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Abstract

Bistable composite laminates are advanced composite structures which are potential candidates 

for morphing structure applications. The geometrical dimensions, material properties, ambient 

temperature and moisture have significant effects on the bistable behaviour, and the effect of 

uncertain parameters should be quantified. Reliability analysis is well established for the 

quantitative assessment of the probability of an event due to parameter uncertainty. Thus, subset 

simulation is applied to the reliability and sensitivity analysis of bistable composite plates with 

multiple random parameters. The bistability probability is estimated using the principle of 

minimum energy; the Rayleigh-Ritz method is used to develop the equations of motion and the 

limit state function. The results indicate that the stacking sequence has a large effect on bistability 

probability, and cross-ply composite laminates are most likely to be bistable. Moreover, moisture 

absorption by the laminate can dramatically reduce this probability. The sensitivity reliability 

analysis demonstrates that for bistable laminates subject to humidity, the coefficient of thermal 

and moisture expansions have the greatest influence on the bistability probability. However, for 

bistable laminates without moisture the thickness is the most important factor. The accuracy and 

efficiency of the subset simulation method is validated by Monte Carlo simulation.

Keywords: Bistable Composite Laminate, Reliability Analysis, Subset Simulation, Sensitivity 

Analysis, Uncertainty Quantification, Advanced Composites.
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1. Introduction

The specific features of bistable composite laminates, such as the ability to change shape, are 

increasingly employed in various fields, including aero-structures and surfaces, soft robotics, de-

icing system, solar tracking device, and energy harvesting [1–10]. The practical use of these 

structures requires a range of analyses in order to understand the effects of different factors on 

their bistability characteristics. Of particular interest is the variety of uncertainties in the composite 

materials due to the production and manufacturing processes used. This leads to variability in the 

mechanical properties, which affects the analytical and experimental results, and has a significant 

influence upon structural responses and reliability [11,12]. Consequently, to improve the 

performance of composite laminates, these uncertainties should be recognized and analyzed.

Hyer [13] investigated the behavior of an unsymmetrical composite laminate under thermal loads, 

and found there are two cylindrical stable configurations, which classical lamination theory could 

not predict. Hyer and Hamamoto [14,15] then presented an analytical nonlinear model to study 

these structures, which was based on the total potential energy and the Rayleigh-Ritz technique, 

considering the geometrical nonlinearity. Residual stress created by the manufacturing process 

leads to a geometrical nonlinearity in these structures so that a small change in the design 

parameters makes a noticeable variation to their responses. The material properties, fiber ply 

angles and geometric dimensions have a great impact on the deformation of the stable 

configurations. A number of researchers have investigated the effect of the plate geometry and lay-

up on the bistable behavior. Ren et al. [16] investigated the shape deviations of initially cylindrical 

composite shells with four different stacking sequences after curing. Betts et al. [17] considered 

the sensitivity of the displacement of the bistable composite laminate to the additional resin layer, 

the variation of ply thickness and the ambient temperature for various lay-ups, using an analytical 
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method and a novel technique to map the surface. They noted that lay-ups of [0 ± 𝜃 90 ± 𝜃] 

bistable composite laminates in their stable states have opposite and equal curvatures. Giddings et 

al. [18] investigated the cured shapes of cross-ply and angle-ply bistable composite plates subject 

to thermal loads by considering an excess resin layer and using finite element and experimental 

methods. Tawfik et al. [19] examined the bistable characteristics of unsymmetric cross-ply 

laminates in rectangular, trapezoidal and triangular planforms. Pirrera et al. [20] used a 

combination of a Ritz model and path-following algorithms to study the effects of important 

parameters such as temperature variation, panel geometry and lay-up on the stable states of bistable 

cylindrical panels. Mattioni et al. [21]  obtained the stable states of multistable unsymmetric 

laminates using both finite element analysis and an analytical method. The panels were designed 

with two square plates using symmetric and unsymmetric stacking sequences, which were 

analyzed for different thicknesses and lay-ups.

Environmental conditions play a considerably role in the response of these structures. Various 

researchers have studied the influence of humidity and temperature on the bistable behavior of 

composite laminates. Moore et al. [22] determined the thermal response of bistable composite 

plates with several lay-ups using the nonlinear finite element method and illustrated that the 

thermal expansion coefficient has the highest impact on the stable configurations. Zhang et al. [23] 

used a digital image processing technique to demonstrate experimentally the bistable characteristic 

of an anti-symmetric laminated cylindrical shell in different temperature situations. The results 

showed that as the temperature increases, the snap-through load and curvatures decrease. Zhang 

et al. [24] examined the bistable behaviour of anti-symmetric composite shells under thermo-

mechanical loading when the properties of the composite material are assumed to vary with 

temperature. The influence of the thermal load, both as a uniform temperature field and as through-
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thickness thermal gradients, on the stable states of bistable composites were investigated. Fujioka 

et al. [25] used analytical formulations and finite element simulations to analyze bistable 

composite rods made of plain woven fabrics. The mechanical properties were considered to be 

temperature-dependent and the impact of temperature on the deployment behavior was studied. 

Che et al. [26] studied the cured shapes and the deformation states of fiber metal laminates with 

different initial curvatures under thermal load. They used analytical, finite element and 

experimental methods to determine the effect of the side length and the stacking sequence on the 

stable configurations.

Etches et al. [27] studied hygroscopic effects, and used an experiment to investigate the effects of 

moisture absorption on the characteristics of bistable composite laminates, such as curvatures, 

snap-through loads and geometric changes. Moisture absorption was shown to have a significant 

effect on the geometry, and the chord length increased by more than 50% in relative humidity of 

65%. Zhang et al. [28] examined experimentally the hygroscopic effects on the bistable parameters 

of composite cylindrical shells and showed that snap-through and back loads between two stable 

states increased with increased moisture. Wu et al. [29] developed an analytical method based on 

the minimum energy principle to investigate the hydrothermal effect on the bistability of 

cylindrical shell structures. An increase in the temperature and humidity led to an increase in the 

principal curvature, and the temperature had the larger influence.

Brampton et al. [30] studied the effect of material properties, environmental conditions and 

geometrical uncertainties on the major curvature of bistable composite laminates. The sensitivity 

of the cured shape to each parameter was determined by considering a ±5% change in the 

parameter using the total potential energy and the Rayleigh-Ritz method. Recently, Saberi et al. 

[12] investigated the reliability of a cross-ply bistable laminate using the combination of minimum 
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potential energy, Rayleigh-Ritz and Monte Carlo methods. The thickness and coefficient of 

thermal expansion were shown to have a larger effect on the bistability behavior compared to other 

input parameters. 

Although a large body of research has been performed on various aspects of the static behaviour 

of bistable composites to improve the performance of these structures, the exact influence of 

different parameters on their behaviour should be quantified. Therefore, in order to examine the 

exact effect of each input variable on the bistable behaviour of these structures, this research work 

studies the reliability and sensitivity analysis of bistable composite laminates.

In this paper, for the first time, a sensitivity analysis with respect to random variables, including 

material properties, geometry features and environmental conditions, is studied by a combination 

of the principle of minimum potential energy, the Rayleigh-Ritz and the Subset Simulation (SS) 

methods by considering the input parameters simultaneously. Sensitivity and uncertainty analysis 

play a special role in the design of composite structures. The effect of uncertainties in the input 

parameters on the behavior of structures is investigated using uncertainty analysis, and the 

sensitivity analysis examines the contribution of the uncertainty in each of input parameters to the 

uncertainties in the output results. The principle of minimum potential energy and the Rayleigh-

Ritz method are used to derive the equations of the bistable composite laminates and the Limit 

State Function (LSF) is defined in the context of bistability. The examples given in the paper 

assume that a bistable behavior is not required; a similar formulation for applications that require 

a bistable structure could define failure as a mono-stable structure. Typical probability 

distributions for the parameters are then used to estimate the bistability probability for five kinds 

of bistable composite laminates by Monte Carlo Simulation (MCS) and the SS method. The effect 

of the uncertain parameters on the structural response of bistable laminates is also studied using a 
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sensitivity analysis, both with and without moisture effects. This work can help in the robust design 

of complex composite structures. 

2. Theoretical Formulation for a Bistable Laminate

The properties of a bistable laminate are formed during the curing process and rely on the nonlinear 

geometry. Thus the von-Karman strain terms are used to predict the nonlinear behavior and the 

stable configurations. It should be mentioned that the bistable composite laminates are assumed to 

be thin, which means the Kirchhoff hypothesis is utilized and the layers are assumed to be in a 

state of plane stress [15]. The total strains defined as

                                                                                                                                          (1) {𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦

} = {𝜀0
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where  are the strain vectors at the mid-plane, which are expressed as (𝑖,𝑗 = 𝑥,𝑦)  𝜀0

𝑖𝑗
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In Eqs. (2) and (3) denote the out-of-plane and in-plane displacements in the x, y and z , 𝑈0, 𝑉0,𝑊0 

directions, respectively. 

The principle of minimum potential energy is employed to establish the equations of motion. The 

total potential energy of the composite laminate is 

where , 6),  is the reduced stiffness matrix,  are the thermal expansion coefficients,𝑖,𝑗 = (1, 2 𝑄𝑖𝑗  𝛼𝑖𝑗

 are the moisture coefficients, ΔΤ is the temperature difference between the cured and ambient  𝛽𝑖𝑗

temperatures, and ΔM is the difference in moisture saturation.

 By using Eqs. (1) and (4) and integrating through the thickness, Eq. (4) gives

 and  are the dimensions of the plate, and A, B and D are, respectively, the in-plane, coupling 𝐿𝑥 𝐿𝑦

and bending stiffness matrices.  and  are the hydrothermal stress and moment resultants, 𝑁𝑡,𝑚 𝑀𝑡,𝑚

respectively.

𝛱 = ∫
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The displacement fields are assumed to take the form

   𝑈0
 (𝑥,𝑦) =

𝑚

∑
𝑖 = 1

𝑛

∑
𝑗 = 1

𝑡𝑖𝑗𝑥𝑖𝑦2(𝑗 ― 1)    

  𝑉0
 (𝑥,𝑦) =

𝑚

∑
𝑖 = 1

𝑛

∑
𝑗 = 1

𝑠𝑖𝑗𝑥2(𝑖 ― 1)𝑦𝑗      

where   and  are unknown coefficients. is the vector of unknown 𝑡𝑖𝑗, 𝑠𝑖𝑗 𝑟𝑖𝑗  𝑋 = {𝑡𝑖𝑗,𝑠𝑖𝑗,𝑟𝑖𝑗}𝑇 

coefficients. In this study, the center of the plate is fixed and the edges are free, and thus the 

proposed displacement fields satisfy these boundary conditions. Moreover, According to Eqs. (3) 

and (6) curvatures are considered variable and not constant. It is assumed that the laminate includes 

perfectly bonded layers and there is no slip between the adjacent layers, which means the 

displacement components are continuous through the thickness.

By substituting Eq. (6) in Eq. (5) and integrating, the total potential energy is obtained as a function 

of the coefficients of the displacement fields. The equilibrium states are determined using the 

principle of minimum potential energy; the variations with respect to the unknown coefficients are 

obtained and the resulting expressions are set to zero. Thus

𝛱 = 𝛱(𝑟𝑖𝑗, 𝑠𝑖𝑗, 𝑡𝑖𝑗)

𝛿𝛱 =
∂Π
∂𝑟𝑖𝑗

𝛿𝑟𝑖𝑗 +
∂Π
∂𝑠𝑖𝑗

𝛿𝑠𝑖𝑗 +
∂Π
∂𝑡𝑖𝑗

𝛿𝑡𝑖𝑗 = 0   (7)

This equation can be rewritten as 

𝑊0(𝑥,𝑦) =
𝑚

∑
𝑖 = 1

𝑛

∑
𝑗 = 1

𝑟𝑖𝑗𝑥2(𝑖 ― 1)𝑦2(𝑗 ― 1)        
                   

 (6)
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(8)    {
∂Π
∂𝑟𝑖𝑗

= 0

∂Π
∂𝑠𝑖𝑗

= 0

∂Π
∂𝑡𝑖𝑗

= 0

Equation (8) is a system of nonlinear equations that are solved using the Newton-Raphson method. 

There are three types of solution of this equation, two of which are stable equilibria and the third 

is an unstable equilibrium state. To obtain the stable shapes of the laminates and solve the system 

of equations by the Newton-Raphson method the initial values should be defined in such a way 

that the curvature in one direction is significantly more (or less) than the curvature in the other 

direction.

The equilibrium configuration of a plate will stable if the Jacobian matrix of the potential energy 

is definite positive. The Jacobian may be calculated as

𝐽 = [
∂2Π

∂𝑟𝑖𝑗
2

∂2Π
∂𝑟𝑖𝑗∂𝑡𝑖𝑗

∂2Π
∂𝑟𝑖𝑗∂𝑠𝑖𝑗

∂2Π
∂𝑡𝑖𝑗∂𝑟𝑖𝑗

∂2Π

∂𝑡𝑖𝑗
2

∂2Π
∂𝑡𝑖𝑗∂𝑠𝑖𝑗

∂2Π
∂𝑠𝑖𝑗∂𝑟𝑖𝑗

∂2Π
∂𝑠𝑖𝑗∂𝑡𝑖𝑗

∂2Π

∂𝑠𝑖𝑗
2

] (9)

3. The Performance Function of a Bistable Laminate

We now define the Limit State Function (LSF) that will be used in our analysis of the bistability 

probability of bistable composite laminates. For this purpose, the uncertain material properties, 

laminate dimensions and environmental conditions are considered as random variables; the 
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probability distribution of these random variables is assumed to be normal based on goodness-of-

fit test results [31–33]. The total potential energy then becomes a function of the generalized 

coordinates X and the input parameters, as  

                 𝛱 = 𝛱(𝑋,𝐸11, 𝐸22,  𝜐12,𝐺12, 𝛼11, 𝛼22, 𝛽22, 𝛥𝑇 , 𝛥𝐶,𝐿𝑥,𝐿𝑦,𝑡𝑝𝑙𝑦)

The limit state function (LSF) is defined as 

The limit state function in Eq. (10) is such that  defines the unstable configuration (or failure) 𝑔 ≤ 0

while > 0 is the stable configuration (or safe). This assumes that bistable behavior is not required; 𝑔

a similar formulation for applications that require a bistable structure would define failure as a 

mono-stable structure (i.e. the negative of Eq. (10)). Reliability analysis methods are now used to 

approximate the failure probability; such methods are most efficient when this failure probability 

is small, as would be expected for an optimum structure that is robust with respect to parameter 

uncertainties. In this paper, the SS method is applied to estimate the failure probability, since SS 

is a more efficient and robust algorithm for reliability problems with small failure probability. The 

details of the SS algorithm are now summarized. 

4.1. Subset Simulation of Failure Probability

Reliability analysis evaluates the failure probability of complex engineering systems due to the 

uncertainty associated with the input quantities. For this purpose, two major groups of methods 

are available to estimate the failure probability, namely simulation (Monte Carlo Simulation 

(MCS), Subset Simulation (SS) [34–36], Important Sampling (IS) [37,38], Line Sampling (LS) 

𝑔 = 𝐽𝑖𝑗 =
∂2Π

∂𝑋𝑖∂𝑋𝑗

              (10)
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[39,40] and so on) and analytical methods (First Order Method (FORM), Second Order Method 

(SORM)). The aim of these methods is to approximate the integral 

where x is a vector of uncertain parameters with probability density function (PDF) .  is 𝑓(𝒙) 𝐼𝐹(𝒙)

an indicator function with  when  and   otherwise, where F is the failure 𝐼𝐹(𝒙) = 1 𝒙 ∈ 𝐹 𝐼𝐹(𝒙) = 0

domain. MCS is a robust method to estimate accurate failure probability for any reliability problem 

but has a substantial computational cost for complex problems with small probabilities [41]. To 

reduce the cost, various simulation methods have been developed. For instance, SS is more 

efficient simulation approach to estimate small failure probabilities, for example . This 𝑃𝑓 < 10 ―3

method was proposed by Au and Beck [36] and has since been further developed to achieve more 

accuracy and efficiency. In SS, a failure event is converted into a sequence of failure events as 𝐹1

, where the failure event is defined as , and  is the LSF. ⊃ 𝐹2 ⊃ … ⊃ 𝐹𝑚 = 𝐹 𝐹 = {𝒙:𝑔(𝒙) < 0} 𝑔(𝒙)

The sequence of failure events is defined here as , so that 𝐹𝑘 = {𝒙:𝑔(𝒙) < 𝑏𝑘}, (𝑘 = 1,2,..,𝑚) 𝐹𝑘 =

. A set of failure events with thresholds ( ) are shown schematically in Fig. 1. By using ⋂𝑘
𝑖 = 1𝐹𝑖 𝑏𝑘

the conditional probability, SS estimates the failure probability as 

𝑃𝑓 = 𝑃(𝐹𝑚) = 𝑃( 𝑚

⋂
𝑘 = 1

𝐹𝑘)
                   = 𝑃(𝐹𝑚|

𝑚 ― 1

⋂
𝑘 = 1

𝐹𝑘)𝑃(𝑚 ― 1

⋂
𝑘 = 1

𝐹𝑘) = …

(12)

𝑃𝑓 = ∫𝐼𝐹(𝒙)𝑓(𝒙)𝒅𝒙                             (11)
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                   = 𝑃(𝐹1)
𝑚 ― 1

∏
𝑘 = 1

𝑃(𝐹𝑘 + 1|𝐹𝑘)

where  is the conditional probability and the SS failure probability  is smaller than 𝑃(𝐹𝑘 + 1|𝐹𝑘) 𝑃𝑓

the conditional probability. It should be noted  is typically in the range (0.1-0.3) [42]. 𝑃(𝐹𝑘 + 1|𝐹𝑘)

The thresholds ( ) are selected as  sorted responses of the system  in ascending order 𝑏𝑘 𝑁 × 𝑃0 𝑔(𝒙)

.  It should be mentioned N is the sample size in each subset and  is the conditional 𝑏𝑘 = 𝑔(𝒙[𝑃0𝑁]) 𝑃0

probability.

In Eq. (12), P1 may be estimated by MCS as

𝑃1 =
1
𝑁 

𝑁

∑
𝑖 = 1

𝐼𝐹1(𝒙(1)
𝑖 ) (13)

where are identical and independent distributed (i.i.d.) samples which are provided by the 𝒙(1)
𝑖  

PDF, . The efficiency of SS depends on choosing a suitable sampling technique. Markov 𝑓(𝒙)

Chain Monte Carlo (MCMC) is powerful procedure to produce the conditional samples for the 

intermediate subsets. To generate samples for the next subset requires the selection of  𝑁 × 𝑃0

samples as seeds . The new sample in each subset is generated based on the seeds {𝑥1,𝑥2,…,𝑥[𝑁𝑃0]}

which play an important role in SS [43]. The last conditional probability is estimated as

𝑃(𝐹𝑚│𝐹𝑚 ― 1) ≈ 𝑃𝑚 =
1
𝑁 

𝑁

∑
𝑖 = 1

𝐼𝐹𝑚
(𝑔(𝒙𝑖)) =

𝑁𝑓

𝑁 
(14)

Finally, the SS failure probability based on Eqs. (12), (13) and (14) is given by
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𝑃𝑓 =
𝑚

∏
𝑘 = 1

𝑃𝑘

(15)

4.2. Subset Simulation Sensitivity Analysis

The main aim of sensitivity analysis is to determine the rate of change in the failure probability 

due to statistical properties of the random variables [44,45]. This gives important information 

about how to increase or decrease the failure probability by varying the statistical properties of the 

random parameters. The sensitivity analysis is defined using the partial derivatives of  with 𝑃𝑓

respect to the distribution parameters  (i.e. the mean,  or standard deviation, ) of the random 𝜉 𝜇𝑥𝑖, 𝜎𝑥𝑖

parameters. Thus,

∂𝑃𝑓

∂𝜉 =
𝑚

∑
𝑖 = 1

𝑃𝑓

𝑃𝑖

∂𝑃𝑖

∂𝜉

(16)

Based on Eq .(16), the sensitivity analysis with respect to  can be expressed as: 𝜉

∂𝑃𝑓

∂𝜉𝑥𝑗

=
𝑃𝑓

𝑃𝐹1

∂𝑃𝐹1

∂𝜉𝑥𝑗

+
𝑚

∑
𝑖 = 2

𝑃𝐹1

𝑃(𝐹𝑖|𝐹𝑖 ― 1)
𝑃(𝐹𝑖|𝐹𝑖 ― 1)

∂𝜉𝑥𝑗

 , 𝑗 = 1,2,…,𝑁 

(17)

The first and second term are given explicitly as

∂𝑃𝑓

∂𝜉𝑥𝑗

=
1
𝑁 

𝑁

∑
𝑘 = 1

(𝐼𝐹1(𝒙𝑘)

𝑓(𝒙𝑘)

∂𝑓(𝒙𝑘)
∂𝜉𝑥𝑗

) (18)

𝑃(𝐹𝑖|𝐹𝑖 ― 1)
∂𝜉𝑥𝑗

=
1
𝑁

𝑁

∑
𝑘 = 1

{𝐼𝐹𝑖(𝒙𝑘)[ 1

∂𝑓(𝒙𝑘)

∂𝑓(𝒙𝑘)
∂𝜉𝑥𝑗

―
𝑖 ― 1

∑
𝑙 = 1

1
𝑃(𝐹𝑙|𝐹𝑙 ― 1)

∂𝑃(𝐹𝑙|𝐹𝑙 ― 1)
∂𝜉𝑥𝑗

]} (19)
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By substituting Eqs. (18) and (19) into Eq. (17), the partial derivative of the failure probability 

with respect to the distribution parameters  can be estimated.𝜉

5. Example Results

Examples of flat plates are now considered, where bistability is considered as a failure of the 

manufacturing process. The four baseline bistable composite plates are made of Graphite/Epoxy 

(T300/5208) with unsymmetric stacking sequences [0/90], [-15/75], [-30/60] and [-45/45] and 

150 mm ×150 mm side length. The mean and the coefficient of variation (COV) of the geometry 

and material properties are listed in Table 1. The coefficient of moisture expansion in the fiber 

direction ( ) is very small and hence assumed to be zero. It is assumed that the material 𝛽11

properties and the fiber distribution in each lamina are uniform. In addition, material properties are 

assumed to be independent of temperature. Furthermore, the room and cure temperature are 

considered as 25  and 165 , respectively.℃ ℃

In this work twelve random variables are considered. The bistability probability is calculated using 

the approach proposed in this paper and summarized in Fig. 2.

5.1. Characteristics of Stable States

Before studying the effect of uncertainties in the parameters, we first determine the stable static 

configurations. These states for the square cross-ply and angle-ply bistable laminates are obtained 

by solving Eq. (9), and the results are shown in Fig. 3. At room temperature there are two 

cylindrical stable states for the cross-ply bistable composite laminates, which have curvature in 

perpendicular directions. For angle-ply laminates, the shapes are not exactly cylindrical, with a 

twisted state in addition to the cylindrical shape to give twisted cylindrical or paraboloid 

configurations. In this figure the analytical results are represented by the continuous surfaces and 
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the FE results are shown by black dots. In the case of bistable composite laminates the accuracy 

of the analytical method is compared to FEM using the values of the corner displacement. 

To validate the analytical model, the maximum transverse displacement of the plates is calculated 

and presented in Table 2. The results of the analytical method are compared to the results from a 

finite element analysis. ABAQUS is employed to investigate the bistable composite plate response 

by the finite element method; the plate is meshed with the S4R elements, and the model consists 

of 2500 elements and 2061 nodes. Because of the geometrical nonlinearity in these laminates, the 

‘Static, General’ step considering geometric nonlinearity ‘Nlgeom’ is employed for the static 

analysis. To simulate the stable states an initial imperfection should be imposed on the laminates, 

since all of the laminates considered in this manuscript are square. Hence, two ‘static general’ 

steps should be defined, where in the first step the initial imperfections given as four tiny forces 

are applied at the corners of laminates, and then in the second step these imperfections are 

removed. These results show that analytical method has an acceptable accuracy (about 2% error).

The region of parameter space that gives bistability depends on the length and thickness of the 

plate, and hence for a specific range of the plate dimensions there are two stable states. The critical 

geometrical dimensions are determined by the analytical method for a square plate and are listed 

in Table 3. For example, Table 3 shows that there is only one stable state for the [0/90] bistable 

plate if the length is less than 54.37mm or the thickness be more than 2.02mm. By determining the 

change in the curvature with respect to the side length the critical point (bifurcation point) can 

move toward smaller lengths, and the range of bistability will increase. Figure 4 shows a typical 

example of the curvature as the length changes, showing the bifurcation to a bistable plate.

The material properties, ambient temperature and moisture have a significant impact on whether a 

plate is bistable and on the bistability characteristics. Considering the impact of the moisture is 
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critical due to the wide range of applications of bistable composite laminates in aerospace 

structures. Moisture absorption from the environment by composite materials can be substantial 

which leads to changes in the stress field and influences the bistable characteristics. By considering 

0.6 wt% moisture content, which is approximately the maximum moisture content a laminate could 

absorb [46], the critical length is equal to 92.26 mm, which highlights that the bistability region 

decreases dramatically. Consequently, recognizing and investigating the effects of these factors on 

bistability is very important. In next section, the effect of these uncertainty sources on the 

bistability probability will be investigated. 

5.2. Reliability Analysis

The reliability analysis is now used to predict the effect of the design parameters on bistable 

behavior of composite plates. The bistability probability of five bistable laminates are estimated 

by the SS approach. This approach only requires a small number of evaluations of the LSF, and is 

more efficient for complex structures for the calculation of a high reliability index, compared to 

MCS. It should be mentioned that the conditional probability is considered as  Tables 4 𝑃0 = 0.1.

and 5 show the bistability probability of different laminates both without moisture effects and with 

moisture (0.6 wt%) effects for the statistical properties given in Table 1. According to these tables, 

the bistability probability for the [0/90] and [-30/60] laminates are the highest and the bistability 

probability achieved are 0.0139 and 0.0118 respectively. In other words, the probability of a cross-

ply laminate being bistable is higher than for an angle-ply laminate. In addition, the moisture 

absorption decreases the bistability probability in the cross-ply laminate. The SS results are close 

to the reference values obtained by MCS but also require fewer LSF evaluations. In addition to the 

comparison of the SS results to MCS analysis, the number of subsets is investigated to avoid 

getting trapped in misleading situations. In detail, when the number of subsets is small (in this 
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paper, less than 6) and convergence has occurred due to samples falling in the favorable/correct 

failure region, the problem is not categorized as “misleading”, and SS provides reliable results. A 

detailed discussion on the problem of misleading functions and how to address these problems can 

be found on [34]. In the final step, the influence of each variable on the bistable region is now 

investigated.

5.3. Sensitivity Analysis

The objective of this work is to extract the sensitivity of the bistable response of the composite 

laminates with respect to the parameters that describe the distribution of the geometrical 

descriptors, material properties, ambient temperature and humidity. Based on Eqs. (17)-(19), the 

sensitivity of the bistability probability is shown in Fig. 5. The reliability sensitivity results in Fig. 

5(a) show that the mean values of the parameters ,  and  have a positive influence on 𝛼22 𝐸22 𝐺12

reliability, i.e. the reliability improves with an increase in the mean values of these parameters, 

since the bistability probability reduces. However, the reliability reduces with an increase in the 

mean values of , ΔM, , , ,  and . The mean value of parameter  has the 𝛽22  𝑡𝑝𝑙𝑦 𝑇𝑟𝑜𝑜𝑚 𝛼11  𝐸11  𝜐12 𝛼22

highest effect on the increasing bistability probability. On the other hand, , ΔM and  have 𝛽22 𝑡𝑝𝑙𝑦

the highest impact on increasing the bistability probability. Other variables ( , , , ) have 𝐺12 𝐸11 𝐸22 𝜐12

insignificant effects. It is observed from Fig. 5(b) that the standard deviations have the same effects 

as the mean values on the probability bistability, although of course the levels vary. This analysis 

gives the effect of the parameters on the bistable behavior, although the design engineer would 

also need to consider the associated cost to decrease or increase the mean and/or standard deviation 

of specific parameters.
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The sensitivity analysis illustrates that uncertainty in the thermal and moisture expansion 

coefficients, temperature, humidity and thickness have substantial influences on the region of 

bistability. In the following, the sensitivity of the bistable region to ±10% changes in these 

parameters for a [0/90] bistable laminate, including the moisture level, are determined using the 

analytical method and are listed in Table 6. Thus a +10% variation in , decreases the critical 𝛼22

length by 13.31% which means that the bistability region enlarges. However, a +10% variation in 

the other parameters, shrinks the bistability region and the effect of  is higher than the others.𝑏22

The results for the [0/90] bistable plate without moisture effects is given in Table 7. Here the 

thickness of the laminate has the most influence on the bistable behaviour, and +10% increase 

leads to a 9.91% decrease in the critical length at the bifurcation point.

6. Conclusions

The increasing use of composites in engineering structures means that studying the effect of the 

design variables on the bistable characteristics is essential. This paper has estimated and analyzed 

the bistability probability for [0/90], [-15/75], [-30/60] and [-45/45] lay-ups composite laminates 

using the subset simulation method. The results show that the [0/90] and [-30/60] laminates have 

a higher probability to behave as bistable composites. Furthermore, moisture absorption leads to a 

reduction in the probability that the laminate will be bistable. The sensitivity analysis has shown 

that the transverse coefficient of thermal expansion increases the bistability probability. But, 

coefficient of moisture, moisture content, thickness, longitudinal coefficient of thermal expansion 

and room temperature reduce the probability. Other parameters ( ) have an 𝐸11, 𝐸22,  𝜐12,𝐺12

insignificant effect on the bistability region. In order to validate results, those obtained from the 

SS method were compared with Monte Carlo simulation and those determined by the analytical 
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method were verified by FEM. This approach can be used for complex and multistable composite 

structures.

Data Availability

This paper does not use any raw data. The results may be obtained by following the analysis 

approach described using the data given in the tables.
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Fig.1 Set of SS failure events in a 2D problem 
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Fig. 2 Flow chart of estimation of the bistability probability by the SS method.
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                                                   (a)                                                                               (b)

                                                   (c)                                                                               (d)

Fig. 3 Stable configurations of the four square bistable composite laminates with different layups:         

Analytical results are represented by the continuous surfaces and FE results are shown by black dots (a) 

[0/90] (b) [-15/75] (c) [-30/60] (d) [-45/45] 
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Fig. 4 Varation of the curvature with respect to the side length and the bistable region for a [0/90] bistable 

composite plate.
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(a)

                                                                                                      
(b) 

Fig. 5 Probability sensitivity for four bistable composite laminates with respect to the statistical 

distribution of the parameters (a) mean (b) standard deviation
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Table 1. Statistical properties of the random parameters 

RV 

Index

Property Mean value Standard 

deviation

Distribution 

type

1  [GPa]𝐸11 146.95 14.695 Normal

2 𝐸22 [GPa] 10.702 1.0702 Normal

3  [GPa]𝐺12 6.977 0.6977 Normal

4 𝜈12 0.3 0.03 Normal

5 𝛼11[1 ℃] 5.028 × 10 ―7 5.028 × 10 ―8 Normal

6 𝛼22[1 ℃] 2.65 × 10 ―5 2.65 × 10 ―6 Normal

7 [1/wt%]𝛽22 0.005 0.0005 Normal

8 𝛥𝑀[wt%] 0.6 0.06 Normal

9 𝑇𝑟𝑜𝑜𝑚[℃] 25 2.5 Normal

10 [mm]𝑡𝑝𝑙𝑦 0.365 0.0365 Normal

11 [mm]𝐿𝑥 0.150 0.015 Normal

12 [mm]𝐿𝑦 0.150 0.015 Normal

Table 2. Maximum out-of-plane displacement (mm) at a corner of the [0/90] bistable plate

Type of laminate FE Analytical

[0/90] 11.34  11.56
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Table 3. Critical dimensions for various lay-ups of the bistable composite laminates.

Type of laminate Critical length (mm) Critical thickness (mm)

[0/90] 54.37 2.02

[-15/75] 53.40 2.04

[-30/60] 77.30 1.45

[-45/45] 80.59 1.77

Table 4. The reliability analysis results for different bistable laminates without moisture.

Type of laminate bistability 
probability 

(Pf)-SS

bistability 
probability 
(Pf)-MCS

#Evaluation 
LSF-SS

#Evaluation 
LSF-MCS

[0/90] 1.39e-2 1.33e-2 6e2 10e4

[-15/75] 0.91e-2 0.87e-2 10e2 10e6

[-30/60] 1.18e-2 1.15e-2 6e2 10e4

[-45/45] 0.96e-2  0.98e-2 10e2 10e6 
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Table 5. The reliability analysis results for different bistable laminates under moisture (0.6 wt%).

Type of laminate bistability 
probability 

(Pf)-SS

bistability 
probability 
(Pf)-MCS

#Evaluation 
LSF-SS

#Evaluation 
LSF-MCS

[0/90]  7.38e-3 7.31e-3 15e2 10e4

[-15/75]  2.07e-05 1.19e-05 50e2 10e6

[-30/60]  4.92e-3 4.73e-3 15e2 10e4

[-45/45]  7.930e-04 8.106e-04 40e2 10e6

Table 6. Change of critical length for a ±10% change in the parameters for [0/90] bistable laminate with 
moisture (0.6 wt%)

Percentage change of critical length for ±10% change in 
each parameter

Parameter

-10% +10%

𝛽22 -9.32 +9.71

∆𝑀 -8.91 +9.43

thickness -15.56 +8.64

𝛼22 +17.08 -13.31

𝛼11 -1.34 +1.09

𝑇𝑟𝑜𝑜𝑚 -3.59 +0.95



32

Table 7. Change of critical length for a ±10% change in the parameters for a [0/90] bistable laminate

Percentage change of critical length for ±10% change in 
each parameter

Parameter

-10% +10%

thickness -9.91 +9.91

𝛼22 +5.49 -4.72

𝛼11 -0.57 +0.51

𝑇𝑟𝑜𝑜𝑚 -1.83 +0.36
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