follows.

Theorem 4.1. Assume (A1), (A2’), (A3’) and (H1) hold. Let hg = (h3 V
K)™! and h < hy.
(1) If « > 1, then

E sup [Xi,, — Youil” < Croxoompsh?”, (4.4)
0<n<N-1
1 p/2
E sup |X; — Y’ < Orxp0,mp80°" <log <1 + —>) : (4.5)
t€[0,T] h

(2) If a« =1, then for p > 0, there is T > 0 such that (4.4) and (4.5) hold.

Proof. We only prove the claim for « > 1. For a = 1, the negative power
moments estimates hold for 7" depending on the given p > 0 (see Lemma 3.3).
Then for T small enough, the arguments for &« > 1 work well in the small
interval, and the claim then can be obtained.

(1) We first prove (4.4). It follows from the definition of Y,,;; and the mean
value theorem that that

Xpoy = Yoy = Xp, — Vo + /t T X ds — DY)
=X, - Y, + (b?thH) — b(Yni1)) h
tn+1
- /t T b(X,,) — B(X,)) ds
=Xy, — gfn +0' (Yo + &1 (X — Yor1)) (X, — Yoga)

tnt1 tni1 tnt1
—/ (/ b’(Xr)b(XT)dr+a/ b’(Xr)dBfI) ds,
tn S S
(4.6)

where &,11 € (0,1). By (A1) and letting
AnJrl = b/<Yn+1 + £n+1 (th+1 - Yn+1>)7

we have
1-A,th>1—-—Kh>0

holds for h < hg. On the other hand, it follows from the Fubini theorem that

tn41 tnt1 tnt1
/ < / V(X)b(X,)dr + o / V(X,)dBH? ) ds
tn S s

18



tni1 tnt1
— / (r — t,) V' (X,)b(X,)dr + 0/ (r —t,)0'(X,)dB.
tn tn

Substituting this into (4.6), letting Y,,11 = X;,,, — Y41 and

tnt1 tna1
Q== [ =t VOO = [ (X dB
tn tn
we get that

Tn—‘rl = (]- - An—&-lh)_l’rn + (]- n+1h) Qn—l—l

Consequently,

n+1 n+1 n+1

n+1 Z Qz H 1 - Akh Z szz (47)
i=1 =1

Next, we shall estimate the right hand side of the above equality. Since

n+1
(n+1)Kh KT

H(l - Akh)_l < (1 — Kh)_n+i_2 < e(”+1)10g = < e 1-Kh = ¢I-Kh
k=i

it follows from (4.7) that

p
E sup |Y,|? < CrxE <Z|QZ> : (4.8)

1<n<N
=1

By the definition of @);, there are two integrals to be estimated. For the ordinary
integral, it follows from (A2’), (A3’) and (H1) that

<CKThZ/ 1V (X,)b(X,)]], dr

= Crh / 11+ X700 4 X0/ 0|
0

(tio1 — r)V'(X,)b(X,)dr

S CT’Q,XO,PLP%%Kh‘ (4‘9>

For the stochastic integration, by Proposition 2.2 or [23, Theorem 5.2.3]

N

3 /t (r— t,)/(X,)dBT

i=1

t—tZ DY (X)L 6B/

zlt

(7’ — i)V (X)) Ds X, |s — [P 721, 1 () Lo,(s)dsdr

19



N
—l—Z/ / r—ti_1) V(X)) | Ds X, ||s — r|*H ~2dsdr

= I, + L. (4.10)

/ (1t )W(X,) 1, 0 (r)5BY

For I, it follows from (4.3) that

I 12|, < (r —ti_ )|V (X)||Ds X0 ||5 — r|*F2dsdr
0 p
N t; r
<any’ / / X7+ X7 el K — 220y
i=1 Jti-1J0
N
< Cruuh) / | X7+ XP2||,r* " dsdr
i=1 Y ti-1
< Cro,m,x0,KN- (4.11)

For I, it follows from Minkowski’s inequality that

N

2

i=1

N

=2 ||,

T
11|, = / (r —tic)V (X)L, 000B)

p

(r —ti)V (X)L, 16 BY

By [23, Proposition 1.5.8],

p

T
B{ [ (= ¥ (X)L 008
0

[SIiS]

<C, (/(t o (r—tl 1)(s — ti—1) |EVY (X, ||EV (Xs)||r — |2H_2drds)

+]E/ / // r = tia)(s — L)l (O0) (X))

X | Do X, || Dy X ||u — v 2|5 — r[2H~ 2dudvd3dr>

p

2
< Crpypo, g WP (/ |r S|2H_2d7”d8>

ti— lt
+CTKth / / (1+ X7 + X7)% (14 X5 P1+XP2)g>
ti— lt

X |u — v|2H 2y — 2 2dudvdrds)

20
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< Crx,mxh’ +Hp

+ Cr X0,k Hpr po,pl’ (/( . /(0 - lu — v|*" 2|y — 3\2H2dudvdrds)
ti—1,t; ,

+pH
< COr.x0. K, Hpr poph 7

Thus
N
111, < Orxo 0.5 Z W< Cr xy porch ™. (4.12)
i—1

Substituting (4.9), (4.10), (4.11) and (4.12) into (4.8), we obtain

H
E sup [Toul” < Crxootparmph -
0<n<N-1

(2) Fort € [tn, tni1],

t—1t, the1 — ¢ t—1,
A - Xty + Xi + —— (Xt — Yar1)

thy1 — ¢
+ +:;L (th - Yn)

‘Xt—Yth|:’—

< |th+1 - th + | Xe, = Xe| + [T | + [ Tr]
tn+1
<2 [ Gl |BE, - B+ |BY - B!
ln
+ ‘Tn+1| + |Tn|

tnt1
< C/ (1+ XM+ X, %) dr + 2Mpr(h) + [Tpaa| + [ Ta
tn

T e 1-H
<C ((1 + |1 X )8 ) b+ (/ X, ”’dr) hH)
0

+ 2Mpnu p(h) +2 sup |1,
1<n<N
=. Il + [2 —+ [3.

Since I, I and I3 are independent of n and t, we have

E sup |X, — Y|" <3 Y (EI’ + EI} + EI}).

t€[0,T]
It follows from Lemma 3.3 and Lemma 3.4 that
EIY < Crqr.xoponh?™.
The inequality (4.4) yields that

p H
Ely =2"E sup [Ty’ < Crgrxop0mh™.
1<n<N

21
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The modulus of continuity of B (see e.g. [26, Theorem 4.2] or [20, Theorem
6.3.3]) implies that there is a constant Cr,, > 0 such that

EI§ = 2PEMY, .(h) < Crph? (log(1+ 1/h))"?,

BHT
Hence,
E sup |X; — V" < Crorxoponh? (log(1+1/h))">.
t€[0,7]
The proof is therefore complete. O

Before we provide examples to illustrate Theorem 4.1, we need following
corollary for future use.

Corollary 4.2. Assume the conditions of Theorem 4.1 hold.
(1) If a > 1, then for any l > 0,

<E sup | X! — (Y;h)lyp) < ChHUM) (log(1 + 1/h))® | (4.13)
te[0,7
for any l € (0,q],

(E sup | X, — <Yth>’!’°> < CprhPTDUD (log(14+1/m)™; (4.14)

t€[0,T]

(2) If a« = 1, then for 1 > 0 and p > 0, there is T > 0 such that (4.13) holds;
for 1€ (0,1) and p > 0, there is T > 0 such that (4.14) holds.

Proof. For [ € (0,1], it follows from Lemma 4.1, the basic inequality
lat = b | <l]a—b', a>0,b>0,
and Jessen’s inequality that

1 1 1
(E sup X} - mh)l\p) < (E sup |X; —YNP) < (E sup |X; _W>

t€[0,T t€[0,T] t€[0,T]

l
1\2
< Cpt (log(l + E)) :

For [ > 1,

1

E sup X} — (Y])?
t€[0,T]

te(0,7)

< (E sup (X770 v (D) |, —Y;”I”)
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1

1 1
< (E sup (X7 <W>2p<“>)> (E sup |.X, —WPP)

te[0,7) t€[0,7]
1\ 2
< Cprh (1og<1 + E)) -

Hence, we have proved our first claim.

To consider the negative power approximation, we first give an estimate of
Y, "' By (4.2), (A2) and (A3’), there is positive constant C' which is indepen-
dent of n, h such that

O (Yofsh — (Vi + Dh) < bV )

n

< ‘Yn+l - th+1’ + ’th+1 - th| + |Yn - th| + ’UHBE-H :

Then
2
C sup Y, *<C sup (V/+1)+ 5 sup [V, — X, |
1<n<N 1<n<N h1<n<n
1 o
+ = osup [ Xy, — Xp, |+ |_|M%H (1)
hi<n<n h ’
2
<C sup (YVi4+1)+— sup |V, — Xy, |
1<n<N h1<n<n
1 o]
+ ﬁMX,T(h) + TM%HJ’(}]‘)' (4.15)

By (4.4), it is clear that for all p > 0, we have Esup,,y (¥,%) < co. Due to
Theorem 4.1,

1\2
E sup |V, — X, |P < h*P (log(l + —)) .

1<n<N h

It follows from Lemma 3.4 that

1\
EMY (k) < h"? <10g(1 + %)> :

Combining these with (4.15), we obtain
1<n<N

1\2
E sup YV, 7 <C (1 + pH-Lp (log(l + E)) > . (4.16)

Then for [ € [1,a], it follows from (4.16) that

1 1
P Xl - Yh lip\ P
(E sup |thl o (Y-th)l|p> — (]E sup | t ( t ) | )

t€[0,T] 1) XP(Y)P

% ER 3
< E Sup Xt—3pl E sup (Yth)—{%pl E sup |X§ . (Y;h)l|3p
te[0,T] te[0,T] te[0,T]
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5 . 5
= (E sup Xt_3pl> <E sup Yngpl> ’ <E sup | X! — (Y;h)l\gp>
te[0,7T) 1<n<N t€[0,T]

<Cpr (1 + pft (log(l + %)) 2) R (10g(1 + %)) ’

1
< Cprh*" log(1 + E)

For [ <1,

l

< (E sup |X; ' — (Y;”)‘llp)

3=

te[0,T] t€[0,T]

(E sup | X, — (Yth)_llp>

1 l
< Cpp WAV (10g(1 + E)) .

Combining these two cases together, we prove our second conclusion. O

Remark 4.1. If ¢ is a continuous function on (0,00) such that

b(x) =) < Cla' =y or o) = d(y)] < Cla™ =y

for 1 as in Corollary 4.2 and some C > 0, then we can approzrimate ¢(X;) by
o(Y}").

For o = 1, the convergence of the backward Euler scheme for C-I-R model
driven by fractional Brownian motion has been obtained in [15]. Theorem 4.1
and Corollary 4.2 in our paper can also be applied to C-I-R model.

Finally, we apply our results to the two examples introduced in the intro-
duction.

Example 4.1. We consider the numerical simulation of the following equation
dZ; = (a; — agZ;)dt + 0 Z}dABE, Zy > 0 (4.17)

with v € (3,1), a1 >0, as € R and o # 0. To study this equation, we consider
dX; = (1—7) @p{[ﬁ - aQXt) dt + o(1 —~)dBH, X, = 227,

Setting b(z) = (1 — Y)aiz” T7 — as(1 — )z, it is clear that (A1), (A2’) and

(A3’) hold with K = a5, 0§ = a = —117, and q = 14,50 Then this equation

has a unique solution by applying Theorem 3.1. Moreover, it follows from the
1

chain rule that Z; = X7 and (4.17) has a unique solution. Let Y]* be the

numerical solution of X; and hg = ([(1—~)a1]Vay )™, It follows from Corollary

4.2 that

D=

,h<h0.

te[0,T

(E sup |Z; — (Yth)llvlp) p < Ch" (log(1 + 1/h))
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Example 4.2. In this example, we investigate the nonlinear Ait-Sahalia-type
interest rate model:

dZ = (a1 Z;7 ' —ap+ arZy — ax Z] ) dt + 0 Z{dB[', Z, > 0, (4.18)

withr+1>2pandr >2Ap+1>2anda; >0,1=—1,0,1,2. To investigate
the numerical solutions of (4.18), we consider

+
[un

ng:(p—l)(@Xf”4—thy+mJQ“l—a1%?”)dt

+(1—p)odBH, Xy = 7Z,7". (4.19)
Set
b(x)=(p—1) (azx - ayx + agret — a_qxe- = )
= bz — box + by sT — bz
, it is clear that (A1), (A2’) and (A3’) hold with 6 = o = =%,
q= p—f cmd some constant K. Then this equation has a unique solution, and

1
so0 does (4.18). Moreover Z; = X, ™. It is clear by == > 1 and % > L
P p P
that for h > 0
lim (b(z)h — x) = 400, lim (b(z)h —x) = —oc.

z—0t T—>+00

On the other hand,

by(r —p)h _ru1
b(x)h—1= —%x_ﬂ: — (boh + 1)
p—1 p—1

Then for 0 < h < %, we have
3

(%MWF_4(MQ—0M bi(p + 1)h
(p—1) p—1 p—1
which implies that V' (x)h — 1 < 0. Consequently, (H1) holds. Hence, Theorem
4.1 can be applied to (4.19) for h < %2(%1)

Let Y} be the numerical approximation of X;, since r +1 > 2p and r >

2Ap+1, we have ﬁ < ;_T‘l’. Letting | = ﬁ in Corollary 4.2, we then have

numerical approrimation of Z; such that

ﬂ
xre-1 +b2h+1) < 0,

(E sup \Zt—<Yth>pillp> < Cprh®H DG (log(1 4 1/h)) 71

t€[0,T]

which implies that

lim E sup |Z; — (Y, )ﬁ|p = 0.
h—01  telo,1]
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