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Abstract

In this thesis, we mainly study some properties for certain stochastic differ-
ential equations.

The types of stochastic differential equations we are interested in are (i)
stochastic differential equations driven by Brownian motion, (ii) stochastic
functional differential equations driven by fractional Brownian motion, (iii)
McKean-Vlasov stochastic differential equations driven by Brownian motion,
(iv) McKean-Vlasov stochastic differential equations driven by fractional
Brownian motion.

The properties we investigate include the weak approximation rate of
Euler-Maruyama scheme, the central limit theorem and moderate deviation
principle for McKean-Vlasov stochastic differential equations. Additionally,
we investigate the existence and uniqueness of solution to McKean-Vlasov
stochastic differential equations driven by fractional Brownian motion, and
then the Bismut formula of Lion’s derivatives for this model is also obtained.

The crucial method we utilised to establish the weak approximation rate
of Euler-Maruyama scheme for stochastic equations with irregular drift is the
Girsanov transformation. More precisely, giving a reference stochastic equa-
tions, we construct the equivalent expressions between the aim stochastic
equations and associated numerical stochastic equations in another proba-
bility spaces in view of the Girsanov theorem.

For the Mckean-Vlasov stochastic differential equation model, we first
construct the moderate deviation principle for the law of the approxima-
tion stochastic differential equation in view of the weak convergence method.
Subsequently, we show that the approximation stochastic equations and the
McKean-Vlasov stochastic differential equations are in the same exponen-
tially equivalent family, and then we establish the moderate deviation prin-
ciple for this model.

Based on the result of Well-posedness for Mckean-Vlasov stochastic differ-
ential equation driven by fractional Brownian motion, by using the Malliavin
analysis, we first establish a general result of the Bismut type formula for
Lions derivative, and then we apply this result to the non-degenerate case of
this model.

Keywords: Weak approximation; moderate deviation principle; central
limit theorem; Lions derivative; Bismut formula
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Chapter 1

Introduction

In this thesis, we mainly investigate the weak approximation rate of Euler-
Maruyama (abbreviated as EM) scheme for certain stochastic differential
equations (shorted as SDEs) with irregular coefficients, the moderate devia-
tion principle, and the Bismut formula of Lions derivative to some McKean-
Vlasov stochastic differential equations (MV-SDEs for short).

In the following part, we describe the background of the main results of
this thesis in more detail.

I Weak approximation rate of EM scheme for stochastic dif-
ferential equations driven by Brownian motion

SDEs with singular coefficients have been extensively studied recently,
see [47, 61, 97, 99, 100, 103] and references therein. Meanwhile, in order to
understand the numerical approximation of SDEs with irregular coefficients,
numerical schemes have been established. The strong and weak convergence
rates of EM scheme for SDEs with singular coefficients have already been ob-
tained, see for instance [4, 5, 38, 45, 46, 48, 49, 50, 76, 79, 80, 89]. The refer-
ences [23, 51, 71, 72, 73, 77, 84] investigated LP-approximation of solutions to

the SDEs with singular drift, and obtained the corresponding LP-error rates



under the differential assumptions about the coefficients. In specific, refer-
ence [72] obtained the LP-error rate to be at least 1/2 with p € [1, 00) for the
scalar SDEs with a piecewise Lipschitz drift, and a Lipschitz diffusion coeffi-
cient that is non-zero at the discontinuity points of the drift coefficient. This
result has been extended to the case of scalar jump-diffusion SDEs in [84].
Based on the assumptions in [72, 84], [71, 73] showed that the LP-error rate
is at least 3/4 under additional piecewise smoothness assumptions on the co-
efficients, where they employed a novel technique by studying equations with
coupled noise. They additionally showed that the 3/4 LP-error rate cannot in
general be improved even when additionally to the assumptions in [73] fur-
ther piecewise regularity assumptions were imposed on the coefficients of the
scalar SDEs. Under the condition of the Sobolev-Slobodeckij-type regularity
of order k € (0,1), [77] obtained the L*-error rate min{3/4, (1 + x)/2} — ¢
(for arbitrarily small ¢ > 0) of the equidistant EM scheme for scalar SDEs
with irregular drift and additive noise by using an explicit the Zvonkin-type
transformation and the Girsanov transformation.

For simplicity, we generalise the main idea of weak approximation in the

following case of stochastic differential equation:
t
X, ==z —i—/ b(X,)ds +oW,, x € R% t € [0,T], (1.0.1)
0

where (W;);>0 is a d-dimensional standard Brownian motion, which is defined
in a certain probability measure space (2, Z, (%;);>0, P). Moreover, b : R? —
R? is a Borel measurable function, o is a d x d deterministic, uniformly elliptic
matrix and a := oo*.

Let Xt(é), 0 > 0 denote the EM approximation of X,
t
X9 =y +/ b(X,,)ds + oW, t €[0,T],
0
where s5 =[], [a] denotes the integer part of a.
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The weak convergence rate is concerned with the approximation of E f(X;)
by Ef (Xt(é)) for a given function f.

To this end, we introduce a reference SDE as follows:
Yi=x+ oW, te|0,T],
and
t 1 t
Ry, = exp{/ — o (X)W, — 5/ \a’lb(Xs)|2ds},
Ot 1 ° t
Ry = exp {/ —0 'b(X,, ) dW, — —/ |a_1b(X55)|2ds}.
7 0 2 Jo

Under appropriate conditions, the Novikov condition holds, we then can de-
fine new measures Q;, Q2 as dQ; = R; ;dP and dQy = R, ,dP. Based on this,
one can show an equivalent expression of E[f(X;)] — E[f(X%,)] by using the

reference equation, that is,

E[f(X:)] — E[f(Xi;)] = E[f (Y1) (Rir — Ray)]-

The weak error has been obtained for some SDEs with discontinuous drifts
in [45, 46, 78]. It is worth noting that the test function f in these references
is assumed to be Holder continuous. When the test function f was relaxed
to be just measurable and bounded, the result of weak convergence rate of
EM scheme was obtained in [3], where the coefficients of SDEs need to be
smooth.

Recently, [7, 89] established the weak convergence rate of EM scheme for
SDEs with irregular coefficients by using Girsanov’s transformation. Inspired
by [5] and [7, 89], we shall give a note on the weak error for (1.0.1) with a
possibly discontinuous drift b. Moreover, the given function f is only assumed

to be bounded and measurable on R?.



In Chapter 3, we establish the weak approximation rate of EM scheme
for (1.0.1) with a class of low-regular drift by using the Girsanov transforma-
tion. In specific, the class of low-regular drift contains cases of non-Lipschitz
continuous function, discontinuous function). Moreover, we also give some
illustrative examples.

II Weak approximation rate of EM scheme for stochastic func-
tional differential equations driven by fractional Brownian motion

The fractional Brownian motion (abbreviated as fBm) appears naturally
in modelling stochastic systems with long-range dependence phenomena.
Fractional Brownian motions with Hurst parameter H # 1/2 are neither
Markov processes nor (weak) semi-martingales, which makes the study of
stochastic differential equations driven by fractional noise complicated. The
existence and uniqueness of solutions to fractional equations have received
much attention. [59] obtained existence and uniqueness of solutions to SDEs
driven by fractional noise with Hurst parameter H € (%, 1) by using Young

integrals (see [101]) and p-variation estimate. [22] derived the existence and

11
402

uniqueness result for H € (3,5) through the same rough-type arguments
as in [59]. [83] studied SDEs driven by fractional noise by using fractional
calculus developed in [102]. For more results on existence and uniqueness
of solutions to SDEs driven by fractional noise, we refer to for instance
[13, 43, 44, 55, 67, 68, 82, 92]. Stochastic functional differential equations
(SFDE for short) are also used to characterise stochastic systems with mem-
ory effects. For the existence and uniqueness of solutions for SFDEs with
regular coefficients, one can consult to [33, 69, 75]. In recent years, SDEs
driven by fBm with irregular coefficients have received much attention, e.g.

[31, 44, 65, 66]. However, for fractional SFDEs with irregular coefficients,

even the weak existence and uniqueness results are not well studied.



Consider the following SFDE:
dX (t) = {b(X(t)) + 0 Z(X,)}dt + od B (t),t > 0, (1.0.2)

with the initial datum X, = £ € € := C([—7,0];RY), where 0 € R? @ R™,
b:RY = REd>mand Z : € — R™ are measurable, X, is the segment
process of X (t) defined by X;(0) = X(t +60),0 € [-7,0]. Bf(t) is an m-
dimensional fBm on a complete probability space (2, . %, (:%)i>0, P).

In chapter 4, we first study the weak existence and uniqueness for (1.0.2)
(see Theorem 4.1.1). Based on the weak existence and uniqueness result, we
investigate the weak approximation rate of EM scheme for (1.0.2) by using a
measurable bounded test function (see Theorem 4.3.1). The exponential inte-
grability of functionals of the segment process is studied in our work involves
fractional calculus, which is nontrivial for the irregular drift with memory,
and it is more complicated than those of SFDEs driven by Brownian mo-
tion. The main ingredient is giving exact estimates for fractional derivatives
of functionals of the segment process truncated by gridpoints (see Lemma
4.4.2).

III Central limit theorem and Moderate deviation principle for
McKean-Vlasov stochastic differential equations driven by Brown-
ian motion

As it is well known, the large deviation principle (abbreviated as LDP) is
a branch of probability theory that deals with the asymptotic behaviour of
rare events. In the case of stochastic process, the idea is to find a determin-
istic path around which the diffusion is concentrated with high probability,
and the stochastic motion can be interpreted as a small perturbation of the
deterministic path. Moreover, it has a wide range of applications, such as in
mathematical finance, statistic mechanics and biology. Thus, the LDP for

stochastic equations has been investigated extensively; e.g. see [8, 9, 40, 70|
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and references therein.

There are two main methods to investigate the large deviations, one
method is based on contraction principle in LDP, that is, it relies on ap-
proximation arguments and exponential-type probability estimates; e.g. see
[12, 35, 36, 41, 54, 56, 70, 88] and references therein. [35, 56, 88] were
concerned about the LDP for SDEs driven by Brownian motion or Poisson
measure. In [41], the authors therein investigated how rapid-switching be-
haviour of solution(Xy) affects the small-noise asymptotics of Xf-modulated
diffusion processes on the certain interval. [36] investigated the LDP for
invariant distributions of memory gradient diffusions. Other method is the
weak convergence one, which has also been applied in establishing LDP for
a various stochastic dynamic systems; e.g. see [8, 9, 15, 16, 17, 18]. Ac-
cording to the compactness argument in this method of the solution space of
the corresponding skeleton equation, the weak convergence is done for Borel
measurable functions whose existence is based on the Yamada-Watanabe
theorem. In [15, 16, 18], the authors study an LDP for SDEs and stochastic
partial differential equations (SPDEs for short).

Compared with the theory of large deviations, the central limit theorem
(abbreviated as CLT) is interested in the asymptotic behaviour of stochastic
motion tends to the corresponding deterministic path in the smallest devi-
ation scale. Similarly, the moderate deviation principle (MDP for short) is
concerned with probabilities with a smaller order than in the LDP, which
deviation scale fills in the gap between the CLT scale and the LDP scale (see
[60]).

To explain these deviations, we introduce the general deviation for MV-

SDEs. This is the topic of Chapter 5.



Consider the following MV-SDE on (R%, (-, -), | -):
X[ = by(XE, L)t + Veo (X, L)W, X§ = 1, (1.0.3)

with € > 0, which is called the scaling parameter. Here W; is the d-
dimensional Brownian motion defined on a complete filtered probability space
(0, Z ,{F}1>0,P) and Lx, is the law of X7,

Intuitively, as the parameter € tends to 0 in (5.2.1), the diffusion term
vanishes, and we have the following ordinary differential equation (ODE for
short):

dXP = by(X}, 6xp)dt, (1.0.4)

with the same initial datum as (1.0.3), that is, X§ = z. Since z is determin-
istic, we deduce that dyo is a Dirac measure centered on the path X°.

On the general case, investigating the deviations of solution Xf to (1.0.3)
from the solution X? to (1.0.4) is to study the asymptotic behaviour of the

trajectory

_6_; -
Xi= g - X0, te 1), (1.0.5)

More precisely, as the parameter A(e) taking value in different scale, we have

the following three cases:

(LDP) The case A(e) = 1/4/€ provides some large deviation estimates. [28§]
proved that the law of the solution X¢ satisfies an LDP by means of

the discussion of exponential tightness.

(CLT) If A(e) = 1, we shall show that XEJEXO converges to a stochastic process

in a certain sense as € — 0 (see Theorem 5.3.1).

(MDP) To fill in the gap between the CLT scale and LDP scale, the MDP for
X€ is to investigate the LDP of trajectory (1.0.5), where the deviation

7



scale A(e) satisfies

Ae) = 00, Vele) =0, ase— 0. (1.0.6)

When coefficients in (1.0.3) are distribution independent, it reduces to the
case of classical SDEs. These deviation theories have been intensively inves-
tigated in the literature mentioned above and references therein.

Now, we introduce the main contents of Chapter 5, which is devoted to
the study of CLT and MDP for MV-SDEs.

The motivation comes from the Freidlin-Wentzell LDP in path space for
MV-SDEs in [28]. The authors in [58] investigated large and moderate devi-
ation principles for MV-SDEs with jumps.

In Chapter 5, we first show that the law of solution to a good approxima-
tion SDE of the underlying MV-SDE satisfies a MDP via weak convergence
method. Then, we show that the solution to an approximation SDE and the
solution to the MV-SDE are exponentially equivalent as the deviation scale
tends to zero. Then, the exponentially equivalent measures are indistinguish-
able in the case of LDP yielding our main result.

IV Bismut formula of Lions derivative for McKean-Vlasov stochas-
tic differential equation driven by fractional Brownian motion

McKean-Vlasov (distribution dependent or mean field) stochastic differ-
ential equations has been studied intensively in the literature [26, 27, 64, 89,
96] and references therein. The existence of this type of SDEs has been in-
vestigated by different methods: [34] used a approximation argument about
particle systems to obtain the existence and uniqueness of weak solutions
to MV-SDEs; in [96], by iterating in distributions, a strong solution is con-
structed using SDEs with control; finally, [85] applied the fixed point theorem

to establish the existence of strong solutions to MV-SDEs.



The Bismut formula initiated in [11] due to Bismut, is also called Bismut-
Elworty-Li formula due to the development by Elworthy and Li in [29]. Since
then, it has become a powerful tool to characterise the regularity of distri-
bution for SDEs and SPDEs. The Bismut formula have been derived by
different methods: for instance [29] by martingale method; and [98] using
the coupling method (or Malliavin calculus) and references therein. It is
worthy noting that these results are derived for the classical SDEs.

The Lions derivative (L-derivative for short) was introduced by P.-L. Li-
ons in his lecture [19]. Since then, researchers have applied the L-derivative
of solution to this type of SDEs to characterise the properties of partial dif-
ferential equations, such as [14, 39, 52| and references therein. Recently,
[6, 87] used Malliavin calculus to derive the Bismut formula for L-derivative
of MV-SDEs and MV-SDEs with memory. It is worthy pointing that the
existing literature about the Bismut formula for SDEs and SFDEs driven by
fractional noise [2, 30, 32] only works for classical case (distribution indepen-
dent). Thus, in Chapter 6, we aim to obtain the existence and uniqueness of
solutions to MV-SDEs driven by fBm, and establish a general result for the

Bismut formula for L-derivative for this type of stochastic equations.



Chapter 2

Preliminaries

In this chapter, we will give some preliminary knowledge, which will be used
in the following chapters. In Section 2.1, we recall the fractional integrals
and derivatives. In Section 2.2, we introduce the fBm and the Malliavin
calculus with respect to fBm. In Section 2.3, we introduce the definition of
L-derivative of measure function. Section 2.4 is devoted to the background

of the LDP and some of its properties.

2.1 Fractional integrals and derivatives

In this section, we recall some basics of fractional integrals and derivatives,
and for more details, see [81, 89].
Let a,b € R with a < b. For f € L'(a,b) and a > 0, the left-sided

fractional Riemann-Liouville integral of order « of f on [a,b] is given by

o p_ L (" fly)
B =i | G

where = € (a,b) a.e. (—1)7® = e7*" and I' denotes the Euler function. If

a =n € N| this definition coincides with the n-order iterated integrals of f.

10



By the definition, we have the first composition formula

I§+(If+f) = IOH_ﬂf

Fractional differentiation may be introduced as an inverse operation. Let a €
(0,1) and p > 1. If f € Ig (L*([a, b],R)), then the function ¢ satisfying f =
I¢, ¢ is unique in LP([a, b],R) and it coincides with the left-sided Riemann-

Liouville derivative of f of order «a given by

o I T T S 4 ¢7))
Dy (x)‘m—a@/a -y Y

The corresponding Weyl representation reads as follows:

D2, (x):F<11_a) FT /f 1+a dy). (2.1.1)

where the convergence of the integrals at the singularity y = x holds pointwise

for almost all x if p = 1 and in the L” sense if p > 1. By the construction,

we have

(D f)=f e (L"([a, 0], R)),
and moreover it holds the second composition formula

Dy (Dif) =Dt f, f € I (LY ([a, 0], R)).

2.2 Fractional Brownian motion

We first recall some basic facts about the stochastic calculus of variations
with respect to the fBm with Hurst parameter H € (%, 1). We refer the
reader to [24] for further details.

For fixed T' > 0, the d-dimensional fBm B¥ = {Bf(t),t € [0,T]} with

Hurst parameter H on a complete probability space (€2,.%#,P) can be defined

11



as the centered Gaussian process with covariance function
1
E(B¥(t)B"(s)) = Ry(t,s) = §(t2H + &2 |t — s|?H).

In particular, if H = %, B" is a Brownian motion. Besides, for p > 1, we

have
E|BY(t) — B"(s)]? = E|B"(t — )" = |t — s|""E|B"(1)]” < C(p)|t — s|P"".

Then, it follows from the Kolmogorov continuity theorem that B has /-

Hoélder continuous paths, where 5 € (0, H). For each t € [0,7], we denote

by % the o-algebra generated by {B(s) : s € [0,¢]} and the P-null sets.
We denote by & the set of step functions on [0, T]. Let H be the Hilbert

space defined as the closure of & with respect to the scalar product

d
((Toas > Towa)s Ty -+ > Do) = > Ru(ti, s).
i=1
The mapping (o], Ljory) — (BH(t1), -+, B¥4(t,)) can be extended

to an isometry between H associated with fBm B and the Gaussian space
Hi. That is, H; is a closed subspace whose elements are zero-mean Gaussian
random variables. This allows to define the Wiener integrals with respect to
BY, and denote this isometry by ¢ — B (¢) = [\ 6(t)dB (t).

On the other hand, from [24], we know the covariance kernel Ry (¢, s) can

be written as

tAs
Ry(t,s) = / Ky (t,r)Kg(s,r)dr,
0

where K is a square integrable kernel given by

1 1 11 1 t
Ky(t,s)=T(H+ =) (t—s)" 2F(H--,-—HH+-,1--
H(7S> ( +2) ( S) ( 279 ’ 9’ S)a
in which F(-,-,-,-) is Gauss hypergeometric function (see [24]).

12



Define the linear operator K} : & — L?([0,T], R?) as follows:

(K36)(s) = Ka(T, 8)9(s) + / (6r) — (5N o2 1, s)ar

Reformulating the above equality as follows:

(5560 = [ o) 2,y
It can be shown that for all ¢,y € &,

(K5, Kib) r2 o, re) = (&, V)2,

and therefore K}, is an isometry between H and L%([0, 7], R¢). Consequently,

B has the following integral representation:
t
B(0) = [ Kalt.5)dW (),
0

where {W(t) := B¥((K};) *Ip,)} is a standard Brownian motion.
According to [24], the operator K : L*([0, T],RY) — [H+2 (L*([0,T],R%))

associated with the kernel K H(~, -) is defined as follows:

It can be proved that Ky is an isomorphism. Moreover, for each f €

L2([0, T, RY),
- 1
(Kuf)(s) = ]é+5H_1/21(ﬁ 1/281/2—Hf7 H> 5 (2.2.2)

Consequently, for each h € Igﬁl/ (L2([0,T],R%)), the inverse operator K"

is of the form

_ 1
(K'h)(s) = s"V2DI 125121y > 5 (2.2.3)

In what follows, we give a brief account on the Malliavin calculus for fBm.

Let Q be the canonical probability space C([0, T]; R?), the set of continuous

13



functions, null at time 0, equipped with the supremum norm. Let P be the
unique probability measure on 2 such that the canonical process { BH(t);t €
[0,7]} is a d-dimensional fBm with the Hurst parameter H. Subsequently,
we will make this assumption on the underlying probability space.

Denote S by the set of smooth and cylindrical random variables of the

form

F = f(B(¢y),- - -, B (a)),

where d > 1, f € C°(R?), which is the collection of f and all its partial
derivatives are bounded, ¢; € H,1 < i < d. The Malliavin derivative of F,

denoted by DF, is defined as the H-valued random variable

DF = Z (B(91), -+, B (9))6:

For any p > 1, we define the Sobolev space D! as the completion of S with

respect to the norm
IFNY, = EIF]” + E[[DF|.

For more details and applications on Malliavin calculus with respect to
fBm one may refer to [24, 81].
The following lemma is the Fernique-type lemma (see [62, 90]), and some

notation for future use.

Lemma 2.2.1. Let T > 0,1/2 < 8 < H < 1. Then for any a < = 57
Eexp{aHBH”(Q),T,oo} < o0,
and for any o < 1/(128(2T)2H=5)),

Elexp(al| B"[[§ 7,5)] < (1 = 128a(27)*=7) 712,
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Moreover, we have the following moment estimate for any k > 1:

2k)!
(187 355) < s2°(2ryor-9 CH

Meanwhile, we will denote by ¢ and Domd the divergence operator of D
and its domain, respectively. Let us finish this part by giving a transfer prin-
ciple that connects the derivative and divergence operators of both processes

fBm B and Brownian motion W that are needed later on.
Proposition 2.2.2. [81, Proposition 5.2.1] For any F € Dy? = D2,
K;DF =DVF,

where DV denotes the derivative operator with respect to the underlying

Waiener process W, and ]D)‘l,[’,2 the corresponding Sobolev space.

Proposition 2.2.3. [81, Proposition 5.2.2] Domd = (Kj;)~'(Domdy ), and
for any H-valued random variable u in Domd we have 6(u) = dw(Kju),
where Oy denotes the divergence operator with respect to the underlying

Waiener process W'.

Remark 2.2.1. The above proposition, together with [81, Proposition 1.3.11],
yvields that if Kju € L2([0,T] x ©,R) (the closed subspace of L?([0,T] x
Q,R9) formed by the adapted processes), then u € Domd.

2.3 L-derivative of measure function

We first recall the definition of L-derivative (for more details, see [6, 87]).
Let 225(RY) be the set of all probability measures on R? with finite second

moment, i.e.

@) = {n € PR (|- ) = / lePp(dr) < oo}
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where u(f) := [ fdu for a measurable function f. Then %5(R?) is a Polish

space under the Wasserstein distance

Wy (p,v) := inf <éd y |x — y|27r(dx,dy))§, p,v € Py(RY),

TEE (V)
where € (u, v) is the set of couplings for p and v.
For any pu € %, (R?), the tangent space at p is given by

T,o=L*(RY = R% ) := {¢: R = R? is measurable with u(|¢|?) < oo},

1
which is a Hilbert space under the norm [|¢||7,, == (u(|¢[*))?, (see [87]).
There are many monographs on L-derivative of measure function, see for
instance, [19, 86, 87]. We will now introduce the basic case of L-derivative

of measure function on the Euclidean space.

Definition 2.3.1. Let f : 925(R%) — R be a continuous function, and let Id

be the identity map on R

(1) f is called intrinsically differentiable at a point u € 22,(R?), if

Tuz ¢ = Dy f(n) = lim Juo ([dﬂ;?)‘ ) — f(u)

eR

is a well-defined bounded linear functional. In this case, by the Riesz

representation theorem, the unique element D” f(u) € T}, » satisfying

(D"f (1), d) 12/ (DX f(p)(@), (x))u(de) = DG f(n), & € Tuo,

R4

is called the intrinsic derivative of f at u, and we denote
ID*f()llz,o = IDFF() (O )z2r 1€ Po(RY).

Moreover, if

|flpo(Id+¢)™") = f(u) — Dy f(p)|

lim =0.
l¢llz,, 40 97,

f is called L-differentiable at p with the L-derivative D% f(u).
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(2) We write f € CHPy(RY)) if f is L-differentiable at any point u €
P5(RY), and the L-derivative has a version D” f(u)(x) jointly contin-
uous in (z, 1) € R? x Py(R%). If moreover DY f(u)(x) is bounded, we
denote [ € C}(P2(R?)).

For a vector-valued function f = (f;), or a matrix-valued function f =

(fi;) with L-differentiable components, we write

D% f () = (DL fi()). or DEf(u) = (D fiy(w). € Po(RY).

The following lemma is the formula of L-derivative (for further details of

the proof, refer to [6, 87]).

Lemma 2.3.1. Let (2, #,P) be an atomless probability space, and let X, Y €
L*(Q — R4 P) with Lx = p. If either X and Y are bounded, and f is L-
differentiable at p, or f € CH(Po(R?)), then

ll_rf(l) f(gX—i-ei) _f(:u) :IE<DLf(u)(X)7Y>. (2.3.1)
Consequently,
XX eY) —
i L) W 2 10) (), V)1 < 1050 1Y

(2.3.2)

2.4 Theory of large deviations

This section is devoted to the preliminaries of the LDP, (see [25, 93]).
Throughout this section, X is a topological space so that open and closed

subsets of X’ are well-defined. By denotes the Borel o-field on X'. The LDP

characterises the limiting behaviour, as ¢ — 0, of a family of probability

measures {u.} on (X, B) in terms of a rate function. This characterisation
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is via asymptotic upper and lower exponential bounds on the values that pu.

assigns to measurable subsets of X'.

Definition 2.4.1. A rate function [ is a lower semicontinuous mapping I :
X — [0, 00] (such that for all & € [0, 00), the level set ¥;(a) = {z : I(z) < a}
is a closed subset of X'). A good rate function is a rate function for which all

the level sets ¥;(a) are compact subsets of X.

For any set I', T denotes the closure of I', I'Y the interior of I', and I'® the
complement of I'. The infimum of a function over an empty set is interpreted

as oQ.

Definition 2.4.2. {u.} satisfies the LDP with a rate function I if, for all
I'eB,

— inf I(x) <lim i&lfglog pe(I') < limsupelog (') < —inf I(x). (2.4.1)
E—>

zel® e—0 zel

The right- and left-hand sides of (2.4.1) are referred to as the upper and
lower bounds, respectively.

When By C B, the LDP is equivalent to the following bounds:

(a) (Upper bound) For any closed set F' C X,

limsup € log p(F) < — inf I(x).
e—0 zeF

(b) (Lower bound) For any open set G C X,

. > .
hr€n_>10nfalog pe(G) > ;Ielgf(x)

Having defined what is meant by an LDP, the rest of this section is devoted
to some properties of the LDP.
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Definition 2.4.3. Suppose that all the compact subsets of X belong to B. A
family of probability measures {u.} on X is exponentiablly tight if for every

a < oo, there exists a compact set K, C X such that

limsup elog p-(K}) < —a. (2.4.2)

e—0
The following definition shows the general result of approximate contrac-

tions.

Definition 2.4.4. Let (), d) be a metric space. The probability measures
{p:} and {fi.} on Y are called exponentially equivalent if there exists proba-
bility spaces {(€2, B, P.)} and two families of }-valued random variables {Z.}
and {Z.} with joint laws {P.} and marginals {y.} and {ji.}, respectively,
such that the following condition is satisfied:

For each § > 0, the set {w : (Z., Z.) € ['s} is B. measurable, and

limsup elog P.(T's) = —o0,

e—0

where

Us={(g,y) :d(g,y) >} C Y x ).

As far as the LDP is concerned, exponentially equivalent measures are

indistinguishable, as the following theorem shows.

Theorem 2.4.1. If an LDP with a good rate function I(-) holds for the
probability measures {y.}, which are exponentially equivalent to {fi.}, the

the same LDP holds for {fi.}.
The following uniform LDP criteria was presented in [53].

Lemma 2.4.2. For anye > 0, let I be a measurable mapping from C([0, T]; RY)
into C([0,T];RY). Suppose that {T'}.~q satisfies the following assumptions:
there exists a measurable map T° : C([0, T]; RY) — C([0,T]; RY) such that
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(a) For every N < +o0 and any family {he; e > 0} C oy satisfying that h,
converges in distribution as Sy-valued random variables to h as e — 0,

then

F€W+—/ :>F°</O.h(s)ds> as e — 0,

(b) For every N < +oo, the set {T°(f; h(s)ds);h € Sy} is a compact
subset of C([0, T]; RY).

Then the family {T¢}cso satisfies an LDP in C ([0, T]; RY) with the rate func-
tion I given by

. 1" .
I(g) :== inf s)ds){—/o | (s)| ds}, g€ C([0,T];RY,  (2.4.3)

heH;g=T0( [ in( 2

with inf ) = co by convention.

We now state the classical exponential inequality for stochastic integral,
which is crucial in proving the exponential approximation, (for more details,

refer to [89, lemma 4.7] therein).

Lemma 2.4.3. Let o : [0,00) x Q — R? x R? and S : [0,00) x Q — R? be
(:Z¢)>0-progressively measurable processes. Assume that ||a(-)||gs < A and
18| < B. Set £(t) _fo +f0 s)ds fort > 0. Let T > 0 and
R > 0 satisfy d2 BT < R. Then

—(R - déBT)2> (2.4.4)

P( suwp g0 = R) < 2dexp (—

o<t<T
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Chapter 3

Weak approximation for
stochastic differential equations

driven by Brownian motion

This chapter is devoted to investigate the weak approximation rate of EM
scheme for SDEs driven by Brownian motion. The drift in this work contains
cases of non-Lipschitz continuous and discontinuous functions. Noting that,
the method of Girsanov’s transformation for the weak convergence rate of
numerical scheme does not work for SDEs with multiplicative noise. We also
give the reason.

It is worth noting that [5] obtained strong convergence rates for multidi-
mensional SDEs under an integrability condition with the aid of the Krylov
estimate and of the heat kernel estimate of the Gaussian type process estab-
lished by the parametrix method in [48]. Inspired by this work, we aim to
investigate the weak convergence of SDEs with low-regular drift. Note that
the weak convergence is concerned with the convergence of the distribution

of the solutions of SDEs.

21



In Section 3.1, we give the low-regular assumption about the drift of the
model and obtain the weak approximation rate of EM scheme for this model.
Section 3.2 is devoted to the proof of the main result. In Section 3.3, we
give some illustrative examples explaining the drift could be some types of

low-regular function.

3.1 Weak approximation rate of EM scheme

Let (R% (-,-),|-|) be the d-dimensional Euclidean space. || - || denotes the

operator norm. Consider the following SDE on R%:
dX, = b(X;)dt + odW,, X, =2 € R?, (3.1.1)

where (WW});>0 is a d-dimensional Brownian motion with respect to a complete
filtration probability space (2, (%)i>0,-%#,P). The associated EM scheme

reads as follows: for any ¢ € (0, 1),
dx = (Xt + odW;, X§ =, (3.1.2)

where t5 = [t/d]6 and [t/d] denotes the integer part of /0.
To obtain the main result, throughout this chapter, we assume that the

coefficients of (3.1.1) satisfy the following assumptions:

(H1) b: R? — R? is measurable and o is an invertible d x d-matrix. There

exist # € (0,1) and nonnegative constants L; and Lo such that

b(z)| < Ly + Lo|z|°.

(H2) There exist pp > 2, « > 0 and ¢ € C((0,400); (0, +00)) with [, ¢*(s)ds <

oo such that

_le—z? ly—a?
T dady < ($(s)r), s > 0,r € [0, 1]
sa2r2

sup [ ) = bl

2z€R4
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The index a in (H2) is used to characterise the order of the continuity, and the
function ¢ is used to characterise the type of the continuity. From examples
of Section 3.3, it is clear that functions sharing the same order of continuity
can have different types of continuity.

By [103, Theorem 1.1], (3.1.1) has a unique strong solution under (H1).
It is clear that (3.1.2) also has a unique strong solution. We denote || f||oc =

Sup,era | f(x)]. We now formulate the main result.

Theorem 3.1.1. Assume (H1)-(H2). Then for any T > 0 and any bounded

measurable function f on R?, there exists a constant Crpy 5. > 0 such that
Ef(X0) — EF QG < Crppoall [0, t € (0,7 (3.1.3)

where py is defined in (H2). If the growth condition in (H1) is replaced by
b(x)| < L1+ La|x|, then the conclusion (3.1.3) also holds for time T satisfying

V2(po + 1)(po + 3)
~1

TLslloH[|lo|l <1 (3.1.4)

Remark 3.1.1. When the drift b is non-regular and b is assumed to be
bounded, there are many results, (e.g. see [5, 45, 46, 77| and references
therein). In particular, we would like to highlight that authors in [77] have
obtained the rate of strong convergence for one-dimensional SDEs if b is in
L'(R) and bounded, and satisfies the Sobolev-Slobodeckij-type regularity.
This result is better than the present one in Theorem 3.1.1. However, results
in [77] relied on an Zvonkin-type transformation which can be given explicitly
in one dimension, and some favourable properties are lost in high dimensions.
The weak convergence rate can not be derived from the strong rate directly
for a bounded and measurable function f. Here, only the Girsanov transfor-
mation is used, while we allow that the SDE is multi-dimensional and that

the drift satisfies sub-linear growth condition. Our assumption (H2) also
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includes the Sobolev-Slobodeckij-type regularity (see Example 3.3.3). To ob-
tain higher convergence rate as in [77], it seems that we need to make a deep
investigation on the Zvonkin-type transformation.

In the assumption (H2), if « is a decreasing function of py, then we can
choose py = 2 and obtain the highest rate of convergence in (3.1.3) (see
Example 3.3.2). Moreover, we obtain the same convergence rate as long as

T satisfies (3.1.4) when b has linear growth.

Remark 3.1.2. In [5], the strong convergence and the convergence rate are
investigated with the drift satisfying an integrability condition and bound-
edness. Here we obtain the weak convergence rate of EM scheme, where the
drift does not need to be bounded, and the test function f in (3.1.3) is only
bounded and measurable, and the convergence rate is better than the rate

obtained in [5, Theorem 1.3].

Remark 3.1.3. In [78], authors considered the weak convergence rate of
the EM scheme for (3.1.1) with the drift b being of sub-linear growth and
b = b + b4, where b is a-Holder for some o € (0,1) and b* belongs to a
class A, which does not contain any nontrivial Holder continuous functions.
The order of the convergence rate obtained in [78] is § A }l, even if b = 0.
However, the order of the convergence rate in Theorem 3.1.1 comes from the

1

continuity order a in (H2), and it can be greater than 3

The class A in [78, 79] is given by A-approximation. In contrast to the
A-approximation, our condition (H2) is more explicit. For instance, the class
A in [79] is a class of all bounded functions ¢ : [0,7] x R — R such that
there exists a sequence of functions (¢, )pey C C*(RY) satisfying the following

conditions:

A(i) For any L > 0,sup;cp 1y f|$|<L |Ca(t, ) — ((t,x)|dz — 0 as n — oo.
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A(ii) There exists a positive constant K such that for any

sup sup |(,(z)| < K.
t€[0,T] neN

A(iii) There exists a positive constant K such that for any a € R? and u > 0,
eIzl /u

sup sup HVCn(x+a)H —aadr < K(1+ Vu).

t€[0,7] neN

Moreover, for any time independent function ¢ in the class A of [79], ¢
satisfies (H2) with pg = 2,0 = and o(s) =s"1 \/T Indeed, according
to definition of A, the boundedness of Q , and there exists a sequence {(, }n>1
such that ¢, € C*(RY) is uniformly bounded and converges to ¢ locally in
LY(R?), and there exists K > 0 such that

||

e s
sup / IVGu(z + a)llgzde < K(1+ V), (3.1.5)
n>1, acRd JRd s
noting the fact that
v N2 ,
sup(z? e’ < > , ,y > 0, 3.1.6
x>g( )= 2ey i ( )

we then obtain from (3.1.5) and (3.1.6) that

_le—z? ey
(& s T
R R
R xRY (sr)z
e_M_M
€l Jim [ 160 0) = Gl —
ez z|2 le—y|? y\z

dxdydd

‘2
dh) do

(sr)?

= ¢l tim / / IVl + 6y — )|
2|2

. ! e s |h|efr
<l im [ [, Rd||v<n<x+eh+z>|| e )

e~
d

rz

< ||<||oo/ Ks (14 va) e
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< CYI¢|loos™2 (1 + /)3,

where the constant C' is independent of z. The class A used in [78] allows
functions in A to be just exponentially bounded (i.e. [((z)] < K eX?, for
all z € RY). However, they assume that the drift is only sub-linear growth.
There is no example showing that the class A used in [78] can contain func-

tions which are more irregular than functions in A of [79].

3.2 Proof of the main theorem

The key point for proving the Theorem 3.1.1 is to construct a reference SDE,
which can provide new representations of (3.1.1) and its EM approximation
SDE (3.1.2) under other probability measures which will be defined in view
of the Girsanov theorem.

We denote by Y; = z + oW, the reference SDE of (3.1.1). One can see
that Y; is a time homogenous Markov process with heat kernel with respect

to the Lebesgue measure as follows:

exp { _ <(ao*>-1<y—z>,<y—x>>}

2t

Vv (@tm)ddet(oor) r,y € R (3.2.1)

pt(wa y) =

To complete the proof of Theorem 3.1.1, we give the following auxiliary
lemmas.

The first lemma is on the exponential estimate of |b(Y;)|. More precisely,
we give a more general result about the exponential estimate of |b(Y;)| by

using a weaker condition (H1’) below in lieu of assumption (H1).

(H1’) there exist 8 € (0, 1), nonnegative constants Ly, Ly and function £ > 0
with F' € LP'(R?) for some p; > d such that

b(z)| < Ly + Lo|z|’ + F(x). (3.2.2)
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Lemma 3.2.1. Assume (H1’). Then, for any X\ > 0, it holds that

T
Eexp {A/ \a’lb(YS)|2ds} < o0 (3.2.3)
0
Proof. Noting that for any € > 0, it holds that
L B
Li+ Loz’ <Ly + (1 - B)Ly " (g) =8 telx] = L(e) +elz|, (3.2.4)

and the elementary inequality

1 1
(a+b+c)?<(2+ e_)GQ +(1+e +e)b®+(2+ 5_)62’
1 2
where a, b, c,e1,e5 > 0.
Combing this with (3.2.4) and the Holder inequality, we derive from

(3.2.2) that
T
Eexp{/\/ |0_1b(YS)|2d8}
0

<moxp ([ o™ (0 + eyl + FO2)as)

<moxp {2\ [ 1o 12 (06) + lol) + el - o] + FO5)2a5 )
{

T
<Bep{A [ o722+ &) (L) + <lal?
0
(L er+2)2lY, — ol 4+ (2425 FA(Y;) )ds |
< exp{AT |07 |*(L(e) +elz])” (2+ 1)}
T e e
X <Eexp {)\(1 +e1+ 62)282“0'_1”2/ |Ys — m|2ds})
0

£1+eg

2) -1 1 T T¥ei+eg
« <E6Xp{)\( + &9 )( teé1 +82)||0_—1||2/ FQ(Y;)dS}>
0

€1+ &2
1 e1+eg

= exp{AT'|lo ' |*(L(e) + ¢]z])* (2 + 5;1)}1;;1“2 Ly, (3.2.5)

Noting that F' € LP*(R?), for any 0 < S < T and ¢ satisfying p% + % <1, we
obtain that (e.g. see [47])

E UST F?(Y,)ds

ffs] < (T — S)a||F||pm, (3.2.6)
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which yields the following Khasminskii’s estimate (e.g. see [100, Lemma

3.5]): for any C' > 0,
T
Eexp{c/ FQ(YS)ds} < o0. (3.2.7)
0
This implies that for any 5 > 0,
IQ,T < Q. (328)

For I, . Noting the arbitrariness of ¢, €; and €2, we can choose them

sufficiently small such that for any 7" > 0,
1—2T%(1 + 1 4+ &)2 A |lo Y 2|o|)? = A > 0.

This, together with the Jensen inequality and the heat kernel (3.2.1),
yields that

T
I =Eexp {)\(1 +e1+ 82)252H0_1H2/ lYs — $’2d3}

< _/ Eexp {TA(L + & + )% o |Ys — 2} ds

dyds

exp {TA(L + 21 + &) 0~! [2lyl? — 172 )
/ /Rd T/ (2sm)d det(o0*)
1 2sTA(1+e1+e2)’e?|lo ! % [lo ”2)]0 1y|2}

T exp o
< / / dyds
Rd T/ (2s7)d det(o0*)

eXp Ia‘lyF}
dyds
/ /Rd T\/(?Sﬂ' ddet(oo*) Y

=\

M\{l

(3.2.9)

(3.2.3) follows by plugging (3.2.9) and (3.2.8) into (3.2.5). O

The following lemma deals with the exponential estimate of |b(Yz, )|, where

{Y%; }eepo,m denotes solution to the discrete-time EM scheme.
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Lemma 3.2.2. Assume (H1). Then, for any T >0 and X\ > 0, it holds that

T
sup Eexp {)\/ |a’1b(Y;§)|2ds} < 00. (3.2.10)
0

0<6<INT
Proof. Splitting the time interval and applying (3.2.4), the elementary in-

equality, it yields that
T
E exp A/ |a‘1b(Y85)|2ds}

= Eexp / lo~1b(Ys,)| ds} + Eexp / lo™? 5)\2ds}

<exp {A|lo7!|P(L(e) +ex)*}
+ Eexp {)\/5 o™ 1?1 L(e) + ex + (Y, — a:)|2ds}
< exp{Ad]|o ™ [*(L(e) + ex)?} + exp{A(T — &) [l [|*(L(e) +el))* (1 + 7))}

T
x Eexp {)\(1 + 51)52||0_1||2/ Ys, — x|2ds} .
5
(3.2.11)

Noting the arbitrariness of €, ¢, we can choose them sufficiently small such

that for any 7" > 0,
1 —2T%X\(1 + ) |e P ||e|)* = A > 0.
This, together with the Jensen inequality and (3.2.1), we obtain

T
Boxp { A1+ 2020 |7 [ I, - afds)
1

T
Eexp{(T — 0)A(1 + 51)52HJ_1H2|Y;6 — :E]z}ds

=T-5),
exp{ (T — A1 + &)oY y|* — <(00;)8;1y,y>}
/ /Rd (T — 6)+/(2mss)? det (00*)
< [ [ @=L+ ele e le - )
B R? (T — 6)/(27ss)? det (o0*)

dyds

dyds
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(A-2(T—6)*M(1+e1)e H(f’l||2||0||2)|a—1y‘2}

exp{— S
/ /]Rd (T — 6)+/(2mss)? det (00*) dyds

(1=2T2\(1+e1)e?[lo~1|2]|o]?)

eXp{ oy o~ y|*}
/ /R RPN/ pra T e R A
— i3 (3.2.12)

&

Combining this with (3.2.11), it implies that (3.2.10) holds. O

Remark 3.2.1. According to the proofs of Lemma 3.2.1 and Lemma 3.2.2
(see (3.2.9), (3.2.12), and the definitions of A and ), we have that e = O(T?)
as T — 4o0. From (3.2.4), the constant T'L?*(¢) in (3.2.5) and (3.2.11) is of
the order (1 — 6)2(L21%3T)%. Hence, the larger LQ%BT, the closer (3 is to 1,
the greater the upper bound of (3.2.3) and (3.2.10).

Lemma 3.2.1 and Lemma 3.2.2 serve to use the Novikov condition in the
proof of Theorem 3.1.1. For the case of § < 1, we have that A in both lemmas
is arbitrary. For the case of § = 1, with ¢ = Ly and L(e) = L; in (3.2.4), one
can see from A and A that for any A > 0 and 7" > 0 satisfying the following

condition
2T AL3|lo 2ol < 1. (3.2.13)

Since we can choose €1 and €2 to be sufficiently small, it yields that (3.2.9)

and (3.2.12) hold.

Remark 3.2.2. The Krylov estimate (3.2.6) fails for Yj, (see [5, Remark 2.5
] or [89]). Hence, we use (H1) in Lemma 3.2.2 instead of (H1’).

Lemma 3.2.3. Assume (H2). Then there exists a constant Cy such that for

all0 < s <t <T we have
E[b(Y;) = b(Yo)[™ < Co(a(2s]|a]*)(2(t — s)llo[|*)*)P, (3.2.14)
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where o is the constant matriz of the reference SDE, py, ¢ and o are defined

as in assumption (H2).

Proof. By the definition of reference SDE, it is easy to see that
E|b(Y;) — b(Ys) [P = Elb(x + oW;) — b(x + cWy)|PO.

Noting that W, — W, and W, are mutually independent, we obtain from
(3.2.1) and (H2) that

E|b(x + cW;) — bz + o W) [°

= / |b(z +y) — b(x + 2)|P°pr—s(x + 2,2 + y)ps(x, x + z)dydz
R JRd

<<oa*>—21(<ty—z)>,<y—z>>  {(0o™)"Lz2)

e = e~ 2

= b(x +y) — blx + z)[P° dydz
/]Rd Rd o=+ )~ ) V(2r(t — s))idet(oo*) \/(2ms)d det(o0*) Y

2 2|2
[RE

ly—z|

e 2lol2(t-s) @ 2o

EE [
N | | b b po dyd
S TTdet(007) S Jou T O D SRR s o Ry 1Y

B N
= T det(oo") L e o B~ 9o P20 P

ol i o

g

_ b —b po dud
S T det(oo”) / o P O S e R s

e 2lolZt—s) ¢ 2lol?s
|2d 2 2
(¢(2s]lo ") (2(t = s)[lalI)*)™,

7 \u—v|2 7|v—z\2
e 2olZ(t-s) ¢ 2lol%s

dudv

o]
— mddet(oo*)

o

mddet(oo*) "

which implies that (3.2.14) holds by taking C, =
Now, we are in position to finish the Proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. Let
- t B t
Wt = Wt — / U_lb(}/;)ds, Wt = Wt — / O'_lb(}/;é)ds,
0 0

T 1 T
Rl,T:exp{/ (o 'b(Y,), W) —5/ o b(Y;)Pds },
0 0
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T 1 (T ,
Rar =exp{ [ (oo amy - 5 [ fo oo as)
0 0

The proof is divided into two steps:

Step (i), we shall prove that the assertion holds under (H1) and (H2).

We first show that {Wt}te[o,T} is a Brownian motion under Q; := Ry 7P,
and {VNVt}te[QT] is a Brownian motion under Q := Ry 7P. In view of Lemma
3.2.1, the Girsanov theorem implies that {Ri:}icjor) is @ martingale and
{Wt}te[O,T] is a Brownian motion under Q. Similarly, it follows from Lemma

3.2.2 and Novikov’s condition that {Wt}te{oﬂ is a Brownian motion under

Q..

Then, we can reformulate the reference SDE Y, = x + oW, as follows:
t
Yi=z+ / b(Ys)ds + oWy,
0

which means that (Y;, W;) under @, is a weak solution of (3.1.1). Hence, Y;
under Q; has the same law of X; under P due to the pathwise uniqueness of

the solutions to (3.1.1). Similarly, reformulating Y; = = + oW, as follows:
t
Y, =2+ / b(Ys,)ds + oW, (3.2.15)
0

(Y;, W,) under Q, is also a weak solution of (3.1.2), which has a pathwise
unique solution. Hence Y; under Q, has the same law of Xt((s) under P.
From these equivalent relations, we obtain that for any bounded measur-

able function f on R,
Ef(X:) —Ef(X)] = [Eq, f(V;) — Eq, f(V3)]
= E|(Rir — Ror) f(Y)] S (| fllocE|Rir — Rorl.

Using the inequality |e® —e¥| < (e*VeY)|x — y|, Holder’s inequality and

Minkowski’s inequality, we obtain from the definitions of R, v and Ry ¢ that
E|Rir — Ror|
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< E{(RLT Vv R2,T)) /0T<U_1(5(Ys) —b(Y5,)), dWy)

+ % / (I b(¥e) 2 = o™ b(Y:) ) ds| }

)

< E[(RLT Vv RQ’T)‘ /0T<a_1(b(Ys) —b(Ys,)), dWs)
) [ (ot - |o-1b<n>|2)ds

)

E‘/ o1 B(Y) — b(Y,,)), AW,)

1
+ §E [(RI,T V Ryr)

(E(R1 vV Ryr) pool K

po>p10
1 p+1 p02+1 p2+1
+ 2 (B v R R) P (g] / (Job(¥:,)P — o b)) ds| * )™
E\/ o () bV, >>,dWs>p°)%
SR (Eﬂo—lb (V) ~ o B[ ) s
0

1 pot1 ig%
GI,T + 5 (E(Rl,T V RQ’T) pO*l) GQ’T.

<E(R1T\/R2T )Po- 1 E

1
+ = 5 <]E(R1T V RQT)

j2 ko1
=. (E(Rl,T V RQ,T)W%) "o
(3.2.16)

Let

t t
My, = / (o~ 1b(Y,), dW,) and My, — / (o1 b(Y,,), AWV,
0 0

For any ¢ > 1, using Holder’s inequality and the fact that M;, := e2tMit=20* (M) —

1,2, is an exponential martingale, we arrive at

j20) T
BTy —Bew {2 [o).am)
po—1Jo

2 | T|a-1b<ys>12ds}



Similarly, we have
po+1

1/2
- ~ O\ 12 (po+3)(po + 1) /T _
ERrY < (EM E (v, 2d
o = ( Q’T) ( exp{ (po — 1)? 0 o b(Y)lds

)

In view of Lemma 3.2.1, we then have that

1/2

po+1 PQ
E (Rf};l + R{’?T‘l) < o0. (3.2.17)
Similarly, we can prove by Lemma 3.2.2 that
po+1 _Po_
E (R;’?T‘l + R;OT‘I) < 0. (3.2.18)

Noting that [, ¢*(s)ds < co. Using Riemann sums we obtain that

(T/4]

T
: 2 2 _ 2 2
Ji > 2K = | el

el

This, together with the Burkholder-Davis-Gundy (abbreviated as BDG) in-
equality and Lemma 4.2.15, yields that for py > 2,

G = (E| /OT<0'1(b(YS> oy am[") "

: (Popi 1) (W) Il (/OT (Eb(Y.) — b(Ysé)|p°)p2ods)é

acly (e tely -1 e NN\ p2lelPT
§5a2 o || 7o IIOI ||( Do > (po(po 1)) / 2(5)ds
(wddet(oo*))re  \Po—1 2 0

= Crpooansd® (3.2.20)

Noting that for any p > 1

BV, <2 (| + (VE|olPEIWAP?) (3:221)
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we derive from (3.2.4) and (3.2.19) that
po—1
po(po+1)) po(po+1)

(Ewm) b(Y,)

po—1
po(pg+1)

po(po+1)
< (E (QL(E) + =([Y;] + Yo, ) S5 ) e

po—1
po(po+1) \ Po(po+1)
<6 {L(s) + 2 <|x] +VT|o|| (]E|W1|0p0°1 ) 0(r0 ) }

= CT,pO,a,L(s),e,;t-

Combining this with Lemma 4.2.15, (3.2.19) and Hoélder’s inequality, we ob-

tain
17 PR o
Gor = 5/ (I[*:‘|0_1[)(Y56)|2 — |U_1b(YS)|2) ) ds
0
—11(12 T _2
< L7 T (i) — ) 00) + 00025 P
0
po—1
lo= > /" s roleo 1) \ Po(poTD
< g [ (I = b)) (EJ(Y.) +b(Y,)| ot s
0
lo™ ’ -
< 9 CT»p070'7L17L27x (E‘b(Y;) - b<Y )’ )po ds
0
< Crpo.oL(e) a0 (3.2.22)
where
2d 2
202|070 PCrpoonimen [HI71T
Crpoo L) = T 2.2, (€) / o(s)ds.
(rddet(oo*))ro 0

The desired assertion (3.1.3) is proved by substituting (3.2.17), (3.2.18),
(3.2.20) and (3.2.22) into (3.2.16). Thus, we verified that the conclusion
holds under (H1) and (H2).

Step (ii), we prove that if b satisfies the linear growth condition, then the
conclusion (3.1.3) holds for time T satisfying (3.1.4). By Remark 3.2.1, we

can arrive at the conclusions of Lemma 3.2.1 and Lemma 3.2.2 for any \,T
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satisfying (3.2.13). Then, by checking step (i), for any A satisfying (3.2.13),

we have that

{Eexp {)\/OT ]a’lb(Y;)]st}} Y {OSE%TEeXp {)\/OT ]a’lb(Y;,&)]st}} < 00.

(3.2.23)
Combining this with (3.1.4), we have that
3 1) [
E exp { (o +3)(po 1) / \a‘lb(Ys)PdS} < %. (3.2.24)
(po—1) 0
It is clear that @ O(JZ: i’)f’l’a’j DS ;)((;(0p31+)12) > 1. Taking the same arguments as in

step (i), we can then arrive at the second conclusion. The proof is therefore

complete. n

Remark 3.2.3. According to the proof of this theorem, the reason why
the test function f in (3.1.3) can only be bounded measurable is that the
distributions of Xt(a) and X; come from the same process Y; = x + oW, by

using Girsanov’s transformation. This fails for the multiplicative noise case.

3.3 Illustrative examples

According to the proof of Theorem 3.1.1, the condition (H2) comes from the
use of the heat kernel of oW, (see (3.2.1) and the proof of Lemma 4.2.15).
In this section, we give several examples to illustrate the condition (H2) and

the convergence rate a.
Example 3.3.1. If b is Holder continuous with exponent 3, i.e.
[b(y) — b(x)| < Llz —y|”,

then (H2) holds with a = § and a constant function ¢(s). It is clear that b

has sublinear growth if § < 1. Then for any T > 0, (3.1.3) holds with o = g
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Proof. By the Hoélder continuity and (3.1.6), the assertion follows from the

following inequality
e_ﬂ_ﬂ
sup [ bly) = bl dady
2€R? JRIXRE s272
e_|xfz\2_\yfx|2
< L sup / ly — | —————dady
2€Rd JRAXRE s2r2
Bpg

1 Bpor\ _M _ 1\2
L?”0 d( 0 ) sup/ e = 2 dxdy
S € zeR4 JRIXR?

Bpo

< CLP <5W) ’

O

The following example shows that (H2) can hold even if the drift term b

is not piecewise continuous.

Example 3.3.2. Let A be the Smith-Volterra-Cantor set on [0, 1], which

is constructed in the following way. As the first step, we let I, = (g, g),

Ji1= [O } Jio = [ , 1] and we remove the open interval I 1. As the second

)

step, we remove the middle 4% open intervals, denoting by I>1 and Iys, from
Ji1 and Jy o respectively, t.e. Iy; = (32, 32) Iy = (§ 2) The intervals

327 32
left are denoted by Jo1, J22, Ja3, Jou, i.c.

5} 7 3 5 25 27
— - == _—, — == _— — = ]_
J2,1 |:O7 32:| >J2,2 |:32a 8:| 7J2,3 |:8a 32:| 7J2,4 |:32 :|

For the n-th step, we remove the middle 5 open intervals Iy 1, -+, I gn—1

from Jyo_11,--- , Ju_12n—1 respectively, and the intervals left are denoted by

Jn71, SN Jn’gn. Let
00 2"
A= (U Jn,k> :
n=1 \k=1

Then A is a nowhere dense set and the Lebesque measure of A is 1/2. Define

002711

b(z) = Lou(x ZZZ (n+])]l (@)

n=1 j=1
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oo 271

@)+ ) > (1—27) 1 ().

n=1 j=1

All of the endpoints of the intervals I,,; are the discontinuous points of b,
which is dense in A. For any interval I C [0,1] such that INA # 0, it always
contains the discontinuous points of b. However, any interval I C [0,1] such
that I N A = 0, it is a subset of some I,;. Hence, b is not a piecewise

continuous function. In the following, we shall show that b satisfies condition

(H2) with py =2, o = § and ¢(s) = Csi.

Proof. For u > 0 and any interval (a1, as2) (it is similar for [ay, as]), it yields

that

+o00
2
/ ‘]l(alv@)(x + u) - ]l(ahaz)(x)‘ dz

o0

a2—u az
:/ L (ay,a0)c (2 )dx—i—/ 1 (0 —u,an—w)e (z)dz

1—u al

(a2—u)Aa1 as
= / dx + / dz
a1 —u (ag—u)Val

< 2(Jul A (a2 = ar)).

For u < 0, we obtain that

“+o0o
2
/ {ﬂ(ah@)(l’ + u) - ]l(CLLaQ)(x)’ dx

—00

400
2
- / [Laraz) (v) = L) (v = 0| dv < 2 (Jul A (a2 = a1)) -

o0

Hence, by Jensen’s inequality, it yields that

+o0
/_ |b(x +u) — b(x)|*dz

o)

+oo
S/ (\1[0,11($+U)—]1[0,11(f’3)\

—00

+oo 271

FY Y 20 (o) 1, )] )

n=1 j=1
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+oo0 271 +oo
< <1+222—(n+j)> {/ ‘]1[071](1’4—71) —]1[071](:B)’2d1’

n=1 j=1
+00 2n—1 +oo )
+ Z Z 2*(n+]) / ‘]1[717]. (ZL' + U) — ]l]n’j (LC)’ dl’}
n=1 j=1 —oo
co 2n—1 2
<2 (13252 ) o=
n=1 j=1
Combining this with (3.1.6), we obtain that
G_M G_M
sup [ bl — b P dady
2€R JRxR $2r2

1 ul?
< / e [ b + ) — b(a) Pdadu
R

R

]

A general class of functions that satisfies (H2) is the (fractional) Sobolev

space WPP(RY), see the following example:

Example 3.3.3. If there exist f > 0 and p € [2,00) N (d, +00) such that the

Gagliardo seminorm of b is finite, i.e.

[b(x) — b(y)[”
b 1= ——————dad
[blyys.0 </]Rd><]Rd [ — | ep zdy | < oo,

d

then (H2) holds for any po = p with o = 5 and ¢(s) = Cys~ 2 [b]y,5,,. Hence,
if b satisfies (H1) and [b]ys, < 00 with p € [2,00) N (d,4+00), then (3.1.3)
holds.

3=

Proof. Indeed, by Holder’s inequality and (3.1.6), it follows that

1
()

Clz—z? ly—ax?

[ b = b e
2 JRIxRA
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1 b _b p 39_22 y_mQ
[ MR g,
R xR4

N (rs)s |z — y|d+op

<C 5_%7’% —|b(a:) — b)l” e_%_% dxd
= Rixgd | — y|TTAP Y
< C’ls_gr% [b]’vjvﬁ,p )

O

From these examples, one can see that the drift could be very irregular.
This means that we have extended the results in [3] where the coefficients
must be smooth. However, our method is not optimal in the Lipschitz case
since the classical weak convergence rate is @ = 1 for SDEs with smooth

coefficients in [3].

40



Chapter 4

Weak approximation for
stochastic functional
differential equations driven by

fractional Brownian motion

In this chapter, we investigate the weak existence and uniqueness of SFDEs
with singular coefficients, and obtain the associated weak approximation of
its truncated EM scheme.

In Section 4.1, we first give the associated assumptions about the coeffi-
cients of the model, we then obtain the first main result about the existence
and uniqueness of solutions to the model. Section 4.2 is devoted to the proof
of the first main result (i.e. Theorem 4.1.1). In Section 4.3, we first introduce
other assumptions about the coefficients in our framework (that is, weak ap-
proximation rate of EM scheme for the model (4.1.1)) and establish the main
result (i.e. Theorem 4.3.1). Finally, Section 4.4 is devoted to the proof of
Theorem 4.3.1.
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4.1 Well-posedness of stochastic functional dif-
ferential equations

Let (R%,(-,-),|-|) be the d-dimensional Euclidean space. Let R?®@R™ be the
set of all dxm-matrices. Let 7 > 0 be a fixed number and ¢ = C([—7,0]; R?),
which is endowed with the uniform norm ||f|lo = sup_,<p<q[f(#)|. For
f € C([-7,00); R?) and fixed t > 0, define the segment f; € € by f;(0) =
ft+0),0 € [-7,0]. %B,(R?) be the collection of all bounded measurable
functions on R For any a € (0,1), let C%(a,b) be the space of a-Holder

continuous functions f on the interval [a, b] and set

1fllapa = sup LG

a<s<t<b |t — 8|®

In this chapter, for H € (%, 1), we consider the following equation:
dX(t) = {b(X(t)) + o Z(X,)}dt + odB* (1), t >0, (4.1.1)

with the initial datum X, = ¢ € €, where 0 € RC@R™, b: R? - R% d > m
and Z : € — R™ are measurable, X, is the segment process of X(t¢), and
Bf(t) is an m-dimensional fBm on a complete filtration probability space

(Q, Z#,(Z:)i>0,P). Consider a reference SDE as follows:
dY (t) = b(Y (t))dt + cdBH (), t >0, Y(0) € R (4.1.2)

Let £ € €, and let Y¢(©(.) be a solution of (4.1.2) with Y4 (0) = £(0). We
extend Y€ (.) from [0, 00) to [~7,00) in the following way:

YE(t) = €O 1_ry(t) + YEO () oo)(t), tE[-T,00), E€F.  (4.1.3)

The weak existence and uniqueness of solutions to (4.1.1) will then be studied
by using Girsanov’s transform and the extended solutions to the reference

equation (4.1.2).
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Before move on, we first introduce the following assumptions on b and Z

for the weak existence and uniqueness result.

(A1) There exists a constant K; € R such that

<b(SL’) - b(y),x - y> < K1|.T - y|27 T,y € Rd-

(A2) There exist C; > 0 and gy > 0 such that |b(z)] < C1(1+]z|%), € R

(A3) There exist « € (H —1/2,1], p > 0, Cy > 0, C3 > 0 and ¢; > 0 such
that

12 (m) = Z(n2)| < Collm = n2ll5e (U4 [Iml% + [Inell%) . (4.1.4)

(0 Z(m +n2),m(0)) < C3 (L+|ml|Z + |m%), m.me €F. (4.1.5)

Then, we give the first main result of existence and uniqueness of weak

solutions to (4.1.1).

Theorem 4.1.1. Assume (A1)-(A3). For any £ € €, there exist 0 €

(221;1, 1] and Cy > 0 such that

£(r) = €(s)] < Chlr—s]’, —7 <r<s<0, (4.1.6)
then the equation (4.1.1) has a unique weak solution with Xy = &.

Remark 4.1.1. The condition (4.1.6) is for us to use Girsanov’s transfor-
mation to remove the drift term Z(-) of equation (4.1.1). For given 7" > 0,
vy € C([—7,T],R?) with 79 = &, to ensure that { [ Z(y,)dr}sepr be-
longs to the Cameron-Martin space of the fBm, it is necessary that the in-
tegral [, Z(vs)ds € I£r+%(L2([O,T],Rd)). This means that we need Z(v.) €
[[i_%(LQ([O,T],Rd)). Note that for t € [0,7" A 7], we have

_ Ve = Yelloo [y (u+v) —y(r +v)|
[7llote = sup —F—p— = sup 5
o<r<ust U — 7| 0<r<u<twe[—r,0] (u—r)

> ||§||—7’70,9‘
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Hence, despite imposing the regularity condition (4.1.4) on Z, we also need
an additional assumption on the initial value £. If Z is a-Holder continuous
and ¢ is #-Holder continuous, then our conditions on £ yield that fa > H — %,
which ensures that { [ Z(v,)dr}sep,r) is in the Cameron-Martin space (see

(4.2.13) for more details).

4.2 Proof of the main theorem

Before giving the proof of Theorem 4.1.1, we first introduce the following

lemma on the existence and uniqueness of solutions to reference SDE (4.1.2).

Lemma 4.2.1. Assume (A1). Then (4.1.2) has a unique strong solution and

Y ()] < o F |V (0)] + VEs (/0 eKilt=r) \b<aBH(r))|2dr)2 +oeBH(t)], t > 0.

(4.2.1)
Furthermore, if (A2) holds, then
EHYHSW <00, ¢>0,t>00<p<H.
Proof. (1) Let U(t) = Y (t) — o B (t). Then U(t) satisfies
dU(t) = b(U(t) + o BE(t))dt, U(0) = Y(0). (4.2.2)

Set b(u,t) = b(u + o B (t)). Then one can see from (A1) that
(b(uy, t) — blug, t),us — us) < Kilup — ugl?,

which implies that (4.2.2) has a unique solution. Moreover, it follows from

the chain rule and the Holder inequality that
AU = 2(U(), 1), U(t))dt
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<2K,|U#) 2+ 2(b(a B (1)), U(t))dt
< Ky |U ()2t + K, [b(o BT (1)) dt,
which implies that
— t 2 >
U@ < {zg/ [bo B (1) dr + [U(s) [ } 5107,
This, together with U(t) = Y (t) — o B¥(t), yields that for any t > s
1
V(1) < eI Y (s)] + VS (/ T blo BT >>|2d7")
K1(t s)

|oB™(s)| + o B (1)),

which implies our first claim (4.2.1).
(2) For any 0 < 8 < H, we derive from (A2) that

()~ Y ()
(t — )P
1 ¢ H
< =g | OO+ 1B s
Ch ' %0 H
< o | YO+ o5 e

tf(i"q()

< Ci(t =)'+ ol B lloss + C3 @Vt = 5)! e [Y(0)"

q q K
4+ 03 n+ <\/ K,C, (1 + Ha||q0||BHHOtOO)> 0e ot

+C3@ " ([lo| B lo o)™ (8= )7,

t
A (R

which yields

Y llo.s (4.2.3)

< Cit'” ﬂ+"0|’|’BH|’0tﬂ+Cl3(qo DI o[ | B8, o

90
O3 1 (I o e + 10 (VERCH (14 o] BT 8,0)) ")
(4.2.4)
Combining this with (4.2.1), it is clear that our second claim holds. O
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Fix any 7' > 0. Let

(o}, = {s"0- [ 2090}

te[0,7

RE(t) = exp (/Ot <KI}1 (/0 Z(y,,f)dr> (s),dB(s)>
—%/O K7 (/O Z<Y§>dr>

where B(t)s>¢ is a standard d-dimensional Brownian motion, and Y* satisfies
the following SDE

2 (s)ds) .t €[0,T7, (4.2.5)

AYE(t) = b(YE(1))dt + 0 Z(Y)dt + ad B (t). (4.2.6)

The following lemma is for the investigation of the exponential martingale,

which is crucial to prove Theorem 4.1.1.

Lemma 4.2.2. Let the assumptions of Theorem 4.1.1 hold. Then

(1) {BH(t)}te[o,T} is a fBm under R(T)P.

(2) Assume in addition that go = 1 in (A2). If there exist Cy >0, C5 >0
and p € (0,1) such that
1Z(m) = Z(n2)| < Cafllm = mallZe A (1 + Cs(llmll% + [1n2112))}

(4.2.7)
then for any C' > 0, it holds that

E exp {C/OT K (/0 Z(}/Té)dr)

(3) If qo =1, (4.2.7) holds with p =1 and T > 0 satisfying

1
(1—H)m

2 (s)ds} < 0. (4.2.8)

392T3_2H22H_1
24C5C2T*(H — 1/2)%||0]|? 2
{pacicir - 122l + { =Gy el

(4.2.9)
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+ 302T2<1+a9-9><1 + (H = 1/2P°C3) o) o §

<2 {1 4Oy Te s (L O(K, Ky, T) +2+T\/f(_201) }_2,
(4.2.10)

where Cy is defined in Theorem 4.5.1, then (4.2.8) holds for some C >

1.

Proof. 1If (4.1.6) holds for § > H, then one sees that (4.1.6) holds for 6 €
(H—1/2, H). Hence, we shall assume that 6§ € (H —1/2, H) in the following
proof.

(1) It follows from (2.2.3) that

KH(/ 20r)ar ) (5

= SR (A2(09) ()
1 l-H s JA-H g
rhgr ;{ [HZ—% _éZ(Yf)/o st—;);H dr
Lty [ 2 YE) %—Hdr]
_ e % (J1(5) + Ja(s) + Js(s))- (4.2.11)
L3 - H)

By (4.1.4), we have

[ L) + | Je(s)]”
8172H 9
< 1 (Co (L IYEIIE) YIS + 12(0))

< 1

(H—3)

2

o1 | [° s3H — 3t €1l €l 2

+s ——— | (G2 (L+ VIR YIS + 1Z(0)])
0o (s—r)z
_ 4 N N
<3602 (s ) (2O + RV + VS )
(4.2.12)
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and

SIYE = YE||2 (14 [[YE|E + || VE%
|J3<S)| §O2SH_;/ || S 7"”00( || s||oo || r”oo)dr

(s — r)H+1/2pH=1/2

V2, ol = 1)

3 || —7,1r,0

< 20,81 (1 + Y ||p7'soo)/0 (s — 74)H+1/2TH—1/2dr
3

1
=20 (3 o L= 8) (1 VIR ) 1Y

(4.2.13)

where B is Beta function.

Combining this with (4.2.12), we arrive at

it ([ zo0wr)

_ 4 o a
< 05178 (s 4 ) (20 + CRYSIES + ¥

2

(s)

1
+ 1202 s¥et1-2 g2 (2 — 1, 6’a+§—H> (14 Y12 o) 1Y% 0

oo f i ([ 20w

We then know { R*(rAT,) }repp,r) which was defined in (4.2.5) is an exponential

(4.2.14)
Let

2
(s)dsZn}, n € N.

martingale. The Girsanov theorem (e.g. see [81, Proposition 4.1.2]) implies

that
tATh .

B,(t) := B(t) — K (/ Z(Yf)dr) (s)ds, t € [0,T]

0 0
is a Brownian motion under R*(T A 7,,)P. This implies

tATh
BH (1) = B (1) — / Z(YS)dr, t >0
0
is a fBm under R*(T A 7,,)P, and Y satisfies
AYE(t) = b(YE(t)dt + ad B () + 1jp<icryo Z(Yy)dt.
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Let uf(t) = Y&(t) — o B (t), Then for 0 < t < 7,, we derive from (4.1.5) that

dué (£)% = 2b(us (1) + o B (1)), u (£)dt + 20 Z(uf + o BY,), ub (£))dt
< K (uf(1))2dt + C2Ry(1 + |o B (1)|0)2dt

1901+ [ % + o]l | B, )t
Then, one gets that
Ve
< [Y4(O)]? + 2Ky +2C5) / IVE|2ds + 2K,C2 / (1+ |oBY (5)|™)2ds
0 0
t
e / (1+ o]l | BE |2 )ds + 2]o BY (1)
0
t
= FABI0) + 2, +265) [ Vs
0

Note that supgc,<; [Vl < [[€]loo V Supg<s<y [Y(s)|, we arrive at that for

any qs Z 27
[l Fi
t
<3021 (gl + P (B0 + 202Ky + 2007 [ vepe, Las),
0
Combining this with Gronwall’s lemma, it yields that

V€)1 0 <352 (Y€ + Fo(BI)(t) ) e30%/ 720 2 Rp 2yl
(4.2.15)

Similarly, following the proof of (4.2.3), we get for g € (0, H) that

1V lloas < {2 (14 1Y ) + ol Z(0))
 Call Y €1 e (1 1Y EIP ) 7 + N BE o0 ¢ > .

(4.2.16)
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Combining this with (4.2.15), and that { B ()}icjor) under RS(T A 7,)P has
the same distribution as { B (t)}+eor) under P, we have

supERS(T A 7,) (||Y5||‘f’T7T7oo +[[YE]% 1) < 00, g3 >0,60 < H.
Combining this with (4.2.5), (4.2.14) and (4.2.15), we obtain

sup IERg(t A T,) log Rﬁ(t A Tn)

te[0,T],n
2 +a 6] fe% 2
<C sup ER(EAT) (14 V22 4 1S5+ IV SISl Y I )
t€[0,T],n
< 0Q.

Hence, it follows from the Fatou lemma and the martingale convergence
theorem that { R®()}iejo7) is a uniformly integrable martingale and

sup ERS(t) log RS(t) < oo.
t€[0,T]

It follows from Girsanov’s theorem that under R¢(T)P, the process B is a
fBm.
(2) By (4.2.7), we derive from (4.2.11) that

[T () + [ a(s)*

4
SﬂﬁfﬂH( )2+G®(O+CWY%ﬂMQ%WW%@Mm+M®WW

(2H — 1
(4.2.17)

For Js, one gets from (4.2.7) that

|J3(s)]

< O, sf-1 SIVE=YE A (14 Os(|VEN, + 11Y2]1%)
= Las ; (s — r)H+1/2pH-1]2

1/”(1+4%HYQKm&m)A(HYﬂEﬂwﬂs—TV“)
0

H-1
< 20,572 (5 — r)H+1/2pH=1/2

dr

dr
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V¥, o = ryfe 1/

SQCS 5 +C Y£ —T,8,00 / dr
T e L Oy A e e 3 o o

<205V (14 G5 VAP o)
_12 _H-1/2
92H—1g1-2H  (o2H-1/2g5—H|y€|| 7 Lo (LHGlIYE2 L) ™
X
520 (af — H+1/2)(H — 1/2) ’

where we used [31, Lemma 3.4] in the last inequality, and it yields that

[J3(s)|” < Cos' 2 (1 + Cs[|Y?|

—TSOO)

20a0—2H+ 2H—1
FO L+ G ) ™ Y, (42.18)

where

, B Ha2f ’
Cs = 8C}, C7—((ag_H+1/2)(H—1/2)> '

Since ||V rso0 < (8 V 7)Y _rs0 + |£(0)], it follows from (4.2.17) and

(4.2.18) that
E exp {C/OT K (/O z(y;)dr> (s) st}

20ap+(2H—1)(a—p)
< Eexp (CT (1 + ||Y§||3p;jT,9 " ))

2H-1)(a=p)*
=Eexp (CT (1 + ||Y§||ipjT9 oo )) :

For p < 1, it is clear that

(2H —1)(e—p)"

< 2.
o

2p +

Then (4.2.8) follows from (4.2.3) with ¢o = 1,3 = 6 and the Fernique-type
lemma 2.2.1.
(3) For p = 1, substituting (4.2.17) and (4.2.18) into (4.2.11), we have

/ i ([ z000r)

2

(s)ds
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3027221 (1 + (H — 1/2)2C2)
(1- H)[*(3/2 - H)
3C,C2T221 (H — 1/2)? o

(1— H)T2(3/2— H)

X (14 Cl€(0)) Y& g +

< Gy(T) + Iy*

[

3C;T?2H(H — 1/2)?

“rlee T o1 — H)I'2(3/2 — H)

3C, T2(1-H+6)— 2H= 1( . 1/2>
2(1— H)T2(3/2 — H)

f(1-ah)
HY€||—7—T9 :

where

(1) = gy (120 + Cutt - 1/27).

It follows from (4.2.1) and (A2) with gy = 1, we have

1Y ¥[loro0 < C(T) + (La®(K1, K2, T) + 1) [0 [[1B™ o700

Y] —rro
_ TR _ —
< C(T)+ {1+ CTe = (LO(Ry, Ky, T) + 2+ TVEC) o 1B oo

Therefore, for 7" > 0 such that (4.2.9) holds, it follows from Lemma 2.2.1
2
ds} < 00.

We first show the existence of weak solution to (4.1.1). It follows from

that there is some C > 1 such that

Eexp{c/OT K (/O.Z(er)dr) (5)

Proof of Theorem 4.1.1

(A1)-(A3) and Lemma 4.2.2 that RS(t) is an exponential martingale. Then
the Girsanov theorem implies that B (t) is a fBm under Q¢ := RE(T)P.
Reformulating the reference equation (4.1.2) as equation (4.2.6), then under
the complete filtration probability (2, %, (%) ep,r1, Q°), (Y*(1), BH(t))tE[O,T}
is a weak solution of (4.1.1).

We shall show the uniqueness of weak solutions to (4.1.1) (see [97, The-
orem 2.1] for more proof details). For the rest of this section, we sketch the

proof as follows:
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For i = 1,2, let (YW<(t), B (t)):e10.7) be two weak solutions to (4.1.1) in
the complete filtration probability space (Q(i), {ﬁt(i)}tzo, P® ) with )/O(i)’g =¢
satisfying (4.1.6). Let {B;(t)}+co,r] be the Brownian motion associated with
{BH(t)}ejo). Note that Y(-) € CP([0,T],R?) for any 8 € (0,H). Since
¢ € O [—7,0],RY), we obtain Y € C5([0,T],%).

Let 8 > 22=L Tt yields that (§ A B)a+ & — H > 0, which ensures the

integrals in (4.2.11) make sense. By (4.2.14), (4.2.15) and (4.2.16), we have

/ jie ( /| Z(Yf‘“)ds) 2

(r)dr < oo, t €[0,7], P-as.
Denote by P the distribution of Y4, We intend to prove P(D4 = P(2)<€,
To this end, we define for ¢ = 1,2 that

t .
A=t {e=0: [ |ip( [ 20009as)
0 0

For every + = 1,2 and n > 1,

RS0 = e { ~ [ o (K5 ( /| Z(l@“%é)ds) (). dB:(r))

1 t/\T,(Li> . ) 2
AL ()
2 0 0

(r)dr}
is a P@-martingale. Define the probability measure Qg ¢ on FY by letting

2

(r)dr > n} 100, asn T oo.

QW4(A) = Ep [LARDS(T)], T >0, Ac 2

By the Girsanov theorem and the integral representation of fBm, we can

prove that

7

t/\T,(Li)
BA(t) .= BA(t) + / Z(Y D) ds, t € [0,T]
0

is a ng)—me on R™.
Therefore, under the ng), (Y@O£(¢), BzH(t))te[o T anli
the QY. By the pathwise uniqueness of (4.1.2), the law of (Y W€(¢), BH (¢))

)y solves (4.1.2) under
te[o,rAriV)
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under QY coincides with the law of (YS(t), BH (t Do rart
for any F' € %,(C([0,T];R?) x C([0,T]; R?)), we have

Q) under P. Thus,

Epo 1,000, F (YO4(0, 1), B (10,7)))
T .
-1 i),
=E (@ []l{fon (s 2 Y<)5ds)|()drgn}eXp{/0 <KH (/0 Z(Ys()f)ds)(r)7

dBi(r)> - %/Ot K;(/O. Z(Y;W)ds) 2

(T)d?”}
< FYOS(0.70), (B - [ 2(v®4)as)((0.7))]

= Ee 1 ez s 207 a0y pr eXp{/T <KH1(/. 2(V)ds)(r),dB(1) )

— 5 [ ([ 20 o)

x F(Y¢([0, 1)), (B" - /O.Z(Kg)dS)([O,T]))} =12

Consequently,

Epo [ 1,0,y F (YO0, 7)), B (0,7)) )|

() >T}

= Exn Loy P (Y2400, 70), B (0.7])) .
holds for any n > 1. Letting n — oo, we obtain
Epon | F(YO4(0,7)), BI(0,T])) | = Beew | F (Y@< (0, 7)), B ([0,T]))]-

This, together with the arbitrariness of F, yields that P1):¢ = P®):£ Thus,

the uniqueness of weak solution to (4.1.1) is verified.

4.3 Weak approximation rate of EM scheme

In this section, we shall study the weak convergence of the numerical approxi-

mation to (4.1.1). In (4.1.1), 0 is a d x m matrix with d > m. For d > m, this
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equation is obviously degenerate. In this case, we shall introduce the pseudo-
inverse of ¢ to cover some degenerate models, such as stochastic Hamiltonian
systems. Denote by Ran(c) the range of o, i.e. Ran(o) = o(R™). If Ran(o)
contains nonzero vectors, then oo* is a bijective from Ran(o) onto Ran(o),
! . Let 7, be the orthogonal projec-

Ran(o)
tion from R to Ran(o). Then R? has the following decomposition:

whose inverse is denoted by (o0™)~

R = 1,RY @ (Igxqg — m)R? = Ran(o) @ (Igxqg — )R,

where 1.4 is the identity matrix of RY. We define 67!, the pseudo-inverse

of o, as follows

6 v =0" ((UU*)_1

mv) . v e R
Ran(o)

Then [[67}| = ||(c0*)7? . In particular, if ¢ is of the form

Ran(o) o0

with o is an invertible m x m-matrix and 0 is a (d — m) X m zero matrix,
then

6 =(0"05"), o7 = llog Il

To obtain the result of numerical approximation, we give stronger as-

sumptions on b and Z as follows:
(H1) (A1) holds and there exists a constant L; > 0 such that
b(z) — b(y)| < Lulz — o], #,y € R (4.3.1)

Moreover, if Ran(c) # R? we also assume that there exist a matrix A
on (Igxq — m)(R?) and a measurable function b, : Ran(o) — (Igxq —

7.)(R?) such that

(]dxd — W*)b(J?) = A(Idxd - 71'*)1' + b*(ﬂ'*l‘), x € Rd.
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(H2) Z is Holder continuous with the exponent o € (1 1], that is

— L
2H>

1Z2(6) = Z(n)| < Lall€ =l &n et (4.3.2)

(H3) the initial value ¢ € % is Holder continuous with exponent € (22=L 1],

2a0 7

that is,

E(t) — £(s)| < Ls|t — s|%, s, t € [—7,0]. (4.3.3)

By these conditions, it follows from Theorem 4.1.1 that (4.1.1) has a unique

weak solution with Xy = &.

Remark 4.3.1. Since the pseudo-inverse of ¢ is the inverse of o if it is
invertible, our setting can unify non-degenerate and some degenerate models.
A typical example for the equation with {0} € Ran(o) C R? is the following

stochastic Hamiltonian system (d = 2m):

dXM(t) = X (t)dt
AX (1) = bo(XD(t), XD ())dt + Zo(XV, XP)dt + 5od BH (1),

where o is an invertible m x m-matrix. For any n,,m, € €,z = (2, 2?)) €

R?™ we set

x@ 0 0
b(x(l),m(z)) = 7Z(771>772) = O =
bo(z M), z2)) oo Zo(m1, m2) 00
Then
X(l)(t) .
dX(t) =d = (b(X(t) +0Z(X;))dt + odB" (1),
X2 (t)

and in this case, 7,(z™,2®) = (0,2?), b,((0,2?)) = (2?,0) and A = 0
in (H1).
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We can construct the EM scheme now. Let 6 € (0,1) be the step-size
given by 0 = 7/M for some M € N sufficiently large. The continuous time
EM scheme associated with (4.1.1) is defined as below: for t > 0,

AXO(t) = {(Tixa — T )X O () + mb(XO(t5)) + 0 Z(XV)}dt + od B (t),
(4.3.4)

with the initial value X© (u) = X (u) = &(u),u € [T, 0], where t5 := [t/d]0,
[t/8] denotes the integer part of t/8, and X\° € € is defined as follows

X)) = XO((t+u) Ats), ue[-7,0].
For t € [0,9), one gets that
X{ () = XO((t +u) A 0) = E((t +u) A 0),
and
X)) = 1, XO0) + mb(XPD0)t + / t o Z(X®)ds + o BA(t).
0
Then it follows from (H1) that

(Lisca — W*)X(J)(
= (Idxd — )X )+ Id><d *X(é)(s) + ([dxd - W*)X(é)(s)>d5

= (Jaxa — ) X(0) +

o\o\¢

t
AL — 1) X (5)ds + / b (. X (s))ds,
0
which implies that
t
(Iixa — )X O (1) = e (Igg — 1) XD(0) + / A=) b (1, X (s5))ds.
0

Thus, X (t) = (Igxqg — 7)) X (t) + 7. XO(t) can be obtained explicitly on

[0,6]. By induction, we can get X®(t) explicitly on [0, T].
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Let

_ K _ 2
Ky = 2K, + 1ig, >0 + %1[K1<0}7 Ky = Tg, >0 + m]l[l(1<0],
1
and
_ _ [_{2 ef(lT—l
O(K), Ky, T) = %
1

Our main result on the weak convergence of EM scheme to (4.1.1) is stated

as follows.

Theorem 4.3.1. Assume (H1)-(H3) and Ran(o) # {0}. For o6 € (0,1) if T

satisfies

2T 5 o] 2677 N
1 H - - T1—2H
m(1— H) {3{ + Col 2)}
a4l — H)+47  75(1— H)

951 QH[ }}
+ 20 T + T
23S U T

(1—H)
32(%7 % + oz(ﬂ A 9) _ H)T2a(ﬁ/\0)+172H
20(BNO)+3—4H
16H(1 — H)+ 4"
2a(BNO)+1—2H }}1 B

+0 (1—H)? [a=1]

<271+ LiT(L1®(Ky, Ko, T) + 1)} 2, (4.3.5)

™

+ T2(H—B+a6—a(ﬁ/\€)) ||0,||2a [

1

where B € (%,H) and Cy = ! u2” du, then for any bounded

4 0 L+H
(1—u)2
measurable function f on R?, there exists a constant Cp which is independent

of 0 such that fort € [0,T]
[EF(X (1) - EF(XO(t)] < Cro® D=1, (4.3.6)

Remark 4.3.2. The convergence result only holds for ¢ € [0,7] and T
satisfies (4.3.5). Letting § — 0, (4.3.5) converges to

2L2 { 3[1+ Co(H — )P +ef=P)]|g |2
(1—H)

™
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+ B

.3 Ha(BA0) — H)|o|oT!+2e0m20 }1
2a(B A 0O)+3—4H [o=1]

<271+ LiT(L1®(Ky, Ko, T) + 1)} 2.

It is easy to see that for any fixed ¢ € (0, 1), there always exists T' > 0 such
that (4.3.5) holds.

4.4 Proof of the main theorem

Before giving the proof for Theorem 4.3.1, we prepare two lemmas. The
lemma below shows the estimates of (Y4(t))ep,r], the solution to (4.1.2) in

the sense of uniform and Holder norms, respectively.

Lemma 4.4.1. Assume (H1). Then for any T >0

IV 700 (4.4.1)
< 1€lloo + 1B(O)| P (KL, K, T) + (La®(K1, Ko, T) + 1) ol B [lo.1:00-
IVl -z 50

< TP ([6(0)] + [b(0)| Ly D (K, Ky, T) + £(0)]) + [lo[ B llo.r,am0

LT (L (R, Ko, T) + 1) ol B oz + €]l -n0sn0-

Proof. The first inequality follows from (4.2.1) and (H1) directly. Since b is

Lipschitz continuous, we have
[b()] < [b6(0)] + La]].
Taking into account the following inequality
Y4l —rrpn0 < 1€l =r0,800 + 1Y 0,700,

the proof of the second inequality is similar to the second part of the proof

of Lemma 4.2.1. ]
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For the sake of simplicity, we denote
hE(t) = 67 {b(YE(1) = b(YE(ts)} — Z(YS), t=0,

with
VEi(u) = YE((t +u) Aty), uel[—,0].

Let

/Ohf r),dB(r )>
it )0

and dQ%° = R5’5(T)d]P>. Then it follows from Lemma 4.4.2 below and the

} tel0,7], (44.2)

Girsanov theorem that Q% is a probability and (BJ (t)).e0.7 is a fBm under
Q%°. Since oo~! = 7,, we can rewrite the reference SDE (4.1.2) into the

following form:

AYE(t) = {(Tyxa — m)b(YE(R)) + mb(YE(ts)) + 0 Z(YE) Yt + od B (1),
(4.4.3)

which implies that (Y*(t), BH(t))icjo) is a weak solution of (4.3.4). This,
together with the pathwise uniqueness of solution to (4.3.4), yields the weak

uniqueness. Then, we have

[Ef(X (1) —Ef(XO )] = [Eqe f(Y*(2) — Eges f(YE(2))]
= [E(RS(t) = R (1) f(Y4(1)].

Hence, in the following discussion, we shall prove that {R*°(t)}ieio7) is an

exponential martingale, and give estimates of RS(t) — R&9(t).
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Lemma 4.4.2. Under the assumptions of Theorem 4.3.1, we have

E exp {C’/Ot |KH1(/O- hg(s)ds)|2(r)d7’} < 00,
for some C' > 1.

Proof. The definition of inverse operator K;' (2.2.3) yields that

it ([ 1eas) o) = A Ol

. Lomye Ty —HpE _ l—th
:TH_§F(3 1 H) <m Hi@“) +(H - %)/ = ((T) ;1 <S)d3>
2~ re 0 r—s)ttz
rz=Hpg(r) rH=3 1. (" r2 HRE(r) — sz~ HpE(s)
TTE-H +F§—H<H_§>/ w0

(3 ) (3 ) 0 (r—s)f+s

r2~Hpg(r) rH=3 1 [ (r2 = s3=)hé(r)
- a ) /0 (r— s)H‘F% d
oD [

L) ) — ()
=1+ Co(H = 35)] rC_H) TC_H) (H_ﬁ)/o (r — 5)H+3 ds

=. Jl(T> + JQ(T). (444)

For .Jy, it follows from (H1) and (H2) that

(B (r)] < [l I[b(YS(r)) = b(Y*(r5))| + | Z(¥))]
<67 LY Hlogp0” + 1Z(0)] + L[ Y€

—T,r,00"
For j27 note that

[ ST ) — BE(s)

(r—s)H+z )
_ /T S;H‘&l(b(yg(r)) —b(Y<(rs))) — Z(Y}))
0 (r— S)HJF%
) Y (s0) + 2
(r — 5)H+%
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< /T 6152~ H[b(YE(r) = b(YE(rs)) — (b(YE(s)) — b(Yg(Sa))ﬂds
-~ Jo ) ) (r— s)H+%
[ - Ao,

(r — s)f+3

=: I(r) + Ly(r).

Next, we shall give the estimations of [;(r),i = 1,2, respectively. For

I(r), it follows from (H1) that

)
2
(r—s)?, rs < s<r,

< 2Ly [Y¥ o[ 1 L

= L1[|Y*|o.rs (r—38)P+(rs —s5)°, r—030<s<rs,
268, 0<s<r—o.

Since

r—20

r S r
Irs = ss] = |[510 = [5lo] < [[5]0 = [=——lol <0, r—d<s<ms,

and for r > ¢, one gets that

r 81/2_H 251/2+,3—H Vo H
T 59 S 7575 ,
py (r— s)HFL/2=5 1+28-2H

s 267 q
0 (T_S)H+1/28H—1/2 s

e 269 q rs/2 269 4
o ra/2 (7’ _ S>1/2+HSH—1/2 s+ 0 (T _ 8)1/2+H8H—1/2 s

289 (r — 15)3H 208 ()2

= o/ PH = 172) ' (r—ryj2) P (2 H)

Taking the above inequalities into account, we obtain
|11(r)|
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< 2Lyl v

§h+1/2—H (55(7“ _ ré)%fH
r, —75 T -
V@B 41— 2H) 2 (rs/2)P2(H — 1/2)
¥ (5)"

(7” . 7’5/2)H+1/2 (% . H)

1.3 1 _
Lpse) + 58(5 —H, [+ 3~ H)rP =210 0,

We now calculate I5(r). One can see that

VS = VEIS,
YE((r4+u) Ars) = YE((s +u) A s;)|°
= sup
—r<u<o |(r+u) Ars — (54 u) A ss|*(Br0)

(r 4+ u) Ars — (54 u) A 5520

<NYEI2pne suP_ () Ars = (s + ) A sgl ).
<u<0

—T

Since for s +u > ss and r + u < rs, we have
(s 4 u) A ss = sg; (r+u)Ars=r+u; S5 —s<u<rs—T.
Then, it yields that

sup |(r+u) Ars — (s 4 u) A sg| = sup |+ u — ss| = |rs — ss].

ss—s<u<lrs—r Ssg—s<u<lrs—r

Similarly, for s +u < ss and r + u > rs, we have

sup  [(r 4+ u) Ars — (s +u) Ass| = [rs — ss.

rg—r<u<ssg—s

Then it is easy to see that

sup |(r+u)Ars—(s+u)Ass|=(r—s)V(rs—ss).
u€[—T,0]

Consequently,
1Y = Yels S NYEHI% mpno((r = 8) V (15 — 55)) 279,

and, it implies that

[z 209)
b= /0 ot
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[ Ll
= J, (r— s)UzHGH-1]2 S
r _ o\a(BAE) _ a(BAG)
o r—=s V (rs — Ss
< LQHYHTTB/\G/ ( ) 1/2JEH H—l/)2 ds.
i 0 (r—s) s

Since rs — ss = 0 for s € [rs, r],

/r (T o 8)@(5/\0) v (Té o Sé)a(ﬁ/\@)
0 (

r— §)1/2HH gH=-1/2

ds

T (r — 5)aBn9)
:/(; (r )1/2+HSH 1/21[1“ s>rs— sé]dS

T (s — s)°(BN0)
1’)" s<T S d
+/0 (r — s)1/2+HgH-1]2 [r—s<rs—s5]45-

For r — rs + ss < s, it is clear that rs — ss — (r — s) < 4, so

(rs — 85)° PN = (r5 — 55 — 1 + 5+ (r — 5))*P) < (1 — 5)2BN) 1 §(BNE)

which implies that

rs _ a(BNG)
(Té 86> 1[7" s<r5—s ]dS
o (r—s)l/2HHgH-1/2 556

/7“5 (7“ _ S)a(ﬁ/\e) s (BNO)
<
0

(r — s)1/2+HgH=1/2 Lp—s<rs—ss)ds.

Moreover, we have
T s soBA0) 2
[T’ s<rs—Ss
/0 (/0 (r — 5)1/2+HgH- 1/2d5) dr (4.4.5)

T TS 5e(BN0) 2
= /5 (/0 (r — s)/2HHgH-1]2 ds) dr
—H

3 2
N1 e(k+1)5 a(BNG P 58N (o _ o \5—H

= Z/ H-(i-1/2 3 + 9 H(1T/2 ;16> 1/9 dr

— ks (7"—7“/2) G -H) (r3/2) (H—1/2)
< 9520000 Ngf 16H(k6)2—4H(5 . 92H—1§2—2H
- e~ (3—2H)? (H—1/2)%2(2—2H)(ko)?H -1

N-1

< 9§22(BNO)+1-2H 16" + 221 Z(k(s)lﬁH(S
- (3—2H)?  (2H —1)*(1—-H)

k=1
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52(1(,3/\0)+1—2H ].6H 02H .
: = 4.4.6
N 1-H ((3—2H)2+(2H_1)2(1_H)) ) ( )
and
T r (7“ . S)a(ﬁ/\a) 2
/0 (/o (r— 5) 2T HgH 13 dS) dr (4.4.7)

_ TPOnOIBA (S — H a(BA0) + 5 — H)
20(BN0)+3—4H '

Substituting .J;, I1(r) and I,(r) into (4.4.4), and taking into account (4.4.5)

and (4.4.7), we arrive at

/0 ' e ( /O HE(s)ds) ()| ar

_ 2805 1Y s
=T - M- H)

2

{3 [1 + Co(H — %)} T2-2H 528

1 24H—1 22H—1
(1128 —2H7?  (3=2H)?  (2H—-1)°(1—H)
B*:-Hp+5—H)(1-H)

S(1+ 56— H)T ] }
6[1 + Co(H — )27 -H)
| ;(50(_ H)(Ql)]_ i) <|Z(0>|2 + L3 Y*| Q_C;,T,oo)
2

2LAOH T Y gy B~ Ho(30) 12— )T

+2(2H — 1)2Ts¥+1-2H [

+

(32— H) 20(BN0)+3—4H
62&(,8/\0)—1—1—2HT2—2H 16H 92H
* —H ((3 —ome T H =121 H))] (448)

Since I'(2 — H) > I'(}) = /7 and 3 € (BetDHZL iy it follows from

4o
Lemma 4.4.1 and (4.3.5) that there exists C' > 1 such that

Eexp {C/OT ‘KHI(/O' e (s)ds) (r)

2
dr} < 0.

]

We are now in the position to complete the Proof of Theorem 4.3.1.
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Proof. Let

Mi(t) = /Ot <K§1</0' Z(yss)ds) (r), dB(r)>,
M2<t):/ot<KHl(/0' Wé(s)ds) (1), dB(r)), 12 0.

By the weak uniqueness of solution to (4.1.1), the Holder inequality and the
following inequality

[ —e[ < (" Ve[ —yl,

we then have that Vf € %,(R?),

Ef(X () —Ef(XO(0)] = [Eqe f(Y(t) — Eqea f(YE(1)]
= [E(RE(t) — R (1)) F(YE(1)))
< | flloE[R () — R (1))
< | flloE (R(t) v R*(t)) [log R*(t) — log R**(t)]
< |1 Flloe©1()(O2(t) + Os(t)), t € [0,T],  (4.4.9)

O3(1)

-2 (E /Ot ( K (/0 Z(Yj)ds) (r)

where the parameter g > 1.

2

it ([ #eeonas)

It follows from Lemma 4.2.2 with C5 = 0 and C4 = L, that there is some
C > 1 such that Eexp{C(M;)(T)} < oo. Thus, for 2¢*> — ¢ < C, we have

E(RE(1))" = Eexp (¢Mi(t) — (M) (1) + (6 — a/2)(My) (1))
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< (Eexp(2gM, (t) - 2q (M ><t>>>l/2 (Eexp«zq —q) (M) ()"

< <E exp ((2q2 —q) 1( Z sz)) 2
0

< 00

Similarly, following from Lemma 4.4.2, there is ¢ > 1 such that

Q=

< 0.

sup (E(Ré"s(t))q)

t€[0,T]

Hence, there is ¢ > 1 and some constant C'r such that
O,(t) < Cr. (4.4.10)

In the following proof, we fix some ¢ > 1 such that (4.4.10) holds.
It is easy to see that

s ([ (2084 h)as) ) = DI 20 4 hEC) 0

R 4 1)

PH—1/2

L7 £ 1) = s (V) + ()
+(H — 5 /0 (r — s)H+1/2 ds)

2 ré-H
H-} r s =H(Z(VE) 1 hE(r) — ¢
o T L) [ ) — 200 < ()
I'(; —H) 2" Jo (r —s)ft2
=: I3(r) + I4(r). (4.4.11)
Next, we give the estimates for I;(r),7 = 3, 4, respectively.
For I3(r), by (H1) and (H2), it yields that
| 13(r)| (4.4.12)
1 r%_H‘ o N
< [14+ Co(H = )z (167 HIBYE(r) — b(Y*(ro))| +Z(Y) = Z(Y)])
27°T(5 - H)
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1 T2 .
<14+ Co(H — =) ——— (L |6 Y|V 0. 50° + Lo||VE — VE||©
< [1+ Col 2)]r(g—H)< e 1Y ors0” + LoV — V2|2
1+ Co(H — D] ezt o
<l it LT Y Ellos0° + LallYE[I5,0°) . (4.4.13)
I'(; - H)

For I4(r), it yields from the definition of h® that

T'Hfé rs%*H 3 13 r) — &Y _ 1€ S
1] < 5= (- %) e +(’”‘_<>) D DI,
i — )| 1/2— H b(YE(r)) = b(Y*(rs))
= F(% — H)(H H ”/ (r — s)H+1/2
B b(m ) — b(Y(s5))
(r — s)H+1/2

i L [7 20 - 2(08) — (2(F) — 2(V9))]
+F(%—H)(H_§)/o (r— s)HT/ ds

(r) + Lia(r). (4.4.14)

In the same way of estimating I; in the proof of Lemma 4.4.2, we have
§8+1/2—H
(2841 —2H)rf 12

8B(r —rg)2H 58 (%)%*H
(rs/2)H-12(H — 1/2) + (r B T5/2)H+1/2(% ~ H)]ﬂ[r>5]
1 3

B(5 + 5~ H, 5~ H)r’8+1_2H]1[0§r<6]}- (4.4.15)

[N

1 .
In(r) <2 (H = ) Lalle Y <o |

Ll
2

On the other hand, it follows from (H2) that

Z(Y5) = Z(V)) = (Z(YE) = Z(VE))| < La|l Yy = YEII% + Lol Y = YIS

< 2L2 ||Y||gT,r,ﬁ/\96a(ﬁ/\€) )

and
Z(Yf) = Z(YE) = (Z(YE) — Z(VE))]
< Ly||VE = Y% + Lo ||V = YE|I2,
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< L2||Y||3T,T,ﬂ/\0|r - 3|a(6/\9) + L2||Y||C—Yr,r,m0<|r - 3|a(5/\0) V|rs — 36|Q(BA0)>

= LoV % g (I = SIS [y — 55200,
Combining these two upper bounds, we have

Z(VS) = 2(¥7) = (2(Y]) = Z(Y9)]
) A |7‘ _ S’a(ﬁ/\é’) + |,,, _ S‘a(ﬁ/\@) Vi |,,,5 _ S6|a(6/\0)>
5 .

< 2L|YE|2, g (50

Since for r > 9,
|7" — S|a(5/\0) _|_ |/r’ — S|a(6/\‘9) \V |/r'6 — S5|a(5/\0)

504(5/\9) A
2

= 5219 s (0,7 — 6],

one gets that
|O‘<B/\9)+‘T—S|D‘(BA0)\/|7’5—85|O‘('BA0)

rs 5a(,8/\0) A |7"_5
2 ds
0 (7« _ S)H+1/25H—1/2

s 5&(6/\9)
- /0 (r — 8)H+1/28H—1/2ds

«a T 3—H
§BAO) (y — T(s)%—H §BAO) (?a) 2

= o/ RH - 1)2) | (r— ryy2) T (2= H)

and
T §5e(BAO) A \T—SI"(““’WIT—SI“;’“@)V|r5—85\“(‘W) .
/7‘5 (r — 5)H+1/2H=1/2 s
T (r — S)a(ﬁw)
- /?“5 (r _ 8)H+1/28H—1/2
T(;%_H(T - Té)a(ﬁ/\e)-i-%—H
- aBAO)+i-H
QT(S%_Héa(ﬂ/\O)—I—%—H

~ 2a(BANO)+1—2H

ds

Thus, we obtain

[ I

2Ly(H — H)rH-
0§ —H)

[Laa(r)] <

54BN (p — - )%—H
& || )
||Y ||—T,T‘,6/\9 { <<T5/2)H_1/2(H — 1/2) (4416)
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g 1
2T52 5a(ﬂ/\6))+5—H
1jr>o
(r—rs/2)" % (2 — H) " 20(BAE) + 1 — 2H> =y

Substituting (4.4.15), (4.4.16), (4.4.12) and (4.4.14) into (4.4.11), we arrive
at

Kt ([ (2078 + 15(5))ds) ()
([ )

—-H

1 r%
<14 Co(H — =)|——— (L |67 Y[V o.r 507 + Lo||VE|S. 1697
< [14 Co( 2)]F<%_H>( o™ Y fo,rs0” + Lal|YG, 50%7)

rH=12(2H — 1)
Lol 1Y €l s |
sao o Y s

2
3
()" a
_ I{2+1/2 3 +L2HY€H—777“»(5/\9)
(r—rs/2) (5 H) (
§0(810) (%)%—H

56+1/2—H

8P (r — r(;)%’H
26+ 1= 20y 2 (r/ )P (H = 1]2)

5o (BN0) (7, _ 7aa)%—H

rs/2)1712(H = 1/2)

1_
L 2 e =
(r—rs/2)" (3 —H) 2a(BAO)+1-2H -
re-H(2H — 1){Lly|af—1\|

LG —H)

3 1
S —H, -+ B —H)||Y g2

1

3 1_
+ LzB(§ —H, B +a(BA0) — H)||Y§||gf,r,6/\67“a(ﬁ/\6)+2 H}1[0§r<5}'

(4.4.17)
This, together with the BDG inequality, yields that

ont < e [ o [ 0+ wpar)enfar) )T

< CT5a([3/\9)+%fH.

For O3, it follows from Holder’s inequality and (4.4.17) that

(%,(t)g% E(/OT

1
q q

2 -1\ %«
dr

it ([ 200 - étopas) )

0
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e (/OT it (] (2000 né(snas) mfdr)f’ql)w
= e (E </0T Ky' (/0.(Z(Y§) — hf(s))ds) (r) er) qq1> QQ.

Note that
[ i ([ 2o - senas)
<2 /0 '

it ([ 209+ i onas)
it follows from (4.4.17) and (4.4.8) that

2

(r)dr

2(r)dr+2/0T

K ( /0 e (s)ds>

0

1

(IE (/OT K (/O'(Z(ysf) - hﬁ(s))ds) 2 (r)dr) qql) N < o0.

We then obtain that

@3<t) < CT(SQ(B/\G)Jr%fH.

Finally, the desired assertion is established from (4.4.9) and the estimates
of ©,(t),i=1,2,3. O
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Chapter 5

Moderate deviations and
central limit theorem for
McKean-Vlasov stochastic

differential equations

Inspired by the Freidlin-Wentzell LDP in path space for MV-SDEs in [28],
we will consider the MDP and CLT for MV-SDEs in this chapter.

In Section 5.1, we introduce the MV-SDEs and its particular properties.

In Section 5.2, we recall the general deviations of the solution to the MV-
SDEs, and give the associated assumptions about the coefficients of the MV-
SDEs (that is, the Lipschitz condition about the coefficients, the gradient
of coefficients with respect to the space variable, and the L-derivative of
coefficients with respect to the measure variable, respectively).

Section 5.3 describes the CLT for MV-SDEs, and the proof is provided in
subsection 5.3.1.

In Section 5.4, we establish the MDP for MV-SDEs.
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Section 5.5 is devoted to the proof of Throrem 5.4.1. More precisely,
in view of the weak convergence methods and exponential approximation,
Subsection 5.5.1 is devoted to the LDP for Y. In Subsection 5.5.2, we show
X¢ and Y¢ are exponentially equivalent.

Section 5.6 provides an illustrative example to verify that it satisfies the

assumptions in this chapter work.

5.1 McKean-Vlasov stochastic differential equa-
tion

In recent years, MV-SDEs have been received increasing attention by re-
searchers. They are also called mean-field SDEs or distribution dependent
SDEs, which are much more involved than classical SDEs as the drift and
diffusion coefficients depend on the solution and the law of solution. In a
nutshell, this kind of equations play important role in characterising non-
linear Fokker-Planck equations and environment dependent financial sys-
tems (see [26, 27, 32, 37, 64, 94, 95] and references therein). Also, this
kind of SDEs have been applied to characterise the PDEs involving the L-
derivative, which was introduced by P.-L. Lions in his lecture notes [19], see
also [11, 20, 39, 52, 86, 87] for more details. Additionally, the analysis of
stochastic particle systems has been developed as a crucial mathematic tool
for modelling systems in economics and finance.

Compared with the classical SDEs (the law of solution to this equation
satisfies the linear PDE), the law of solution to MV-SDEs satisfies the non-
linear Kolmogorov-Fokker-Planck equation. To explain it, we introduce the

following model on R%:
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where W, is a d-dimensional Brownian motion on a complete filtration prob-
ability space (Q,{F:}iz0, F,P). p 1= Lxp denotes the law of solution to
(5.1.1) at time t with the initial distribution yu, and

b:RYx Zy(RY) = RY, 0 : R x 25(RY) — RY @ RY,

are measurable.

Let L, = (0y-,b(x, ) + 3tr(00*0% - ). Then, It6’s formula yields that
t
EA(XE) = Bf(X0) + | EL.S(X)ds, Vf € B(R).
0

This, together with the arbitrariness of f, implies the following non-linear

Fokker-Planck equation:

Oppty = th Kt

where L7 is the adjoint operator of L,. For more properties of MV-SDEs,

(see, e.g. [6, 87] and references therein).

5.2 General deviations and assumptions

Let (R, (-,-),|-|) be the d-dimensional Euclidean space. Consider the Cameron-

Martin space
. T 1
H = {h € ([0, T);RY) : h(0) = 0, i(t) exists for ae. t, ||| := (/ |h(t)|2dt> }
0

where 0 denotes the vector with components 0.
Let o7 denote the class of Ré-valued {.%;}-predictable processes h(w, )
belonging to H a.s.. For each N > 0, let

T .
Sw={nem / h(s)Pds < N},
0
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Sy is endowed with the weak topology induced by H. Define
oy ={h € F h(w,-) €Sy, P—a.s.}.

In this chapter, we use the symbol “ = ” to denote the convergence in

distribution.

Consider the following MV-SDE on (R%, (-, -), | -|):
AXE = by(XE, Ly )dt + Veo (X, Ly )AWs, X§ = 1, (5.2.1)

with € > 0, which is called as the scaling parameter. Here W, is the d-
dimensional Brownian motion defined on a complete filtered probability space
(2, F A{F i }iz0,P), Lxe is the law of X,

Intuitively, as the parameter € tends to 0 in (5.2.1), the diffusion term

vanishes and we have the following ordinary differential equation:
dXP = by(X), 6xp)dt, (5.2.2)

with the same initial datum as (5.2.1), that is, XJ = z. Since z is determin-
istic, we deduce that dyo is a Dirac measure centered on the path X°.

On the general case, the investigation of the deviations of solution X to
(5.2.1) from the solution X? to (5.2.2) is to study the asymptotic behaviour

of the trajectory

_e_; -
Xt_\/a(€)(Xt X?), te[0,7], (5.2.3)

it yields the following three cases:

(LDP) The case A(e) = 1/4/€ provides an LDP. [28] proved that the law of the
solution X satisfies an LDP by means of the discussion of exponential

tightness.
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(CLT) The case A(e) = 1 describes a CLT for solution X¢. That is, & SJEX > con-

verges to a stochastic process in a certain sense as € — 0, see Theorem

5.3.1.

(MDP) To fill in the gap between the CLT scale and the LDP scale, the MDP
for X is investigating the LDP of trajectory (5.2.3), where the devia-

tion scale A(e) satisfies

Ae) = 00, Vele) =0, ase— 0. (5.2.4)

To obtain the main results of this chapter, we assume that the coefficients

b and o satisfy the following conditions:

(H1) For any t > 0, b, € CHO(R? x 22,(R?%)). Moreover, there exists an

increasing function K : [0,00) — [0, 00) such that
max{[[Vo(-, ) (@), | D"be(w, ) (1)1} < K (), (5.2.5)
loe(z, 1) = oy, )| < K(#)(|2 = y| + Wa(p,v)), (5.2.6)
t>0, z,yeRY pve @g(Rd),

and

16:(0, 00)| + ||0:(0, 60)|| < K(t), t>0. (5.2.7)
(H2) V(- p)(z) and DLbs(x,-)(pn) satisfy
VO ) () = Vo () ()| < K@) (| = y[ + Wa(p, v)),  (5.2.8)
and

| Dby, ) (1) (21) — D bi(y, ) (v)(22)]

< K()(Jz =y +Wa(p, v) + 21 — 22]),
for all t > 0, z,v, 21, 20 € R%
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Remark 5.2.1. By (H1), we have for t > 0,2,y € R%, u, v € P5(R?) that

b (2, ) = be(y, )| < K () (| — y| + Wa(p, v)). (5.2.9)

5.3 Central limit theorem

The first main result is to investigate the CLT for (X€).c(o,1) to (5.2.1), which

is stated as follows:

Theorem 5.3.1. Under assumptions (H1) and (H2),

Xe¢ — XO
E( sup | —t—*%
0<t<T NG

b
2

p
alY sl prampz2

where Z, solves

dZ; = Vz,bi(-, 6x0)(XP)dt + E(D b (y, ) (6x0) (X)), Zi)|ymxodt  (5.3.1)

|y

+ (X0, 0x0)AW;, Zo = 0.

Here, and in what follows, for z,y € R* and u € P2(R?Y), V,f(-, pn)(x)

constitutes the directional derivative of function f at x in direction y.

5.3.1 Proof of the central limit theorem

Before giving the proof of Theorem 5.3.1, we prepare the following lemmas.
The existence and uniqueness of solution to (5.2.1) has been proved in

[96]. The following Lemma gives the uniformly p-th moment estimates on

X¢ and X°.
Lemma 5.3.2. Under assumption (H1). Vp > 2, we have

]E( sup |Xf|p> \/< sup |Xf|p) < 00, (5.3.2)
0<t<T

0<t<T

with the initial value X = X§ = r € RY.
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Proof. 1t is easy to get from (H1) that
b, )V oo, )| < K01+ 2]+ Wa(u,60)). (53.3)

Noting that Wo(-Zx<, do)? < (E|X¢|?)P/2, by the BDG inequality and (5.3.3),

one has

T
B( sup |[Xi7) < Yl + O(TRE | (14 XipP)ds
0

0<t<T

and

T
(s 1X0P) < OTp) [ (1 X0

0<t<T

thus, (5.3.2) follows from Gronwall’s inequality. O

Lemma 5.3.3. Under (H1) and (H2), we have Yp > 2

]E( sup |Zf|p> \/E( sup |Zt|p> < 00, (5.3.4)

0<t<T 0<t<T

where Z¢ := XF\_@X'O and Zy; is defined in (5.3.1).

Proof. By (5.2.1) and (5.2.2), we know that Z; satisfies

1
dZf = %(bt(){;, Lxe) = b(X7, 0x0))dt + 04 ( X[, Lxe)dW,. (5.3.5)

To prove E<SUP0§t§T |Zf|p> < 00, Vp > 2, it suffices to show

IE< sup | X —X£|P) < O(T,p)ét. (5.3.6)
0<t<T
Indeed, by (5.2.9), (5.3.3), Holder’s inequality and BDG’s inequality, one
gets that

£ 157 )

0<t<T

<o E‘/ X6, L) — b(X0, 5x0)|ds|"
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+ e/ 2E( sup
0<t<T

T
<Cp{ [ (X5~ X0+ Wal Lz, 5P
0
T p/2
iy / E|X? 4+ 1)ds
(] @R+ nas) )
T

T
<c(p) [ BIX - X0Pds+emO(Tp)(1+ [ EIXGPs),
0 0

)

t
/ 0-5<X§7 fX;)dWs
0

where the last inequality is due to the fact that Wy(Zxe,dp)* < E[X¢|2
Then, (5.3.6) follows from (5.3.2) and the Gronwall inequality.
Similarly, by (H2) and (5.3.2), we derive from (5.3.1) that

T T
E( sup |Zt|p) gC(T,p)/ E|Zt\”dt+C(T,p)/ (1+|X7|P)at
0 0

0<t<T
T
< (J(T,p)(1 +/ E|Zt|pdt>.
0

This, together with Gronwall’s inequality, implies the desired assertion (5.3.4).

O
Now, we are in position to finish the Proof of Theorem 5.3.1.
Proof. By the definitions of Z; and Z;, we derive that
Zf — Zy
ol
= [ (0 ) = (X2 Z) = Vbl L) (XD) ) s
0 \We
b
[ (X0 2] = (X 3) = BUD ) B (X2 Z2) o ) s
0

i / (Vb (-, Zx)(XD) = Vbu(-, 8xp) (X0))ds
+ / (E(D"0u(y, )(0x0) (X, Z0)y=xo — B{D b(y, )(3x0) (X)), Ze)l=xo)ds

t
+/ (05(XS, Lxe) — 05(X7, 6x0))dW,.
0
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By (H2), Lemma 2.3.1, Holder’s inequality and BDG’s inequality, one gets
that

E( sup |Z¢ —Zt|p> (5.3.7)

0<t<T

p

T 1
gC(T,p)/ ]E‘/ V2ebe(, Ly )(RE(F)dr — V by, Ly ) (X0 ds
0 0

+C’(T,p)/0 E’/O E(D"bs(y, ) (ZLre () (R5(r)), Z5)|y=xodr

— E(Dby(y, ) (5x0)(X?), Z€ “d
< s(y7 )( X?)( s)? 5>|y:X2 S

T
+C(T>p)/ E|Vz¢-2.b5(-, Zx:) (X])[ds
0
T
+CTp) [ (BIV2b Ze)(X0) = Tz bl 5 (XD )ds
0
T
+CTp) [ E[BDM(0. )0 (XD, 22 xe
0
L 0 P
- E<D bs(yv )(5X9)(Xs)a Zs>|y:X9 ds

T
HOTp) [ BloXs L) — 0, (X )P
0

6
=Y Ji(T), 1 =126,

1=1
where RS(r) = X0 +r(X— X0),r €0, 1].
By (H1), (H2), (5.3.4) and Holder’s inequality, we have

5

> Ji(T) (5.3.8)

T v 1 p
<c@p{ | EZPE( [ (@) - XY + Wl Lo, 5r))dr) ds

0 0
T T T
+ep/2/ E]Z§|2pds+/ E|Z§—Zs|pds+/ B(|Z, W) ( Ly, 0x9))7ds |
0 0 0

T T
< C(T,p){é’ﬂ/ (IE\Z;F”+E|Zs|pE]Z§|p)ds+/ E|Z§—Zs|pds},
0 0
where we used Wy (ZLge (1), 6x0) < rv/e(E|Z¢|?)!/? and W (Lxe,0x0) < e'/2(B|Z<|?)'/?

in the last inequality.
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Moreover, we obtain from (H1), (5.3.4) and Holder’s inequality that

T
Jo(T) < C(T, p) / (2E| 25 + EWa(ZLx, 6x0)7)ds (5.3.9)
0

T
< C(T,p) / ?/?E|Z¢|Pds.
0
Collecting the estimates (5.3.8) and (5.3.9) into (5.3.7), we arrive at

]E( sup |Z§—Ztl”)

0<t<T
T

T
< C(T,p){ep/Q/ (E| Z<|** + E|Z.|PE| Z¢|")ds +/ E|Z¢ — Z5|pds}.

0 0

This, together with the Gronwall inequality, yields that

IE( sup |Z; — Zt|p) < COppe?’?.

0<t<T

The desired assertion is obtained by taking ¢ — 0. ]

5.4 Moderate deviation principle

The main result of this section is the MDP for (X¢)cc(,1) to (5.2.1), which is

stated as follows:

Theorem 5.4.1. Under assumptions (H1) and (5.2.8) of (H2). Then, X¢,
defined in (5.2.3), satisfies an LDP on C([0,T];RY) with the rate function I
which is defined by

h 2
9= e MRV gcoqriry,  Ga)
{heH;g=T0(; h(s)ds)} 2

where, by convention, 1(g) = oo if {h € H;g = I°([, h(s)ds)} = 0 and
Yh =T [ h(s)ds) satisfies the following equation:

Ay = {vythbt(-, 5x0)(X0) + 0, (XY, 5Xg)h(t)}dt. (5.4.2)
Remark 5.4.1. Theorems 5.3.1 and 5.4.1 can be extended to the case of

path-distribution dependent SDEs, and the Lipschitz condition imposed on

the drift can be relaxed to the monotone condition.
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5.5 Proof of the moderate deviation principle

From (5.2.1)-(5.2.3), we can see that X¢ satisfies the following equation:

t t
Xf = \/E+(€)/o [0s (X5, Lxe) — bs(XY, 5x0)]ds + ﬁ/o os(XE, Lxe)dWs.
(5.5.1)
Subsequently, we aim to show that the law of X{ satisfies an LDP. To this
end, we first recall that the LDP for stochastic processes, the idea is to
identify a deterministic path around which the diffusion is concentrated with
overwhelming probability, so that the stochastic motion can be seen as a
small random perturbation of this deterministic path. In particular, this
means that the law of X¢ is close to some Dirac mass if € is small. We
therefore proceed in two steps towards the aim of proving that the law of X¢
satisfies an LDP.
Firstly, note that Zx. will converge to dxo in distribution as the deviation
scale A(e) satisfying (5.2.4). We replace Zx; by dxo in (5.5.1) and obtain an

approximation equation of (5.5.1) as follows:

_ 1 t - 1 t -
Y= ———— [ [bs(YE, 0x0) — bs(X?, 6x0)]ds + — S(YE, 8x0)d W,
t \/E)\(E)/O[ ( s XS) ( s X?)] s+ A(E)A O( s X?)
(5.5.2)
where ¥y = (Y5, dxp)dt + v/eou(Yy, dxp)dW; and YV = =25 Then, we

establish the law of Y satisfying an LDP.

Secondly, we claim that X{ and Y are exponentially equivalent. Thus,
we obtain that the law of X satisfies an LDP with the good rate function
I(g) given in (5.4.1) due to the fact the LDP does not distinguish between
exponentially equivalent families.

Note that (5.5.2), is indeed a classical SDEs with time dependent variable,
the LDP for this type model has been investigated extensively in the existing

literatures. To make the contents is self-contained, we sketch the proof of
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the law of Y satisfying an LDP in the following subsection.

5.5.1 Large deviation principle for Y¢

Lemma 5.5.1. Under the assumptions of Theorem 5.4.1, the family of (Y¢)eso
satisfies an LDP in C([0,T];RY) equipped with the topology of the uniform

norm with the good rate function I(g) given in (5.4.1).

According to the Lemma 2.4.2, to complete the proof of Lemma 5.5.1, we
only need to verify the conditions (a) and (b) in Lemma 2.4.2.

By the Yamada-Watanabe theorem, there exists a measurable map I'° :
C([0,T); R?) — C([0, T]; R?) such that Y€ = I“(ﬁW).

Since Ep<exp {3 fOT ]he(s))]2d5}> < oo for h. € y, that is, the Novikov

condition holds. By the Girsanov theorem, we know that

1 - 1 b,
th == th +/0 h€<8)d8

is a Brownian motion under the probability measure P, := Rr[P, where

Ry = exp{ - /OT hg(s)d% - %/OT |h5(3)|2d8}

is an exponential martingale.

Furthermore, we obtain that Y ¢ = I (ﬁW%— IN h€(s)ds), which solves

X\ € 1 €,Ne
Ayt = m[bt(yi e, 8x) — bu( X, Ox)]dt (5.5.3)

1 .
+ mat(Yf’hé, Oxo)dW; + oo (Y;7" dx0)he(t)dt,

where Y, := X0 4 \/eA(e) V"<
The following Lemmas play the key roles in the proof of Lemma 5.5.1.
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Lemma 5.5.2. Under assumptions (H1) and (H2). Then, for any h € H,
equation (5.4.2) admits a unique solution Y in C([0,T);R?). Moreover, for

any N > 0, there exists a constant Cyr such that

sup { sup |Y;h|} < Cnr. (5.5.4)

heSy \ 0<i<T
Proof. By (H1) and (H2), the coefficients of (5.4.2) satisfy the Lipschitz con-
dition, which implies that equation (5.4.2) admits a unique solution. More-
over, note that the coefficient functions satisfy the linear growth condition,
and the fact that Wy(Zy, dp)* < E[Y}"|?, we can obtain the estimate (5.5.4)

by using the Gronwall inequality. Here we omit the details of the proof. [
Firstly, we prove that the condition (b) of Lemma 2.4.2 holds.

Lemma 5.5.3. Under assumptions (H1) and (H2). Then, for any positive

number N < oo, the family

Ky := {FO</ h(s)ds);h € SN},
0
is compact in C ([0, T]; RY), where the map T° is defined in Theorem 5.4.1.

Proof. For any N < 00, the set Ky is compact provided that the compactness
of Sy and the continuity of the map I'° from Sy to C([0,T];RY). To this
end, it suffices to claim that I'’ is a continuous map from Sy to C([0, T]; R%).

Let h,, — h in Sy as n — oo. Then

t t
Y~y = /O V iy bs(-, 6x0) (X0)ds + /O 04(X0 8x0) (hn(s) — h(s))ds
— (1) + I2().

By (H2), (5.3.2) and (5.3.3), it is easy to see that

t
()] < / K () (L + X7 + Wa(dx0, 60)) [V — YF|ds.
0
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Let ¢"(t) = [y 05(X2,0x0)ha(s)ds. By (H1), Lemma 5.3.2, and h,, h €

Sy, we derive that

t
1l < /HUS ox)|I2 ds /yh 2ds

/ K2 ]_ —I— |X0| +W2(5xo (50 dS / |h 2dS
< 00.

Similarly, we see that for any 0 < t; <ty < T,
to .
97(62) = 9"(00)] < [ (X0, Bx) () s
t1
to .
< [ RO+ X+ Waldxg, 80) ()] ds
t1
t2 1/2
< @)t =) ( [ fhns)Pas)

t1

< C(T, N)(ty — t1)Y2.

Hence, the family of functions {g"},>; are equicontinuous in C([0, T; R%).
According to the Azela-Ascoli theorem, {¢g"},>1 is relatively compact in
C([0,T);R?), let g be any limit point of {g"},>1. Noting h, — h on Sy, we

have

t

t
lim | 0y(X0, 6x0)in(s)ds / 04(X0, 6x0)h(s)ds, Vi € [0,T),
0

n—o0 0

that is, limy, o0 SUpsep 7y [ (¢)| = 0. This, together with (5.3.2), yields that

sup [V — V|

0<t<T

T
< / ()1 + [X0] + Wa(Sxp, 60))[¥ — Y{dt + sup I2(2),
0

0<t<T

and by the Gronwall inequality, we arrive at

T
sup [V =Y/ < exp{/ K(t)(1+ | X7 +W2(5X?750))dt} sup I3(t)
0

0<t<T 0<t<T
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< C(T,N) sup I3(t) — 0,as n — oo,
0<t<T

which yields that I'Y is a continuous map, we therefore complete the proof. [

Before verifying condition (a), we give an estimate for the second moment

eh
of Y7,

Lemma 5.5.4. Assume (H1). Then, there exists an ey € (0,1) such that

for some Cr,

B sup 77

0<t<T

2) < COr, €€ (0,6), he € y. (5.5.5)
where Y is defined in (5.5.3).

Proof. Note that Y can be decomposed into the following three parts

t
e h. 1 .
v :/0 NGY0) [bs (Y, 0xg) = ba( XY, dx0)]ds

t 1 t .

+/ )\—O'S<Ys€’he,(5)(g)dws+/ Us(i/se’he,(ng)he(S)dS
o Ale) 0

3

= T (1),
i=1

(2

By (H1), we have

) L TE(T)

2
N2 (0) ds.

E( sup [0

0<t<T

T T
/ E|YShe — X012dds < C’T/ E|YShe
0 0

By the BDG inequality, (5.3.2) and (5.3.3), one has

Cr T
B( swp [150F) < 35t [ Bl v
0

0<t<T A%(e)
Cr
<
~ X(e)

< Cr /T[l + eA2(e)E| Y e
— A%(e) Jo ’

< /TIE\YE”“
~ A%(e) ! 0 ’

>+ Wy (dx0, 8o)*]ds

T
| B - X0 4 BXOPs
0

* 4+ E[X]]%]ds

2ds.
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Applying the Holder inequality, and recalling h, € 27y, we obtain from (5.3.2)
and (5.3.3) that

E( sup |75 (1))

0<t<T

T
< C’TIE/ [1+ Yol + Wa(dx0, 80)?]|he(s)]*ds
0

< Cr(1+ ( sup [X7P) + N (E( swp [V P)) / () Pas

< Cr <1 + EAQ(E)E<Oi1tl£T |V, 2))

Thus, the above estimates yield that

E( sup D_/te’he 2)
0<t<T

<Cr <1 + + 6/\2(6)E( sup |Y,"

0<t<T

2dt>.

. )+ 1+ )/T]E|Y6’h€
A%(e) ‘ 0 :

Taking € > 0 sufficiently small, such that CreA?(e) < %, leads to

_ 1 T _
IE( sup |V 2) < C’T<1 + 5 (L e)/ E( sup |Vl 2>dt).
0<t<T A%(e) 0 \o<s<t

The desired assertion follows from Gronwall’s inequality and due to the fact

that/\%(e)—)OaSE%O. O

We are now in the position to verify the condition (a) of Lemma 2.4.2.
Lemma 5.5.5. Under assumptions (H1) and (H2), for every fired N € N,

let he,h € oy be such that h, = h as e — 0. Then Fe(ﬁwﬂd he(s)ds> =
rﬂ( I h(s)ds) in C([0, T]; RY).

Proof. By the Skorokhod representation theorem [10, Theorem 6.7, p70],
there exists a probability space (Q, F ., T, I@’), and a Brownian motion W on

this basis, a family of jt—predictable processes {ﬁe; e > 0}, h taking values
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on /v, P- a.s., such that the joint law of (he, h, W) under P coincides with
the law of (he, h, W) under P and

lim(h. — h,g) =0,Yg € H,P — a.s..

e—0
Let Y% be the solution of (5.5.3) replacing he by he and W by W, and yh
be the solution of (5.4.2) replacing h by h. Thus, to this end, it suffices to
verify
lir% ||}~/€"~“ - Y/EH =0, in probability.
e—
In the following, we drop off the ~ in the notation for the sake of simplicity.

Note that Yf’he — Y/ can be decomposed to the following three parts:
vt -y
_ | /t[b (Vb 5x0) — ba(X0, 5 )]ds—/tv bel- o) (XO)ds
- \/EA(E) 0 S S bl Xg S R Xg 0 Ysh S 9 Xg S
t . . 1 t
+ / [Us(if’he,dxg)he(s) —JS(Xg,éxg)h(s)}dstW / os(Y,", 5x0)dW
0 €) Jo
3
= I (1),
i=1

By (H2), we have

15 (1)
t
-,
t
<
0
t
o
0
t _ A B
< k(0 [ (et - v+ S )as
0
By (5.5.4) and (5.5.5), it follows that

1
/ Vgenebs (-, 0x0) (X + (Yt — X)) dr — Vynbs(-, 6x0)(XJ) |ds
0

1
/0 V st ypybe(e e (XD 4 (V0 — X0)dr|ds

1
/ Vynbs(+, 0x0) (X0 + r(YO" — X2))dr — Vynbs (-, 6x0) (X?)|ds
0

T
B( swp |1 (0F) Sext(+ [ BIVE - v!Pds

0<t<T 0
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By (H1) and (5.3.3), it follows that

157 (t)]
t t

- ’ / [ou(¥e, dx2) - as(xg,axg)}hé(s)ds] + ‘ / 04(X, 6x0) (he(s) — h(s))ds
0 0

S/O K(S)IYJ’he—Xgllhe(8)|d8+/0 |05 (XY, 8x0) (he(s) — h(s))lds

< VeA(©) / K ()[R o ()]s + / K()(1+ X he(s) — h(s)[ds,

thus, by Holder’s inequality and (5.3.2), it follows that

T
E( sup |]§’h€(t)|2> < eXX(e) + / E|h(s) — h(s)|%ds.
0<t<T 0
By the BDG inequality, (5.3.3) and (5.5.4), we arrive at
E( sup 5" (0))

0<t<T

T
| E(louv dxs) - 0 (X2 8P + . 0
0

T
< E|Y, "
<%0 +6/0 v;

Taking the above estimates into consideration, it follows that

lz)ds

2ds.

£ sup 5%~ ¥7P)

0<t<T
1
A*(e)

T T
< +e()\2(e)+1)+/ E[he(s)—h(s)]2d3+/ E|YS" — Y/'|2ds,
0 0

thus, the desired assertion follows from the Gronwall inequality and taking

e — 0. O

Proof of Lemma 5.5.1
The conclusion of Lemma 5.5.1 follows from Lemma 2.4.2, and from Lem-

mas 5.5.3 and 5.5.5.

89



5.5.2 X and Y* are exponentially equivalent
The following lemma shows that X¢ and Y are exponentially equivalent.

Lemma 5.5.6. For any 0 > 0, we have

lim sup € log (IP’{ sup | Xf — Y| > 5}) = —o0. (5.5.6)
=0 0<t<T

The proof of Lemma 5.5.6 is based on the following lemma, (for more

details, please refer to [25, Lemma 5.6.18]).

Lemma 5.5.7. Let by, 0¢ be progressively measurable processes, (wi)i>o is a

d-dimensional Brownian motion, and let
dZt = btdt + \/EO-tdwt, t Z 07

where zy is deterministic. Let 7 € [0,1] be a stopping time with respect to
the filtration of {wy,t € [0,1]}. Suppose that the coefficients of the diffusion
matriz o are uniformly bounded, and for some constants M, B, p and any

tE [077'1],
o] < M(p* + |22)2, 6] < B(p® + =)

Then for any § > 0 and any € < 1,

p2 + ’ZO‘2>

elog[P’( sup |z Z5> §K—|—10g< 0 1 52

te[ole}

where K = 2B + M?*(2 + d).
Now, we are in position to finish the Proof of Lemma 5.5.6.

Proof. Without loss of generality, we may choose R > 0 such that the initial
data x is in the ball Bg,1(0) ( with center 0 and radius R+1). We also assume
that X? does not leave this ball up to time 7. We define the stopping time
T, = inf {t it > O‘|X§|\/D7f| > R+1}, then we denote by 7z = min{T’, 75}
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Subsequently, we consider z; := Xf — Y, the new process satisfies the

following equation

t t
dz :/ bsds—l—\/E/ o, dWy, 7z =0, (5.5.7)
0 0

where
, X D) - bi(YyE, 6x0) L olX ) - oo (Y, Ox)
b VeA(e) R VeA(e)

Note that both b; and o; are progressively measurable processes. Assume

t < 7, we then derive from (5.2.9) that

b (X5, Lxg) = be(XF, Ox0) + bi(XF, 0x0) — bi(V, Ox)]
VeA(e)

< K(6)Wa(Lxg, 0x0) N K ()| X7 — Y|

- VeA(e) VeA(e)

< K()(p*(e) + 121",

|| =

where p?(¢) = supy<,<p E|X{[*. In the same vein, we have
joe] < K(8)(p(e) + 2:[*) 2.

Note that zZy = 0, for any d, p¢ and for any small enough e, we derive from

Lemma 5.5.7 that

elogP( sup |z > 5) < KT +log (%)
t€[0,7r] p*(e) +9
In the same way as in the proof of (5.3.6), one can show that p?(e) converges
to 0 as € — 0. Hence, we deduce that
hmsupelogl[”( sup |z > 5) = —00. (5.5.8)
e—0 tel0,7r]
Now, since

X =V 20}  {rn < ThU{ suwp |X; - V)| 2 4},

0<t<rg
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we can conclude as long as we show that

lim limsup elog (]P’{TR < T}) = —00.

R—oo 0

Define np == {t : t > 0,|Y| > R}, i.e. the first time of Y exits from the
ball Bg(0) (with center 0 and radius R).

Letting 7z < T', we then have {|X¢ |V |YS | = R+ 1}, which yields the
following two cases:

(i) If |YS | = R+ 1, then we have immediately ng < 7. This implies that
P{rr < T} <P{nr <T}.

(i) If | X< | = R+ 1, one can derive that

P{rp < T} < P{|XS | = R+ 1}

1 S 1 -
:P{ sup |2t|257‘X76'R|:R+1}+P{ sup ’2t|<§7’X:R’:R+1}

tE[O,TR} tE[O,TR}

1
< P{ sup |z] > —} + P{nr < T}.

tE[O,TR] 2

To finish the proof, it is sufficient to prove by (5.5.8) that the probability

of Y€ exits the ball Br(0) is very small as € goes to zero, i.e.

lim lim sup € log (P{UR < T}) = —00.

R—oo 0

Recall that Y satisfies an LDP for the uniform norm with good rate function

I(g) given in (5.4.1). Then, for any closed set F C C([0,T]; R?) we have

limsupelogP{Y* € F} < — inf I(g).

e—0 geF

As a consequence,

lim sup € log (]P’{UR < T}) = lim sup e log (]P’{ sup |Y| > R})
e—0

e—0 0<t<T

. ]- T q 2
< — inf = |h(s)|"ds.
2 Jo

{heH:g=T0(f; h(s)ds),l|glloc >R}
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We remark that the infimum of 7(g) on the set of paths exiting from the ball
Br(0) goes to infinity as R goes to infinity.
By (H1) and (5.3.2), we obtain that

9(t)] < / ¥ g bs (- 8x0 ) (X0) + 04 (X0, 8o () s
< / K (5)(1g(s)] + (L + [ XD i(s)[)ds

<aif [oias+ ([ eras)™).

and by the Gronwall lemma, we have

o0l < i [ lheras)” < o

By taking R — oo, it yields that {h € H; g = I'°( h(s)ds),lgllec > R} = 0,
which implies I(g) = —oo. That is, X¢ and Y are exponentially equivalent.

]

Proof of Theorem 5.4.1 The conclusion of Theorem 5.4.1 follows from

Lemma 5.5.1 and Lemma 5.5.6.

5.6 Illustrative Example

In this section, we give an illustrate example.

Example 5.6.1. For any g € CZ(R?), define the function of u as p +—
1(9) == [ga gdp. Consider the following MV-SDE on R:

dX; = {X] + (ZLx:(9))*}dt + Ve{ X[ + Lxe(g)) }dW,, (5.6.1)

with the wnitial value X§. When € — 0, we obtain the following ordinary

differential equation:
dXP = {X7 + (dx0(g))*}dt. (5.6.2)
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We now check that the coefficients of (5.6.1) satisfy (H1) and (H2).
Letting b(z,n) = x + (u(g))?, we have Vb(-,u)(x) = I, where I is the
d x d identity matriz. It is easy to check that (H1) and (H2) hold for the
spatial component of b. Now, we check that (H1) and (H2) also hold for the
measure component of b.
Firstly, we verify the condition (H1). By the Taylor expansion, one gets
that

po(Id+ )" (g) = nlg) — (Vg, 6(x))]

lim
16llz,, 50 [| D] 7,

fg(z + 6(2)) = g(x) — (Vg,6(2)) hu(da)

= lim
léllz,, ,—0 [|B]|T, ,
V29|
< im
16llz,, 5 =0 2[|@|7,

R4

|6 (x)]”pn(dx)

Rd

< lim [ Vwllgllz,. = 0.

= oz, ;0
That is, D' 1u(g) = Vg. Similarly, we can show that D*b(z,-)(1) = 2u(g)Vg.
This, together with g € CZ(R?), yields that || D*b(x,-)(Z(9))||1,. < K,
where K = 2max{sup,cg« |9(7)|, sup,epa [Vg(z)|}-
We now check the condition (H2). For X,Y,¢ € L*(Q — R% P),

[E(D (. )(Lx(9))(X), ) — E(D b(a, ) (L () (V) )

= [ER(Zx(9)V9)(X), 6) — E2(L(9)V9)(V), 0)

< 2Bl ) 2 (B|(Zx (9) Vo) (X) — (L) V) (V)2

< 4(El0*){(B)2x(9) - L (0)Vo(X) )2 + (BLG (9)(Vg(X) — Vo(¥))*)"*}
C(E|9)*(E|X - Y[2)7),

IN

where we have used ||[D*p(g)||r,2 < o0 in the last inequality, .

Similarly, we can also check that o satisfies (H1). By theorem 5.3.1, we
then obtain that Z, satisfies

dZ; = Z,dt + EQ2(0%,(9)V9)(X?), Zi)dt + { X} + (Lxo(g)) ydW.
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Chapter 6

Bismut formula of Lions
derivative for Mckean-Vlasov
stochastic differential equations
driven by fractional Brownian

motion

In this chapter, we investigate the Bismut formula of L-derivative for MV-
SDEs driven by fBm in view of the Malliavin analysis method.

In Section 6.1, we show the well-posedness of MV-SDEs driven by fBm
under the Lipschitz condition of coefficients.

In Section 6.2, we give the results of partial derivative in initial value and
Malliavin derivative of MV-SDEs driven by fBm, that is, Propositions 6.2.2
and 6.2.3.

In Section 6.3, we show a general result of Bismut formula of L-derivative

for MV-SDEs driven by fBm (Theorem 6.3.1), and Subsection 6.3.1 is devoted
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to its proof.

In Section 6.4, we apply the general result (Theorem 6.3.1) to the non-
degenerate case. More precisely, Subsection 6.4.1 is devoted to the explicit
assumptions on the coefficients and the main result. Subsection 6.4.2 is

devoted to the proof of Theorem 6.3.1.

6.1 Well-posedness of McKean-Vlasov stochas-
tic differential equations

Given a complete filtration probability space (Q, %, (%;)i>0, P) and (B});0

)iz0
is a d-dimensional fBm with Hurst parameter H € (3, 1). Consider the

following MV-SDE:
dX; = b(t, Xy, Lx,)dt + o(t, Lx,)dBF, Xy =&, (6.1.1)

where b : Q x [0,T] x R x Zp(R?) — R 5 : [0,T] x Zy(RY) — R @R and
0 € [1,00).
To obtain the existence and uniqueness of (6.1.1), we give the assumption

for (b, 0) as follows:

(H) There exists a non-decreasing function K(t) such that for any ¢ €

[0,T],2,y € R, pu, v € Py(RY),

[b(t, 2, 1) = b(t, y, v)| < K(t)(lx —y| + Wo(p, v)),
HO-(tvM) - U(t7 V)H < K(t)W9<:ua V)a

and

[b(#, 0, 00)| + [lo (£, d0) || < K(2).
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For any p > 1, let SP([0,7T]) be the space of R%valued, continuous .%-
adapted processes ¢ on [0, T satisfying

1/p
[¢llse == (JE sup |¢(t)|p> < o0,
te[0,T]

and let the letter C' with or without indices denotes generic constants, whose

value may change from line to line.

Definition 6.1.1. A stochastic process X = (X;)o<i<r on R? is called a
solution of (6.1.1), if X € SP([0,7T]) and P-a.s.,

¢ ¢
X, =¢ +/ b(s, X5, Lx,)ds +/ 0<S,$Xs)dBf, tel0,T].
0 0

Remark 6.1.1. Observing that the diffusion term o (-, £y ) is a deterministic
function, then [ o(s, Zx,)dB! is regarded as a Wiener integral with respect

to {Bm.

Theorem 6.1.1. Suppose that (H) holds and & € LP(S2, %y,P). Then the
equation (6.1.1) has a unique solution X € SP([0,T]) with any p > 0 and
p>1/H.

To finish the proof of this Theorem, we prepare the following Lemmas.
The following lemma presents the Hardy-Littlewood inequality (see, e.g., [91,
Theroem 1]).

Lemma6.1.2.Letl<1§<cj<ooand%:%—a. Iff: R, - R

belongs to LP(0,00), then I, f(x) converges absolutely for almost every z,

and moreover
105 fllao.00) < Chall fllzi0,00)

holds for some positive constant Cj ;.

The below lemma is due to [63, Theorem 1].
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We

N[

Lemma 6.1.3. Let Z be a fractional Brownian motion with H >
have the inclusion: for every T < oo, there exists a constant C(H,r) such

that for every r > 0, for every a,b with 0 < a < b < oo we have

(] [ stnz

) < COH iy (6.12)

and
E(‘ /abf(u)dZu /abg(u)dZu

Now, we are in position to finish the Proof of Theorem 6.1.1.

) < COH s @y 9lsm sy (61.3)

Proof. Define recursively (X™),>; as follows: X? = ¢, t € [0,T] and for each

n>1,
t t
XPr=¢ -|—/ b(S,Xg_l’,%ngl)dS —|—/ U(S,ngb—l)dBf, t € 10,77
0 0

The rest of the proof will be divided into three steps.

Step 1. Claim: For any p > 0 and p > 1/H, if E(supyco 7 | Xi'|P) < oo,
then there holds E(sup,co 1y |X;/"TP) < 0o. Owing to the Holder inequality
and (H), we have for any p > 0,

£ sup 1XP)

t€[0,T)]
P

T
§3p_1E|§|p+3p_1E/ b(s, Xy, Lxn)ds
0

p)
T

< 3IEf¢f + (3T)p_1]E/ KP(s)(1+ | X7 + Wo(Lxy, o))" ds
0

p)

< PR + 0 (T (T)) (1 + 28 sup |37 'p>>

te[0,7)

¢
/ o (s, Lxn)dBY
0

+ 3R ( sup

te[0,7

¢
/ o (s, Lxn)dBY
0

+ 3R ( sup

te[0,7

98



¢
/ a(s,fxg)stH
0

te[0,7

+ 3R ( sup

p) . (6.1.4)

Next, we shall provide an estimate for the last term of the right-hand side
of (6.1.4), whose argument is partially borrowed from [1, Theorem 4].

We take A satisfying 1 — H < A < 1 — 1/p because pH > 1. Using the
fact that ['(t —7)~*(r — s)*~'dr = Cy, the stochastic Fubini theorem and

the Holder inequality, we get

t p
E ( sup / o(s, Lxn)dBY )
tefo,1] 1o
t s opt P
= C\"E ( sup / (/ (t—r)r— s)’\_ldr) o (s, Lxn)dBY >
tel0,7] |Jo s
t T p
= C\"E ( sup / (t—r)™ </ (r — s)’\_la(s,fxg)dBf) dr )
te[0,7] |J0o 0

/ (r — S)A_la(s, fxg)stH
0

P
dr

p
dr, (6.1.5)

Cf_p t

< A -E | sup tp_l_kp/

(p—1—Ap)P~ t€[0,7] 0

Cy’ o [ ' A-1 H

< Tp__p/E/r—s_as,gnst
(p—1—Appr-t 0 0( ) (5 )

where we have used the condition A < 1 — 1/p in the first inequality. Notice
that for each r € [0,T], [ (r — s)*o(s, Zxn)dB is a centered Gaussian

random variable. Then by the Kahane-Khintchine formula, we obtain that

there exists a constant C}, > 0 such that

E Tr P lo(s, Zya)dBl|

( (s, Ly AB ) %
<o ([ / (r = 0P oo, i)l = 0P oo, Zig) - o2 )
<Gy ([ =97 lots, 21 has) (6.6
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where the last inequality is due to the argument of Lemma 6.1.3.

Substituting (6.1.6) into (6.1.5) and using the condition 1 — H < X and

Lemma 6.1.2 with § = pH and o =1 — % (imply p = p—(/\+§1}£1)+1)’ we have
t P
E | sup / o(s, Lxn)dBY
tefo, 7] 1Jo
T r N L pH
< C,\,nHTp_l_’\p/ (/ (r — s)H||a(s,$Xg)||Hds) dr
0 0
T ) p(A+H—-1)+1
< Cupa 7 ( [ lotr i) otreiar)
0
T
S C’/\,p,HzﬁpI{_l/b ||U(Sa$X§l)||pdSa (617)
0

where we used the Holder inequality in the last inequality, and remark that
Chp,r above may depend only on p and H by choosing proper .
Observe that, by (H) and p > 6 we have

T T
/ lo(s, ZLxn)|[Pds < / KP(s) (1 +W9($Xg,50))pds
0 0
< o~ LKP(T)T (1 +IEJ< sup |X:|P>> .
te(0,7)

Then, plugging this into (6.1.7) yields

E | sup
te[0,7)

Combining this with (6.1.4) and the assumption that E( sup,ejo 7y | X7'?) < 0o

t
/ o(s, Lxn)dBY
0

p
) <,y K?(T)T"H <1+E< sup |Xf|p)) .

te[0,7

yields the desired claim.
Step 2. Fuxistence. To this end, we shall prove the convergence of X" in

SP([0,T]) with any p > 1/H and p > 6. For any t € [0,T], we get

E( sup | X" — Xg—1|p> (6.1.8)
s€[0,¢]
< 2p_1E< sup / (b(r, Xf_l,fqu) — b(r, X:}_Q,lehz))dr p)
s€[0,¢] 0
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+ 2p_1E< sup
s€[0,t]

/05 (0(7“, Lxn1) —o(r, .,%X:hz))dBf

= 2p—1.[1(t) + 2p_112(t).

)

For the term [;(¢), from (H) and p > 6 we obtain
L(t) <R / t |b(r, X, Lyn—1) = b(r, X2, L) [ dr
0
<t 'E /t [K(r) (|X = X772 + Wo(Lyn1, Lyn—2))] " dr
0
< XTLKP(1)PIE /t (| X' = XP2 P+ EIXP T — X[ P) dr
0
< P KP(1)1r / t]E( sup [ X1 — X3—2|P>dr. (6.1.9)
0

u€e(0,r]

As for the term I5(t), owing to p > 1/H and p > 6, (6.1.7) and (H) we have

L(t) = ]E< sup p)

s€[0,t]

/0 S (0(7‘, Lrnr) —olr, zXﬁ_z))dBﬁ

t
< CpﬂtpH_l/ llo(r, gX?—l) —o(r, .,Q”X;L_Q)der
0
t
S Cp7HtpH_1/ Kp(T)WQ(ZX;nfl,gX?72)pdr
0

t
< C,pKP(t)tri ! / E|X" — X" 2Pdr

0

t
< Cp,HKp(t)tpH_l/ E( sup | X! —X3_2|p>d?". (6.1.10)
0

u€e(0,r]
Plugging (6.1.9) and (6.1.10) into (6.1.8) yields
E( sup | X" — X§—1|P> (6.1.11)
s€[0,¢]

t
< PTLRP() (20t + Cp,HtpH_l)/ E( sup | X7 — XZ_QV)) dr
0

u€(0,r]

t
< Conr / E< sup | X7 —X;;*2|p>dr
0

u€[0,r]
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with Cp g p := 27 KP(T)(2PTP 7 + Gy TP ).
Hence, by the iteration we arrive at

tn—l

E( sup X2 = Xi7') < CiCpyr RS

s€[0,t]

where C} := E(supte[O’T] | X} — 5]7’) < oo due to Step 1.
Consequently, (X"),>1 is a Cauchy sequence in SP([0,7]) with any p > 6
and p > %, and then the limit, denoted by X, is a solution of (6.1.1).

Step 3. Uniqueness. Let X and Y be two solutions of (6.1.1). Along the

same lines with Step 2, we derive that as in (6.1.11),

E( sup |XS—YS|P) < CnH,T/tE( sup \Xu—Yu|p)dr, t e [0,T].
0

s€[0,t] u€l0,7]

Then, the Gronwall lemma implies that X; = Y;, t € [0,7], P-a.s.. The

proof is now complete. ]

6.2 Partial derivative in initial value and Malli-
avin derivative
Consider (6.1.1) with distribution independent o (t), i.e.
dX, = b(t, Xy, Lx,)dt + o(t)dBF, (6.2.1)

where Xy € L*(Q, %o, P) with ZLx, = p.
The drift b satisfies the following assumption:

.. 1,(1,0) (Rd d
) ) ) 2 . )
(A) For every t € (0,77, b(t,-,-) € C (R* x P5(R*)). Moreover, there

exists a constant X > 0 such that

IVO(t, -, ) (@) ]| + [ DFO(t, , ) ()| < K, t€[0,T), z € RY, e Po(RY).
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Note that by the fundamental theorem for Bochner integral (see, for instance,
[57, Proposition A.2.3]) and the definitions of L-derivative and the Wasser-

stein distance, (A) implies
[b(t, 2, 1) = b(t, y, V)| < K(|lz —y| + Wa(pu,v)), t€[0,T],

with z,y € RY, p,v € P(R?).
Then, it follows from Theorem 6.1.1 that (6.2.1) has a unique solution.

6.2.1 Partial derivative in the initial value

To investigate the partial derivative in initial value of (6.2.1), we first in-
troduce a family of auxiliary equations. For any € > 0 and n € L*(Q —

R, Z,P), let (X§)ieo.r] solve
dX; = b(t, X;, Lx:)dt + o(t)dB)!, X5 = Xy +en, (6.2.2)

and define

X;— X,

TS =
! £

, te[0,T], >0.

Lemma 6.2.1. Assume that (A1) holds. Then

supE | sup | Y52 | < 23T Ry, (6.2.3)
>0 te[0,T)
and
sup |52 < (2[77\2 + 8§(KT)? ST E[nP) KT (6.2.4)
€€(0,1],t€[0,T)

Proof. By (6.2.1)-(6.2.2) and (A1), we have for any ¢t € [0,7] and € > 0,

sup | X7 — X,[*

s€[0,¢]
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2

< 2e%|n* + 2 sup
s€[0,¢]

/ (b(r, X5, Zxz) — b(r, X,, Zx,)) dr
0

< 2¢%|n? + 4K>T sup / (1X; — X, | + Wo(Lx:, Lx,)?) dr.
0

s€[0,t]
Taking the expectation on both sides of the above inequality, we get
t
]E( sup | XS — Xs|2> < 2e%E|n* + 8K2T/ IE( sup |X; — Xu|2> dr,
s€0,t] 0 u€(0,r]

which implies (6.2.3) and then (6.2.4) due to the Gronwall inequality. O

With Lemma 6.2.1 in hand, we can present the partial derivative in initial
value of the equation (6.2.1). Consider now the following linear random ODE

on R% for any n € L*(Q) — R4, %y, P) and t € [0, T,

dF? = [vab(t’ '7$Xt)(Xt) + (E<DLb(t’ Y, ')(gXt)(Xt)7 F?>) |y:XJ dt7 Fg =,
(6.2.5)

where

]E<DLb(t7 Y, ')(gXt)<Xt)7 F?) = (E<DLbz(t7 Y, ')(gXt)(Xt)7 F?>) < Rd‘

1<i<d

Obviously, (A1) implies that the ODE has a unique solution {I'} };cjo,r] sat-
isfying

E ( sup IF?I2> < Or.kElnf*. (6.2.6)

tel0,7]

Proposition 6.2.2. Assume that (A1) holds. Then for any n € L*(Q —
RY, Zo,P), the limit V,X; = lim. o Y5 exists in L*(Q — C([0,T];RY),P)
such that V,X; = T} holds for each t € [0,T], i.e., V,X; is the unique
solution of (6.2.5).

Proof. To simplify the notation, we denote X§(t) = X;+6(X;—X,),0 € [0, 1].
By (6.2.1) and (6.2.2), we obtain that for any ¢ € [0, 7],

b(t, X7, Lx:) — b(t, Xy, gXt)dt
3

dYs =
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1/1 db(t X;(t), & )d0+1/1 db(tX Lx=y)db| dt
0 4o ) <39 y L X§ e J 46 y Aty L X5 (1)

€

[ / Treb(t, - P (X5 ()0
+ [ @D () L) (X500 Ti>>|y-xtde} at

with T§ = 7. Here, we have used Lemma 2.3.1 in the last equality.
Then, combining this with (6.2.5) yields that for each t € [0, T,

d(T; = T7) = [®5(t) + Vre_rob(t, -, Lx, ) (Xy)] dt

+ [@5(t) + (E(D™0(t,y, ) (Lx,)(X0), T = T))) ly=x,] dt,
with Y5 — I'j = 0, where
i) 1= [ [Vriblt 25 (XG0 ~ Vsl ) (X)) 00,
3(t) = /01 (E(D™0(t, y, ) (Lx5) (X5 (1)) — Db(t, y, ) (Lx,)(X0). 1)) |y=x, 0.
Consequently, by (A1) we get
;=i <ar [ (o + 50 s
+4K?T /Ot (|7 = T2 + E[YS — I7)?) ds.
Taking into account of (6.2.3) and (6.2.6), the Gronwall inequality leads to

T
E ( sup \T;-F?P) §4Te8(KT)2/ E (|®5(s)]* + |®5(s)|?) ds.  (6.2.7)
0

te[0,T)

By the Holder inequality and (6.2.3), one sees that

[@5(s)[* + |25(s) [

1
< / Vb(s, - Lxe ) (X5(5)) — Vb(s, -, L) (X,)2d0 - [T2P
0
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JrIE‘«ITilz/0 (E[D"(s,y, ) (ZLx;(5)) (X5 () — DPb(s,y, ) (Lx ) (X)[?) |y=x.d0
(6.2.8)

< AKP(|T5 P + BT,
and

lim E ( sup |X;(s) — XS|2> < hf(r)l]mX; — XJ?*=0.

el0 6€[0,1]

Then using the condition b(s, -, -) € CHHO(RY x P, (R%)) of (A1) and (6.2.3)
again, we obtain that |®5(s)|* + |®5(s)|* converges to 0 in probability as €
goes to 0.

By (6.2.8), the dominated convergence theorem and the second assertion
of Lemma 6.2.1 we conclude that

IimE
el0

sup (|®5(s)* + |‘I)3(S)|2)] =0.
s€[0,T]

This, along with (6.2.7), implies

o te[0,7]

limE ( sup |Y§ — F?|2> =0,

which completes the proof. O]

6.2.2 Malliavin derivative

For the Malliavin derivative of the equation (6.2.1), consider for each h € H
and € > 0 the SDE: for ¢ € [0, 7],

AX7" = 0(t, X7, Zx,)dt + o ()d(B] + =(Ruh)(1)), X5" = Xo. (6.2.9)

It is easy to see that under (A1) there exists a unique solution X=" to (6.2.9).
Using the pathwise uniqueness of (6.2.1) and the fact that X; can be regarded
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as a functional of B and X, the Malliavin directional derivative of X, along

Ry h is shown by

X - X,
Dpy Xy = lim ———*
Rpgh<\t <10 c

if the limit exists in L?(2 — C([0,T];RY),P). The above step is partially
borrowed from [87, Proposition 3.5]. Noting that Zx, in (6.2.9) is indepen-
dent of ¢, by the same arguments as in [30, Lemma 3.1 and Proposition 3.1]

we have the following result.

Proposition 6.2.3. Assume that (A1) holds. Then for any n € L*(Q —
R?, . Zo,P) and h € H, the limit

e,h
lim —Xt — X
el0 g

exists in L*(Q — C([0,T];RY),P) such that Dr,nX; = (DX}, h)3)i<i<a €
R¢ holds for every t € [0,T] and satisfies

t t
D, nX; = / Vi, ox.b(s, - L) (Xo)ds + / o(s)d(Ruh)(s), te0,T].
0 0

(6.2.10)

6.3 General result of Bismut formula for Li-
ons derivative

In this section, we aim to establish a general result of Bismut type formula
of the L-derivative for (6.2.1). More precisely, for any u € P5(R%), let
(X%)teo,) be the solution to (6.2.1) with £y, = p and denote P;u = Ly
for every t € [0,T]. Now, define

(PG = [ AP =BS(XD), € D.T), 1 € AR

107



For any t € (0,7],u € P5(R%) and ¢ € L*(RY — R% p), the aim of this

section is to find an integrable random variable M;(u, ¢) such that

Dg(Pf)(n) = E (F(X{)Mi(, ), | € Bo(RY).

To this end, let X;* denote the solution of (6.2.1) with initial data X** =
(Id + £¢)(Xy), where € € [0,1] and ¢ € T}, 5. According to Proposition 6.2.2
and 6.2.3, Vx) X' “¢ and DRHhing.”W below are both well-defined for any
sp € [0,T), and satisfy (6.2.5) with n = ¢(Xj) and (6.2.10), respectively. In
order to ease notations, we simply write fi. 4 = L1d4¢)(x,), and if so = 0 or
e = 0, we often suppress so or € (e.g., Ryh5® = Ryh®? hy? = h?, X! =
X1).

The theorem below shows the general result of Bismut formula of L-

derivative for (6.2.1).

Theorem 6.3.1. Assume that for any € € [0,1] and sy € [0,T), there exists
hs? € Domé N'H such that

D X5t =V Xi?, (6.3.1)

Rph%y
with (RghS?)(t) = 0 for all t € [0, 0], where Vg Xio% is in (6.2.5) and
DRHhing;w solves (6.2.10) with hi’ﬂ‘z’ replacing h®. Moreover, suppose that
/0 1 (E6*(h%9))% df < oo, (6.3.2)

and
lim, E|6(h5?) — §(h?)> =0, V¢ € T)a. (6.3.3)

Then, there holds that

(i) For any f € %,(RY), then Prf is intrinsically differentiable at p, such
that

Dy (Prf)(u) = E(f(XF)3(h%)), V¢ € T
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(i1) If moreover
ES () < L6l . (63.4)

with a constant L > 0 and

E|§(h5¢) — §(h?)|?
i up 1O )2 (h7)] =0, (6.3.5)
I8li7,, 50 ce(0,1] ¢z, ,

then for any f € B, (R?), Prf is L-differentiable at p.

6.3.1 Proof of the general result
Before providing the proof of Theorem 6.3.1, we prepare the following lemma.

Lemma 6.3.2. Assume that for any € € [0,1] and sy € [0,T), there ezists
he? € Domd N H such that (6.3.1) holds with (RghS?)(t) = 0 for all t €
[0,50]. Then for any € € [0,1],50 € [0,T) and f € SB(RY),

B = F0IZa) = [ B (r0x)s50)] 2,) dr
In particular, it holds
B = FO0) = [ B (rX)500) dr.

Proof. Since ]D)RHhs,sz;f’d’ = Vy(xo) X7, we deduce that for any f € C}(R?),
S0

B~ fxpiZn) = ([ o 2,)
E (/;(Vf(XfF””% V¢(X0)X§T’¢>d7‘ﬁso>

— [ E (50, Vay X5 2

— [ E (700 Dy X

_ /0 E (D, g0/ (X579)| Fan ) d7

LQZSO) dr

109



_ /0 E((Df(Xéf””),h;f ‘9*) dr. (6.3.6)

Now, let ¢ € DomD be any bounded and . -measurable smooth random

variable, by [81, Proposition 1.2.3] we have for any 7 € [0, ¢],

E (¢(Df(X57°), hT") )

E [(D(CS(XE*)), hT0),, — F(XE*) (D¢, hT0)s]
E [Cf(X57)8(hT%) — F(X5) (D, D0 )]
E

) S0

[CHOX)O(TE) — FOXAWEGDC, KiyhT?) o)+ (6.3.7)

where the last equality is due to the fact that K7 is an isometry between H
and a closed subspace of L?([0,T]; R?).
Using Proposition 2.2.2 and the fact that (D" ¢)(¢) = 0 for all ¢ > 54, we get

<KI*JD§7 K hT¢>L2( [0,T];R4)
:<DW< Kiyhs >L2([O,T];Rd)
/ (DY), (Kyh7?)(t)) dt
/ (DY), (Kyhy?)(t)) dt = 0. (6.3.8)

Here we have used Kjhl? = Kp;'(Ryh7?) and the fact that (RghZ?)(t) =0
for t € [0, 5] in the last equality.
Substituting (6.3.8) into (6.3.7) implies

E [((Df(X77), hif)u] = E[CA(X77*)o(hT)] -

Hence, combining this with (6.3.6), we obtain

BUCG) ~ fOXIF0) = [ B (f000050)| ) dr. 1< Co).

(6.3.9)
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Set

50

o) = [ CE (LX) 6(hT0))) dr, A € B(RY),

which is a finite measure on R?. Then C}(R?) is dense in L'(R?, £ s +
T
Lxp +v5?). Therefore, (6.3.9) holds for any f € %,(R?). The proof now is

complete. O
Now, we are in position to complete the Proof of Theorem 6.3.1

Proof. We divide the proof into two steps.

Step 1. Claim: For any f € %,(R?%), Prf is intrinsically differentiable at
p = Lx, (namely (Prf)(uo (Id+ )71 : L?(R? — R4 p) — R is Gateaux
differentiable at 0), and moreover D} (Prf)(1n) = E(f(X})d(h?)) holds for
each ¢ € L*(R? — RY, p1).

Due to Lemma 6.3.2, we deduce that for any f € %,(R%) and ¢ €
LR R, ),

(Prf)(po (Id+¢e¢)™t) — (Prf)(pn) _ E(f(X%)(S(h(ﬁ))

_ (Prf)(Zuarep)xo) = (Prf)(Lx,)
€
Ef(X””’) Ef(X7)

— E(f(X7)d(h?))

— E(f(X7)3(h"))

ey W 5(h™?)) dr — B(f(X%)5(h%))

M

) =u
S

O)I»—t

B [FCX)0() 5] dr+ [ B (7K~ FC0p)8n)] dr
=: 11(¢) + Ix(9). (6.3.10)

By (6.3.3) and f € %,(R?), we obtain

. 1 (e T :
imsup |14(0)] < |l tim = [ (B1607) ~ 5(17)F)*dr
e—0 e—=0t € Jo
< IIflle i (EI0(h7) = 8(h%)[)* = 0. (6.3.11)
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For I5(¢), we get for any sq € (0,7),

L)< 2 [ B[O - FX) (60) ~ B £,)] dr
+2 [ L) - FEG®)IZ.,)] | dr
< 2l [ES(1) ~ BO(1)|F,)
2 [ B0 - SEEn)2.)] | dr
(6.3.12)

On the one hand, it is easy to see that

lim E|[§(h?) — E(6(h?)|-Z,)| = 0. (6.3.13)

so—1T~

On the other hand, note that by Lemma 6.3.2 again, we have
EI(F(X57) = J(X)EG(R?) 0]
= [B[EG0)FE(FO) — FO00)17) |

—|E {E(é(h‘b)]ﬁso)/T]E(f(X;” 5(h2?) ‘/50) d@”

0

- | [ EEG0o12) rxt 5000 de\

< I B [ (E0(15)F a0,

0

which goes to zero as 7 — 0 due to (6.3.2). This means that the function
7= E[(f(X57) — F(XENE(6(h?)].Zs,)] is continuous at 0. We then derive
that for each sy € (0,7,

e—0t €

lim — /\E F(X577) = F(X4)E(6(h?)|.Z,)] | dT = 0. (6.3.14)

Hence, plugging (6.3.13) and (6.3.14) into (6.3.12) implies that lim. o+ |I2(¢)| =
0. Combining this with (6.3.10) and (6.3.11), it yields the desired assertion.
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Step 2. Claim: For any f € %,(R%), Prf is L-differentiable at u = %,
(namely (Ppf)(uo (Id+-)71) : L2*(R? — RY, u) — R is Fréchet differentiable
at 0).

According to the definition of L-derivative, it is enough to show that for

any f € %,(RY),

[(Prf)(uo (Id+¢)™") — (Prf)(p) — E(f(XF)6(h?))]

1li7,, 50 97,

=0.

Applying Lemma 6.3.2 with ¢ = 1, we deduce from (6.3.4) that for any
f € B,(RY),

(Prf)(po (Id + ¢)) — (Prf)(n) — B(f(XF)6(h%))]

161172
_EF(XE) — BF(XF) — B(f(X5)8(h))|
6]z,

BB CE)s0r) ~ E<f<X;>6<h¢>>]dT1
N 19117,

S ELF (X5 (6(h™9) — 6<h¢’))]d7] JLE[(F(X82) — F(X8)8(h%))dr
< +

191172 161172

Iflloe fi (E|6(h79) = 6(h))*) " dr 1 1

< (=] e ) +1L / (BIf(X5*) — f(X8)[?)2dr

= 1(0) + J2(9).

Obviously, it follows from (6.3.5) that hm\|¢IIT#2—>0 Ji(¢) = 0.
For J5(¢), note first that by the Lusin theorem (see, e.g. [21, Theorem 7.4.4]),
there exist {f,}n>1 C Cp(R?) and compact sets { K, },>; such that

C C 1
Faln = flwr Malloo < flloc,  ZLytino (K3) + Ly (Ky) < 5.

Then, we obtain

NI

(E[f(X777) = F(XPIP)
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< (BIFCC) — RO IS £ 1)+ L) - feP)!

+ (ElfaXf) = FXPPIS # fa})°
41

n

< + (BIf2(X57) = fulXP)P)2. (6.3.15)

Note that for any 7 € [0, 1], we have

limsup E|X;7? — X5 < C lim . Il , =0,

I¢ll7,, ,—0 oz, 2=

where C' is a positive constant. Consequently, the dominated convergence

theorem yields that for every n > 1,

lim E|fu(X7) — fu(X7)* =0.

1
l¢lT, ,—0

Combining this with (6.3.15), we obtain that limyg, -0 Jo(¢) = 0, which

completes the proof. O

6.4 Bismut type formula: the non-degenerate
case
This part is devoted to applying the general Theorem 6.3.1 to the non-

degenerate case of (6.2.1).

6.4.1 Assumptions and main result

To applying our general result to the non-degenerate case, in additional to

(A1), we also need the following assumptions:

(A2) There exists a constant K > 0 such that
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(1) for any t?‘g € [OvTL x,Y,%1,%2 € Rd7 My V€ ‘@2(Rd>7

IVb(t, -, 1) (x) — Vb(s, -, v) ()| + [D"b(t, z,-) () (z1) — D"b(s, y, ) (v)(22)]
< K(|t— s 4 |z —y|® + |21 — 20 + Wy(u, v)),

where o € (H —1/2,1] and Sy, 70 € (1 —1/(2H), 1].
(ii) o is invertible and o~! is Holder continuous of order &y € (H — 1/2,1]:
lo™'(t) — o7 (s)Il < Kt — s, ¥t,s€[0,T].
(A3) The derivatives

0D (-, ) (1) ())(t), V(Db(t, -, ) (1) (y)) (=),

DD 0(t,z, ) ()W) (1) (2), V(D*b(t, ) (1)(-))(y)

exist and are bounded continuous in the corresponding elements (¢, x, 1, y)
or (t,z,u,y,2). We denote the bounded constants by a common one

K > 0.
Now, we state the main result of this part as follows:

Theorem 6.4.1. Assume (A1), (A2) and (AS3). Then for any u € Py(RY)
and f € By(RY), Prf is L-differentiable at p such that

T
DEPr ) =B (F0E) [ UG (Rah®)0). 4 ) ¥ € Tya, (6.0)
0
where h® € Domdé N'H and satisfies for every t € [0,T],

b 1 S
(Fat)(0) = [ o7 0) [ Voxo X2 + 7

X (E<DLb(8a Y, )(gXé‘)(Xg)7 V¢>(X0)X5>) |y=X5:| ds. (642)
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Remark 6.4.1. By (2.2.3), one can recast the term K (Ryh®)(t) in the

theorem as

where for any s € [0,T],

S

= (E(D"b(s,y, ) (L) (XL), Voo XL)) ly—xe-

1
o(s) = 7 Voo Xy +

6.4.2 Proof for the result of non-degenrate case

In order to prove the theorem, we prepare the following lemmas. The lemma
below provides the estimates of the process {Vxo)X; ~* — Vxo) X! Hepo.]
in the sense of L'-norm and in the sense of L?-norm conditionally to .Z,

respectively.

Lemma 6.4.2. Assume that (A1) and (A2) are satisfied. Then for any
te[0,T],

E|Vox) Xt " = Vo) XI'| < Cp 5, o) 67,2, (6.4.3)
and
E(|Vo(x0)Xi = = Voxo X1 F0)
< Crici (B Ol + Ble, o)l , + B, 0)o(Xo)) ,(6.4.4)
where

e 9) = e™0llz), + ™ llolF, + el s
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~ Bo Pa 1 1
Bi(e,8) = 00l + e B, +elldlln,. + =210l + =21l .
bo(e,6) = £ 2 |6(X0)| F + (),

~ £o 1 L B B
I(e6) = <210l , + <ol , +< 2 16(X0)] 2. (6.4.5)

Remark 6.4.2. By a straightforward calculation, one can see that

lim | (=, 6) + 1(2,6) + E (Ga(e, 0) + Bl=,0) ) | =

e—0

lim sup [¢(z,0) + 01(2,0) + E (e, 0) + B, 0)) | =

|9ll7,,,2 =0 ee(0,1]

Proof. By Proposition 6.2.2 with n = ¢(X,), we get for every t € [0, T,
V(x0) X — Vi XO)X
t
B /0 {VW(XO)X”E sb(s, 5Ly he W) (XT) = VV¢(xo>Xé‘b(57 S Lxp)(XY)

+ (B(D (s, y, ) (Lgre)(XE), Vo X))

y=Xi"?

_ (E(DLb(s,y, )(XXQL)( ) V¢ Xo >) |y X“:| ds.

Let ¢ = |Vxo) X ™ — Vgxo X{'|. Then, by (A1) and (A2) we have for
any t € (0,77,

BG17) < K [ (B(GIR) +BG)ds
F R [ B (X0 X0+ Vg, L) Vg X2 52) s
K / E(IXE — XEP]0) + Wa( Ly, Ziz) ) BV XE|ds
+ ff/o E (| X5 — XE°|Vg(xo) X2]) ds

Notice that by (A1), we derive for any p > 0,

sup B(XI = XUP|F0) < Coe” |01, + (Y0P ] (640
s€|0,
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and

Sup  E(| Ve X1 F0) < Corc |91, + [0(X0)P] . (64.7)

s€[0,T],e€]0,1]

Consequently, by (6.4.6) and (6.4.7) we obtain that for any ¢ € [0, 77,

E(G)70) < K / (E(GFo) + EC)ds + Co e ix(&,0),

where

1 1
x(e,0) = Pllollry +elolzy + elldllz, , +e™1oln,.lo(Xo)|*

n [gﬁo (Hfbﬂ%i,g T |¢(X0)|5°) +€||¢HTM] |9(Xo)|-

Taking the expectation on both sides and applying the Gronwall lemma, we

obtain

Egt < CT,K,R'EX(E? d)) < CT,K,R'K(‘S: qb)quHTu,za (648)

where £(e, ¢) is defined in (6.4.5). Hence, this leads to our first claim (6.4.3).
Next, we focus on proving (6.4.4). Applying the chain rule to ¢? and
using (A2) yield that for any ¢ € [0, T,

d¢2 < {2K¢3 2K GEG
+ 3K (|V gy X1 + [V xo XFI?) (VXfE’d’ — X[+ Wz(fx;‘%ofxﬁ)
+ 2R GEIV gy XE D) (1X1° = X + Wa(Lyres, L)

+(BIX/ — X{PP)3) fat.
Then, by the Holder inequality we deduce that for any t € [0, 7],
E((|F0) < 2K /Ot [E(C2|F0) + E(G| Fo)EC] ds
3K | [T s X2 1150) + (B (o X211 ]
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1
< [(BXES — XU ) + Wo( Ly, L)) ds
t
42K [ BCIF)HEIV oy XEP)E x [(B(XE = X2 PP\ 20!
0
W (Lo, Ls) + (BIXE = X003 ds

< /t [(QK + K2 + K))E(C|.%) + (ECS)Q] ds

D=

+3f(/0t [(E(yvqs(XO)ng’ﬂﬂﬁo)) +<E(\v¢<XO)X5\4|%))ﬂ
x [(BOXE = X2 20)) o+ (B XL — X023 ds
+3 [ BIVaoxy X0 [BIXES - XHP150) + BIXE - X
0
+E| X — X5|2”°} ds.
Combining this with (6.4.6), (6.4.7) and (6.4.8) and applying the Gronwall
lemma, we conclude that that for any ¢ € [0, 77,
E(C21%0) < Crei (e 0913, + X(e,0))
where
we,0) = (1913, , + o)) [ (I8l , + 16(Xa)l* ) + el .|
1911, (=2 (DI, + 6(Xo)P ) + 20617, + 2211, ]

This, together with (6.4.5), yields that (6.4.4) holds. The proof is therefore

complete. O

The following lemma describes the time continuity for the processes X}
in the sense of LP-norm and V 4(x,)X; ~ in the sense of LP-norm conditionally
to %y, respectively.

Lemma 6.4.3. Under assumptions (A1) and (A2). Then, we have for any
pe(1/H,2],

sup E| X, — X¥IP < Cprim|t — s|P?, Vt,s€[0,T], (6.4.9)

€€[0,1]
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and

E(| Vo) X0 = Ve X P1%0) < Corc (1, , + |0(Xo) ) It = 5P
(6.4.10)

Proof. (6.4.9) derives from the same lines as in Step 1 of Theorem 6.1.1. By
(6.4.7), it is easy to see that (6.4.10) holds. Thus, we omit the proof here. [

In the sequel, we are going to finish the proof of Theorem 6.4.1. To apply
the general type Bismut formula (Theorem 6.3.1), it suffices to check the
conditions therein in the non-degenerate setting. We will verify conditions
in Theorem 6.3.1 one by one.

Firstly, for any € € [0,1] and so € [0,7), let

t
- 1
he?(t) = “Hs) | 7 Vi XE°
S0 ( ) /t/\so o (8) |:T _ S() ¢(XD)

S — 8o

<E<DLb(87 Y, ')($X55,¢)(X£87¢), V<Z5(XO)‘)(55’¢>> ‘y:X58‘¢:| ds

T—SO

t
::/ 07(8)0e,50 (8){s2501ds, € [0,T].
0

Owing to (A1) and (A2), one can verify that ﬁif( ) € IH+2(L2([0,T],Rd)),
which means that h5? € H such that Ryhs? is well-defined.
Next, we intend to show h%¢ € Domd.

It is easy to check that (RHhE’¢)(t) =0 for all t € [0, sg]. Moreover, ap-

plying the chain rule to =0 =V XO)X ¢ yields ]D)RHhE@X;E"J5 = V¢(X0)X“5"”.
S0

By Remark 2.2.1 and Proposition 2.2.3, we then obtain that h5? € Domd and
3(hs?) = ow(Khs?) = [T (K (RhS?)(t), dW,), provided that Ki' (RuhS?) =
Kyhs? e L2([0,T] x Q,R%).

Subsequently, we prove that Kj;hs? € L2([0,T] x Q,R%).

It is clear that the operator Kﬁl preserves the adaptability property.
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With the help of (2.1.1) and (2.2.3), we have

K5 ([ 90 0

0

1 H-LT1_ g4 _
=t 2Dy, ? ['2 o 1(')95,50(')1{-%0}} (t)
_ H—-1 [t27H572 (1) o oy (D] gss0) o (o (O /t Liess0} _I{s>so}d8
NERY) = T
H-1 1 Tt e
+ 17720 (1) e, (T —11$st
g ()Q,o()/o (t—S)§+H {s>s0}
() — o7 (s)

1_H
(t—s)ztH 57 e sy ds

t

s t) — €,S - 27

L [ % o (1) ? : O(s)a 1(S)Sé M50y ds
o (t—s)2tH O

=
m (I

[11(t) + Io(t) + I(t) + Ly(t) + I5(1)]. (6.4.11)

I'(

)

From (6.4.7), it follows that

N

sup E|Q€,so<5)|2 < CSO,T7KH¢||§’H,2'
5€[0,T),£€[0,1]

Additionally, one sees that

"Lissop — Isoso) 1 1.y Ll_H
ds = ((t - 50)2 -tz ) I{t>so}
0

(t — s)%‘*‘H H — %
and
t i-H g 1 . lopg
—t -1
/  ds= tl‘zH/ L —dr < co. (6.4.12)
o (t—s)zt o (I1—r)2

Combining the above estimates, it yields from (A2)(ii) that

EIL +EL0OF < Corralldll, 0, (6.4.13)
EILM < Corxnllol,, (¢ —s0)' ", (6.4.14)

EIL(H < Cymu il 0207, (6.4.15)
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which means that I; € L*([0,T] x Q,R%), i =1,---

) Y

4.
Before handing I5, we set for any ¢ € (0,1],¢ € [0,7] and y € R,

Bg(t7y) = DLb(t>y7 )(g “5¢)(X“5¢) B(t7y) = DLb(ta Y, )(ng)(Xz‘fu)

By a direct calculation, we can reduce the integrability of I5 to that of the

following three terms in LQ([O, T] x Q,R%):

fep He,é
/ Voo X~ )VS;XO)Xs |3,
(t—s

g1 (E<b (t y) — bE(S Z) V¢ XO)X >) ’y:X:E’¢,z=X55’¢ 1y
2 52 "ds,

0 (t — )zt
o1 t (E(Z_)E(S7 Z), V¢(XO)X£LE,¢ _ V¢(XO)X5€‘¢>) |z:ng,¢ 1y
2 / s27"ds.

0 (t—s)2tH

Combining this with (A2), we then obtain that

E|I:()) < C, 50,1, K, K H||¢||T# 2 [t?)_QH + R0 2L 4 g0 =21+ 4y
D,

o (t—s)2tH

+ t2H‘1E< Hds) ] (6.4.16)

Note that there hold

sup | XHet| < C'TKH(1+ |1d + 9|7, , + [Xo + ep(Xo)| + H/ dBH
rel0,T]

and

E( sup |Xﬁ5’¢|2) < Crrn (1 + |[1d + 595”%’“,2) )

re[0,T]
where || [; o(r)dBf ||« := SUD;c(o7] | fo (r)dBH].
Then, it follows from (A1) that
t
/ b(r, X7, L ne)dr

1
< K<1 + sup [ X/’ + (E sup |Xff€’¢’|2)2>(t —5)
r€l0,T] re(0,7]
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< CT,KH<1 + | Id + €¢ |1, , + [ Xo + cp(Xo)|

+ H/ r)dB?

Consequently, this implies

t XME,qS _ XUE,(J& Bo L 2
t2H—1E< ‘ t S ’ SQ_HdS)
0

(t —3). (6.4.17)

(t — 5)%+H
He, ¢ 9
< 2?1, b X Lo e
—5)2 1vH
dBH Po 2
_|_ 2t2H 1E</ |f | _Hds)
t — 3
: 280
< Crru|1+|1d+ gqsuzﬂo / o(r)dBH 1+2(50—H)
0 o0
: 2f0
+ CyE ’ / o(r)dBHdr $1H2(H—0)fo—2H (6.4.18)
0 H—¢o

where we use the Holder continuity of [ o(r)dB}" of order H — ¢ with
s € (0,1/2) and

H / r)dBH

Plugging (6.4.18) into (6.4.16) yields that I5 € L*([0,T] x ©,R?). Then we

[y o(r)dBI — [ o(r)dBH

= sup
H—¢p 0<s<t<T |t - 8|H’<°

get the desired claim.

Since
T
E&(he?) = Bod, (Kjhes?) = / EIKG (Ryhe?) ()],
By (6.4.13)-(6.4.16), we then have that

1 1
/ (E6*(h7,7))? dr < oo and E6*(h?) < Cp kg 10117, ,- (6.4.19)
0

Finally, we shall estimate E|§(h®?) —§(h?)|. As before, we write o. = -

and o = ggo for simplicity. Using the linearity of the operator K;' and
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applying the BDG inequality and the Holder inequality, we have
E|6(h=?) — 6(h®)| (6.4.20)

—F /T<KH1(RHhE’¢)(t),th> - /T<KH1(RHh¢)(t)7th>

1
T 2
< ( / E|K; (Rgh™? — RHh¢)(t)|2dt)
0

<E (/OTIE<|K;11(RHhE’¢ - RHh¢)(t)|2\%)dt) ’

(el

By (2.1.1) and (2.2.3) again, we have

0

: }%) dt)é.

Kt ([ o e - 0snas) 0

(6.4.21)

G- - o =i
H fo ' (t)—o7'(s) 1 g
+1772 (0. Q)(t)/o (t— o) ds
-y (0= 0)(t) — (0= 0)(5) 1\ 1omy,
i / i (s)s3 114 ]
_ M= J J J
_ F(%_H)[ 1(t) + Jo(t) + Ja(t) + Ju(t)].

(6.4.22)

Owing to (A2)(ii) and (6.4.12), we get

3
D E(J(OP1F0) < Cp gy (872 + 2272 E (|02 — ) (1) F0)

i=1
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which leads to

E(/O ZEU ||J0dt>

For notation simplicity, we set T4 := Vyx) X, =% and T4 := Vyx) X}
Note that by (A1) and (A2), we obtain for any ¢ € [0, 77,

1
2

D=

< CpipE ( sup I (|(e- — Q)(t)|2l%)>

t€[0,T]

(6.4.23)

E (|(0- — 0)(t)]*|%0)

3
< SE(T - TEOP| %)

+ R (B(XL = XPIPLF) + Wal Zypes, Zrp)) (BITEH)2
+ 6K (B(IXF = X" Vo XED)) " + 3K (E[T) — Tj))?

< Crucic| (B2, 0) + Be,0) + PNl + 21613, , + = I0I3E, ) 13,
+ (B, 8) + (X0 P61, , + Bl O)o(Xo)]

where the last inequality is due to (6.4.6), (6.4.7) and Lemma 6.4.2. Then,
combining this with Remark 6.4.2 and (6.4.23) yields

2
limE </0 ZE PAGIEEN dt) =0, (6.4.24)

and
E(f) SLE(ROPFat)”
lim  sup = 0. (6.4.25)
1li7,, 5 0 cc(0,1) ¢z,

For the term associated with Jy(t), observe first that for any 0 < s <t < T,

6

(0= = 0)(t) — (0- — 0)(s) = Z ©;(t, s), (6.4.26)
where
o= 4 ([0 ) - (1)
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Ou(t, ) = o [(BE (), 1)) — (BG(.5), 149) ]
Oult,s) = = (E (¥ (t.y), (140 =12 ) = (14 =12 ))
Ou(t,s) = % (BB (t,y) — B (s, 2), THe® — T%9)) |

Os(t,s) = = (E(b (s, 2) — b(s, 2), T4 = T29) ).

O(t. ) = o (B (ty) = (5,2)) = (B(t.5) = B(s.2)). 1))

with y = X;*%, 7 = X}', 2 = X{*? and Z = X/
Owing to (A1), (A2), (6.4.6), (6.4.7), (6.4.10) and Lemma 6.4.2, one has
that

t inm 2
E [ 281 Mds ‘yo
o (t—s)2tH

< Crgiut”™™ [gf(& ON@lIF, ., + e, 0)ISlIT, , + (Gle, ¢) + L(e, ) o(Xo) |

(6.4.27)
t ;—H 2
E | $2H-1 wds ‘ﬂo
o (t— 8)5+H
< CT7K7[~(,Ht3_2H <£2(8, ¢)||¢||2Tu,2 +52ﬁ0|¢(X0)|260”¢H%L,2> , (6428)
t 3—H ?
B | 281 Mds Ez (6.4.29)
o (t—s)2tH

< CT,K,K,Ht3_2H£2(5a o) ||¢||2TM,

L H1es )i
E t2H ! / A A 1 ds ‘go
o (t—s)2t
< Craiat™ ™ |21015,, + eIl + 2 (IolIF2, + l6(Xo0) )| 113, .
(6.4.30)
For ©4(t, s), by (A2)(i), (6.4.3) and (6.4.9) we first have

1©4(t,8)] < Cre o [(E =)+ (t = ) + X7 = X*] Ule, 9)|9l,..
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+ KE (| X;° — X¥=e |

P2 — 1)

< Oy (6= )% + (£ = 5T + [X0°% — X221 €(e, 8) |67,
Dt — PM)

Dt — rz’ﬂ) .

Y

+RE<

t

/ b(r, X75?, Lo )dr
t 70

/ o(r)dB?

Next, we focus on dealing with the last two terms of the right-hand side of
(6.4.31). Using (6.4.17), (6.4.3), (6.4.4) and the fact that B is independent

of %y, we obtain

+KE<

(6.4.31)

t Yo
]E(‘ /5 b(r, Xﬁa’d’,fxﬁtw)dr‘ . |V(;5(XO)X55’Q5 — V¢(X0)X5‘)
< Cp e (1410 +s¢u”° )é(e, 8)l¢l
+ (8] [ oman? ) (e + Biteso) + (68 0) 1ol

+ E(|Xo +ed(Xo)|0 - |V¢(XO)X§‘5*¢ - v¢(XO)X5|) }(t — )™, (6.4.32)

T2

Observe that by (6.4.4), we derive

E (|Xo +£p(Xo)[™ - [Vxg) Xe ™ — Viix XL)
< CriE |[Xo +20(Xo)™ (Ta(e, )|l o + Eale, ) 9llz,. + Eo(e, D)o (Xo) )|
~ ~ 5 o S
< a1+ <0l (G600 + (Bl 0))” + ¥ IollE, + 1613, ) 1ol
Bo Bo
# 7B X+ o) (X))
Y0 ~ "’2 % @ BTO l %
< Crucilld+ 262, (G(e.0) + (EB(=.0))" + ¥ N9ll, + =2 10l1E, , ) I16]7,.

= Crllld+ gl , (él(g,qa) + (Egz(g ¢)) ) 18]z, (6.4.33)

where we use the Holder inequality with 2+'B 0} 2 BO = 1 and the relation

(I—5 Oy <1- 50 in the last inequality. Note that if 79 € (1 — BO, 1], we
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may choose 79 € [1 — 57,1 — ] to replace such =g in the first inequality of

(6.4.31) due to the boundedness of Db, In this case, (6.4.35) below holds
with ~y replaced by 7y, which also implies the desired convergence of the
term involved ©,.

Substituting (6.4.33) into (6.4.32) and recalling that ¢ € [0, 1] imply
' He,¢ 70 He,¢
E(‘/ b(r, Xr™ 7$Xge,¢)d7“‘ Vg xo) Xs™ —Vas(xo)Xs“\)
< Crucinlt =) (Ue.0) + la(=.0) + (BB(e,0))
~, 1
+ (BB(2,6))) |9l (6.4.34)

For the other term, applying the fact that B¥ is independent of .%, again
and (6.4.4), one sees that

(TR
gE{[E()/ o(rapt|”

|v¢(X0 — V(xo X“|)

=

1
\%ﬂ i []E(IW(XO)XW’ - Vqs(xo)XéLIQI%)] 2}

< Cppesont = 57" (0(e.6) + B(e. ) + (EB(.0)) ) 10l

Plugging this and (6.4.34) into (6.4.31), we arrive at
04(t:9)] < Cr e ielllly, [|X0°7 = X2 (e, 0)
(= 9 (6, 0) + (e, 0) + (BB, 0)) " + (EB(=,0)) )]

Hence, combining this with (6.4.18) and the fact that B is independent of

Z again leads to

t2H 1 / |©4(t, s)[s2™7 ‘52 )2}%))
28
SCT,K,R,H(1+||1d+e¢H% +E| / PABI|) 20 g) o],

+Crpesea®(| [ otnaptar] )t1+2<H—<o>ﬁo-2He2<e,¢>||¢||%m,2

H—¢
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O e g gt T2CONG0E) 1) (p(g, )+ L1 (e, ¢) + E3(e, ¢) + Ef3 (e, gb)) ol
< Copge 13, (4260710 4 {20 OR2) e, )4 phetenninit)=1)
- s, n,2 Y

(((=,9) + B(.0) + EB(=,6) + EB(<,9)) ).
(6.4.35)
As far as Og4(t, s) is concerned, using (A3) and Lemma 2.3.1, we derive that

for any e € [0,1],s,¢ € [0,T] and y, z € R?,

b (t,y) —b°(s,2) = DEu(t,y, )(92” u5¢)(X“E¢) D¥b(s, 2, NLpes ) (XE?)

_ / 1 D (0, )Ly (XL 0
+/01 %D%(s S By — 2), ) (Lo ) (XI)0
T /O L DE (5,2 (L) (X0
[ D 20 (g (X2 00
= [ 0 0P N g )R G 00
/ V(D b(s, -, Y Lygre (XL (= 4 0y — )y — 2)d0
¥ / (B(DH(D"b(s. 2. ) () () (Lo ) (X)), X[ — XE)) | _ et

n / V(DPb(s, 2, ) (Lyres ) (D) (XL () (X1 — X=)d,

where for any 6 € [0, 1], 05, :== s+ 6(t — s) and Xjf’(@) = X0+ 0(X) —
X5,
Then by (A1), (A3) and (6.4.9), we have

4
O6(t,5)] < Cren | 30 A+ [(XE = XE0) = (X7 = X2

i=1

+ et = ISl | 167,
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where

A= (= 5)(B [ 100, (DM 5 (o) (X)) 020
= 09, (DB, 5, ) (L )X Oo)'0) | s s
Ay = (E /0 [V(Db(s, -, ) (Lo (X)) (2 + 0y — 2))

— V(DEH(s, )L (XEN(E + 005 — )P0

y=X; 5% 2=X"? j=XP z=Xt

X |ng’¢ - Xﬁ&ﬂ?

Ay o= (t—5)" (B / (BIDH(D (s, 2, ) () (1) (Lo o)) (Ko (0))

s,t
1
|

— DH(D (s, 2,)()(0)) (L)) (Xt (O )] _yecr ,_pl9)

hai= (B [ 19005622y DX 0)

He.d -~
2=X, o® z=XM1>

1

2\ 2
|z:X55’¢ F=X

and recall that for any 6 € [0,1], X,:(0) = X! + (X[ — XH).

= V(D"b(s, 2, ) (Lxe) () (Xoa(0))[2d0 - | X7 — X

Note that due to (6.4.6), it follows that as e or ||¢[r,, goes to zero,
X and X ng (0) converge respectively to X* and X, ,(f) in probability for
any s,t € [0,T] and 6 € [0,1]. Then, using (A3) again and applying the

dominated convergence theorem, we deduce that

T t i_g 2
t 2
limE / E | t*2#1 / Mds | Zo | dt| =0 (6.4.36)
e—0 0 0 (t—S)§+H

and

[N

N[

1 g 2
. ( s (tzgl < K %ds) |F | dt

lim  sup = 0.
1llz, 50 ce(0.1] 97,

(6.4.37)
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Hence, combining (6.4.27)-(6.4.30), (6.4.35)-(6.4.36) with (6.4.26) and Re-

mark 6.4.2, we conclude that

T 3
limE(/ E(\J4(t)\2]%)dt> -0
e—0 0

and

i B (o BUAOPIZE)"
1m su =
1611y 30 ce (o] 16z,

In conjunction with (6.4.20), (6.4.24) and (6.4.25), the above inequalities

imply
lim E|§(h*?) — §(h%)| = 0, (6.4.38)
e—=0t
and
E[6(hs®) — 6(h®
90727 (h%)] =0. (6.4.39)
lléllT, o0 ee(0,1] ||¢HT;L,2

Now, we are going to finish the Proof of Theorem 6.4.1.

Proof. (a) By (6.4.19), (6.4.38), we verify the conditions (6.3.1)-(6.3.3) of
Theorem 6.3.1. We then obtain that Prf is intrinsically differentiable at pu,
and D} (Prf)(u) satisfies (6.4.1).

(b) By (6.4.19) and (6.4.39), it is easy to see that (6.3.4) and (6.3.5) of
Theorem 6.3.1 hold in this case. Combining this with the result of (a), we
obtain that Prf is L-differentiable at . The proof is therefore complete. [

We conclude this section with a remark.

Remark 6.4.3. (i) Compared with the relevant result on MV-SDE driven
by the standard Brownian motion (H = 3) shown in [87, Theorem 2.1], one

can see that our result Theorem 6.4.1 applies to more general SDEs since we
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replace B 2 with fractional Brownian motion B¥ with arbitrary H € (%, 1)
as driving process. Furthermore, due to the appearance of Jy(t) in (6.4.22),
essential difficulties are overcome in the analysis of Bismut formula for the
L-derivative.

(ii) Combining the above proof with Remark 6.4.1, we can derive the
estimate of the L-derivative as the following:
ID*(Prf) ()l = s IDEPrf) ()] < C [(Prf?) () — (Prf(u)*]* a(T),

(6.4.40)

where C'is a positive constant depending only on K, K, H, and

1
a(T) = C(1+T) (T_H + 7B~ o pHO0=Y oot =i 4 Tl‘H>.

Indeed, according to Theorem 6.4.1 and the Holder inequality, we have
] T 9
IDEPRD) G = [B(FC5) [ G (Rat?)(0). awi) )]

- (v - e [ 0 (Rt o), a7 )|

< [(Pr) = (Prf o] [ BIRG (Rut®) 0t

Taking the same argument as in (6.4.13), (6.4.15) and (6.4.16), applying
Remark 6.4.1 and taking into account of the relation supj 7 Elo(s)]* <
C(7 +1)?|9ll%, ,, Wwe obtain the estimate (6.4.40).

In addition, following the same argument as in the proof of [87, Corollary 2.2
(2)] and using (6.4.40), we give the total variation distance estimate for the
difference between Zx and Zxy with different initial distributions y and v:

||gX; - D%X;”var ‘= sup |gX;<A) - D%X%(A” < CW?(:U’J V)CL(T)
AeB(RT)
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Remark 6.4.4. The general result of the Bismut formula of L-derivative
for MV-SDEs driven by fBm can also be applied to the degenerate case
by imposing the similar conditions as (A2) and (A3), on the coefficients of
the degenerate model. Moreover, as the byproduct, the associated gradient

estimate can also be established.
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