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Abstract

In this paper, by establishing the localized LP-L? estimate and Sobolev
estimates for parabolic partial differential equations with a singular first
order term and a Lipschitz first order term, a new Zvonkin-type transfor-
mation is given for stochastic differential equations with singular and Lip-
schitz drifts. The associated Krylov’s estimate is established. As applica-
tions, dimension-free Harnack inequalities are established for stochastic
equations with Holder continuous diffusion coefficient and singular drift
term without regularity assumption.
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1 Introduction

In [36], a transformation that removes the drift of stochastic differential equa-
tion (in short SDE) was introduced by Zvonkin. This transformation of the
phase space together with Krylov’s estimate (see [10]) gives a powerful tool in
studying SDEs with irregular coefficients. For instance, in [23] the author first
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proved the existence and uniqueness of strong solutions to SDEs with bounded
measurable drift; [6] proved the uniqueness of strong solution to SDEs with lo-
cally Lipschitz and strong elliptic diffusion coefficients and integrable drifts; [32]
extended results to equations with local integral drifts which has linear growth
and Sobolev diffusion coefficients. [13] obtained the existence and uniqueness
of strong solutions to SDEs with additive noise and time dependent drifts sat-
isfying the LP-LY integration condition. Krylov and Rockner’s results were
extended by [33] to the case of multiplicative noise, and stochastic homeomor-
phism flow property of singular SDEs were studied therein. The ergodicity of
SDEs with singular or even distribution coefficients is also investigated by using
Zvonkin’s transformation, see e.g. [31, 35]. It is clear that the bounded drifts
do not satisfy the LP-L4 condition, and the Zvonkin’s transformation used in
[31, 33, 35] can not be applied the bounded drift. Recently, some localized in-
tegrable space are introduced in [29] to treat the bounded coefficients and the
LP-L7 coefficients in the same framework, and the weak differentiability as well
as Bismut-Elworthy-Li’s derivative formula are also established therein. For
more properties of singular SDEs investigated by using Zvonkin’s transforma-
tion and Krylov’s estimate, see [8, 14, 30, 31, 29, 34| and references therein.
In this paper, we consider the following equation

dXt = bl (t, Xt)dt + bo(t, Xt)dt + O'(t, Xt)th, (11)

where {W;};>o is a Brownian motion w.r.t. a complete probability space with
filtration (0, Z,{F}i>0,P), bi(t,-) : R? — R? is Lipschitz uniformly w.r.t ¢ >
0, 0:[0,00) xR — R¥®@R? is non-degenerate, by : [0,00) x R — R? is singular
term satisfying the local LP-L condition as in [29] with p, ¢ € (1, 00) and %—l—% <
1. We shall give a new Zvonkin-type transformation ®,(-) : R — R? by solving
a PDE associated with (1.1). Precisely, let ¢(t,z) = (¢'(t,2),---,¢%(t, z))
satisfy

09" + Etr(aa*V%z) + (b1 + 0o, V') = =by + \¢', i =1,--- ,d. (1.2)
Then ®;(z) := ¢(t,x) + x satisfies the following equation equivalently
0" + Etr(aa*VQQf) + (b + by, V) =b. + \p', i =1,--- ,d.

The equation (1.2) is different from the parabolic equation considered in [29, 30,
31, 32, 33, 34] and can not be covered by their studies since the coefficient b; here
is allowed to have linear growth. In fact, the LP-L9 estimate established in [13,
(10.3)] or [29, (3.2)] fails for 0,4, see Theorem 2.1 and Remark 2.2 below. We
solve (1.2) in a localized weighted space, and more details on the well-posedness
and a priori estimates are available in Theorem 2.1 below.

We prove that @, is a homeomorphism on R? by choosing A large enough,
see Theorem 2.1 and (4.2) below. Let ®,! is the inverse of ®,. By Ito’s formula
(see Lemma 3.3 for a proof), we have

d®.(X;) = by(t, Xy)dt + Ao(t, X¢)dt + martingale part
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= b (t, D, (Py(X,)))dt + Aoy (P, (Py(X;)))dt + martingale part.

Then b (¢, ®;(+)), as a drift term of a SDE for ®,(X;), remains to be Lipschitz.
Moreover, if b is monotone and satisfies

<b1(t,$) —b1(t,y),x—y) < K|£L‘—y|2, CE7Zy€]RClv (13)

then b(t, ®,'(-)) also satisfies (1.3) with another constant of the same sign as K.
However, by applying Zvonkin’s transformation used in [30, 31, 32, 33, 34] to
(1.1), one gets a SDE with a locally Lipschitz drift term. This property allows us
to establish Harnack inequalities for (1.1). The dimension-free Harnack inequal-
ity was first introduced in [24], and the log-Harnack inequality was introduced
in [19, 25]. These type of inequalities are called Wang’s Harnack inequality
and Wang’s log-Harnack inequality in references to emphasize the essential dif-
ference between these inequality and the classical ones. Harnack inequalities
are established for various stochastic models, and various applications of theses
inequalities are investigated. One can consult [27] and references therein for
more details. Wang’s Harnack inequalities for SDEs with singular drifts have
been investigated in [7, 9, 14, 20]. In [14], only log-Harnack inequality is es-
tablished for SDEs with the drift satisfying the LP-L? condition. [20] obtains
Harnack inequalities with an extra constant. In [7], the author imposes extra
regularities on space variable, which turns out to require that the drift term
should be Holder continuous, see Remark 4.1. However, the drift term of the
SDEs discussed in [7, 14, 20] can not include a Lipschitz drift. [28] introduced a
transformation for SDEs with Dini-continuous drift that retains the linear drift
which automatically is Lipschitzian. Following this transformation, [9] obtained
Harnack inequalities for stochastic functional partial differential equations with
Dini-continuous drift. We establish Harnack inequality with power for (1.1)
under localized LP-L? integral condition with % + % < 1 and the diffusion coeffi-

cient that can be Hélder continuous with order in [3,1]. Moreover, if % + % <3

and the Holder continuity order of the diffusion coefficient is in (%, 1], then the
Harnack inequality without extra constant is established. We use a coupling
modified from [26, 27] so that the diffusion coefficient can be Hélder continuity
with index in (%, 1]. This is new even in the case that the drift is regular.

This paper is structured as follows. In Section 2, we investigate well-
posedness and a priori estimates of a parabolic equation which covers (1.2).
Then Krylov’s estimates for the solution of (1.1) will be given in Section 3. In
Section 4, we study Harnack inequality for the associated transition semigroup
generated by (1.1).

We finish this section by introduce some spaces and notations which will be
used throughout this paper.

We denote B,(z) = {y € R? | [x —y| < r}. Let {e;}}_, be the orthonormal
basis of RY. For any A € R? @ R? which denotes all d x d matrix, we set
Al = (Aej, e;). For any g € C'(R?), we denote by Vg(z) the gradient of g at x
with

(V) (x) := (Vy(z),e;) := Ve, g(x).
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For any g € C1(R? R?), we denote by Vg(z) € R? ® R? the gradient of g with

7 (@)= (gx),e),  (Vo)l(x) = (Vg(a)ei,ej) = Ve g’ (2).

Particularly, for any g € C?(R?), we denote by VZg(z) € R? @ R¢ the Hessen
matrix of ¢ at x with

(V2g)j(x) = (VZg(x)e;, i) = V¢, Ve, g(w).

We denote by C? the continuous function on R? with bounded first and second
order derivates.

Denote by || - || the operator norm of matrixes. For a (real, vector or matrix
value) function on [0,7] x R?, we denote

||f||T,oo = sup ||f(t,$)||, Hf<t7 )Hoo = sup ||f(t,:)3)||

t€[0,T],z€R4 zeR?

We denote LP = LP(R? dx) and by || - ||, the usual LP-norm. Let w be a positive
function. Define the weighted LP-space LP, = LP(R? w(z)dx) and denote by
| - lp,w the LP-norm under the measure w(z)dz. If w =1, then || - ||, = || - ||lpa-
For (6,p) € [0,2] x (1,+00), let H*? = (1 — A)~%(LP) be the usual Bessel
potential space with norm

0
1 llop = I(L = A)= flp.
Let X € CCOO(Rd) with ]l[|x|§1] <x< ]l[mﬁ?]' We define

r —z

v = o) =x () re o er

r

We denote by H?P the localized H%P-space introduced in [29]:

HOP = {f € Hyt RY) | 1fll 0.0 = sup [1X; fllop < OO}'

Given 0 <t < T, p,q € [1,400]. we denote L2(t,T) = L%([t,T], L?) and
Ly (t, T) = Li([t,T], L%,), and denote by || - || 1zz) and || - ||z 1) the norms
on these spaces respectively. We denote by ||-[|;0.0(, 1) the norm of WEr(t,T) =
Li([t, T), H%P). We also use the following Sobolev space

WPy T) = {f e Li(t.T) | f € Ly (¢, 1)},
||f||w{fq“’(t,T) = Hatf”Lg’w(t,T) + ||f||Lf1’(t,T)a

where 0, f is denoted as the derivative w.r.t. the first variable of f.
The localized space of W (t,T) is

N 0, o B
sz’p(th) = {f c Lq([t7T]7Hlof) | Hf”vi/gvp(tj) ‘= sup Her”quvP(t,T) < OO} .

2z€R4
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If § = 0, we denote LE(t,T) = WPP(t,T), and
Hf”zg(t,T) = sup HXifHLg(t,T)- (1.4)
z€R4

The localized space of W{,°(t,T') is

(1) = { £ € BT | sup i lugein < 0 .
and the associated norm
1 f lwpe ey = Sgp X0 | ey + 1L f 22 e my-
Let WiP“(t,T) = Wpw(t, T) \W2P(t,T), and

|l ry = 1 i + 1 2oy

We denote by W2P(t, T) the case that w = 1. If t = 0, then L2 (0,T'), L2(0,T)

Lq
etc. will be denoted by LP*(T), LF(T) etc., respectively.

2 LP-L7 estimates for parabolic equations

We first study the LP-L? estimates of the following parabolic equation on [0, T
(0 + L)u := Opu + tr(aV?u) + (b + bo) - Vu = du+ f, uw(T,-) =0, (2.1)

where the derivatives of u are understood in the weak sense, and a : [0, T]xR¢ —

RY@RY, by, by : [0,T] x RY — RY and f : [0,7] x R? — R are measurable. We

assume that a, b, satisfy the following hypothesis.

(H1) a is uniformly continuous in z uniformly w.r.t. ¢, i.e. for any 7" > 0 and
€ > 0, there exists § > 0 such that for any z,y € R? with |z —y| < §

sup [la(t,z) — a(t,y)|| < e.
t€[0,T]

For each T" > 0, there exist positive constants ki, ko with k1 < ko such
that

r1lv]? < {a(t, 2)v,v) < Kolv|?, (t,7) € [0,T] x R v € R

(H2) For every T > 0 and ¢t € [0,7], bi(t,-) is Lipschitz continuous with
Lipschitz constant ||Vby(t,-)| e, and

sup (|b1[(¢,0) + [|[Vbi(t, ) |leo) < 00.
te[0,7
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The condition (H2) implies that b; has linear growth: there exists Ky > 0
such that

sup |by(t, )| < Ko(1 + |z|), = € RY (2.2)
te[0,7]

Remark 2.1. Let by : [0, T] xR — R? satisfy | Vb1 |70 < 00. Then there exist
bi(t,) € C,? and bounded by such that by = by + by. In fact, for any nonnegative
n e CX(RY) with [pan =1, we set

El(tax) = (bl(tv ) * 77)(37); 62(t,l’> = bl(tax) - I;l(t7x)
Then it is clear that by(t,-) € C*(R?) and
Vb1 [l7.00 + 1V201]l7,00 + [1Bal| 700 < CIIV1 1700

Consequently, by € l?g(T) for any p,q € [1,4+00], and by + by € DZ(T) for some
p,q € (1,+00) if so is by.

Due to this remark, by + by = by + (bo + 52), and we can use the following
(H2’) to replace (H2) if by € LE(T):

(H2’) For every T >0 and ¢ € [0,T7, by(¢t,-) € C? and

sup (]bl\(t,()) + Vb1 (t, )]l oo + | V201 (%, )HOO) < 0.

t€[0,T]

We denote by = the parameter set p, ¢, d, k1, ka2, T, || Vb1||7.00 and the continuity
modulus of a

Theorem 2.1. Let p,q € (1,00), w(z) = (1 + |z[2)%. Assume that (H1) and
(H2) hold and by € LFY(T) for some py € [p,+oo] and qi € [q,+00] with
pil + q% < 1. Then for any f € E’;(T), there exists a unique strong solution
u € Wi’g’w to (2.1). Moreover, for any T > 0, there exists Ao > 0 depending
on = and HboHigll(T) such that for any 6 € [0,2), ps € [p,+00] and ¢z € [q, +9]
with g—%—% <2—-0+ p% + q%, there is a constant C' > 0 such that for any A > Ao
N ull o oy + 10+ by Vull ey + Tullzogr < Ol iy,

(2.3)

Remark 2.2. The LP-L9 estimate, or generally the maximal L9-regularity for
parabolic equations, is crucial to establish the Zvonkin transformation and the
Krylov estimate. The (2.1) with w(T,-) = 0 is said to have mazimal L-
reqularity on [t,T| (see [1, 5, 18] for more general definition) if there exists
a constant C' > 0 such that for any f € LE(t,T), there is a unique solution
satisfying

10|z + lullwzrery < Clf g
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[5, 29] extend a maximal L-reqularity result of [11] to parabolic equations with
the highest order coefficients assumed to be measurable in time and continuous
in the space variables, and this is an important step to obtain the LP-L? estimate
for equations with singular coefficients under the assumption (H1) on the coef-
ficient of second order term. However, the maximal Li-reqularity for evolution
equations with time independent operator implies that the operator generates
an analytic semigroup, see [18, Proposition 2.2]. While the generator of O-U
semigroup can not generate an analytic semigroup in LP(RY), see [15]. Note
that by with linear growth is not necessary in LP(R?). The elliptic operator in
(2.1) covers the generator of O-U semigroup as an example. One can not expect
to derive the maximal reqularity for (2.1) in Wi’g’ (T'). In the cases of localized
spaces, it is also easy to see that by(t,-) is not necessary in LP(R%) if by has lin-
ear growth. According to our proof, see (2.11), we have that Oyu + b;Vu = Vv
for some v € Wi’é’(T), and Oyu can not be controlled by Hf“ig. That is why we
have to take the sum of Opu and by - Vu into consideration in (2.3).

2.1 Proof of Theorem 2.1

We first give a transform to remove by under the assumption (H2’). This trans-
formation has been used in [4, 15, 16, 17] to investigate elliptic operators with
unbounded coefficients. Consider the following ordinary differential equation

(ODE)

%a,z) = byt Y(t,2)), (T 2) =z, (24)

For the solution of (2.4), we have the following lemma.

Lemma 2.2. Assume that (H2’) holds. Then, for any t € [0,T], ¥(t,-) € C?
and (t,-) is a diffcomorphism on R:. Denote by 1 ~1(t,-) with the inverse of
W(t,-). Then ¢~ satisfies the following ODE

-1

——(t2) = —(Vo) (LY (tLa)h(t,e),  YTH(T2) =2 (2.5)
and ~1(t,-) € CZ. Moreover,

19800+ (V) e + V8 e
+ sup (IV30 e+ V@) ) <00, (26)

where (V)7 (t,x) is the inverse of the matriz Vi(t, z) and satisfies
(Vo) (t,2) = (V) (t, 9 (t, @), (tz) € [0,T] x R, (2.7)

and the upperbound of (2.6) only depends on T | Vb1 ||7.00, || V201|700, d-
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The proof of this lemma is similar to that of [16, Section 2| for the case that
b is independent of ¢, and we omit it here.

For any u € CV2([0,T] x R%), set v(t, z) = u(t,¥(t,r)), by a direct calculus,
we have that

(Vu)(t,¥(t,z)) = {[(
(V2u)(t,o(t,2)) = {] 20 (Vo)) (¢, x)

N (V) (V) (V) (V) V) (¢ 2).

J=1

Vi)~ *VU}
(Vy) 'V

This implies

O(t, x) = dyu(t,(t,x)) + (by - Vu)(t,¥(t, x)),
(Lu)(t, ¢ (t, ) = tr (a(t, )[(VY) T V20(V) ) (¢, z)

- {Ztr (a(t, ) (V)T (V) (V) ) ([(Wf)_l]*Vv)j} (t,z)
+ {[(Ve) " (bo + b1) (¢, 4)] - Vo) (t, ).

Let L be a differential operator defined as follows

Lg = tr(aV3g) + by - Vg, g € C*([0,T] x RY),

where

alt,x) = {(Ve) alt, )[(V9) 1"} (1,2),
bO(tv :IZ') = (Vz/))il(tv x)bO(ta w(ta x))

=2 {r (. 9V T (V)Y ) [(Ve) i} (¢ ).

Then, by setting f(t,z) = f(t,v(t,x)), we have that

[0 + L = Nol(t,2) = f(t,2)
= [0+ L = Nul(t,9(t, ) — f(t, 0(t, x)). (2.8)

It follows from Lemma 2.2 that if by € E{; (T), then by € IN/{I’ (T"). Moreover, since
(H1), (2.6) and (2.7), it is clear that a is uniformly continuous and uniformly
elliptic with some K, ko such that

Filw)? < (a(t, r)w, w) < Rylwl|?, (t,x) € [0,T] x RY, w € RY.
For any g € %([0,T] x RY), we define a mapping J as follows

(Jg)(t,x) = g(t, 07 (t,2)), (t,2) € [0,T] x R,
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Hence, due to (2.8), we can investigate (2.1) by applying [29, Theorem 3.2] to

and showing that u = Jv satisfies (2.1). Then the assertion of Theorem 2.1
holds. Let

Win, (1) = {g € WP (1) | @+ b - V)g € Li(D)}
equipped the norm

I a2 oy = 1@+ b1 - V) < Hzgery + 1+ hazs iy

1,q,b1
The following lemma shows that J has nice properties.

Lemma 2.3. Let p,q € (1,00) and w(x) = (1+ |z|?)"%.
(1) Let 6 € [0,2], and let

(Ji9)(x) = (Jg)(t,x), (t,z) €]0,T] x R% g € B(R?) C B([0,T] x RY).

Then {Ji e,y are uniformly bounded linear operators in H? and H?. Con-
sequently, .J is a homeomorphism on W*(T) and qu’p(T). Moreover, for any
g€ an’p(T) and a.e. t € [0,T],

(VIg)(t.-) = [J[(VY)~']"Vg] (¢, ). (2.10)
(2) The operator J is bounded from ng( ) to Wpr( ), and
0y + b1 - V)Jg = Jdg, g € WiP(T). (2.11)

Moreover, J is a homeomorphism from Wi’g(T) to Wiﬁbl (T'), and there exist
positive constants ¢y, cy such that

1109l zpry < W0+ 01 - V) Igllzzry < c2llOugllzpery 9 €WR(T).  (212)

()If —l— < 1, thenforeverygewlqb( ) and § € (0, 1————) there
exists C > 0 depending on [|[V*~ |10 and ||V 1o and § such that

|z —yl°

IVgllTeo + < Cllghizs, vy =y € R (2.13)

Remark 2.3. We remark here that _all the ~assertz’om of (2) and (3) of this
lemma hold with the localized spaces L(T), W2 S (1), szw( ) and W; o (1)

replaced by the original spaces LI(T), le (T ) W2pw( ) and W1,q,b1( ) re-
spectively.
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Proof. (1) For any h € C2(R?) and j € {0, 1,2}, it follows from (2.6) that

Vi (Jh)(z) = h( o + Z (VI (™)) o:h(™ )] (t, )Ly

+ (Vo™ )'Vv (@b )(V@U D] (& 2) =g, (2.14)
Then

/ IVj(Jth)(l‘)lpdx=/ [V (Jeh) (@ (¢, 2)) | det Vi (¢, z)|do
R4 R4 ‘
< C1Whlens ) | [VEh(@)IPd.
Tblens 2 /Rd

Since C%(R?) is dense in H7P, it is easy to see that J; is a bounded operator in
H7P with supyepo ) |l < oo for any j € {0,1,2} . Moreover, (2.14) holds
for any h € H?P. By the interpolation theorem (see e.g. [3]), it is clear that
{Ji}rejor is uniformly bounded in H%?.

Since for any g € W?(T), (Jg)(t,x) = (Jig(t,-))(x). Then J is a bounded
operator in WZ#(T'). It is easy to see that .J, and .J are invertible, and

(J7lg)(t,2) = g(t, ¥(t,2)), g € BRY).

It is easy to see that J~' is a bounded linear operator. By (2.14), (2.7) and
that for any g € W2?(T), g(t,-) € H*? for a.e. t € [0,T]. Then (2.10) follows
from (2.14) and the approximation argument.

For every g € HP,

(hg) (@) = (G ()9 (W (8 2) = TG (0(t,)g) (x). (2.15)

Since
|z =7t 2)| = [T (Pt ) — 7t 2)] < IV lreolto(t, ) — 2],
we have that supp(x(#(t, ))) € Byw(s-1yjp (¢ (¢, 2)) and

NE (Bt 2)g (@) = XE((E )Xy, (@)g(a). (2.16)
Due to Lemma 2.2,

sup ||V (x7 (9t ) ll7.o0

2z€R4
O ht 1
< O3 190 (L + DIl 1 ) 05 <2
k=0

k=1

Thus, the multipliers {x;(¥(t,))}tcjo.1],2ere induce uniformly bounded opera-
tors in H?. Then, taking into account (2.16), we have that

z -1 t,Z
sup (0t Nglloy < Corr sup s
zEe

1 9llo.p
2€R4,¢€[0,T] 1700
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< Cyrr SUp ||X§r||wfl||Tm9H9,p-
z€R4

Due to that {J;}1epo,7] is uniformly bounded in H?P, we have by (2.15) that

sup || Jigllger = sup X7 Jigllop
te[0,T] te[0,7],z€R?
< Cyyr,r SUp ||X§7~Hv¢—1||T,m9||9,p
z€R4
< Cyrrllgll gos-

Hence, {J¢}cjo,r) are uniformly bounded linear operators in H %7 and J is a
homeomorphism on W?(T'). Moreover, for each R > 0, xgg € W2?(T). Then

(VJI(xr9))(t,) = [J[(V) "V (xrg)] (t.-).

Since R > 0 is arbitrary, we get (2.10) a.e. on [0,T].
(2) For any R > 0, by Lemma 2.2, there exists Cr g > 0 such that

XR(w@ + € )) < XCT,R(')v le [O7T]7 ‘€| <1l (2'17)

For every g € VNVi’g(T) and R > 0, xgrg € Wi’é)(T). Then we have by [2,
Theorem 1.17] and (2.17) that

E <g(t + €, 77Z)_1<t + €, )i B g<t7¢_l<t + €, )) . 3,59(15, wfl(t + €, ))) XR
< O i | (222900 g0, ) oo+
< OT,qp@ (g(t + €, z — g(t, ) o 8tg(t, )) XCr n
P
~ 0, ae tel0,T] (2.18)
Since 9yg(t,-)Xcy.n € LP, there exist g5 € Cf such that
1(g5(-) = Oeg(t, )X pllp < 0.
Then
1B (t, ™"t +¢,-)) = Beg(t, 7 (t, ) ) xrlly
< Orl[(Gg(t, ) — Oeg(t, ))xr((E +€,))ll

+lgs(p t+ €)= g5 (t )l

+ Crl[(Bug(t,-) = Dug(t, ) )xr (@t )l
< 2C7[|(Dig(t, ) = g5(t, ) xCr pllp

+ 1gs (@t + €, ) — gs( ™ (8, ) xrlly
<2078 + 1(gs(VH(t +€,-)) — gs(¥ ™ (£, ) xRllp-
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It is clear that by Lemma 2.2

(g5 (V™ (t + €, 2)) — gs(¥' (1, 2)))]
< IVgslloo [t + €, 2) — 7 (t, 2)]

t+e
SIIVg(sHooH(V@/J)‘lIIoo/ |b1(r, ) |dr
t

< IV slloc (V) lloole Ko (1 + |1
= CT,R,6|€‘(1 + |I|)

Thus
lim [|(Dug (£, ¥ (¢ + €, ) = Aug(t, 0 (£ ) xall, = 0.

Combining this with (2.18) and that for a.e. t € [0,7T], g(t,-) € leo’f, we have
in L? that

loc

lim ~ (g(t + €07 ¢+ €,)) — (6,071, )
=l (gl 697 (6 ) — gl ()
+ ygé% (9t v (¢t + €)= g(t, 9 (¢, )
= 09(t, 07 (1, ) — (Vg7 (1), (V) (1,07 (1))
= B9( 7 (1,9) — (V) (6,07 (1), (V6 )8, Do, )
= 09(t, 07 (1)) — (V07 () (Vo) (6,07 (), bl )
= (JO)(t,") — {(VTg(t, ), ba(t, ) (219)

Thus
OiJg=Jog —bi- Vg, g€ WE(T).
Consequently, for g € Wi’g (T'), we have by the assertion (1) of this lemma that

10:T gl Low iy < N JOgll Loy + 101 - VI gl w1y
< 0:gllpery + KollVI gl ey
< Crl|Owgl L2y + Kol Jgllww )
< Crl|0wgllppery + CTKOHQHW(?J)(T)
< CHQHWf;g’(T)-

Combining this with that J is a homeomorphism on W:*(T), we get that J is
bounded from Wi (T) to WiP*(T). Similarly,

1,9

X709l Lz ery < NIXEIOugll ey + X701 - VI gl gy
< X7 J0gll Lz ) + KollX;:VIgll Lz
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< Corll0gllzr oy + Kol VOXEI9) | Loy + Kol X1 9l
< C’T”atg”L{;(T) + CTK0||9||Wq2,p(T)
< OHgHWf;g(T)

Then J is bounded from WiP(T) to Wi (T).
By Lemma 2.2, we have similarly that

0 tg= (T (0 +bi-V)g), g€ WP (T). (2.20)

Moreover, for g € W qbl( ), O g € V~V12§(T) Hence, J is a homeomorphism
from leq( ) to WP 5, (T'). Moreover, (2.12) follows from (2.11) and (2.20).

(3) We first prove that for every h € WiE(T) and 6 € (0,1 — ¢ — 2), there
is C' > 0 depending on T, 6, d such that

|Vh(t,z) — Vh(t,y)]|

|z —y|°

< Cllhllizrey, =y € Rt €[0,T].
For any r > 0 and z € RY x*h € WQp( ). Then it follows from [13, Lemma
10.2] or [12, Theorem 7.3] that

IV(x;h)(t, x) = V(x;h)(t, )
|z —yl|°

VG |70 + < C“thnwf’g(q“)y z,y € R’

Thus

‘Vh’T + sup |Vh'<t7 $) — Vh(t7 y)l
7 |lz—y|<r |.I' - y|5

V(x;h)(t,x) — V(x;h)(t,
< up [VOEh) e+ sup  OMED) Z V0GR y)
z€Re 2€R [z—y|<r |z —y|

< Csup ||th||w2 P(T)
z€R?

= CHhHva:é’(T)
For |x — y| > 2r, it is clear that

Vh(t,2) = VRt )l _ [Vhlre _ CMPara
|z —y|° = 9 = 26,6

Hence, the assertion follows.
Now, we can prove the assertion for g. Let h = J 'g. Then h € Wi’g(T).
Thus, it is easy to see from (2) that

Vollre < 196l Fhllro < Clblhszgn, < Clslhuss, oy
For Vg, we have by (2.10) that
IVg(t,z) = Va(t.y)ll = [|[T[(V¥)T"Vg] (t,2) = [J(V) " TVg] (t,)]|
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< IV glreel [(F9) 100 67 (1 2) = (V) ) (1,07 (1)
V) ol (1) =97 (1)
< Cllghizs, ke — vl
O

Proof of Theorem 2.1:

By [29, Theorem 3.2], the PDE (2.9) has a unique strong solution v in Wﬁ’g :

and for A > Ao with A depending on Z and [|bo|| ;71 7, there is ' > 0 depending
on =, HboHigll(T)vp27Q2a6 so that

lig gy d 1 _d_2 _
AT w0 ol o oy + 100l 25y + 0l < ClFlzgery-

Let u = Jv. Then assertions of this theorem with (H2) replaced by (H2’)
follows from Lemma 2.3 directly. By Lemma 2.3, with by, by replacing by by +
bs, by respectively, we can see that assertions of this theorem hold. O

3 Krylov’s estimate

Let X, satisfy the following equation

Xy =Xo+ /t(bl + bo)(s, Xs)ds + /ta(s,XS)dWs + /tf(s)ds, (3.1)
0 0 0

where () is an .%;-adapted process, and

P(/Ot|£(s)|ds<oo>—1, £>0.
1

We investigate Krylov’s estimate for X; in this section. Let a = ;00*. By using
(2.1) and (2.9), we can prove the following Krylov’s estimate for Xj.

Theorem 3.1. Let p,q,p1,q1 € (1,00) with
d 2 d 2
-+ <2, —+ =<1
p q P11 @

Assume (H1), (H2) and by € [szﬁ (T). Let T be a stopping time and 0 < ty <

t1 <T. Then for any [ € E{I’(T) and § € (0,1), there exist a constant Cs > 0
depending on = and HbOHigll () such that

tiNT
E (/ f(s,XS)ds)%O)
toAT
kp:q

t1NAT %
< {05 +4 (]E (/ |g(s)|2ds’ﬁt0)) } [FAFZI0ne
toAT

where ky, , is the smallest integer that greater than log, ( 2 )

o_d_
P

SRS
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Remark 3.1. Comparing with [29, 31], it is new to allow an integrable process
¢ in Krylov’s estimate for (3.1). The Krylov’s estimate in [31, Lemma 7.4] is
established for SDEs with drifts that can have some growth condition, while the
right hand side of the Krylov’s estimate there depends on Xy. In this theorem,
the constant Cy is independent of Xo although by has linear growth.

If € =0, under the assumption of Theorem 3.1 and Vo € ZNL{E(T), it follows
from [29, Theorem 1.1] that (3.1) has a unique local strong solution. It can
be proved that the solution of (3.1) is nonexplosive, see (3.2), (3.3) and (3.4)
in the proof of this theorem. We will use this Krylov’s estimate to establish
Harnack inequalities in Section 4.

3.1 Proofs of Theorem 3.1

To prove Theorem 3.1, we need the following two lemmas. Denote

)= ([ el me = (2 ([ coraz,))

Lemma 3.2. Assume (H1), (H2’) and p,q € (1,00). Let T be a stopping time
and0§t0§t1§T

(1) If by is bounded, then for any f € I:{;(T) with % +§ <2 and any § € (0,1),
there exist positive constants C' depending on = and ||bo|zp 7y such that

tINT
B ([ 50 7 ) < (Cotom) 1
t

oNT

If, % + % < 1 furthermore, 72(7') can be replaced by m (1), and k,, = 1.
(2) If% —I—% <1 andby € LE(T), then for any f € LE(T) and § € (0,1), there
exists a positive constant Cye depending on Z, |[bol|zp(ry and & such that

B ([ 5,057 ) < (Cotom) Il

oNT

By using Krylov’s estimate in Lemma 3.2, we can establish a generalized
[to’s formula for u € Wf’g g‘lj (T'), where b, satisfies (H2’) which can be different
from b; and % + % < 1. Let J be defined as J with b replaced by I~)1. Then we
have the following lemma.

Lemma 3.3. Let X, be a solution of (3.1) and u € Wf?él (T) with % +% <1
Then P-a.s. -

t

u(t, Xy) = u(to, Xy,) +/ (0; + L) u(s, X,)ds +/ (€(s), Vu(s, Xy))ds

to to

t
+/ (Vu(s, Xy),0(s, Xs)dWy), 0 <ty <t <T.

to
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The proofs of Lemma 3.2 and Lemma 3.3 will be given in the next subsection.
Now, we prove Theorem 3.1 by using these lemmas.
Proof of Theorem 3.1: In the definition of the operator L, let a = oo™,

5 2
By Theorem 2.1, we have u = (u!,--- ,u?) € Wi’gf,ﬁ(h), where u; solves the
PDE on [0, ¢4]:

o' + Lu' = —b) + ', u'(ty,-) =0, i=1,---,d.
Let U(t,z) = x + u(t,z). By Lemma 3.3, we have

dU(t, Xy) = (bi(t, Xy) + bo(t, Xy) + £(¢))dt + (Qpu(t, Xy) + Lu(t, X;)) dt
+ (I + Vu(t, Xy)) o(t, X;)dW; + Vu(t, X;)E(t)de
= (by + M) (t, Xp)dt + (I + Vu(t, Xy)) o(t, X;)dW,
+ (I + Vu(t, X)) &(t)dt. (3.2)

By Theorem 2.1, for large enough A, we have that ||Vu||;, o < 1. Then U(s,-) :
R? — R? is a diffeomorphism on R? for any 0 < s < ¢;, and

VU 11,00 + VU 1,00 < 00. (3.3)
Thus, letting Y; = U(t, X;), we have

dY; = (bi(t, UL, Y2)) + Mu(t, UM, V) + (I + Vu(t, X3)) £(1)) dt
+ (I 4+ Vu(t,U'(t,Y,))) o(t, U (t,Y}))dW,. (3.4)

Since (by + Au)(t, U~ (t,z)) satisfies (H2), it follows from Remark 2.1 that we
can apply (1) of Lemma 3.2 to Y;. Taking into account that

U s ) de = /R (s, 9)7 [ det(VU (s, y))|da

<c / s )P dy, f € L2(to.t)
]Rd
and | (I + Vu(t, X)) €(t)] < 20E(0)], ¢ € (to. ),

we have that for any 0 € (0, 1), there is C§ > 0 depending on Z, Hbo||igll () and
d so that

E (/tw f(s,XS)ds‘,%o) —E (/ttwf(s, Ul(s,K))dSI&"’Zto)

oNT oNT

S {05 + 6772(7—)}]61)1(1 ||f||[~/g(to,t1)'

Therefore, we complete the proof.
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3.2 Proofs of Lemma 3.2 and Lemma 3.3

Proof of Lemma 3.2: 3 .
(1) Let r = d+ 3 and f € LA(T) N Ly (T) with any p,q € (1,+00). By
Theorem 2.1, the following equation has a unique solution

(Or+L—Nu=f, u(ty,-) =0.

Let ¢ be the solution of (2.4) with T replaced by t; and J being the map-
ping induced by ™! as in Lemma 2.3. Then v := J'u satisfies (2.9) with T
replaced by t;. Let p be a non-negative smooth function on R%*! with com-
pact support in the unit ball centre at zero and fRdH p(t,z)dtde = 1. Set
pn(t, 1) = n?p(nt, nz). Extending v by zero for t > ¢, and by v(0, -) for t < 0.
We define

vp(t, ) = / v(t — s,x — y)pn(s,y)dsdy,
RdJrl
fn = (at + .Z/ — )\)Un.

Recalling f(t,x) = f(t,%(t, z)), noting that by is bounded and v, € Wi’g, one
has as the proof of [33, Theorem 2.1] that

lim ||(fn — F)xgllcze) =0, R>0.
n——+00
Let f, = Jf,. Owing to Lemma 2.3, there exists C' > 0 and R > 0 such that
ng_gloo I(fn = F)xrllre) < CHE_TEOO 1(fo = F)Xallze) = 0.

This together with [6, Lemma 3.1] yields that

m E (/OWWR (s, Xa) — F(s, X)) ds)

n—-+0o00
o t1INTR
< T B ([ 10— £ 0] a0
n—-+0o 0
< Cnl_i_ﬁloo 1(frn — F)XrllLre)
=0, (3.5)
where 7 = inf{t > 0 | |X;| > R}. By (2.5) and (H2’), ¢"!(¢, z) is absolutely
continuous in ¢ and %Zl(t,x) is continuous in z uniformly w.r.t ¢t € [0,¢].

Then w,, := Ju, is absolutely continuous in ¢ and (dyu,,)(t, x) is continuous in x
uniformly w.r.t ¢ € [0,¢]. Moreover, due to Lemma 2.2 and that

IVvaller oo + V2 0nl1.00 < 00,

we have that u, € Cp*([0,t] x R?). Then, we can apply the Ité formula to
un(t, X;) and obtain that

un(t, Xy) = u,(0, Xo) + /0 (0s + L) un (s, X5)ds —{—/0 £(s) - Vup(s, Xs)ds
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—|—/0 (Vu, (s, Xy), o(s, Xs)dWy)
=030+ [ (ot )6 X+ [ €0 Vs, X
+/0 (Vg (s, Xs), o(s, Xs)dWs). (3.6)

Since ||V, 00 < 00, Doob’s optional theorem yields

tINTATR
E (/ (Vu,(s, Xs),0(s, Xs)dWs) L%O) =0.
toANTATR
Then
E (un(tl A T, th/\T/\TR) - un(t(] A T, Xto/\T/\TR) Lg.f())
tiANTATR
>E (/ fn(s,xs)ds‘yt(J) S A sup [fun(s, )l
toNTATR SE[to,tﬂ
tINTATR
— sup [ Vin(s)[E (/ yg(s)|ds]%0) NGRS
SE[toﬂfl] toNTATR

By Theorem 2.1 and Lemma 2.3, for large enough A it holds that

sup |Jun(t, oo = sup  Jua(t,)]lo < sup Jult,)ls
n>1,t€[to,t1] n>1,t€to,t1] te€(to,t1]
_ Ll d_2
<C swp lult, Yoo < O FEE Dl (39)
tE[to,tﬂ

where the constant C' depends on = and ||bo|| (-

We first assume that % + % < 1. Then, by Theorem 2.1 and Lemma 2.3, we
have that

sup [[Vunlle = sup [[(VY™) Vo (t, )l

n>1,t€to,t1] n>1,t€to,t1]
<O osup [[Vuu(t )|l
nZl,tE[to,tﬂ
<G osup [[Vo(t,)|eo
tE[to,tﬂ

for some C1, Cy independent of A. Putting this and (3.8) into (3.7), we have by
that

BATATR C(2+ X Con (T A TR)
E (/ fn(sts>d5‘yto) S ()\1<(2d2)) + j\11(1d2) ) ||f|’ﬂg(t0,t1)'
t 2 2

ONTATR P q P q
(3.9)
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For any 0 > 0 we can choose A > 0 such that C’g)\_%(l_%_%) < ¢§. Then we
derive from (3.5) that

B[ s x0a 7)) < (Cotom) gy (310)

oNT

where Cs depends on Z, |[bol| (7 and 4.

Let 7, = 2(1 —27%), k € N. We prove the following assertion by using
induction:

forall k > 1,6 € (0,1) and p,q € (1,400) with %4—% < Vi, there is C5 > 0
such that for every f € f/g(to, t1),

B ([ f X0 7)< €t om) Wl B

ONT

Noticing that limy_, 7% = 2, the assertion of (1) follows. B
It is clear that (3.11) holds for k£ = 1 since (3.10). Let fp, f, un, u, vy, v,
be defined as above. Suppose g + % < Ypg1. Let p/ = %p, q = 7’jy—zlq. Then

1% + % < 7. Thus, we have by (3.11) that
")

< () (Cs + 57}2(T))’“H|Vunl2!@;(t .

3@0) < () (E ( /t (s, X2

oNT

tiNAT

8 (/ &(s) - Vug(s, Xs)ds
to AT

0,t1)

< Cna(7)(Cs + 5772(7))kHvunuigl’f(to,m)

(3.12)

Since

d 2 d 2 v (d 2 d 2
I+ —+———-——-=1+ -+ )= =+=
2 2¢ p ¢ 2+ \P ¢ P q

_ 2%k41 — (

=1
2,41

| &
+
| DO
~

p q

1
> 1 =1 + o5k
=0,

it follows from Theorem 2.1, Lemma 2.3, v,, = v % p,, and [29, (2.6)] that

i [V,

nes-too ;Z:(t(btl) S Cl n1—1>1-il-100 ”V,UTLHiéZ: (t(),tl) S C2 RETOO HUnHW;:ﬁp/ (to,tl)
< CQHUHWzljpl(to:tl) = C3||UHW21;P/(750¢1)

d

N
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Putting this and (3.12) into (3.6), and arguing as from (3.7) to (3.10), we can
see for large enough A it holds that

tiNAT
E (/ f(s, Xs)ds
toAT

<%qu2+» sup un(t )

nZl,tE[to,tﬂ
CCy(Cs + oma(7))* o (7)
+ 2 _d_2 Hf”ig(to,tl)

1 d
Az T ey Fay ==y

B k+1
< (Cs+mm) " 1 gy

where Cj is another constant depending on 6. By the definition of 7y, it is clear
that k > log,(2/(2 — ¢ — 2)), then we can set k,, as required.
p q ’

2) We investigate the case that by € Lr(T) with ¢ +2 < 1. Set m > 0,
( q p ' a
M > 0, and let

t
= inf{t >0 | / bo(s, X.)|ds > M.
0

It is clear that

t

t
X, =Xo+ / (b1 + bO]leo\gm]) (S,Xs)ds + / ((bgﬂubobm])(S,XS) + 5(8)) ds
0 0

t
+/ o(s, Xs)dWs, t > 0.
0

Let L,[fm] =L, — (boﬂ[\bo\zm]) - V. Consider
(0 + L™ = Nu = £, u(ts,) =0.
Note that Cs in (3.10) depends on [|bo||z» instead of [|bo||7,c and

||b()]l[\b0|§m]||ig(:r) < ||b0||ff;(T)>

we have by (3.10) that

tINTAT)M
E ( / f(s. Xs>ds]&%o>
t

ONTATM

< (Cs + om(T A Tar)) ||f||i£;(to,t1)

tINTAT)
08 ([ o) 6 X005 ) Ul (313)
t

ONTATM

where (s is a constant independent of m. For fixed M > 0, we have that

tAINTATM
lim E/ ’b0(37Xs)l]l[|bo(s,X5)|2m]d3 = O.
m—0o0 toNTAT)f
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Thus, taking m — +oo first and then M — 400 in (3.13), we complete the
proof of the second assertion of this lemma.

Proof of Lemma 3.3:
Let p be a non-negative smooth function on R? with compact support in
Bi(0) and [g, p(z)dz =1, and let p,(z) = n’p(nz). For any n > 1, define

(b, 7) = / u(t, y)pu(z — y)dy, = € R
Rd

We now divide the proof into two steps.
Step (i): we are going to show that the conclusion holds for w,(t,x).
For any m € N, Let tk:%, k=0,1,---,m. Then

-1

un<t7Xt) - un(oa Xo) = (Un(tk+1; thﬂ) - Un(tk; thﬂ))
0

m—1
+ Z uTL tk? th+1 - un(th th>)
k=0

= Dy + Do (3.14)

3

i

We first study [y ,,,. Let
Opun(t, ) = ) Owu(t,y)pn(x — y)dy.
R

Then for any M > 0, we have by Jensen’s inequality that

sup 10t < s ([ 1gutt)Ponte — )
R

|lz|<M lz|<M
1 1
S ( sup (1 + |y|2)2p£ (I - y)) ||atu(ta ')X”‘FMH;ﬁ,w
|z|<M,yeRd
= Cring |0cul(t, ) Xnana 5, - (3.15)

This implies that sup|,<y [Osun (-, z)| € LI([0,T]) since that u € WP (T ¢

1,651
WEPY(T). Moreover,

un(t + €, ) — uy(t, )

— @un(t, l’)

/Rd (uu Fey) —ulby) t,y)> e y)dy‘

€

sup
|z| <M

u(t + €, y) B U(t, y) g ’
€

- atu(tv y)

pn(T — y)dy>
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- atu(ta )) Xn4+M

(u(t +e€,) —ult,-)

< Cmnp .

pyw

Because u € Wf’g by (T) C Wf;g’w(T ), Xniart is absolutely continuous in L2
Then for a.e. t € [0,7T], we have

Un(t + €,) — uy(t, )
€

— Oyuy(t, )| = 0.

lim sup
e—0 |I‘<M

Hence,

m—1 t
= Z / (asun)(*S?th+1)]l[tk§5<tk+1]<5)d3
k=0 70

m—1
= / t D (Dstin) (8, Xoyy )Lt <ty (5)ds.
0 k=0
By the Holder inequality, for any |z1| < M and |zs| < M, we have
|0yt (t, 1) — Opun(t, 22)|
< [ 10att.o)l [ [Wptas + 61~ 2) - )b, — o
< |z1 = 2| 10pult, ) xnanll 5w

([, [ 19t s =) =51+ a0y )

< Cugnlrr — ol ||Opult, ) Xngnt ||y ave. t €[0,T7.

ﬁfl

Combining this with the pathwise continuity X;, we have that

m—1

Tr{lir(l)o Z(@Sun)(s,th+l)ﬂ[tk§3<tk+1](s) = Osun(s, Xs), a.e. s €[0,T].

Due to that P-a.s. M := SuPsepo,7) [ Xs| < 0o and (3.15), we have that

m—1
Z (asun) (37 th+1 )]l [t <s<tpyi] (S)

k=0
m—1
< | sup (85un)(8, th+1)|]l[tk§8<tk+1](8)
k=0 0<k<m—1
m—1
< Chtmgp Z X 200su(S, ) o Li<s<ty ) (5)
k=
=C H n+Masu( ?‘)HL{’U .
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Hence, it follows from the dominated convergence theorem that P-a.s.

m—00

t
lim I, :/ Osun (s, Xs)ds, t € 10,T].
0

Next, we investigate I ,,. Since u € Wf?él (T), we have J 'u € ng(T)
Then it follows from [13, Lemma 10.2] and (2.5) that u € C(R x R?). For any
t € [0,7], by the definition of w,, [13, Lemma 10.2] and Lemma 2.3, we have
u,(t,-) € C*(R?) and for any j € {0, 1,2}

IVl < b [ (9o =y = 17l [ 1990010
R

< ChiCrpgd (H@tj_lqug(T) + T||j_1u||qu,;s(T)> : (3.16)
For j € {0,1,2}, any t,s € [0,7] and M > 0,

sup ||Vjun(tv {L') - Vjun(s,x)H
el <M

< sup [ |u(t,y) — u(s,y)||Vpu(z — y)|dy

|z|<M JRE
1
Sﬁ—ﬂsm>/!/|&M8+Wﬁ—$wmvwdx—waw
le|<M Jo JR

1
1 ; -
scw@mw—ﬂ(/WWW@+0@—@fanﬁﬂw)
0 w
@
< OM,n,ci,jHuHWﬁg”(Tﬂt —sl 7. (3.17)

By It6’s formula, we have

m—1
I2,m = Z (

k=0

/tk+1<(b1 + bo)(S,Xs> -+ 5(8), Vun(tk,Xs»ds

tg

1 trt+1
+ 5 / tr (oo™ (s, Xs) Vun (te, X;)) ds
Ly

N / tkH(Vun(tk,Xs),a(s,Xs)dWs>)

ty
-1

<—A<wr+%xaxa+§@x Vit X)Ly oty () s
0

3

i

1 t m—1
+ 5/ Z tr (oo™ (s, Xs) V2 (th, Xy)) Ljtecs<ty,r)(s)ds
0 k=0

t m—1
+/ (Z Vi (te, Xo) L <s<ty1)(5), (s, Xs)dW).
0 k=0
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It follows from (3.17) that

Z Vun tlm vun<57Xs)) + (v2un<tk7Xs) - v2un<57Xs))} ]l[tk§5<tk+1](5)

where M = sup;c(g 4 |Xs|- Then

m—1

nlbi—{noo Z (vuﬂ(tk? XS) + V2un<tk‘7 XS)) ]l[tk§5<tk+1](8)
k=0
= Vun(s, Xs) + Vu,(s, X).

Since fOT(|bl(s,Xs)| + |bo(s, Xs)| + [£(s)|) ds < oo and ||o]|ee < 00, it follows
from (3.16) and the dominated convergence theorem that P-a.s.

t m—1
lim (/ <(bl + bﬂ)(37 XS) + 5(3)’ Z vun(tk’v Xs)ﬂ[tk§5<tk+l](s)>ds
0 k=0

m—ro0

/ Ztr 00" (s, Xs) VU (t, Xs)) ]l[tk§5<tk+1](s)ds>
0

_ (/0 (b1 + bo) (s, Xs) + £(8), Vuu(s, X))ds
+%/0 tr (JO'*(S,XS)Vzun(S,Xs)) dS) , t€[0,T].

Let 7py = inf{s > 0 | |X,| > M}. Then (3.17) yields that

tATA
lim E o
m—00 0

2

ds

m—1

*(87 Xs) (Vun(tkﬂ Xs) - vun(87 XS)) ]l[tk§8<tk+1](8)

Hence, P-a.s.

lim Ip,, = /0 ((by +bo)(s, Xs) +&(s), Vun(s, Xs))ds

m—00

1 t t
+ 5/ tr (00*V?u,) (s, Xs)ds —I—/ (Vu, (s, Xy),0(s, Xs)dWs).
0 0
By letting m — oo in (3.14), we obtain the It6 formula for w,(t, z):

un<t7 Xt) - un(07 XO)
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:/0 3tun(s,Xs)ds+/0 ((by + bo)(s, Xs) +&(s), Vuu(s, X,))ds

t t
+ %/ tr (00" V?u,) (s, X,)ds —i—/ (Vu, (s, Xs), o(s, Xs)dWs)
0 0

=: I1(n) + Iy(n) + I3(n) + I4(n). (3.18)

Step (i1): we shall complete the proof of this lemma by using the approzima-
tion argument.

It is clear that for any j € {0,1}, we have ||Viu,|r00 < [[VVUll700. It
follows from (2.10), u € Wf:g,& (T), [13, Lemma 10.2] and Lemma 2.3 that,

there is C' > 0 depend on T, || Vby |70, llullz25 )
1,4,b1

sup [u(t, ) — u(t,y)| < Cla — yl.
t€[0,T]

By (2.13), for any ¢’ € (0,1 — % - %), there is C' > 0 depend on HuHWf,’g,gl(T)’
V17,00, T, 6 such that

sup |Vu(t,z) — Vu(t,y)| < C <|x — y|5/ + |z — y|) )
te(0,7)

Then for any j € {0,1}
IVt — V700

= sup / [Vou(t, x — y) — Vu(t, z)| pu(y)dy
]Rd

z€R4 t€[0,T

= sup /
z€R4 te[0,T] J R4

Cr b el 25 g, St (121 V [ul”) plat)du
< 1,4,b1

Viu(t,z — %) — VVul(t, 93)‘ p(y)dy

Y

nd

which implies lim,, oo || V/, — V7u||7,00 = 0. Applying the dominated conver-
gence theorem to Iy(n) and I4(n), we get P-a.s. (by a subsequence if necessary)

n—o0

lim (IQ(”) + 14(71)) = (/0 <(b1 + bO)(Sa Xs) + §<S)> V'LL(S,XS)>
+/t(Vu(s,X5),a(s,Xs)dWS> , t€10,T].

Let R > 0 and 75 = inf{t € [0,7] | fot £(s)|ds + | X¢| > R}. Then it follows
from (2) of Lemma 3.2 that

TATR
E / oo™ (V2up — V2u) (s, X.) | wsds
0
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TNATR
swﬁﬁ/ (V2 — V2u) (s, X.)l|wsds
0

TATR
go@+E/ mwm)www—v%nﬂmm.
0

It follows from [29, (2.6)] that
T

lim [ [[(V2un(t,-) = V2ult, ) xalld,dt =0,

n—oo 0

which implies

TATR
lim E / oo™ (V2up — V2u) (s, X.) | msds = 0.

Thus there exists a subsequence u,, such that on {7p > T'}

t

lim [ tr(0o"V?u,,) (s, X,)ds

k—o0 0
t
_ / tr (00" V2u) (5, X,)ds, ¢ € [0,7]. (3.19)
0

Since limg o P(7g < T') = 0, by Cantor’s diagonal argument, there exists a
subsequence, which we also denote by wu,, , such that (3.19) holds P-a.s.
For I1(n), it follows from the property of convolution that

Ot (8, ) — Osu(s, x)

V14|22

</ \asu(s,;c—y)|‘\/1+!w—y!2—\/1+\x!2 W
S Y e T pn(y)dy
Osu(s,x —y) Osu(s, x)

+/ _
Rd \/1+\x—y\2 \/1+\x]2
</\@M&x—w| ly
B RV EN T ERVA R
/ Osu(s,x —y) Ou(s, x)
+ —
Rd \/1+\x—y\2 \/1+\x]2
1 / yasu(sa T — y)‘
< — | —=pu(y)dy
n Jrd \/1+\x—y\2p )
/ Osu(s, x —y) Ou(s,x)
+ —
Rd \/1+\x—y\2 \/1—1-\30]2
= J17n(8) + ng(s).

By convolution inequality,

Pn(y)dy

Pn(y)dy

Pn(y)dy

Pn(y)dy

1 q

d Duu(s, 2~ y)| Y
X — 0 2 (y)dy | dx | ds
/0 /Rd(R/Rd\/l%—]x—pr() )
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|0su(s, 2 —y)

V14 |z —y|?

> xr(x)dz | ds | pn(y)dy

T ﬁ
|0su(s, )] —y
< B z)dz | ds| paly)d
_/Rd /w( P Xz’ (2) pn(y)dy

[Oauts, )\ _,
< [ sup NiEACE Xg (z)dz | ds | paly)dy
Re yeRd re \ /1 + |z]2

S CR||65U||i§,w(T)- (320)

Thus

1
”Jl,nXR“Lg(T) < ﬁ”asuHig’w(T)'

Similarly to (3.20), we have that

p(y)dy.

Maxalign < [ 2 a) | Ouls) )

Due to (3.20) again and that p has compact support, the dominated convergence
theorem yields that

ngrfoo ||J2,nXR||L§(T)

aSU(S, C E) (’35u(5 )
< lim n’_ _ J d
<o <¢1+|-—%l2 V) "
Thus
Optly, — O
lim || <2y =0. (3.21)
n—00 .
IR

Combining this with (2) of Lemma 3.2, we have that

- T/\TR
lim E/ |0stun (s, Xs) — Osu(s, Xs)| ds
0

n—-+00
— e g X,) — Osu(s, X
<ViT g E [ Ot e )
n—-+oo 0 ]-+|Xs|2

n—-+o0o

TATR
<cn T (148 [ IOs) 100 - 2l g,
0 q



28 S.-Q. ZHANG & C. YUAN

= 0.
Hence, by the Cantor’s diagonal argument, there exists a subsequence, denoted
also by wu,, such that P-a.s.
t

lim |05t (s, Xs) — Osu(s, Xs)|ds =0, t € [0,T).
0

n—oo

Therefore, combining all these together, we complete the proof by taking
n — oo in (3.18).

4 Applications

Consider (1.1) with a = Jo0* satisfying (H1) , and

(H3) for every T' > 0, sup,eo 1 [b1(t,0)| < oo and [|[Vbi[[10 < 00, and by €
fﬂq’}(T),Va € ZN}ZS(T) for some p;, q; € (1,00) with f —i—% <1,i=1,2.

By Remark 2.1, (H1), (H3) and Theorem 3.1, we can follow the proofs of
[29, Theorem 1.1] to prove that (1.1) has a unique strong solution. Let P, be
the associated semigroup generated by X;. In this section, we shall investigate
Harnack inequalities for (1.1).

We first establish log-Harnack inequality following the methodology of [14].

Theorem 4.1. Assume (H1) and (H3). Then there exists K1 > 0 such that

K1|m—y|2

d + d
I€1T y L,Y € R 7f € C@b (R ) (4]')

Prlog f(z) <log Prf(y) +

Fix some 7' > 0. By Remark 2.1, (H1) and (H3), it follows from Theorem
2.1 that (1.2) with ¢(7T,2) = 0 has a unique solution. Let ¢ = (¢',--- , ¢%) and
O (z) = x+¢(s,x), s € [0,]. Since pil—l-q% < 1, it follows from (2.3) that we can
choose large enough A such that |V¢||7,. < 3. Then for s € [0,T], z,y € R

1 3

2 _ _

sle =yl < [@ (@) — 7 (y)] < 20 —yl. (4.3)
By Lemma 3.3, we have

dPy(Xs) = (0s + L) D5(Xs)ds + (I + Vo(s, X)) o(s, Xs)dWs
= (b1(s, Xs) + A\p(s, X)) ds + (I + Vo(s, X)) o(s, Xs)dW.

Let Y, = ®,(X,) and X, = ®,1(Y,). Define

Z(s,y) = (b1 + Au)(s, 2, (y), B(s,y) = (I + Vé(s, @, (1)) o (5,25 (1)) -
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Then we transform (1.1) to
dY, = Z(s,Y,)ds + S(s, Vo) dW,, Yy = $p(Xp). (4.4)
By Theorem 2.1, it is clear that

IVZ(s.9)ll < Cr (ol V2o (s, T W) + [V (s, O w)I) - (45)

1 9
Z/{1|"L‘|2 S |E*(S,y)l'|2 S Zﬁ2|$|27 s € [OaT]a x,y € Rda
and there exists K; > 0 such that

’Z(Say1> - Z(57y2)| < Rllyl - ?/2‘, Y1, Y2 € Rda s € [OaT]

Let Tsf(xz) = Ef(Y?) with Y = z. Hence, we have the following log-
Harnack inequality for (4.4). Since ||Vo|| € [N/gg(T), V2] € [szﬁ and |VZ||r« <
00, the proof of this lemma follows from that of [14, Proposition 2.1] and the
approximation argument used in [29, Theorem 1.1 (B), see (iii) in page 20]
completely.

Lemma 4.2. There exists Ky such that for any f € %, (R?),

Koll’ - Z/P

.,y € R
HlT y

Trlog f(y) < log Trf(z) +

Since P,f(x) = Ef(X?) = Ef(®;71(V:"W)) = T.f(®o(z)) with f(-) =
f(®;1(+)), Theorem 4.1 follows from this lemma and (4.2) directly.

s

Next, we shall establish the Harnack inequality with power for (1.1). Before
our detailed discussions, we give some remarks on the Harnack inequality with
power for SDEs with irregular coefficients.

Remark 4.1. For by € [ifﬁ (t) with p,q € (1,00) satisfying pil + q% < 1 and
that o is a constant matriz, we have by (4.5) that |VX| € f/fl’ll, which does not
yield that VY(t,-) is bounded. Thus (4.4) does not fulfill conditions to derived
Harnack inequalities with power in [26]. [20] established Harnack inequalities
with an extra constant for SDEs whose drift merely satisfies the LP-L? integral
condition. Because of the extra constant, one can’t derive the strong Feller
property from the Harnack inequality established in [20].

Recently, assuming that the non-regular drift by satisfies by € LE(T) with

d | 2
1—0+5<1and

Dotz +y) = bo(t, ) Pde < KP(1)]yl” (4.6)
R

with K € L] ([0,00)), the author in [7] obtained the Harnack inequality. How-

ever, the conditions used in [7] are not allowed the drift to be singular in space
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variable. In fact, given t € [0,T)], bo(t,-) € LP(RY) and (4.6) imply by the defi-
nition of the Besov space By ., see [22, Section 2.5.12], that by(t,-) € Ny<1B)

p,007

and there exists C' > 0 such that
oot Mgy < CK () +1), ace. t € [0,T),

Since %—l—% < 1, there exists 7—% > 0 for v being closed to 1. By the embedding
theorem of Besov space, see [3, Theorem 6.5.1], we have

_d d
bo(t,) € Boob(RY) = C7 5 (RY), S<a<tL

Then by(t,-) is bounded and (v — %)—H(’)'lder continuous for any vy € (%, 1) and
there exists C' > 0 such that

T T
/\mmwwdwgc/<mw+wa
0 c7p 0

where || - ||C%% is the (v — %)-Hdlder norm.

Our main result on the Harnack inequality with power is the following theo-
rem, which can be applied to SDEs with singular drift without extra regularity
assumption and the diffusion coefficient is Holder continuous with order greater
than 1.

2

Theorem 4.3. FizT > 0. Assume (H1) and (H3), and that there exist cp > 0
and 8 > 0 such that

lo(t,z) — o(t,y)llus < erlz —yl|”, z,y € RY. (4.7)

-1
(1) If 8 > %, then for any v > 1+4(\/1+%—1) there exist K1, Ko > 0

such that the following Harnack inequality with extra constant holds

R'1|x—y|2

(Pf)(y) < Pf7(z)exp {tf(z + (1— e—fﬁt)

} , f € BFRY. (4.8)

(2) If ;—f + 3 s and B > 1, then there exists Kr > 0 such that for any

2

= <
7> (L4 82222 with ag = (1— £ - Z)A B, any a € (5,1 - £ - 2)n (3, 6],
we have

(Hf)W(y)SPm(x)eXp{ VIWT = DEr(je —y* V |z — y**) }

26, 7(VAra(\/7 — 1) — 26, 7)(1 — e~ K1T)

where 6,7 = 22V \F’\IZ(—\/‘?_D and f € B (RY).
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The proof of (1) of Theorem 4.3 just follows that of [20] and Krylov’s estimate
in Theorem 3.1 directly, and we omit it here. We now focus on establishing
Harnack inequality without extra constant. To this end, we first investigate the
following equation

dX, = b(t, X,)dt + 6 (¢, X,)dW,, (4.9)
where b : [0,00) x R? — R% and ¢ : [0,00) x R* — R? ® R satisfying the
following conditions

(H4) Fix T' > 0. Assume there exist a € (3,1] and positive constants Kr, dor,
Ar such that for z,y € RY, t € 0,7

2(b(t,x) = b(t,y).w —y) + |6 (t,x) = 6(t,y)llEs < Krle —yP v |z =y,
(0t z) —o(t,y))"(z —y)| <orle—yl, o(t2)o"(t,x) = Ar.
Let X, solve (4.9) with X, = . Set n(t) = %(1 — eBr(t=1)) with 0 € (0, 2a)
and let Y; solve the following equation with Yy =y

&(ta YA;)a-il(ta Xt)(Xt - }A/t)
n(@) (X = Y3722 A1)
The following lemma is crucial to establish the Harnack inequality for (1.1).

Lemma 4.4. Fizx T > 0. Assume (H4). Suppose that (4.9) has a unique
strong solution and for any (z,y) € R* and the martingale solution to the
system (X, Yy) with (Xo,Yy) = (z,y) is well-posed on [0,T). Let

e X (K- Y
Ry =exp —/ 7 Oﬁ’ t)A( ! 0 , dW,
o \n@)( Xy = Y72 Al)
1 / M, X)) (X — V7)
2 0

n()(1Xe = Vo220 A 1)
Then we have the following two assertions:

dY, = b(t, Y;)dt 4 6(t, Y;)dW, + Loy (t)dt, (4.10)

2
dt », s€[0,7]. (4.11)

: _ Ar6?
(1) Let Yo = S(Z‘STJFT—IATG)‘;T7 one has

4 K(lz —y|>V |z -yl
{wwwe (e =yl v |z —y| >}_ (412)

sup ERM0 < ex
b = TP 162600 + Vo) (20 — 0)(1 — e KiT)s2

s€[0,7

(i) Let P, be the associated transition semigroup of X,. For any f € B, (RY),

2
r,y € R and v > (1+ 207 ) , we have

Vra
VI = DEr(|lz =y V |z — y[>) }

46, 7 (VAra(y/7 — 1) — 46, 7)(1 — e~ KT)
(4.13)

(Pif)'(y) < Pof () exp {

VAra(y/7-1)

where oy 7 = O V i )
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Proof. Fix (x,y) € R*. Since the martingale solution of the system (X,,Y;) is
well-posed, there exist a system of process (X, Yy, Wy)ieo,r) and a probability
space with filtration (Q,.%, P, %,)co,r) such that {W},cjo.1) is a Brownian mo-
tion w.r.t. (Q,.%,P, F)cpr) and (Xi, Yi, Wi)epr) satisfies (4.9) and (4.10).
Let 7, = inf{t € [0,T) | | X,| + |Y;| > n}, and let

t
.

Then the system (4.9) and (4

67 1(s, X,) (X, — Y3)
n(s)(|1 X, — Va2 22 A 1)
.10

ds, t€[0,7).
) can be rewritten as

X —Y;
n(t)(| X = Yi2-2 A1)

dX; = b(t, X;)dt + 6(t, X,)dW, — Tz (t)dt,

dY; = b(t, V;)dt + 6(t, ¥;)dW,

and it follows from Girsanov’s theorem that {Wt}ggtgs/wn is a Brownian motion
under R, P for any s € [0,7). By Ito’s formula,

21X, = Vi v X, — ViP
RS ARRAD A

d[X, —Y,|? = 2(b(t, X,) — b(t, Y}), X, — Y;)dt —

n(t)
+2(X, =Y, (6(t, Xy) — o(t, Yy))dW,)
+ 6, Xo) = 6(t,Y)|[3sdt
. R . N 21X VX
< Kp|X, = Vi[> VX, — Y, %dt — X~ i v X, - Vi dt
n(t)
+2X, =Yy, (6(t, Xy) — 6(6,Y))AW,),  t<sAT,.
Then
X, VP K —2 . N ") .
’ t t’ S T772(t) |Xt_}/;f|2a\/|Xt_}/;2 772(t) —}/Hgdt
n(t) n?(t) n?(t)
2 N
(t)< Y;f7 ( (t7 Xt) - U(t7 Y;f))th>
2 - K N . . R
<)+ T,r]()‘Xt_}/”Zav‘Xt_}/t‘th
n2(t)
2 . - . . -
+ W<Xt — 1/;5, (O'(t, Xt) — O'(t, K))th>
01X, — Y2V |X
<_ X — Vil 2V| = Vi’ &
n?(t)
2 ~ ~ ~ ~ -
—I—%Q(}—Y;,(&(t,)(t) —&(t,m))th% t < S/\Tn.

Since a > %, it follows from It6’s formula that

~ViP )

Kt o O 14o—2 % O 12
= X, = Vi[** 2 v | X, — Vidt
TCRE0 el

X X, Y, a
n(t)
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S
n*(t)
20(X; — Y, T o -
+<mm§tiﬂimxdtx”_gmﬁnﬂm>
t— Xt
< 2a+17'(t) — aKm(t)
B ?(t)
20(X, — Y, TS - -
" <n(t)|)(2 t Y|;)—2a’ (a(t, Xy) — U(t,Yt))th>
t— Yy
_H‘Xt . Yt‘m v/ ’Xt - ﬁ|4a—2

|Xt _}};’2(1 \/ |Xt _ﬁ‘4a72dt

|Xt_Yt|2a\/ |Xt _Yt|4a—2

<
B n?(1)
20(X; — Vs . .
L2V ) e B ), < s AT
HOIK — Vil
Then
SATn |Xt—yt|2\/ |Xt_}};|4a—2
ERS/\Tn (/ Q(t) dt
0 n
SN\Tn |Xt _Yt|2a\/ |Xt_ﬁ|4a—2_‘_ IXt _Yt|2a\/ |Xt _1}”2
= R, </0 n3(t) «

K (|lz —y> + |z — y[**)
020 — 0)(1 — e Koy

which yields that

2Kr (Jz —y** V |z — y[?)
ERS T 1 Rs ™ <
A OB Tt = TN 020 — 0)(1 — e~ KT

, s€[0,T), neN.

Hence, { Rspr, } s<Tmen is a uniformly integrable martingale. By martingale con-
vergence theorem and 7, T 7', Rsps, can be extended to T such that {R}cpo,r]
is a martingale. Moreover, it follows from Fatou’s lemma that

2Kl = y** V |z — yP?)
ER,log R, < 7
oz OB =020 — 0)(1 — e KiT)

(4.14)

which also implies that {R,}scjo,77 is a uniformly integrable martingale. Hence,
by Girsanov’s theorem, {W, };cp,77 is a Brownian motion under RpP. Moreover,
by the pathwise uniqueness of (4.9), {Yt}te[o,T) can be extended to 7' such
that lim; .7 Y, = YT, and {f/}te[gﬂ is a weak solution of (4.9) with starting
point z replaced by y. Moreover, we have X7 = Yy P-a.s. since (4.14) and

fOT n2(t)dt = oo.
Next, we prove (4.12). Since

(/ﬂ&—?ﬁvhﬁ—ﬁﬁl%ﬁ<ﬂ@w—vaw—mm
: (0 = 60— 0)(1— e )
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* 12X - ) 20(X; — Y}) . o i
" + % 3 (ot Xy) —o(t,Y)dW, ).
/0 < On(t) On(t)| X, — Y22 (ot Xi) (t, Y2))dW;

Denoting by E;,, the expectation w.r.t. Rsx., [P, then for » > 0

X, = Y VX — Y|t 2rKr(|z —y|* v |z — y?
Exp{/ X - Vil v X - Vet exp{_r rle =y Vo y|>}
0

n?(t) 0(2a — 0)(1 — e ErT)

r SA\Tn, 2a Xt_i/; A ) ]
=B P AT A L(6(t, X) — 6(t,Y2)dW,
o p{"/o <( \Xt—m“a> a1 oA

2 . . . .
< [E,,exp 2—72/8A7n 2+ 2a (ot Xo) = ot Yo) " (Xo = Yt>|2dt
N o 6% Jo | X, — Y22 n2(t

2 3
25252 [5\Tn <2|Xt Y| + 20| X; — Y;l?ozfl)
< | Eonexp § —5 / 5 dt
0= Jo n*(t)
1
2622 [ %, — TRV K — T 1)
< | Esnexp 820877 ;FT / [X: — ¥i 2' bt} dt .
0 0 n*(t)
By taking r = 35%’ we have
T
B, oxp | - /Wn X - WPVIX -V
OKr(jx —y[** V |z —yl)
< . 4.15
= o { 862(20 — 0)(1 — e Ki7) (4.15)

By the Holder inequality, we have for any v; > 1 that

71—l

ER 0 < | E,, exp { (7170 + D)vomn /SAT” 671t X0) (X; — V)2 dt}) k
0

= 2(n - 1) P2(t)(1 X, = Yi[=ie A1)
y1—1
< | E,,exp (717 + 1)vom /SAT” 671 (t, X)) (X, — Y))? dt k
>~ s,n 2(71 . 1) 0 772(t)(|Xt _ Yt’4f4a A 1)
y1—1
< [ Eqpexp (717 + 1)vom /SAT” | X — V]2 V2|Xt — Y, |to? q "
2(71 - 1))‘T 0 n (t)

Taking 7, = 14+ /1 + 7, which minimizes %, we have

MY (717 + 1) _ Yo(v/0 + V0 + 1)? _ 0’

=
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-1 467 + Vb
M 457 + 2V b

Combining this with (4.15), we have
ER < oxp (m = )OKp(Jz — yl** V |z — y]?)
- 8v10%(2cc — 0)(1 — e~ KrT)

SA\Tn
_ q)(MT+¢EﬂWKﬂM—yW”Mx—M%
16(207 + VAr0)02(20c — 0)(1 — e~ K1T) |

Letting n — oo, we get (4.12).

For any v > (1+ \/QiST )2, we set 6 = %\%71). Then 6 < 2o and W—il = Y.

Consequently,

v N1 _
sup ( R3~™ 1 = sup (IER;J”O)V !
€[0T s€[0,T]

— 1)(467 + VA0 0K (|2 — y[2* V |z — y]?)
- 16 25T +VAr0)62(2a — 0)(1 — e~KrT)

—1) KT(IJ? —yPViz —yP)
25T 20& 1) 46T]<]- — e‘KTT)

/\

Therefore,

(Prf)'(y) = (BRrf (V7)) < (BR} ) 'Ef (Vr) = (BR} ) T'Ef(Xr)

- IO = DEr(le - g2V [z — yf?)
< Prf me"p{ 1rla(y/7 — 1) — 27)(1 — ¢ KaT) }

It is clear that this inequality also holds with d7 replaced by 6., 7.

Proof of Theorem 4.3:

Let ¢ be given by (1.2) with [|[V¢|lr0 < 3, ®i(z) = 2+ @(t,2) and V; =
®,(X;). By (2.3) and (3) of Lemma 2.3, for any § € (0,1 — pil — q%), we have
that

te[0,7)
Then
9
%W < |[0°(1 + Vo))t 07 @)h]* < Jralhf?, 2.h € Rt € [0,7),

and there exists Cp > 0 such that for any ¢ € [0, 7]

I(Z + V)o(t, @ (2)) = (I + Ve)o(t, 2 ()llus < Crle —yl” V |z — y”.
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Setting
b(t,x) = bi(t, @, (2)) + Ao(t, @7 (2)), G(t,x) = (I + V)a(t, ;" (z)),

it is clear that the conditions for b and & in Lemma 4.4 holds with or = %)\2,
Ar =2l and any o € (3,1 — p_1 — q—21) N (0, 8]. Hence, the Harnack inequality
with power follows if we prove the well-posedness of the martingale solution to
the system (Xt, ?}) with b and & defined as above. To this end, according to 21,
Corollary 10.1.2], we only need to investigate the following system ()A(t("), }A/t("))

with n € N:

A~

X" = b(t, X{V)dt + 6 (¢, X{M) AW,
Ay, = b(t, V,")dt + (¢, V") dw,
a(t, Y, ") (t, X DRI AR
-+ T
( X

n(t)
where 7, : R¢ — R? defined as follows
_ Y d
oY) = YLal<n) + 17 Lwizn, ¥ € R
Since 7, is a bounded function and ¢ is bounded and nondegenerate, the well-

posedness of ()A(t("), }AQ(")) can be investigated via the following system with any
Brownian motion {W;};>¢ and Girsanov’s theorem:

AX™ = b(t, X™)dt + &(t, X™)aw,
B X(”) . Y(”)
— Y (O)m, (\fd”) _t - (n)|;2a . L7y (t)dt, (4.16)
Ay, = b(t, v,")dt + (¢, V,)aws. (4.17)

By (H1) and (H3), (4.17) has a unique strong solution. Next, we prove (4 16)
has a pathwise unique solution. For any two solutions of (4.16), say X" (™1 and
Xt(n) with the same initial value and Y; ), there exists C' > 0 such that
AR = X2 < O = XL+ o, X = o, X“)’?)nzsdt
+ 2K - X2 (@ X = 6 (8 X)) AW,

where we have used the following inequality

A Y2
. ) (—2—— ) oy~ ) > 0.
<” (\y1|2—2w> " (\y2|2—2w> o y>

Since (H3) and ¢ € W;’pl (T"), we have by (4.5) that ¢ is bounded and V& (¢, -) €
L} .. Hence, by [29, Lemma 2.1],

loc*

I (t, X — 6t X ||us
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< (IMu(Va(t, DED]+ IMUTEEDED)] + 5] ) 1K = X2,

where M is the Hardy-Littlewood maximal function defined by
B 1
[B1(0)] J3,0)

where |B1(0)] is the Lebesgue measure of B;(0). Consequently,

(M f)(z)

f(z +y)dy,

dIX = X< O = XA (14 M (Ve ) (X
HM(VE(E, ) (X)) at
+2(X = X (68, X — 6 (1, X)) awn).

(4.18)
Since 7, is a bounded function, for any s < T and r € [0, s],
5 r R X(n),l B }A/(n)
W, =W [ 00 X | Loy (1),
0 t |Xt(n)’1 o Y;(”)|2—20¢ Al [0.7)

is a Brownian motion under R P with

; ' (.1 X -y
R = exp / 7 (067 (6 X, [ A,
0 X 9 R0 p g

~ ~ 2
1 /7" Xt(”)al _Yt(n)
2 Jo

- - dt
‘Xt(n)’l _ Y;(”)|2—2a Al
and X" is a weak solution of (4.17) under &,P. Due to (4.5), Theorem 3.1
and [29, Lemma 2.1], for any 0 < sy < s1 <

(06 (X, (

ER, [ / IM,(Vé(t, -))(Xf")’1)|2dt’9’30]

To

(s0,s

< € (IM (Tl s+ IMTO P,

72 (80,81

< C (190222 oy + 19260 22101 ) -

Then, it follows from [31, Lemma 3.5] that for any ¢ € R
ER, exp {c/ |M1(V€r(t,-))(Xt(”)’l)|2dt} < o0, s€0,T).
0

Since 7, is bounded, ER;™ < oo for any m € N and s € [0,7). Then the
Holder inequality yields that for any ¢

E exp {c/ |M1(V6(t,-))(Xf")’1)|2dt} < o0, s€0,7).
0
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A similar inequality can be established for )A(t(nm. Combining these with (4.18)
and stochastic Gronwall’s inequality, see [31, Lemma 3.8], the pathwise unique-
ness follows. Therefore, the proof is completed.
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