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Abstract

Some possible cosmological implications of the inclusion of spectator gauge
fields in the inflationary action are considered. In this context, a spec-
tator field is a field that is not directly responsible for inflation but can
affect cosmological observables. Spectator gauge fields can lead to novel
and distinguishable features in inflationary models (as compared to single-
field inflation) that may be detectable. A model of anisotropic inflation is
considered where universal anisotropy is maintained through a vector field
that is coupled to both the inflaton and its derivative. The derivative cou-
pling reduces the anisotropy induced when compared to the non-derivative
case, reducing tension with observations. SU (V) gauge fields appear natu-
rally in the actions of string inflation models. The inclusion of an SU(N)
gauge field coupled both to scalars and pseudo-scalars (axions) is considered
in two models of string inflation whose inflatons are Kéhler moduli: Kéhler
moduli inflation and fibre inflation. It is shown that the coupling between
the axion and the gauge field can lead to a large (chiral) enhancement of
the tensor spectrum of these two models. In the case of Kéahler moduli
inflation, a model that generically predicts an unobservable value for the
tensor-to-scalar ratio (r < 1073), this enhancement is capable of boost-
ing the tensor-to-scalar ratio to values that will be potentially observable at
next generation detectors. However, the parameters required to achieve this
goal may present a challenge for its successful realisation in string theory.
In the case of fibre inflation, a model that generically predicts an observable
value for the tensor-to-scalar ratio, it is shown that this enhancement can
render the tensor spectrum of fibre inflation almost entirely chiral, giving it
a distinguishable feature that may be detectable.
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Conventions

I attempt to adhere as closely as possible to the conventions as stated on this page.

The speed of light, ¢, and the reduced Planck’s constant, &, are set to unity through-
out, ¢ = h = 1. The spacetime metric signature is (—,+,+,+). I use Greek letters,
w, v, p,0 ..., to denote spacetime indices of coordinate z*, and ‘middle’ Latin letters,
i,j,k, ..., to denote spatial indices of coordinate x’. For example the Minkowski line

element is

ds® = nudatda” = —dt* + 6;jda’da’ . (1)

‘Early’ Latin letters, a,b,c,d. .., will be used to denote indices of scalar field coordi-
nates, ¢®. While capital Latin letters, A, B,C, D ..., denote the gauge field index for

some gauge field Aﬁ. The reduced Planck mass

he 1
My = \/87TG N \,/87TG7 (2)

with G Newton’s constant, will be routinely referred to as the Planck mass, and will

be used instead of G where appropriate. For example Einstein’s equations are written

1

G =~
M2

Ty - (3)
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Chapter 1

Introduction

In 1949, during a talk on BBC radio, British astronomer Sir Fred Hoyle used the term
‘big bang’ [5l [6] to describe the creation of the universe at one particular time in the
past. The term ‘Big Bang Theory’ has become widespread in popular culture and
is the de facto name for the current most-widely accepted cosmological model of the
universe. Despite accidentally creating its name, Hoyle was not a proponent of the Big
Bang theory, instead preferring the ‘Steady state’ model of the universe [6], and it was
not until the discovery of the Cosmic Microwave Background (CMB) that the term ‘big

bang’ really started to become popular with cosmologists [6].

Some 27 years prior, in 1922, Soviet physicist Alexander Friedmann had derived
the Friedmann equations that govern a cosmological universe. Friedmann used general
relativity and the assumption that the universe is both homogeneous and isotropic on

extremely large scales and therefore has metric given by
ds® = —dt* + a(t)?d¥?, (1.1)

with
2

T 1 k2

ax? + 7% (d6® + sin® 0 d¢?) (1.2)

in polar coordinates where k = 0, £1 is the constant of curvature of the universe, de-
termining whether the universe is perfectly flat, positively curved or negatively curved,

respectively. This metric is the so-called Friedmann-Lemaitre-Robertson-Walker met-
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1"icE|7 and a(t) is the scale factor of the universe that gives scales to the distances between
objects at cosmological distances. Using this metric, Friedmann derived the equations

that govern the scale factor [7]

a? p k
H? = — = - — 1.3
a? 3]\/[31 a? (1.3)
a@__ptd_ K (1.4)

a 6Mp21 a2
where p is the energy density, p is the pressure, H = % is the Hubble parameter and
we have ignored the cosmological constant.

In 1929, American astronomer, Edwin Hubble, released an article in which an ob-
served relationship between distance and the recession speed of galaxies was described
[8, 9], which later came to be known as Hubble’s law. Hubble’s law can be written
simply as

vV = Hod (15)

where v is the recession speed of a galaxy a distance d away and Hj is the current rate
of cosmic expansion, known as the Hubble constant. The simple law tells us that not
only are galaxies receding from us, the further away they are, the faster they recede. A
simple explanation for this law is that the universe is expanding, as can be reconciled
with the Friedmann equations.

A natural possible consequence of this is that some time in the distant past, the scale
factor (which increases in time) was zero, suggesting that the universe had zero size,
and there was an initial singularity. This hypothesis was first suggested by Lemaitre
in 1931 [10], and the ‘big bang theory’ was formed. This theory was developed and
championed by Soviet-American physicist, George Gamow, as well as many others
including Gamow’s students: American physicists Ralph Asher Alpher and Robert
Herman. In 1948, Alpher and Herman presented the first estimate of the temperature
of leftover radiation from the big bang [I1], 12], nowadays referred to as the Cosmic
Microwave Background (CMB). The logic of the big bang model requiring the presence

of leftover radiation is thus: if the universe started at some extremely dense state,

! After Belgian physicist and Reverend, Georges Lemaitre; American physicist, Howard Robertson;
and British physicist, Arthur Walker. Although we include Lemaitre in the name here, this metric is
customarily referred to as the FRW metric.



the matter (protons and electrons) of the early universe must have been extremely
energetic. When conditions are sufficiently hot, protons and electrons do not bind to
form atoms because the electrons are too energetic: this is a state of matter that is
commonly referred to as a fully-ionised plasma. Fully-ionised plasmas are extremely
opaque to radiation due to scattering of photons with electrons: estimates for the
amount of time it takes a photon formed at the centre of the Sun (an example of a
fully-ionised plasma) to reach its surface and escape suggest a timescale of ~ 100,000
years [I13]. This opacity meant that the early universe did not permit the travel of
radiation over great distances. However as the universe expanded, it cooled, eventually
cooling enough for atoms to form at a time known as recombination, approximately
400,000 years after the big bang. With the electrons now bound into atoms, photons
decoupled and free-streamed. Some of this radiation is just reaching us now from the
distant universe, and this is known as the CMB. It is light that continually arrives at
us from the far reaches of the universe, and it is the furthest back in time we can see,
giving us a picture of what the early universe was like.

The problem for those who advocated big bang theory was that no such radia-
tion had been discovered despite the fact that — by its very definition — it should
be everywhere. The main challenger to the big bang theory was the ‘steady-state’
model, largely inspired by British-Austrian physicist, Sir Hermann Bondi and British-
American-Austrian physicist, Thomas Gold [14]; as well as Hoyle [I5]. The steady-state
theory proposes that, although the universe is expanding, the density of matter in the
universe remains constant. This requires that there be a ‘creation field’ responsible
for the continuous creation of matter to leave the universe at constant density. The
principal reason for the popularity of this model was that it adheres to the perfect
cosmological principle: not only would a steady-state universe be isotropic and homo-
geneous on large scales, it would also be time-independent, asserting that we occupy
no special place in space or time.

The steady-state model was delivered a blow in 1965 when American physicists,
Arno Penzias and Robert Wilson, detected the CMB as background noise in their

experiment built to detect radio waves reflected off Echo balloon satellitef?] which

*Project Echo was the world’s first communications satellite project [16].
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provided the first concrete evidence for the big bang theory [17]% Over the subsequent
decades, the CMB has been measured to greater and greater accuracy through the
Cosmic Background Explorer (COBE) [21]], the Wilkinson Microwave Anisotropy Probe
(WMAP) [22] and, most recently, Planck [T}, 23] 24].

1.1 Inflation

In this section I will review cosmological inflation. Inflation is the subject of countless
lecture notes and textbook sections, but I particularly recommend [25-27] for detailed

discussions.

1.1.1 Problems with standard big bang theory

Horizon problem

In 1992, COBE discovered anisotropies in the CMB [21] 28], that is to say, small
fluctuations from the mean temperature (the CMB is a blackbody spectrum of mean
temperature 2.73K), dependent on the direction that is viewed in the sky, were observed.
What is remarkable from a physics point of view about this discovery is that it took
27 years from the original discovery of the CMB to find fluctuations to the background
temperature. The reason for this is that these fluctuations are very small (AT/T ~ 1075
[29]) relative to the background temperature, which poses an intriguing problem. These
anisotropies (see FIG. tell us about inhomogeneities in the density of the universe
when it was only 400,000 years old. Light we receive from regions that were denser
than the average density of the universe appears redshifted because it has had to escape
from a greater gravitational well — likewise, light we receive from under dense regions

appears blueshiftedlﬂ The fact that the light we receive is exceptionally isotropic tells

3Penzias and Wilson searched hard for a possible source for the noise they were detecting, and even
removed a bird’s nest they had found in the antenna. After a year of searching they could find no
reason for the noise [I8]. The explanation that they were detecting leftover radiation from the early
universe was given by Jim Peebles, David Wilkinson, Robert Dicke and Peter Roll [19].

4Penzias and Wilson were awarded the Nobel Prize in 1978 for this discovery.

® Although this is widely regarded as the discovery of the CMB, in 1941 Andrew McKellar had found
evidence suggesting that space had a blackbody temperature of a few Kelvin [20]. The significance of
this was perhaps lost because the CMB would not be predicted as a consequence of the big bang by
Alpher and Herman for another seven years.

5See [30] for a review of CMB physics — in reality there are many effects at play, and the physics is
extremely complex.
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—300 K 300

Figure 1.1: The anisotropies of the CMB as measured by Planck and WMAP. This image
is taken from [I] and is shown here with thanks to ESA and the Planck Collaboration.

us that the universe was exceptionally homogeneous when it was only 400,000 years
old.
The Friedmann equations (1.3)—(1.4) can be recast as a continuity equation in the

energy density of the universe

d
d—§+3H(p+p):0 (1.6)
which can be written as
dlnp
= —-3(1 1.
N 3(14+w) (1.7)

where N = Ina is known as the e-folding number and
p
w== (1.8)
p
is the equation of state of the universe. Equation (1.7) tells us
p = poa—30+) (1.9)

and with this the Friedmann equation ((1.3) (with negligible curvature, k£ = 0) tells us
that
(aH) ' = Hy 'qz(1+3) (1.10)

where (aH)~! is called the comoving Hubble radius. The comoving Hubble radius is of

interest because the maximum (comoving) distance light can travel between two times
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t =0 and ¢ (the comoving horizon) is given by

t dt’ ¢ da e —1~13w=1
X::/o a(t') ~ Jo Ha? :/0 daHy ‘a2 (1.11)

which tells us that the comoving horizon
X X a2 (1+3) (1.12)

grows monotonically with time whenever the equation of state w = % > —%. Conven-
tional wisdom of non-inflationary big bang theory would say that the energy density
of the universe is made up of radiation and cold matter. In early times when particles
had high energy, the vast majority of the energy density and pressure of the universe
was made up of what could be considered radiation. But later (after about 47,000
years after the big bang), the universe cooled and its energy density and pressure were
dominated by cold matter. The reason it is useful to split the universe into epochs like
this is that we know the equation of state for both radiation and cold matter, and can
therefore evolve the scale factor. Matter is assumed to be pressureless: w,, = 0; while
radiation satisfies w, = %

Given that both the radiation and matter-dominated periods of the universe had
w > —%, we can see immediately that, in standard cosmology, the comoving horizon
has only grown in time. Light we see from the CMB introduces us to a scale that
has just entered our comoving horizon, and if the comoving horizon has only grown in
time, this is the first time the scale has entered the horizon, and in fact would have
been far outside the horizon at the time of the CMB (~ 14 billion years ago). This
suggests that regions we see of the CMB were not causally connected at the time of
recombinatiorﬂ We can roughly estimate the number of causally disconnected regions

by comparing the horizon today with that of the CMB

3 3 (143w

Xemb Gemb

"That is to say there had literally not been enough time, only 400,000 years after the big bang, for
light to have travelled between two causally-disconnected regions. This is a consequence of the fact
that in standard big bang cosmology, the universe started expanding at some extraordinary speed and
has only been slowing down since.
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where we have used the definition of the redshift, z:
14 p = Hoday (1.14)
a

By assuming pure matter domination from the time since recombination to todaylﬂ, we

have w = 0 and therefore

3
(Xt"d“y> = (1 + zenmp)*? =~ (1100)%/% ~ 3.7 x 10* (1.15)
Xemb

using zemp =~ 1100. This estimate tells us that the universe at the time of the CMB
was made up of over 30,000 causally-disconnected regions, so how is it possible that the
CMB appears so uniform when this tells us that the universe was highly homogeneous
at the time of the CMB? This is the horizon problem. In standard cosmology, the
comoving horizon always increases with time and this suggests that, at the time of the
CMB, the universe was made up of many regions which could never have interacted
with one another, and yet, these regions had roughly the same density. How could these

regions ‘know’ to be the same without ever having come into contact and equilibrating?

Flatness problem

The horizon problem is not the only issue that arises in standard big bang cosmology.

The Friedmann equation (1.3]) can be rewritten as

1—Q(a) = —k (aH) > (1.16)

where Q(a) = ;i ((aa)) is the ratio of the energy density of the universe to the energy
density of a perfectly flat universe with p, = 3M§1H 2 the critical (flat) density, with a

flat universe satisfying 2 = 1. As we have seen (eqn. (|1.10))), the Hubble radius
(aH) ™' = Hy 'qz(143) (1.17)

will only grow in time when w > —%, a condition that always holds when the dominant
energy of the universe is in radiation or matter. Since k is just a constant, the RHS

of (1.16]) will grow in magnitude, and consequently Q(a) — 1 will grow in time during

8In reality of course we are now in a period of dark-energy dominated expansion, but for the purposes
of a rough calculation, this approximation will do.
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both radiation and matter domination. This suggests that the universe will always
tend away from being flat and will become more curved as time passes. Interestingly
however, it seems that the universe is flat or very close to being flat: Q(a) = 1 is
consistent with data [31]. This is the flatness problem of standard big bang cosmology.
If the universe only becomes more curved during the radiation and matter-dominated
epochs, then it must have been considerably flatter in the past. Estimates suggest that

at the time of big bang nucleosynthesis (~ 3 minutes after the big bang) [25]
Qapn) — 1] < O (10719) (1.18)

and that earlier still the universe had to be considerably flatter. Without the assump-
tion of an extremely specific initial condition for the curvature of the universe, how is

it possible that the universe is currently so flat?

1.1.2 A possible solution

The horizon and flatness problems can be seen as initial conditions problems in that
very specific initial conditions, namely an extremely flat and homogeneous universe,
are required to lead to the universe we see today. It would be highly preferable instead
if the universe we see today could have arisen from very general initial conditions. This
can be achieved with a period of inflation.

As has been hinted, the key is that the Hubble radius and consequently the comoving
horizon only grow in time when w > —%. Therefore, let us postulate a period of time
when the universe was dominated by a field with equation of state satisfying w < —%.
Then the Hubble radius

(aH) ™' = Hy 'q2(1+3) (1.19)

shrinks. An epoch with a shrinking Hubble sphere

%((aH)_l) <0 (1.20)

is known as inflation where the universe undergoes a period of accelerated expansion:

; ; .
a(aﬂ)*ko:a(a)*1<0:>—%<0:>d>o (1.21)
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i.e. the scale factor is accelerating. The condition of accelerated expansion can be cast

in terms of € = —%, which we will refer to as the slow-roll parameter:
=——=1-— 1.22
‘T Tm e (1.22)
therefore
a>0 = e<1 (1.23)

where perfect exponential expansion (de Sitter space) requires
e=0 = H=0 = axel, (1.24)

Generally during inflation, we assume what is known as slow-roll with ¢ < 1 and
w ~ —1 which implies the universe undergoes exponential expansion a oc efft = ¥V,

So how does a period of accelerated expansion solve the horizon and flatness prob-
lems? Starting with the horizon problem we first note that if two particles are separated
by a distance greater than the comoving horizon, they have never been in causal contact,
however if they are separated by a distance greater than the Hubble radius, they cannot
communicate now, but may have been in causal contact in the past. This difference is
at the heart of the resolution of the horizon problem — with an inflationary epoch, the
Hubble radius was exponentially larger before inflation than after. Effectively inflation
solves the horizon problem by allowing the universe to be smaller for a slightly longer
period of time than is predicted by the big bang model. During this period, different
patches that we now see as causally disconnected regions in the CMB were within the
Hubble radius and consequently were able to communicate and equilibrate before in-
flation took place. During inflation they then receded from one another exponentially
quickly. The acceleration is necessary because the scale factor has to be smaller for
longer than would be predicted by standard big bang theory — it then enters a period
of acceleration to ‘catch up’ to the value standard big bang theory would predict. To
be more explicit, note that the physical distance light can travel between two times ¢;
and t9 is given by

a2 1
dp = asx = ag/ da—— (1.25)

~9
a a*H

where a; = a(t1) and as = a(tz). The physical distance light possibly could have



1. INTRODUCTION

travelled at recombination (the CMB) is

a’H

ar 1 -1 ar g ar N
_ 11y G 1.26
m, (@0 ) = g = (1.26)

| 11 (3w—1)
dr = arXr =~ ay dao—— = a, da H; a2
a a

@ %

where we have assumed that the vast majority of the integral will made up by the
inflationary epoch because both (aH)~! and a~! will be exponentially bigger at the
start of inflation than at the end; we use w = —1E|; we have used that a. > a; = ace™N
where a; and a. are the scale factors at the start and end of inflation, respectively; a,
is the scale factor at recombination and H is the Hubble parameter during inflation.
To solve the horizon problem, we require that, at the very least, d, is larger than the
area we see as the CMB today. This is just given by the distance between two points

that are now one Hubble radius apart (the current size of the horizon) scaled by the

scale factor at the time of recombination, a,, so:
dhup = ar(agHo) ™" . (1.27)

Therefore to solve the horizon problem, we require that

N

ape ar acHr
> = N >In . 1.28
acHr ~ aoHy (ao 0) (1.28)

The original estimate given by American physicist Alan Guth in his seminal paper — in
which the idea of inflation to solve the horizon and flatness problems was introduced —
was that N ~ 64 [32], i.e. the universe would have to scale by a factor of at least %
to solve the horizon problem.

The way inflation solves the flatness problem is much simpler. Recall that the

Friedmann equation implies that
Q= 1| = |k (aH)?| (1.29)

where Q = —£— is a measure of how close to the universe is to being flat, Q@ = 1. The

Perit
flatness problem stemmed from the fact that in standard cosmology, the Hubble radius

(aH)~! only grows in time, so unless the universe started with some extraordinary

9This implies exponential expansion: a = e, N = H;t = Ina.

10
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degree of flatness, we would expect it to be highly curved now. We can see immediately
that inflation solves this — even if €2 — 1 is far from 0 as an initial condition, a period
of inflation, where (aH)~2? o e~ sends the RHS to zero and consequently 2 —1 — 0.
The exponential expansion of the universe shrinks the Hubble sphere, which leads to

the universe becoming flat.

1.1.3 Inflationary dynamics

We have seen how a period of exponential expansion can solve both the horizon and

flatness problems. But what field could dominate the energy density and crucially

1

—3, t.e. have negative pressure. The simplest

satisfy the equation of state, w = % <
answer is a scalar field whose energy density is dominated by its potential energy. A

universe dominated by a canonically-normalised scalar field, ¢, has action
4 Mgl 1
S= /d oV/7G ) R 28,006~ V(0) (1.30)

where V(¢) is the potential of the scalar field, g is metric determinant and R the Ricci

scalar for what we assume is a flat FRW metric
g = a*(t) diag (—a(t)_Q, 1,1,1) (1.31)

which gives the Ricci scalar as R = 6 (H +2H 2). From this action, assuming that
¢ = ¢(t) is homogeneous at the background level, we arrive at the scalar equation of
motion

<23+3H<i>+0§;:0. (1.32)

For a scalar field, the energy momentum tensor is given by

-2 5Smatter
V=g g

= diag (;dﬂ +V, a® (;d)? — V) . a? (;dﬂ - V> , a? Ggis? — V>> (1.33)

S0 its energy density is

Ty =

1.
p="Thy = §¢>2 +V (1.34)

11



1. INTRODUCTION

and its pressure is given by

1. . 1.
p= 55;1;? = §¢2 -V. (1.35)

This gives us the (flat) Friedmann equations as

1.
3MLH? = §¢2 +V (1.36)
and
) 1.
ML H = —§¢2. (1.37)
From this we can constrain our scalar field so that it is a viable inflaton. For inflation
we require € = —% < 1 and for quasi-exponential expansion, we want ¢ < 1 which
tells us _
3¢° P
— <1 = V> (1.38)
2V + ¢?

i.e. the energy density of the scalar field is dominated by its potential. For inflation to
last a sufficient amount of time, we require that derivatives of € are also small so that

the universe does not leave its phase of accelerated expansion too quickly. We define

1 dlne
n=—

= 1.39
H dt ( )

and require that || < 1. In single field inflation, this can be recast as

n=2 <;¢ + e> (1.40)

where we have used that € = €4 = % in single field inflation. For a sustained
pl

period of inflation, it is therefore necessary that

Ho> ¢ (1.41)
so that ((1.32)) can be simplified to
- av
3Hp ~ ——. 1.42

12



1.1 Inflation

V;"ﬂ’fp|

15x10719

1.x10710

5.x10"11

Figure 1.2: A typical inflationary potential given by V = A4 (1 —my qbe_m"‘d’) with
A=362x 10_3Mp1, my = 2.17MI;1 and mo = O.SMI;II. This is an example of a large-field
model in which the inflaton spans super-Planckian values during its evolution.

If both €, < 1, the scalar field rolls slowly, the Hubble parameter H ~ ~ const.

1%
3M2,
is dominated by the potential energy, which is roughly constant, and the scale factor

Ht Tf these conditions are satisfied, the universe is in

increases exponentially, a « e
a phase of slow-roll inflation. A typical inflationary potential is plotted in FIG.
The inflaton starts at some high value, ¢4, and rolls slowly down the flat part of
the potential — during this part of its evolution the potential and therefore the Hubble
parameter are roughly constant. Eventually the inflaton nears its minimum and speeds
up dramatically, exits slow-roll and ¢ — 1 marks the end of inflation. The inflaton of

course settles in its minimum at a much lower energy scale and converts its energy to

standard model degrees of freedom through a process called reheating.

1.1.4 Perturbations

Everything in the previous section assumed ¢ = ¢(t) is perfectly homogeneous. In
reality, the inflaton has small perturbations, ¢ = d¢ (t, a:i), that depend on position as
well as time. These perturbations prove to be extremely useful: small fluctuations in
the inflaton field leave under and over-densities that evolve to become both the source of
the anisotropies of the CMB and large-scale structure (galaxies and so on). A key point
of course is that these perturbations must be small relative to the background inflaton
so that the results of the previous chapter are still valid, and also so that the over and
under-densities are not large enough to seed a universe that is not homogeneous and

isotropic on large scales.

13



1. INTRODUCTION

Since the inflaton dominates the energy density of the universe, a fluctuation in the
inflaton field leads to a fluctuation in the energy-momentum tensor and, through that,
it leads to a fluctuation in the metric, dg,, (t, :zz) We first set up the system as follows:

we have the perturbations

o(t,2') = (1) + 06(t,2"), g (t.2') = gu, (8) + g (t, ') (1.43)

where 0 stands for background quantities. The most general scalar-tensor decomposi-

tion of the metric is
ds? = — (1 +2®) dt* + 2a 9;Bdz'dt + a® {(1 — 20) &;; + F;; } da'da’ (1.44)

where the traceless, symmetric tensor Ej;; (which has 5 degrees of freedom) can be
decomposed as (via scalar-vector-tensor decomposition) E;; = 0;0;E — %(%-VQE + hyj
with ®, ¥ and E scalars and h;; are the (traceless) tensor degrees of freedomﬂ We
have completely ignored the vector part of the metric since this is uninteresting both
because vectors are not sourced by the scalar inflaton and because they are naturally
diluted by the exponential expansion of spacﬂ We now define a gauge-invariant
quantity known as the comoving curvature perturbation of single-field inflation:

0¢

It is defined as such because, under a transformation on constant-time hypersurfaceg?]

t—t+E, (1.46)

the scalar spatial curvature perturbation (see (|1.44))), ¥, and the inflaton perturbation

YA vector, w;, can always be decomposed into a parallel and a perpendicular part, w; = w?® 4 w?*
where V x w?® = V - wP® = 0. Given that the curl of a gradient is always zero, the parallel part may
expressed WP = VS, i.e. the gradient of a scalar, S, so can actually be considered one scalar degree of
freedom. The remaining (2) vector degrees of freedom are tied up in the divergenceless perpendicular
part. Analogously a tensor can decomposed into a parallel (1 scalar d.o.f.), perpendicular (2 vector
d.o.f.) and a transverse and traceless tensor part, which has the 2 remaining d.o.f. corresponding to
the two polarisations of gravitational waves.

1See [chapter 3| for details on how vectors dilute during inflation.

123ee [33] for all the gauge transformations and (lots of) details.
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1.1 Inflation

transform as [33]

U — U+ HE,

5 — 5 — £¢0 (1.47)

We wish to move to the comoving frame where the inflationary perturbation is zero,
O0beom = 0. In this frame, R = ¥. Since d¢p — dPeom = 0¢ — §q50 = 0, we see that the
coordinate change that moves us to the comoving slicing is £ = %). We see therefore
that R is the curvature perturbation, ¥, in the comoving gauge. Furthermore, it is
gauge-invariant through .

R is particularly useful because it is conserved on super-Hubble scales, k < aH

[25, [33], when the fluctuations in the matter content are adiabatic, i.e. they satisfy

PO
op — T](;p: 0. (1.48)
p

Single field models of inflation always produce adiabatic fluctuations [34], and therefore
R is conserved after its scale becomes bigger than the Hubble scale which shrinks during
inflation. The metric as defined in has 6 non-vector degrees of freedom (plus 4
vector d.o.f. that we have left out) as well as our scalar, d¢, leaving 11 total degrees
of freedom (5 scalar, 4 vector and 2 tensor). Of course the gauge freedom of general
relativity allows us to immediately remove two scalar degrees of freedom, and another
two appear only as constraints. A nice way of dealing with the constraints is to recast

the metric in terms of the ADME formalism [35]
ds® = —N?dt* + g;; (da* + N'dt) (dz’ + N7dt) (1.49)
which leaves our scalar field action as
Sadm = % / d4x¢?g{NR3 — 2NV + N~ ' (EYE;; — E?)

yN1 (é . Ni(?,-qﬁ)Q — Ng'19,60;¢ — QV} (1.50)

13 After American physicists, Richard Arnowitt, Stanley Deser and Charles W Misner.
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1. INTRODUCTION

where N is the lapse, R3 is the spatial Ricci scalar of g;;

1.

> (.S)NZ-) . E=giE, (1.51)

with NN; the shift, which can be decomposed into one scalar and two vector d.o.f.
N; = 0;8 + v; where V - ¥ = 0. Our two scalar degrees of freedom N and § are in fact
non-dynamical (their equations of motion have no time derivatives) and are therefore
constraints leaving us with only one dynamical scalar degree of freedom as we would
expect given the content of our theory. This remaining scalar degree of freedom depends
on the gauge. Of course any gauge can be chosen, and here we will follow [25] and use

the gauge where the inflaton perturbation is zero (the comoving gauge):
6p =0, Gij = a? {(1 - QfR) (51']' + hij} (1.52)

where h;; is transverse and traceless h;; = 0;h;; = 0. The action needs to be
perturbed to second order with the set-up given by . This is done by first solving
for the constraints N and 8 and substituting these back into the action. For the time
being, we set M}, = 1 for simplicity, and then the scalar part of the second order action

is given by (see [25] Appendix B)
Sqe2 = /d4x a’e {fRQ —a 2 (VR)Z} (1.53)

using € = €4 = % This action is easier to work with after defining a new variable

v = 2R with 22 = aQ%QQ = 2a’¢ and moving to conformal time, which is defined through

dt
— =af(t). 1.54
= =a(t (1.54)
The action becomes
1 3 12 9 2 2
Sy2 = 5 drd’z {v'* — (0v)” + Y (1.55)

where primes stand for derivatives with respect to conformal time, 9/07. To take

account of the inherently quantum nature of the fluctuations, v must be promoted to
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1.1 Inflation

a quantum operator:

(7, %) = / (;ik)g, {Uk(T)& (E) kT 4 vi(r)al (k‘) e_“z'f} . (1.56)

The canonical quantisation conditiorﬁ
[6(7, @), 0 (7, 9)] = i6° (Z - 7) (1.57)

can be satisfied with
a().a'(@] = @) - (1.58)

and

vpop! — v =i (1.59)

The mode functions, v (7), satisfy the equation of motion found through the action
(T.55):

o 4 khiﬁ =0 1.60
" — o =0. (1.60)

In the distant past, the mode functions had wavelengths well inside the Hubble radius

(recall that inflation shrinks the Hubble sphere) % = —k7 > 1. Now use that

"

2~ 22H? (1.61)
z

to zeroth order in slow-roll parameters, €,7, and therefore k? > ‘%" so that in the

distant past of the inflationary period the mode equation becomes
vy 4 kv ~ 0 (1.62)
which is simply a harmonic oscillator and has solutions
vp = 167 4 coe KT (1.63)

We wish to normalise solutions to the full equation ([1.60) in this limit k& > aH using
(T.59). The vacuum solution, which satisfies a(k)[0) = (0|af(k) = 0, should be an

eigenvector of the Hamiltonian, H|0) = FEp|0). The Hamiltonian for this system is

4The canonical condition is defined through [v, II] = 96 (& — ) where (remembering to switch back

dr =a tdt) 11 = g—g =a(r)v ="
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1. INTRODUCTION

given by

R 1 Z//
H= 2/d3x a™t {@’2 + (8;0)% — 2@2} (1.64)

using H =1Iv — L with L = [ d3x £ the Lagrangian and IT = g—f.). Applying this to our

ground state, and using a|0) = 0 as well as (1.58)) gives us

5 1 d3k 2"
H _ /12 k2—7 2
=5 | 5 {4 (1= ) o

L (i‘; {ig s (2-2) ) ama b, o)

Since we require that |0) be an eigenstate of the Hamiltonian, the second term must
vanish. This gives us an extra condition. Again assuming that in the distant past,
scales were well inside the horizon, 27” < k2, we get

v + k% =0 = v, = tikvy. (1.66)

This is important because it constrains our early-time solution (|1.63)) so that either ¢y
or ¢o must be zero. Furthermore, using ((1.59)), we get the condition

2k (Jea|? — |e1]?) = 1. (1.67)
Satisfying these conditions simultaneously leaves us with ¢; = 0, ¢z = J%?’ and we
arrive at the early-time solution
e—ik:T
lim v, = (1.68)

kT——o00 \/ﬁ

which is known as the Bunch—Daviele initial condition for quantum fields in (quasi-)
de Sitter spacetimes. With an initial condition, we can solve the full equation for vy

given in ([1.60). Assuming true de Sitter (H' =0, a = —%), this equation becomes
oy (k-2 =0 (1.69)
k 7_2 Vi = .

where we have used that %ﬁ =2a%H? = 3—2 when H' = 0. This equation of motion has

5 After Timothy Bunch and Paul Davies [36].
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1.1 Inflation

general solution

vy = Ae~T (1 - k;) + BetkT (1 + ];T> (1.70)

and using our Bunch-Davies initial condition, we get

e (1 (1.71)
k_\/ﬂ kr )~ :

When it comes to constraining inflationary models, a key prediction is the scalar

power spectrum. Although this scalar power spectrum is not directly seen in the CMB
or in the large-scale structure of the universe, it acts as an initial condition for well-
understood (but highly complex) physics that can be used to predict what is seen in
the CMB and through this, models of inflation can be constrained. We define the scalar

power spectrum through the comoving curvature perturbation:

(ReR) = (27)°6* (F+ @) Palp)s  Po(p) = 55 Pa(p) (L.72)

where P,(p) is the dimensionless scalar power spectrum, which is of interest to us. In

terms of our mode function, vy (recall that R = 21; 26)
3 ¢3 /> |Up|2
(RpRq) = (2m)° 0% (B + @) 5 5- (1.73)
and then using (1.71])
— H2 P 2

(RRq) = (2m)*6° (5 + @) e (1 - (E) ) (1.74)
where we have used that —k7 = % From this we can read off the scalar power
spectrum

2 2
Py (k) = % (1 + <a’;> > . (1.75)

To simplify this we can use that R is constant on super-Hubble scales and therefore we

can take % << 1, which gives the standard form for the power spectrum

H2

(1.76)

which is evaluated at horizon-crossing & = aH (usually taken to be 50-60 e-folds before
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1. INTRODUCTION

the end of inflation, € — 1), after which conservation of R guarantees that the power
spectrum will remain constant till the scale k re-enters the horizon and is seen today
in the CMB. The latest results from Planck [37] suggest that the inflationary power
spectrum should satisfy

Py~ 2x 1077, (1.77)

This condition effectively constrains the scale of the potential (since 3H? ~ V) relative
to the value of € 50-60 e-folds before the end of inflation. This fact has an important
consequence we will consider shortly. First however, we discuss another inflationary
observable, the scalar spectral index, ns, which determines the scale-dependence of the
inflationary power spectrum — that is, it determines the degree to which the density of
two points in the inflationary universe correlate depends on their distance. A simple

derivation for ns in terms of basic inflationary parameters is given here. Recall ¢ =

—% = —%% and n = ddljr\lf with N = Ina. The scalar spectral index is defined
through
dln Py
s— 1= 1.
" dink (1.78)
where
H2
because x = k/aH =1 at horizon-crossing. Using the chain rule
dinPs  dInPgs dN
dlnk ~ dN dlnk (1.80)
and
H? dIn?®P dinH dlne
dlnP, =dl =2dlnH —dlne = > =2 - 1.81
" . (&ﬂe) . e AN N a8
but
1 dH dlin H dIn Py
__tad — 2% —1. 1.82
‘TTHAN T daN 4N € (182)
Also ) )
dN dink\ ™~ din H\ ™~
dlnk_<dN) _(1+ dN) ~1+4e (1.83)
din®P;  dInP; dN
— ny—l=t =00 (—2e—n)(14+€) ~—2—n (1.84)

dink  dN dnk
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1.1 Inflation

leads us to

ng=1—2—n. (1.85)

Constraints from Planck place 0.9607 < ng < 0.9691 [37], suggesting the inflationary
power spectrum is nearly scale-invariant. In all the models considered in this thesis, €
is much smaller than 1, usually € < 1073, and therefore this constraint on n, suggests
that n ~ 0.03 and this strongly constrains the type of inflationary potential that can
be used. We note that in (slow-roll) single-field inflation, the slow-roll parameters can

be written in terms of the potential. First

B 1 V(¢ Mg (V'\? (1.86)
T TH? T 2EPMZ 20MZHTT 2 \V '

where V'’ = %, and we have used (1.42) so that ¢ ~ —%V’ and 3HQM§1 ~ V during

slow-roll. With this form for ¢, we can equally estimate 1 in terms of the potential:

dlne 1 de V2 v v 1%
= = —— =9M?(—) —2M3— ~4e—2M?%— = n~ —2M*4—.
"TUAN T eHdt Pl<v> Py =T Ay 1 Py
(1.87)
Since we require 1) to be positive to satisfy the constraint on ng, this immediately tells
us that
Vl/
v <0, (1.88)

i.e. we require a concave potential.

Tensors

We consider now the other form of perturbation that is sourced during inflation: tensors.
Using again (|1.52) as our metric with tensor perturbation h;;, the tensor part of the
second order action can be found to be (see [chapter 3| for a related derivation)

2

M o o
Sz, = ?Pl / drd®z a® {h;jh;j - aihjkaihjk} . (1.89)

The operator h;; can be expanded in terms of mode functions as

. 3 - o
h =Zsj / (g:)g{efj(k) HDERTAE) + ¢ (ht (e R (B} (1.90)
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where €f;(k) is a polarisation tensor, hj(7) is for a mode function, s is an index of the

two helicities of a gravitational wave, while @ and a' satisfy the usual commutation

relations. The system can be simplified by making the substitution hj, = 1\24p1 uj,. The

action for the mode functions then takes a very similar form to that of the scalar

equation (|1.55))
1 9 9 a//
Sy = Z 3 /d7d3a: {(8Tu8) — (0u®)? + auS} (1.91)
which gives equations of motion

2
up” + (k2 — = Jui =0 1.92
k 72 k ( )
where we have used %/ = 3—2 This is the same equation of motion as we had for
the scalars, vy, satisfied by each helicity mode function separately. Therefore in the

super-Hubble limit, we know

2 2H?

RS VT ARBYETE (1.93)
a pl pl

at horizon-crossing, a = % As we did for the scalars, we can define a power spectrum

for A through

3
S8 - D
(hihg) = (2m)°6° (F+ @) Palp),  Palp) = 5 5 Pu(p).- (1.94)
Then since
S8 3¢3 (=~ 2H2
P
we can read off
H2
Pr(k) = 7712M21 . (1.96)
P
The full dimensionless tensor power spectrum is therefore
Py(k) = 294 (k) = 2L (1.97)

where the factor of two arises to account for the two helicities of the mode functions. A

crucial inflationary observable can now be defined through the ratio of the tensor and
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1.1 Inflation

scalar power spectra. The tensor-to-scalar ratio is given by

r

= ?: ~ 16¢ (1.98)

where the final equality is true for single-field inflation. The value of r can also be tested
through the CMB. Light, like gravity, has two polarisations, and in CMB physics,
the polarisations are chosen to be split into what are called E- and B—modeﬂ E-
mode polarisation can be sourced by both scalar and tensor perturbations, however,
importantly, B-mode polarisation can only be sourced by tensor perturbationﬂf and
therefore a detection of B-modes in the CMB would be strong evidence for tensor
perturbations from inflation, often referred to as primordial gravitational waves. The
current constraint (due to the non-detection of B-modes) on the tensor-to-scalar ratio
is [37]

r < 0.07. (1.99)

r is limited by V

As mentioned earlier, the fact that the power spectrum

H? V

P, ~ ~
7 82 24M§17T26

~2x107° (1.100)

constrains ¢ relative to the scale of the potential, V', has an important consequence.
Since r ~ 16¢, we see immediately that lower-energy inflation leads to a lower value
for the tensor-to-scalar ratio. Future experiments proposed to search for B-modes
expect to have sensitivity down to r ~ 1072 [39-44]. We can thus parametrise whether
a particular potential can predict an observable value for the tensor-to-scalar ratio,

namely r > 1073, through

Py , 2H? 5 Vi !
—topl o 0 1.101
TR M O\ 568 % 10Gev | (1.101)

The “E” and “B” come from parallels with electromagnetism — the E-mode (electric field) has
vanishing curl while the B-mode (magnetic field) is divergenceless.

7This is a slight simplification — B-mode polarisation can be sourced by gravitational lensing and
galactic foregrounds as well, but this can distinguished from B-modes sourced by pure inflationary
tensor modes [38].
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i.e. we require a potential satisfying V1/4 > 5.68 x 10GeV to lead to an observable
gravitational wave spectrum during vanilla inflation. However, as we will see in this
thesis, there are ways in which a gravitational wave source can arise during inflation, and
with an additional source, this bound can circumvented. In particular, the introduction
of a vector or gauge field suitably coupled to an axion during inflation can introduce
a large source term for the tensor modes under the right conditions. Applying this
mechanism to a low-energy model of inflation called Kéhler moduli inflation is the

main concern of this thesis.

1.1.5 Multi-field inflation

Kahler moduli inflation is in general a multi-field model of inflation — we therefore
quickly note here some features of multi-field inflation. In particular, an important
feature is that it is easy to generalise the single-field results above to the case where
there are multiple scalar fields. Consider a set of scalars fields, ¢* = (¢1, ¢2,...). The
space spanned by this set of fields can be endowed with a (field-space) metric, v4p, that
in practice accounts for non-trivial couplings between the fields in their kinetic terms.

An action equivalent to (1.30) can then be written
4 M) 1 b
5= [d'av=g{ “P R ruderond - V(e (1.102)

where V(¢®) is a function of all the scalar fields. Notice that in the case of trivial field-
space metric, vqap = dap, the kinetic terms for the fields become canonical (%8M<;51(9“¢1 +

..). In fact if the field space has zero curvature, defined by the Ricci scalar for the
field-space: R,, = 0, then the fields can always be redefined so that we end up with

canonical kinetic terms. This action gives equations of motion:

. ) . oV
¢ + 3HP® 4 TE.3°9° + Vaba?b =0, (1.103)
2 172 1 -2
BMyH? = 5% +V (1.104)
and
: 1
MAH = —-¢? (1.105)

2

24



1.1 Inflation

where I'j, are the Christoffel symbols for metric v, and ¢ = 1/ 'yabé‘lng. Through this

we can define equivalent slow-roll parameters, e.g. in this system

H 1
€= ——5 =€, ! 5.

H2 %) = 72M21H2g0 (1106)
p

Crucially the scalar perturbations d¢%, of which there are now many, can be cast in

terms of one tangential perturbation |

_ '7ab¢ia5¢b _ &
%) a

5 (1.107)

where Ag is completely equivalent to v in the single-field case, and is related to the

comoving curvature perturbation through R = H f—;. For this reason we know that

if |Ay] = —A— for z = % < 1 (as is true for vg), then the curvature perturbation

V2kx
behaves in the exact same way as in single field inflation, and the power spectrum and
scalar spectral index are both well-approximated by their standard forms:
H2

8m2e’

P ng=1—-2—n. (1.108)

In addition to this, the equation of motion for the tensor modes is unchanged and

therefore the tensor-to-scalar ratio is again given by
r = 16¢. (1.109)

In other words, all the results from single-field inflation nicely generalise to the multi-

field case as long as

1 k
, v=—7<1 1.110
V2kx aH ( )

A =

is satisfied.

180f course, since this is a multi-field system, there are perturbations that correspond to the directions
orthogonal to this. These perturbations are called entropic or isocurvature perturbations. As we have
noted, single-field models predict that the curvature perturbation is purely adiabatic (i.e. it induces no
isocurvature perturbation) and this is consistent with data from Planck that put strong constraints on
the magnitude of isocurvature perturbations. Therefore in a full analysis of the multi-field inflationary
model, it is necessary to demonstrate that the isocurvature perturbations of the model are under
control. However, in the work presented in this thesis, isocurvature perturbations are assumed to be
negligible and we leave their study to a future work.
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1.1.6 Non-standard cosmologies and non-scalar fields

We end this review of inflation by quickly introducing an anisotropic inflationary metric
that will be used in So far we have considered inflation with a flat FRW

metric. During slow-roll, when H ~ const, the inflationary metric is
ds? = —dt? + 2115, da'da? (1.111)

However in [chapter 2| we will consider an anisotropic variation of this metric. Defining

the anisotropy to be along the z-axis, we can write the anisotropic metric as
ds® = —dt? + ! [e 7121 da? 4+ 21 (dy? + d2?)] | (1.112)

where Y parametrises the degree of anisotropy, determining the difference in the Hubble
parameter along the z-axis relative to the other two axes. Normally during inflation
anisotropy is quickly diluted since the scalar field dominating the universe’s energy
density is isotropic. However in we consider an example where a gauge
field, supported through its coupling to the inflaton, can induce and support a small
universal anisotropy that leaves an observable imprint on the CMB in the form of a
small departure from perfect rotational invariance of the power spectrum.

We note finally that although the actions we have considered in this section have
contained only scalar fields, it is quite possible for there to be additional fields besides
the scalars. The important point is that the energy density of the universe is completely
dominated by the scalar field(s) 3M§1H 2~ p, ~ V(¢) so that the Hubble parameter is
roughly constant and inflation can take place. The title of this thesis refers to “spectator
fields” and the main candidates for that role in this thesis are gauge fields which, despite
being massively sub-dominant in energy density relative to the inflaton and thus not

stopping the universe from inflating, can still have non-trivial effects like increasing

the tensor-to-scalar ratio (see [chapter 3| and |chapter 5) and inducing non-negligible

universal anisotropy (see [chapter 2)).

1.2 Structure of this thesis

The main subject of this thesis is the role that gauge fields can play in introducing

non-trivial dynamics during inflation that can lead to interesting, observable features
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that can distinguish a model. With this in mind, we start off in by expanding
on a model [45] in which a coupling between the inflaton of a simplistic inflationary
model and a U(1) vector field can sustain a small cosmological anisotropy that could
be detected in the CMB. Applying this first to a model with canonically-normalised
inflaton, we show that it is capable of producing small enough anisotropy so as not to
be at odds with observations, but still potentially detectable in the future. We then
discuss a non-canonical, DBI—inspiredE case as first studied in [47] and although we
find anisotropic solutions, we are unable to find solutions that satisfy constraints on
anisotropy.

In[chapter 3] we discuss a mechanism by which a gauge field can be supported during
inflation. This gauge field generates an extra source term for the tensor perturbations
of the metric and, under the right conditions, can artificially enhance the gravitational
wave spectrum, circumventing the need for a higher-energy potential. In this chapter we
first discuss why vectors are diluted during the exponential expansion of the universe.
We then look at the main features of one of the first models in which a vector field
[2, [48], supported through its coupling to an axion, is used to add an additional source
term for the primordial gravitational waves. Finally we consider in detail a toy example
of a more refined model [3] in which, instead of a vector field, an SU(2) gauge field is
used to provide a gravitational wave source term.

In we show how the potentials for Kéhler moduli inflation [49] and a
related model, called fibre inflation [50], arise before discussing some explicit models of
Kaéhler moduli inflation and fibre inflation with a particular interest in models that could
conceivably contain an axion capable of supporting an SU(N) gauge ﬁeld@ and thus
lead to an enhancement of the gravity wave sector of these models. This is of particular
interest in Kahler moduli inflation because it predicts a very small tensor-to-scalar
ratio, r < 1079, and thus, if evidence is found for primordial tensors, Kihler moduli
inflation would be effectively ruled out without the addition of a way of enhancing its

gravitational wave spectrum. Much of this chapter is also concerned with simplifying

9Dirac-Born-Infeld inflation [46] is a model of inflation derived from string theory in which the
inflaton is associated with the movement of a relativistic brane whose action is the DBI action.

2°Tn the enhancement model of [3] (which will be discussed in , the gauge field is SU(2).
We will show in how starting with an SU(N) gauge field, the system can become equivalent
to using an SU(2) gauge field instead.
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1. INTRODUCTION

these models as much as possible before introducing a gauge field, allowing for more
feasible numerics, particularly when considering perturbations.

In we round off the main focus of the thesis by actually considering
models of Kiahler inflation coupled to a gauge field as discussed in Finally,
in we summarise and discuss the work of the previous chapters.
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Chapter 2

Anisotropic Inflation

This chapter is a modified version of a paper published in Physical Review D titled
Anisotropic Inflation with Derivative Couplings [51], written with Sugumi Kanno and

Tvonne Zavala.

2.1 Introduction

In the post-Planck [37] era, models of inflation have been constrained considerably
by observational data, particularly data from the CMB. However, there remains a
plethora of inflationary models that satisfy observational constraints [52]. A reason for
this is that inflationary models are constrained almost exclusively by their predictions
of the tensor-to-scalar ratio, » and the scalar spectral index, ns. With this in mind, it is
perhaps now important to look into models that predict novel features. A possibility for
one such novel feature is universal anisotropy sustained after inflation. Although quite
heavily constrained in its own right through the primordial power spectrum required to
explain the CMB [53] 54], universal anisotropy can still be non-negligible and a future

detection of it would provide an interesting test of inflationary models.

Universal anisotropy is most easily defined through the metric — consider an infla-
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2. ANISOTROPIC INFLATION

tionary metricﬂ
ds® = —dt* + M [e7* ¥ da? + 2> (dy? + d2?)] (2.1.1)

where we naturally assume, H ~ const and equivalently > ~ const. The x-direction
is clearly the direction of the anisotropy and the degree of anisotropy is given by ¥/H

which generally follows the law:
1

by
Z 7 2.1.2
where € is the slow-roll parameter, € = —% and I is a model-dependent parameter

taking values between 0 < I < 1. This equation for the anisotropy arises after find-
ing power-law solutions for the inflaton, isotropic and anisotropic scale factors in an
anisotropic set-up. We will show this explicitly in the next section. This anisotropy

imprints itself on the statistics of the power spectrum [55]:

P(k) = P(k) (1 + g sin®0) (2.1.3)

-,

where g, characterises the degree to which P(k) fails to be rotationally invariant and 6
is the angle between k and the direction of anisotropy. gy is found through perturbation

theory and for the inflationary scalar power spectrum is given by
g« =241 N,? (2.1.4)

where N, is the number of e-folds after horizon exit to the end of inflation. The most

recent bounds on g, are [53]
gv = 0.002 £ 0.016. (2.1.5)

It was thought that anisotropy would be impossible to sustain during inflation due
to the cosmic no-hair conjecture [50, 57]. In the context of early universe cosmology,
the cosmic no-hair conjecture effectively states that inflation can proceed from very

general initial conditions and that the assumption that a flat FRW metric can be used to

Note that during the rest of this chapter we will rewrite this metric in terms of e-folds, a ~ Ht,
o ~ ¥ t. We deliberately distinguish this here from the usual notation of N = Ina so it is clear there is
an isotropic part given by « and an anisotropic part given by o. The choice that we have e = along
the z-direction and e*** along the y and z-directions is to allow for the average expansion rate of the
universe to be independent of ¥ and to be given by H.
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2.1 Introduction

describe the universe during the inflationary epoch is valid. In other words, a universe
that undergoes inflation will successfully approach quasi-de Sitter spacetime even if
there exists an initial non-negligible anisotropic component of the energy density. This
is due to the fact that the inflationary component of the energy density will remain,
by necessity, roughly constant, whereas any other energy densities will dilute quickly
due to the expansion of the universe. In this way, even if to start with the universe has
some large anisotropy, after a period of time, the quasi-vacuum energy of the inflaton
will come to dominate the energy density of the universe and this universe will be well
approximated by an FRW metric. In the same way, any anisotropic field, for example
a gauge field, will be rapidly diluted during inflation.

Multi-field models of inflation arise naturally in extensions of the simplest single-
field inflationary framework, for example in models derived from fundamental theories
such as supergravity and string theory. Usually, models with more than one scalar
field are considered in these extensions. However, fields with other spins, such as gauge
fields, may play an interesting and testable role during inflation as well [54) 55 58].
Gauge fields are not commonly considered in the study of inflation, due to the cosmic
no-hair conjecture. However, [59] found the first working model (free from ghosts) of
inflation with a spectator vector field that can produce persistent anisotropy in the
background spacetime. The argument presented above is circumvented by coupling the
inflaton to the gauge field through the term f?(¢)F? where ¢ is the scalar inflaton:
this coupling means that the energy densities of the gauge and scalar field cannot be
truly separated, and therefore the isotropic and anisotropic energy densities cannot
be properly separated. This model brought forward the interesting possibility that
light gauge fields may affect cosmological observations by generating some observable
amount of statistical anisotropy (for reviews on anisotropic inflation see [54] 55 [58]).

Another possibility for generating observable statistical anisotropies in the presence
of vector fields is the vector curvaton scenario [60-62]. In this scenario, the inflaton is a
scalar driving inflation, while the vector field becomes important after inflation, when
it may dominate the universe and imprint its perturbation spectrum before it decays,
as in the scalar curvaton scenario (for a review of the vector curvaton see [63]).

In the context of D-brane inflationary models, the inflaton is typically identified
with the scalar field parametrising the transverse fluctuations of the D-brane (that is,

its position in the internal compact six-dimensional space). Such a brane features a
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2. ANISOTROPIC INFLATION

world-volume two-form field F),,, associated with the longitudinal fluctuations of the D-
brane. Therefore, it is natural to investigate the role of this brane field in the dynamics
of inflation. Indeed, in [64], a D-brane vector curvaton realisation was discussed, while
in [65] a Wilson line inflationary model was studied with interesting predictions. In
this case, it is precisely one of the D-brane vector internal components which drives

inflation.

In a D-brane scenario, the scalar field associated with brane position, identified with
the inflaton, and the vector field couple disformally via the DBI action that describes
the D-brane dynamicsﬂ In particular, the gauge kinetic function, f, depends on the
scalar field ¢ and its derivative X := %(8(15)2, f(¢, X). This coupling can thus alter the

anisotropic background evolution and the amount of statistical anisotropy produced.

Furthermore, f(¢, X) represents a general parametrisation of a generic inflaton-
matter coupling. This has recently been used in studies in which the inflationary
universe is viewed as a cosmological collider [67]. It is thus important to know what
effect the derivative coupling has on the inflationary evolution. This derivative coupling

also appeared in the recently proposed EFT of anisotropic inflation [68, [69].

Motivated by the D-brane scenario and the more generic nature of a derivative
coupling between the inflaton and a vector field (and even more generally, with matter),
we study anisotropic inflation with derivative couplings. We start by considering a
phenomenological model where the gauge kinetic function has a monomial dependence
on X and an exponential dependence on ¢. For the power-law cases we consider, no
stable solutions exist for f = f(X) only. On the other hand, for f = f(¢,X), stable
anisotropic solutions exist and the anisotropy is considerably reduced in comparison
to the non-derivative case. This is interesting in view of the latest constraints on
anisotropy [53, [70] (where the anisotropy is constrained through g, as in (2.1.5)). We
next use our general equations to explore more general solutions. Finally we conclude

in section [2.5| with a discussion of our results and prospects for future work.

2For an example of a theory where two scalar fields couple disformally via the DBI action, see [66].
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2.2 Scalar-vector-tensor action with general derivative couplings

2.2 Scalar-vector-tensor action with general derivative cou-

plings

Although later we will only look at power-law inflationary solutions, in this section we
will keep the discussion as general as possible when presenting the set-up and equations
of motion. This is useful in describing a variety of power-law models as we discuss later.
In most of the chapter we will concentrate on a simple field theory model that will serve
to illustrate the consequences of taking derivative couplings into account.

Our starting point is the general scalar-vector-tensor action of the form:

2
S = /d%\/fg {]\gle — P(¢,X) — fz(gi’X)FWF‘“’} , (2.2.1)

where F,, = 9,4, — 9,A,, 2X = (0¢)?, thus we see that the gauge kinetic function
depends both on the inflaton, ¢ and its derivative, X. This action is motivated from D-
brane actions in string theory models of inflation, where P(¢, X) and f(¢, X) take very
specific forms and arise from the Dirac-Born-Infeld (DBI) action (see [64] for details).
Here we keep these functions general, in order to cover other possibﬂitiesﬂ

The equations of motion derived from (2.2.1)) are given by

1 1
Ry = 59 R = i (T;j‘y + T;fy) , (2.2.2)
Lo v (Zrpe v o) oro| = Zpppap (2.23)
V9 W g B X X =75 & PR 2.

0 [V=9 F(6. X)F™] =0, (224

where we have denoted the derivatives as f; = 0;f and similarly for P, for i = ¢, X.

The energy-momentum tensors for the vector and the scalar fields are given by

1
T;fl/ = 8,U«¢ al/¢ <2ffXF2 + PX> - g/,u/P, (225)
o F?
T/ﬁ/ = f2 {Fu F/wz - g/w4:| (2.2.6)

3 Anisotropic inflationary solutions with a DBI kinetic term for the scalar field and a pure inflaton-
dependent gauge kinetic function f were considered in [47]. More general forms for P(¢, X) were
further considered in [71].
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2. ANISOTROPIC INFLATION

We are interested in anisotropic solutions and therefore, without loss of generality,

we consider the following anisotropic metric:
ds? = —dt® + 220 |17 g2 4 200 (dy? + d2?) (2.2.7)

where e®® is identified with the isotropic scale factor, and e”® characterises the
anisotropy. Furthermore, we use gauge invariance to choose Ay = 0 and, for con-

creteness, we consider homogeneous fields of the form [45], [59]:

b= o(t), A, = (0,v(t),0,0) [ (2.2.8)

With these Anséatze, the equation of motion for the vector field takes the simple form:

% [f2e 73] =0, (2.2.9)

which can be readily solved to give:
fPet % = pa, (2.2.10)

where p4 is a constant of integration. Since —v = F,g = E., pa is the electric field

modulated by the expansion of the universe.

The Einstein equations, on the other hand, can be arranged into the following set

of equations

1 .
&=-3¢"+_—5 [6P+ froPe20tio 4 342 (PXfX f%2e—2a+40>} , (2.2.11)
65, f
. .. f2®2 —2a+40
G=-30&c+ e , (2.2.12)
3le1
2,2
2 2 S50 oatas | 2 IX 2.2 _9a+do
_ 52y Pyl +é? [Py — I , 2.2.13
=6 3M§1[ e ¢<X X prite )] (2.2.13)

“Notice that the vector is directed along the same direction as the anisotropy in the metric.
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2.3 Anisotropic power-law inflation with derivative couplings

where we have used (2.2.10)). Finally, the equation of motion for the scalar field becomes:

§5|:_$2PXX+PX fro? _2a+4a(f f2¢ T

+6 {é Pxy + 3Py + f2o?e20t4o fx <¢3 <3f¢ fX¢> 146+ aﬂ
f o fx

f!}‘?f2 .2 720&‘1‘40‘ 0 2 214)

Ix fX fXX¢2>]

From these equations, it is easy to recover the various examples studied in the literature,
for which fx =0 [45] 47, 59, [71] [72].

In what follows we use these equations to look for stable anisotropic solutions.
We start by looking at a phenomenological example that serves as a prototype to
understand the effect of the derivative coupling between the inflaton and the vector

field, and then we explore more general cases.

2.3 Anisotropic power-law inflation with derivative cou-

plings

In this section we start the analysis of power-law anisotropic inflation with derivative
couplings, providing the first explicit example of the situation described in the EFT

description of [68]. We start with a canonically normalised inflaton:

P(6, X) = %(3@%))2 LV = X4V, (2.3.1)

and thus replace, P, = Vj4, Px = 1 in the equations of motion above, (2.2.11f)-(2.2.14]).
Note that egs. (2.2.11)) and (2.2.13]) depend only on the derivative of f w.r.t. X. One

then immediately sees that a suitable choice of functional form is given by setting:
Xf;{ =-n, (2.3.2)

where n = const. This has the solution:

f(X,0) = (=X)"9(9), (2.3.3)
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2. ANISOTROPIC INFLATION

for some function g(¢). On the other hand, we can also see that a suitable choice of
¢ dependence is given when fy/f = const. that is, an exponential dependence. So we
find that a suitable Ansatz for the gauge kinetic function’s dependence on the scalar

and its derivative is given byP}

Ld)
e Mpl

(=X)

In addition to this, we also consider an exponential potential for the scalar field

F(6, X) = My fo (2.3.4)

A

V(g) = Vpe . (2.3.5)

We are now ready to look for power-law solutions of the form:

a = Clog(Mpl t) ) o= Blog(Mpl t) ) ]\4i = Elog(Mpl t) + ¢0 (2'3'6)

pl

where (, 8, £ and ¢¢ are constants. Using this Ansatz with the Hamiltonian constraint

(2.2.13]), we obtain the conditions:
A= -2, pE+2¢C+28+2n=1. (2.3.7)

We arrive at these two conditions (2.3.7]) by requiring that, after substitution of ([2.3.6])
into (2.2.11))—(2.2.14)), powers in ¢ balance in all equations (i.e., we end up with equa-

tions of the form Ct* = Kt* where C, K are independent of t). The remaining con-

ditions (below) come from ensuring that C = K in (2.2.11)—(2.2.14)), i.e. that the
equations are satisfied (the amplitudes balance) after substitution of (2.3.6). For the

amplitudes to balance in (2.2.13]) (the Hamiltonian constraint), it is required that:

1 1
—§2+52+6§2+§u+(1—4n)4’”€4”%:0, (2.3.8)

where we have defined u, w as:

Vv 2
= M—Z Mo w=PA fo_2 e 2P0, (2.3.9)
pl

U =
4
]\Ip1

°In a string theory scenario, the effective 4D action can be written in terms of the 4D My, which
would be a function of the string scale and coupling, as well as the compactification volume.
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2.3 Anisotropic power-law inflation with derivative couplings

From the equation for the scale factor (2.2.11f) we then obtain:
32— C—u+47"(6n— 1)54”% =0, (2.3.10)
Similarly from the anisotropy equation (2.2.12)) we get:

—B(3¢—1)—47" 54”% =0. (2.3.11)

Finally from the equation for the inflaton we obtain:
—E4+3CEFAuF4TE T w 2n(CH4B+4n—1) +pEAn—1)]=0. (2.3.12)
Using these equations, we can solve for u and w to get:
2 1 3 n «—4n
u=—-C+3¢ +§ﬁ—3n6—§CB+9nCﬁ, w=304" " (3¢ —1). (2.3.13)

Substituting these into the inflaton equation (2.3.12)), and using the constraints for &
and S from (2.3.7)) gives:

(=1+3Q) [8+ AN (1—6C+2n(-1+9C¢(~1+2n+2()))
—4Ap(—2+3(+3n(1+3¢)+12p*] =0. (2.3.14)

In contrast with [45], we now obtain a cubic, rather than a quadratic equation for
¢. As in [45], we have the solution ( = % which gives u = w = 0, implying that there
is no anisotropy and no potential driving inflation. We hence discard this solution and

focus on the other two:

¢ _M ¢ _M (2.3.15)
M OY S VA T T2nA? "
where
A=6X+18n % —36n° % +12\p +36nAp, (2.3.16)
and
B=A%—144n) 2 (8 + A2 —2n X2 48\ p — 12nAp + 12 p%). (2.3.17)

These solutions trivially satisfy (2.3.8]), and it is important to remember that they are
constrained from the requirement that w,u must be positive by definition, (2.3.9)).
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2. ANISOTROPIC INFLATION

To look for inflationary solutions we define the average slow-roll parameterﬂ € in

terms of the Hubble parameter defined by H = @&, as:

H 1

Hence there are two branches of solutions for € corresponding to (4. In order to have
inflation, we need ¢ <« 1, that is, we are looking for regions in the parameter space
where (L > 1.

The anisotropy is characterised by:

by o
— = — 2.3.1
==2=L (23.19)

EaSleS

where [ is given by:

Y
B=g+1-C—n. (2.3.20)

As for €, there are two possible branches of solutions, associated to (.
Let us now discuss two cases of interest. Firstly, p = 0, which corresponds to a
gauge kinetic function that depends only on the derivative of the scalar field. And

secondly, p # 0, when it depends on both.

Shift symmetric coupling, p = 0. A purely shift symmetric coupling of the
inflaton with the vector field arises for p = 0 (see ) This type of coupling of the
inflaton to matter was considered recently in [67]. In order for inflationary solutions to
arise, we need ¢ > 1. Moreover, the solutions should satisfy u,w > 0 (see ) In

terms of ¢ (with p = 0), w and u are given by:

—4n
w=—3x 272" 13¢ 1) (-i) (2¢+2n—1), (2.3.21)

= —%(271 —1)(3¢ = 1)(6¢ +6n —1). (2.3.22)

Therefore, in order for w,u to be positive, n must be negative and |n|> 1, so that

n < 1/2 — (. From the expressions for (4 (2.3.15) we see that for |n|> 1, (4 ~

5This is the average (of the three spatial directions) slow-roll parameter in the sense that it is defined
in terms of H which gives us the average rate of expansion.
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2.3 Anisotropic power-law inflation with derivative couplings

5(—1+ l)m Thus in principle there are anisotropic inflationary solutions that satisfy
all necessary conditions for sufficiently large |n|. For example, n = —10%, A\ = 1, gives
e~ 107%X/H ~ 1079, Note that requiring sufficiently small anisotropy requires very

large values of |n|. That being said, we find no stable solutions in this case (when

p=0F

More general coupling, p # 0. Let us now consider the case when the gauge
kinetic function depends on both the inflaton and its derivative, that is p # 0. As
before, inflationary solutions require ¢ > 1. Furthermore, the conditions for positive

w (and u) can be obtained by looking at (2.3.13]), which takes the form:

—4n
w=—-3x272"(3 1) (—i) << +n— § - ;) : (2.3.23)

Therefore for sufficiently large ¢, w can be positive for positive or negative n and large
values of p/A, which is also required to obtain large values of ¢ (see eq. (2.3.15)). In
the limit p/A > 1, the solutions (1 become:

p(1+3n:i: (3n—1)2—i—§">

~ . 2.3.24
C+ 5\ ( )

Examining this, we see that for n > 0, the numerator is always positive since (1+3n) >

\/(3n —1)2 — (8n)/p? meaning (4 are both positive. Similarly for n < 0, we see that
11+ 3n|< \/(3n — 1)2 — (8n)/p? which tells us that ¢y is negative while (_ is positive.

That is, in this limit, there are positive solutions for both (4 for positive n, while for
negative n only one solution is positive. We are also interested in small anisotropy,
Y/H < 1 ([2.3.19)), where in terms of the parameters we have:

X 1(p 1

which, using both that ¢ = % and our solutions for ¢ (2.3.15)), can be written in the

form of ([2.1.2)
S, 1
— =1 2.3.2
77 = gle (2.3.26)

"Notice that to see that u is positive in this limit (as required) one needs to include the next to
leading order term in the large n expansion for (4.
8This has been confirmed recently in [47].
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with
1
© 24n)\2

where B is defined in (2.3.17)) and is function of p, A and n. In this way, the anisotropy

can be written in terms of the free parameters of the system] This further selects

Iy {=6) (A= 302+ 602+ 2p — 6np) = VB | (2.3.27)

the appropriate solution for @ With these conditions, one can check that there is a
range of values for which anisotropic solutions exist with n > 0. A stability analysis
shows that for these cases, both the isotropic and anisotropic solutions are attractors.
Therefore the evolution of the system depends on the initial conditions. Since we are
interested in the case where the anisotropic solution is the only attractor, in what
follows we focus our search for anisotropic stable solutions to the case n < 0.

In Figure we show the behaviour of the slow-roll parameter, €, as a function of
the parameters A\ and p for different values of n. As one can see, the slow-roll parameter
€ decreases very slightly as the magnitude of n increases. Conversely, as can be seen
in Figure the anisotropy, ¥./H, can be reduced by the introduction of a derivative
coupling: the greater the magnitude of n, the smaller the magnitude of anisotropy.

We can understand the decrease in the anisotropy as follows. Since we are only
interested in solutions where the anisotropic point is a single attractor (and since the
only observable anisotropic effects come from the final value of the anisotropy), we do
not have to worry about the initial value for the gauge field. If the anisotropy converges
to a number, its final value is given by the ratio of energy density of the vector field to

that of the scalar field [73]. From eq. (2.2.12)), we can define this ratio RIE as:

2.2 —2a+dc

b 2 Pu SvTe
=~ IR, R = ~ 2.3.28
73 V@~ V) (2329
Using ([2.2.10)), (2.3.4) and ([2.3.5]), this ratio can be written as
R ~ ¢34n6—2p¢—4a—4a—)\¢ ~ £4nt—2p§—4c—4ﬁ—>\§—4n, (2329)

where in the second expression we used (2.3.6). Furthermore, using the conditions

A242p0—4
X228
We focus only on solutions with |n|> 1, which guarantees real values for w in the A > 0 we are
interested in.

Not to be confused with the curvature perturbation.

9As a reference, in the non-derivative coupling case (n = 0) of [45], I =
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Figure 2.1: In these plots we show how the slow-roll parameter, €, varies with A (for
p =20) and p (for A = 0.1), for the values of n shown. Recall that A, p and n are merely
parameters of the potential and gauge kinetic function which are defined, respectively as

V() = Vo™ and f (¢, X) = M foe ™ ? (—X) .

0.0004
0.0003¢
— n=-1
0.0002¢
[ n=-2
0.0001" — n=-10
g — n=0
0.0000 "
-0.0001: !
0.1 02 03 04 0.5 50 100 150 200
A p

Figure 2.2: In these plots we show how the anisotropy, %7 varies with A (for p = 20)
and p (for A = 0.1), for negative values of n as shown. Recall that A\, p and n are merely
parameters of the potential and gauge kinetic function which are defined, respectively as

V() = Vo™ and f (¢, X) = M foe ™ ® (—X)".

(2.3.7), we find that the ratio becomes a constant given by

R~ gin n<o0, (2.3.30)

~ gl

and thus we see why the anisotropy decreases with |n| in the case with derivative
couplings. Since £*" is coming from the energy density of the vector field, we see that
the anisotropy is reduced because the energy density of the vector field becomes small

during inflation.
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2.3.1 Stability of the anisotropic solutions

We now study the stability of the solutions above using a dynamical system analysis.

For this, we define the dimensionless variables:

1 ¢ f(p, X)e 29 4
_— = 7 = — 2.3.31
Mp1 &’ Mp1 &’ ( 3.3 )

w=2 v=
(6

where we use the e-fold number as time coordinate, da = & dt. Using these variables,

the Hamiltonian constraint (2.2.13) can be written as

1% ) Y2 72
——— = 1)+ ——+—=(1-4n). 2.3.32
s =V D g G () (2.3.32)

Since the inflationary potential is positive definite, we immediately see that (2.3.32)
implies
2 ZZ

Y
W2+ & g A <L (2.3.33)

In terms of the variables (2.3.31)), the slow-roll parameter €, becomes:

v?2 72
e=3W?+ 5+ 5 (1=3n). (2.3.34)

Using the Hamiltonian constraint (2.3.32)), the equations of motion in terms of (2.3.31))

can be written as:

daw 1 1
= ZPWH+1-3nW)+W (3(W? - 1)+ -Y?) | (2.3.35)
da 3 2

dYy 1 2 2 2 2 2

@:6}/{18W +3Y? +22° —6nZ° +3C(Y,Z) [-4n Z7 (1 + 4W)

Y (—6Y +6A(W? — 1)+ AY? — Z? (=1 +4n)(A+2p))]} ., (2.3.36)

dz 1 2 2 2 2
%:62{—12—12W+18W +3Y*422° —6nZ° — 6pY

—6nC(Y, Z) [4nZ* (1 4 4W)

Y (=6Y + 6AW? = 1) + A\Y? = Z? (d4n — 1)(2p+ N))]},  (2.3.37)
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2.3 Anisotropic power-law inflation with derivative couplings

where

1
C(Y,2) = 35 = (2.3.38)

We can now find the fixed points of the system by setting dW/da = dY/da = dZ/da =
0. From (2.3.35)), we find:

_ 3W (=6 +6W?+Y?)
o 2(-1-W+3nW) ’

Z? (2.3.39)
These equations are solved numerically for suitable values of the parameters A, p, and
n (chosen so that w is positive) such that W, Y and Z are all non-zero and real. To
choose appropriate solutions, we perform a linear stability analysis. The isotropic fixed
point solution is located at W = Z = 0, Y = —\, corresponding the coupling f(¢, X)

being switched off. The linearised equations of motion around this point reduce to:

ds 1

TZ/ — (2>\2 — 3) SW (2.3.40)

d:% = (;/\2 - 3) 5Y (2.3.41)
Z 1

When A is small, the LHS of these equations are all negative (corresponding to the
isotropic fixed point being an attractor solution) if A% (1 — 2n) +2p A < 4. If however
A2 (1 —2n) +2pA > 4, the isotropic fixed point is unstable. Since we are searching for

anisotropic solutions, this is the parameter space we want to consider: we require that

p>3%—3(1-2n).

Now, we look at two explicit examples to demonstrate that stable derivative anisotropic
solutions can be found with small but non-zero anisotropy.. Consider first the case
with n = —1, A = 0.1, and p = 20, which has a fixed point at (W,Y,Z) = (3.08249 x
1075, -9.92559 x 1072, 45.26275 x 10~3). Linearisation around this point gives:

dsw
o = ~2:995045W — 3.05955 x 10776Y +3.50854 x 107367 (2.3.43)
dsy
—om = —2.20684 x 1072 W — 3.08768 6Y + 0.87150 67 (2.3.44)
dsZ
—o = FLO7688 x 1072 W F 0.434252 0Y 4 9.26389 x 107262 (2.3.45)

43



2. ANISOTROPIC INFLATION

where the change in signs is due to choosing either the positive or negative Z solution.
This system has eigenvalues (—2.99504, —2.96384, —3.11922 x 10~2) whose real parts
are all negative. This system has an average slow-roll parameter of € = 4.96279 x 1073
(from both and e_ in (2.3.18)) and anisotropy X/H = 3.08249 x 1079, which
is however too large compared to current data [53] [70]. As a reference, from ,
we can also evaluate the constant of integration for the vector field defined in
in terms of My, fo and gbﬂ We can compare this solution with the non-derivative
stable one A = 0.1, p = 50, n = 0. In that case, ¥/H = 4 x 10~* and thus we clearly
see that the derivative coupling decreases the level of anisotropy.

In fact the condition that the anisotropy be small enough is very restrictive [53]
— the anisotropy is not only required to be small but very small (~ O(10~7) times
smaller) relative to the the slow-roll parameter since g, = 259200 6*1% (2.1.4) (using
that horizon-crossing takes place 60 e-folds before the end of inflation). However if
we take some extreme values for the parameters it is possible to find a stable solution
that admits an anisotropy small enough to avoid the bounds in [53], 70]@ As a second
example we take n = —100, A = 1079, and p = 2 x 10%. This has a fixed point at:
(W,Y, Z) = (2.78239 x 10726, —1.00000 x 1075, £5.00415 x 10~13). Linearisation of the

W.Y, Z equations around this point gives the equations:

dsw

o = ~3:000008W — 2.78239 x 10732 6Y 4 3.33610 x 1071367 (2.3.46)
«

dsy

o = ~2:00332 x 10716 6T — 3.00000 Y =+ 6.02500 x 10~46Z (2.3.47)
(0

déz _4 —4 -8

- = F1.00083 x 1074 6W F 3.01250 x 107" Y +6.03001 x 10767 (2.3.48)
[0

where the change in signs is due to choosing either the positive or negative Z solution,
respectively. The eigenvalues for this set of equations are (—3.00000, —3.00000, —2.00893 x
10719). The eigenvalues’ real parts are all negative and hence this fixed point is sta-
ble. Therefore, this corresponds to a stable solution that produces anisotropy during
inflation. Using , we find the slow-roll parameter to be ¢ = 5.00000 x 10713
matching perfectly with the (_ solution in , which gives the slow-roll parameter

2For example, for (¢o, fo) = (—1,1), we find pa = +4.4 x 10*7M§1. Inverting , we can also
find the value of © in terms of all the parameters of the model, © ~ (RV2f7262&740)1/2.

'3The example shown here differs from that in the paper [51]. The example in the paper does not
satisfy the constraints on anisotropy but this example, which has a different parameter set, does.
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(for A, p,n given above) as e_ = 5.00000 x 10713, The average anisotropy is given
by ¥/H = 2.78239 x 10726 and in addition, w is positive and real. This value of the
anisotropy is consistent with observations because it predicts a value of g, ~ 1078 (well

below the bound obtained in [53] of g, = 0.002 £ 0.016).

2.4 More general solutions

In the previous section we explored a suitable generalisation of the non-derivative
anisotropic power-law inflation studied in [45] (the gauge kinetic function f = f(¢)
did not depend on the inflaton velocity) where the gauge kinetic function has a mono-
mial dependence on the inflaton’s velocity. Our general equations, however, allow for
an easy exploration of other interesting possibilities. One such possibility is the case
of DBI inflation [46], where the inflaton can be identified with a D-brane position or
a Wilson line. In any case, the vector field featuring on the inflationary D-brane may
give rise to anisotropic solutions. In this model, the scalar action and gauge kinetic

function are given by [64],

X
PO.X) = 54V FO.X) =1 o (24)

where h(¢) is a function of the scalar field only (the warp factor associated with the 10-
dimensional geometry where the brane is moving). We see that in the non-relativistic
case, when v — 1, the scalar field is canonically normalised and the vector field decou-
ples from the inflaton. It is not difficult to check that power-law solutions with h’/h =
const. V//V = X\ = const. cannot be found since the constraints ¢ < 1, ¢ > 1, and
w >0 cannot be simultaneously satisfied. The same happens when considering
a canonically normalised inflaton coupled disformally to the vector via .
This is consistent with the results of [74] where a detailed analysis is shown.

However, motivated by the DBI anisotropic solutions found in [47], we can modify
slightly this Ansatz. Consider a DBI inflaton, with P given as in , and a mono-
mial, derivative coupling, f, as in . This could correspond to a model where the
inflaton and the vector live on different D-branes. In [47] the authors found power-law
anisotropic solutions with h’/h =const. which implies that v = 79 = const. Let us see

this in some detail.
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2. ANISOTROPIC INFLATION

2.4.1 DBI inflation with monomial, derivative coupling solutions

Considering h'/h = const. implies an exponential form for h, which we take as:

ho ¢
h(¢) = Miélej\/[pl . (242)

Taking also an exponential form for the inflaton potential as before, (2.3.5]), and power-

law solutions for the scale factors and inflaton as in the canonically-normalised case

(2.3.6)), we obtain the conditions:
AN=-2, pEé+2(+28+2m=1, A=-)\. (2.4.3)

The requirement that A = —\ is akin to setting v = 79 = const. In terms of hg, A, and

do; Yo becomes:

N|=

) _
o = (1 - 4;;e—k¢0> . (2.4.4)

By applying the exact same procedure of balancing the amplitudes as we used for
the canonically-normalised case ([2.3.8))(2.3.15)), we obtain two analogous solutions that

satisfy all of the system’s equations:

_D+VE _D-VE

— = 2.4.
“= o ¢ 2n ) (245)
where
D=6\A+18n\A—36n2A+12p+36np, (2.4.6)
and
2 8 P’
E=D*—144n)(— +A=2nA+8p—12np+12°- ). (2.4.7)
Yo

Anisotropic inflationary solutions can now be found for suitable choices of the param-
eters, as long as they satisfy the constraints that u,w (defined as before ) must
be real and positive, and, of course, ¢ = 1/¢ < 1. As a concrete example, a stable
solution can be found by for A = 0.01, p = 300, n = —2, 79 = 1.5. It has anisotropy
¥/H = 1.32254 x 107! and slow-roll parameter e = 3.33306 x 107°.

We now consider the stability of this anisotropic DBI solution. We define dimen-
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2.4 More general solutions

sionless variables analogous to the canonically-normalised case:

f(¢, X) 6—a+20 g

w=% y_0¢ g _
8]

v
—. 2.4.
M,y &’ M, a (248)
The Hamiltonian constraint (2.2.13]) for this system becomes:
1% Y2z
————— =3(W?-1)+ + = (1 —4n), 2.4.9
and the slow-roll parameter:
Y2 Z?
2
= — + = (1-3n). 2.4.1
e=3W +2%+ 3 (1—3n) ( 0)
The equations of motion in terms of (2.4.8) become:
dw 1 y?2
= Z2P(WH+1-3nW)+W (3(W?-1)+ — 2.4.11
do — 37 WHI=3n)s <( )+270)’ (24.11)
dY 4 2 2
o= F(Y,2)Y {37%Y*+4ynZ? [-3W 3W@4n—1)+4)+ Z*> (n(12n—-T7) + 1) — 3] +
22 [Z% (v§ —3n (9§ +4n — 1)) + 99 W2 — 9] + 3\Y (—4nZ? + 6W? + Z° — 6)
+6pY Z% (1 —4n) + 390 AY?} (2.4.12)
dz
o =FyY.2)z {48003 Z* + 2n [22% 79 (=6 — 6W + 9W? + Z%) + 3Y%(—6 + Z* — 13 Z27)
F3NY (=6 + 6W? + Z%) + 310 Y] — 4n?Z? [yo(—18 + 36W?2 + 722) + 6Y (Y + \)]
+ 90 Y? [270(—6 — 6W + 9W? + Z2) + 3Y (Y — 2p)] } , (2.4.13)
where
F(Y.Z) = ! (2.4.14)

T 6790(2nZ2(1 —4n) + v Y?2)'
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2. ANISOTROPIC INFLATION

This system reduces to the canonically-normalised case (2.3.35)—(2.3.37) when o — 1.

This system permits stable, anisotropic solutions. As an example, a stable solution can
be found by taking A = 0.01, p = 300, n = —2, 79 = 1.5. With these parameters, we
find a fixed point at (W, Y, Z) = (1.32254 x 10710, —9.99917 x 1073, £3.45004 x 1075).

Linearisation of equations (2.4.11))—(2.4.13) around this fixed point yields:
doW

Jo” = —2:999976W — 8.81622 x 10713 6Y +2.30003 x 107562 (2.4.15)

«

doy -6 -2

o = L2701 x 1079 W — 1.33371 6Y +6.44229 x 107767 (2.4.16)
6

déz -5 -2 —4

—o = F0.90183 x 1077 6W F 2.53082 x 1077 5Y + 8.80147 x 1071627 (2.4.17)
6

This fixed point has eigenvalues (—2.99997, —1.33249, —3.33631 x 10~*) and is therefore
stable. However, it has anisotropy ¥/H = 1.32254 x 107'% and slow-roll parameter
€ = 3.33306 x 10~°, making it incompatible with data since this gives g, = 1.03 with

horizon-crossing taken to be 60 e-folds before the end of inflation.

2.5 Discussion

We have studied anisotropic inflationary solutions where the inflaton couples to a vector
field derivatively. That is, the gauge kinetic function depends both on the inflaton and
its derivative, f(¢,X), with 2X = (9¢)2. This coupling is motivated by D-brane
inflationary models, where the D-brane features a vector on its world-volume, and
couples derivatively to the brane’s position (or a Wilson line), the inflaton. Moreover,
such couplings parametrise generic inflaton-matter couplings, which may be relevant in
studies of the inflationary universe as a cosmological collider [67]. On the other hand,
they also appear in the EFT of anisotropic inflation [68] [69].

We started by presenting a general set-up, which allows for the study of a wide range
of models. We studied first an immediate generalisation of the power-law anisotropic
model studied in [45], where the gauge kinetic function is a monomial in X, (2.3.4),
while exponential in the inflaton. We found that there are no stable inflationary solu-
tions for a purely shift symmetric coupling (that is f; = 0). However, stable derivative
anisotropic solutions arise for a large range of parameters. Interestingly, compared to
the non-derivative (n = 0) case of [45], the derivative anisotropic solutions have a lower

level of anisotropy, although it still proves difficult to find solutions that can satisfy the

48
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constraints on the degree of anisotropy imposed by bounds on g. [53]. We presented
two illustrative examples, one of which satisfies this bound on the anisotropy, but re-
quires very large values for p, A and |n|. We found that the value of the anisotropy
depends mildly on the power n in , which needs to be negative. We also found
that the DBI generalisation of the power-law solutions in [45] can also be extended
to the derivative case. That is, derivative anisotropic DBI solutions exists, where the
gauge kinetic function is a monomial in X (see ) This example could correspond
to a DBI inflationary model where the inflaton and the vector field live on different
D-branes. On the other hand, in the case where the inflaton and vector live on the
same brane, the gauge kinetic function is dictated by the model and given by . In
this case however, the requirements of inflation, small anisotropy and a positive vector
energy density (w > 0) are not compatible and thus there are no solutions.

As we discussed in section[2.3] it is easy to understand the decrease in the anisotropy
(that occurs with an increase in |n|) by looking at its final value, which is given by the
ratio of the energy density of the vector field to that of the scalar field and is given by
(2.3.30). The energy density of the vector field is reduced by the derivative coupling
and thus there is a reduction in the anisotropy. An obvious follow-up to this work is to

look at how the derivative coupling affects the induced anisotropy in the power spectra.
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Chapter 3

Enhancement of the primordial

gravitational wave spectrum

In this chapter, we will discuss a popular mechanism for enhancing the gravitational
wave spectrum of an inflationary model by the coupling of either the inflaton itself or a
spectator axion field to a gauge field. This coupling can source tensor perturbations to
the gauge field which can act, in turn, as a source for the metric tensor perturbations,

effectively amplifying the tensor-to-scalar ratio.

3.1 Motivations

Next generation observations of the CMB such as by CMB-S4 [41], [75] will constrain
the tensor-to-scalar ratio down to r ~ O(1073). A detection of r at such a high value
is of particular interest to low-energy models of inflation that predict an unobservably
low value of 7. As we will see in an example of this is Kédhler moduli inflation
whose tensor-to-scalar ratio is very low: the prototypical model predicts r < 10710 [49]
and examples with slightly higher energy scales predict at most » < 1076[76]. With this
in mind, would a positive detection of B-mode polarisation in the CMB (at r > 1073)
rule out Kéhler moduli inflation or is there a secondary mechanism that can act as a
source for the gravitational wave spectrum and enhance it to a large value without the
need for a high energy scale of inflation (see ? This question is the main

concern of this thesis.
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WAVE SPECTRUM

In this chapter we will review an enhancement mechanism which sources gravita-
tional waves indirectly from a coupling between an axion field and a gauge field. This
review will start with the mechanism described in [2] which, although not the first
model to have successfully enhanced the gravity wave sector through the coupling of
an axion to the gauge field, was the first model to do so with a non-constant velocity
for the axion and with the evolution of the axion being subject to a potential [2]. We
will then move on to refinements of the model that will prove useful in our quest to
apply this mechanism to Kahler moduli inflation, particularly the model put forward

in [3].

3.2 Basic model

Our starting point is the model of |2 48] which has an action given by

. M2 1 1
S = /d 1v/=g ] "R~ 50u00"0 — 50,00"5 — V(9) — U(0)
1 o ~
_- wo_ 2%
1 Fw " = agp FuF } (3.2.1)

where g is the spacetime metric determinant; {u,v,...} are spacetime indices; R is
the Ricci scalar; ¢ is explicitly the inflaton and is driven by the potential, V(¢); o is
a pseudo-scalar (axion) spectator ﬁeldﬂ with its own separate potential, U(0); F, =
: = pvaf .
OuAy — 0, A, is the field strength tensor of a vector field, A,; " = ;\/ngaﬁ is the
dual field strength of A, (with e#*?? the Levi-Civita symbol with €234 = 1); and o and

f are constants (with f the axion decay constant). Notice that due to the presence of
the 1/,/—g in the definition of the dual field strength tensor, F', the term \/Tga%F F
has no dependence on the metric and will therefore make no contribution to the energy-
momentum tensor. Also, it is important to understand that the term FE cannot exist

in the action on its own — it must be coupled to another field. This is because

SO / dz/—gFF =2 / d*z P79, A,0,A,

= —2/d4a: P (9,0, A,) Ay = 0 (3.2.2)

1“Spectator’ meaning it does not affect the background inflationary evolution.
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3.2 Basic model

where we have integrated by parts and used the antisymmetry of € and the symmetry
of partial derivatives. Without going into a lot of detai]EL the main goal of this section
will be to argue why this coupling between the axion, o and the vector field introduces
an extra source term for the primordial gravitational waves.

To start with it is important to understand that during inflation a vector field
will be diluted (in particular its energy density will become negligible) because of the
rapid expansion of the universe very quickly without some source that is continually
producing it. We can see this by considering quickly the action for a vector field without

a coupling like the one above
Spector = /d4:c\/?g {—iFWFW} . (3.2.3)
This of course gives equations of motion for the vector field
VEFL =0 (3.2.4)

which, under the Lorenz gauge (4g = 0, ;A; = 0) in a flat FRW spacetime (ds®> =
—dt? + a(t)?8;;dx'da’) becomes

.. . 1
A+ HA; — gv% =0, (3.2.5)

or in conformal time
Al —V2A; =0 (3.2.6)

where H = % is the Hubble parameter and primes indicate derivatives with respect
to conformal time. Promoting A; to an operator, it can be defined through its mode

functions as

where A denotes the helicity of the mode, a) are creation operators that satisfy

2Since the specific model relevant to this thesis is [3] which will be discussed in the next section.
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[&A (E) ,dif\, (E’)] = (27)36,1 6% (k — k') and ¢ are polarisation tensors that satisfy
ket =0, ikxeét=+ket, et et=0, et.eT=1, () =¢F, (3.29)

as well as
X (—p) = €T (p) . (3.2.9)

With these conditions, it is easy to show that the equation of motion for the mode
functions satisfies

T4+ kAL =0, (3.2.10)

which clearly has an oscillatory solution (A(k,7) ~ e®*7

with 7 conformal time) and
no growing mode. In an FRW spacetime, the electric, £/, and magnetic, B, fields of A
are given by

Bi= —%A’, Bi— %Eijkaﬁik (3.2.11)
and therefore (with A not growing), E and B quickly decrease as a grows exponentially.
The energy density in the vector field is

E? + B?
oA = <J2r> (3.2.12)

and therefore the energy density of a (massless) vector field with no coupling to a
secondary field scales as a~*. This is why we say that vector fields are quickly diluted
during inflation due to the exponentially fast increase in the scale factor, a.

A massless vector field therefore requires a coupling to some secondary field to be
supported during inflation. This is why the coupling to the axion, o, in is
required — under the right conditions for o, this coupling can support the vector field
for a sizeable time during inflation. With a vector field active, there exists a source for
the gravitational waves as we will show later in this section. The equation of motion
for the vector field including the coupling Jjga%FF becomes

ac’ >

A" —V2A, — —(Vx A);, =0 3.2.13
! f

where the axion has been taken to be homogeneous, ¢ = o(7) and, once again, we have

used the Lorenz gauge. Taking the same form for A; as an operator as in (3.2.7)), we
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arrive at the mode equation

/
"t <k2 ¥ k‘?) AL =0. (3.2.14)

The axion is taken to have potential

U(o) = A; [cos <‘;> + 1] . (3.2.15)

Ignoring the backreaction of the vector on the axion, it has equation of motion (in

cosmic time)

2 (7)
06+3Ho——sin| =] =0 3.2.16
2f 7 ( )
with an analytic solution
o = 2f tan~! (e‘”ﬂt—t*)) (3.2.17)
where § = # and t, refers to the time at which the axion goes to its minimum:

o = 5 f. Most interestingly for our purposes, its derivative has the form

. fHS
7T Cosh (BH(E—8)) (3.2.18)

&

Defining £ = ﬁl—f,

£ = < = s (3.2.19)

cosh (6H (t — t«)) (i)é_i_ (%*)5

(2%

with & = @ d/2 and a, the respective values of { and a at t = ¢, o' can be written

2aH 4aH f&, 4¢,
o = 2B IE a6f§ — &S - (3.2.20)
o
o|(@) + ] ar|Er+(z)]

where we have used a = —% and T, is the value of 7 at which the axion goes to its

minimum. The vector equation (3.2.14)) becomes

4k

T+ K2+ & Ax =0. (3.2.21)

Pl ()]
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Figure 3.1: Plots (on a log-log scale) of A+ against © = —k7 = k/aH with different
normalisation factors. We have used values from [2] of 6 = 0.2 and &, = 5 and chosen the
minimisation point of the axion, z, = —k7, = 1, to be horizon-crossing. A, is greatly
enhanced as inflation proceeds.

With &, > 0 chosen to be positive, only the positive helicity modes, A4, are ampliﬁe(ﬂ
and the A_ modes can be ignored. An approximate analytic solution to this (see [2]

Appendix A) is given by

1/4 1/2 §/2
AL (1K) ~ Ny <—TT> exp (—Zﬁé <T> \/—kT) (3.2.22)

and

A, ~ N, (’E(T))M exp (_451/2 (T)w \/_TT) (3.2.23)

27 1+ \ 7

where N; and N» are normalisation factors that depend on k, &, x,d, the details
of which are not important for our purposes — the key point is that Ay is indeed
enhanced. To demonstrate this, the solution is plotted in FIG. for a range
of normalisationsﬁ Ay is greatly enhanced as inflation proceeds.

The electric and magnetic fields, E; = —a%fl; and B; = a%eijkﬁjflk, can be written

B = a5 (1) e o (1) ()]

Bitrad) = [ et (1) Betra [ar (F) +al (-8)] 3220

3Remember that conformal time is negative during inflation, therefore with &, positive, the term
4k§*/(7 |:(7'*/7‘)6 + (T/T*)BD is negative.

4Strictly speaking, the normalisations in the plot do not correspond to N as stated in ([3.2.22) — due
to changing coordinates to x = —k7.
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E, B,
1020
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1
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Figure 3.2: Plots (on a log-log scale) of E+ (left) and By (right) against x = —k7 = k/aH
with different normalisation factors. We have used values from [2] of 6 = 0.2 and &, =5
and chosen the minimisation point of the axion, x, = —k7, = 1, to be horizon-crossing.
Both are greatly enhanced as inflation proceeds despite the accelerated expansion of the
universe.

with

—27 14+6 \ 7

E.(1,k) = —N37? (5(7))1/4 exp <—4€i/2 <T)5/2 \/—TT>

Ry 1/4 4EV2 [ N9
By(1,k) = Nyt <8§(7’)) exp | =15 (7_*) v—kr| . (3.2.25)

In FIG. we plot E; and B4 to show that they are both enhanced up until about
horizon-crossing where the axion reaches its minimum. As we shall see, E; and B;

appear in the source term for the gravitational tensor perturbations.

In order to determine the primordial gravitational wave spectrum, we must find the

action to second order in tensor perturbations. Defining the perturbed metric tensor

in conformal time through
ds* = a® [—d7? + (845 + hij (7, 7)) da'da? ] (3.2.26)

where the tensor perturbation to the metric is transverse, 9;h;; = 0, and traceless h;; =
0. We are interested only in contributions with a coupling to h;; in the action — this
automatically rules out the a\/—gﬁF F term since this contains no metric coupling.

The Ricci scalar and metric determinant to second order are (see standard lecture notes

e.g. [T7]) ,

V—g=a"- Zhijhij (3.2.27)
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" 1 1
R=62 — s <hijhg’j + 3 0ihrihr, + h’ hi; + 3 h hgj> (3.2.28)

a3 1j g

where we are summing over lowered indices to emphasise that the metric is not involved
in the summation. Combining these and considering only perturbations up to second

order, we get the contribution to the action from the Einstein-Hilbert term

M2 ,
(;l / drd3a/— gR>

B

= ]\251 /drd3x {—gaa”hijhij — a’hjhl; — (faihjkaihjk h;jh;] — 3d’ahijhi; }
= ]\ggl drd3z {—gaa”hijhij - Cfaihjkaihjk + h;jhij a'ahi; hij}

= ]\igl drdx {; ((a')2 - 2aa"> hijhi; — ajaz'hjkaihjk + h;]h;]} (3.2.29)

where we have repeatedly integrated by parts. An additional contribution that perfectly

cancels the first term above comes from the minimal coupling of gravity to the scalar
fields:

</ de?’:L‘{\/—quj})
nz
at 1 2 1 2
—/de%hijhij {22 (") + 5.3 (") = V() — U(a)}
M
/ drd3z2 h”hwp— ——2 [ drd*zhih; (@)~ 20a")  (3.230)
where we have used the Friedmann equations in conformal time

3M§1 (a/)2 =a'p
6 M) ((a’)2 - a”a) =a'(p+3p) (3.2.31)

with p = 54 (¢)* + 525 (0)> + V(¢) + U(0) and p = 525 (¢/)* + 55 (0/)* = V(¢) — U (o)

the energy density and pressure of the inflationary universe, respectivelyﬂ All that is

®As a condition the energy density in the vector field is taken to be much lower than that of inflaton
to ensure the background inflationary evolution is not affected. In fact, we could easily ignore the
contribution of the axion to p and p as well as this is also vastly sub-dominant with respect to the
inflationary potential, V.
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3.3 Using an isotropic gauge field

left is therefore to find the perturbation to the term

1
V999" FuvFo - (3.2.32)

The lowest order contribution is actually linear in h;;:
1 Hp Vo

— V9997 FuvFo .

nv

1
= _ihij (A;A;- + EiklejmnakAlamAn)
4

a
= —?hij (EZ‘E]' + BZ'B]‘) (3.2.33)

and higher order terms in h;; are exponentially suppressed relative to the linear con-
tribution to the source term for the tensor power spectrum. This means our perturbed

action becomes
M21a2 A, A ~ ~ a4 ~ A A A A
Shy = / drd’z § —2— (Rl = Dudogudihsn) S hij (Bif + BiB;) ¢ (32.34)

This leads to an equation of motion for h;;:

By 2y = Vi = 20 (BB, + BB (3.2.35)
ij a ij 1) — M21 1) 1) V4
1%

where it is clear that the right-hand side is a source term for the gravitational waves if

the vector field is active during inflation.

3.3 Using an isotropic gauge field

Our attention now turns to a related model described in [3], where instead of a U(1)
vector, the axion is coupled to an SU(2) gauge field. This model can be seen as an
extension to chromo-natural inflation [78781]E| where the axion and gauge sector are

now spectator fields, and there is a scalar field that acts as the inflaton.

5Chromo-natural inflation is a theory in which the inflaton is an axion field that enters slow-roll due
to its coupling to an SU(2) gauge field. This coupling leads to a large tensor-to-scalar ratio. In pure
chromo-natural inflation, it is impossible to satisfy the bounds on r and ns concurrently [81].
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3. ENHANCEMENT OF THE PRIMORDIAL GRAVITATIONAL
WAVE SPECTRUM

3.3.1 Background evolution

The action of [3] takes the form
4 Mgl 1 1
5= [d'ay=g] PR~ 50,006 - V(é) - 300" ~ V)

1 AX ~
_pApAw | ZA pA pAuw 3.1

where again ¢ is the scalar field inflaton, driven by the potential V' (¢); x is a spectator
axion field, driven by the potential U(x); Fﬁj = (9MA’;‘—8VAf} —g eABCAEAg is the field
strength tensor of the SU(2) gauge field, Af, with A, B,C' ... the gauge indices and g
the gauge coupling; and FAmw — ﬁe’“’ PIF lf; is the dual field strength. An explicit
isotropic form for the gauge field, which greatly simplifies the background equations of

motion, is assumed immediately:
A =0, AL =d5ta()Q(t) (3.3.2)

where @ is a scalar field and a(t) is the scale factor of the universe. With this form for

Al‘?, a few identities will prove useful
) 2
FAFPA™ — 6g2Q" — 6 (Q n HQ) (3.3.3)

and
FAWEA — 1260 (Q + HQ) . (3.3.4)

The background equations of motion for this system are then

<23+3qu+§;:0, (3.3.5)
. .o dU  3gA .
><+3HX+a = —7Q2 <Q+HQ> , (3.3.6)
O+ 3HO + (H + 2H2> O+ 22Q% = ngxQQ , (3.3.7)
12 -2
3MyH? = % +V(9) + X? +U(x) + g (Q + HQ>2 + ggQQ‘* , (3.3.8)
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3.3 Using an isotropic gauge field

and
. . . 2
—2MEH = @+ 52 +2(Q+ HQ) +267Q". (3.3.9)

It will prove useful to define the slow-roll parameter in terms of components

H
€= —ﬁ:€¢+€X+EE+€B (3310)
with
. 2
(2'52 2 (Q + HQ) g2Q*

€ = 52 7720 & T o2 oo €E = — o g €B = — 5175

2M2% H? X 2M2H? M2 H? M2 H?
(3.3.11)

where, using electromagnetic notation, F and B refer to the “electric” and “magnetic”
parts of the gauge field, respectively. In [3], a specific inflationary model is not assumed,
and instead they require only that the energy density in the inflaton field is much greater
than the energy densities of the axion and the gauge field, py > py, pg. This ensures
that 3M§1H 2 ~ V(¢) and that the basic inflationary predictions of the model, including
ng are negligibly affected by the presence of the spectator axion and gauge fields. As
in the model presented in the previous section, the gauge field, @, is supported by the
rolling of the axion, y, and a rough estimate for its value can be found by considering
in the extreme slow-roll limit. The equations become

du _ 3gA

ax ~ f

1/3
3 ~(__f dU
HQ® = QN< 3gAHdX> , (3.3.12)

and with this form for ), the contribution from the potential to the equation of motion
for x is almost perfectly cancelled by the contribution of the gauge field — this allows

the axion to slow roll. We will present a toy model where an inflationary potential of
the fornl’]

V(g) = At (1 - m1¢e—m2¢) (3.3.13)

is taken to demonstrate the key features of the enhancement mechanism. The potential

for the axion is (as in [3])

Ulx) = p* <1 + cos (?)) . (3.3.14)

"This is the same potential that was shown in the introduction [Figure 1.2
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We use the parameters

g=1.11x10"2, p=2.10 x 10'° GeV, f=4.00 x 10'6 GeV, A =280
(3.3.15)

and

A =8.80 x 10" GeV, my = 8.91 x 10719 GeV 1, my = 3.29 x 1079 GeV L,

(3.3.16)
as well as initial conditions
; . 1/3
(bin = 8.87M, 5 Xin = 0-17Tf7 Qin = | — > M,
v 3NV (0m) 3 X ey, ) T
(3.3.17)

where we have used (3.3.12]) as an initial condition for @, taken H ~ ,/V/ 3MI§1 and

converted to Planck units for convenience. We define the effective mass of the gauge

field as
_ 8@

= (3.3.18)

€

and note for now that, in general, the higher the value of this at horizon-crossing, the

greater the amplification to the gravitational wave spectrum. We define also

A
Ex = 2fH X (3.3.19)
and note that in the slow-roll limit (3.3.6)) becomes
AL AL gQ  H _
2H?Q +28°Q° ~ ENQ? = Lo~ BE T = ot it (3320

With £ > 1, & ~ &p suggesting that the faster the axion is evolving after it has
entered its slow-roll phase, the larger {g will be. Plots of the evolutions of the (back-
ground) fields and their energy densities are shown in FIG. The scalar field,
¢, completely dominates the energy density of the universe and therefore the basic in-
flationary predictions of this toy model are unaffected by the presence of the spectator
fields. The axion rolls to its minimum and while it is rolling supports the gauge field
through the coupling %)‘(Qz that appears in the equation of motion for ). The axion
rolls at a speed that is roughly given by &, = {g + gQ—l.
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Figure 3.3: Plots of the evolution of the scalar inflaton, ¢, in units of M, during the last
60 e-folds and last few e-folds of inflation in the left and right figure, respectively.
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Figure 3.5: Plots of the evolution of the gauge field, @ (left figure), and its effective mass,
o = %Q (right figure), during the last 60 e-folds of inflation.
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Figure 3.6: Plot (on a log scale) of the energy densities of the inflaton (blue), py = %(ﬁz +
) 2
V, the axion (orange), py = $x* + U, and the gauge field (green), pg = 3 (Q + HQ) +

%ng‘l. The energy densities of the axion and the gauge field are vastly sub-dominant to
the energy density in ¢, which allows ¢ to cause inflation.
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(orange), €, = QMXQW (green), ep = 15121@}12 (red), and eg = % during the last 60
p. p. P

e-folds of inflation.
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3.3 Using an isotropic gauge field

For reference, the basic inflationary predictions of this model are (taking horizon-

crossing to be 60 e-folds before the end of inflation)
ns = 0.966, 1, = 16c = 4.82 x 1073 (3.3.21)

where 7y, is the background (non-amplified) tensor-to-scalar ratio, and ns =1 — 2e — g

is the scalar spectral index.

3.3.2 Tensor perturbations

In order to evaluate the amplification of the gravitational wave spectrum, we must
consider the tensor perturbations of the action (3.3.1) to second order. We set up the
perturbations to the gauge field exactly as in [3] [80]

A = a()6 (Vi + 8;Y),
A = a(t) {(Q +0Q) 62 + 8; (M + ;M) 62 + €“65 (W; + ;W) + 67T} (3.3.22)

where Y;, M; and W; are vector perturbations that are safe to neglect since they have
been shown to decay rapidly on super-horizon scales [80]; Y, 6Q, M, and W are scalar
perturbations; and Tj; is a transverse, traceless tensor perturbation. In addition to
this, the SU(2) gauge freedom allows us to set W = 0.

Following [3] and without loss of generality, we take the wavevector of the tensor

modes to be along the z-axis, k = k3. The gauge field becomes

A}L = a(t) <O7Q + 6@ +T+7T><70)7
A;QA = a(t) (OaTXvQ +5Q - TJrvO)a
AP = a(t) (0.Y,0,0,Q + 6Q + 97 M) (3.3.23)

where the tensor perturbations have been chosen to be of circular and cross polarisation

with directionality along the z-axis:

T,=|T -7, o0]. (3.3.24)
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Equivalently to this, the perturbed metric can be written as (ignoring scalar perturba-

tions to the metric)ﬂ

-1 0 0 0
TN B Y T 0
g =a” (1) | I I he 0 (3.3.25)
0 0 0 1
with inverse (to second order)
-1 0 0 0
0  1—hy+hi+h3 —h 0
pv o 2 + X + X
g a(7) | 4 b, L—hy+h2 4R 0 (3.3.26)
0 0 0 1

where we have moved to conformal time, 7, and the metric satisfies g,,,9” = 9}, + O(h3)
up to second order in perturbations. We note that to second order T x = T} « (7, 2)
and hy x = hy x (7, 2) are the polarisations of the gauge and gravitational wave tensor.

The system can be simplified by defining left- and right-moving modes for the tensors

a(7)Mp

Yrp = (he £ihy),  tpp=a(r)(Te £iTx) . (3.3.27)

Explicitly we wish to find the action

M? 1 1
S = /d4ﬁlj {2131\/ng — 5\/ —gg’“’@ugf)&,(ﬁ - \/§V - 5\/'59#”8!1,)(81/)(
(3.3.28)

1 A
~V=gU = 1V=99"g" Fj, Fy, + gxe“ ””FﬁuFﬁa}

to second order. The full second order action is in[Appendix Bland leads to the following

equations of motion for the tensor modes

1 2\/€E
83¢R7L+¢R7L 1—f2(2+6E—3GB—46¢—46X) = 8ItR7L+
T M x

2./€p
22

trL (@ F )

(3.3.29)

8The scalar perturbations to the metric have a negligible effect on the scalar equations of motion and
we demonstrate this explicitly in when we apply this mechanism to Kahler moduli inflation.

66



3.3 Using an isotropic gauge field

and
9 2 2
Optrr +trr |1F — (& + &) + 560
. 2~/€E 2 2
- _ Mplaz aszJ; -+ QﬂR,L |:x2 VER + 22 \VEB ({Q F :L'):| (3.3.30)
where we have changed variables to x = —k7 = k/aH.

These are the full equations that will be used for numerical calculations, but first
it will prove useful to study a slow-roll expansion of these equations to get a feel for
what is going on. Ignoring anything higher order in slow-roll parameters than ,/¢; and
ignoring the RHS of equation of motion for ¢g s, which has a negligible effect on the

evolution of tg 1, we arrive at the much simpler equations of motion:

2 2./€ 2,./€
PvrL + YRL (1 - x2> = L OutrL + sz (¢o Fo)trr (3.3.31)
and ) )
O3trL = —tr.L [1 F (&t + 68| (3.3.32)

Examining first the equation of motion for the tensor perturbations of the gauge field
(3-3:32)), we see that well before horizon-crossing when = > 1, d2tg , ~ —tpg : both
right- and left-moving modes are not growing. However as & becomes smaller but still
larger than 1, there reaches a point where the dominant term inside the bracket on
the RHS of is :F% (& + &) if & ~ &q is large enough so that % (& +&)>1
while % > %ﬂ We see immediately that in this region where :F% (& + &@) is dominant,
that the right-moving tensor mode, tg, will become a growing mode. Around horizon-
crossing x ~ 1, the term %gng becomes the dominant term and in this region both
tR,1, are not growing modes and remain as such for x < 1. Therefore, we see that ¢7, will
never become a growing mode and is of no interest, whereas it is possible that ¢z can
become a growing mode for a short period of time (known as a transient instability)
just before horizon-crossing = 2 1. Examining now the equation of motion for the
gravitational tensor perturbations, , we see that well before horizon-crossing,
x > 1, the RHS of the equation is heavily suppressed and therefore there is no source

term for the modes. However as z approaches 1, the terms on the RHS can become

In practice this is not difficult to achieve and a value of £g > 2 will usually suffice.
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Figure 3.8: Plot of v2kz|¢z| and v2kz|tg| against & = k/aH with horizon-crossing,
x =1, taken to be 60 e-folds before the end of inflation for the background solution shown
in FIGs[33}3:7 The right-helicity mode of the gravitational wave tensor receives a modest
enhancement. For reference the non-sourced solution for ¢ is also plotted (dashed line).

important if the gauge field mode is large enough, and since tr is a growing mode in
this region, we see that the right-helicity mode of the gravity wave tensor, ¥g, receives
a source term and can be amplified if ¢y is large enough.

Solving equations f numerically with the background system shown
above (FIGs leads to the solution for ¢z and tr shown in FIG. [3.8 We use
standard Bunch-Davies initial conditions
S () = Vi) =

where x;, is some relatively large number numerically approximating infinity, we take

tr(Tin) = Yr(Tin) = (3.3.33)

to be i, = 2 x 10%. The right-helicity mode of the gravitational wave tensor, g,
receives a modest enhancement (compared to the non-sourced, dashed-line solution)
due to its coupling to tp which experiences a transient instability that temporarily
increases its magnitude round z ~ 1.

The right/left-helicity tensor power spectrum is given by

2

V2kxip

H2
P = (3.3.34)

where the non-sourced solution freezes out |v2kxg, L\g — 1, and the full tensor power

spectrum is given by P; = PE+PL leading to P; = 242 ® in the standard pure inflationary

2
scenario. The sourced solution leads to r = % = 0.0417, compared to the non-sourced
solution which gives r = % = 0.00482, so we see an enhancement of roughly an order

of magnitude. Given that the vast majority of the tensor spectrum is provided by the
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right-helicity mode, we see that this spectrum is highly chiral.

3.3.3 Scalar perturbations

We will now discuss the scalar perturbations to this system: in particular we are
interested to see whether the introduction of the gauge field and axion has a non-
negligible effect on the scalar power spectrum, Ps.

We define the scalar perturbations as in [3] and, for simplicity, ignore scalar pertur-

bations to the metric, which contribute negligiblyﬂ [80]. Considering the scalar part

of (3.3.22)) gives

® = (&(7) + 0¢(7, 2), x(7) + 6x(7, 2))

Al =a(1)(0,Q(7) + 6Q(,2),0,0),

A2 =a(7)(0,0,Q(7) 4+ 6Q(7,2),0)

A% = a(7) (0:Y (7, 2),0,0,Q() + 6Q(7, z) + 07 M (7, 2)) . (3.3.35)

where the again the wavevector is directed along the z-axis, k = k.2. and we use a flat
FRW metric in conformal time ds? = a(7)%n,,dxtdz”. Tt is also convenient to redefine

the perturbations in comoving form:

— Ay 5y = Ax 5Q = Ay M— agQA1 + \/k? + 2a2g2Q? Ay _

5 - T =
¢ a a V2a V2ga2k2Q

(3.3.36)

The equations for the scalar perturbations are found from the second order action
shown in[Appendix B|where we also include the equations of motion for Ag, A\, Ay, Ag.
Evolving these equations with standard Bunch-Davies initial conditions, A;(zi,) =
1/V2k and Al(2;,) = i/v2k with i = ¢,x,1,2 and again we choose x;, = 20000.
The evolution of the scalar perturbations is plotted in FIG. [3.9] In the case where the
inflationary perturbation, Ay is massless (corresponding to a perfectly flat potential),
after horizon-crossing, \/ﬁxA(b — 1, £ < 1. As can be seen, the gauge and axion

perturbations are sub-dominant in comparison to the inflaton perturbation, Ag.

10When we consider this mechanism applied to KMI (see [chapter 5)), we will explicitly demonstrate
that the scalar perturbations of the metric (which are non-dynamical) make no difference to the evo-
lution of the dynamical scalar perturbations.
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Figure 3.9: Plot of vV2kxz|Ay|, V2kz|Ay|, V2kx|A1| and v2kx|As| against © = k/aH
with horizon-crossing, x = 1, taken to be 60 e-folds before the end of inflation for the
background solution shown in FIGs [3.3}{3.7}

3.3.4 Backreaction

We have shown that the scalar perturbations from the gauge field are sub-dominant
relative to that of the inflaton. However, the (right-helicity) tensor perturbation, ¢g, is
by necessity large and we need to check whether this tensor perturbation contributes
significantly to the background equations of motion. If there were a large contribution
from the tensor perturbation to the background equation of the motion, our assumption

that, at the background level, we can take the gauge field in the isotropic configuration

Af = 6a(t)Q(1) (3.3.37)

would be inconsistent. We follow [3] and in order to estimate this backreaction, we
will take advantage of an analytic solution for the tensor fluctuation to the gauge field,
tr. The equation of motion for tg is given by (3.3.32)), which has an analytic solution

(assuming £g and &, are constant) given by

tr(x) = \/127*5%@ (—2iz) (3.3.38)

where W, 5(2) is the Whittaker function, a == —iy/2{0&, — 1 and B8 == —i (&g + &y).

Of course this solution is merely a mode function, and we start by promoting tp and its
conjugate tr, to quantum operators. Starting with the definitions for T'y, T\, we arrive

at the following forms for i and #1:
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3 7o
inte) = [ s {16 an(h) 7 4 k) ) )
3 - -
ir(z) = / (;iﬁl;g {tL(k) ar (k) €F7 4 (k) aly (k) e*l’“} (3.3.39)

} = (21)3 6% (7 — @) (3.3.40)

and all other combinations are zero. The mode function g and its conjugate t}, are
given by (3.3.38)) and ty,17 are assumed to be negligible over the relevant region. The

following integrals prove useful:

Offnizl0) = [ lenl

(0ltr, r|0) = / (;l:;gltﬂz ~0
Ofinainlo) = [ 5 stn @17)

Ol 0rnl0) = [ st (0ty) ~ 0
00 inl0) = [ 355 @t~ 0
(00ir i1|0) = / (;{:;3 (Outr) L
Offnadsl0) = [ s iblin?
(0ftL, 0.tR|0) = / (;i];g(—lk)ﬁdz ~0
A
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Zk“tL‘Q ~0

(010,41, £r]0) — / o

(010t OytL|0) Z/ 3|3ttR|

&k
tUL UtLR = tlUL
00,E1, 847 |0} / Gl ~
d3k
(0|0, tRa tL’0 / kQ‘tR|2
d3k:
(0[0.7, 0.75]0) = / K2t~ 0

(3.3.41)

With these in hand, we can find the equation of motion for the gauge field, @, including
the backreaction of the tensor perturbations. (3.3.7) becomes

/d3k k| 2+ ngH d®k

H H H2 3 2
O+3 Q+( 42 )Q+2gQ 802 5y o

f

s|trl” =
(3.3.42)

The backreaction contribution can be estimated by defining

&k k § H Bk
BR ::;;/( ) |t | g X (2 )3|t |2 12 192 (fxﬁl(&g)—i-@(&g))
(3.3.43)
where
P (5Q):/0 o dz x|i’Wp o (—2ix) [, (3.3.44)
Boleo) = [ doaiPWsa (-2, (3.3.45)
0

we have used the analytic solution for tpg, , and used the cut-off described in
Bl, Zmaz = o + & + 1/5622 + &2 which encompasses the main region for which tg
is enhanced by the transient instability near x = 1. As can be seen in FIG. the
backreaction term, ‘Jg g (red), on the equation of motion for @ is sub-dominant relative
to the leading terms in that equation, 2gH¢,Q? (blue), 2g2Q3 (orange), and 2H?Q.

The backreaction is under control and our assumption that we can take

AL = 52a(t)Q(t) (3.3.46)
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Figure 3.10: The backreaction, ‘J’gR, (red), along with the dominant contributions of

(337): 2gH&Q? (blue), 2g2Q° (orange), and 2H2Q plotted against z = % for the
background solution shown in FIGs and horizon-crossing, = 1, chosen to be 60
e-folds before the end of inflation.

is well justified.

3.4 Summary

In this chapter, we have presented two models where a gauge field can be supported
during inflation by its coupling to an axion through the Chern-Simons-like term yFF'.
First, we presented the general features of the model put forward in [2| 48]. We showed
why a vector field needs a source during inflation for it not to dilute rapidly due to
the exponential expansion of the universe; and showed how, if the vector field were
supported successfully by this coupling to the axion, it can contribute a source term to
the primordial gravitational wave equation of motion.

Secondly, we considered a concrete example of the model put forward in [3], where
instead of a vector field, an SU(2) gauge field is coupled to an axion. We demonstrated
how this coupling leads to the gauge field being sustained during inflation and how the
gauge field can successfully act as a source for the primordial gravitational wave spec-
trum and enhance the tensor-to-scalar ratio, leading to a highly chiral tensor spectrum.
We also showed that the scalar perturbations are under control and that the backreac-
tion of the tensor perturbation to the gauge field does not contribute significantly to

the background equations of motion.
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Chapter 4

Introduction to Kahler moduli

inflation

In this chapter, we will discuss the basics of two models of inflation whose inflatons are
Kahler moduli. First, we will introduce the form of the potentials of both Kahler moduli
inflation [49] and fibre inflation [76]. We will then look at some explicit examples of
these two models. In we will attempt to apply the mechanism discussed in
that leads to an enhancement of the inflationary tensor spectrum to Kéahler
moduli inflation and fibre inflation. With this in mind, we will be concerned with
examples of Kahler and fibre inflation that are most applicable to successfully admitting
this enhancement mechanism. This is of particular interest in Kahler moduli inflation,
because, as we will see, it generally predicts a low value of the tensor-to-scalar ratio,
and it is important to see if this value can be enhanced to observable (r > 1073) values,
thus providing a lifeline to Kéhler moduli inflation if inflationary tensor modes are ever
detected. Kahler moduli inflation also naturally contains, in its particle content, axions
with a non-perturbative superpotential term W > e~ % (Ta+tiba) (with 7, Kéhler moduli
and b, their axionic superpartners), and therefore we will be interested in seeing if
these native axions can be included in the inflationary evolution without disturbing the
evolutions of the other fielddl

In general, Kdhler moduli inflation can have many fields, which makes numerical

simulation (particularly at the order of perturbations) more difficult. Therefore, much

In the phenomenological example presented in [chapter 3| the axion is included in an ad-hoc manner,
whereas in Kéhler inflation, axions appear naturally in the inflationary action, but are usually set to
their minima for ease of calculation.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

of this chapter will be concerned with demonstrating that some of these fields can
be set to their minima and removed from the equations of motion without affecting
the evolutions of the other (important) fields and without significantly affecting the
inflationary predictions of the model, thus allowing us to use a simplified model when
applying the enhancement mechanism. The parameters in the examples in this chapter
are taken from [76] for Kahler moduli inflation and [50] for fibre inflation.

In this chapter, we will not include the coupling between the Ké&hler moduli and
the gauge field. However, all the work we do in this section is with a view to applying
the enhancement mechanism of to Kihler moduli inflation. The interested
reader is directed to for some basics on Kéhler moduli and Calabi-Yau
compactification where a quick review is given of these concepts, but any familiarity

with these concepts should not be required to understand the remainder of this thesis.

4.1 Basics of Kahler moduli inflation

The starting point for building an inflationary model from a high-energy theory is to
derive the (low-energy) Lagrangian for an N = 1 four-dimensional supergravity theory.
The bosonic fields of a general four-dimensional N = 1 supergravity theory are the
spacetime metric, g,,, gauge potentials, Aﬁ, and complex scalar fields, ®%. The low-
energy interactions of the scalar fields are determined by the superpotential, W (%),
which is a holomorphic function of ®%; the Kahler potential, K ((I>“, @a), which is a
real, analytic function of the scalars; and the gauge kinetic function, £(®%), which is a

holomorphic function of ®* and provides the coupling between the scalars and gauge

fields. Considering a theory without gauge fields, the scalar field Lagrangian is:
Ly = —K,; 0,040 — v (4.1.1)

where K j := 0,0; K is the Kéhler metricﬂ and the potential is given by
=3 5 —_— 3
1% (cpa, <1>b> = KMy [K“bDaWDbW — W\WF (4.1.2)
pl

where K is the inverse Kihler metric and DW :=9,W + ﬁ (0 K) W.

pl

*With 0, = 0/0®* and 9 = 0/09°.
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4.1 Basics of Kahler moduli inflation

Kéhler moduli inflation [49] is an inflationary model derived from type IIB string
theory. Compactification of a ten-dimensional string theory onto a (six-dimensional)
Calabi-Yau manifoldlﬂ leads to an abundance of moduli (including the K&hler moduli,
complex structure moduli and the axio-dilaton) that may appear as scalar fields in the
four-dimensional cosmological action. These moduli are in fact at first glance problem-
atic — they are massless and couple to Standard Model matter particles and lead to
effects that have not been observed in nature. Therefore an important step in the com-
pactification process is moduli stabilisation, the process by which a potential is found
for the moduli that makes them massive enough so that their effect on the Standard
Model fields at low energy is negligible. This process of moduli stabilisation leads to a
scalar potential that, in the case of type IIB flux compactifications, can cause inflation
through one or more Kéhler moduli and stabilises all other moduli (in particular the
axio-dilaton, all complex structure moduli, and the remaining Kéhler moduli). The
topic of moduli stabilisation and the derivations that lead to the superpotential and
Kahler potential for Kahler moduli inflation from type IIB string theory are beyond
the scope of this thesis. The interested reader is directed to [82] for a discussion of
moduli stabilisation in type IIB string theory, Chapter 14 in [83] for a general discus-
sion of moduli stabilisation via flux compactification, and [84) [85] for the explicit flux
compactification mechanism that is used in the moduli stabilisation of Kéhler modu-
lus inflation and in particular justifies the forms of the volume, Kahler potential and
superpotential used below.

The general idea however is as follows: a compactification from ten-dimensional
type IIB string theory is made onto a Calabi-Yau three-fold (referring to the three
complex dimensions of the CY), M, with the addition of two non-trivial but sourceless
3-form fluxes, F3, Hs (hence the name flux compactification), being included in the

10-D action. These fluxes generate a superpotential for the Calabi-Yau moduli

Wtree = / G3 NS (413)
M

3Calabi-Yau manifolds are complex manifolds that are often used as compactification manifolds due
to some useful properties. Calabi-Yaus have structures determined by what are known as moduli — for
example the Kéhler moduli are related to volume of the manifold. See if interested, but
the important point from our perspective is that these moduli contain no four-dimensional spacetime
index and can therefore appear as scalars in the effective four-dimensional cosmological action.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

where G5 = F3 4+ iSH3 with S = e~? 4 iCy the axio-dilaton of type IIB string theory
and € is M’s (3, 0)-form which as may be seen in [Appendix Alis related to M’s complex
structure moduli, u, and €2 should be viewed as being implicitly dependent on u,. The

Kaéhler potential for the theory takes the form

K

1 = 2mV-In (5+5)-In <—z/ Q/\Q> (4.1.4)
pl M

where V is the volume of the Calabi-Yau, M, and should be viewed as being implicitly
dependent on the Kéhler moduli. The form for the superpotential, Wy, stabilises both
the axio-dilaton and the complex structure moduli by minimising it with D,Wy.ee = 0.
The Kahler moduli do not appear in this superpotential so at this stage they are still
massless. The Kéahler potential can be rewritten after stabilising the complex structure
moduli and axio-dilaton

2
K=K —In () + Ky (4.1.5)
9s

where Kos = —In ((—i [,, @A Q)) and In (g%) (with gs = e{® the string coupling) are
constant contributions since the relevant fields have been stabilised, and K1+ = Ky =
—2InV. The superpotential for this system is constant: W = Wy := (Wyyee). Define
the multiplet T* = 7, + ibcﬂ where 7, is a 4-cycle volume called a Kéhler modulus
and b, is its axionic partner: a component of a 4-form, Cy, integrated on this cycle:
b, = fTa Cy4. A Kihler potential, K, is no-scale if it satisfies K99, K oK = 3. Then

with a constant superpotential, W = Wj:
7 R 3
V = /My (KabDaWDl—,W - le|W]2> =0 (4.1.6)
P

since D,Wy = 0 and 0, K = 0,Ky. With a no-scale Kahler potential, the Kahler moduli
are therefore exactly massless at this order. The volume in Kahler inflation is chosen

so that Ky = —21n(V) is no-scale.

4.1.1 Kahler modulus inflation potential

The superpotential receives no contributions from o’ and g, expansions. But a potential

for the Kéahler moduli can be generated by including non-perturbative corrections to

“We will refer to both 7, and 7% as Kéhler moduli.
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4.1 Basics of Kahler moduli inflation

the superpotential. In particular if a gauge field, A4, with gauge group SU(N), is
included in the low-energy effective action, it is coupled to the scalar fields through the

gauge kinetic function, f4, and contributes to the Lagrangian

Re(fa) (fA)

4

LD - Fo FAw  ——2 L pil A (4.1.7)

where FA = dAA — AA N AA, FAW = ;‘:/LF;}, with g the metric determinant, and f4

is a holomorphic function of the scalar fields, in particular for our example, T*. This

coupling to an SU(N) gauge field generates a contribution to the superpotential:

W = mpl (WO +)° Aae““Ta> (4.1.8)

where A, depend on the complex structure moduli so are constants after flux compact-
ification stabilises these moduli, a, = 27/N, and we have now included the normali-
sation term for the superpotential as given in [85]. The Kéahler potential does receive

perturbative corrections, and to first order in o, K7 becomes

Ky =Ky —21In <1+2§v> =-2In <v+§) (4.1.9)

where € == ¢/ g3/ 2 ¢ —%4)(33), X (M) is called the Euler number of M that depends
on the number of moduli in M, and ¢ is the Riemann zeta function with {(3) ~ 1.2.
We are now interested to see what potential is generated by f through
. To do this, we first need a form for the volume in terms of the Kéhler moduli. In
this thesis, two models of Kéhler moduli inflation are studied; namely, the eponymous
Kahler moduli inflation [49] with a detailed analysis in [76], and fibre inflation [50]. We
start with Kahler moduli inflation, a model in which the volume of the Calabi-Yau, M,

is taken to have the “Swiss cheese” form

V=a <713/2 3 )\aTg/Q) (4.1.10)
a=2

where o and )\, are model-dependent constants, and it is assumed that 7 > 74, a > 1
so that the 71 modulus forms the block of the “Swiss cheese” and the remaining 7,

form holes. The full Kéhler potential written in terms of the multiplet Kahler moduli
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4. INTRODUCTION TO KAHLER MODULI INFLATION

becomes

K K, (2) a L a2 AT
=t m (D) 2l | (T T Y A (T T 4+
My M 9s [2\/5 <( ) o ( ) 2

(4.1.11)

In fact for the sake of simplicity, ignoring the constant contributions to the scalar

2

potential K. s — In (g—) which we will take to be an overall normalisation factor of the

2
potential (through K/ MPI we write

K =Kr=Ky—2n <1+2i7) (4.1.12)

with Ko = —2InV and we have set M, = 1. With this form for the volume, we have

the following relations

3oy 3aM3B(V+adl, Aata) /3
2V + & 2V + £

HK = ;K = —

i

3 )\a a
0K = 9K = 2CavTa oy (4.1.13)
2V + €

which leads to a Kahler metric, K ; = 0,0;K, of the form

, . 1/3
3013 (4V — €+ 60 0y A %) 90%/3 2, /7 (V4 0 g At )
K _

K1 =

(204 8) (Vaazian®) 2 (2046’
. 9a2)\a>\b\/;a\/7—b’ o 3al, (2V +Eé+ 6a>\a73/2> (4.1.14)

2(2\7+é>2 4@(2\”5)2

®Including the normalisation in front of W as given in (4.1.8)), we see our overall normalisation factor

4
will become 2=e”e. Furthermore in [85], it assumed that e** ~ O(1) so our normalisation is expected

4
to be ~ g—;. In the examples of Kahler moduli inflation we will consider that are taken from [76], this
whole normalisation term is absorbed into the parameters inside the potential. Meanwhile in the fibre

4
inflation example we consider taken from [50], the power spectrum is explicitly normalised with g—j‘r.
From now on we will write the potential without this normalisation factor.
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4.1 Basics of Kahler moduli inflation

and an inverse Kéhler metric, K, of

4 (2\7 + é) (v FaS At 2) e (w +E+6a 5y A 2)

K11 — 3a4/3 (4\7 _ g)

1b 87 (QV + é) (V +adie, )\07_03/2) 0 . 8 <2V + é) TaTh
K= w2/t (17— ) I T
Koa — (2v+€) v (49— £+ orri”) (4.1.15)

3, (4\7 — é)

with a,b > 1. This Kahler metric is almost no-scale with respect to Wy in the sense

that:

K®0, KoK = 4\172\7 _~ 3, (4.1.16)

where the last step is valid when V > é The form for the Kéahler metric is a little
messy but will be greatly simplified once we apply the large volume approzimation.
The large volume approximation is an assumption of the moduli stabilisation regime
for the Kéhler moduli [85] — there is a minimum for the potential for the Kéhler moduli
at very large volume. Requiring therefore that V > IEL we see immediately from the

/ 3/2

form of the volume that 713 2 > A7, and for simplicity we take 7 > 7' In the

limit that V > 1, the Kéhler metric simplifies greatly

_ 3a’/? 93Ny
Ka=lpis  Bo=""gpn
9042)\(1)\17 Tar/Tb 306)\(1
KaE = 8\7\2/»\/7’ Koz = 8\7\/7‘7 (4117)
and
T 3a4/37 Toa2/3
; . 8TV
K% =477, K9 = ?:g: . (4.1.18)

In the examples we will consider later, V takes values between ~ 10%% and ~ 10°1¢, with I, the
string length.
"In the explicit examples, A, takes values between ﬁ and 10.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

In addition to this, we have

3a2/3 K — 301)\(1\/%

0K =—a7s ot =y

a>1. (4.1.19)

We are now in a position to find the scalar potential for Kahler modulus inflation
through (4.1.2). Considering first the contribution to the potential of terms independent
of the Kihler moduli (i.e. terms that are proportional to |Wp|?) and using the almost

no-scale property of the full Kahler metric (4.1.16))

Vol (K“EDaWonWO - 3|W0|2>

>4(K@@K%K—3)wm2

(+3).

=\}2<1+2§7> (7o =) ok
[
[

~ —2 ~ -1
1 § § 2
= 1+2v> 3(1 4v> 3| (Wl
1 £ 3¢ 2
~ 53 L—v><3+4v—3>mﬂ
3¢
~ 4V3|m4ﬂ2 (4.1.20)

where we have explicitly used V > lﬂ This term is the only contribution that the
o/ correction to the Kahler potential, é , makes to the scalar potential, V', in the large
volume limit. The remaining potential is taken to be order O(1/V3) in the large vol-
ume limit and it is assumed that V ~ e®7 where a > lﬂ apart from an uplift term
Vuplift = % which is added to uplift the potential to a Minkowski minimum (V,,;, = 0).

Remembering W = Wy + >, Age T and €0 = V=2 the remaining part of the po-

8In the examples we will consider, it is always the case that V > é .
9Terms that contain e~ **"™ are ignored since this is effectively exponential in the volume and hence
extremely small.
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tential is

a faa 7a b ab —a T
V3W<K P, ( ™) 3 (Ape™ ™) + K9, (Age™T") Wody Ko
+EK9, (Age™ T )Abe T 0p o + K Woda Kody (Ape™ ")
+ KWodu Ko Ave™™" 95K + K" Age™ ™" 9, Koy (Ape™ ")

FE® Age " 9, KgWody Ko + KGEAae*aaT“aaKoAbe*aaTEaBKo) (4.1.21)

where we have explicitly now assumed that a,, A, and Wy are all real. The relevant

contributions are

1 .G —agT® —a,T? 1 8\/iv 2 —T*-T¢°
2% (Aae ) Oa (Aae ) T V2 300, (Aaaa)"e

8/
_ a A 2 _—2aqTq 4.1.22

Sa)\a\?( ) ’ ( )
1 e 1 47_@\72/3 e 202/3
pr i 0a (Aae™ ) WobL Ko = 35 = 5—aadac™" Woorsrs

GTa(laA WO e daT —ia

T atao aba , (4123)
1 aa —aq T 1 8@\7 3aq \/TTI e Ga e
WK a (A )W(]aaKO »\72 3o )\ a/aAaWO 2V

4rha.A _ i

_ _41a0aAWo g7, iaaba (4.1.24)

’\72

1 1 47, V2/3  3a2/3

la —agT? —a,T%
VZK WoalK()a- (A e ) VZ a2/3 W() 2V2/3 aaAae
67400 AW p—aTa gi
T e aba 5 (4125)
1 _ a 1 87V 3a, Ta _ Fa
57 K WodaKods (Aae™ ") = Wi aaT
V2 0%a0 V2 3ah, 0 2V
4 a CLA —
2700080 W0 —aura giaata (4.1.26)

VQ

where we have ignored anything higher order than ©(1/V3) and anything proportional
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4. INTRODUCTION TO KAHLER MODULI INFLATION

aiTi

to e” — all the remaining terms are of cubic order in inverse volume. Putting the

whole potential together gives

3aA,V ‘
a—
TaaaAa —aqT, iaqb ia ia iaqb
+Z V2 Wi ““(66 a e "% 4 Ge'ta 46“)
a=2
S
W+ Vagiige (4.1.27)

which leads to our large volume potential for Kéhler moduli inflation

8\/771 2 o—23aTa 4% aTa —QaTa 35 B
V= Z Zan, \7 + Z cos (aghy) + e VV0 + — V2
(4.1.28)

where the (pseudo-) scalar fields are V, the volume of the Calabi-Yau; 7, 4-cycle Kéhler
moduli of the Calabi-Yau; and their axionic superpartners, b,. Explicit inflationary

examples of this model will be reviewed in the next section.

4.1.2 Fibre inflation potential

The potential for fibre inflation [50)] is derived in the same way with some key differences

to Kéhler moduli inflation. The superpotential is of the same form
W=Wy+> e (4.1.29)

A key difference is that the Ké&hler potential receives additional (string-loop) correc-
tions. Without these string-loop corrections the Kéahler potential has the same form as

in Kihler moduli inflation]

K =-2In (\7 + g) . (4.1.30)

'We have again removed the constant part K.s —In2/gs of the Kihler potential and superpotential,
as this contributes just an overall normalisation of the scalar potential.
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4.1 Basics of Kahler moduli inflation

Another difference is the form of the volume, which, after taking the number of Kéhler

moduli to be 3, has the form
V=aq ( Ty — 775’/2) (4.1.31)

where it is important that 71,70 > 73 and V ~ Vy := a/m11 > a7733/2 > 1. Since
both 7 and 7 are very large, we can immediately see that their contribution to the

superpotential will be negligible and we can write
W =Wy + Aze”®Ts (4.1.32)

with T3 = 73 + ib3 as before. Since, at this order, K has the same form, we know that

é contributes to the potential R
3
r\iwg (4.1.33)

at large volume and with K ~ Ky = —21In"V the remaining part of the Kahler potential.

With this form for the volume, we get

P _a\/ﬁ 3ay\/T3
BaK—8aK—( N Y ) (4.1.34)

as well as
) 2 73 3/2 3')’\/57'2
2y T\ T
1 3/2
K;=— T3 _ 3T 4.1.35
37y/T3T2 3v4/T3 30477'22
N 273/2 Y 2Vy/73
and its inverse 3/2
7'12 V1T T1T3
7 2
K — 4 v /*7_17_5/2 % ToT3 (4136)
2V
T1T3 ToT3 3;{;3

where in the Kéhler metric, a large volume expansion has been applied: explicitly, all
terms higher order in \/713/ 71,2 than the lowest order in each matrix entry have been
dropped, and V has been taken to be equal to Vo: V — Vg = a,/7172. In completely

85



4. INTRODUCTION TO KAHLER MODULI INFLATION

the same way as was shown for Kahler moduli inflation, with this Kéahler metric the
contributions to the scalar potential can be calculated. Without the inclusion of the

string-loop corrections, the potential for fibre inflation is

8yTs 9 —dazry , 03AsT3 o 3¢ o
Vig, = argV (agAsz)” e "% + —a Woe™ %™ cos (asbs) + 3o (4.1.37)

where the subscript ng, stands for without string-loop corrections.

The string-loop corrections to the Kéhler potential contribute (see [50} [86]) to the

W2 /A B Cﬁ
oV, =9 (= 4.1.38
= (vt ) (4:1:35)

where A, B and C' are constants that depend on gs; that we treat as model-dependent

scalar potential

parameters. This leads to an overall potential for fibre inflation of

V—Eg <A B +C7_1) + 8\/% (CL A )2 —2a373

CV2\2 Vm 307V
40,31437'3 T 3§ (5
+TW0€ 373 cos (agbs) + s \74/3 (4.1.39)

where we have included an uplift term that scales as 1/V*/? in the volume to uplift this

potential to Minkowski.

4.2 Bog-standard Kahler moduli inflation

We have seen that in Kéhler moduli inflation [49] [76], the volume of the compactified

space is given by
=a <’7’f/2 Z)\ T ) (4.2.1)

where 7, are Kahler moduli with 7; specifically a large modulus that controls the
overall size of the volume, and the other moduli are necessarily smaller; and « and
Aq are model-dependent constants. In Kéhler inflation, it is standard to take n = 3,
because it is necessary that there be a stabiliser modulus (which must remain more or

less constant) in addition to the inflaton (which of course has to be shifted away from
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its minimum). With three moduli, and in the large-volume limit, V > 1, we have

304/3 _9a%/3) T _ 90°/3X3/73
4V4/3 8V5/3 8V5/3
_ 97302 /T2 3ads 902 X2 A3/T2T3
Kab - - 8V5/3 8V, /T2 8V2 (422)
_ 9a5/3\3,/73 902 X2 \3+/T273 3a)s
]V5/3 gV2 8V /13

where K_; is the Kahler metric and we have taken only the highest order terms in

9] (%) in each entry. The scalar potential is

3
8\/7-70 —20qTq 4aa aTa —QqTa f /8
V= QZ:Q AV (agAq) + Z cos (agby) + e S WE+ V2
(4.2.3)

where all terms (bar the uplift term) scale like O(y3) since a7, ~ InV, a > 1. The
Kahler metric is the complex metric for the space spanned by the complex fields,

T* = 1, 4+ 1b,. It is simpler to move to real space by making the association

|
K 30, T°O"T" = §fyabaﬂ¢a6“qﬁb (4.2.4)

where ¢% = (7,4,b,) are the real fields. It also proves convenient to use V as a field
rather than 7 since V naturally appears in the metric and the potential. The modulus,

71, can of course always be found through (4.2.1)). To change variables from 71 to V,

3 2/3 P\ 2/3
=a 23 (V + « Z )\a’l's/2> ~ <a) (4.2.5)
a=2

then, for example, looking at the pure T} kinetic term:

use

3a4/3

- lgpgpl _

Oum10'm (4.2.6)

where we have ignored the contribution from the b; axion since the potential has no

dependence on by and therefore b; is effectively massless. Continuing

3044/3a gb 3a4/3 2 9.V 2 g6y — 8 o
a3 WO L = s 323y 3 Or Y 3 a7/ 3\72 (4.2.7)

The system can therefore be set up as follows: we have fields ¢* = (V, 79, ba, 73, b3) with
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real-space metric given by

2 _ 3aley/T2 0 _ 3ad3\/T3 0
3V2 2V2 2V2
_ 3a2./T2 3als 0 902 Ao A\3+/ToT3 0
2V2 4V\/T2 472
3o 902X X3+/TaT3
Yab = 0 0 Wye 0 —
_ 304/\3\/’7'73 90(2)\2)\3\/7'27'3 0 3als 0
2V2 4V2 4V /T3
0 0 902 X2 A3+/T2T3 0 3ads
4V2 4V\/13
(4.2.8)

and potential given in (4.2.3). The action describing this system is
4 M, 21 1 b
S = /d x\/—g TPR — 5%1;3”(25‘13“(? —V(¢%) (4.2.9)

with g the determinant of the spacetime metric. At the background level, during
inflation, ¢* = ¢*(t), and therefore this action leads to equations of motion for the

scalars
ab OV

¢ + 3HP® + TL.4°9° + ~ e 0 (4.2.10)

where I'?, are the Christoffel symbols for metric, v4,. The Friedmann equations are

1
3M§1H2 — 5902 TV (4.2.11)
and )
H
=5 = € (4.2.12)
where we have defined ¢? = 7abq3aq§b and €, = #j\/[gl'

We consider first the parameter set given in example 1 in [76], a prototypical Kahler

moduli inflation scenario. It has parameters

)\3:1, a2:207r, a3:72r,

B=1.984x10"% Wy=2. (4.2.13)

3007 3007

These parameters are chosen to be consistent with the necessary constraint on the
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4.2 Bog-standard Kéahler moduli inflation

power spectrum, H2/<8M§17T26@) ~ 2 x 1077, and B is chosen so that the potential
can be uplifted to as close a value of (V) = 0 as possible at the minimum of the
potential. To be more explicit, with these parameters, 7 is the inﬂatorFEL and 73 is a
stabiliser, which is indispensable in its role of ensuring that the volume is stable. To
emphasise why 73 is a stabiliser, and cannot be the inflaton, we look at local minima of
the potential. First, consider the full global minimum where the potential is minimised

and all fields are at their respective minima. The axions are of course minimised at

b,) = — 4.2.14
(ba) = = (4214
and the moduli are minimised at
(V) =6.6010 x 10°, (12) = 0.30205, (13) = 5.8861 (4.2.15)
which gives
(m1) = 3.5189 x 10%. (4.2.16)

We are free to shift 75 and by considerably without affecting the volume’s stability. If
we choose

T =0.802,  bir = 0.152 (4.2.17)

there is still a local minimum at
V" =6.6166 x 10°, 74" = 5.8875 (4.2.18)

meaning we can safely shift 7 and by well away from their minima without ruining the
stability of the system. The same is not true for 3. Putting all fields to the global
minimum apart from 73 and the volume, we can get a feel for why changing 73’s position
is crucial to the stability of the system. As can be seen in FIGs the minimum
for the volume is highly sensitive to both 73 and b3 — both cannot be perturbed far
from their minima without destroying the global minimum, leading to the minimum
being at infinite volume. The reason for this sensitivity is that with the parameters

above (4.2.13)) the largest proportion of the potential is made up by the 73 terms, and

1Tn most of the literature, the axions are set to their minima. But if we include the axion, bs, in the
evolution, we will see that to some extent, this is also an inflaton.
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Figure 4.1: A plot of the potential, V', near its minimum with respect to the volume, V,
for three different values of 73 with all other fields set to their values at the global minimum.
Blue corresponding to the global minimum; and orange and green corresponding to values
of 73 just below and above its value at the global minimum, respectively. The minimum
for the volume is highly sensitive to changes in 73, and shifting it away from the global
minimum destroys this minimum for the volume, which then has a minimum at V — oo.

in particular, the term

%e*am cos (asbs) (4.2.19)
is the most important term for the stabilisation of the potential since this term is
negative when b3 is near its minimum. The potential and the volume of this system
are effectively fine-tuned to the values of 73 and bs. Therefore, immediately we can see
why 73 is not a viable inflaton candidate. Moreover, since we are interested in an axion
that can evolve for many e-folds during inflation, b3 is clearly not a suitable candidate
for our interest in coupling the axion to a gauge field. This is a general feature of
these models, the potential requires a stabilising modulus, which is chosen to be 73,
and therefore both 73 and b3 cannot be shifted far from their minima.

However, both 7 and by can be shifted away from the minimum of the potential
without destroying this minimum and without greatly affecting the volume. The po-
tential experienced by the inflaton, 73, is shown in FIG. [£3] We evolve the system
with initial conditions given by f and plot the evolution of the fields in
FIGs The inflaton modulus, 7, and its axionic superpartner, bs, roll slowly
and thus cause inflation. Their evolutionary histories are linked, and they reach their
minima at roughly the same time. The other three fields: the stabilisers, 73 and bs;

and the volume modulus, V, are all extremely stable during inflation.
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Figure 4.2: A plot of the potential, V', near its minimum with respect to the volume, V,
for three different values of b3 with all other fields set to their values at the global minimum.
Blue corresponding to the global minimum; and orange and green corresponding to values
of b3 shifted slightly away from the minimum. The minimum for the volume is highly
sensitive to changes in b3 and shifting it away from the global minimum destroys this
minimum for the volume, which then has a minimum at V — oco.
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Figure 4.3: A plot of the potential, V', against the inflaton, 7, with all other fields set
to their values at the global minimum. Starting inflation with 74" = 0.802, the inflaton
first rolls slowly down the flat part of the potential before exiting slow-roll as it nears the
minimum and picks up speed.

91



4. INTRODUCTION TO KAHLER MODULI INFLATION

12 2
0.85 07
0.84

0.6
0.83

0.82 05

081

04
0.80

079
N N
10 20 30 40 50 60 59.92 59.94 59.96 59.98 60.00 60.02

Figure 4.4: The evolution of the inflaton modulus, 7, during the last 60 e-folds of inflation
(left figure) and at the end of inflation when it decays (right figure) for the parameters

given in (4.2.13)).
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Figure 4.5: The evolution of the axionic partner to the inflaton modulus, b, during the
last 60 e-folds of inflation (left figure) and at the end of inflation when it decays (right

figure) for the parameters given in (4.2.13)).
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Figure 4.6: The evolution of the stabiliser modulus, 73, and its axionic partner, bs, during
the last 60 e-folds of inflation for the parameters given in (4.2.13)). Both fields are extremely
stable during inflation.
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4.2 Bog-standard Kéahler moduli inflation
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Figure 4.7: The evolution of the volume modulus, V, during the last 60 e-folds of inflation

for the parameters given in (4.2.13)). V is extremely stable during inflation despite the
relatively large change in 75.

The inflationary predictions of this example are

€=935x10"17 n,=0971, r=150x10"", VY4 =589x10"2GeV (4.2.20)

where ng = 1 — 2¢ — n is the scalar spectral index (with n = ddl]r\‘f), and r = % = 16¢ is

the tensor-to-scalar ratio with the scalar power spectrum normalised@ to Py ~ 2x10779,
The tensor-to-scalar ratio, r, is extremely small in this example. This is because of the
extremely low energy scale of inflation, which, in turn, is partly because of the large
volume, V, which appears (to various powers) in the denominator of all terms in the
potential.

Concerning our interest of applying the mechanism described in to po-
tentially enhance the gravitational spectrum of Kéhler moduli inflation to observable
values (r ~ 1073), we see that with a tensor-to-scalar ratio of 7 ~ 1071%, we would need
an enhancement of order 10'? in the tensor power spectrum. To make things easier, we
will therefore consider a different example put forward in [76] (see example 4), where
the volume modulus, although still large, is a couple of orders of magnitude greater
than in example 1. This, and a suitable choice of parameters, leads to a much larger

inflationary energy scale, and consequently, a greater tensor-to-scalar ratio.

4
12Recall from that the scalar potential actually contains a normalisation factor g—jreKCS where

efes is assumed to be O(1). In the examples of Kéhler moduli inflation we consider here (taken from
[76]), this normalisation has been absorbed into the parameters, Wy, A, ..., etc.

93



4. INTRODUCTION TO KAHLER MODULI INFLATION

4.3 Kahler moduli inflation with a higher energy scale

(example 1)

The parameters of example 4 in [76] are

1 1 o o
= =—— A=10, M =1 = =22

E 27 (0% 9\/§a 2 3 3 , a2 307 as 37

Ay= — 2t = B =6.947 x 107° W, = 20 (4.3.1)
2717 %1080 T 425 P AT A

This potential has a global minimum at
(V) = 10142, (T9) = 4.7752, (13) = 2.6511, (be) = Ll (4.3.2)

which gives

(11) = 2555.69. (4.3.3)

As before 73 is the stabiliser and therefore it and b3y cannot be shifted from their minima.
In fact, since if b3 is put to its minimum, it stays there, we will remove bs from the
equations of motion and focus on a four-field model, ¢* = (V, 15, be, 73). As before, 1
is the inflaton modulus and shifting it as well as its axion, bo, away from their minima
does not destabilise the system. Taking

i =791, in — 0.7@12 (4.3.4)

shifts the minima for V, 73 and 7 to
Vit =10972, 74" =2.6846,  7i" = 2644.39. (4.3.5)

Unlike the previous example, the volume modulus is shifted by a non-negligible amount

with these parameters:

AV 10972 — 10142

and therefore it is not trivial that this modulus can be safely set to its minimum without
affecting the inflationary predictions. As mentioned in the introduction to this chapter,

we would like to minimise the number of fields we evolve to ease the numerics when we
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4.3 Kéahler moduli inflation with a higher energy scale (example 1)

attempt to apply the enhancement mechanism of [chapter 3| to Kéhler moduli inflation.
With this in mind, we will show that it can be assumed that both V and 73 are at
the global minimum and, although this has a small impact on the fields’ evolutions
(in particular we will have to slightly shift the initial value for 7 to recover the same
results), it drastically simplifies the numerics and leaves the important inflationary
predictions of the model intact.

We first evolve the system with all four fields active, ¢* = (V, 72, b2, 73), and with

the full metric (to first order in each entry in 1/V). This system has real-space metric

given by
2 _ 3adey/T2 0 _ 3aX3/T3
3v2 2V2 2V2
_304)\2\/6 3als 0 9042)\2)\3\/T2T3
272 V3 47?2
Yab = . (4.3.7)
3als
0 0 Wy 0
_ 3ar3/T3 902 \oA3/T273 0 3als
272 4V2 4V\/13

The equations of motion (4.2.10)—(4.2.12)) and potential (4.2.3) are of course the same

as before. The evolutions of the fields for this higher-energy system are plotted in FIGs
As in the previous example, the evolutions of the inflaton, 7o, and its axionic
partner, be, are linked and both decay at the same time. The volume modulus (FIG.
is stable for the majority of inflation while the inflaton is slowly rolling, but decays
quickly in line with the decay of the inflaton and axion as the system settles into the

global minimum of the potential, (4.3.2)).

The inflationary predictions of this model are (50 e-folds before the end of inflation)

e=4.14x10"%, ng=0.967, r=6.62x10"7, V'/*=896x10"GeV (4.3.8)

for power spectrum normalised to P, ~ 2 x 1079, The much greater scale of inflation
(V is 8 orders of magnitude larger), naturally leads to a much larger tensor-to-scalar
ratio. Concerning our interest in enhancing the tensor spectrum to observable values

(r ~ 1073), we now require an enhancement of roughly 4 orders of magnitude.
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Figure 4.8: The evolution of the inflaton modulus, 75, during the last 60 e-folds of inflation
(left figure) and at the end of inflation when it decays (right figure) for the parameters

given in (4.3.1) (example 1).
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Figure 4.9: The evolution of the axionic partner to the inflaton modulus, b, during the
last 60 e-folds of inflation (left figure) and at the end of inflation when it decays (right

figure) for the parameters given in (4.3.1)) (example 1).
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Figure 4.10: The evolution of volume modulus, V, during the last 60 e-folds of inflation
(left figure), and at the end of inflation when it decays (right figure) for the parameters
given in (example 1). The volume modulus is stable while the inflaton, 7o, is slowly
rolling but decays quickly in line with the decay of the inflaton.
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Figure 4.11: The evolution of the stabilising modulus, 73, during the last 60 e-folds
of inflation (left figure) and at the end of inflation when it decays (right figure) for the

parameters given in (4.3.1]) (example 1).

Removing V and 73 from the evolution

We will now consider the same system but with 73 and V set to their values at the
global minimum

(V) = 10142,  (r3) = 2.651 (4.3.9)

to demonstrate that these two fields can be safely excluded from the numerical evolution
without significantly impacting the inflationary predictions of the model. We now have

a two-field model with ¢% = (72, b2) and metric

?;701)\2 0

=TT sy | (4.3.10)
W/

We use initial conditions with 79 slightly shifted from the previous example (which

allows us to recover the same value of ng)

0

A" = T8.5, m=0.7 (4.3.11)

a2

The evolution during the last 60 e-folds of inflation of the two fields proceeds as expected
and is plotted in FIGs Despite the fact that the volume modulus does evolve
non-negligibly during inflation (see FIG. , excluding it and the stabiliser from the
evolution has only a very small effect on the evolution of the inflaton, 75, and its axionic

partner, by (compare with FIGs 4.9)).

The inflationary predictions of this model are now (50 e-folds before the end of
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Figure 4.12: The evolution of the inflaton modulus, 75, during the last 60 e-folds of
inflation (left figure) and at the end of inflation when it decays (right figure) for the
parameters given in with the volume modulus, V, and stabiliser, 73, excluded from
the evolution. The evolution proceeds almost identically to that of FIG. for which V
and 73 were included in the evolution.
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Figure 4.13: The evolution of the axionic partner to the inflaton modulus, by, during
the last 60 e-folds of inflation (left figure) and at the end of inflation when it decays (right
figure) for the parameters given in with the volume modulus, V, and stabiliser, 73,
excluded from the evolution. The evolution proceeds almost identically to that of FIG.
for which V and 75 were included in the evolution.
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4.4 Including an extra modulus (example 2)

inflation)
e=483x107% ng=0.967, r=780x10"7, VY/*=913x10"GeV (4.3.12)

for power spectrum normalised to Py ~ 2 x 1079, The scalar spectral index is exactly
the same as it was in the full evolution, however the potential, slow-roll parameter, and
consequently the tensor-to-scalar ratio are all slightly greater in value. These differences
are small however, and the generic inflationary predictions of the model are the same
as they were in the full evolution. In particular, we still require an enhancement factor
of roughly 10% if we wish to have a detectable tensor spectrum.

The model shown in this section is very promising — it contains an axion that will
couple naturally to a gauge field through the bo F'F term in the action; with this axion
active during inflation, the inflationary predictions of the model satisfy observational
constraints; the tensor-to-scalar ratio is much greater than that of standard Ké&hler
moduli inflation, and will therefore be much easier to enhance to observable values;
and, we can reduce it to a two-field model without affecting its predictions significantly,
greatly simplifying the numerics, which will become involved when we consider the
perturbations of this system coupled to a gauge field in In the next section,
we will consider a slight variation to this model, which, in practice, proves much more
readily applicable to admit a large enhancement of the gravitational wave spectrum

through the mechanism shown in

4.4 Including an extra modulus (example 2)

Although the model shown in the previous section looks very promising, in practice it
proves difficult to implement a successful enhancement of the gravitational wave spec-
trum without incurring an excessive backreaction of the gauge field tensor perturbation
on the background equations of motion. This difficulty is in a large part because the
axion, whose evolution can sustain the gauge field, is linked inextricably to the inflaton.
This will be discussed in more detail in In the model discussed in
the axion is a spectator field, with no direct coupling to the inflaton. Using this as a
guide, we pose the question in this section of whether it is possible to include an extra

modulus, Ty = 74 + iby, that is neither responsible for inflation (73) nor responsible
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4. INTRODUCTION TO KAHLER MODULI INFLATION

for stabilising the potential (73). It is easy to include an extra (small) modulus in the

volume A
V=a <rf/2 = Aa73/2> (4.4.1)
a=2

and the potential (see becomes

~

4 4
8\/7—»0‘ 2 —2a4Ta daqAaTa —aTa 3€ 9 I5]
V = c; 3aAaV <aaAa) e + az TWOG COS (aaba) —+ 7WO +

— 4V3 V2
(4.4.2)
Likewise, the Kahler metric generalises easily
3a4/3 9a5/3X\a /T2 9a%/323,/73 9a5/3 /74
4v4/3 - 8V5/3 - ]V5/3 - ]V5/3
_9045/3)\2\/7'2 3als 9042)\2)\3\/7'27'3 90&2)\2)\4\/7'27'4
YIE 8V /2 8V2 8V2
K,; = (4.4.3)
_ 928N yTs 90 Aeds /Tt 3a)3 902 A3 \ay/T3Ta
8V5/3 gV2 8V/T3 gV2
_9a5/3)\4\/ﬁ 90{2)\2)\4\/7'27'4 90{2)\3)\4\/T3T4 3)\4
8V5/3 8V2 8V2 8Vy/74

Our goal in this section is to show that this is consistent in that the model still predicts
acceptable inflationary observables in ng,r and that, like in the previous section, we
can safely set the volume modulus, V, and the stabiliser, 73, to their minima. Since the
plan is to use the by axion as the field coupled to the gauge field, we can set by = 7/aq
along with b3 = 7 /as. This leaves us with a 5-field system, ¢% = (V, 1o, 73, 74, bs) with

real-space metric given by

2 _3aday/T _ 3al3\/T3 _ 3aMyTa 0
3V2 2V2 2V2 2V2
_3O¢>\2\/T72 3als 92 Ao A\3+/T273 902 Ao Aar/T2T4 0
2V2 4V /T2 4V2 4V2
_ 30{)\3\/E 9042)\2/\3\/7273 3als 9(12)\3)\4\/T3T4 0
Tab = | T 2v2 e W75 V2
_ 3aMayTa 902 Ao \ar/T274 9a% A3 \a/T374 3aly 0
2V2 4V2 4V2 4V /74
3alg
0 0 0 0 foh
(4.4.4)
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We use the same parameters as in the previous example (4.3.1) with the addition of

2T

)\4 = 01, a4 = %,

Ay =2x107Y. (4.4.5)

Ay is chosen so that the contribution to the potential (4.4.2)) from the T terms is small;

A4 < Az is chosen so that the contribution from the fields 74 and by to €, = % is
pl

small; and a4 is chosen phenomenologically to help with the enhancement mechanism

(see [chapter 5)). The minimum of this potential is found at

(V) = 10140,  (m) =4.7752,  (r3) =2.6510,  (r)) =11.141,  (b,) = —

Qq
(4.4.6)
and shifting both the inflaton and b4 axion to their initial conditions of
n __ no__ n
5" = 80.5, 7 = 0.59 (4.4.7)

a4

gives us the initial conditions for the other fields at the local minimum of the potential

Vin = 10971, A" = 2.6846, " =11.141. (4.4.8)

The equations of motion are still given by f. The evolutions of the fields
for this 5-field model is shown in FIGs 4.17] The fields 7, 73 and V behave in
much the same way they did in the previous, 3 moduli, example (see FIGs .
The evolution of 74 and, more importantly, the axion, by, (FIG. are particularly
uninteresting in this example: the axion moves to its minimum immediately (before
the last 60 e-folds of inflation). However, as mentioned in an axion can enter
slow-roll through its coupling to a gauge field (the two fields, in essence, support one
another), and this is exactly what we will see when we couple this system to a gauge
field in Without the gauge-coupling, however, the axion does nothing of
interest. The important thing is that the inflaton still slows rolls and causes inflation
in a way compatible with observations after the introduction of an extra modulus, Tj.

The inflationary predictions of this example are (60 e-folds before the end of infla-

tion)

€=240x10"%, ny=10.965, r=384x10"7, V'/*=814x10"GeV. (4.4.9)
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Figure 4.14: The evolution of the inflaton modulus, 75, during the last 60 e-folds of
inflation (left figure) and at the end of inflation when it decays (right figure) for the extra

modulus example with the parameters given in (4.3.1)) and (4.4.5).
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Figure 4.15: The evolution of the axion, by (left figure), and its scalar superpartner, the
74 modulus, during the last 60 e-folds of inflation for the extra modulus example with the
parameters given in (4.3.1) and (4.4.5). Because by has no gauge field to support it, it
rapidly falls to its minimum and does not evolve.
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Figure 4.16: The evolution of volume modulus, V, during the last 60 e-folds of inflation
(left figure), and at the end of inflation when it decays (right figure) for the extra modulus
example with the parameters given in (4.3.1) and (4.4.5). The volume modulus is stable
while the inflaton, 75, is slowly rolling but decays quickly in line with the decay of the
inflaton.
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Figure 4.17: The evolution of the stabilising modulus, 73, during the last 60 e-folds of
inflation (left figure) and at the end of inflation when it decays (right figure) for the extra

modulus example with the parameters given in (4.3.1]) and (4.4.5).

In comparison to the 3-moduli case, where we took horizon-crossing to be 50 e-folds
before the end of inflation, in this case n = d(In€)/dN is larger earlier in inflation,
meaning ns = 1 — 2¢ — 7 reaches an observable value earlier (in general ) will increase
as inflation continues), hence why we measure 60 e-folds prior to the end of inflation
rather than 50. Because this point is further from inflation’s end (e — 1), € is slightly
smaller than the 3-moduli example, and therefore so is 7. This effect is not due to the
additional modulus since both 74 and b4 are effectively stationary. Rather, it is because
in this example we have by set to its minimum — this changes the evolution of 75, the
inflaton, because it feels a stronger pull from the potential to its minimum. We note
that both [49, [76] leave the axions at their minima so this is actually a more standard
Kahler inflation scenario. But it is interesting that taking by away from its minimum
leads to a difference in the evolution. Despite this, in itself, this seems a perfectly viable

multi-field model of inflation.

Removing V and 73 from the evolution

As already mentioned repeatedly, we very much would like to simplify our models as
much as possible before attempting to include a gauge field as we do in
Therefore, we will consider this example again but with both V and 73 at their minima
as we did with the previous example. In addition to this we will also ignore the off-
diagonal terms in the metric between 75 and 74. This massively simplifies the numerics,
and we will show that, by slightly shifting the initial condition for 75, we can arrive at

a very similar evolution for the fields, and very similar inflationary predictions.
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Figure 4.18: The evolution of the inflaton modulus, 75, during the last 60 e-folds of
inflation (left figure) and at the end of inflation when it decays (right figure) for the
extra modulus example with the parameters given in (4.3.1)) and (4.4.5) with the volume
modulus, V, and stabiliser, 73, excluded from the evolution. The evolution proceeds almost
identically to that of FIG. for which V and 73 were included in the evolution.

Setting V = (V) = 10140 and 73 = (73) = 2.651 to their values at the global
minimum, and ignoring the off-diagonal terms leaves the three-dimensional real field-

space metric as

3a\
4\7&\/%2 0/\ 0
Yao=| 0 a2 v 0 (4.4.10)
0 0 3aly
4V /1

with real fields ¢* = (72,74, b4). We take

Fn =80, b =059, 7" =11.141 (4.4.11)

a4

The evolutions of the fields are plotted in FIGs The inflationary predictions
of this model are (60 e-folds before the end of inflation)

e=271x10"%, ny=0.965 r=434x10"7, VY1=829x10"GeV. (4.4.12)

As before, simplifying the system leads to a slight increase in the scale of the potential
60 e-folds before the end of inflation, leading to a slightly greater value for the tensor-
to-scalar ratio. However this system is well-approximated by this simplified example.
In this section, we have shown that we can safely introduce an extra (spectator)
modulus to the system whilst satisfying observational constraints. This model is very
promising with regards to our aim of enhancing its gravitational wave spectrum through

the tensor modes of a gauge field supported by its coupling to an axion.
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Figure 4.19: The evolution of the axion, by (left figure), and its scalar superpartner, the
74 modulus, during the last 60 e-folds of inflation for the extra modulus example with the
parameters given in and with the volume modulus, V, and stabiliser, 73,
excluded from the evolution. The evolution proceeds almost identically to that of FIG.
for which V and 73 were included in the evolution. Because b4 has no gauge field to
support it, it rapidly falls to its minimum and does not evolve.

4.5 Fibre inflation

In relation to the mechanism of enhancing the tensor spectrum of an inflationary model,
fibre inflation [50] is — at first glance — a less interesting model since it already predicts an
observable tensor-to-scalar ratio. However, as we saw in the tensor spectrum
produced after applying the enhancement mechanism is highly chiral — giving models
that use this enhancement mechanism a potentially observable (see [87]) and
distinguishable feature, differentiating themselves from vanilla models of inflation. For
this reason, in we will attempt to enhance the spectrum of fibre inflation in

the manner described in E

The first thing to note is that the potential in the standard case of fibre inflation

2
V = % <A b 4 CTl) 4 8\/7T3 (a3A3)2 e 20373

= V2 712 - vy V2 3ar3V (4.5.1)
dagAsTs o oor 3¢ Ou
+ TI/Voe 373 cos (asbs) + WWOZ + VT;?’

contains no suitable axion. This is because like Kéahler moduli inflation, 73 is a stabiliser

meaning that it and b3 cannot be shifted far away from their minima without ruining

13We note that the original example of this enhancement mechanism in [3] was not applied to a
model that initially predicted an unobservable tensor-to-scalar ratio, and was concerned merely with a
modest enhancement to an already relatively large tensor spectrum.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

the stability of the potential. The reason there is no axion partner to 71 nor 7 is due

to the form of the volume and superpotential in fibre inflation

V=a (\/?m — 7 2) (4.5.2)

where by necessity, m and 7o are large moduli: 71,79 > 73. This means that the
superpotential (which is the same as in K&hler moduli inflation)
3
W =Wy + Z Age%T" ~ Wy + Aze™ T3 (4.5.3)
a=1

where the T7 and T5 terms are exponentially suppressed. The fact that the superpoten-
tial takes this form without the negligible contribution from the 77 and 75 fields leads
to the potential above . Recall that the potential terms for 7 and 7 arrive from
string-loop corrections to the Kdhler potential. Although of course we can include the
superpotential terms for 77 and 75 in the potential, in practice these are so small as to
be irrelevant and the axions, b; and by remain approximately massless. Therefore, our
only hope of having an axion that can evolve during inflation is to include, as we did for
Ké&hler moduli inflation in the section above, an extra modulus, Ty = 74 + ib4, that has

similar properties to T3 but is not responsible for stabilising the potential. Consider

V=« (ﬁrg — 737';/2 — 747'5/2) (4.5.4)
where T} is chosen so that 74 ~ 73 < 71, 2. Now the superpotential becomes

W ~ Wy + Age” BT + Ayje” ™. (4.5.5)
The Kahler potential becomes

K=-2ln (\7 + g) ~ Ky=—-2In"V (4.5.6)

working in the large volume limit. Explicitly taking V ~ Vo = /7172 and performing
an expansion in /73 4/71 2 and keeping only the highest order term in each entry gives

211" T 2 /TiTa 2./T1To

3 3
O, = 0, — < L1 3%ym 74@) . (4.5.7)
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The Kahler metric is

1 7373?/2+’Y4TZ/2 _ 3713/73 _ 37474
47—12 473/27'22 87'13/27'2 87’13/272
737§/Q+74T43/2 1 _ 373V _ 374
47'3/27'22 273 dymiy AymiTs
K= (4.5.8)
_ 3713/73 _ 371373 373 9v374+/T3T4
8713/272 4\/T172 8y/T172+/T3 87173
_ 3vayma _ 3/ 9v374/T3T4 374
87/ %7, 41173 87173 8\/T1T2/T4
and its inverse is
2
Ti 73\/7'17'3? + 74\/7'172 T1T3 T1T4
3 3 1.2
Y3V T1ITS + Ya/T1Ty 573 T2T3 T2Ta
KaE —4
27T9.\/T173
T17T3 T2T3 T 3v; T3T4
2794/
41174 ToT4 T3T4 77237? ™
(4.5.9)

where we have explicitly left everything in terms of the fields 712 34. The T) modulus
contributes equivalent terms to those of T3 to the Kahler potential due to the symmetry
of the 73 and 74 terms in the volume . Equivalently, because the superpotential
has symmetric terms in 73 and Ty, we know that the potential receives
the additional termd™

Vp = VT
™ 3003V

dasAymy

- (4.5.10)

(agAy)? e 204 4 Woe ™ cos (aqby)

and gives us the full potential (setting b to its minimum)

V = é — i + @ KOQ % 6_2‘137'3 _ Me—a373
™ Vym V) V2 3ayV V2
35W2 8 T4 —2auT. 4a4A4T4 —aaT. 5u
+ 4V30 304\{\;7 (a4A4)2 eT204T4 TWOe 474 cos (agby) + VT;;'
(4.5.11)

1 Cross terms in the potential involving both 73 and 74 are higher order in O (%) (see the derivation
of the potential of Kahler moduli inflation in which has the same form for the superpotential) and
are therefore suppressed.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

Following [50], we wish to remove 73 from the equations of motion to simplify the
numerics. This is achieved by finding the minimum of 73 in terms of V. Solving
0V /0t3 = 0 gives

3aysWo

V= asAs

1 —asrs 00573 ~ 3aysWy
1 —4asms azAs

N ( IR0 SretsT (4.5.12)

where we have assumed ag7s > 1. This gives an approximate solution for 73 of

2a3A3
~] —_— 4.5.13
et = (30473W0 ) ( )

and substituting this into the potential (4.5.11)) leads to a four-field potential
304’)/3 2&3143 3/2 3§ A B C T1 W02
V=<- In{ ——V -4+ — ] =
{ 245/ <n<30673W0 >> "1 V‘O’ '+ 2 VR ) v

+8a4A4\/> 720447_4 4WO a4 A4\/ﬁ
3ay4V V2

—Qa4T: 6“
cos (aqby) e 47 + ng . (4.5.14)

This is the exact same potential as in [50] (equation 3.60) with the addition of the two
terms for Ty. As we did for Kéhler inflation, we will use the volume modulus, V, as a
field since this is already in the potential. We therefore consider a four-field system,
¢* = (11, V,74,b4), and we note at this point that both 74 and V can be considered as
inﬂaton Again we use K ;0,1 aGUT = %fyabaugba@“qbb to find the real-space field

metric, v45. We change variables from m to V ~ Vg = /7172 by

1 v
8HT2 = 8#7'2 = r\/ﬁ <8u\7 — 27_18“7'1> (4515)

where we are assuming the axions b; and be are stationary. With this the real-space

15Tn the sense that they both have a non-negligible contribution to the number of e-folds that pass
as the fields roll to their minima.
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4.5 Fibre inflation

metric can be found:

3 1
2 7y 0 0
1 1 _ Bava/Ta 0
271V V2 2V2
Yab = (4.5.16)
0 _ 3ava/Ta 3ay4 0
202 W/
0 0 0 3ans

W/

with fields ¢ = (11,V,74,b4). The equations of motion and constraint equation of

course take the same general form as in Kéhler moduli inflation

. . L ov
% + 3HP* + TE.°¢¢ + fy“ba?b =0, (4.5.17)
1
ML H? = §¢2 +V (4.5.18)
and .
H
with I'}, the Christoffel symbols, p? = vaqugaqﬁb and e, = #jwsl.
As an example we use the parameter set “SV2” in [50]:
£ = ?% =459, A=29x10"% B=093, C=43x107,

S

Wy = 100, a3 = Z, As=1, a=01543, ~3=3.055, &, =0.082 (4.5.20)

and we note that there is an additional normalisation factor in front of the potential
2

Kes—In( 2 . : 3
that comes from e n(gs), and a constant term in front of the superpotential, Z—;.
This normalisation is fixed so as to achieve the correct power spectruml9l In this

4
example, the normalisation factor is g—jr = 3.22 x 107* with g, = 0.3. We introduce

parameters for Ty
27

i Ay =107 =0.1 4.5.21
100’ 4 0 5 Y4 0 ( 5 )

as —

which are chosen so that Ty has little effect on the inflationary evolution but so that

16 As mentioned, in the Kahler moduli inflation example, this normalisation was assumed to be
absorbed into the parameters, which were chosen so as to give the correct normalisation.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

by is able to sustain a gauge field (see [chapter 5| for this system coupled to a gauge
field). Here we evolve the system without this coupling to demonstrate explicitly first
the key predictions of fibre inflation, but also to show that the introduction of this

fourth modulus does not ruin the inflationary predictions of the model. We find the

global minimum of (4.5.11)) to be at

(r) = 6.7637, (V) =1408.1,  (ry) =15.849,  (by) = ai (4.5.22)
4

Shifting the principal inflaton, 71, as well as by (which we would like to evolve) away
from their minima:

Fn = 5000, b =051 (4.5.23)

a4

gives a local minimum for the remaining fields at
Vit =1831.8,  Ti" =15.929. (4.5.24)

Using these values as initial conditions, we can evolve the system. The evolutions of the
fields are plotted in FIGs The evolutions of 71 and V, the fields responsible
for inflation proceed as expected (the same as in [50]) despite the introduction of the
fourth modulus. As in the last example of Kahler moduli inflation above, the evolution
of 74 and, more importantly, by, is trivial. Without a gauge field to support by, it
immediately goes to its minimum and remains there for the duration of inflation. In
we will show that the introduction of a gauge field coupled to the axion,
allows it to roll slowly for a sizeable duration of inflation. The inflationary predictions

of this model are as follows (taken 50 e-folds before the end of inflation)
e=370x10"% ny=0965 r=539%x10"3 V/4=0904x10"GeV. (4.5.25)

As mentioned, fibre inflation predicts a considerably larger value for the tensor-to-scalar
ratio (it is of observable value r > 1073) when compared to Kihler moduli inflation
— this is because the potential is of higher energy, which is likely due to the smaller
value of the volume, V ~ O (10%). The introduction of the axion (and its spectator
modulus) did not have a significant impact on the evolutions of the two inflationary
fields, 71 and V. Although this model already predicts an observably high tensor-to-

scalar ratio, it is still a viable candidate for the enhancement mechanism described in
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Figure 4.20: The evolution of the principal inflaton modulus, 7, during the last 60
e-folds of inflation (left figure) and at the end of inflation when it decays (right figure)
for fibre inflation with an additional, spectator, modulus, Ty, and parameters given in

[@5.20)-([@5.21).
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Figure 4.21: The evolution of the volume modulus, V, during the last 60 e-folds of inflation
(left figure) and at the end of inflation when it decays (right figure) for fibre inflation with

an additional, spectator, modulus, Ty, and parameters given in (4.5.20)—(4.5.21)).
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Figure 4.22: The evolutions of the axion, by (left figure), and its superpartner modulus,
74 (right figure), during the last 60 e-folds for fibre inflation with an additional, spectator,
modulus, T}, and parameters given in f. Because there is no gauge field to
act to slow it, the axion immediately goes to its minimum and stays there for the duration
of inflation.
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4. INTRODUCTION TO KAHLER MODULI INFLATION

In the next chapter we will apply this mechanism to a slightly modified
version of this example of fibre inflation (whose inflationary sector is the same) by
adding a further spectator axion. This does not modify the inflationary predictions
of the model meaning the results of this section are still valid but helps to justify the

necessarily large Chern-Simons-like coupling required to enhance the gravity sector.

4.6 Summary

In this chapter, we have considered three examples of Kéhler moduli inflation and
examined their general features: first, in section [4.2] we looked at a “bog-standard”
low-energy example, where the tensor-to-scalar ratio is exceptionally small (r ~ 1071%).
Since we are interested in enhancing the tensor-to-scalar ratio of Kahler inflation to
observable values, we decided to a look at an example with higher energy, in section [4.3}
this example predicts a considerably larger background tensor-to-scalar ratio, 7 ~ 1076,
and naturally contains an axion that could be coupled to a gauge field. In addition
to this we also considered a model, in section [4.4 with the same parameters, but with
the addition of an extra modulus to act as the field coupled to the gauge field. We
showed that this extra modulus, although following a trivial evolution without the
presence of a gauge field, has no ill effect on the inflationary predictions of the model.
We also importantly demonstrated that these last two models can be greatly simplified
by setting both the volume modulus and the stabiliser modulus to their values at
the global minimum and discarding them from the evolution whilst maintaining the
generic features and inflationary predictions of the model. This will greatly simplify
the numerics when we couple this system to a gauge field, which can be tricky, especially
when we examine the perturbations of the system.

Finally, in section we considered a model of fibre inflation to which we have
added an extra modulus to act as a spectator and couple to a gauge field. This system
satisfies observational constraints, and, being fibre inflation, predicts an observable
value of the tensor-to-scalar ratio (r ~ 1073). The inclusion of the extra modulus did
not negatively impact the evolutions of the other fields, 7 and V, and inflation proceeds
as expected when compared to the case without the extra modulus (see [50], section
3.4.2).
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Chapter 5

Primordial Gravitational Waves

in String Inflation

This chapter includes much of a paper published in Journal of Cosmology and As-
troparticle Physics written with Ivonne Zavala and Gianmassimo Tasinato titled On
chromo-natural inflation in string theory [88]. We include examples of K&hler and fibre
inflation where a Kéahler modulus, 7', is coupled to a gauge field and show how this
coupling can lead to a large enhancement of the tensor-to-scalar ratio; large enough,
in fact, to lift the tensor sector to a potentially observable value for r despite the low
energy scale of Kahler modulus inflation. As well as the example that is included in
the paper, we discuss some additional examples. In particular, in this chapter we will
first consider some phenomenological examples, before discussing the example that is

included in the paper.

5.1 Introduction

Vanilla, single field, models of inflation are of course in good agreement with the most
recent data. However ongoing and future experiments will allow us to take a step
forward in testing the inflationary paradigm. Particularly interesting are the PGWs
produced by inflation, which lead to a distinctive B-mode pattern in the CMB polar-
isation [89, 0], that is being searched for by a wide range of ground-based, balloon

and satellite experiments [39-44]. Current bounds on the tensor-to-scalar ratio r from
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5. PRIMORDIAL GRAVITATIONAL WAVES IN STRING INFLATION

Planck and BICEP /Keck restrict r < 0.07 [37], but future experiments are likely to be
able to reach a sensitivity of order Ar ~ 1073,

In theories beyond the standard model of particle physics and cosmology, other
fields besides the inflaton may be present during inflation and can have interesting
consequences. Their dynamics can participate to the inflationary mechanism at the
level of background or fluctuation evolution, and can leave imprints on the properties
of tensor modes, for example by amplifying their spectrum. This implies that even
models of inflation that normally predict a small value of r can see the primordial
tensor spectrum amplified by couplings with additional fields.

Perhaps the most studied example is the case with several scalar fields giving rise
to a multi(scalar) field inflationary scenario (see e.g. [91] for a review and references
therein). However, spin one particles have also been considered in various scenarios (see
e.g. [58] for a review and references therein). Non-abelian gauge fields have attracted
a lot of attention in cosmology recently [78], (79} 92, [93]. Interestingly, in these models
the spin-2 sector of gauge field fluctuations can provide a source for primordial gravi-
tational waves as shown in thus potentially enhancing the amplitude of the
gravitational wave spectrum of low-energy models of inflation, up to values observable
with future CMB polarisation experiments. Moreover, the PGW spectrum turns out
to be chiral (only the right-helicity mode of the gauge field and hence the gravity mode
gets enhanced), making it potentially distinguishable from a vanilla inflation scenario.
These scenarios are consequently very interesting for their potential to generate dis-
tinctive observables that can be probed by the next generation of CMB polarisation
experiments.

In particular, an SU(2) gauge field Af, is used in the chromo-natural inflation (CNI)
model proposed in [78, [79]. The original motivation of this model was to relax the
requirement of a super-Planckian decay constant f in natural inﬂatiorEl, by using the
Chern-Simons (CS) coupling y F, /ﬁjﬁ’ Amv of the axionic inflaton field x, to the gauge
field with field strength F;‘ﬁ,. This coupling effectively provides a friction term on
the axion dynamics, allowing inflation to occur in a steeper potential with f < M.

It has however been demonstrated that in this original form the CNI model is not

! Also, amplification of tensor modes by spectator scalar fields has been discussed in e.g. [94H96], and
the prospects for direct detection with future gravitational-wave experiments were recently discussed
in [97].

2See [98] for a review of natural inflation.
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observationally viable [81l Q9] as it cannot satisfy constraints on the scalar spectral
index. An interesting proposal to alleviate this problem is to introduce a separate
inflationary sector, while the gauge-axion sector acts only as a spectator [3, [100] (this is
the second model shown in [chapter 3)): this scenario is dubbed spectator CNI (SCNI).
A common feature of both these proposals, which shall constitute an important point
for our investigation, is a large axion-gauge CS coupling (where the axion, gauge field

— and inflaton in SCNI — are canonically normalised):

A -
LD ZFA pAm 1.1
2 g X ; (5.1.1)

(where FF = dA — gA AN A, g being the gauge coupling). Successful chromo-natural
inflationary proposals that enhance tensor modes can be constructed, but must take
into account that an enhancement of primordial tensor modes generally implies a very
large enhancement of the tensor fluctuations of the gauge field. One needs to avoid
excessive backreaction of the gauge field fluctuations to the background — as emphasised
for example in [3], T0IHIO3] — that would spoil the background inflationary dynamics.
This condition typically requires very small values for the gauge coupling g.

These facts indicate that it is not simple to design theories with the correct prop-
erties to realise satisfactory (S)CNI models, and one has to carefully balance between
different requirements on the quantities involved. Here we will explore the possibility of
embedding SCNI in models of Kéhler moduli inflation and look for a consistent SCNI

model, accompanied by a relatively large amplitude of the gravitational wave spectrum.

Brief review of attempts so far to embed CNI in supergravity and

string theory

Before discussing our model, we review two ideas that have been proposed so far in
this direction.

The first interesting possibility is to embed CNI in supergravity, as proposed in
[104]. In supergravity, the coupling between the axion (and saxion) to the gauge sector

is dictated by the gauge kinetic function, fa, as:

I 3
FAFAM 4 HI(LI"CA)F;‘VFAW, (5.1.2)

~ Re(fa)

L
- 4
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where f4 is a holomorphic function of the superfields, including the axion that acts as
the inflaton in CNI. The proposal to account for a large CS coupling was to introduce
two canonically normalised (super)fields, ®; = o; +i¢;, j = 1,2 and choose the gauge
kinetic function a fa=1+ ic% with ¢ a number of order one. The inflationary
trajectory occurs for a; = 0, such that, Re(fa) = 1, while Im(fa) = ¢1/¢2. The
superpotential is chosen such that ¢o is heavier than the Hubble scale and it is thus
kept fixed at its minimum at a suitable value of (¢2) during inﬂatiorﬁ As we have
mentioned before, CNI has been shown to be observationally unviable, however, one
could in principle add to this set-up an inflationary sector as in [3], while keeping the
axion-gauge sector as spectators. However, the viability of such a model will need to
be carefully scrutinised when adding more fields; also the backreaction of the gauge
field tensor fluctuations on the background evolution will be hard to control without
introducing new parameters (i.e. superﬁelds)ﬂ [3, 10T, 102]. We will discuss this aspect

in detail.

The second possibility is the work of [4] to embed SCNI in a string theory set-up.
In [4] a simplified string model is considered using gaugino condensation on magnetised
D7-branes in type IIB CY orientifold compactifications, and the axion associated to
the 2-form potential Co present in the compactification (this was used in [105, [106]
to realise natural inflation in string theory). It is argued that this set-up could in
principle be embedded in a large volume scenario (LV) for moduli stabilisation [84]
85], with the inflationary sector being a model of Kéhler inflation [49]. Although an
explicit string model was not presented they consider as possible values for the relevant
parameters: A = 50, f = 10_12Mp1, a gauge coupling g4 = 0.7, and an axion scaleﬂ
o~ 5.89 X 10_8Mp1, that is, g > f, which may be theoretically inconsistent due
to unitarity constraints as discussed in [107]. Importantly, the backreaction of the

gauge field tensor fluctuations on the background was not considered in [4]. It has been

5In [T04], fa =1+c % with the norm |c| a number of order one; ¢ needs to be purely imaginary in
order for the axion-gauge coupling to be non-zero along the inflationary trajectory, which is given by
Re CI’i = Q; = 0.

4The Kahler potential and superpotential for this model are given by K = %(@1 + @1)2 + %(@2 +
@2)2 + 55 and W = S [i\/ﬁAsinh (iq)l/\/icbg) + (A% +<I>§)], where &, = a; +i¢; and a; = S =0
during inflation, while As = (¢2) sets the large coupling required.

®As we will discuss, the gauge coupling needs to be sufficiently small to guarantee control on the
backreaction. This could be introduced in supergravity by adding a third superfield, ®3 to the config-
uration of [I04], in addition to the inflationary sector, such that (®3) sets the required small coupling.

5 Assuming an effective potential for the axion of the form V = p*(1 — cos (x/f))-
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argued in the literature that backreaction imposes strong constraints on the parameters
[3, 10T} 102]. As we shall discuss in detail, keeping under control the backreaction of
gauge fluctuations requires an additional parameter, which needs to be sufficiently

small.

What we do in this work

In light of these results, we consider in detail the requirements for an explicit realisation
of the SCNI scenario in a string theory set-up, including for the first time a careful esti-
mate of backreaction issues for gauge fluctuations. As we will see, and already pointed
out in [4] (and [104] in supergravity), string theory naturally includes the field con-
tent of SCNI, albeit in a more intricate form. Given the phenomenologically appealing
features of this scenario, and the forthcoming experimental opportunities associated
with CMB polarisation, it is of paramount importance to investigate the possibility
of realising this model in a theoretically consistent theory, keeping backreaction under

control.

As a concrete set-up, we adopt the LV scenario [84] 85)] in type IIB CY orientifold
compactifications. Within this framework, we consider Kéahler inflation, where the
tensor-to-scalar ratio is too small to be observationally relevant, namely r < 1076 [49]
76], and include one of the gaugino condensation sectors involved in moduli stabilisation
as the spectator sector to explore realisations of SCNI [3| [101], which will be capable
of enhancing the amplitude of primordial tensor modes to observable levels.

We organise our discussion as follows:

e In section [5.2] we discuss the dynamics of gauge fields in general multi-field in-
flationary scenarios that arise in typical supergravity and string theory models.
In particular, the metric in the scalar manifold is generically curved, the scalar
potential is non-separable, and the coupling of the scalars to gauge fields is non-
trivial. Within this general set-up, we discuss the background evolution and
requirements for successful inflation in this more general configuration. Once
specialised on the case of spectator chromo-natural inflation, we show how the

background evolution leads to conditions on the parameters in (5.1.1)).

e In section [5.3| we then analyse gauge fields in Kéhler inflation and the embedding

of SCNI in this framework, introducing the relevant parameters discussed above
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and presenting the full background evolution, setting up the system phenomeno-

logically with two parameters ¢; and c3. We attempt to apply the enhancement

mechanism discussed in [chapter 3|to the examples considered in |chapter 4

o In sections we focus on a detailed analysis of the tensor, scalar perturba-
tions for the models of section [5.3] including a careful estimate of the backreaction
of the gauge fluctuations on the background equations of motion. We show that
the amplitude of primordial tensor modes can be enhanced by a factor of order
10* with respect to the typical values met in Kéhler inflation set-up. In order
to avoid excessive backreaction from gauge fluctuations, we need to reduce the
value of the effective gauge coupling for the gauge group under consideration, and
this implies we need to choose a large value N ~ 10% for the degree of the gauge
group SU(N). We find that the simplest example from where the axion
coupled to the gauge field is the superpartner of the inflaton is unable to satisfy
constraints on the backreaction, whereas the four-field model provides a viable

model.

e In section we consider the slightly more complex scenario discussed in [8§]
where the superpotential of Kdhler moduli inflation is modified in order to justify
the large coupling between the axion and the gauge field. We show that the
conditions to obtain successful slow-roll inflation can be satisfied by turning on

large values for the magnetic flux on the D7 branes.
e In section [5.8| we consider the feasibility of this model.
e In section we apply this same model to fibre inflation and demonstrate that
one can achieve a highly chiral spectrum for fibre inflation.
5.2 Gauge fields in general multi-field inflation

We start by introducing the general set-up that arises when considering SU(N) gauge
fields coupled to an axion in a general multi-field inflationary system, and then study in
detail the requirements for successful inflationary dynamics. Our aim is to determine

general conditions that a successful model of slow-roll inflation has to satisfy in the
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general set-up we study. Moreover, when specialising to the case spectator chromo-
natural inflation, we show that our formulae require large Chern-Simons couplings
between the axion and gauge fields (as introduced in eqn. )

The action describing the system we are interested in consists of multiple scalar

fields interacting with a gauge field. It read&ﬂ

M2 c a a -
2P1 R— ’Yab;(b )8ﬂ¢“8"¢b _ V(¢a) N f(:f )F;ﬁ/FAMV + h(f )F:\VFAMV ,
(5.2.1)

where v4,(¢¢) is the metric of the scalar manifold spanned by the scalar fields ¢¢,

S:/d4x\/jg

and V (¢°) is the scalar potential, which is generally not separable; that is, the scalar
fields generically interact via the kinetic and/or potential terms. The scalar sector
with @ = 1,...n scalars, contains the axion as well as the inflaton(s), which may be
constituted by one or more fields, non-trivially coupled to one another. The coupling
of the scalars (inflaton(s) and axion(s)) to the gauge sector is dictated by the functions
f(o™), h(¢*), which generically depend on the scalar ﬁeldsﬂ

The gauge group is in general SU(N) and the gauge field strength, F; ﬁ, is given by

F = 0,47 — 0,Af — fAPCAB AL (5.2.2)

where fABC are the structure functions of SU(N), and the dual, FAm g defined as
FAmw — e“”aﬂFéﬁ /(24/—g) with g the metric determinant. Let us stress that at this
stage the gauge field is not canonically normalised. Thus, there is no gauge coupling,
g4, appearing in the definition of F4, nor in the action. The gauge coupling is field-
dependent and it is given by ¢4 = 1/f(¢%) once the scalar field ¢%, coupled to the
gauge field, has been stabilised. However, while the scalar is evolving, we can define an
instantaneous gauge coupling at a fixed time, tg as, 9124’0 = 1/f(¢*(to)) as will be the
case in our string theory set-up.

We now discuss the cosmological background evolution and slow-roll dynamics of

the system. Specifically we are interested in the case where two scalar fields couple to

"In [100], a generalisation of CNI was presented where the canonically normalised inflaton — driven
by a dilaton — and the axion, are both coupled to a canonically normalised SU(2) gauge field. In our
notation, they had a flat scalar metric, v = dap, f(¢®) a function of the inflaton and h(¢®) = %0,
where o denotes the axion.

8 As can be inferred from the introduction, and as we will discuss below, they are related to the real

and imaginary parts of the gauge kinetic function.
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the gauge field via the functions f(¢®) and h(¢?), plus an additional scalar field, not
coupled to the gauge field, which acts as the inflaton. That is, the spectator sector
consists of two scalars coupled to the gauge field. This system generalises the chromo-

natural inflation models discussed in [3] [78].

5.2.1 Background evolution and slow-roll inflation

We consider a homogeneous and isotropic flat FRW metric ds? = —dt? + a(t)?dz'dz;,
where a(t) is the scale factor. To treat the SU(N) case, we proceed as follows. First,
homogeneity and isotropy of the gauge field energy density, and hence the background
can be maintained by splitting the SU (V) gauge group into N = [N/2] (N/2 mod 2)
disjoint sub-groups of SU(2) [108, 109]. In each sub-group, the gauge field equals a
different scalar, which can be assumed to be locked into the following isotropic config-
uration,

Ay =0, Al = a(t)Qn(1)57, n=1,...,N. (5.2.3)

Notice that now within each sub-group, f48¢ = ¢4BC, In the background configuration
(5.2.3)), the field strength tensor components within each sub-group are,

Fiiny = —aEjly =a(t) |HQm)(t) + Q) (t)] 57, (5.2.4)
Ffloy = @ enBi,) = —€; [alt)Qum 1), (5.2.5)

where H = a/a is the Hubble parameter.
For N > 1, it is difficult to solve the full background evolution. However, a simplifi-
cation occurs if one assumes that each SU(2) sub-group has a common field strengthﬂ

FA. In this case, the system and equations of motion are equivalent to those of the
: A10 : A A :
single SU(2) cas by replacing A4 — AA/v/N, that is,

Q%jl, (5.2.6)

VN

and defining an effective gauge coupling, g, as

gi= ——, (5.2.7)
vN
9This can be realised by initialising the system with a common initial condition. See also the
discussion in [I08].
10T this way, the system becomes equivalent to that studied in [chapter 3
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5.2 Gauge fields in general multi-field inflation

which is now equivalent to having F' = dA —g A A A, without introducing this coupling
into the function h(¢). Let us stress again that this is not the standard gauge coupling,
which is still given by g4 = 1/f(¢%) defined above and at this stage is field dependent.
From we already see that a small (effective) gauge coupling g can be achieved for
a large gauge group, N. Keeping this in mind, we focus on the single SU(2) case with
an effective gauge coupling given by , to investigate the background evolution of
the system.

In this case, the equations of motion for the metric are given by

3M}H? Py + DY M (5.2.8)

. A2
2MAH = =" =2f(¢") [(HQ +Q) + gQQ‘*] : (5.2.9)
where in (5.2.8) the energy densities are

Py = %sf +V(6Y),  pym= gf [(HQ +Q)* + g2Q4] : (5.2.10)

and we have defined:

P = Y P’ (5.2.11)

The scalar equations of motion are given by

FBHE T 619V = 387 huQ? (HQ + Q)+ 57 f ((HQ +Q) ¢ Q4> ,
(5.2.12)

where X , denotes a derivative with respect to the field ¢*. Note that the RHS of this

equation will be zero for any scalar field that is not coupled to the gauge field. Note

as well that these equations are valid also if the inflationary sector (decoupled from

the gauge field) includes several scalars. In this case, there may be further interesting

phenomenology due to possible large turns (see e.g. [II0HIT6]). We leave exploration

of this possibility for future work.

Finally, the gauge field equation is given by

. : : B ha  ufa :
O+3HO+Q (H+2H2) 4 282Q° = g Q% e (QH+Q) . (5.2.13)

where on the RHS only the scalar fields coupled to the gauge field will appear.
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The energy-momentum conservation equation, V,T*” = 0, where T"" is the total

energy momentum tensor including the scalars and gauge field, further gives (v = 0):

P+ 3H(py + pp) = ¢"Qav
pym +AHpyy = —"Qav (5.2.14)

with p, = 3¢? — V(¢%) and

Qavy = —3gh.Q*(HQ+ Q) + gf,a (HQ+Q)* - g2Q4] : (5.2.15)

Equations (5.2.14]) show in a neat way the non-trivial interplay between the scalar and

gauge field dynamics in a cosmological setting.

5.2.2 Slow-roll Dynamics
To study inflation, we define the first slow-roll parameter in the usual way as

H
€= —1m =€, t+€ept+ep, (5.2.16)

where we introduced the slow-roll parameters for the scalars and the gauge ﬁeldE

&’ _fHQ+@? [e’Q!

€p = croarg €E = " B = 5 -
2H2M? H2M H2M,

(5.2.17)

During inflation, € = €, + €g + €g < 1, and the energy density must be dominated by
the scalar potential, 3M§1H 2 ~ V. Note that there may be different hierarchies among
the individual slow-roll parameters, but the overall ¢ < 1 has to be small.

We now define a second small slow-roll parameter as follows:

M= =2 — 226, + £p(ep + ep) + 2 0p + 4855 < 1. (5.2.18)
He € €q €H

where we introduce the quantities

o AQeHQ G

"'Notice in comparison to the case of [chapter 3| ¢z 5 have an additional factor of f(¢). This is
because of the non-canonical nature of the fF“ term in the action.
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5.2 Gauge fields in general multi-field inflation

which we take to be small during inflation (to ensure that 1 is small barring cancella-

tions), as well as the small parameter

TE plj;“fqb V2e, = 2fH (5.2.20)

Notice that the slow-roll conditions defined above do not involve the coupling between
the axion and the gauge field, h. Therefore, this coupling can be large during inflation.

Dropping all terms with time derivatives except on the RHS of the equation for
Q, (5.2.13)), which transfers part of the scalar sector kinetic energy to the background
gauge field, we get the relation

2H?Q 4 2g%°Q% ~ gQ? had” f“¢ (5.2.21)
f f
Introducing the parameters
gq
1/ === .2.22
fh pl 2f €p = 2fH gQ H’ (5 )
eq. (b.2.21)) becomes
1+&~& & — & (5.2.23)

In fact in every scenario we consider (5.2.21)) is dominated by 2g?@?3 and gQQh“—f&a and

we get the very approximate solution

had®
f

26°Q° ~ gQ* = &~ & (5.2.24)
Physically, the parameters {¢ and &, represent a dimensionless (i.e. scaled by %) mea-
sure of the speeds of the fields coupled to the gauge field through f and h, respectively,
scaled by % Meanwhile, the parameter g can be seen to be roughly equal to the

square root of the ratio of the magnetic and electric parts of the energy density of the
gauge field (see ([5.2.10])) when the system is in slow-roll:

o5 _ Q> _ &Q

o HOT0" B - £o (5.2.25)

where in the second step we have assumed slow-roll evolution for Q: Q < HQ. As we
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saw, the slow-roll conditions imply that £y < 1, while no condition is required for &g, &,
which can be significant, and given , we have, £, 2 {g. Stability analysis in CNI
has shown that scalar perturbations are stable for {g > v/2 and therefore &, > g > V2
[78H80, 117]. Then &, > 1, which implies

My ha¢® 1
— > .
29 2¢,

(5.2.26)

This is the first important constraint on the background field evolution that any suc-
cessful model of inflation described by action ([5.2.1)) should satisfy. Note that this
relation depends on the ratio between the gauge field coupling to the scalars via hg/f

and has non-trivial implications for their values as we now discuss.

5.2.3 Large Chern-Simons couplings are needed in spectator chromo-
natural inflation

Let us consider the condition in eq. (5.2.26)) in the known cases of CNI and SCNI. In
those examples, h(¢®) = A\x/f (see eq. (5.1.1)) in the Introduction) where x is the axion,

while f(¢%) = 1. Then, condition (5.2.26)) reduces to [117]
My A 1
pl >

N , (5.2.27)
f V2 e
where €, is the slow-roll parameter associated to the axion field alone: €, = %
P

(that is, the inflaton does not enter in this relation in the case of SCNI). Therefore it
is clear that in CNI, where the axion is also the inflaton, the larger the combination
A My/ f is, the smaller €, will be. In other words, to avoid an excessively large coupling
AMpi/f, € will be as large as possible (see e.g. [117] where MyA/f ~ 10). On the
other hand, in order to ensure a maximal enhancement of the tensor fluctuations from
the gauge field, the parameter {g needs to be as large as possible, while keeping the
backreaction of the gauge tensor perturbations on the background equations of motion
under control [3, 10I]. We will see this in detail in the string theory realisation in
sections [£.3] and 5.4

In the extended version of chromo-natural inflation [3], the axion and gauge fields

act as spectators and therefore the requirement of a large axion coupling from the
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5.3 Examples of (spectator) chromo-natural Kéhler inflation

condition can be relaxed by consistently maximising the value of €,, while
having €, < €, < 1, where ¢ is the inflaton. An extreme example of this situation
with €s ~ 1077, Hy,p ~ 107100 and €, ~ 107% (with A\/f ~ 104Mp_11, £ ~ 44,
g ~ 1073%) was discussed in [101]El

In the rich multi-field model we consider in the next section, there is not a neat dis-
tinction between each scalar’s dynamics, and therefore, &, is dictated by the evolution
of all scalar fields, as seen in . This means that this large coupling requirement
could be mildly relaxed due to the multiple field evolutiorﬁ Moreover, as we already
mentioned, we are also aiming to maximise the tensor fluctuations’ enhancement, that
is largely determined by the magnitude of {g, while keeping the backreaction under

control.

5.3 Examples of (spectator) chromo-natural Kahler infla-

tion

In this section we will put forward two examples of of Kéhler moduli inflation coupled to
an SU(2) gauge field. The two inflationary examples are given inas example 1
and 2. In example 1, the inflaton itself, 79, as well as its axionic partner by is coupled to
the gauge field. In example 2, an additional spectator modulus Ty = 74 + @by is coupled
to the gauge field while the inflaton remains as 7. The second example is SCNI.
Example 1, although capable of producing a large enhancement to the PGW spectrum
of Kahler inflation, cannot do so without incurring excessive backreaction by the tensor
fluctuations to the gauge field, which we will discuss in detail in [5.5] Example 2 has
more freedom in choosing parameters in its potential because the field coupled to the
gauge field does not need to support inflation. Example 2 permits a large enhancement
with controlled backreaction, but controlling the backreaction requires g < 1. These
examples are phenomenological in the sense that we do not motivate or justify the
necessary large and small parameters. In particular we require the coupling between
the axion and the gauge field to be large and as stated g < 1. In [5.6| we will introduce
a tweak to example 2 that complicates the model slightly but gives some motivation to

the magnitude of these couplings.

123ee however [103] for restrictions on the model in [T01].
13 As all the scalar fields interact non-trivially via the kinetic and potential terms, non-linearities may
restrict further the parameter space along the lines discussed in [I03].
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5. PRIMORDIAL GRAVITATIONAL WAVES IN STRING INFLATION

The four dimensional effective action arising in models of inflation in string theory

such as Kéahler moduli inflation is given by (after moving into real space, see [chapter 4)

M? 1 Re(f® Im(f* ~
R w0 0"~V (9) - —Zf )F;‘VFAW + if )F,j‘,,FAW

S:/d4x\/jg

(5.3.1)
where the Planck scale is given by ]\4132l =2V /((2m)"a’4g?), with V the dimensionful
six-dimensional volume vev, (27)%2a/ = (2 the string scale and g, = e'? the string
coupling given in terms of the dilaton ¢ vev. The SU(N) gauge field (that, as has been
shown, is equivalent to one SU(2) gauge field of field strength F, f,/ = 8HAf — 8VAZ‘ —

geABCAE Ag with g = ]1\[/2), gives rise to gaugino condensation on the D7-branes,
which generates a potential for the Kahler moduli T% = 7, + ib,. The dual is defined as
FAmw — e‘“’o‘ﬁFéﬁ/(Q\/Tg) with A = 1,2, 3 the gauge index. The other moduli present,
namely the axio-dilaton and complex structure (and deformation moduli of D7-branes)
are assumed to be already stabilised at the perturbative level by internal fluxes at a
higher scale and integrated out consistently (as mentioned in .

This action could of course be written in terms of the Kéahler metric and complex
scalar fields T* = 7, + ib,. The moduli 7, are the (Einstein frame) volumes of the
4-cycles ¥, wrapped by the D7-branes in units of £s; while the imaginary parts, b,, are
axions that are the components of the Cy-forms along these cycles b, = o ~2 fEa Cy.
This action has been written in terms of the real fields ¢® = (74,b,). To see how we
arrive at 74 for the different examples, see The coupling between the scalars
(Kéhler moduli) and the gauge field is given by the holomorphic gauge kinetic function,
fuTe).

Comparing to the general multi-field action we introduced in section
m we have a non-trivial scalar metric (74,) mixing non-trivially the scalar fields; the
scalar potential is in general a non-separable, non-trivial function of all the scalar fields,
and there is a non-trivial well-defined coupling between the scalar fields and the gauge
field. We saw in the previous section how to deal with the general SU(N) group in

terms of an effective single SU(2) group by introducing an effective gauge coupling

agzl/\/N/Q'
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5.3 Examples of (spectator) chromo-natural Kéhler inflation

Let us now discuss the gauge field coupling to the scalars in ([5.3.1)) and (5.2.1]). In
the original LV Kéhler inflation scenario, the gauge kinetic function is given by [85]:

Ta
@=— 5.3.2
= (5.2
where T% = 71, + ib, is the Kéhler modulus coupled to the gauge field we want to
use to realise SCNI. Therefore, we can immediately identify the functions f and h
in (5.2.1)) with the real and imaginary parts of f respectively. As we discussed in
the previous section, a successful background evolution implies the condition (|5.2.26]),

which depends on the ratio h,/f. For f given by (5.3.2)) this ratio gives h,/f ~ 1/7,,
and the constraint (5.2.26]), becomes

or more simply '
ba 1 db,

= ——2>1 5.3.3
TJH — 1,dN ™ ( )

where ¢ and €, are defined in (5.2.11)) and (5.2.17)) respectively, and N = Ina is the

e-folding number. Although it is in principle possible that the cosmological evolution
satisfies this condition, we did not find any example where this could be satisfied for
a non-negligible time during inﬂationEL Therefore, it is clear that we need the real
and imaginary parts of the gauge kinetic function f® to have different coefficients,
which is not possible in the original K&hler inflation model. We therefore propose for
example 1 and 2 (see below) that the coupling functions f and h are given purely

phenomenologically as

f(8%) = %Tm h(¢") = %ba (5.3.4)

where a corresponds to the modulus coupled to the gauge field T% = 7, + ib,. We see

that (5.3.3]) now becomes
Co dba
— 21 5.3.5
C1Tq dN ™~ ( )

and we therefore require the hierarchy co > ¢;.

1Recall that in the slow-roll solution described in [chapter 3| the axion is actually slowed down by
its coupling to the gauge field, making this condition even more difficult to achieve.

127



5. PRIMORDIAL GRAVITATIONAL WAVES IN STRING INFLATION

5.3.1 Background evolution of example 1

We first consider a model with three Kahler moduli, whose basic inflationary predictions
are shown in The scalar potential is derived using the Kahler potential, K,

and superpotential, W, using, as standard

v (67,6") = M [K“bDaWDbW — WP (5.3.6)
pl

The derivation for the potential of Kiahler moduli inflation is given in In the

three-field case, it has potential

BlagAo)®e > n /7y | AWhardoe™" cos (agbp)my  3EW | By (5.3.7)

Vi= 3alsV V2 4v3 2

where the term proportional to 3 is the uplifting piece, taken to be of the form V;p;s =
B/V? as in [49] and V3 comes from the stabilisation of the T3 modulus and it is given

by:
8(azAz)?e=2a3(7s) | /(13) B AWoas Aze™ %) (13)
303V V2 ’

with b3 set to its minimum, (b3) = 7m/a3. As we show in [chapter 4] the small cycle 73

acts as a stabiliser for the potential at large volume V so cannot be shifted far from

Vs = (5.3.8)

its minimum. However 79 and by can be displaced away from their minima leading to
an effective two-field inflationary model as shown in [76]. The T3 modulus stays at its
minimum with (b3) = 7/ag during the cosmological evolution in this case.

We can now use our general discussion in section to study the scalar field dy-

namics in the presence of the gauge field. Our scalar fields are given by
¢ = (72,b2) (5.3.9)

and we have simplified field-space metric (with V and 73 set to their minima (see
chapter 4))) given by
3y
== | 0ab- 3.1
Yab <4V ,—7_2> ab (53 0)

Moreover, the coupling functions f, h in (5.2.1)) can now be easily identified. We have

f@Y) =5 1,  h(¢%)= %bz, (5.3.11)

128



5.3 Examples of (spectator) chromo-natural Kéhler inflation

where the phenomenological constants ci, co allow for some freedom in the parameter

space.

Parameters

We use parameters as in example 1 in chapter 4] (this is example 4 in [76]):

A 1 2T 2
—1/2 — . A =10, As=1 o )
5 /7 « 9\/57 2 ; 3 , a2 30’ az 3’
1 1 40
Ag—e A= — — 6.9468131457 x 107 i
2= Tmx10 37 qgpe 07 GH6BIBLST X107, Wo = o7
(5.3.12)

The global minimum of the potential at zero cosmological constant is found to be at:
(11) = 2555.69, (19) =4.77519, (r3) =2.65111, — (V) =10142.4, (5.3.13)

while the axions’ minima lie at b, = m/a,. This is a relatively small volume example
for Kdhler modulus inflation, however it is still consistent with the large volume ap-
proximation. We are interested in the cosmological evolution when moving T, away

from its minimum while 7, T3 are consistently kept at their minima (see [chapter 4)).

The scalar sector is coupled to the gauge sector through the gauge kinetic functions
f and h. We are searching for solutions which yield a sizeable period of inflation in
which the isotropic gauge field, @, is supported. This support is given by its effective

czb.g
2c1HTo "

coupling to the axion, &, = As we shall see, the effective mass of the gauge
field goes &, ~ &g + ‘Sc_gl so the larger £, the larger {p; and as we shall also see in
section the larger {p the larger the enhancement to the primordial gravitational
wave spectrum. c¢; and cp are therefore chosen so that there is &, and consequently &g

are large enough to get a considerable amplification. We take:
C1 = 1, Cy = 7000 (5.3.14)

and we take the gauge coupling, g, which we will see is an extremely important fac-

tor in determining how large the backreaction of the gauge field perturbation on the
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Figure 5.1: Parametric plot of the cosmological evolution of 75 and by, during the last 60
e-folds on the left and the last e-fold of inflation in example 1.
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Figure 5.2: Cosmological evolution of 7 and be, during the last 61 e-folds in example 1.

Inflation ends at N = 60.

background equations of motion is in section to be

g= .

10

(5.3.15)

This system is evolved under the equations of motion given by (5.2.8)—(5.2.9) and

(5.2.12)—(5.2.13)) and the background evolution is plotted in FIGs
Interestingly, as can be seen in FIG the contribution from the gauge field,
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Figure 5.3: Cosmological evolution of 7o and bo, during the last e-fold in example 1.

Inflation ends at N = 60.
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Figure 5.4: Cosmological evolution of the gauge field @ (left figure) and &g = % (right
figure) during the last 60 e-folds of inflation in example 1. The gauge field is supported by
its coupling to the axion determined by &.
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Figure 5.5: Cosmological evolution of the effective coupling terms £y = 5 i

and &, = 2(;01211}272 (right figure) during the last 60 e-folds of inflation in example 1.
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Figure 5.6: The evolution of the slow-roll parameter, ¢ =

f% (left figure), and the

proportion of ¢ made up by €, = yiz7a¢?¢’ (right figure) during the last 60 e-folds of
inflation in example 1. €, dominates over the other components of the slow-roll parameter.
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Figure 5.7: The evolution of the electric and magnetic components of the slow roll

Y+ HQ)? 24 . .
parameter, eg = %TQ% (left figure) and ep = 2%7’2}%27(;\2421 (right figure) respectively

during the last 60 e-folds of inflation in example 1. They contribute only a small amount
to the overall slow-roll parameter, FIG.
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Figure 5.8: A comparison of the contributions to by’s equation of motion (5.2.12)) from

the term provided by the potential, 4;;‘(? %; and the term provided by the gauge field,

—3g = VT (H Q + Q) for example 1. Unlike the examples shown in [3] and [4], this

21 3alis
is not a “slow-roll solution” whereby the axion, by is slowed by the backreaction of the

gauge field, Q). In this example by’s evolution is unaffected by the presence of @ but @ is
supported nonetheless.
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-3g 5> 4;;\{\? (HQ + Q), to b2’s equation of motion (5.2.12)) is vastly sub-dominant

, é\;‘g %. This suggests that example

1 is not a “slow-roll solution” (as described in [3] and [4] and the situation in [chapter 3)
whereby the axion, by, is slowed by the backreaction of the gauge field, ) — in the slow-

compared to the contribution from the potential

roll case, ) settles to a value that enables the contribution from the gauge field to
almost perfectly cancel the contribution from the potential to the axion’s equation of
motion. In this example, bs’s evolution is unaffected by the presence of @ but Q is
supported nonetheless. This is in part necessary since the evolutionary histories of the
inflaton, 75, and by are intertwined (see FIG — if bo’s evolution were slowed
considerably by the presence of @), this would have a large effect on 7 and consequently
the basic inflationary predictions of Kéhler inflation. This model makes the following

inflationary predictions, 50 e-folds before the end of inflation:

€, =4.75 x 1078, ns = 0.966, rp=7.61 x 1077,

Vil =977 x 101GeV,  Ap = 0.194M,, (5.3.16)
where A¢p = fN*e V26, dN with N, the end of inflation and N, = N, — 50, n, is
the scalar spectral index, and r = Pr/Pg = 16 €, is the non-sourced estimate for the
tensor-to-scalar ratio.

Although this model seems promising as a candidate to have a large enhancement
of the gravitational wave sector induced by the gauge field as it supports @ for a
long period during inflation, it turns out to be ineffective. The backreaction (we will
derive in detail an estimate for the backreaction in section induced by the tensor
perturbation to the gauge field, tg, responsible for the enhancement to the gravity wave
sector, is too large. The principle concern of this backreaction is onto the equation of
motion for @, . We require that the backreaction on this equation, 'J'gR, be
much smaller than the largest term in , namely 2HgQ?¢, (see ) As is
discussed in [3], ‘Tg r is dependent on the size of {p and g and we show this in FIG.
Since our background inflationary system is of a lower energy scale than the example
provided in [3], we naturally require a larger enhancement to the gravity wave sector
to uplift r to observable values. This requires a larger value of g and hence leads to
larger backreaction. On top of this, the largest term in (5.2.13)) is considerably smaller

2
due to the lower energy scale — one can write 2HgQ?¢), = 2H 3% and we see that a
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Figure 5.9: A quick comparison of the backreaction, ‘J’gR, on (5.2.13)) (solid lines), and
the largest term in (5.2.13)), 2HgQ?¢), (dashed lines) against &g for different values of g.
Reducing g decreases the backreaction and increases the largest term in (5.2.13]).

lower value of V oc H? reduces the size of this term, consequently meaning we require
even smaller backreaction on this equation. As we can see in FIG. this effect can
be mitigated however by choosing a smaller value for g and as is seen in [I0I], having
a low energy scale does not necessarily ruin the efficacy of this model. Unfortunately,
we were unable to find a working example where the evolution of by could support a
good value of {g with low enough g for the backreaction to be under control without
spoiling the generic inflationary predictions of Kéahler inflation caused by m. In fact
in the example shown here the value of {g ~ 3.5 is not large enough to generate a
substantial enhancement to the PGW spectrum despite the fact we have g = % at a
relatively large value and the backreaction is already too large. In practice we were
unable to even get close to a working model with this two scalar field model. This is in
a large part due to the interaction between 1 and bo; as can be seen in FIG
their evolutionary histories are tied. The fact that the field responsible for inflation, 7o,
is directly (through the coupling f) and indirectly (through b2) coupled to the evolution
of the gauge field, @, is in fact quite restrictive.

This is the reason we modify this model by introducing a fourth Kéhler modulus,
Ty, to act as an inflationary spectator and instead choose this modulus to be coupled
to the gauge field, while allowing the inflaton, 7o, to be free. This modified model with
an extra Kahler modulus is example 2 in and we now couple it to a gauge
field.
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5.3 Examples of (spectator) chromo-natural Kéhler inflation

5.3.2 Background evolution of example 2

We now consider example 2, the case where an extra modulus, Ty = 74 +1b4, is included
in the system. We choose this modulus to be coupled to the gauge field through the
gauge kinetic functions, f and h, while 75 remains the inflaton. For simplicity, b is

taken to be at its minimum. The inflationary potential can again be found from the

superpotential and Kéhler potential as shown in

8(a4A4)26_2a474\/7'>4 N AWoag Age %™ cos (agby) T4

Vo=Vi4 San.V v

(5.3.17)

where V] is the potential for example 1 . The advantage of this system, where we
effectively have spectator fields, 74 and b4, coupled to the gauge sector, is that there is
now a lot more freedom in choosing the parameters and initial conditions for the axion
and gauge field because we do not have to worry about inflationary predictions. We do
however require that both the kinetic and potential energy densities in the spectator
fields are less than those of the inflaton. This ensures that the inflationary predictions

of Kéhler inflation are not affected and that 74 and b4 are true spectator fields.

Parameters

We choose parameters to be

A 1 1
= -, azi’ )\ :10’ )\ :1, )\ :Ol,
§ 5 o5 2 3 4
27 27 27 1 1
ap = — a3 = — ay = — = — = —
27 30 3T 30 T 27 17 %106 37 495
40

Ay =2x1077, B = 6.94681 x 107°, Wo (5.3.18)

The parameters are the same as in with the addition of A4, chosen to be
much smaller than A so that 74 and b4 have lower kinetic energy and therefore have a
negligible contribution to €,; and a4 and A4 are chosen to be much smaller than as and
Ao, respectively, so that the energy density of the universe is dominated completely by

the inflationary sector.
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The global minimum of this potential is found at:

(11) = 2555.35,  (19) =4.77519, (73) =2.65102, (14) =11.141, (V) — 10140.1,
(5.3.19)

with b, = 7/a,. Displacement of 71, 74 and by away from this minimum leads to a small
shift in the values of 73 and V at the new local minimum. For numerical simplicity, we
set 73 and V, as well as the by and b3 axions, to their minima. We are now considering

a three-field system of (72,74, b4) with real field space metric

Ao 0 0
3o VT2 A4
= — = 0 . 3.2
Yab 4V /71 N (5 3 0)
0 \/77_7

This system is coupled to a gauge field exactly as in example 1, however, this time
it is not the inflaton, 7, that is coupled to the gauge field. Instead, the two spectator

fields, 74 and by are coupled to it through the terms in the action:

o519 (fa)F,fVFAW 1 et (fa)F,j‘VFAW (5.3.21)
where
f(o%) = %74, h(¢") = 26—;64. (5.3.22)

The equations of motion are as before ([5.2.12)—(5.2.13)). The initial conditions for 7y,

by, and Q; as well as the values of ¢, ¢2, and g are chosen phenomenologically to lead
to a large (observable) enhancement of the gravitational wave spectrum (see section
without leading to excessive backreaction from the gauge tensor perturbation (see
section . With this in mind, the parameters are chosen to be

a =1, ca = 450, g=—". (5.3.23)

Although smaller than in example 1, again the value of ¢o > 1. This seems to be a

general requirement of these models. The initial conditions are taken as:
7 =8017, 14 =126, by=059—,  Q=8x10"*M,. (5.3.24)

a4

The modulus 74 is taken to start near its minimum for simplicity, and as can be
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Figure 5.10: The evolution of the inflaton, 75 during the last 60 e-folds of inflation (left)
and during the last few e-folds (right) for example 2.

seen in FIG. it remains roughly constant. The important spectator field is of
course the axion, bg, which moves slowly towards its minimum as can be seen in FIG.
Contrary to the situation described in example 1 above, in this example, the
axion’s (by) evolution is slowed considerably by its coupling to the gauge field, @), which
backreacts on by through the term on the RHS of , —3g~y® hp Q? (HQ + Q) =
3g2 R4 Q? (H Q+ Q) This term almost completely cancels with the potential

21 3alg
term fy“be = 4§;‘{\? g—l‘; as can be seen in FIG. [5.12] This “slow-roll solution” is the

situation described and expected in chromo-natural inflation [78] and more generally
in models with a spectator axion coupled to a gauge field ([3],[4]) where the gauge
field, @, has an attractor solution such that it forces the axion to roll slowly. This slow
evolution of the axion leads to the gauge field, @), being sustained for a large period of
time during inflation as is shown in FIG. The evolution of the inflaton, 7o, as well
as plots of £y, &, and the slow-parameters, ¢, €,,€p, €g are shown in FIG. 5.17
Notice also that ep ~ € > €, in the early stages of inflation. This is a similar situation
to that described in [101] and is acceptable as long as the scalar perturbations of the

gauge field are very small relative to the inflationary perturbation and therefore the

scalar power spectrum can be taken as 85{;, which we will discuss in section
We turn now to the inflationary predictions of this model. Let us start discussing the

scalar spectral index: ng = 1 — 2e — 1, with 7, = d(Ine,) /dN. This form for n, arises

H2

under the assumption that the power spectrum is well-approximated by Ps = g5
7]

instead of Py = 817{—226. Since in the model described, € ~ ep > €, for much of inflation,
this a very important distinction. This assumption is well-justified if the scalar power

spectrum receives a negligible contribution from the gauge field perturbations on super-
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Figure 5.11: The evolution of the secondary modulus, 74 and its axion partner b; in
example 2. Both fields decay well before the end of inflation.
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.2.12)) in example 2. The contribution from the
gauge field almost exactly cancels the contribution from the potential leading to a slow-roll
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Figure 5.13: The evolution of the gauge field, @ (left) and &g = % (right) during the
last 60 e-folds of inflation in example 2. The evolution of @ is tied to the evolution of by.
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Figure 5.14: The evolution of the effective coupling constants of 74 and b4 to the gauge
field, &5 (left) and &, (right) during the last 60 e-folds in example 2.
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Figure 5.15: The evolution of the slow-roll parameter, ¢ (left), and the proportion of e
made up by €., during the last 60 e-folds of inflation in example 2.
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Figure 5.16: The evolution of the electric and magnetic components of the slow roll
parameter, eg (left figure) and ep (right figure) respectively during the last 60 e-folds of
inflation in example 2.
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Figure 5.17: Comparing eg with the overall slow-roll parameter, €. eg provides the
largest contribution to € for the majority of the last 60 e-folds of inflation.

horizon scales [101] (see[5.5)) and is therefore the same power spectrum that would arise
in this model if the gauge fields were ignored, i.e., the one approximated by

H2
B 8m2e,

Ps

(5.3.25)

The value of the scalar spectral index can then be determined following the usual

procedure:
dIn Py
ns—l=—— (5.3.26)
where
2
s = , Ink=N+InH 5.3.27
8m2e, . i ( )
because x = k/aH =1 at horizon-crossing. Using the chain rule
din®Ps,  dInPs dN
dlnk  dN dlnk (5:3.28)
and
H? dln® dinH de
dinPs=dln| —— | =2dInH —dl =2 i & 3.2
n n <87T26<p) n ne, = — N IN (5.3.29)
but
1 dH dln H dIn Py
= o s B oy, (5.3.30)

HdIN dN dN
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_ dlney,

where we have explicitly defined 7, = —55%. Also
AN dink\ ™" din H\ ™
dink < N ) - (H N ) ~ e (5:3.31)

dinP,  dlnP, dN

= o= T AN dmk

(—2e —n,) (14 €) ~ —2¢ — 1, (5.3.32)

leads us to
ng=1-—2e—1,. (5.3.33)

The expression for the non-sourced tensor-to-scalar ratio ry is equivalently

P
ry = ?% — 16e,, . (5.3.34)
This model makes the following inflationary predictions, 50 e-folds before the end of

inflation:

€p=444x10"%  n,=0967, 7,=7.10x10",

V=949 x 101GeV,  Ap = 0.189M, (5.3.35)

where A¢ = [°\/2¢, dN with N, the end of inflation.

5.4 Perturbations

We now consider perturbations to this system. We are particularly interested in the
tensor sector as our hope is that the gauge field, supported during inflation by the
evolution of the axion — which can act as a source term for the tensor perturbations
— provides a large amplification to the gravitational wave spectrum of Kéahler modulus
inflation. In the next few sections we will discuss the following aspects that must be

simultaneously satisfied

o Amplification of primordial tensor fluctuations: we show that the primordial spec-

trum of tensor fluctuations of Kahler inflation can be amplified by a factor of order
103. The enhanced spectrum reaches values that can be probed by the future gen-

eration of CMB polarisation experiments [39-44]. The spectrum produced will
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Figure 5.18: Analytic estimate of the sourced tensor-to-scalar ratio, r, against {g = %
for different values of g. The dashed lines correspond to the (non-sourced) background
tensor-to-scalar ratio for our example r, = 7.10 x 10~7 (orange) and the observational
cut-off 7,45 > 1073 (blue).

~

be almost completely chiral. However, we shall explain that the tensor chirality
is likely not observable for the predicted value of the parameters of our Kéhler

moduli inflation model.

e Backreaction of gauge fluctuations: In section we perform a careful estimate

of the backreaction of fluctuations. We show that the backreaction of a poten-
tially large amplitude of gauge field fluctuations can be made sub-dominant in
the evolution equations for background quantities. As anticipated, a small back-
reaction requires a small effective gauge coupling, which is why in example 2,
g = ﬁ was chosen. We were unable to find a parameter set for example 1
where the value of g could be very low and the gauge field could be sustained at

a large enough value for sizeable enhancement.

Before discussing the perturbations in detail, we show in figures|5.18 (repeating
a very similar plot as FIG. for emphasis of this point) why the system is heavily
constrained, and in particular why we require a very low value for g. In figure
we plot the analytical estimate (see below) of the sourced tensor-to-scalar ratio as a
function of the parameter {g = g@Q/H for different values of the effective gauge coupling,
g. The enhancement is exponentially sensitive to the value of {g. In figure we
show an estimate of the backreaction (see of the gauge field tensor perturbations
on the equation of motion for @ (5.2.13) as a function of £y for different values of

g. In order to ensure that our approach of choosing the gauge field to be in the
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Figure 5.19: The backreaction of the tensor fluctuations on the equation of motion for
Q, Tg  (solid lines) along with the largest term in the equation of motion for @, 28Q?HE),

(dashed lines) plotted against g for different values of g. Increasing {g increases ‘J‘g R
much faster than 2gQ?HEy,, but decreasing g reduces ‘Tg  whilst increasing 2gQ*H¢&,.

isotropic configuration, A;A = 5;4(1@, is consistent, we require that the backreaction
'.TgR, be considerably smaller than the largest term in , namely 2gQ?H¢p,. The
backreaction also increases exponentially with {g. However, the lower g, the smaller
the backreaction. Since we require a large enhancement to uplift the tensor spectrum
of Kéhler moduli inflation, we need a relatively large value for £ 2 4 (in [3], {o < 3.5)

and consequently a very small value for g.

5.4.1 Set-up

Following [80], the perturbations can be decomposed as (equivalently to [chapter 3)):

0" = 0°(t) + 00" (¢, 2")

A = a(t) (Ya(t,a') + 0aY (t,27))

A =a(t) [(Q(t) + 6Q(t, )04 + Oy(Ma(t, ') + 0aM(t,2"))

+eiac (Uc(t,z') + 0cU (t,2)) + tia(t, a")]

goo = —a?(t)(1 — 2¢(t,a"))

goi = a*()(Bi(t,a") + 0, B(t,2"))

gi; = a®(t) [(1+ 29 (¢, 2"))0s5 + 20,0; E(t, ") + 0, E;(t, a") + 0, E;(t, x") + hyj(t, 2")]
(5.4.1)
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Here, again, A = 1,2,3 is the SU(2) index and i = 1,2, 3 is the spatial index. The
tensor modes are the perturbations ;4 and h;;, on which we impose the transverse
and traceless gauge: 0;h;; = Oitia = tia = tii = hy = 0 which leaves us with 4
tensor perturbations. The vector modes are Y, M a,Uc, B;, E;, which are also chosen
to be transverse leaving 10 vector perturbations. The scalar modes contribute another
10 (example 1) or 11 (example 2) perturbations. However, the SU(2) gauge freedom
allows us to set U = U; = 0, immediately removing a scalar and vector perturbation.
However, vector perturbations have been shown to quickly decay on super-horizon scales

[3, 80] and so these are ignored.

Tensors

First we focus on the tensor perturbationﬁ This is the same set-up as in
Taking our momentum vector along the z-axis, kK = k, and including only the remaining

tensor perturbations, we can write our gauge fields and metric as:

A} =a(0,Q+Ty,Tx,0)
Al =a(0,Tx,Q ~T4,0),
3 _
Au =a (Oa Oa 07 Q) (542)
and
—1 0 0 0
o]0 1+ hy hx 0
G =@ 0 I 1= h, 0 (5.4.3)
0 0 0 1

where T, T« and hy,hy are the transverse tensor perturbations of the gauge fields

and metric, respectively. To quadratic order the metric inverse is:

-1 0 0 0
5| 0 1—hy +h% + h? —h 0
ny 2 + + X X
=% 1o —hy 1+hy +h2+82 0 (5.44)
0 0 0 1

15We will use a different formalism for the metric when working with the scalars for convenience.
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5.4.2 Analytic approximation

After finding the tensor action to 2nd order in perturbations, the linearised equations
of motion for the tensor modes to leading order in slow-roll can be found and these are
given below. We use notation standard to the literature (as in [3]), whereby we split
the tensor modes into left and right-moving modes: ¢ r = (aM,/2)(h4 £ thy) and
tr.r = a(Ty £iTy). By applying a first order slow-roll expansionﬂ we arrive at the
equations of motior[] :

2 /Fep 20/Fep

OplrL + —5
X X

PR+ (1 - ;) YR = (Co Fo)tr (5.4.5)

x

= 2B g+ 2 (€ F 0B T + (L+ 260 Ven T v (5.46)

O2tr,L + [1 + 22 (§én Fx(§o + §h))} trRL — %@ctﬁw

where, to first order in slow-roll:

CV(Q—-20,Q)) VfQ _VgQ?
Ver = e T Yy VR T T, (54.7)
and recall that
_ gQ _ CZb.a o C17a
éQ—fH ; Sh—QfH, £f—2fH (5.4.8)

where a = 2,4 corresponding to example 1 and 2 above, respectively. Before discussing
our numerical results, we can make some progress analytically as in [3]. First, we note
that only the right-helicity mode can be enhanced — the relevant term in is given
by :F% (o + &) tr,1, which can only cause an enhancement in the right-helicity mode,
tr due to the minus SignE For this reason, we will only consider the right-helicity
mode, tg, in our discussion as this is the one relevant to enhancing the gravitational

wave spectrum. Proceeding to find an analytic approximation, we start by solving

6Here by, first order, we mean objects proportional to Vi, i = ¢, E, B. The full equations are in

These equations of motion are completely equivalent to those in |chapter 3|and [3] (set f =1).

¥Due to the 1/x factor, and &g, & > 1, this term dominates over the other two terms proportional
to tr,r when z ~ O(1). When z > 1, the term ¢, dominates, tg ; does not grow; and then when
z < 1, the term Z%quhtR,L dominates and the solution once again stops growing.
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the right-helicity homogeneous equation of (5.4.6) with &, &, and &g assumed to be

constantlﬂ This gives solutions

1
tp = ——iP2Sr W, al(—2ix 5.4.9

where Wy, (z) is the Whittaker function, 8 = —i(£g+&p,) and o = 11/=8&0&, + (1 + 2€5)2.

The solution is normalised by the early-time solution, tgp — (2k)~'/2(2z)Pe®2ts,

x — 00, which is the equivalent initial condition to the one given in [3] (set £y = 0).
We then wish to find the Green function for for which we use the following

formula
N vi(@)(a) —vi(@ ) (x)
Gl t) = )o@ (@) ()

where v; and vy are the homogeneous solutions to the equation one wishes to solve. In

(5.4.10)

our case, (5.4.5)) has homogeneous solutions:

vi(z) = € <1 + Z) (5.4.11)
x
and
vo(z) = e (1 - Z) . (5.4.12)
With this, our Green’s function is

Gla,a') = (' — x)cos(z’ —z) — (1 + za’) sin(z’ — x) . (5.4.13)

zx’

We now need to perform the integral

Jor{i 5

OptRL + — ()7 (&g — )}G(x,x'). (5.4.14)

An analytic estimate for this integral can be found by first performing an indefinite
integral over z’, then by taking two limits: first ' — oo (the dominant contribution

to this integral will be in the sub-horizon limit before the gauge field decays). Then in

190f course in reality, as can be seen in e.g. FIGs 5.14] these are not constants and this is a
limiting factor on the accuracy of this analytic approximation. Despite this, it proves to be a good
order of magnitude estimate of the enhancement.
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the super-horizon limit

1
lim :7{53\/ ez + FE\/fe } 5.4.15
_}0¢R mx E f E B f B ( )
The sourced tensor power spectrum is given by:
i = 9l 4 9p

where

egH?

= F% (5.4.16)

pls =0, PFS(k) = 2]\42|\ﬁ:c1mm/;R| = f-D

and F% = |FE + eE/eBS'"ER|2 is a measure of the amplification. F% and F% are given

by

Fh =
P24 o 3 3 (-8 —¢&)
_ sim(B+E5) _ _2 _2 f
256 ¢ fr( at s 2>F<O‘+’5f 2>{r(—a—5+;)r(a—ﬁ+§)
[ =160 +8a” (88 +4&% +5) — 8 ((88 + 3)&,2 + 885 + 2B(88 + 1) + 264) + 32¢; — 9]

1 4 2 2 2 2
e ey [16a* + 8a” (88 — 4&% — 5) + 128587 — 163(2&5 + 1)

+(1—285)°(4&5 (65 +1) +9)] } , (5.4.17)

I =
24=¢s

Lim(B+e _ _3 3 I'(—8—¢&)
2566 (+f)F< a+&f 2>I‘(a+§f 2>{F(—a—6+§)f‘(a—ﬁ+§)
[8itq(B+ &) (1—4a® +88+4(& —1)&)

—(40® —4(&—3)& —9) (4® —88 —4& (&5 + 1) — 1)]

1 .
T(—B+& +1) [8igo (B—¢) (4a” +88 =4 (& — )& — 1)

+ (40® —4(& —3)& —9) (4a® + 88 —4&f (&5 +1) — 1)] } : (5.4.18)
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Figure 5.20: The amplification factor, 32, of the tensor power spectrum for right-helicity
modes in our analytic estimate plotted against the effective mass of the gauge field, {g. The
left figure uses &y = 9.91 x 107 and shows the function e3:6¢@ which gives an idea of how
the enhancement scales with £g. The right figure shows two cases, £ = 9.91 x 10~° and
&5 = 0 demonstrating that s is too small to have any effect on the tensor perturbations.
This plot is therefore completely equivalent to that given in [3].

As was mentioned in section [5.3] example 1 leads to too great backreaction from tg
on the background equations of motion meaning it is inconsistent. For this reason, we
focus on example 2 where an extra modulus, 74 has been introduced and is coupled to
the gauge field. Using the slow-roll approximation, &, = §g + 5{21 + &5 /&0 and taking
£ =991 x 1072, the value it takes 50 e-folds before the end of inflation in example 2
above, we plot the amplification factor F2 for right mode in FIG. and we compare
the amplification factor for {; = 9.91 x 107° and & ¢ = 0. There is negligible difference,
suggesting that this coupling is too small to affect the tensor spectrum.

We define the total tensor spectrum as r = 7y + renn Where 1y is the background
inflationary tensor spectrum r, = (2H?/72)/Ps and repp, = P5/Ps with Py = 2 x 1079
where P; is calculated through . For example 2, 50 e-folds before the end of
inflation we have r, = 7.10 x 107 and 7¢,), = 8.57 x 10~* leading to an overall estimate

for the tensor-to-scalar ratio of r = 8.58 x 10~4.

5.4.3 Numerical results

We will now discuss the full numerical solution for the tensor perturbations for example
2. We consider the full equations of motion without employing the slow-roll approxima-
tion and normalise our solutions in the Bunch-Davies form tg(zi,) = ¥r(wim) = 1/v/2k,
th(xin) = Vh(zimn) = i/ V2k where z;, should be some relatively large number that

we take to be x;, = 2 x 10, numerically approximating infinity, andlﬂ k =k, =

20This is default pivot scale for Planck [37].
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0.05 Mpc~!. The evolutions of tz and 1 are plotted in FIG With no enhance-
ment to the gravity sector, ]\/ﬁ x| — 1 at super-horizon scales, z < 1, but as we
can see Yp freezes out at super-horizon scales with an enhanced value due to a tran-
sient instability experienced by tr just before horizon-crossing even as tp decays. The
freeze-out value of %|\/ﬂ zr|? (the factor of a half arrives because only one of the
two helicities is amplified) is the amplification factor for the tensor power spectrum.
Evaluating the tensor-to-scalar ratio, r = P;/P, with this freeze-out value leads to a
larger enhancement than that predicted by our analytic estimate above, giving an en-
hancement of 1, = 7.10 x 1077 — r = 1.27 x 1073, an amplification of ~ 1791 for
example 2. The value of r = 1.27 x 1073 is large enough to be potentially observable
at next generation detectors such as CMB-S4 [41] and many others [39] [40] 42H44]. We
define the tensor power spectrum aﬂ

Py = ;\;I%Zh/ﬁx Yr|? (5.4.19)
and evaluate this with the freeze-out value (z < 1) for |v2kx1g|?, with horizon-
crossing, z = 1, taken to be 50 e-folds before the end of inflation.

It is interesting to stress that the resulting tensor spectrum is fully chiral, since
only the right-helicity tensor modes get amplified. On the other hand, the resulting
tensor-to-scalar ratio is at least one order of magnitude too small for its chirality to be
detected by cross-correlating T, E and B spectra with future CMB experiments — see

e.g. [87] for a detailed analysis.

5.5 Scalar perturbations

We will now discuss the scalar perturbations in this system. As mentioned, we will use
a different formalism for the metric than the one used for the tensors. This will prove
to be consistent as we will show that the scalar metric perturbations have no impact at
linear order, and can therefore be set to zero. Our starting point is the ADM formalism

as described for generalised multi-field inflation in [I 18]@ In the ADM formalism, the

21This is not the same as (5.4.16)), which accounted only for the sourced contribution to the tensor
power spectrum. The following is defined through the full numerical solution and is therefore the full
(right-helicity) tensor power spectrum. Since this is so much larger than the (non-enhanced) left-helicity

power spectrum, we can safely neglect the contribution from the left-helicity mode.
22This is simply a multi-field generalisation of the formalism discussed in [chapter 1
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Figure 5.21: The evolution of the (right-helicity) tensor modes for the gauge field, tg,
and the gravity sector, ¥ g for example 2 plotted against « = k/aH.

metric is taken to be:
ds? = —N2dt* + h;(da’ + N* dt)(da? + N7 dt) (5.5.1)

where N and N are the lapse and shift functions, respectively. With this choice, our
full action, ((5.2.1)), can be written in the form:
1 1 h y
S=3 / dtd*zVhN (R(3) + 2P) +3 dtd3x\§ (B EY — E?) | (5.5.2)
where R®) is the Ricci scalar calculated with the spatial metric, hij, whose determinant

is h = det (h;j). E;; is the symmetric extrinsic curvature tensor given by:

1. 1 1
“hij — VN — 5vf’>1\rj (5.5.3)

Eij =3 2

and E is its trace, F = h% E;;. Finally, P, is the matter sector and for our system is:

f(9)

4

h(¢®) -
Fa Fpam MF;,FAW (5.5.4)

P=X-V-—
v 4

where X is the kinetic term and can be decomposed as:

1 a b 1 a, b Yab ; ij a b
X = —Q%bc‘)uqb 8”¢ = W’Yabv v = 7hj8i¢ aj¢ (5'5'5)
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5.5 Scalar perturbations

with v® = é“ - NJ 0;¢. Variation with respect to the lapse, IV, leads to the energy

constraint:

R®) — 2V — 4, hi19,6°0; 6" — {EU B — B2 4 b

+f (W PGy — WENTFG R + hsz’“NlF;,‘;F;;‘ +WINFFEFR) =0 (5.5.6)
and variation with respect to the shift, N?, leads the momentum constraint:

g (1 . .
v <N (Eg - Eag)) N = 406" + f hi* (NlF,ﬁFA + FiFg ) . (55.7)

We now wish to linearise the system in scalar perturbations. We choose the spatially
flat gauge to set h;; = a(t)?d;; and define the scalar perturbed lapse and shift function
as:

where a and [ are linear perturbations. As defined previously, we decompose our fields

in the following way (considering now only scalar perturbations):

" = ¢°(t) + 00 (t, a")
A = a(t) 04Y (t, zY)
A =a(t) [(Q(t) + 6Q(t, 27)) 6 4; + 0,04 M (L, 27)] . (5.5.9)

In example 2, §¢* = {d72,074,0b4}. Including o and 3, we therefore have 8 remain-
ing perturbations. However, the perturbations Y, «, 8 are all non-dynamical (no time
derivatives of, e.g., Y, appear in its equation of motion). The equations of motion
for these three perturbations can therefore be used as constraints. From the energy

constraint ([5.5.6), we get the following equation for 5:

4HO*B 4+ 120 H?a = 2aH \/ fep °Y — 60> H\/ fep (HOQ +0Q) — 242 V.4 6¢° (5.5.10)
—2a2H\/fep O*(HM + M) — 2a2~,4¢*D;0¢°

and from the momentum constraint (5.5.7]), we get the a equation:

1

= 57 (0 909" + 2H\/ e 0Q + 2Heg  Fen Y ) | (5.5.11)
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where D;8¢® = 5 + Iy, gﬁbéqﬁc, 0% = 9;0", and we have performed a systematic slow-
roll expansion up to first order in /€ as was described for the tensor perturbations. By
expanding the action up to second order in the scalar perturbations, and substituting
the values for o and 5 found from and , we find equations for the
remaining perturbations, Y, d¢%, 6Q, M. The constraint equation for Y can then be
found after moving into momentum space and choosing the wave-vector to be purely on
the z-axis, k = k,. Y can be found from this equation then substituted into the Fourier-
space equations of motion for d¢p%, 6Q, M. Whether we set the metric perturbations
« and B to zero or not, the algebra is extremely involved, and we will therefore only
summarise our results here. Before attempting to numerically solve the equations for

3¢, 0Q, M, we change to * = k/aH coordinates, and by redefining the fields as in
([3],[801)

oo = Ar, , o7y = Ar, ) dby =
a

a a
5Q = Ay M — agQA1 + v k? + 2a*g?Q* Ay (5.5.12)
V2a’ V2ga?k*Q o

we can remove a and k from the equations of motion, using £ = xaH. The initial

Ap,

conditions for the scalar field perturbations have the multi-field inflation form [26]:

—zH%" dA® —ix %"

) Tin) =
V2kp dx( ) V2kp

(5.5.13)

where A = (A,,, A, Ap,) and $p? = ’yabgb'a&b = 2 H? yab%% while the scalar gauge

field perturbations have the standard Bunch-Davies initial conditions:

1 dAZ-( ) 7
= — \Tin) = —F/—
V2k dx V2k

where A; = (A1, Ag), k = k. = 0.05Mpc ! is the pivot scale and as before ;, = 2x10%.

Ai(zin) = (5.5.14)

We first demonstrate that the inclusion of the scalar metric perturbations, «, 3, in
the equations of motion for scalar perturbations has no effect on the evolution as
these contribute negligibly. The complexity of the equations including the contribution
from the metric perturbations is so high that a full evolution of the system is beyond

the scope of this work. Instead, we show that over a shorter evolution®] there is

23The smaller the final value of z, the closer to the end of inflation.
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Figure 5.22: The evolution of the scalar perturbations defined in with (left figure)
and without (right figure) the inclusion of the metric perturbations «, 8 found through
(5.5.11)) and (5.5.10) for example 2 plotted against @ = k/aH. The metric perturbations
have a negligible effect on the evolution and can safely be set to zero.

no difference in the system’s evolution with or without the inclusion of the metric
perturbations. We then do a full evolution without the metric perturbations to include
the decays of all the fields. As can be seen in FIG. the metric perturbations have
a negligible effect on the evolution of the scalar perturbations and can therefore be set
to zero. We include the scalar perturbation equations for example 2 in
In order to see that the perturbations are well behaved, we define the (tangential)

multi-field scalar perturbation

_ 968" A qapd? A
¢ a ap

with A® = (A.,, As,, Ap,). In the standard multi-field inflation case, the combination

|[vV2kxAs| should be (‘)(1) after horizon-crossing, x < 1 before the background fields

decay and lead to a decay in the scalar perturbations. In FIG. A; is plotted

5 (5.5.15)

with the gauge perturbations, Aj, Aa. As can be seen, Ag freezes out (r < 1) with
IV2kzAs| ~ O(1) > |V2kzAy|, |[v2kxAs| suggesting the gauge field has negligible
effect on the scalar power spectrum. The full evolution including the decays of all the
perturbations is shown in FIG.

We have shown that the metric scalar perturbations contribute negligibly and that
the scalar perturbations to the gauge field are very small relative to the tangential

inflationary perturbation. Our assumption is that the scalar power spectrum can be

24n the perfectly massless case, when the potential is perfectly flat, |v2kzA,| = 1 after horizon-
crossing. Therefore a value close to 1 is expected during slow-roll inflation. When the slow-roll ap-
proximation breaks down, as happens when the inflaton nears its minimum, the perturbation will grow
before decaying as the background inflaton settles to its minimum (see .
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Figure 5.23: The evolution of the scalar perturbations defined in (5.5.12) and (5.5.15))
plotted against x = k/aH. After horizon-crossing, z < 1, the scalar perturbation associated
with the scalar fields, A, is consistently much larger than the scalars associated with the

gauge field, Ay, As.
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Figure 5.24: The full evolution of the scalar perturbations defined in (5.5.12) and (5.5.15))
plotted against © = k/aH including the decays of all the perturbations which take place
concurrently with the decays of the corresponding background fields.
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split into a contribution from the gauge field and the standard inflationary part. With

the gauge field perturbations sub-dominant, this means that the power spectrum will

be well-approximated by P; = % and that therefore the inflationary predictions of
7}

both P, and ng are not spoiled by the presence of the spectator gauge field.

5.6 Backreaction

In order to verify the consistency of this model, particularly the assumption that at

A

2, can be taken in the isotropic form, Af‘ =

the background level, the gauge field, A
a(t)6 Q(t), we must check whether the tensor perturbation to the gauge field, which is,
by necessity, large when z ~ 1, does not produce a large backreaction on the background
equations of motion. In order to estimate this backreaction, we will take advantage of
our analytic solution for the tensor fluctuation to the gauge field, tg, given in .
Of course this solution is merely a mode function, and we start by promoting tp and its

conjugate tr, to quantum operators. Starting with the definitions for T, Tk, we arrive

at the following forms for ¢ and ¢

5 s T
fR(Z) = / (ZWI;B {tR(k) ar(k) etkZ t (k) &J[L(k) e—zk.z}
3 o o
v = | (;f)“g {tk)an(k) 5 + tp(kyafy(k) e *5) (5.6.)

lar(v),al(@)] = @) 6 (- @) (5.6.2)

and all other combinations are zero. The mode function tr and its conjugate t} are

given by (5.4.9) and tr,t] are assumed to be negligible over the relevant region. The

25This is completely the same as discussed in [chapter 3
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following integrals prove useful:

A3k
(OtrtL|0) = / 3|tR|2
d3k3
(0|t tR|0) :/(2 Z|tLl? ~0

Ofinaiinlo) = [ 355tn @17)
Ol 01rlo) = [ 3 55t001t3) ~ 0
00 irl0) = [ 35 @t~ o
(00ir i1|0) = / (;lil;s (Outr) L
Olinda)0) = [ s iblin?
Off0:tal0) = [ ikl o
(00.751]0) = / (;l;; ik[tn|?
©l0-ininl0) = [ (;l:; iK[tL]2 ~ 0
(0105 04EL|0) = / d3k3|8ttR|
(0104t Drtr|0) :/ 3|8ttL|
(0/0.5 0-110) = d tf?
(010,11, 0.tR|0) = ltr)? ~ 0

(5.6.3)

With these in hand, we can find equation of motion for @, (5.2.13]), including the

backreaction from tp:

O+3HO+Q (H+2H2) +26°Q° — 25 Q* H ey + 2H & (QH+Q)

g [ &k k. o gaH [ d%
53 —[tr|"+ 2
3a (27)3a 3a (2m)

sltrl* =0 (5.6.4)
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Figure 5.25: The evolution of the leading terms in the equation of motion for @ (5.6.4)),
2g Q? H &y, (blue), 2g2 Q3 (orange), 2H? @ (green) and the backreaction induced by the

gauge tensor perturbation, Tg g (red) in example 2 plotted against z = k/aH.

which is in fact identical to the equivalent expression in|chapter 3|and [3] — the difference
is accounted for in the definition of £,. To make an estimate of the additional terms’
magnitudes in terms of the effective mass of the gauge field, &g, we again follow [3] by

defining;:

3 3 3
= 5 [ Grpltnl+ 355 [ heP= 5 (6 i (c) + aca)) (565)

3a? (2m) 3 a? 27)3 1272
where
B1(6o) = [ dealift Wi (~2i0)] (5.6.6)
0
fBa (éQ)z/ dx x2iP 2T W o (—2iz)|? (5.6.7)
0

where we have used the analytic solution for ¢tg given in ([5.4.9); used the same cut-off

described in [3], Zmaez = o + &n + /fé + &2 which encompasses the main region for
which tg is enhanced by the transient instability near x = 1; and 8 = —i({g + &)

and a = £/=8£&, + (1 +2¢5)2. FIG. shows the evolution of the backreaction

term, ’J’g > blotted with the leading contributions to the equation of motion for @ for

example 2. ‘J'g r 1s indeed small relative to the largest contribution given by 2g Q> H¢p,.
As mentioned in section [5.3] in example 1 the backreaction of tg is too large and this
is shown in FIG.

We also want to check that the contribution to the energy density is low. The

contribution to the energy density from the gauge tensor perturbation is found to be
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Figure 5.26: The evolution of the leading terms in the equation of motion for @ (5.6.4)),
2gQ? H &y, (blue), 2g2 Q3 (orange), 2H? Q (green) and the backreaction induced by the

gauge tensor perturbation, ‘J'g g (red) in example 1 plotted against z = k/aH.
(exactly analogously to [3])

1 dk (1 s [k 5 HY
= [ G {200tal+ (5 as@) kil =10 (569

where 7 is conformal time and
| }

Tmax 2
thRZ/ dmm3{ + <1+2£Q>
0 X
(5.6.9)

Using this expression, in FIG. 5.2?L the evolution of p;, is plotted alongside p, ~ V'

0, (29 W (~2i7) ) Bt W o (—2ix)

and pg = % f [(H Q+ Q>2 + g2Q*|. Tt is a sub-dominant contribution throughout.

Example 2 is therefore a working phenomenological model which is capable of pro-
ducing a large enhancement to the gravity wave spectrum without excessive backre-
action and without a large contribution to the scalar power spectrum from the scalar
perturbations to the gauge field. This model requires without justification that co > 1
and g < 1. The coupling between the gauge field and the axion must be large (see
(5.2.27))) and since in Kéhler inflation we expect that ¢; = ¢o = 1 [119], there is no
theoretical justification for this, and we treat ¢; and ¢y as purely phenomenological. In
addition to this, since g = ﬁ < 1 (with N = [N/2]) (5.2.7), we see that immediately
that with g = ﬁ, we require an extremely large value for the degree of the gauge
group, SU(N) with N = 8 x 10°.

In the next section we consider a very similar but slightly more involved model in

which the necessary large coupling between the gauge field and axion can be given some
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Figure 5.27: The evolution of the energy densities in ¢%, p, ~ V (blue); in Q, pg =
P .\ 2

3f [(H Q+ Q) + ng‘ﬂ (orange); and in tg, (5.6.8)) (green), in example 2 plotted against
x=k/aH.

theoretical grounding. We will also consider more specifically what the requirement of

small g means for the gauge group degree.

5.7 Justifying the large Chern-Simons coupling (example
3)

The action is still given by and as in example 2, we use an extra modulus,
Ty = 14+1by, as the spectator scalar field coupled to the gauge field — the key difference
here is that instead of by being coupled to the gauge field through the gauge kinetic
coupling, we introduce a further Cs axion that allows for a difference between f, the
coupling to F? and h, the coupling to FF.

The spectator sector arises from a multiply-wrapped magnetised D7-brane stack
along a 4-cycle, ¥4, parametrised by the fourth Kéhler modulus 74. In this case, the
gauge kinetic function becomes [4, 105, 119421]@

A cbee

£°f

f4 =n (T4 + /611)40 bec + Kb;g) ; (5.7.1)
s

where n is the wrapping number, "5?)40 are the intersection numbers between the 2-cycles

of the Calabi-Yau, £¢ is the D7-brane magnetic flux and G* contains the 2-form axions

261n example 2, we used f1 = ;—;74 + i;—frm.
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and is given b G* = gisb“ + ic®, where b® and c® are the axions descending from
the By and Cs forms present in the theory. The Kéahler coordinate T} is also shifted by
G as Ty — Ty — Lk{. G*(G + G)° [119H121]. The magnetisation of the D7-branes also
contributes to the D-term for the D7-brane gauge theory [120, 121]. In general this can
receive contributions from matter fields living on the D7-branes. Here we assume that
these have been stabilised at a high scale together with the complex structure moduli
and the axiodilaton. Furthermore, we assume that the D-terms also contribute to the
stabilisation of the By axion at b = 0 similarly to [4, [105].

Finally, for a successful stabilisation of 74 consistent with the SCNI scenario we plan
to construct, we include as before a second stack of unmagnetised D7-branes, wrapping
the same cycle, ¥4, as the spectator brane, which gives rise to a second non-perturbative
contribution for the modulus 74. That is, the superpotential includes two terms for the

spectator sector given by
W) = Agem Tt + Aeml1, (5.7.2)

where

fi=n(Ty+imbd), (5.7.3)

with T = 74 4+ ib4 and we have denoted the magnetic brane flux with m and renamed
the Cy axion as ﬂ As before, the 4-cycles, Yo and X3, with volumes given by 7o
and 73, respectively, are wrapped by stacks of unmagnetised D7-branes that give rise
to gaugino condensation and introduce the standard Kéahler inflation superpotential
terms W D e~®"2 and W D e~ 73, The set-up of the 4-cycles and their respective
brane wrappings is summarised in FIG.

Let us summarise the parameter freedom we have and compare to the phenomeno-

logical DFF model [3]. The spectator sector’s action takes the following form@

h(b =

2"Where we have assumed that the axiodilaton imaginary part has been fixed to zero.

**We emphasise that this is not by which is still included in Ty = 74 + iba.

29We have ignored here the shift in Imfy due to by, which will be stabilised during the cosmological
evolution. We do this because the required value of the magnetic flux m > (bs) and thus will not
change the results.
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3/2 3/2

CY withvolume V = a(t,'" — A7, 713r§/2 - l4r:/2) The I, 4-cycle, with volume given by

T,, is wrapped once by N, = Bl
a

unmagnetised D7 branes (red) that
give rise to gaugino condensation with
gauge group SU(N, ) which introduces
the standard Kdhler moduli inflation
superpotential term W > e~ %72,

The £, 4-cycle, with volume given by 7, is wrapped n times by N
magnetised D7 branes (with magnetisation given by m) (blue),
The X, 4-cycle, with volume given by Ts, is which gives the desired form of the gauge kinetic function, f;, and

_z2m . introduces into the superpotential the term W > e~%/%_ As with
wrapped once by N; = gunmagnet\sed D7

P 2m .
X, and Z3, it is also wrapped once by N, = —unmagnetised D7
branes (red) that give rise to gaugino ? 3 PP VM a 8

condensation with gauge group SU (N;) branes (red) that give rise to gaugino condensation with gauge
which introduces the standard Kihler moduli group SU(N,) which introduces the standard Kahler moduli
inflation superpotential term W > e =93, inflation superpotential term W > =%,

Figure 5.28: A schematic of the set-up used in this section.

where f(74) = 74, h(b) = m b, we have absorbed the wrapping number n into the gauge
field A4, whose field strength is now given by Fy = dA—g AA A with our gauge coupling
now redefined as g = 1/1/nN/2 for convenience, and as we have discussed, both 74 and

b are dynamical during inflation. We therefore see that the key differences between
1 1

\/N/2 — &= \/nN/2"

Another difference is that the scalar potential is changed by the introduction of the
second term in ([5.7.2)), however the potential for b will still take the form (see below)

this and the previous examples are S+ — 1, £2 — m, and g =
2m ' 2T ’

V(b) o g(74) cos (namb) , (5.7.5)

where g(74) is a function of the spectator saxion, a = 27/N.

Scalar potential

The scalar potential is exactly the same as the four-field potential used in example 2

((5.3.17)) whose large-volume derivation was given in [chapter 4] starting with (5.3.6]))

with the addition of the terms dubbed V,,, i.e. our potential is

Va=Va+V, (5.7.6)
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where

8a2A? a 16aAas A a b
AL \/7»46_2?“ Pt e VAL 4\/?67(““%)74 cos [a4b4 —a <b + 4)]

" 3a\V 3asV m
4aAWoty _a, ~ by
+Te m ™ cos [a <b + - (5.7.7)

where we have defined

a = anm, A= 4 (5.7.8)

m
for convenience. These terms were found in the exact same manner as for the original

potential (see [chapter 4) whereby terms higher order than O((1/V)3) in 1/V with V ~

e~ %Ta gre discarded. The now four-field system can be described by real-space metric
[88], 119, [120]:

3a\
s 0 0 0
0 Sodi 0 0
T4
Yab = ‘ 3 : (5.7.9)
=1 o U
295 T4
0 0 0 o

where g is the string-coupling and ( is a model-dependent constant. The majority of

this section will in fact assume a three-field model as we will show that if the b4 axion

T
a4’

overall system. The new terms in the potential (5.7.7) with b4 at its minimum simplify

is started at its minimum by = it only moves negligibly and has no effect on the

a little to become

8a°A%y/Ti 2, 16aAasAiy/Ti (442 b
UV T DUV —(aat ) 7 e
Vo — EESWRY e gV e cos [a (b—{— mﬂ
4aA a
+GV7V;/07—467HT4 cos [& (b+ a47;\4>] . (5.7.10)

With this system 74 and b, coupled to the gauge sector act fully as spectator fields.
We require that both the kinetic and potential energy densities in the spectator fields
are less than those of the inflaton. This ensures that the inflationary predictions of
Kahler inflation driven by 7o are not affected and thus 74, b and the gauge field, are
true spectator fields.

Considering our discussion in section [5.2] and the clear need for large parameter
to uplift the large coupling between the axion and the gauge field, we now see that

this can be achieved by a large magnetic flux, m. We also need the gauge field to
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be sustained for a sufficiently long time, and we can parametrise this now with a
“decay constant”. Sustaining the gauge field for a sizeable period requires a specific
value for the decay constant of the axion. Note that since the scalar fields are not
canonically normalised, the naive decay constant read from the scalar potential
fe =1/(mmna) is not correct. However we can identify an instantaneous decay constant
as f. = Mpyv/v(71)/(mna) and as we will see, this is of order f. ~ 1073M,. We
see that now we can constrain our parameters (n,m, N). At this stage, we have two
constraints for the three parameters in order to have a successful inflationary evolution
with a gauge field that can be sustained for long enough to enhance the tensor spectrum.
However, on top of a successful background evolution, one needs to make sure that the
backreaction of the tensor gauge perturbations are under control [3, [T0IHI03], which
will require g < 1, thus introducing a third constraint, fixing the three parameters we
have available. We choose m, the D7-brane flux, n, the D7-brane wrap number and IV,
the condensing group, to ensure a successful background evolution, large enhancement

of tensor perturbations and good control on the backreaction.

5.7.1 Background evolution and cosmological parameters

We consider the following set of parameters for the Kéahler moduli@

| 1

=, a=——, Ao = 10, A3 =1, A = 0.01,
13 5 o5 2 3 4

2T 2T 2T 5

az = %7 a3:?7 a4 = %7 CL:4OCL4, 9820‘17
Ay = 1 As = ! Ay =42x107? A =0.0034A

27T 17 x 106 5T 4257 T ’ o o

s 40

m = 10000, ¢ =5, B = 6.94681 x 107°, Wy = ek (5.7.11)

As in example 2, \4 is chosen to be much smaller than Ay so that 74 has lower kinetic
energy, and therefore a negligible contribution to €,. We require that the energy den-

sity of the universe receives only a small contribution from the spectator part so that

30As in example 1 and 2, we are still using the parameters from example 4 in [76] as a base for the
inflationary sector.
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inflation can proceed as expected with the important inflationary terms involving 7o.
With this in mind, A4, a4, A, @ are chosen to be small relative to As, as. In addition

to this, we would like the stabilisation of 74 and b4 to be dictated by the terms

8(a4A4)26_2a4T4\/7T4 n AWoag Age %™ cos (agby) 74

v
= 3an,V V2 )

(5.7.12)

which is why A is taken to be small relative to A4. Ensuring the terms involving b are
much smaller than the terms in ensures that the by axion will be minimised
at (by) = 2;» Which in turn ensures that 74 is stabilised at a much smaller value than
1] We are then left with some freedom in choosing a and m, which are chosen
phenomenologically to lead to a successful enhancement of the PGW spectrum.

The global minimum of the potential for this set of parameters is found to be at:

T1 = 2554.50, To = 4.77523, T3 = 2.65081, T4 = 14.8743, V — 10135.3,

(5.7.13)
while the axions’ minima of course lie at b* = 7/a®. We are now in a position to evolve
the system under equations of motion 7. The initial conditions are taken
as:

7 =80.17, 7 =10, b= 0.42, Q=8x 10740, (5.7.14)

As in example 2, g = ﬁ. The rest of this analysis is exactly equivalent to example
2 with of course the key difference being the axion coupled to the gauge field is b
not by. We therefore quickly go through the background evolution, perturbations and
backreaction.

The background evolution of this system is plotted in FIGs The evolution
proceeds very similarly to that of example 2 — b evolves slowly (see FIG. because of
its coupling to @, which cancels the potential term in the equation of motion for b (see
FIG. , while 74’s evolution is quite trivial: it is shifted only a small amount from
its minimum while b is away from its minimum, and decays as b does. The “slow-roll”
evolution of b supports @ (see FIG. which roughly satisfies {g ~ &, (see FIG.
left figure). Also in the the right figure of FIG. we see that the evolution of by

takes it only a negligible distance away from its minimum — in fact it has a completely

31Recall 74 must be a ‘small’ blow-up modulus, and a minimum at low values of 74 is achieved through
the terms in the potential of (5.7.12)). The minimum can be ruined if the terms involving the b axion
are too large and 74 can be destabilised to very large values, 74 > 10°.
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Figure 5.29: The evolution of the inflaton, 72 during the last 60 e-folds of inflation (left)
and during the last few e-folds (right) for example 3.
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Figure 5.30: The evolution of the spectator modulus, 74 and the axion b during the last
60 e-folds of inflation for example 3. Both fields reach their minima well before the end of

inflation.
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Figure 5.31: The contributions of (left) the term —3 gm zf\/\% Q? (HQ + Q) provided

by the gauge field, @Q; and (right) the term V<V ov provided by the potential, to the

2gs+/Ta b
equation of motion for b given by the form in (5.2.12) for example 3. The contribution
from the gauge field almost exactly cancels the contribution from the potential leading to
a slow-roll evolution for b.
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Figure 5.32: The evolution of the gauge field, @ (left) and g = % (right) during the
last 60 e-folds of inflation for example 3. The evolution of @ is tied to the evolution of b.
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Figure 5.33: Left figure: The two dominant terms in the equation of motion for @,
, satisfy 2g2Q® ~ gHQ?¢), for example 3. The term introduced through the coupling
to the axion almost cancels 2g?Q3, a term that sends @ to zero. In this way the axion-
gauge coupling supports the gauge field. Right figure: The evolution of the b4 modulus for
example 3 — started at its minimum, it moves only negligibly during inflation, and can be

safely ignored in the numerics.
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Figure 5.34: The evolution of the effective couplings of 7, and b to the gauge field, &y
(left) and &, (right) during the last 60 e-folds of example 3.
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Figure 5.35: The evolution of the slow-roll parameter, € (left), and the proportion of e
made up by €,, during the last 60 e-folds of inflation for example 3.
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Figure 5.36: The evolution of the electric and magnetic components of the slow roll
parameter, eg (left figure) and ep (right figure) respectively during the last 60 e-folds of
inflation for example 3.
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Figure 5.37: Left figure: Comparing ep with the overall slow-roll parameter, €. €p

provides the largest contribution to € for a substantial part of the last 60 e-folds of inflation

in example 3. Right figure: Plot of the instantaneous decay constant, f, = ¥ during

the last 60 e-folds of inflation in example 3. o
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negligible effect on the overall evolution and it is safe to consider a three scalar field
system of (72,74,b) (+@Q) from here on. Finally in the left figure of we see that
as in example 2, the slow-roll parameter ¢ ~ e¢p is dominated by the gauge field for
a large period of inflation. This of course requires us to assume again that the power

12

spectrum can be well-approximated by Py = S In the right figure of [5.37, we see

that the instantaneous decay constant of the axion is around f. ~ 10_3Mp1.

The inflationary predictions of this model (assuming P, = %, ng = 1—2€e—n,,

r = 16¢,) are (now taken to be 60 e-folds before the end of inflation)

€ =280 %1075 ng=0964, 1, =448x107",

Vol =839 x 101GeV, Ay = 0.190M, (5.7.15)

where Ay = fo \/Ed]\f with N, the end of inflation and N, = N, — 60.
We see here at the background level, we have a working model where the large

coupling between the axion and gauge field is accounted for by including very large

magnetic flux, m = 10000. We also require a small value for g = ! = Wloov

vV Nn/2

and constraints on the decay speed of the axion have us choose (to achieve the best

with a = %’r We see in this way, we have 3 constraints

enhancement) a = anm = %F,

and 3 unknowns and can solve to get a slightly smaller value for the gauge degree than
in example 2, N ~ 3 x 10° with the wrapping number at n = 25. In FIG. we plot
g against N for example 3 where n = 25 and m = 10000 have already been constrained.

Requiring small g means we need very large gauge degree, N.

5.7.2 Tensors

The perturbations are found in the exact same way as for example 2, and, in fact

the analytical estimate for the enhancement to the tensor power spectrum is identical

to that given in (5.4.16)—([5.4.18]). 60 e-folds before the end of inflation, we have in
example 3: §f = 7.85 X 1073 and §o = 4.23, which gives us the analytic estimate for

the enhancement to r of
rp =448 x 1077 — 7 =2.86 x 1073 (5.7.16)

The full equations of motion for the right-helicity tensor modes, tg and g are
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Figure 5.38: Plot of how the effective gauge coupling g constrains the value of the gauge

degree N in example 3. The example given g = Wloo is marked with a blue dot.
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Figure 5.39: The evolution of the (right-helicity) tensor modes for the gauge field, tp,
and the gravity sector, ¥ g for example 3 plotted against z = k/aH.

written in and their numerical evolution is plotted in FIG. using the

standard initial conditions of ¥ r(xin) = tr(zin) = \/%TC with & = k. = 0.05Mpc™" the
pivot scale, x;, = 2 x 10* and horizon-crossing, = 1, is taken to be 60 e-folds before
the end of inflation. As in example 2, we see a large enhancement to ¥g, and using the

freeze-out value (z < 1), we get an enhancement of
rp =448 x 1077 — 7 =2.29 x 1073, (5.7.17)

of a similar value to that predicted by the analytic estimate. This corresponds to an

enhancement of 5 x 10°.
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Comparing this to the example given in [3] where the freeze-out value of V2kapr <
10 (FIG. 4), we see that the amplification factor in our model is much larger. This is
of course necessary because we wish to amplify the tensor-to-scalar ratio to observable
values 7 > 1073, In the example given in [3], 7, ~ 1072 whereas in our example,
rp < 107% meaning we require a much greater enhancement. This does not come for
free and the larger enhancement leads to larger backreaction (see section , which
can be compensated for by reducing the value of g, and in [3], g = 1.11 x 1072, compared
to our value of g =5 x 1074

As in example 2, we are able to greatly amplify the tensor power spectrum which
becomes almost completely right-handed. Although as in example 2, this chirality is

unlikely to be detectable because r is still about an order of magnitude too small [87].

5.7.3 Scalars

The set-up of the scalars proceeds again exactly as for example 2 — starting with the

ADM formalism, the constraint equations for the metric perturbations, o and 5 are

given by 5.5.1075.5.11EL The remaining scalar perturbations are then given by

¢* = ¢"(t) + ¢ (t, ")
A64 =a(t) 04Y (¢, :L")
AL = a(t) [(Q(t) +0Q(t,2)) 6a; + ;04 M (t,2")] . (5.7.18)

where we are now explicitly assuming a three-field system ¢® = (12, 74,b). Again after
moving to momentum space and assuming the wave-vector is purely along the z-axis,
k = k., the non-dynamical Y can be solved for then substituted along with « and /8

into the remaining equations of motion. Again it is simplest to work with x = k/aH,

use
0y = A, , 0ty = Ay , &b = ﬁ
a a a
/1.2 252()2

V2a’ V2ga?k2Q

32These equations are written in terms of the functions f and h, and the scalar metric vqp so are
quite general, and can be applied equally to examples 1, 2 and 3 (in ex. 3, f = 74, h = MD).
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Figure 5.40: The evolution of the scalar perturbations defined in (5.7.19) with (left
figure) and without (right figure) the inclusion of the metric perturbations «, 5 found

through (5.5.10), (5.5.11) for the example 3 plotted against x = k/aH. As we can see, the
metric perturbations have a negligible effect on the evolution and can safely be set to zero.

and remove a and k from the equations of motion, using k = zaH. The initial conditions

for the scalar field perturbations have the multi-field inflation form [26]:

—xH%" dA® )= —ix %" (5.7.20)
\/ﬁ(p Y d,r wm \/ﬁ@ b

where A* = (A,,, A;,, Ay) while the scalar gauge field perturbations have the standard

Aa (.T}m) =

Bunch-Dayvies initial conditions:

L LAZ(QC ) = i
\/ﬂ’ dw m \/ﬂ

where A; = (A1, Ag), k =k, = 0.05 Mpc ! is the pivot scale and as before z;, = 2x10%.

Ai(win) = (5.7.21)

As we did for example 2, we first demonstrate graphically that the inclusion of the
metric perturbations has no effect on the evolution of the dynamical perturbations as
can be seen in FIG.

The equations of motion (with the metric perturbations set to zero) for the five
remaining scalars without the metric perturbations are included in We

again define the (tangential) multi-field scalar perturbation

_ Vabqga 6¢b _ & _ Yab ¢'a Ab

Os .
¢ a ap

(5.7.22)

with A* = (A, A;,,Ap). We plot clearly its evolution during slow-roll in FIG.
As in example 2, the gauge perturbations are vastly sub-dominant to the inflationary
perturbation, and during slow-roll of the background fields, A freezes out (z < 1)
with |v2kzAs| ~ O(1) suggesting the gauge field has a negligible effect on the scalar
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Figure 5.41: The evolution of the scalar perturbations defined in (5.7.19) and (5.7.22]) for
example 3 plotted against @ = k/aH. After horizon-crossing, x < 1, the scalar perturbation
associated with the scalar fields, Ay is consistently much larger than the scalars associated
with the gauge field, A1, As.
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Figure 5.42: The full evolution of the scalar perturbations defined in (5.7.19)) and (5.7.22)
plotted against « = k/aH for example 3 including the decays of all the perturbations which
take place concurrently with the decays of the corresponding background fields.

power spectrum. In this way we seek to justify our assumption that the scalar power
H2
8m2ey,

Finally in FIG. we plot the full evolution of all the perturbations including

spectrum is well-approximated by

their decays, which occur concurrently to the decays of their background fields. We
have shown that the metric scalar perturbations’ contribution is negligible and that
the scalar perturbations to the gauge field are very small relative to the tangential
inflationary perturbation. Our assumption is that the scalar power spectrum can be
split into a contribution from the gauge field and the standard inflationary part. With
the gauge field perturbations sub-dominant, this means that the power spectrum is

well-approximated by Py = and that therefore the inflationary predictions of

2
8Tey

both P, and ng are not spoiled by the presence of the spectator gauge field.
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Figure 5.43: The evolution of the leading terms in the equation of motion for @ (5.6.4]),
2g Q? H &, (blue), 2g2 Q3 (orange), 2H? Q) (green) and the backreaction induced by the

gauge tensor perturbation, ‘Ig r (red) for example 3 plotted against = k/aH.

5.7.4 Backreaction

Finally we demonstrate that the backreaction for example 3 is under control. The
backreaction of the tensor perturbations onto the gauge field equation of motion, ‘J'g R
as well as the energy density in the tensor modes, p;,, is given again by —.
Since these equations are written in terms of &, they are quite general. It is shown in
FIGs that the backreaction is well under control in this example.

We have therefore shown that if we can include an extremely large magnetisation
of the branes m = 10* in order to sustain the gauge field, while having a gauge field
of extremely large degree (N ~ 10%), it is possible to greatly enhance the spectrum of
Kahler moduli inflation without incurring excessive backreaction. The viability of this

model is discussed in the next section.

5.8 Discussion of viability of example 3

As we have discussed, designing field theory models with the correct properties to realise
satisfactory (S)CNI seems rather challenging [107,[122]. Supergravity and string theory
models of inflation offer a natural framework where one can study possible embeddings
of SCNI that may overcome some of these challenges. A first look at the supergravity
embedding of CNI was taken in [104], while in string theory, a proposal to embed SCNI

was first made in [4].
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Figure 5.44: The evolution of the energy densities in ¢*, p, ~ V' (blue); in Q, pg =

2
3f [(HQ + Q) + g2Q4} (orange); and in tg, (5.6.8) (red), for the example 3 plotted
against x = k/aH.

In example 1 and 2, we attempted to use Ké&hler inflation in its original form,
but without introducing a large phenomenological constant, co, this cannot be used
to realise SCNI. Thus, similarly to [4], for example 3, we introduced as a spectator
sector magnetised D7-branes, multiply wrapping four cycles, parametrised by a Kahler
modulus Ty and a Cy axion, b, coupled to the non-abelian gauge fields living on the
magnetised multiply-wrapped D7-branes. The parameters available in this set-up are
the magnetic field on the spectator D7-branes, m, its wrapping number, n, and the
degree of the gauge group, N. From the cosmological point of view, we were interested
in realising successfully three specific goals: successful inflation, a sustained gauge field
to successfully source gravitational waves at the observable level, r ~ 1073, and a
controllable backreaction from the tensor gauge fluctuations. We therefore fixed the
parameters (m, N,n) in order to realise these goals.

We were then left with a general multi-field system described from the field theory
point of view by the action , where the field space metric 7, is given byﬁ ,
the scalar potential is given by , the couplings f(¢%), h(¢*) are given by f = 74,
h = mb, the gauge field F = dA—gA A A and we defined the “effective gauge coupling”
s g = 1)/ ]

A successful period of inflation and large enough enhancement of the gravitational

wave spectrum impose two conditions on the parameters, which can be fixed by two of

33Where we are working in the large volume limit.

174



5.8 Discussion of viability of example 3

the three parameters in the model, namely m and n. However, keeping the backreaction
under control imposes a third condition, which then fixes the third parameter, N.

We show in FIG. the enhancement of r for different values of g as a function
of the parameter {p, while in FIG. we see the backreaction estimate for three
values of g as a function of {g. As we have discussed, for a fixed value of the effective
coupling, the larger {q, the larger the enhancement, but also the backreaction (see also
FIGs and . We show the dependence of g as a function of N in figure -
low g requires very high V.

Since the spectator axion is not canonically normalised, and its kinetic term depends
on 74, a dynamical field, we cannot define a decay “constant” in the usual way. However,
we can define an “instantaneous decay constant”, as in [116], which we show in FIG.
in Planck units and turns out to be sub-Planckian as expected, f. ~ 10_3Mp1.
On the other hand, because the host inflationary model is Kéahler inflation, the field
excursion is sub-Planckian as well, A¢ ~ 0.2M}; and the large-potential bound on r is
avoided, since the enhanced tensor spectrum gives r = 2.29 x 1073, The actual gauge
kinetic coupling is field dependent and set by 74. At the minimum of 74, this is given
by g2 = 1/(r4) ~ 1—15, and remember that it is displaced only a small distance from its
minimum, so an instantaneous gauge coupling defined at time ¢ differs little from its
value at the minimum.

An important feature of the model from the cosmological point of view, is that it
realises a very mild version of the proposal in [101] to enhance the gravitational wave
spectrum. Indeed, the model requires a specific hierarchy in the slow-roll parameters,
namely € ~ eg > €, in order to ensure such a large enhancement. To see why this
is we plot in FIG. how ep is affected by reducing the value of g. Despite the

24
fact that, naively, it seems eg = f % o g2, in fact if we plot it against £, we see
pl

H2 4
that eg = f—5—%. This fact has the important consequence that if we wish to have a

S2N2
model that Ifr(jf([i)lllces a relatively large value of g (e.g. in our case g ~ 4) so that we
can get a large enough enhancement to the tensor-to-scalar (see FIG. to achieve
r ~ 1073, whilst having a small value of g so as not to produce too large a backreaction
(see FIG. , it is unavoidable that € ~ eg > €,. This point is further emphasised in
FIG. where we plot the enhancement factor against the ratio of ep to €, for two
values of g. In [3] (and equivalent [chapter 3)), their inflationary model already predicts a

background tensor-to-scalar ratio of 7, ~ 1073; they have a much larger value of €, than
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to achieve the same value of {g after reducing g to mitigate the backreaction, ep will be

larger. The dashed line shows the value of €, 60 e-folds before the end of inflation for

example 3. Similarly the dot corresponds to the values for £g and ep in example 3 60

e-folds before the end of inflation.

Figure 5.45: The value of eg = f% =f
bl

in our example; and their model predicts a considerably smaller enhancement factor

rsr—t“ ~ 20 (compared to ~ 5000 in example 3). To achieve this enhancement,

Ts+Tp
b
they only require {g ~ 3.4 compared to our {g ~ 4.2 and as discussed the backreaction
scales exponentially in {g. For these reasons, in [3], they are able to choose a relatively
large value for g = 1.11 x 102 compared to our g = ﬁ, and therefore they are able
to satisfy € ~ e, > ep. In this regard our example has more in common with [101]
where they demonstrate that one can achieve exceptionally large enhancements whilst
controlling the backreaction if g is taken to be small enough and it is allowed that
e ~ ep. In the specific example in [I01], they achieve an enhancement of % ~ 1098

and have € ~ eg ~ 1072.

The fact that we have € ~ ep may be seen as a problem. However as in [I01], we
assume that scalar power spectrum, P, is dominated by the scalar field perturbations
and the gauge field perturbations therefore contribute negligibly to P,. This is a crucial
assumption of this work and is of course also valid for example 2 as well as example 3.
This in turn allows us to assume that the scalar power spectrum is well approximated
by Ps = % and consequently that ng = 1 — 2e —n,. This of course ensures that the
important inflationary predictions of Kéahler inflation are not spoiled. In FIGs
5.42| we show that the scalar field perturbations are much larger in magnitude than

the scalar perturbations of the gauge field.

Comparing to the phenomenological models in the literature, we have seen that a
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Figure 5.46: Two plots showing how the enhancement factor, %, varies relative to the
ratio of £ where €, = 2.80 x 1078, the value it takes 60 e-folds before the end of inflation
®

in example 3. The left plot corresponds to g = ﬁ, the value of g used in example 3 and

the right plot shows g = ﬁ. The dot corresponds to the values in example 3. The red

part of the lines corresponds to parameter space where the backreaction is too large. It can

be seen immediately that with g = 1(1)—0, it is impossible to get a substantial enhancement

without incurring excessive backreaction. Because of the low value of €, in Kéhler inflation,
in order to get a large enhancement with controlled backreaction, we require g small, which
leads to a large value of ep relative to €.

relatively simple string theory construction has enough parameters to account for the
cosmological constraints required to realise our goals. At least one of these parameters
can be easily incorporated in field theory models, namely rather than working with
SU(2), one can work with SU(N), introducing an effective coupling that can be made
small, at the price of a large degree. However it is not clear whether there are field
theory equivalents of the magnetic flux and the D7-brane wrapping number.

Let us now discuss in more detail the values of the model parameters (m, N,n). As
we saw, for a successful evolution we require a large magnetic flux m = 10*. Requiring
that the gauge field is sustained for enough e-folds to enhance the tensor spectrum
then requires that the instantaneous decay constant f. ~ 10_3Mp1, which fixes n = 25.
Finally control of the backreaction requires a specific value for the effective decay
constant g ~ ﬁ, which fixes N ~ 3 x 10°. The winding number is of a similar order
to the values used in e.g. [I05]. The magnetic flux on the other hand is much larger,
and may backreact on the geometry. Moreover, the gauge group degree required is very
large N ~ 10°. Since N is basically the number of D7-branes, such a large number of
them may backreact on the full geometry. In any case, it is not clear that such a large
number for N can be realised in any realistic large volume compactification. So we

see this as the biggest challenge of the construction. Remember however, that we have

177



5. PRIMORDIAL GRAVITATIONAL WAVES IN STRING INFLATION

required three very specific cosmological objectives and the large value of N is needed

to realise these.

Finally we note that although the tensor spectrum that is produced is fully chiral,
this chirality is unlikely to be detectable by cross-correlating T', £ and B spectra with
future CMB experiments because overall the tensor-to-scalar ratio is about one order
of magnitude too small [87]. This leads us nicely into our next section in which we
apply this enhancement mechanism to fibre inflation, a model that already predicts an

observable tensor-to-scalar ratio, r ~ 5 x 1073,

5.9 Fibre inflation (example 4)

In we considered an example of fibre inflation with an additional spectator
modulus, Ty, and we saw that fibre inflation is capable of producing an observable
tensor-to-scalar ratio without the need for an enhancement — it has a high energy
potential (V is about 4 orders of magnitude larger in fibre inflation than Kéhler modulus
inflation). Although we could work with this model straight away and consider a more
phenomenological scenario equivalent to example 2 above for Kéhler moduli inflation,
we modify the spectator sector as in example 3, coupling again to an SU(N) gauge
field. Applying this mechanism to fibre inflation is potentially interesting because, with
a small enhancement to the right-handed part of the tensor spectrum, the chirality
of this model could potentially be observable (we will see that we can enhance the
spectrum up to r ~ 1072 very easily), giving it a distinguishable feature. Because the

superpotential terms for Ty are assumed to be the same as in example 3, i.e.
W) = Age™ T 4 Aemof, (5.9.1)

and because the 74 modulus is manifestly chosen to be small relative to 7 and 7 so it
does not receive a correction from the Kéahler potential, we can see that the spectator

part of the potential will be the same as it was in example 3 for Kéhler moduli inflation.
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The whole potential is as follows

2a2A 3/2 ~ 2 B 2
V= —30‘?73(111(&33\7)) L3¢ W§+<f;_+0§1>Wg
247/ 3073, (v 2 Vm )W

8aj A%\ /T4 —2eims 4Wo ayg Aymy

cos (agbg) €~ 44™

3ay,V V2
8a2 A2 a 16aAas A a b
il A ﬁe*%” 4 ACsAV T 4ﬁ6_(“4+ﬁ)” cos |ashy —a b+ —
3ay,V 3ay,V m
4C~LAWOT4 —im - b4 5up
+Te m™cos |a|b+ o + Vi/3 (5.9.2)

where the first line corresponds to the inflationary part of the potential after substitut-
ing for 73 (which is a stabiliser) as in [50] (equation 3.60) (see for details) with
A, B,C, a3, A3 model-dependent constants; % is an uplift term used in fibre inflation;
and the remaining terms are entirely equivalent to the spectator part of example 3 (re-
place v4 — A4) recalling that we have made the replacement a = anm and A= % with
a = QW”, N the degree of the gauge group to which the spectator sector is coupled, n
the wrapping number, and m the magnetisation of the branes. In fibre inflation both
V and 7 contribute to inflation, and here we have added as spectators 74, b4, b. We will
show that, as in example 3, the by axion can be safely set to its minimum as it only
moves negligibly during inflation. We therefore start with a five-scalar field system
(71, V, T4, b4,b) coupled to the gauge field, @, in the usual way through f = 74 and
h = Mb. The scalar manifold metric is given by the four-field metric used in

with the addition of the term for the b axion [88] 119, [120]

% — 5y 0 0 0
“mv w0 0
Y =] 0 o/ R 0 o |. (5.9.3)
0 0 0 T 0
0 0 0 0 2%?
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5.9.1 Background evolution

The background evolution of this system can now be described by (5.2.8)—(5.2.13). We

use as parameters:

é= %2 =459, A=29x1073 B =0.93, C=43x1075,
Wo =100, a3= %, Ay=1, a=01543,  ~3 = 3.055,
27 4
(5up = 0.082, gs = 0.3, a4 = %, A4 =1.5x%x10 s Y4 = 0.1,
. 1
a="Tay, A=10"2A4,, m = 500, ¢ =5, g= 5 (5.9.4)

where the inflationary parameters are taken from example set “SV2” in [50]. As in
example 3, the parameters a4, A4 are chosen so that the terms involving the modulus
Ty are small relative to the inflationary terms and do not spoil the minimum for the
71 and V, the inflatons. On top of this, A is taken to be small relative to A4 so that
the minimum for 7, and b4 is dictated by the terms not involving the Cs axion as
was discussed for example 3. Finally a (as well A4,a4,/~1) and g are chosen to lead
to a phenomenologically interesting example where the tensor power spectrum can be
enhanced. Notice immediately that g is much larger than in the K&hler moduli inflation
examples — this is because we now only require a small enhancement (and hence small
@), which means the backreaction is not as difficult to control.

The minimum of this potential is found at
(11) = 6.7570, (V) = 1408.2, (14) = 13.741. (5.9.5)

We take 7" = 5000 and b'" = % as chosen initial conditions and this leaves V and
74 at the new minimum

Vit =1830,  Ti" =9.46, (5.9.6)

which we use as their initial conditions. The evolution of this system is plotted in FIGs
Inflation proceeds normally due to the slow evolution of 71 and V plotted in
FIGs and As in example 2 and 3, the evolution of the 74 modulus is trivial
(FIG. [5.49) — it goes to its minimum as b does. The axion b (FIG. is supported

by its coupling to the gauge field — the potential term in its equation of motion is
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Figure 5.47: The evolution of the inflaton field, 71, during the last 60 e-folds (left figure)
and its decay as inflation ends (right figure) for example 4 plotted against N the e-fold
number.
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Figure 5.48: The evolution of the volume modulus, V, during the last 60 e-folds (left
figure) and its decay as inflation ends (right figure) for example 4 plotted against N the
e-fold number.

almost perfectly by the term from the gauge field (FIG. . In this way, this is
another example of the slow-roll solution described before. As the axion is active for
many e-folds during inflation, it supports @ (see FIG. and notice that the value
of {g ~ 2.5 is much smaller than in the Kéhler moduli case. In we see that the
gauge field roughly satisfies {g ~ &;, and that the by axion only moves negligibly during
inflation and can therefore safely be set to its minimum and removed from the evolution
as expected. Unlike examples 2 and 3, we see that in this case, € ~ €, — the slow-roll
parameter is not dominated by the magnetic part of the gauge field in this example.
This is because of the much larger value of g used here (see FIG. in the previous

section).

181



. PRIMORDIAL GRAVITATIONAL WAVES IN STRING INFLATION

Ty b
5.0

45
4.0
35
3.0
25
2.0

N N
10 20 30 40 50 60 10 20 30 40 50 60

Figure 5.49: The evolution of the spectator fields, 74 (left figure) and b (right figure),
during the last 60 e-folds of inflation for example 4 plotted against N the e-fold number.
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Figure 5.50: The evolution of the gauge field, @ (left figure), and its effective mass, {g
(right figure), during the last 60 e-folds of inflation for example 4 plotted against N the
e-fold number.
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Figure 5.51: The evolution of the effective couplings from the spectator fields to the
gauge field, &5 = ﬁ (left figure) and &, = # (right figure), during the last 60 e-folds
of inflation for example 4 plotted against N the e-fold number.
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Gauge contribution Potential contribution
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29s\/Ta
by the gauge field, @; and (right) the term 29{5\774 %—‘g provided by the potential, to the
equation of motion for b given by the form in for example 4. The contribution
from the gauge field almost exactly cancels the contribution from the potential leading to
a slow-roll evolution for b.

Figure 5.52: The contributions of (left) the term —3gm NS Q? (HQ + Q) provided
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Figure 5.53: Left figure: The two dominant terms in the equation of motion for @,
, satisfy 2g2Q> ~ gHQ?¢), for example 4. The term introduced through the coupling
to the axion almost cancels 2g?@Q?3, a term that sends @ to zero. In this way the axion-
gauge coupling supports the gauge field. Right figure: The evolution of the by modulus for
example 4 — started at its minimum, it moves only negligibly during inflation, and can be
safely ignored in the numerics.
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Figure 5.54: The evolution of the slow-roll parameter, € = —% (left figure) and its scalar

component €, = %b% (right figure), during the last 60 e-folds of inflation for example
4 plotted against N the e-fold number.
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Figure 5.55: The evolution of the magnetic component of slow-roll parameter, eg =
(HQ+Q)®
M2 H?
(right figure), during the last 60 e-folds of inflation for example 4 plotted against N the

e-fold number.

f% (left figure) and the electric component of the slow-roll parameter g = f
pl

The inflationary predictions of this model (using as before Py = %, ng =1—
%)
2¢ — 1y, 7 = 16¢€,) 50 e-folds before the end of inflation
€, =3.73x 1074 ns = 0.964, rp = 5.97 x 1073,
Vil =0.03 x 10%GeV,  Ap=4.55M,. (5.9.7)

The much higher energy scale of fibre inflation (as well as much larger field displace-
ment) allows for a much greater value of the tensor-to-scalar ratio. We wish to enhance
this but must be careful that the enhancement does not take r above the observational

bound r < 0.07 set by Planck [37]. The parameters we use of & = amn = %, with

a = QW’T and m = 500 as well as g = ! = 4. Satisfying these requirements si-

\/Nn/2 50°

multaneously leaves us with a wrapping number of n = 1 and a gauge group degree of

N = 5000.

5.9.2 Tensors

The tensor perturbations are found in exactly the same way as and the analytic
estimate is again identical to that found there. Using the analytic estimate, we get the

sourced right-helicity tensor-to-scalar ratio as

roft =459 x 1072, (5.9.8)
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Figure 5.56: The evolution of the (right-helicity) tensor modes for the gauge field, tg,
and the gravity sector, ¥ g for example 4 plotted against = k/aH.

The non-sourced right and left-helicities both contribute 2 = 2.98 x 1073 meaning our

total estimate for the tensor-to-scalar ratio is
r =518 x 1072 (5.9.9)

corresponding to an enhancement of roughly an order of magnitude. This spectrum is
highly chiral — 94.2% of it is from the right-helicity mode.

The full equations of motion for the tensors are written in We evolve
these with the usual initial conditions ¥ g(xin) = tr(xim) = \/% with 2;, = 2 x 10* and
k =k, = 0.05Mpc~!. The evolution is plotted in FIG.

We see the enhancement to the right-helicity mode of the gravity sector is consid-
erably smaller than in our Kéhler moduli inflation examples (see e.g. FIG. with
\\/ﬁxwm —~ 4. Since the enhancement is only to the right-helicity mode, we must
add to this the background left-helicity contribution to the tensor spectrum to get the
full tensor-to-scalar ratio, 7.

H? H?
P, =PR 4+l with PR = |\/ﬂ:m/;R|2F R PR — - (5.9.10)
Using this method with the numerical solution and taking the freeze-out (z < 1) value

of |[vV2kxp|? = 15.9, we get

=597 x 1073 = r = 4.87 x 1072, (5.9.11)

3*We did not need to be this careful when considering the power spectra for the Kahler moduli
inflation examples because the left-helicity mode was completely negligible.
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an enhancement of ~ 8. The spectrum is highly chiral — approximately 94.1% of
it comes from the right-helicity mode, ¥r. Given that this spectrum is an order of
magnitude larger than that predicted in example 2 and 3, it is possible that this right-
handedness could potentially be detectable by analysis of cross-correlation of CMB

polarisations [87], giving this model a distinguishable feature.

5.9.3 Scalars

The scalar perturbations are again set up exactly as in example 2 and 3, except we now

have one extra:
¢" = ¢°(t) + 6¢°(t, 2")
Aff = a(t) daY (t, z)
Al =a(t) [(Q(t) + 0Q(t,2")) Ga; + 0,04 M (t,2")] . (5.9.12)

with four-field system ¢* = (m1,V,74,b). We use again x = k/aH and comoving

perturbations are defined

A, A A, A
orp="0 ="V ey =", gb="
a a a a
A A1+ /K2 1 2a2g2Q2A
5Q= DL g - QAT VR £ 207870, (5.9.13)
V2a V2ga2k2Q

Once again the initial conditions for the scalar field perturbations have the multi-field

inflation form [26]:

do® . do®
—aH dA? —w:H%

C{x ) (zm) = B
V2kg dx V 2k

where A® = (A;, Ay, A;,,Ap) while the scalar gauge field perturbations have the

Az) = (5.9.14)

standard Bunch-Davies initial conditions:

1 A,
Ai(win) = NoTs %(l‘zn) = ok (5.9.15)

where A; = (A1, Ag), k = k, = 0.05 Mpc~! is the pivot scale and as before x;,, = 2x10%
with 2 = 1 taken to be 50 e-folds before the end of inflation.
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Figure 5.57: The evolution of the scalar perturbations defined in (5.9.13)) and (5.9.16]) for
example 4 plotted against © = k/aH. After horizon-crossing, < 1, the scalar perturbation
associated with the scalar fields, Ay is consistently much larger than the scalars associated
with the gauge field, A1, As.
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Figure 5.58: The full evolution of the scalar perturbations defined in ([5.9.13)) and (5.9.16|)
plotted against = k/aH for example 4 including the decays of all the perturbations which
take place concurrently with the decays of the corresponding background fields.

The equations of motion for the six remaining scalars without the metric perturba-
tions and after solving for ¥ are included in Using the multi-field scalar

perturbation ' '

_ Yab ¢a 5¢b _ & _ Yab ¢a Ab
@ a ap

with A% = (A, Ay, A;,,Ap). We plot clearly its evolution during slow-roll in FIG.

5 (5.9.16)

As in examples 2 and 3, the gauge perturbations are vastly sub-dominant to the
inflationary perturbation, and during slow-roll of the background fields, A; freezes out
(z < 1) with |[v2kzA| ~ O(1) suggesting the gauge field has a negligible effect on the
scalar power spectrum.

Finally in FIG. we plot the full evolution of all the perturbations including
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Figure 5.59: The evolution of the leading terms in the equation of motion for @ (5.6.4)),
2gQ? H &y, (blue), 2g2 Q3 (orange), 2H? @ (green) and the backreaction induced by the
gauge tensor perturbation, ‘J'g g (red) for example 4 plotted against v = k/aH.

their decays, which occur concurrently to the decays of their background fields. We
have shown that the scalar perturbations to the gauge field are very small relative to

the tangential inflationary perturbation.

5.9.4 Backreaction

The backreaction of the gauge tensor modes onto the equation of motion for @), ‘J'g R
is again given by and is plotted against the leading terms in this equation in
FIG. The energy density contribution from the tensor modes of the gauge field,
Pty is shown in FIG. Both contributions are vastly sub-dominant relative to the
background terms, meaning our approach of choosing an isotropic background form for
the gauge field is consistent.

We have therefore shown that it is possible to amplify by roughly an order of
magnitude the tensor spectrum of fibre inflation while keeping the backreaction under
control. Although fibre inflation naturally predicts an observable tensor-to-scalar ratio
r ~ 5 x 1073, this is interesting because it renders the tensor spectrum highly chiral —

giving it a distinguishable feature that may be detectable.

5.10 Summary

In this chapter we have applied the enhancement mechanism introduced in

to various examples of Kahler moduli inflation and fibre inflation where a modulus is
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Figure 5.60: The evolution of the energy densities in ¢%, p, ~ V (blue); in Q, pg =

N2
%f [(HQ + Q) + g2Q4} (orange); and in tg, (5.6.8) (red), for the example 4 plotted
against x = k/aH.

coupled to an SU(N) gauge field that can be split into a set of SU(2) gauge fields
with common field strength. Redefinitions of the gauge field then allow us to treat this
system as one SU(2) field and take the same approach as in First we applied
the mechanism to example 4 of [76] where the axion coupled to the gauge field is the
superpartner of the inflaton (and in fact itself is partially responsible for inflation).
Due to constraints put on the axion due to its intrinsic role in inflation (in particular
the inflaton cannot decay until its axionic partner has decayed), we were unable to find
any working examples where the tensor spectrum could be greatly amplified without
incurring excessive backreaction.

In order to get a working example, we required a bit more freedom for the fields
coupled to the gauge field, and thus we introduced a spectator sector modulus, Ty, to
be coupled to the SU(N) gauge field while the inflationary sector remained unchanged.
This extra freedom that comes from not needing the fields coupled to the gauge sector
to also satisfy inflationary requirements allows us in particular to reduce the gauge
coupling g that necessarily needs to be small to control the backreaction of the gauge
tensor modes (see FIG. . With this model we are able to amplify the tensor
spectrum of Kahler inflation by ~ 103 and uplift it to potentially observable values
(r 2 1073 [39+-44]). The spectrum produced is fully chiral but this chirality is unlikely
to be detectable because the tensor-to-scalar ratio is still roughly an order of magnitude

too small [87]. Although this model is extremely positive, it requires the introduction
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of a large parameter to induce a large difference in the axion-gauge coupling, h, and the
four-cycle-gauge coupling, f. We parametrise this be defining f = 5-74y and h = 52 by,
and in this example we need co = 450, ¢; = 1. There is unfortunately no theoretical
justification for this and it is expected that ¢; = co = 1 [85]. For this reason we
introduce another model, where the axion is not the direct superpartner to four-cycle,
74, coupled to the gauge field, but is instead an additional axion that arises from a
multiply-wrapped D7-brane stack along 74.

This new model immediately allows for a theoretical justification for the difference
between f = 14 and h = m b where m is the magnetisation and b is the new axion. In
this way we can parametrise the necessary requirements of the models through physical
means. Another important parameter is g, which now, after successive redefinitions,
takes the form g = \/ﬁ where N is the gauge degree and n is the wrapping number.
Using this model we are able to get a working solution very similar to the previous
example, increasing the tensor-to-scalar ratio to observable values, having a completely
chiral spectrum — but at too low a tensor-to-scalar ratio for this to be detectable. This
model requires that the magnetisation m = 10000 and the gauge degree N ~ 10° be
very large, which may be physically unreasonable. In addition to this, this example
and the previous one both require that the slow-roll parameter be dominated by the
magnetic component of the gauge field € ~ eg (see FIG. . This introduces the
possibility that the scalar power spectrum of the inflationary model is spoiled — we
assume therefore that if the gauge field perturbations are very small relative to those
12

of the scalar sector (see FIG. |5.41) that we can assume that P, = S This follows

[101] and is the main assumption of this work.

Finally we applied this same model to fibre inflation, a model that already predicts
an observable tensor-to-scalar ratio. We were able to uplift the tensor spectrum by
about an order of magnitude making it largely chiral — a chirality that for this example
may be detectable [87], making this an interesting and distinguishable feature of the

model.
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Chapter 6

Summary and discussions

In this thesis we have considered two possible implications of including spectator gauge
fields in the inflationary action. By “spectator” we mean a field not responsible for
driving inflation, but a field that nonetheless can affect inflationary predictions. In
we showed how a U(1) gauge field — supported through its coupling to the
inflaton — can sustain a global universal anisotropy under the right conditions; and
in we showed how the tensor-to-scalar ratio of Kéhler modulus models of
inflation can be enhanced through a coupling of an axion and an SU(N) gauge field.
In this chapter, we review the main results; consider the feasibility of the models and

their assumptions; and discuss possibilities for future work.

6.1 Anisotropic inflation

In [chapter 2| (based on [51]), we consider an extension to the model put forward in [45],
which was the first working example of a system capable of sustaining an anisotropy in

the metric after a period of inflation. The system is set up with the anisotropic metric
ds® = —di? + 20 |10 g2 4 270 (g 4 dz2)} (6.1.1)

with a ~ Ht and o ~ Xt (with the anisotropy characterised by %) the isotropic and
anisotropic e-folding numbers, respectively; and this anisotropy can be sustained during

inflation if a vector field, chosen to be directed along the direction of anisotropy

AR = (0,0(t),0,0), (6.1.2)
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is supported through a coupling to the inflaton, ¢, appearing in the action as f2(¢)F?2.
The extension we consider is to generalise this coupling to include derivative terms of
the inflaton, i.e. f = f(¢, X) with 2X = —¢?. We then follow [45] exactly and choose

a power-law form for the (single-field) inflationary potential and gauge kinetic function

_P
A ¢ e]\/Ipl(b

V(9)=Voe ™%, (6, X) = Moy

(6.1.3)

and use as Ansétze that the isotropic and anisotropic e-folding numbers and the infla-
ton scale logarithmically with time. Using this set-up, we study analytically possible
solutions. In particular, we perform a dynamical system analysis to search for stable
(attractor) solutions that support a non-negligible anisotropy. We find no stable solu-
tions when the gauge kinetic function is taken to depend only on the derivative term
(p=0) f = f(X); however, stable, anisotropic solutions exist when p is non-zero. The
anisotropy can be constrained through g., a parameter that measures the degree to

which the scalar power spectrum fails to be isotropic through
Ps(k) = Ps(k) (1 + g, sin® ) (6.1.4)

with 6 the angle between the mode function wave-vector and the anisotropic direction.
For an anisotropic inflationary model that predicts a certain anisotropy, %, we can
evaluate g, through

g« = 24IN? (6.1.5)

where NN, is the number of e-folds after the end of inflation, and I = 36_1% [55]. In
[53], they constrain g, = 0.002:|:0.01 This greatly constrains % relative to e. Taking
N, = 60, we get g, = 2592006_1%, which using the constraint tells us

1

<6.94 x 1078 (6.1.6)
€

by

H ~Y
for positive % We provide one stable example that satisfies this constraint with e =
5.00 x 10~13 and % = 2.78 x 10725, Interestingly the derivative coupling parametrised
by n reduces the anisotropy as is shown in FIG. while only inducing a small re-

duction in e. This helps to satisfy constraints on g.. All the same as is shown in [70],

!This is a true intrinsic anisotropy — the foreground di-polar anisotropy (assumed to be our motion
relative to the CMB) has been removed.
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the anisotropic attractor solution described in [45] cannot satisfy the constraint on g,
without a fine-tuning of the parameters — and the same seems to be the case here. If

we examine the form for the anisotropy given in ([2.3.19)), we get

X L, p -1
H—e<2+/\—e —n). (6.1.7)

The parameters used for (2.3.46) are n = —100, A = 107, p =2 x 105, ¢! =2 x 10'2

L cancels

we see that p/\ and ¢! roughly cancel — and in fact at high precision €~
with % + £ —n to give O(10713). This non-trivial cancellation provides the necessarily-
small value for the anisotropy, but requires some extreme values for the parameters
— particularly p and A\. The extremely small value of A means that the inflationary
potential would require an extremely large (super-Planckian) excursion for the inflaton.
More generally of course the exponential function chosen for the inflationary po-
tential is very much out of favour with constraints on ns and r [37] and it would be
interesting to see if an example of anisotropic inflation could be found with a more real-
istic potential and after performing a full numerical evolution of the inflationary period
with the inflaton-vector field coupling. This is an obvious follow-up to this work. The
work shown in this thesis focussed on analytic solutions and therefore may have missed
some subtle problems that can arise when a full numerical evolution is attempted.
Finally the perturbations of this system were not considered — it would be interesting
to see if the vector field has any effect on the scalar and tensor power spectrum besides

the introduction of an anisotropy}

6.2 Gauge field-induced enhancement of the tensor power

spectrum

The other main topic of this thesis is concerned with the coupling of axions to gauge
fields through the action term yFF — under the right conditions the axion, y, can
support the gauge field during inflation, and interestingly a gauge field supported during

inflation introduces a source term for inflationary gravitational waves. In this way the

2The tensor spectrum is also expected to receive an anisotropy given by g. = 6IeNZ2 [55] — slow-roll
suppressed when compared to the anisotropy induced in the scalar power spectrum.
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tensor-to-scalar ratio of an inflationary model may be enhanced without increasing the
energy scale of the inflationary potential.

In we introduce two models [2] 3] where an axion is coupled to a gauge
field that introduces a source term for the tensor modes. We first however demonstrated
why a vector field dilutes during inflation — demonstrating that — without a source term
of its own, its energy density decreases with the expansion of the universe. We then
showed how a vector field introduces a source term into the equation of motion for
gravitational waves. In the second half of we considered a specific example
of the model introduced in [3], an extension of chromo-natural inflation where the
inflaton and axion sectors are separate. The axion is coupled to an SU(2) gauge field
(through the term i—}‘) which is assumed (at the background level) to be locked into an
isotropic configuration Ag = 0, A} = a(t)Q(¢)d* with A the gauge index. In [3], the
authors leave the background inflationary model unspecified whereas here we chose, as
a toy model, a potential of V' (¢) = A* (1 — m1¢e_m2¢). We showed how the axion and
gauge field can interact in such a way that allows the axion to support the gauge field
for a lengthy period of time during inflation if the coupling constant % is large enough.
We then showed how the tensor perturbations of the gauge field can enhance the right-
helicity mode of the gravity sector inducing a large increase in the tensor-to-scalar ratio
and rendering the tensor spectrum chiral. We also demonstrated how we can estimate
the backreaction of the tensor modes, and that this backreaction is under control in
this specific example.

In we introduced Kéahler moduli inflation [49] and fibre inflation [50] —
two models of inflation to which we wished to apply the enhancement mechanism of
[3]. We derived the large-volume form for the potential in Kédhler moduli inflation and
introduced the potential of fibre inflation before studying several examples of Kéahler
moduli and fibre inflation numerically, all the time bearing in mind that our goal was
to enhance the models’ tensor spectra through an axion-gauge field coupling. We first
show a prototypical example of Kahler inflation (based on the parameter set “example
1”7 in [76]) with very large volume (V ~ 7 x 10°) and extremely low energy scale
(Vl/ 4 ~ 6 x 10'2GeV) which consequently predicts a very low value for the tensor-
to-scalar ratio (r ~ 1071%) and since our goal was to enhance the tensor spectrum of
Kihler moduli inflation to observable values (7 ~ 1073) we see we would have required

an enhancement of O(10'%) with this parameter set. We therefore use as our basic

194



6.2 Gauge field-induced enhancement of the tensor power spectrum

inflationary model the parameter set “example 4” in [76] which leads to a much higher
scale for the potential — V1/4 ~ 8 —9 x 10'*GeV and consequently the tensor-to-scalar
ratio » < 1079, The field content of Kihler inflation models naturally allows for the
inclusion of axions in the inflationary evolution, and we showed that we can evolve both
the superpartner axion of the inflaton (dubbed example 1) and the additional modulus,
Ty = 14 + iby, introduced to allow for a bit more freedom in the parameters (example
2), while satisfying standard constraints on inflation (particularly on ng). Much of the
chapter was concerned with the simplification of the models — in full K&hler inflation,
there are many fields in the evolution including the volume, V, and a stabiliser modulus,
73 that only evolve a small amount and have little effect on the inflationary predictions
of the model, and we demonstrated that they can be safely removed from the evolution,
easing the numerics that become convoluted when we involve the gauge field. Finally
we showed an example of fibre inflation (using parameter set “SV2” of [50] as a base)
to which we add again an additional modulus, 7.

Finally in (large parts based on [88]), we couple Kéahler moduli inflation
and fibre inflation to an SU(N) gauge field. We showed that the SU(N) gauge field can
be split into SU(2) sub-groups such that, if assumed to have common field strength,

we can recover the system of [chapter 3| with effective gauge coupling, g = % where
N = [N/2]. The scalar sector was coupled to the gauge sector through
f(@%) A pa h(D*) 2A 0 1A

LD —TFWF B 4 TF e (6.2.1)
where f is a function of the 4-cycle saxion 7, and h a function of its axion partner
be- We first considered the case where the scalar sector coupled to the gauge field is
taken from the intrinsic field content of Kéhler moduli inflation. In order to support
the gauge coupling we unfortunately required a hierarchy between the couplings of f
to F2 and h to FF — we parametrised this by defining f = 5-7, and h = §2b, where
T = 1, +ib, is the modulus we choose to couple to the gauge field and left ¢; and ¢s as
phenomenological constants. We note that however it is expected that ¢; ~ ca ~ O(1)
[85] whereas we required ¢; < ¢z in order for the axion to support the gauge field in
every example we considered. In example 1 we couple the inflaton, 7, and its axion,
b, to the gauge field. We were unable to find a working example for this scenario — the

principal problem being the backreaction of the tensor fluctuations to the gauge field,

195



6. SUMMARY AND DISCUSSIONS

which was too large. As is plotted in FIGs and the backreaction onto the
background equation of motion of the gauge field (Q)) scales exponentially with £g, and
since we require a large enhancement of the gravity sector (~ 10%) to uplift the tensor
spectrum of Kéhler moduli inflation to observable values, we require a larger value of
&g (see FIG. than in e.g. [3] and the example we considered in This
problem is compounded by the fact that the largest background terms in the equation
of motion for @, %H?’g% ~ %H?’ﬁé&h (see (5.6.4)), are smaller in lower energy inflation
due to the scaling H3. This effect can be mitigated by reducing the gauge coupling
g, which not only reduces the backreaction (FIGs and but also increases
the terms gH 35% ~ %H ?’féﬁh and actually increases the enhancement to the tensor
spectrum (see FIG. for a given value of {g meaning we do not require as large a
value for £g to achieve our goal of enhancing the tensor spectrum to observable values,
and this further reduces the backreaction. For the set-up described in example 1 where
the inflaton itself is coupled to the gauge field, we were unable to find a background
solution which could sustain {g at a large value (so as to lead to a large enhancement)
and for which g was small enough to mitigate the backreaction. In reality the set-up of
example 1 was very restrictive — the axion’s and inflaton’s evolutions were intertwined

due to the form of the scalar metric and the potential, in particular the term in V'

AWoag Aze™ 272 cos (agbz) T2
V2

(6.2.2)

is vital to the evolution of both 7 and by — while by is well away from the minimum, this
term is positive and 7 continues in slow-roll until by nears its minimum. In this way
their evolutionary histories are tied and this is shown nicely in FIG. The fact that
bs is so important to the inflationary evolution means we do not have much freedom in
choosing the parameters that govern its evolution (ag, A2, A2), and this makes it very
difficult to find solutions that support large {q, particularly when g is reduced.

For this reason, in example 2, we introduce an additional modulus, Ty = 74 + b4,
as a spectator sector that is coupled to the SU(N) gauge field instead of the infla-
ton. This gives us considerably more freedom in choosing the parameters that dictate
the evolution of the axion coupled to the gauge field (a4, A4, Ag). These parameters
are constrained in that we require that the new terms (74) introduced into the po-

tential (5.3.17]) are sub-dominant so we do not affect the inflationary evolution. This
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still leaves us with a lot more freedom however, and in this example we are able to

WIOO' We showed, both through an analytic ap-

reduce g considerably and take g =
proximation and numerically, that this set-up can lead to a large enhancement of the
gravitational wave spectrum, and enhance the tensor spectrum of Kéahler moduli in-
flation from r ~ 1076 — 7 ~ 1073, uplifting the tensor-to-scalar ratio to a value that
may be observable at next generation detectors [39-44]. Interestingly this spectrum is
almost perfectly right-handed — a feature that would in theory give it a distinguishable
observable. However, due to the relatively low value of the tensor-to-scalar ratio (even
after the enhancement), this chirality is likely unobservable [87]. We then considered
the scalar perturbations and demonstrated that: the metric scalar perturbations con-
tribute negligibly and can be safely set to zero; the inflationary scalar perturbations
are well behaved in that the tangential multi-field perturbation satisfies |Agv/2kz| ~ 1
after horizon-crossing when the background system is still in slow roll; and the scalar
perturbations to the gauge field are much smaller than the inflationary perturbation
after horizon-crossing. We then derived an analytic approximation of the backreac-
tion of the tensor perturbations of the gauge field onto the equation of motion for @),
which we showed is sub-dominant in example 2. In this way example 2 is a successful
phenomenological model in that we see a large enhancement to the gravitational wave
spectrum of Kéahler moduli inflation, the scalar perturbations are under control, and
the model is consistent in that the backreaction from the tensor perturbations of the
gauge field is sub-dominant. However, this model requires without justification the hi-
erarchy co > c; despite the fact the expected gauge kinetic function for Kéhler moduli
inflation would give co ~ ¢; ~ O(1) [85].

With this in mind, in example 3, we considered an extension to this set-up, whereby
the superpotential (given in Kéhler inflation as W = Wy + >, Age=%1") receives
a correction of the form Ae~®f* (arising from the introduction of multiply-wrapped
magnetised D7-branes) where fy; = n (T4 + imb) where m is the magnetisation of the
branes and n is the wrapping number. Setting the b4 axion to its minimum, this
allowed us to generate a hierarchy between the axion-gauge coupling and the saxion-
gauge coupling. This set-up leads to f = 74 and h = mb, and the (effective) gauge
\/an/Q with N the degree of the gauge group and a = 2%

.
The analysis and results for this model were almost identical to those of example 2:

coupling constant was g =
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we see a large enhancement of the tensor spectrum, lifting r to observable Valuesﬂ with
r ~ 1077 — r ~ 1073, the inflationary scalar perturbations are dominant over those of
the gauge field, and the backreaction of the tensor perturbations to the gauge field is
under control. Achieving this however requires very large magnetisation m = 10000,
ﬁ. Along with the required value for a, we get from this that
n = 25 and N ~ 3 x 10°. The large values of m and N (effectively the number

and very small g =

of D7-branes) are likely unrealistic in any true compactification scenario and both
the large magnetic flux and the large number of D7-branes would likely backreact on
the geometry. Achieving these large values is certainly one of the biggest challenges
presented by this model, and a full consideration of the compactification process would
need to be considered in a further work.

Another potential issue with the set-ups of both example 2 and example 3 is that
requiring that there be a large enhancement while maintaining control over the back-
reaction seems to guarantee that e ~ eg > €,. This is particularly problematic when
starting with a low value for €, as is the case here where €, ~ 10~8. This is plotted
nicely in FIGs where it is shown that even with a gauge coupling as small
as g = 1(1)—0, it is impossible to achieve a greater than O(1) enhancement to the tensor-
to-scalar ratio (with our value of €, ~ 107®) without incurring excessive backreaction.
Thus one requires a lower value of g to mitigate the backreaction and this leads to a
larger value of eg. We therefore take it as a necessity that e ~ ep and follow [I0I] by
assuming that if the scalar perturbations to the gauge field are vastly sub-dominant
relative to the inflationary perturbations, then we are free to take the power spectrum
P, = %
2 and FIGs for example 3 that this is indeed the case. However, if this

H2
8m2e

changes the inflationary predictions of the model — in particular, since € ~ €pg, this

and therefore ng = 1 — 2e — n,. We see in FIGs [5.2215.24| for example

assumption does not hold, then Py = and ny; = 1 — 2¢ — n, which dramatically
model becomes effectively equivalent (in its predictions of the scalar spectral index)
to chromo-natural inflation and is therefore not observationally viable [81], 99]. We
therefore see that this assumption is absolutely pivotal to the success of this model,
and a thorough consideration of the viability of this assumption is required in a future

work. Another assumption of this work is that the isocurvature perturbations are under

3As before the produced tensor spectrum is perfectly chiral, however this chirality is likely unob-
servable due to the low tensor-to-scalar ratio.
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6.2 Gauge field-induced enhancement of the tensor power spectrum

control. Throughout this work we have neglected isocurvature perturbations, but given
that this example is a multi-field model of inflation, a complete analysis would include
a study of the isocurvature perturbations. This is left to a further work.

We note finally with regards to example 3 that a similar set-up was considered in
[4] where they also include a Cy axion coupled to a gauge field with Kéhler moduli
inflation. However they do not consider the backreaction, and achieve extremely large

~ O(107)) with (relatively large) g = - and therefore this model is

V2
extremely likely to incur excessive backreaction from the tensor perturbations to the

gauge field onto the equation of motion for @ (see e.g. FIGs and as well as

[101]) and is therefore inconsistent.

At the end of (example 4), we applied the same set-up of example 3

(whereby f = 74, h = mb and g = \/17/2) to fibre inflation (using parameter set
n

enhancements (-

“SV2” from [50]). This example of fibre inflation already predicts an observable tensor
spectrum, r ~ 5 x 1073 so we were searching only for a relatively small enhancement.
This allowed us to relax somewhat the constraints on m and g. In this example we
had m = 500, g = %, which gives a wrapping number of n = 1 and a gauge degree
of N = 5000. With this set-up we were able to achieve an enhancement of about an
order of magnitude and uplift the tensor-to-scalar ratio to r ~ 5 x 1072, satisfying
the current bound of » < 0.07 [37] but leading to a large chirality (~ 94% of it is
from the right-handed mode), and given the higher overall value of the tensor-to-scalar
ratio in this example, this chirality is potentially detectable [87], giving this model a
distinguishable feature. Unlike examples 2 and 3, this model does not require a very
low value for g to satisfy constraints on the backreaction (since we do not require a very
large enhancement) — this means, the hierarchy € ~ €, > ep is maintained and we do
not need to make the assumption of examples 2 and 3 that the scalar power spectrum
is approximated by Ps = % despite the fact that e ~ ep > €, in those examples.
The values taken for the magnetic flux m = 500 and the gauge degree N = 5000 in
this fibre inflation example are both roughly two orders of magnitude smaller than the
Kahler moduli inflation case, however it is likely these are both still too large for a
realistic compactification scenario. As was stated for example 3, a full consideration of
the compactification process and a study of the isocurvature perturbations would need

to be considered in a further work.
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6.3 Final thoughts

In this thesis we have considered two possible implications of including spectator gauge
fields in the inflationary action. Gauge fields, of course, naturally dilute during the
exponential expansion of space, however they can be supported through couplings to
the inflaton (as in the anisotropic inflation part of this thesis) or to rolling axions (as
in the enhancement part) that arise naturally in high energy theories such as string
theory. In this way the two scenarios considered in this thesis are linked. The main
difference between the two is that in the anisotropic inflation case, we have a massless
vector field that is supported through its coupling to the inflaton; whereas in the
enhancement scenario, we have an SU(N) gauge field supported by a rolling axion,
that is usually taken to be a spectator in its own right. We have demonstrated that
it is possible to sustain a consistent anisotropy after inflation and that the tensor
spectrum of a low energy inflationary model such as Kéahler moduli inflation can be
enhanced to potentially observable levels while rendering the tensor spectrum chiral.
These two paradigms both require specific assumptions that may be impractical in a
realistic effective field theory derived from string theory to achieve the exact goals set
out in this thesis, but are interesting in their own rights as stand-alone models and
certainly warrant further investigation. An interesting follow-up to this work would be
the exploration of the possibility that these two models could be combined — starting
with an anisotropic metric, is it possible to have a scenario that both enhances the

gravity wave spectrum whilst also supporting an anisotropy?
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Appendix A

Calabi-Yau compactification and

the moduli space

In this appendix, we discuss how compactifications onto Calabi-Yau manifolds lead to
the introduction of scalar fields into the four-dimensional effective action. The majority

of this review is inspired by chapters in [83] with help from [123H130].

A.1 Maths

For completeness we will briefly review some mathematical concepts that will prove
useful in the section ahead. The expert reader will wish to skip to the next section,

section

A.1.1 Differential forms and boundaries

A differential form, Cp, is a tensor of rank [0, p] whose components Cy,, .., are com-

pletely antisymmetric. It is expanded in terms of its components as follows:

1

—Cmy.m, (x)dz™ A ... A dx™ . (A.1.1)

C, =
p p‘

The exterior derivative maps p-forms to (p + 1)-forms via

1
dC, = H(?molen,mp(:L‘)dxmo ANdz™ N N dx™r (A.1.2)
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and satisfies
d(dCy) =0V C, = d*> =0. (A.1.3)

Analogous to the exterior derivative is the “boundary operator”, d. For some manifold,
M, consider an n-dimensional sub-manifold, N. N is defined as a subset of M and has
the structure of an n-dimensional manifold. The boundary of N, denoted ON is (n—1)-

dimensional. The operator, 9, analogously to the exterior derivative, satisfies
DON)=0 = &*=0. (A.1.4)
In words: the boundary of a manifold can have no boundary.

A.1.2 Cohomology

A p-form, A,, is closed if it satisfies dA, = 0. Furthermore, A, is ezact if there exists
some B,_; for which A, = dB,_;. By the basic properties of the exterior derivative
(d? = 0), it is trivial to see that any exact form is closed; the opposite is not always
true however. In a topologically-trivial space, R?, any closed form is exact but this is
not true generally. In fact, for some manifold, M, the closed forms that are not exact
provide a characterisation of the degree to which M fails to be R%.

A manifold, M, can be defined by glueing together a set of coordinate patches, U,.

n

p» on the coordinate patches U,.

A closed p-form A, on M defines closed p-forms, A
Each patch, U,, is locally homeomorphic to R? and therefore the closed p-forms on U,
are exact, and there exists some B)) on Uy, for which A} = dBy . However, this does
not necessarily imply that B) ; will patch up to a globally well-defined B),—1 for which
Ap = dBy_1 on M. Whether this is possible depends on the global structure of M and
therefore the existence on M of closed forms that are not exact is a measure of the
topological non-triviality of M. For this reason, the topological non-triviality of M is

determined by its cohomology groups. The pth cohomology group of M, 3, (M, R) is

defined as the quotient:
_ %

3 (M.R) =
p

(A.1.5)

where Z,, and B, are the set of closed and exact p-forms on M, respectively. In other
words, the pth cohomology group contains the closed p-forms on M that are not exact.

H, (M, R) have the structure of vector spaces with dimension (the number of non-exact
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closed p-forms on M) given by the Betti numbers of M, b,(M):

bp(M) = dim (H,(M, R)) . (A.1.6)

A.1.3 Homology

A set of sub-manifolds of dimension p, N’; of I can be given the structure of a vector

space by introducing linear combinations of N;f called p-chains:
ap = ckN;f (A.1.7)
where ¢, are real coefficients. A p-chain, a, € M with no boundary
Oa, =0 (A.1.8)

is called a p-cycle. A p-chain, a,, that is the boundary of some (p + 1)-chain, by,
ap = Obpy1 is called trivial. Since the boundary of a sub-manifold has no boundary,
0(0ap) = 0, all p-chains are p-cycles. Completely analogously to the case of p-forms, in
R% all p-cycles are trivial but this may not be true for some general manifold, M, and
the existence of p-cycles on M that are not trivial is a measure of the non-triviality of
M for analogous reasons to those described in section The homology groups of

M are the sets of non-trivial cycles on M. The pth homology group of M is defined as

P
HP (M, R) = % (A.1.9)

where ZP and BP are the sets of p-cycles and trivial p-cycles, respectively. There
exists a duality between the vector spaces of the cohomology groups, },, and the
homology groups, H?; and their product defines a linear map to the reals: 3, x H? —
R. This duality means that, equivalently to the case of the cohomology groups, the
dimensionalities of the homology groups, HP(M,R), are given by the Betti numbers,
by (M).

'Here p denotes the dimension of the sub-manifold and k is just a label.
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A.2 Calabi-Yau compactifications

In the context of cosmology, models derived from string theory are almost always done
so via Calabi-Yau compactifications, the motivation for which is discussed here.
String theories are 10-dimensional so if we wish to use string theory in cosmology,

we need to compactify our string theory space, Sig, to 4D:
S10 = Xy x M (A.2.1)

where ¥4 is our cosmological spacetime and M is the compactified space of the remain-
ing six dimensions. How can we perform this compactification? Progress can be made
by posing the question: what features would we like the compactified space, M, to
have? Principally we would like the compactification process to preserve some super-
symmetry (SuSy) on M. This is because SuSy provides a good starting point to build

particle physics models.

A.2.1 Preserving supersymmetry on M

At each point on ¥4 x M, there exists a local set of supercharges that transforms under
S0O(10). M is a curved manifold and therefore local supercharges at different points on
M can be related by parallel transport with respect to the SO(6) spin connection. A
local supercharge, 8, at a point, P on M, parallel transported around some closed loop,
C, will return to P having been rotated by some element of SO(6), R¢, which will be
in general non-trivial due to the curvature of M. For this reason & is not a globally
well-defined supercharge on M and therefore supersymmetry has been broken.

The condition that compactification onto M preserves some supersymmetry is there-
fore that there exist non-trivial 6-dimensional spinors £(z™) on M that are covariantly

conserved

Vac£(z™) = 0 (A.2.2)

where z™ are our coordinates on M and ¢ are Killing spinors. Whether there exist
solutions to this equation can be determined by the holonomy groupﬂ of M. The
holonomy group of M is the set of rotations R undergone by a spinor after parallel

transport around a closed loop, C', for every closed loop on M. The holonomy group

2Not to be confused with the homology groups defined in section
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depends on the metric and spin connection of M. In general a 6-dimensional manifold
will have holonomy group of SO(6) and therefore every spinor parallel transported
around a closed loop on M will be rotated, i.e. there are no Killing spinors on M
and therefore all supersymmetry has been broken by compactification. Therefore to
preserve some supersymmetry, M must possess some special holonomy (not SO(6)), in

particular, if M has holonomy group of SU(3) some supersymmetry is conservedlﬂ

A.2.2 Calabi-Yau manifolds and their moduli

If our compactified space, M, has holonomy of SU(3) some supersymmetry is conserved
after compactification. Therefore if we know a manifold has SU(3) holonomy it is a
good candidate for compactification. Here a conjecture by Eugenio Calabi [131] (proved
by Shing-Tung Yau [I32]) proves extremely useful. Calabi’s conjecture states that
an IN-dimensional complex manifold that is K&hler and admits a nowhere-vanishing
holomorphic N-form will have an SU(N) holonomy metric. A manifold that satisfies
this is called a Calabi-Yau (CY) manifold. An N-dimensional complex manifold is a
2N-dimensional manifold endowed with a complex structure. Complex coordinates can

be decomposed into holomorphic and anti-holomorphic coordinates:

dz) = da? +idy’ TN (A.2.3)
and

dzl = dx? — idy N (A.2.4)
where j = {1,..., N}, dz* and dz* are called holomorphic and anti-holomorphic coor-

dinates, respectively; ¢ (i = {1,...,N}) and 3 (i = {N +1,...,2N}) are two sets of
real coordinates that together span the 2NV real coordinates of M. From now on to avoid
confusion, we will use “early” Latin letters {a,a,b,b,..} (running from {1,..., N}) to
mark holomorphic and anti-holomorphic indices, and “middle” Latin letters {3, j, k..}
(running from {1,...,2N}) to mark the 2NV real coordinates. A complex manifold is

endowed with a complex structure that relates coordinates through

I? da? = —dy™*v, Ig- dy ™ = dzt (A.2.5)

3The compactification leads to a reduction of the supersymmetry on the cosmological 4-dimensional
space, 4, as well.
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which implies
19dzP = idz,  1%dz" = —idZ" (A.2.6)

where [ ; is the complex structure tensor of M whose fundamental property is
P X =-X'VX eM = LI} =4, (A.2.7)

With these rules in place, tensors can be decomposed according to their holomorphic
and anti-holomorphic indices, in particular, a p-form, A,, can be decomposed on a

complex manifold as
Ap=Apo+Ap11+-+Aip1+ Aoy (A.2.8)

where A, , is a form with m holomorphic and n anti-holomorphic indices with basis
dz® A ... Adz% AdZP A ... AdzP. The complex structure tensor can be decomposed
in terms of the complex coordinates as

@dd+ 182 @dz?’uzi ©d 1152 g ash (A.2.9)

I=1 - -
b9za 0za byza

ai
bHza

where 9/9z% and 0/9z% are basis vectors dual to (A.2.3]) and (A.2.4)). It can be shown
that (see e.g. [126]) that the mixed components of I are zero, I§ = I = 0. In fact the

components of I can be chosen to be

g1 iog 0

I = = : (A.2.10)
Lo 0 —idl

A complex manifold, M, is hermitian if it admits a metric that satisfies

IXITY gy = XY g VXY €M = IiTgi = gij . (A.2.11)

This tells us that g;; must be a covariant (1,1) type tensor, i.e. its only non-zero
components are mixed holomorphic and anti-holomorphic since by (A.2.10)

181 g0 = (%) (i0%) gea + (i65) (=16 ) gua + (=05 (i07) gea + (=i05) (~i07) 9ca
!
= —Yab + 9ap + Gab — 9Yap = 9ij = Yab T 9ap + Gab + Yap
= YJab = gap =0 (A.2.12)
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Therefore g;; = g, + gap or in perhaps better notation

0 g b)
i = ab ) A2.13
g] <géd O ( )

The fundamental form of a hermitian manifold, J, is defined by lowering an index of

the complex structure to make a two-form J;; = g, I; Using (A.2.10)), we get
Jij = 19,5 — 9ab (A.2.14)

which is antisymmetric since g,; = ¢3,- Expanded in terms of the basis, it becomes

clear that J is a (1,1)-form:
J =1g,;dz" ® Az’ — gy dz® @ dz’ = 19,542 N dz’ (A.2.15)

where in the last step we have again used the symmetry of the metric and the fact that
dz* AdZb = d2* @dzb — dz @ dz®. A hermitian manifold is Kdhler if J is closed, dJ = 0,
in which case J is called the Kéhler form. Therefore a manifold for which J is closed
and for which there may exist a (N, 0)-form that is nowhere vanishing is a Calabi-
Yau manifold and thus admits an SU(N) holonomy metric and will preserve some
supersymmetry after compactification. In particular, in the case of compactification
onto cosmological spacetimes where our compactified space, M, is 6-dimensional, the
holonomy group is SU(3) and M is called a Calabi-Yau three-fold.

On a complex manifold, cohomology classes (see section are split by holomor-
phic and anti-holomorphic components. For example, the 3-form cohomology group of

M becomes
Hs (M, R) = g‘f370 (M, R) + 9‘(2,1 (M, R) + %172 (M, R) + J‘Cg’g (M, :R) (A216)

where 3, , (M, R) is the cohomology group for forms with m holomorphic and n anti-
holomorphic indices. The Hodge numbers, hy, , = dim (H,y, » (M, R)), are the complex
generalisation of the Betti numbers defined in section The Hodge numbers are

used to define the Euler characteristic, the weighted sum of the Hodge numbers:

3
X = D (=)™ by (M) =21[h11 — hao] - (A.2.17)

m,n=0
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hgo 1
hig hoy 0 0
hag hyg hya
hag hay hio hoz = 1 hyo hio 1
hay hap hay 0 hyy 0
haa has 0 0

hyz 1

Figure A.1: Hodge diamond for a Calabi-Yau three-fold with SU(3) holonomy.

Hodge numbers are represented in diamond diagrams. The Hodge diamond for M,
a Calabi-Yau three-fold with SU(3) holonomy, is shown in Figure Notice that
hso = 1, showing that M has a (3,0)-form as required by Calabi’s conjecture, the
second part of which is the existence a holomorphic N —formH7 i.e. an (N,0)-form. We
will refer to this holomorphic 3-form as (2.

Let us consider some properties of the Kéhler form, J, on a Calabi-Yau three-fold.

Consider the integral over M:
/ J? = / JNINJT = ¢3/ Gap Ged 9o A2 A dZ° N dz6 NdzT N dz AdZT . (A.2.18)
M M M
Expanding and using the antisymmetry of the wedge product this becomes
/ J3 = 31(4) / det (g,5) dz' Adz' A d2® Adz? A d23 A dZ? (A.2.19)
M M

which, converting back to real coordinates through dz® Adz® = —idx® Ady®T3 +idy®3 A

dr® = —2idz® A dy®*t and then permuting through the wedge products, becomes
/ J3 = 61’(—@')3/ 23, /det (gij)dxl Adz® Adx® Ady* Ady® A dy® =6V (A.2.20)
M M

where Vy is the volume of M, the factor of 22 in the volume element is conventional,
and det (g;;) = det (g,5)° because of the block form of g;; in (A.2.13). This is an
important result because it demonstrates that the Kahler form, J, cannot be exact and
yet we know by definition that is it closed, dJ = 0. If J were exact, there would exist

some A for which J = dA then

/J/\J/\J:/dA/\J/\J:—/A/\d(.]/\J)zO — V=0 (A.2.21)
M M M

4For the case of an N-dimensional complex manifold. In our example, M is a 3-dimensional complex
manifold.
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A.2 Calabi-Yau compactifications

where we have assumed that A, J disappear on the boundary of M and explicitly used
that dJ = 0. Since the volume of our Calabi-Yau must be non-zero we know that J
cannot be exact. The Ké&hler form, J, is a closed, non-exact (1, 1)-form and is therefore
in the H; 1 cohomology group and can be expanded in a basis as such

hi1
J = taws (A.2.22)
a=1

where w, are (1,1)-forms that form a basis {ws} of i (cohomology groups have
the structure of vector spaces) and t, are 2-cycle volumes that control the size of the

even-dimensional cycle volumes in M, through

1 1
\7:/ JNTNT = ~kap t Ot
6 Ja 6

1
To = OV = imamt@ﬂ (A.2.23)

where kg, are constants and 7, are 4-cycle volumes that we will refer to as Kdahler
moduli. The key point to notice about these moduli is that they have no 4D spacetime
index (u, v, ..) and therefore from the point of view of our compactified 4D cosmological
theory, they are scalars. In addition to this, these moduli can appear in the low-energy
effective action of the cosmological spacetime. Since the value of hi 1 can be very large
depending on the Calabi-Yau that is chosen, we can have a large number of these moduli
appearing in our 4D theory. Could one or more of these be suitable inflaton candidates?
In addition to the Kdhler moduli, a Calabi-Yau also contains complex structure moduls.
The simplest way to define the complex structure moduli is by considering them as
deformations to the metric g;; — gs; +5gijm We first define a (2, 1)-form, €, with help

from the unique holomorphic 3-form, €2

C = Qupe 89S dz® A dzb A dz? (A.2.24)

5The Kahler moduli can in fact be defined similarly through 8¢,z = 221:11 byp ota Where by form a
basis of (1, 1)-forms.

The relevance of the variation of the Kahler metric is that a C'Y manifold has a Ricci-flat metric:
R;j(g) = 0. The condition that a variation of this metric should leave it Ricci-flat: R;;(g+ dg) = 0 can
be cast in terms of the Kéhler and complex structure moduli. For more information, see [130].

209



A. CALABI-YAU COMPACTIFICATION AND THE MODULI SPACE

which can be expanded in a basis of the H3 1 cohomology group:

hi,2
Cave = Qabe 592_ = Z Uabapz (A225)
a=1

where {uq} form a basis for Hs; and u, are 3-cycle volumes called complex structure

moduli.
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Appendix B

Second order action for action

with isotropic gauge field

We are interested in perturbing to second order the action

M? 1 1
S= [ d'w{ =B V=gR — -v=9g" 0,00,6 — \/gV — 5\/59" XX
2 2 2 (B.0.1)

1 g )\ g a a
—v—9U — 1V —99""g" F;LIVF;?U + gxeuup FMVFPU}

with
1 0 0
o0 14y B
G =4 g h 1—hy
0 0 0

: (B.0.2)

— o O O

—1 0 0
1—hy+h% +h3 —hx
—hx 1—hy+h% +h%
0 0

g = a? , (B.0.3)

o o o
— O O O

A}L:a(oaQ—’—éQ—i_T-l-vTXaO))
Aiza(ovTXuQ—'_éQ_T-‘raO))

A =0 (0.Y,0,0,Q +0Q + 92M) (B.0.4)
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B. SECOND ORDER ACTION FOR ACTION WITH ISOTROPIC
GAUGE FIELD

and after the redefinition of the tensor modes to left- and right-moving ones

aMpl
2

Q;Z)L,R = (h+ + ’th) y tL7R =a (T+ + ’LTX) . (B05)

With this form for metric, square root of the determinant of the metric to second order
is
V=g =a*—2a*YrR (B.0.6)

and the Ricci scalar is

R 8a,r - YLYR N 20" R N 2091 YR N 20,V YR - N GwL;ZZ/}R,Z

ab ab ab ab (B.0.7)
n AL,z VR " WrYRrzz VL YRr WirrVrR  AWLYR s n 6a,rr
at at at at at ad

With this, the second order action (B.0.1]) can be found

1 1
Sy = —9g"Q*0Q%" + g’Q*VZa' — g*Q M .a" — SOX*Usr(x)a" — 500"V (9)a”

26 XY:0Q,.0° | gAQ*0XY .00 | 2gMQIQNY: .0?

—bg 2Q25QM,z,za4 +

f f f
682Q0Q0xQ ra®  3gAQ*XxQa®  2gAQ5XxQ M . .a
- f - f - f
28 N0QXQ M, .a®  3gAQ?0x6Q . a®  6gAQ6QxsQ a?
N f - f - f
26 AQXM . .6Q 0> gAQ20xM,..a®  2g\QOQXM ;.. .d° 5 9
- 7 - / - / — Qe

1 1 1 3 1 1 1
- §6¢?za2 - §5X,2za2 + 51/,272612 + §5Q?Ta2 + §5¢?Ta2 + 55}(’2412 + §M2 a?

,T,Z,Z
+2g2Q3%pyra® + 2g°Q3trbra® — 3g2QMbrbra® + 2U (x)ribra®

9g )\QQSQ&(a,TaQ
f

+2V(¢)pra’® =Y. 20Q 1a° =Y M s 20> +6Q M ;. 2a® —

. 9g )‘Q(;QQXCL,TCLQ . 3g )\Q25XG,TM,Z,ZCL2 . 6g )\Q5QXG7TM,Z,ZCL2
f f /
. g \XtLtRQ ra
f
-2 gQ2¢LtR,za - 5Qa,71/,z,za - a,TM,z,zY:z,za + 35Qa,‘r§Q,7—a + a,TM,z,z(SQ,Ta

—igQtrtr .a+2giQ%YrtL .a+ giQtrtr a
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n gAQxtrtL ra N gAQxtrtr ra

+0Qa, M. .ata M, . M:;,. .a

f f
3.9, QWrYra?  Yripra” 2 ”
+50Q%" + 2 +— 5 TULYRQT — YrYrd (B.0.8)
1 AQxtrtra
— YRy + S M2 + gQXfW —t1 .tR.: + 3L VR,

+ 5Qa/2M,z,z + 2waL,z,z + 2¢L¢R,z,z - 2¢RQ,TtL,T - 2wLQ,TtR,T

+ i)‘XtL,ztR,T

f + tL,TtR,T - 3¢L,T¢R,T - 2'¢R1/}L,T,T - 2¢L¢R,T,T

IAXER 2L . 2QVrYRa Qr  2¢rYrarr  2QURraslp s
f a a a

. 2Q¢La,TtR,T + ¢RQ,T¢L,T + ¢LQ,T¢R,T
a a a

The perturbation, Y, is non-dynamical (its equation of motion contains no time-
derivatives of Y) and after moving into Fourier space, it can solved for explicitly in
terms of the other fields. After substituting this into the other equations of motion,

the scalar perturbation equations from this action become

H? (028, + D (2 + €= 2) ) + AgVpp = 0, (B.0.9)
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B. SECOND ORDER ACTION FOR ACTION WITH ISOTROPIC

GAUGE FIELD

TIANALQ  H T ANQALHP
\/%12_[{2 + 8202 \/%xQHQ + 8202

+ frreA H* + fa* A

+ fat A H* —2fx* A, H*

4 2g2’\Q%\/22H? + 2g2Q2 A H?

Xz, /12172 1 5202

3g2x3/\Q2A2Q7wH3 n g2x3)\Q3A2,wH3
\/%xQHZ + g2Q? \/%1;2]{2 + g2Q?

3202 AQPAH?  2gr3NQ+/22H? + 2g2Q%A1Q H3
/%x2H2+g2Q2 /%x2H2+g2Q2
g:v3>\Q2 2H2 + 2g2Q2A1’IH3 N g2x2/\2Q4AXH2

[la2H? + g2Q? f

—4fg*Q*AH? +2fg*1*Q* A H” + 2fg*cQ* A H?

+ fﬁAxU,X,XHQ + 2fg21'2Q2A H?

X,x,x

N 4g3AQ*\ /22 H? + 2g2Q2 A1 H N 4gtrAQ* A0 Q . H
/%xQHQ + gQQQ ’%x2H2 + g2Q2

2g12AQ5 Ay H 4g* \QP Ao H

\/%$2H2 _|_g2Q2 \/%?L‘QHQ _|_g2Q2

4g32AQ3 /22 H? 4+ 2g2Q%A\1Q . H
/%:132]:’2 + g2Q2

2g32AQ /22 H? + 2g2Q% A, . H

/%x2H2 + g2Q2

+2f8?Q*A U, =0,
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20" Ny x o H” 2824 Qv2A, H 6/2A HS

V205 Mgy - 2SVEA, HO 4 28 QV2A, L& V209Q 4.0
F/22H? + 2g2Q2 VI?H? £2g2Q?  \/22H? + 2g2Q?

3v2g1°QAH® 222" Ny Q  H

VI?H? +2g2Q%  /22H? + 2822

B V2g2%QAN, .  H®  4ga* \Q?A, H® N 2°\/202H? + 4g2Q2 A\ H , H®

+ xG\/iA17x7xH6 —

+
NS f V22H? +2g2Q2
250N D 250 AQVIANH®  280°)Q0\Qu I
f ! !

 2v2ga"QAgH H®  6v2g°2°AQ*Agx o H
/22H? + 2g2Q)2 fy/22H? 4+ 2g2Q2

N 8g3x3Q2\@A2Q,zH4 2g3x4Q2\/§A2Q7x,xH
VR P g

B 6\/§g3x4QA2Q?xH4 B 18\/§g3x4Q3A2H4 B 2\@g3$2Q3A2H4

/22H? + 2g2()2 /22H? + 2g2Q)2 /22H? + 2g2()2

5
+ 10g2z1Q*V2A, H*

4
+ 4g21‘4Q2\/§A17$7$H4

_4\/§g3x4Q3A2’x’mH4 10g3$2)\Q4AXH3
V2 H? + 2g2Q? f
. 14g223Q% /202 H? 1 4gQP A H . H? . 10g°2° QA H?
VI 1 287" i
8g2 23 \Q*V2A X H®  6v2g323Q3 A H , H?
7 I e e
_ 12v2g"0AQ Aoy o HP

f/22H? + 2g2Q2

+ 4g4x2Q4\/§A1,m,xH2 -

+

+28g'2°Q" V24, H* (B.0.11)

36v2g°22 QP Ao H?
W27 Q0 Ay, H N 12g° \Q°A H
Ve j
. AgtzQ*\/222H? + 4g2Q? A\ H . H N 12g5x)\Q6AX7xH
Ve ey j
n 8g5$)\Q5\/§A1X7xH B 4\@g5$Q5A2H@H
] VP § 280
B 8\/§g6w)\Q6A2X7xH 24\/§g7Q7A2

=0,
f/22H? + 2g2Q2 /22H? + 2g2()2

+ 24g6Q6\/§A1 —
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B. SECOND ORDER ACTION FOR ACTION WITH ISOTROPIC
GAUGE FIELD

gr QV20.HT  2g2%V20,Q HT  gr"QV2As,  H'

\/xQHQ + 2g2Q2 \/$2H2 + 2g2Q2 \/$2H2 + 2g2Q2

. 2gx6)\QAXQ,mH6 _ 2gw5)\Q2AXH6 - \/ﬁgacﬁ)\QAUQZHEs

2\/§gx5QA2H7 \/igaﬂAgQ,x,zH? le‘ﬁQ\/éAgH,xHG

\/.’112H2 + 2g2Q2 \/$2H2 + QgQQQ \/{1}2H2 + 2g2Q2

f / f
6 3.5 2A 2H5
+ gz Q\/> ZQJ —2\/§g2$5Q2A1H5
/2 2 + 2g2Q2

—8v2g%zQ° A H +

6g3$5Q3ﬂA2H5 2g3$3Q3\/§A2H5

\/Q:QHZ + 2g2Q2 \/xQHQ + 2g2Q2

4g3$5Q3\/§A2,x,zH5 8\/§g3x4Q2A2Q@H5
JEHE {222 JoPHP § 28202

2\/§g3x5Q2A2Q,LE,$H5 6g3$4Q3\@A2H,$H4

/$2H2 + 2g2Q2 /$2H2 + 2g2Q2
3,.4 4 4
2g323\Q4A, HA B 2g°r*\Q AX,xH
/ /
42832 NQ3 A x o H?
\fg € ? 1X,z B 8\/§g4$3Q4A1H3

12g5$3Q5\/§A2H3 4g5ZL‘3Q5\@A27$,xH3

+
/2 H? + 2g2Q2 /2 H2 + 2g2Q2

4g522Q°V2AH , H?  4g2AQSA H?

Va?H? + 2g%Q? f

A2 AQOA JH?  44/2g52°AQ5 A x o H?

/ /
8g7xQ7ﬂA2H B

=0
/22H? + 2g2Q)2

where the scalar perturbations are defined through

00

_ Ay

a

ox

Ay agQA + \/k? + 2a2g2Q2? Ay

a V24 V2ga2k2Q
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Appendix C

Full perturbation equations for

chapter 5

In this appendix we write the full perturbation equations for We exclude

the scalar equations including the metric perturbations as these are infeasibly long.

C.1 Example 2

Considering first example 2 in and looking at the tensor equations of motion

for the right-helicity modes. Recalling that

aM . .
YR = 2P1 (hy ihy),  trr=a(Ty +iTy) , (C.1.1)

the full equations of motion for ¢t and ¥pg are

28°Q%r = —AH?QEpihp + AH? 264 Q w0r — 2H 2 st p o + 26 HQERL R + 28 HQ w00
— 2gHQutp — 2H?x&pt g + 2H?2Q otbr — 2H?2°Q 4 0t0r — 2H? QbR
+2H?Qetop — 2H? 3 Q o¥p o + 2H Qb + H?2 'ty + H 4 tR oo
(C.1.2)
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

- 3aH20%$4§2¢Rm —3g’Q c1muvr + 28° Q% c1mut
VT2
—2gHQ zerimatp + H*Q ermatop + H2*e1ma Q2 ¥ (C.1.3)
— 2H?*QueisQ bR — 2H 001 m4Q ot pg + 2H?QuerTat gy
3aH?x? XT3 R 3aH2A4gj%¢R\/TTTj
N Vs
— 4H*)pp + 3H?epr — H* %R0 p + 2Vibg = 0

— H*2*yp

where , z means derivatives with respect to x = GLH

The scalar perturbations for example 2 are split as

Ay,

A, A,
oy = —2, oy = —, dby =
a a

Aq M= agQA1 + \/ k2 + 2a2g2Q% A,

o NPT (C.1.4)

5Q =

and their equations of motion (with the metric perturbations set to zero) are as follows

3285V 211/ (282Q% + H?x?) T4c10289Q0
262Q2 1 H2xz2
32g*\/4g2Q? + 2H2x2c1co Ay VTV (282Q?% + H?2?) 14,Q°
262Q% + H2?
32g> H?2? \/i\/ﬁ\/(ngQZ + H222) 14c109020Q%
282Q% + H22
N 16g3H2I\/§ﬁ\§§§;@j ;gzgrz) Tac10200 5, Q* + 8gHP 23N, QP
16v/2g° H22c105Q 0 Do o /T2 (262Q + H?2?) 74 Q°
26202 + H2a2
16v2g2H2a%c1c0A 1 /Tan/ (282Q2 + H222) 14Q3
- Ny
16V2g> H?xeicoA 2/ (28°Q% + H?2?) 14Q°
- V@ I
18g2H%a\/(282Q% + H2a2) 143 Ay, MEF Q2

V2g2Q? + H222Vcy

+
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C.1 Example 2

N 16g” H?22V/2/T1\/ (282Q% + H?22) 14c102Q 2 A1 2 Q*

2g2Q2 + H2332

N 8gH4x4ﬂﬁ\/(2g2Q2 + H222) 74c10902Q%
28202 + H2a2

N 8gH4x2\/§ﬁ\/(2g2Q2 + H222) 14c10002Q°
28202 + H212

. 8gH*x\/2/m1\/(282Q% + H?2?) TacicaDo 1 Q

3,..3 .2 2
26207 1 11227 —8gH z°c5Q Ay, Q

24g> H? o\ /(282Q? + H222) m4ca A, M1 Q?

262Q2 + H222V

— 8H4;v20102AT4Q2 +

N 12g? H?a\/(2g2Q% + H?a?) 140007, M5 Q*

262Q2 + H222V

N 12¢2H%a\/(2g2Q? + H222) 1401 Ap, M&pQ?

262Q2 + H222V

. 1282 H2xor\/(282Q2 + H222) 1401 Dy, 2 Maln Q2

2g2Q2 + HQxQV

6g2H2x o/ (2g2Q? + H222) 14Ny, AT 1 Q2

2g2Q)? + H?22V1y

_l’_
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

18g2H?aco A, )\45? V(282Q2 + H222) 1,Q?
VARG T P
B 12g2 H2 22 acy Ay, M/ (282Q2 + H222) 74Q?
VIt Y
B 12g2 H2aeco Ar, A i/ (282Q% + H222) 14Q?
Noreo e
12g2 H2 22 acaAr, w2 Xan/ (282Q% + H222) 14Q?
V2EQ 1 Y
12g2 H?zaca A, w i/ (282Q2 + H222) 14Q°
V2B £
16g°caVip, v, Db, /Tay/ (282Q% + H?2?) 14Q°
B V282Q2 + H?2?
_ 16g%coV,r, v, Ary /71y (282Q7 + H?2?) 74Q*
Noreor e
16g%caViry m Aryy/Tay/ (282Q2 + H2a?) 14 Q
Noreoe e
+ 16H4x301c2Q7xAT4Q — 8\f2H4x3clchLzT4Q
16v2gH 23 c100Q Ao /T1/ (282Q% + H222) 74Q
262Q% + H222
8V2gH s c102Q v Ao 2 /Ty (282Q% + H?2?) 14 Q
282Q2 + H222
IH 720/ (2g2Q2 + H222) 143 Ar M€l
J2g20T Ve,
N 8gH4x4\/§\/ﬁ\/(2g2Q2 + H?2?) 740102Q?IA2
28202 + H2a2
12H*22a+/(2g2Q? + H222) T4caAr, My
VIt Y
N 6H 2%/ (2g2Q2 + H222) TycoAr My
e
N 6H*2%a/(2g2Q2 + H222) T4c1Ap, M,
NerrEs
N 6H4:1:3a\/(2g2622 + H222) 14010, z Aaéh
VI Y

+ 8H4:L‘4\/50162Q’1A1@7'4

- 8H4x4c102Q?xAT4 +
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C.1 Example 2

N 3H*2%a/(2g2Q? + H222) TycaAr, MaTa 0

V2g2Q?% + H?222V1y

IH* 22 aco A, )\45]2@ V(282Q? + H?22) 1

\/2g2Q?% + H222V

6H*r acoAr, A1/ (2g2Q% + H222) 7y

/2g2Q2 + H2z2V

6H 22 aecaAr, M/ (282Q2 + H222) 14

/262Q% + H222V

6H v acoAr, 10/ (282Q2 + H222) 74

\/2g2Q?% + H?22V

6H4x3a02AT47x)\4£f \/(2g2Q2 + H?22) 1y

/262Q2 + H222V

SH222¢3V N0y /T1/(282Q7 + HZ) 74

/2g2Q2 + H222

8H23%coViry 1, Ary /T2y (262Q2 + H222) 74

/26202 + H2x2

8H2x202VT4,T4AT4 ﬁ\/(2g2Q2 + HQI'Q) T4

=0,

/2g2Q2 + H242
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

825v2/Ta/(282Q2 + H222) 14¢0Q Ao H
2g2Q2 +H2x2

B 8\@Qx462A2\/7T4\/(2g2Q2 + H22) 1, H
28202 + H2a2

N 6xtay/(2g2Q? + H222) 4 Ap, N H*

\V2g2Q? + H?x22V

n 622aer/(2g2Q? + H2x2) myAp, Ay H*

\/2g2Q2% + H222V

N 6x4a\/(2g2Q2 + H?%x?) T4Ab4’m7x)\4H4

V/2g2Q?% + H222V

+ 6x2a\/(2g2Q2 + H21‘2) T4Ab4)\4§fH4

\/2g2Q2 + H222V

N 6x3a\/(2g2Q2 + H?%x2) T4Ab4,z)\4§fH4

V/2g2Q?% + H?22V

N 6x3a\/(2g2Q2 + H222) 141 AT47I)\4§;ZH4

V282Q? + H?z?Vey

N 1872/ (2g2Q2 + H222) Tyt A M & HY

V282Q? + H?2?Vey

B 1222aAp, M1/ (2¢2Q% + H222) 1, H*

\V/2g2Q? + H?22V

B 6$2a01A7—4)\4§h \/(2g2Q2 + H2x2) 7'4H4

V2g2Q? + H?22Veo

_ 3x4o‘b4,w,zAm}\4\/(2g2Q2 + H2x2) 7’4H4

V2g2Q? + H?222V1y

N 16gQ22\/4g2Q? + 2H222 /74\/(282Q2 + H?22) 4020 H?
262Q2 + H2z2
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+24g2Q2953ﬂ\/ﬁ\/(282Q2 + H2%22?) 1400Q Ao H?
262Q? + H222

+ 8g? Q323 2/T1\/(282Q2 + H22?) Tycol\y , H3
2g%Q% + H?2°

— 8gQ32% ey A, H? + 8gQ2x302Q7$AT4H3

16gQz>\/4g2Q? + 2H22202Q ;A1 /710/(282Q? + H?a?) 7, H?
2g2Q? + H?z?

8gQ%2\/4g2Q? + 2H2a2cy A1 »/T1/ (282Q2 + H2a2) 74 H3
2g2Q2? + H2a2

24v/2g2 Q3% coNo/T1n/ (282Q% + H2a2) 74 H3
2g2Q2 + H222

+

8g2Q*z2ci N, H? N 822 /71\/(282Q? + H222) 74V, b, Ap, H>
1 2g2Q? + H222
N 822 /T1\/(282Q% + H222) 74V 1, p, Ay, H?
/2g2Q? + H222
+ 8x2ﬁ\/(2g2Q2 + H2x2) T4V7b477'4A7'4H2
/262Q2 + H?222
12g2Q2x20z\/(2g2Q2 + HZI‘Q) T4Ab4 )\4H2
V/28%Q? + H%22V
N 12g2Q% e/ (2g2Q2 + H222) T4 Ap, My H?
V282Q? + H%a2V
+ 12g2Q2x2a\/(2g2Q2 + H2$2) 7—4Ab4,m,x)\4H2
V282Q% + H%22V
12¢2Q%a/(2g2Q? + H222) 14 Ap, \Ef H?
V282Q? + H%a2V
n 12g?Q%xa\/ (2g2Q% + H?2?) T4y, oy A& H?
V/28%2Q? + H?a2V

N 12g2Q2xa\/(2g2Q2 + H222) 1401 A vy 2 A& H?

V2g2Q? + H222Vcy

+

+
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+36g2Q2a\/(2g2Q2 + H222) Tyc1 A M5 H?
V2e20% + e,
24g2Q%a Ny, M1/ (2g2Q2 + H222) 7, H?
R V282Q% + H22?V
12g2Q%aci Ar, Ménn/(282Q2 + H222) 74 H?
- 2g2Q? + H2x2Veo
6g2Q%x%aby 1 x Ar Man/ (282Q2% + H222) 7, H?
a V2g2Q2 + H222V7y
n 32g3Q"V2 71/ (282Q2 + H222) Tyco N H
VG T T
+ 32g" Q"xv/2/74\/ (282 Q2 + H?a?) 14c2Q 2 Ao H
262Q% + H2a2
N 16g4Q5x\@\/7T4\/(2g2Q2 + H?22) 140D H (C.1.6)
262Q2 + H2z2
32v2g*Q0co Ao /71 (282Q% + H222) 7y H
26202 + H2a2
32\/§g3Q3x02Q,xA1\/7T4\/(2g2Q2 + H?2?)1yH
) V2g Q7+ I
16v2g3QYwea A 4\ /Tay/ (262Q2 + H222) 14 H
B V2er QP + B2
4 16g%Q%\/T1+/ (282Q? + H222) T4V, 5, Ab,
V2R P
" 16g°Q?\/71y/ (28°Q? + H?x?) 14V 7, 4, Ar,
VR + I
| 168°Q* 7/ (28°Q° + H?2%) 1aVipyri Ay

/2g2Q2 + H2332

:(:)7

9o H?2* Ny 73 A, N 120 H? 2 Ao\ /TaT2, 2 A, B 120H? 2 Ao\ /T2T2,2 0, ,
V72 % Vv

120H222 Mg [TaTo w0 Nry  ASH2 Ao ? A, 24aH2eNym 2 A,

— - +
Vv Vv %
240 H22 Ny 2 A, N 240 222 N7 * Ay g0
Vv Vv

+ 327—22Ab4V772,b4 + 327—22AT2 Vg + 327—22‘/,7’2,74AT4 =0,

(C.1.7)
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C.1 Example 2

_\/ngQCQAbz; _ ﬁgQ202Ab4,x

4g2Q?A1 28QA 2A1
_4g7Q 1+gQ 1§hJr 12&f

Al,;r,:v = - A1

Hax2cimy Hxcymy H2x2 Ha? x
N 4g*Q* Aoty  2HAG, 2gQA
Ha?\2g2Q2 + H22®  \/2g2Q2 + H?2?  \/2g2Q + H?2?
+ 4g3Q3As _ 2V2g? Q3 A, n V2Q A, _ V2QA,,
H222\/2g2Q2 + H2a2 H2227y Ty 227y
4 \/EQEAM . \/iQ,:c,a:Am . \/iQ,zAu,x + \/EQAMJ
227y T4 Ta TT4 ’
(C.1.8)
2g2Q2 + H222c1 A, Q7
AQ,z,x

B HSQV2¢y 7425 + 4g2 HAQ3V/ 2¢1 Tyxt + 4gH2Q5/2c1 1422

B 8v2g5¢1 A0 Q7
HSQV2¢ 1425 + 4g2 HAQ3V/ 2c1 myxt + 4giH2Q5/2¢1 1422

4g HA/2g2Q2% + H222c0 M\, QF
HOQ\/2c1 1475 + 4g2 HAQ3/ 2c1myat + 4g* H2Q5/2c1 7422

Ag* H/2g2Q% + H222co Ny, Q0

HSQV2¢ 1425 + 4g2 HAQ3V/ 2c1 myxt + 4gtH2Q5/2¢1 1422

_l’_

_l’_

8g°/4g2Q2 + 2H222c; A1 14 Q8
HOQ\/ 2c1 1475 + 4g2 HAQ3/ 2c1yat + 4gt H2Q5/2c1 7422

4g3H?\/2g2Q? + H2x2ec1 A, Q°

B HSQV2¢ 1425 + 4g2 HAQ3V/ 2¢1 Tyxt + 4gtH2Q5\/2¢1 1422

4g3H2 /2g2Q2 + H2$201AT4Q5

+
HOQ\2c1 1425 + 4g2 HAQ3/ 2c1maat + 4g* H2Q5/2¢1 7422

8g3H2£L'2 /2g2Q2 +H2$201AT4Q5

_'_
HOSQ\2c1 1428 + 4g2HAQ3v/2c Tyt + 4gt H2Q5/2¢1 422

4g3H%x\/2g2Q? + H2x2c1 A, QP

B HSQV2¢ 1425 + 4g2 HAQ3V/ 2c1 myx* + 4gtH2Q5/2¢1 1422

_l’_
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

12V2g* H? 221 Aoy Q°
HSQ\2¢, 1425 + 4g2 HAQ3V/ 2c1 myxt + 4g H2Q5/2¢1 1422

8g4H2$ﬂ01A2,xffT4Q5

+
HGQ\/§C1T4LU6 + 4g2H4Q3\@617’4x4 + 4g4H2Q5\/§C17’4LU2

8v2g H\/2g2Q? + H222c1 A1 £,14Q°

a HSQ\2¢ 1425 + 4g2 HAQ3V 2¢ 1 myxt + 4gH2Q5/2¢1 7422

22 H32%\/2g2Q? + H2x2c0 Ay, Q4

+ X
HSQ\2¢ 1425 + 4g2 HAQ3V/ 2¢ 1 Tyat + 4gtH2Q5/2¢1 1422

282 H313,/2g2Q? + H2$202Ab4’xQ4

_l’_
HSQ\2¢ 1425 + 4g2 HAQ3V/ 2¢ 1 Tyxt + 4gtH2Q5\/2¢1 1422

4g3H%x\/2g2Q? + H?22¢1Q AL, Q*

 HSQV 2017425 + 4g2 HAQ3 2e1 ryxt + 4g H2Q5+/ 20,7422

Ag3 H?22\/2g2Q% + H222¢1Q 2 2 A7, Q

_I_
HSQ\2¢, 7425 + 4g2 HAQ3/ 2c1 Tyxt + 4gtH2Q5\/2c1 7422

Ag* H?a?\/2g?Q% + H?1c1Q 2 Ar, Q"

HSQ\2¢ 1420 + 4g2 HAQ3V/ 2¢1 myat + 4gH2Q5/2¢1 1422

8g3H2x2\/§ 2g2Q2 + H2$261A17'4Q4

+
HSQ\2¢ 7425 + 4g2 HAQ3V/ 2¢1 myxt + 4gH2Q5/2c 1422

2gH*2?\/2¢2Q% + H2x2ec1 A, Q3

a HSQV2¢ 1425 + 4g2 HAQ3V/ 2¢ 1 myxt + 4gH2Q5/2c1 7422

2gH*z4\/2g2Q? + H%x2c1 A, Q3

+ — p
HSQ\2¢ 1425 + 4g2 HAQ3V/ 2c1 myxt + 4gH2Q5v/2c1 1422

6gH*2?%\/2g2Q? + H222c1 A, Q3

+
HOQV2¢1 1420 + 4g2 HAQ3V2c1 yxt + 4g* H2QP /201 742
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2gH*23\/2¢2Q% + H2x2c1 A4, Q3

a HSQ\2¢y 7426 + 4g2 HAQ3V/ 2c1 Tyxt + 4gtH2Q5\/2¢1 1422

6v/2g>H* x4 c) Aoy Q3
HOQV/2¢1 1420 + 4g2 HAQ3V/2c1 yx? + 4g* H2QP /201 7422

2\/§g2H4x201A27’4Q3
HSQV2¢ 1425 + 4g2 HAQ3/ 2c1 myxt + 4gH2Q5/2¢1 7422

Qﬂg2H4$2601A27’4Q3
HSQ\2cy 1425 4 4g2 HAQ3/ 2c1 Tyat + 4gtH2Q5/2c1 1422

Ag? H* 2’201 Aol s Q3
Hﬁchlma,‘G+4g2H4Q3fclT41:4+4g4H2Q5fclT4m2

8g? HAx3v/2¢1 Mg 1€ 74 Q3
HGchlme+4g2H4Q3fclT4x4+4g4H2Q5fclT4x2

8v2g2H3x2\/2g2Q2 + H2x2ci A&, 14 Q3
HSQ\2c1 7426 4 4g2 HAQ3/ 2c1 Tyxt + 4gtH2Q5/2¢1 7422

2H 14\ /2g2Q? + H2x2c0 A\, Q2

HﬁQ\fclTMG + 4g2 HAQ3\/2c1 mywt + Agt H2Q5 v/ 2¢1 7422

10gH*23/2¢2Q? + H222%¢1Q A+, Q?

- HOQV/2¢1 1420 + 4g2 HAQ3V/2c1 yx? + 4g* H2QP /201 7422

2gH'24\/2g2Q% + H%22¢1Q 4,2 A7, Q?

_'_
HSQV2¢1 1425 + 4g2 HAQ3V 2¢1 myat + 4gtH2Q5/2¢1 1422

2gH"x"\/2g2Q% + H?12¢1Q 2 Ar, »Q*

_'_
HOSQ\/2¢1 1425 + 4g2 HAQ3\/2¢ 42t + 4gtH2 Q5 2¢1 7422

2gHx 4\/4g2Q2 +2H222¢1 A1 74Q?
HﬁQ\fC1T4l‘6 + 4g2 HAQ3\/2c1 mywt + Ag H2Q5 v/ 2c1 7422

882H4 3\f61Qa:A274Q2
Hﬁchlma,‘G+4g2H4Q3fclT41:4+4g4H2Q5fclT4m2
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

2¢2H*2/2¢1Q 1,0 A2m4 Q?
H6Qf0174:):6 + 4g2HAQ3\ 2c Tyt + 4gt H2Q5/2c1 1422
4NV2g° H2301Q n Aol 1 Q?
- HOQV2¢1 420 + 4g2HAQ3V2c1 yxt + 4g* H2QP /201 7422
2H%2°\/282Q2 + H%2%¢2Q 2 Ay, Q
B HOQ\/2c1 7425 + 4g2 HAQ3/ 2c1 myxt 4 4gt H2Q5V/ 2¢ 1422
4gH*24 \/mle?$AT4Q
" HOQ\/2c1 7420 + 4g2 HAQ3V/ 2c1 gzt + 4g* H2Q5/2¢1 7422
6\/§g2H4x4le?IAQT4Q
a HOQ\/2c1 7425 + 4g2 HAQ3/ 2c1 myxt 4 4gt H2Q5V/ 2¢ 1422
V2HSz58¢; Aoy Q
a HSQ\2¢ 1425 + 4g2 HAQ3V/ 2¢1 Tyxt + 4gtH2Q5/2¢1 7422
V2HS 24 eci AoTsQ
a HSQV2¢ 1425 + 4g2 HAQ3V/ 2c 1 Tyxt + 4gtH2Q5/2c1 1422 (C.1.9)
2HS24/2¢1 AoTsQ
HGchlmx(‘ + 4g2H4Q3\ 2c Tyt 4 4gt H2Q5/ 2 1422
2HS24/2¢1 Aok 74Q
H6Q\f€1¢4x6 + 4g2 HAQ3\ 21yt + Ag H2Q5/ 21 7422
2H62°/2¢1 Ao 1 €54 Q
HGQf01T4$6 + 4g2H4Q3\ 2c Tyt + 4gt H2Q5/2¢ 422
2V2H x4\ /2g2Q? + H2x2c) A1£,14Q
 HSQV 2017425 + 482 HAQ3 2cy 4t + 4g  H2Q5/2¢1 7y
2\/§H6x501Q,$A27’4
 HSQV2e17425 + 4g2 HAQ3 2cy myat + 4g  H2Q5/2¢1 740
H%25v/2¢1Q 3.2 A074
HGchlT4a:6 + 4g2 HAQ3\/ 2cy Tyat + 4gt H2Q5/2c1 1422
2V2H 25 c1Q ;A€ s
; HOQV/2¢1 7425 + 4g2HAQ3V/ 2c1mywt + 4gt H2Q5/ 2¢1 g2

C.2 Example 3

The e.o.m for tg and g are now given by, respectively

—4H?QEpp + AH?28,Q 2R — 2H? 2 st R 0 — 287 Q%R + 26 HQEpt R
+ 2gHQ?xtp — 2gHQut g — 2H?wépt g + 2H2Q o1bp — 2H? 4 Q 4 pvp (C-2:1)
— 2H?Qup + 2H?Qevop — 2H%2%Q yp o + 2H?Quibp , + H? 2%t
+ H2$27§R,x,z =0
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C.2 Example 3

and
3ol \ot3,vn  3aH M) *Ehn
AN Vv
 8V2H’ 1?9,
V/Cm2V
— 2H%Qu74Q o0R — 2H?2*14Q 4t g + 2H*QaTytp o
— H?*s*pp — AH*Yp + 3H e — H*3 YR ae +2ViR = 0.

The scalar metric perturbations are defined through

A A
==, dm==", dh=—
a a

Ay agQA1 + \/k? + 2a2g2Q% A,

5Q:77 M =

—2gHQ*xmytp + H*Q* b + H*2*14Q°% YR

2a V2ga2k2Q

Their equations of motion are given by

32g5mV/2\/71/ (282Q2 + H222) 14 A5 Q°
2g2Q2 + H2g2
32gtm/4g2Q? + 2H?22 A1 71/ (282Q2 + H?2?) 74,Q°
282Q2% + H22
32g3H2mx2\[\/ﬁ\/ 2g2Q2 + H222) 7, A0 Q*
282Q2 + H22
N 16g3H2mx\fﬂ\/ 2g2Q? + H?x?) T4A2,a:Q4
262Q2 + H2x2
16v2g> H2ma?Q Ao o/Tan/ (282Q% + H?2?) 14Q°
2g2Q2 + H2g42
16v/2g2H?ma? A1 /71\/(262Q2 + H22?) 74Q3
‘ VA +
16v2g? H2ma A 5\ /Tay/ (2g2Q2 + H222) 74Q3
) N
8gH4mx4fﬁ\/ 2g2Q2 + H22?) 74A2Q?
262Q% + H2x2
8gH4mx2\f\F\/ 2g2Q2 + H2x2) 74,A2Q°
282Q2 + H242
8gH4mx3\f\/>\/ 2¢2Q% + H222) 149, Q*
282Q% + H22
24g2 H?man/(2g2Q? + H222) T4 Ar, M Q?

V/2g2Q? + H?x22V

+ 8gH3m?

— 8H ma’A,,Q% +

229

— 3¢’Q 'R + 28°Q*1utr

(C.2.2)

(C.2.3)

22 A Q3

8gH3m2x3Q7mAbQ2



C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

N 12g” H?man/(2g2Q? + H222) 4 A 7, Ma&Q?
VR Y
+ 16g2H2mx2\/§Q7mA17xT4Q2
N 6g2H ma?a\/(2g2Q% + H222) 4 Ar, AaT4 1 2 Q?
V2¢2Q2 + H222V7y
32V2g2 Hgs Apén/Tay/ (282 Q% + H2a?) 74\/—WQ2
(2g2Q? + H?2%)V
32287 H22g, N oS /Ty (287Q7 + H22?) 7y CEHEEN 2
(2g2Q? + H?22)V
16v/2g? H2g, A, € /71y (287 Q7 + Ha?) 7| BN 2
m (2g2Q? + H?x2)V
18gH*maA,, )\45% V(2g2Q2 + H?22) 14,Q?
Ve e
122 H2ma?aA;, A/ (282Q2 + H222) 74Q?
QR+ T
12" H*maeAn, M/ (282Q% + H%2?) 14Q°

V2g2Q? + H222V

12g2 H2ma2 oA, o 2 1/ (282Q2 + H2a?) 14Q*
) V/282Q% + H2a2V
12g2 H?mral,, z\é v/ (282Q% + H222) 4Q?
. V2g2Q% + H222V
16g°mVy, 7, Apy/71\/ (262Q% + H?2%) 74Q?
) N
168”1 V.7, r, Ary /i (28°Q° + H?2%) 14Q?
) V2P +
16g°mV.r, 7 Ay 71/ (282Q7 + H?0%) 11 Q°
) V2P +
16V2gH 'ma’ Qe Ao /7y (267Q7 + H%7) 1aQ
262Q? + H2a?
8V2gH maQ » Ao, /71 (262Q7 + H2a2) 14Q
2g2Q? + H?x?
8gH ‘ma' V2 /71y/(267Q% + H?a?) maQ% A
+ 2622 + H2z2

+16H*ma3Q A, Q

— 8\@H4m1‘3A1’xT4Q —

- 8H4mx4Q?xAT4
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N 12H*ma?ay/(2g2Q? + H222) 14A s\
282Q2 + H222V
N 6H maz’a/(2g2Q? + H222) Ty Ar My
282Q2 + H222V
+ 8H Yma'V2Q 2 A1 27y
N 3H*matan/(2g2Q% + H?2?) T4A v MTa20
2g2Q? + H222V1y

202 242)
| 16V2H 0. My/Ta/ (267Q7 + HPa?) | AT
(2g2Q2 + H?22)V

202 2,2
16V2H % 9,0y obpy/Ti/ (282Q2 + H2a?) g | CEL T
(2g2Q? + H?2%)V

z2)T C.24
| SVIHY A G O § B [ e (C24)
m (2g2Q? + H?22)V

9H4mx2aAT4)\4§]2¢ Vv (282Q% + H?2?) 14
2g%Q* + H?x?V
6H*ma*alA, N \/(2g2Q2 + H222) 14
282Q2 + H2a2V
6H*ma2aeAr, A/ (282Q2 + H222) 74
2g2Q? + H?z*V
6H 'ma'alryo0hay/(262Q7 + H22%) 74
2g2Q? + H?222V
6H4mx3aAT4,x)\4§f \/(2g2Q2 + H2.%'2> T4
282Q2 + H?x?V
8H?*ma?Vy -, Ap/Tir/ (282Q2 + H2a?) 74
2g2Q? + H2x?
8H2mx2V72,T4ATQﬁJ(2g2Q2 + H2JJ2) T4
2g2Q? + H2x?
8H2mx2V,T47T4AT4\/7T4\/(282Q2 + H2x2) T4 0

2g2Q)? + H?x?
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

mQut(y/2, [ % | BELHIEE Ny 5

2g2Q2 + H2$2

\@mx%Q,IAQ, / %4 \/ —(QgQQQJEH%Q)M Hb

2g2Q? + H?x?
422 \/4g2Q2 + 2H?2y2 wgsAb'MHLl
(2g2Q2 + H222)V
272 \/4g2Q2 + 2H?222 wgsAbgfﬂLHZl
(2g2Q? + H?22)V

203 \/1g2Q% + 2H 47 | LELHI o N 6oy
_|_

¢
(2g2Q?% + H?x2)V

23 \/4g2Q2 + 2H?2y2 W%Amw&mH‘l
+ m (2g2Q? + H?22)V
. 202\/4g2Q? + 2H22 | CELHIET g A gy 7y A
m (2g2Q? + H?z2)V

o4 \/1g2Q7 + 2H%0b 4 49 Ay, | CELT T

(2g2Q?% + H?22)V

222 \/4g2Q2 +2H?222eg, ApTa0/ —(2g2Q2J2H2$2)T4 H*

(2g2Q? + H?22)V

2m4\/4g2Q2 + 2H?22g,A\y7s (QEQQQJFCHQIQ)MHZL
- (2e2Q7 + HZ22)V
224\ /4g2Q% + 2H222g, Ny 5 571 W}ﬂ
B (2g2Q? + H?22)V
20°\/2g2Q% + 2HZ22g, A, &1y | CETH )T pd
a m (2g2Q? + H?x2)V
3g2mQ322¢\/2 /%4 wAzHS
282Q2 + H22
— ngzx?’Q,xAmH?’ — Zﬁng2x2A17'4H3 + 2ng$3\f2Q7IA1T4H3
202 272
3\/§g2mQ2$3CQ@A2 /%4 (2g2Q +CH @?)74 13
282Q2 + H2?2
202+ H222)7
) ﬂg2mQ3x3CA27$ /%4 (26°Q +CH @?)74 13
282Q2 + H22

+ +gmQ32?A,, H?

+gmQ?2*V2A yT H? —
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_g2m2Q4fE2AbH2
8g2Q\/4g2Q7 + 202 | CELHII g Ny 11
(2g2Q2 + H222)V
- xQvabAbT‘lHQ - x2‘/,727bA727'4H2 — l‘z‘/,b,uAmTleQ
182Q2\/1g2Q7 + 2702 [CELH I o Ny 12
! (282Q% + H?z?)V
4g2Q2$\/4g2Q2 + 2H2,2 wgSAb,zgf'lez
! (2g2Q2% + H222)V
4g2Q%x\/4g2Q% + 2H?2? w98A74,x5h74H2
" m (2g2Q% + H?z?%)V
N 1g°Q? \/4g2Q2 + 2H?2y2 wgsAMgfghMHz
m (2g2Q? + H?2?)V
26°Q%0? \/4g2Q7 + 2H222b 4 195 A, | CELHIT 2
R (282Q? + H?2?)V
462Q%\/2g2Q% + 20 eg, Ayry ) CELHIT 2 25
(QgQQQ 4 H2JU2)V L.
4g2Q2x2 \/4g2Q2 + 2H222g,Ay 74 WHZ

(2g2Q2 + H222)V

1g2Q%2*\/Ag2Q% + 2H222g, Ay 4 474 wﬂﬁ

(2g2Q% + H?2%)V
1g7Q%\/1g2Q> + 2H2x2gSAT4§hT4\/@H2
m (2g2Q? + H?z?)V
4g4mQ5<’\/§\/% wAﬂq
2g%Q° + H?x?
— 4V28’mQ* Ay Ta H + 48> mQ3aV/2Q w A T H
+2g°mQ s V24,7 H

4\/§g4mQ4$CQ,mA2\/% w]{

2g°Q? + H?x?

2V2g QP (g [T\ [ CELHEE I
N 262Q2% + H2z2
—2g2Q*Vy p Ap7s — 28°Q*V 1y p Ay T
—28°Q*Vy 7, Ary 74 =0,

_l’_
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

9o H?2* \o73 A, N 120H2 00\ /T2 0r,  120H?3% Ny \/ToT2,0Ary

V7 Vv a v
120H222 X\ /737202 A8aH2 A2 A
- 2\\75 SOEDTE | 392Ny — — \2772 = (C.2.6)
24aH2eN7o 2 A, . 2UaH2 A7 A,
A% A%
UaH22 Mo 2 A
37 : 22+ 32722A72 Viram + 327'22‘/,7'2,74AT4 =0,
4g2Q%A1  2gQA 2A 4g2Q*A
Avaa = —A, - 28 622 = 8@ 21§h . L2l g Q" Axy
H2x Hz T Ha2.\/2g2Q2% + H2%1?
B 2HA2&p n 2gQ A n 4g3Q° Ay
26202 + H242 26207 + H222 = H222,/282Q2 | H2a2
i \/ingQAb _ \/EngQAb,ac . 2\/§g2Q3A7—4 + \/iQ,mAm
Hax27y Hxmy H2z27y TT4
. \/iQAu + \/iQEAm . ﬂQ,x,xAm . \/iQ,;tAm,:v + \/iQAm,m
227y z21y T4 T4 xTy
(C.2.7)

and
2g2Q2 + HQQUQAT4Q7
HOQ\27425 + 4g2 HAQ3\/ 2142t + 4g* H2Q5\/ 27422
8v/2g% Ay74 Q7

HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
N 4g*Hm\/2g2Q? + H222ApQ°

HOQ\/ 27420 + 4g2 HAQ3V/ 21474 + 4g H2Q5 /27422

4gtHmax/2¢2Q? + H222A,, ,Q°

HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
N 8¢®\/4g2Q? + 2H222 A1 74 Q5

HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

4g3H2 /2g2Q2 + H21326A7-4Q5

B HOSQ\ 21425 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

AQ,m,x =
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N 4g3H?\/2g2Q? + H?2?A,,@Q°
HOQV/27426 + 4g2 HAQ3\/ 2142 + 4g* H2QP /21422

n 8g3 H2x2%./2g2Q? + H222A,,Q°
HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

4g* H?x+\/2g%Q? + H?2? A, ,Q°
HOQV/27420 + 4g2 HAQ3V/27y2 + 4g* H2Q5/ 21422

12V2g* H? 22 A1y Q°
HGQ\/imxﬁ 4 4g2H4Q3\/§T4x4 4 4g4H2Q5\/§7’4x2

i 8g4H2$\/§A27I§f’7‘4Q5
HSQ\ 27425 + 4g2 HAQ3 /2142t + 4g H2Q5/ 27422

_ 8v2g*H/2g°Q? + H?x2A1£,14Q°
HGQ\/§7'4:E6 4 4g2H4Q3\/§7'41:4 + 4g4H2Q5\/§7‘4x2

N 28 H3ma®/2g2Q?% + H222A,Q*
HOQV/27426 + 4g2 HAQ3V/ 2742 + 4g* H2Q5\/ 21422

2g2 H3ma3\/2g2Q? + H222A,, Q%

HOQ\/ 27420 + 4g2 HAQ3V/ 21474 + 4g H2Q5 /27422

_l’_

1g°H22\/282Q° + H2?Q 1A\, Q"

 HSQV2mab + 4g2 HAQ32myat + 4gt H2Q5\/ 2142

4g* H?2?\/2g2Q% + H?22Q 5 2 A -, Q*
HﬁQﬂmazﬁ + 4g2H4Q3\/§T4954 + 4g4H2Q5\@7’4x2
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4g3H2-’E2 2g2Q? + HQ$2Q,:):AT4,$Q4
HOQV/ 27425 + 4g? HAQ3 242t + g H2QP/ 2742

8g3 H2x2\/21/2g2Q? + H2x2A114Q*
HGQﬂme 4 4g2H4Q3\/§T4:L‘4 4 4g4H2Q5\/§T4x2

2gH*2%\/2g2Q? + H2x2eA,, Q3

 HOQV2mab + 4g2HAQPV2ryat + dgt H2QY 274

_l’_

2gH*2%\/2g2Q? + H222A,,Q3
HOQV 27425 + 4g? HAQ3\ 2yt + 4g* H2 Q2722

_|_

N 6gH*22%\/2g2Q? + H222A,, Q3
HOQV 2z + 4 HAQM 3yt + g HE Qo 3mya?

2gH423\/2g2Q% + H222A ., Q3
HOQV2my28 + 4g2 HAQ32my2t + 4g  H2 QO 2my2”

6\/§g2H4x4A27’4Q3
HOQV2ria + g2 H'Q32raa + Ag H2 QP 2maa®

2\/§g2H41‘2A27’4Q3
HOQV 27425 + 4g? HAQ3V 2yt + g H2QO/ 2742

2\/§g2H4a}2eA274Q3
HOQV 27425 + 4g2 HAQ3 2y + 4g* H2 QO 27422

N 4g2 HA* 2?2006 74 Q3
HOQV2my28 + 4g2 HAQ32my2t + 4g  H2 QO 2y2”

N 8g HA 23200 1 £ Q?
HGQ\@uxG 4 4g2H4Q3\/§T4:L‘4 4 4g4H2Q5\/§T4x2

8RR 3P TP G
HOQV 27425 + 4g? HAQ3/ 2yt + g H2 QO 2742

n 2g2Q% + H2x? 0 Q?
HOQV21y28 + 4g2 HAQ32myxt + 4g H2 QO 2y2”

10gH*23/2¢2Q? + H222Q A, Q?
HOQV 27425 + 4g? HAQ3/ 2y + g H2 QO 2742

2gH421\/2¢2Q? + H222Q 1 A, Q?
HOQ\/21425 + 4g2 HAQ3V/ 2742 + 4g* H2Q5\/ 21422
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2gH42%\/2¢2Q% + H222Q A, ,Q?
HOQ\27425 + 4g2 HAQ3V/ 21424 + 4g* H2Q5\/ 27422
2gHA x4\ /4g2Q? + 2H222 A1 74,Q°
HSQ\ 27425 + 4g2 HAQ3 /2142t + 4gt H2Q5/ 27422
8g”H'x 3\fQ 2 D01 Q?
H(’Q\fﬂ;wﬁ + 4g2 HAQ3V 274zt + 4g H2Q5/ 27y
28> H*2*V/2Q 2.0 8071 Q?
HSQ\ 27425 + 4g2 HAQ3/ 2142t + 4gt H2Q5/ 27422
4v2g? H*23Q Aol y74Q?
; HOQV 27425 + 4g2 HAQ3 /21424 + 4gt H2Q5/ 27422
Hma?\/2g2Q? + H232Q ,AyQ
HGQ\@mxﬁ 4 4g2H4Q3\/§T4m4 4 4g4H2Q5\/§7'4:62
dgH*z"\/2g2Q? + H?22Q% A, Q
HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
V2H 2 Ay Q
a HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422 (C.2.8)
Gﬁng‘lx‘lQ’%ﬂAng
 HSQ\/27m,15 + 4g2 HAQ3/ 2142 + 4gt H2Q5/ 27422
V2HS 24 Ao7aQ
 HOQ\/2r4a + 4g2HAQ3\/ 2r4at + Agt H2QP\/ 2742
2H%24/2M0m4Q
HﬁQfT4a:6 + 4g2 H4Q3V2ya4 + 4gt H2Q5/ 21422
2HS24 /2006574 Q
HﬁQ\fma:ﬁ + 4g2 HAQ3V2ya4 + 4gt H2Q5/ 21422
2H52°V/20, ,€74Q
H(’Q\fma:ﬁ + 4g2 HAQ3V2ya4 + 4gt H2Q5/ 21422
B 2V2H% 24\ /2g2Q2% + H222A1£,74Q
HOQ\/ 21425 + 4g2 HAQ3\/ 2142t + 4g* H2Q5\/ 21422
2\/§H6$5Q’1A27’4
; HSQ\ 27425 + 4g2 HAQ3 /21424 + 4gt H2Q5\/ 27422
H525v2Q 4 » Aoty
HﬁQfT4a:6 + 4g2 H4Q3V2mya4 + 4gt H2Q5/ 21422
2V2H525Q Aoy
a HOQ\/ 27425 + 4g2 HAQ3\/2myxt + 4g H2Q5/ 21422

+

_|_

+
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C.3 Example 4

The tensor perturbation equations for the fibre inflation example are

CAQuYr | AQEvR | 25tr. | 28°Q%R  28Q6tR  28Q°YR
trew = x + 2 + x + H2z2 Ha? Hzx

2QwR,x

X

2gQt 26t 2 2
L 28Qtr | 26ntr Q,zTﬂRJr ?ﬁR

H + QQ,x,wa + 2Q,$wR,x -
X X xX

_th

(C.3.1)

and
" _ _37‘127;]57/11% T17waV,x B 304’)/4\/7'2{wa\77$ B 30(’74\/7'5’5}%1/)}:{ B 3g2Q47'41/1R
Rw.e 872 2V7 V2 2Vz2 H2g2

5/2
28°Q°nutr 8v21, 29,63 0R  2gQ*nutr N Q* 14

2
H2x? VCm2Vaz? Hzx 2 L
2Q71Q +YR Wmitra | Vyn _YRV:  dyg
B x ~ImQutrae + : T HE2 T v a2 ~ VR
(C.3.2)
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The scalar perturbation equations are

64g2H2Q2V\@ w\/(Qg?QQ + H2x2) T4g5Av§}2LTf/2
m (2g2Q? + H?x?)
32H2?Vy/2, | CELHIEIN | (95207 + H22?) 149, MvER T,
m (2g2Q? + H?z?)
. 12g° H2mQ*Vor\/ (282 Q2 + H22?) 1414l
262Q2 + H212
6H*ma*Va/(2g2Q% + H2a2) 144 AyEfmy
262Q2 + H242
N 48g? H?mQ*Va/(2g2Q? + H2x2) 1474 Ay7y
2202 + H2a2
N 24H*maVa \/(2g2Q2 + H?22) 744 AyTy
262Q2 + H212
N 24H4mx4a\/(2g2622 + H?22) 4V 3 2 Y4 AyTy
26202 + H2a2
| 8¢’ H*mQ2%a/(26°Q7 + H?0?) 74V 014 v
26202 + H212
N 48H4mm4a\/(2g2Q2 + H222) 74V 34y 274
262Q2 1 H2x2
N 96g? H?mQ?x2a/(2g2Q? + H222) 74V 174 Ay 274
26202 + H2a2
N 12H*ma3Va/(2g2Q? + H2x2?) T4V4 Ay €574
26202 + H212
N 24g> H*mQ?xVa/ (2g2Q2 + H222) 44y 1€ 574
2202 + H2a2
T2H*mataViy4Ay\/(28°Q? + H22?) 1474
2g2Q? + H2x%V
B 144g2H2mQ2$2aV?I74AV\/(2g2Q2 + H?22) 1474
28202 + H222V
12H*ma*Vay,Av/(2g2Q? + H222) 147y
262Q2 + H212
B 24g2 H?mQ%*x*Vays Av/(2g2Q% + H2a2) 1474

/2622 + H222

_.I_
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C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

24g> H*mQ*Vaey Ayy/ (282 Q2 + H?2?) 7ymy

262Q2 + H24?2
12H*ma*Voey, Ay \/(2g2Q2 + H%x%) 47y
262Q2 + H%22
12H*maVay, Ay, o/ (2g2Q% + H222) 1474
28202 + H2a?
24g? H*mQ?z*Varys Ay 4 o/ (262Q2 + H22%) 1474

/2g2Q2 + H2z2

B 2482H2mQ2\70¢74Av§f\/(2g2Q2 T H222) 7474

2g2Q% + H2x?
12H ma?VoyAvés\/(2g°Q% + H?a?) 147
2g2Q)? + H?x?
N Tk rdrn
2g2Q? + H?%z?
48g2H2mQ2$O£V,x’Y4Avff\/(2g2Q2 + H222) 7474
2g2Q)? + H?2a?
18g” H2mQ?V2a\/(26°Q% + H?2%) 141, €]
+

/2g2Q2 + H222

9H*ma®V2a/(2g2Q? + H2x2?) T4"}/4A7—4§]2c

/2g2Q2 + H2z2

3262 H2Q?V? /2, | BB /o [0g2Q7 + H22?) 149, A, €5
i m 2g°Q7 + B7a?)

16H22V2y/2, [ CELHEDN fm, /(96207 + H222) 1agaAr, &

+ m (2g2Q? + H?x?)

N 64g*mQ>V3 \/4g2Q2 + 2H2x2\/ﬁ\/(2g2Q2 + H222) 14\
282Q2 + H2z2
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N 32g2H2mQ3x2V3ﬁ\/ﬁ\/(2g2Q2 + H222) 14
VR
16H*mQu*V3v/2,/71+/ (282Q? + H?a?) T4 A1
’ V2B + 2
N 32g2H2mQ3x\73\/§\/ﬁ\/(2g2Q2 + H?2?) 141 4
Vo T
| DR Qe O T IR 70
282Q2 + H22
N 16gH 'mQx*V3v/2,/74/(262Q? + H222) 14Q ;Ao
262Q2 + H2%x2
N 32g3H2mQ3$2\73\@\/7T4\/(2g2Q2 + H?2?) 14Q Ao
282Q2 + H2z2
— 16gH3m2Q3x*V3 Ay + 16gH3m2Q2m3V3Q,mAb
n 32g?mQ*V3 /11 \/(2g2Q% + H?2?) 14V -, Ay
Vo
N 16 H?ma®V3,/74\/ (2g2Q2% + H222) 74V, Ay
N 32g2mQ*V3/1\/ (282Q? + H?22) 74V 1, 1 Ary
N
N 16 H?ma?V3,/71\/ (2g2Q% + H222) 14V.ry 1 Ary
+ 16H'mQ*x*V? A, + 16H 'ma'V*Q% A,
— 32H'mQx3V3Q A,
N 32g2mQ2\73\/ﬁ\/(2g2Q2 + H?22) 74V 7y 7, A,
N 16 H2ma?V3/71\/ (2g2Q? + H%22) 74V 1, 1 A,
VR T
N 12H*mat o/ (2g2Q? + H?2?) 14 V% 1A,
N
24g? H?mQ?x2a/(2g2Q? + H222) T4\772$’74AT4
" N
N 6H4mm4\720z\/(2g2Q2 + H222) 1474 A,
N
12g2 H?mQ%2*V2a/(2g2Q? + H222) 7yv4 A,
127 H*mQ*V2ae/ (2g°Q? + H?2?) s,

262Q2 + H222

+

+
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+6H4mx2\72ae\/(2g2Q2 + H222) 44 A5,
282Q2 + H212
n 6H4mx3\7a\/(2g2Q2 + H?2?) 74V 374 r,
262Q2 1 H2x2
N 12g2 H?mQ%*xVa/(2g2Q2 + H222) 74V ;14 r,
2g2Q2 + H222
n 6H4mx4\72a\/(2g2@2 + H20%) 474Dy 10
26202 + H2z2
n 12g2H2mQ2x2\72a\/(2g2Q2 + H?x?) (I VA e
262Q2 + H212
| 32'mQ*V? /iy (26°Q° + H2a?) TaViyry A
282Q2 1 H2x?
. 16H?maV3\/71\/(282Q% + H?2?) T4 Viy -, Ay
282Q2 1 H212
N 6H'ma3V2ian/(2g2Q? + H?22) T4alry 25
2g2Q2 + H222
N 12g2H2mQ2m\720¢\/(2g2Q2 + H?z?) T4V4 D7y o€
262Q2 + H212
64g2H2Q2'\72\/§ w\/ﬁ\/(QgQQ2 +H23§‘2) T4gsAb§h
282Q2 + H2z2
39 [422V2,/2 wﬁ\/@g%y + H?222) 7495 Ay
282Q2 1 H2x?
32H23V?/2, | CECHIN m [(562Q7 + H22?) T4gs ook
26202 + H2a2
64g> H2Q2 V22, [ CECHIIT o /(96207 + H22?) 7495 Mp
26202 + H2a2
B 16 H4ma? \/4g2Q2 + 2H2x2\73Q7zA1,m\/ﬁ\/(2g2Q2 + H222) 7y
26202 + H2a2

_l’_

+

_l’_

+

32g2 H?>mQ?x? \/4g2Q2 + 2H23:2\73Q7xA1,x\/7T4\/(2g2Q2 + H?22) 1y
B 262Q2 + H212
64\/§g5mQ6\73A2\/ﬁ\/(2g2Q2 + H?22) 74
B 262Q2 + H2x?2
16\/§gH4mQ2x4\73A2\/7T4\/(2g2Q2 + H?x2) 7y
B 262Q? + H2z?2
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64v/2g> H*mQ x*V3 Ao\ /Ta/(2g2Q2 + H222) 74
2g2Q2 + H222
16ﬂgH4mQ2x2V3A2\/7T4\/(2g2Q2 + H2x2) T4
282Q2 + H2a2
16\/§gH4mx4V3Q?xA2 ﬁ\/(QgQQQ + H?x2) 1y
- 282Q2 + H222
16\/§gH4mQ2x3\73A27z\/ﬁ\/(2g2Q2 + H2z2) 14
282Q2 + H2z2
32\@g3H2mQ4xV3A27I\/T74\/(2g2Q2 + H?22) 74
282Q2 + H212
24g? H?mQ*V2ayi A,/ (2g2Q% + H2a2) 74
- VG
12H*ma?V2ay,Ar, v/ (282Q2 + H2x2) 1y
- VAR T T
6H4m3:4\7a\7,z7x'y4A74 \/(2g2Q2 + H?22) 14
VBOQ + E
12g2 H2mQ*x*VaV ;s yalry/ (262Q% + H2a2) 74
- Ny
6 HAma*VaV 1Ay, +/(282Q2 + H222) 74
V2e2Q% + H?2? (C.3.3)
12g2H2mQ2:p2\7a\77x74A747x \/(2g2Q2 + H?22) 14
- Nerzoy o2
126 IPmQ*V2anAr, g/ CEQE + 2% 74
) VARG + i
6 HAma*V2ays A&/ (2g2Q2 + H232) 7y
VERQE + 2t
6 H ma3VaV ;1A &5/ (282Q2 + H222) 7y
VAEQ + T
12g2 H2mQ*xVaV ;71 A, &5/ (282Q2 + H222) 74
) N
6 H*ma*Vays Ay \/(2g2Q2 + H?22) 74Ty g0
NeEo
122 H2mQ*x*Vay, Avy/(282Q2 + H222) T4T4,20
) N
SHA*ma"V2aviAr, v/ (282Q% + H222) 4Ty p 0
Vog2Q + ot
6g>H>mQ*x*V2aysAr,\/ (282Q2 + H222) 74Ty 41

28202 + H2a27 N
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mQxt Ay H n mQa® Ay, H®
V2 (2g2Q2 + H222)%? /2 (2g2Q2 + H222)3/?
ma’Q Ao H® mQz2 A, H3
— 2 +
V2 (2g2Q2 + H2x2)3/2 V24/2g2Q2 + H222
ngQ3x3\/§A2ny3 mx?’Q,xAgH?’
(2g2Q2+H2x2)3/2 V2:/282Q? + H?x2
mQx3A27IH3 gmQ3z’ A, H?

2g2Q2 + H2g2 (2g2Q2 + H2:c2) T4
EmQAQ A 1Y V2 T
(2g2Q? + H?x?) 14 v
202, [EaV ol 227V2, (R V 2l H
V2 * V2
20°V/2, [ Ebaag SyH? 22, [E 96 H
V2 * v
X 202, [E0: 8006 H . 202, [ 9: v, o H? (C.3.4)
v mV
22, R G V2, [ g olym H
mV mV?
Sx\/i\/%gsv,xAVEh7—4H2 4\@\/%93A\7§ffh7'4H2
+ mV3 mV2
2v2x2 g, A\ %Hz 2v/2€g: Ay %Hz
- Vv a Vv
2V22% G5 Mpwoy [ B H?  2V2g507,6ny B H?
Vv - mV
22195V A, %HQ 4ﬁ$gsA\7,m£h7—4\/%H2
B mV?2 B mV?2
V222b 4 295 Ar, %H2 e2m2Q4 22 Ay H?
V14 2g2714Q? + H2x27y
— 2ng2\/§A1H + 2ngx\f2Q7IA1H
282mQ>v/2M H
Vg
B 2v2g?mQ*xQ Ao H B V2g’mQ3zAy  H

/2g2Q2 + HQZ'Q /2g2Q2 +H2$2

—VsDp = Vo bAr = Vi Ary = Vy Ay =0,

_l’_

+

+

_l’_

+ gmQ*xV2A, L H +
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9H2V2x27'127$A71
1
— 2H%2* 1 A V2, — AH*Var ALV o + 3H* V22?1 A,

+ 20V ALY 1w + SHAVE? T AL o + AH* VT Ay (C.3.5)
AH% 272 Ay V2,
v

— 2H2\7:c27'12A\7 — 2H2\7x27'12A\7,x7x + 2H2x27'12AV\77x7x
+ 8\727'13 An Voo + 8\727'13 Vi mBey + 8\72733 AyVy
+6H* V227 o Ay, — 6H* V2227, A, — 6H* V2?7 5 A =0,

+ 8V AV, b — 6HAVAr A, 4+ 3H*Ver A,

— 2H2\767'12Av - + 4H2x2712A\77I\77I

6H2a*y4Avfij’/2 _ 3H20¢’Y4A\75]2¢Tj/2
V3 2V3

8H2\/2 %“gsAvﬁfQLTZ 4H%\/2 T 9sDvEnTs

+ m2V3 + mV?2

AH?av2, [ 295D uénma 2V2H? g AL ER [y
mV?2 B m2V?
H2x2Av7'12’z H22?A,, 712@
4\727'12 2\7713
3H?2? /T, N 3H?ae\/Tavsr, (C.3.6)

4V? 4V?
3H2 220\ /TavaDry 2o H22?V . Ay H?Ay
4V v e
H2x2V7mAv,x n 3H2aﬁ74AT4§f n H%Avﬁ,x
V3 4V? 2V2ry
3H2$2a’}/4A7—4T4’x7x _ 3H2a’y4AT4\/ﬁ _ H2$2A\7 _ HQGAV
8V2,\ /T4 2V?2 2V2 2V2
H2:C2Av7x7x 3H2:L’Oé”y4A7—47$§f\/ﬁ 3H2O¢’Y4AT4€J20\/7T4
2V2 4V? 8V2
CH%V Ay 3HAPayuAyy Tt 3H?2 VR Ay
V3 2V3 2V4
B H?A, N H222A,, n H?eA,, n H22?As) 2
2V 4V 4V 1y 4V
H2x2AVT]_7x7gj H2=T2A7'1,$7—1,x HQ-TQATl T, z,x

_ _ =0,
4V27y 2V72 4V7}

_l’_

—VypAy —Vy o Ar

- ‘/:,V77-4 A7_4 +

— VyvyAy +
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Av o — A, — 1g2°Q° A1 | 2gQA &, N 2018 4g2Q% Aoty
R N P t o Hi\gQP + B
2H A&y, 2g8QAs 4g3Q3 A,

— +
\/2g2Q2 + H22 \/QgQQz + H242 H242 /2g2Q2 4 H222

VIEmQA, VIgmQ*Ans  22QMA, | V2QuA,

H.’L‘2T4 H.%'7'4 H21‘27’4 XTY

V20A., | V2QeA,,

.’/U27'4 5627'4 T4 T4 TTy

and finally

2g2Q2 + H2x2A74Q7
HOQ\27425 + 4g2 HAQ3\/ 2142t + 4gt H2Q5\/ 27422

AZ,z,w =
8v2g° Aoy Q7

B HSQ\ 27425 + 4g2 HAQ3 /21424 + 4g H2Q5/ 27422

4gtHm/2g2Q? + H222A,Q°

HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5/ 21422

4gtHmax/2¢2Q? + H222A,, ,Q°

HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5/ 21422

_l’_

N 8g°\/4g2Q? + 2H222 A1 74Q°
HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

4g3H%\/2g2Q? + H222eA,,Q°

 HSQV2mab + 4g2 HAQ32ryat + 4gt H2Q5\/ 2142

N 4g3H?\/2g2Q% + H222A,,Q°
HOSQ\ 21425 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
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V2QuaAr,  V2QAq, . . V2QA,, .
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8g3H?%x%\/2g2Q? + H2x2A,,Q°
HOQV/27426 + 4g2 HAQ3\/ 2142 + 4g* H2QP /21422

Ag*H?x\/2g°Q* + H?x%A,, .Q°
HSQ\ 27425 + 4g2 HAQ3 /2142t + 4g H2Q5/ 27422

12v2g* H? 22 Ao 14 QP
HSQ\ 27425 + 4g2 HAQ3/ 2142t + 4g H2Q5/ 27422

N 8gt H2 w200 €574 Q
HOQV27426 + 4g2 HAQ3V/27y2 + 4g* H2Q5/ 21422

8v2g*H\/2g2Q? + H2x2A1£,74Q°
HOQV/27426 + 4g2 HAQ3V/ 2742 + 4g* H2Q5\/ 21422

2g2 H3ma?\/2g2Q? + H2x2 A, Q*
HOQ\/27420 + 4g2 HAQ3/ 212 + 4g* H2QP /21422

2g2 H3ma?./2g2Q? + H2a22A,, Q4

HOSQ\ 21426 + 4g2 HAQ3V/ 212t + 4g* H2Q5/ 21422

4g°H?1+/282Q° + H?2%Q . A, Q"

B HSQ\ 27425 + 4g2 HAQ3\/ 2142t + 4g H2Q5/ 27422

4g3H2$2 2g2Q2 + H25U2Q,m,xA7—4 Q4
HSQ\ 21426 + 4g2 HAQ3\/ 2142t + 4g* H2Q5\/ 21422

N 4g3H2x2 2g2Q2 + H2$2Q,mA7—4,xQ4
HGQ\@MQJG 4 4g2H4Q3\/§T4954 + 4g4H2Q5\/§T4x2

8g3 H2x2\/21/2g2Q? + H2x2A114Q*
HOSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

2gH* 22\ /2g2Q? + H2x2%eA,, Q3

B HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422

247



C. FULL PERTURBATION EQUATIONS FOR CHAPTER 5

N 2gH4$4 2g2Q2 + H2$2A7-4Q3
HOQV/27426 + 4g2 HAQ3\/ 242 + 4g* H2Q% /21422

6gH4x2 2g2Q2 + H2x2AT4Q3
_.I_
HOQ\ 27425 + 4g2 HAQ3 /2142t + 4gt H2Q5/ 27422

2gH*23./2g2Q% + H?2? A, , Q3
HGQﬂuxG 4 4g2H4Q3\/§T41‘4 4 4g4H2Q5\/§T4x2

6v2g2 H* x4 A4 Q?
HOQV2ria + g2 H'Q32raa + Ag H2 QP 2msa®

228> H* 22 A4 Q3
HSQ\/ 27425 + 4g2 HAQ3/ 2142t + 4g* H2Q5\/ 27422

2V2g? HAx2e A4 Q3
HSQV 27425 + 4g2 HAQ3/ 21424 + 4g* H2Q5\/ 27422

n 4g2 4222006 y74 Q3
HSQ\ 27425 + 4g2 HAQ3/ 2142t + 4g* H2Q5\/ 27422

n 8g2H4:U3 \/§A27x5f7'4Q3
HSQ\/ 27425 + 4g2 HAQ3/ 2142t + 4g* H2Q5\/ 27422

B 8v2g2 H3x2\/2g2Q2 + H2x2A1&,14Q°
HOSQ\ 27425 + 4g2 HAQ3 /21424 + 4g* H2Q5/ 27422

N 2g2Q? + H2x2 Ay Q>
HSQ\ 27425 + 4g2 HAQ3 /2142t + 4gt H2Q5/ 27422

10gH*23/2¢2Q? + H222Q A, Q?
HOQV/27435 + 4g2 H*Q3\/27y3* + 4g* H?Q% /2742
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C.3 Example 4

2gH*2*\/2g2Q? + H?22Q 1+ 2 A7, Q*
HOQ\21425 + 4g2 HAQ3 /21424 + 4g* H2Q5\/ 27422
2gH*2*\/2¢2Q? + H222Q . A, +Q?
HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
2gH424\/4g2Q? + 2H222A174,Q?
HSQ\ 27425 + 4g2 HAQ3 /21424 + 4gt H2Q5\/ 27422
8g”H'23v/2Q » AomsQ?
HGQ\fuwﬁ + 4g2 H4Q3V/27yat + 4gt H2Q5/ 21422
28> H*1*v/2Q 1 2 Do1s Q*
HGQ\fuwG + 4g2 HAQ3V/ 2142t + 4gt H2Q5/ 27422
4v2g? H*23Q Aol y74Q?
; HSQV 27425 + 4g2 HAQ3/ 2142t + 4gt H2Q5/ 27422
2g2Q? + H?22Q +ApQ
a HSQ\ 27425 + 4g2 HAQ3 /2142t + 4g H2Q5/ 27422
1gH's /3207 + HEPQ A, Q
HSQ\ 27425 + 4g2 HAQ3/ 21424 + 4g* H2Q5\/ 27422
V2HS 25 Ao Q
 HOQ\/ 2742 + 4g2HAQ3/ 2r4at + Agt H2QP\/ 2742 (C.3.8)
6\/§g2H4x4Q?IAQT4Q
a HOQV 27425 + 4g2 HAQ3 /21424 + 4g* H2Q5/ 27422
V2HS 24Ny, Q
a HSQ\ 27425 + 4g2 HAQ3/ 21424 + 4g* H2Q5\/ 27422
2H%24/2Mm4Q
HGQ\fmxﬁ 4 4g2H4Q3\fT4m4 4 4g4H2Q5fT4$2
2HS 4[A2§fT4Q
HGQ\fm:rﬁ + 4g2 HAQ3\/ 2142t + 4gt H2Q5/ 21422
2HS25V20 1£574Q
HﬁQ\fﬂ;xG + 4g2 H4Q3V2ya4 + 4gt H2Q5/ 21422
2V2H x4\ /2g2Q% + H222A1£,74Q
a HSQ\ 21426 + 4g2 HAQ3V/ 2142t + 4g* H2Q5\/ 21422
2\/§H6$5Q7xA27’4
a HSQ\ 21426 + 4g2 HAQ3V/ 212t + 4g* H2Q5\/ 21422
H525v2Q 4 » Aoty
HﬁQ\fu:cf* + 4g2 H4Q3V2ya4 + 4gt H2Q5/ 21422
2V2H25Q  Aolyry
a H6Q\/27425 + 4g2 HAQ3\/ 21424 + 4g* H2Q5\/ 21422

249
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