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Abstract—In this paper, we propose a novel learning and
near-optimal control approach for underactuated surface vessels
with unknown mismatched periodic external disturbances and
unknown hydrodynamic parameters. Given a prior knowledge
of the periods of the disturbances, an analytical near-optimal
control law is derived through approximation of the integral-
type quadratic performance index with respect to the tracking
error, where the equivalent unknown parameters are generated
online by an auxiliary system that can learn the dynamics of the
controlled system. It is proved that the state differences between
the auxiliary system and the corresponding controlled underac-
tuated surface vessel are globally asymptotically convergent to
zero. Besides, the approach theoretically guarantees asymptotic
optimality of the performance index. The efficacy of the method
is demonstrated via simulations based on the real parameters of
an underactuated surface vessel.

Index Terms—Learning and near-optimal control, underactu-
ated surface vessel, mismatched periodic disturbances, auxiliary
system.

I. INTRODUCTION

ONTROLLING underactuated surface vessels (USVs) is

a challenging issue due to the nonlinearity of the system
model and the fact that they own three degrees of freedom
but only two control inputs are available [1], [2]. In practice,
autonomous USVs are widely adopted to various missions,
such as ocean surveillance and rescue, for which a fundamental
task is to automatically track a given reference trajectory with
high accuracy. Thus, investigations on the problem are of both
theoretical and practical significance.

In recent years, many control methods have been proposed
for solving the control problem of USVs. For example, via
a global state transformation, Dong and Guo [3] proposed
time-varying control laws to achieve the global stabilization.
Inspired by Chen et al. [4], Zhang and Li [5] proposed a
projection neural network approach to deal with the input
constraint for the near-optimal control of USVs. Serrano et al.
[6] proposed a linear algebra approach for the tracking control
of USVs. Yan and Wang [7] proposed a neural-network-based
model predictive control method for the tracking control of
USVs with simplified dynamics and known system parameters.
However, the control laws in [3]-[7] require full knowledge
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of the system dynamics. In practice, there exists parameter
uncertainty in the model of USVs, where we may only have
nominal values of the system parameters. To handle this issue,
Zhang et al. [8] proposed an adaptive near-optimal control
approach for USVs with a simplified model of hydrodynamic
damping effects, where external disturbances were not explic-
itly considered. It should be noted that external disturbances
are unavoidable in the dynamics of USVs, which become more
significant when USVs work on the sea, such as waves and
ocean currents.

By considering the above factors, sliding-mode control,
which is known for its robustness to external disturbances and
system uncertainty, was applied to USVs [9]-[13]. For exam-
ple, Ashrafiuon et al. [10] proposed a sliding-mode tracking
control law for USVs, where a first-order sliding surface about
the surge tracking error and a second-order sliding surface with
respect to the sway tracking error are adopted. Sliding-mode
control laws have good robustness to matched disturbances
but are limited by the chattering phenomenon in practice,
cannot handle mismatched disturbances, and cannot be directly
extended to optimal control.

The backstepping technique was also adopted in the control
of USVs for which the combinations with the sliding mode
control were further proposed [14]-[21]. For example, Zheng
and Feroskhan [18] proposed a backstepping control law for
USVs subject to input saturation and external disturbances,
where the system parameters are assumed to be known and
the external disturbance is handled via a nonlinear disturbance
observers. Through a proper error transformation in the control
design process, the method in [18] can guarantee that the track-
ing errors are always bounded by prescribed error boundary
trajectories. Chen et al. [20] proposed a radial basis function
(RBF) neural network based adaptive backstepping control
approach for USVs subject to general external disturbance for
which the bounded transient tracking errors are theoretically
guaranteed. It should be noted that the setting of parameters of
RBFs in neural network based control is not straightforward.
Zhang and Yang [22] proposed a fault-tolerant control law
for USVs subject to model uncertainty and actuator faults,
which can guarantee the convergence of tracking errors to an
error bound in finite time given that some requirements on
the initial states of the controlled USV are satisfied. Chwa
[24] proposed a dynamic surface control law for the tracking
control of USVs with input and velocity constraints. The
dynamic surface control law adopts the idea of backstepping
but remedies for the design complexity called the explosion
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of complexity problem, by applying the low-pass filters in the
control law design process. Park et al. [23] proposed a neural
network-based output feedback control method for the tracking
control of underactuated surface vessels subject to unknown
system parameters and external disturbances, where bounded
tracking errors can be guaranteed. However, similar to the
backstepping control laws, in [23], [24], reference trajectories
of all the state variables should be generated by a virtual ship,
which may hinder their applications in general tasks where
we may only have the desired trajectories of vessel positions.
While the above works are related to general disturbances,
which can only guarantee bounded tracking errors, to our
knowledge, the investigation on the control of USVs under
periodic disturbances has not been reported.

The optimal control problem of nonlinear systems gen-
erally requires solving a Hamilton-Jacobian-Bellman (HJB)
equation, which is a partial differential equation. For most
nonlinear systems, the analytical solution of the associated
HIJB equation is difficult or even impossible to find, for which
researchers try to find an approximate optimal solution by
using methods like adaptive dynamic programming [25]-[31].
The optimal control of nonlinear systems subject to periodic
external disturbances is a challenging issue, for which only
a few results have been reported [32], [33]. Tang and Gao
[32] proposed an optimal control method for nonlinear systems
with fully known sinusoidal disturbances and system dynam-
ics, which transforms the original problem into a sequence of
nonhomogeneous linear two-point boundary value problems.
However, the methods in [32], [33] require that the system
parameters are fully known.

Motivated by the above discussions, in this paper, we
investigate the optimal tracking control problem of USVs with
unknown hydrodynamic parameters and unknown mismatched
periodic external disturbances. Particularly, we require that the
control law is explicit so as to facilitate the implementation and
save computational resources, the tracking errors are globally
asymptotically convergent to zero, and the performance index
with respect to the tracking error is asymptotically optimal.
Owing to the above factors, the results in repetitive control,
such as [34]-[39], do not apply. To solve the problem, we
first design an auxiliary system which is able to learn the
dynamics of the controlled USV through state feedback and
parameter adaptation. Then, based on the theoretical analysis
on the performance of the auxiliary system, we employe the
Taylor expansion based approach to derive an explicit control
law, of which some parameters are generated online by the
auxiliary system. The main contributions of this work are
summarized in the following.

1) To our knowledge, for the first time, a learning and
near-optimal control method is proposed for USVs with
unknown periodic external disturbances and unknown
hydrodynamic parameters.

2) The proposed near-optimal control method for USVs
gives an analytical control law, can handle mismatched
periodic external disturbances, and does not need solving
the HIB equation by numerical methods.

3) Unlike the methods in [14]-[24], the proposed method
does not need a virtual ship to generate reference trajec-
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tories for all the state variables.

4) Theoretical analysis shows that the proposed method
can guarantee globally asymptotic convergence of the
output tracking error of the controlled USV to zero and
asymptotic optimality of the performance index.

The rest of this paper is organized as follows. In Section II,
the problem investigated in this paper is formulated. Then, the
design and analysis of the proposed learning and near-optimal
control scheme is illustrated in Section III, followed by the
simulation verification in Section IV. The concluding remarks
are given in Section V.

II. PROBLEM FORMULATION

In this section, we present the model of a USV with
unknown hydrodynamic parameters and unknown mismatched
periodic external disturbances, and formulate the optimal
tracking control problem for the system.

A. USV model

Under external disturbances, a USV actuated by only one
propeller and one rudder with diagonal inertia and damping
matrices can be modeled as follows [21]:

& = ucos(p) — vsin(g),
¥ = usin(¢) 4+ v cos(¢),

¢p=r,
ma2 du du2 u3 Tu
U= ——ur — — | 34 + wy(t),
miy miy miy miy miy
. mi1 d dy2 dus
V= ———ur — ——v — —=|v| 203 4wy (t),
mM22 mM22 mM22 ma
. mi1 — ma2 dy, dr2 dr3 3 Tr
= ——""uv — r— 7| r°+
m33 m33 m33 m33 m33
+ wT(t)a

ey
where (xz,y) denote the coordinate of the mass center of the
vessel in the earth-fixed frame; ¢ denotes the yaw angle in
the earth-fixed frame; u, v, and r denote the surge, sway and
yaw velocities, respectively, in the body-fixed frame; m,;; with
i = 1,2,3 denote the accurately known inertia parameters;
Ay, dyi, dy, dyi, d and d,; with ¢ = 2,3 denote unknown
hydrodynamic damping coefficients; 7,, and 7,- denoting surge
force and yaw moment, respectively, are the two control
inputs; wy,, wy, and w, are the mismatched unknown external
disturbances.

In this paper, we focus on the case that the external
disturbances are periodic, for which we have the following
assumption.

Assumption I: The unknown external disturbances are peri-
odic with known periods, i.e., wy,(t) = wy(t — Ty), wy(t) =
wy(t = T,), and w,(t) = w,(t — T;-) where positive constants
T., T,, and T, are known. Besides, the external disturbances
are with bounded first-order derivatives with respect to time ¢.

To handle the control singularity problem, we define the
position of interest of the vessel as p; = [z, %], where

xi = x + Lcos(¢),

yi =y + Lsin(¢),
where L > 0 € R is a small constant.

)
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B. Adaptive Optimal Dynamic Tracking Problem

In this paper, we are concerned with the optimal dynamic
tracking control problem of the USV (1) with the output
defined in (2). Specifically, we aim at finding a pair of control
laws 7, and 7, that can minimize the following performance
index in real time under unknown periodic external distur-
bances and unknown hydrodynamic damping coefficients:

T
J = / (Pi(t+h) = pa(t+ 1)) Q(pi(t +h) — pa(t + h))dh,
’ 3)
where T > 0 € R is a design coefficient, and @ € R?*?
is a symmetric and positive definite coefficient matrix of the
performance index; pa(t) = [za(t), ya(t)]T denotes the desired
USV position at time instant ¢.
Assumption 2: The desired trajectory function pq(t) is
bounded and sufficiently smooth with respect to ¢.
With the above description, the adaptive optimal dynamic
tracking problem can be written as the following constrained
dynamic optimization problem:

min J,

Tu,Tr

subject to (1),

where .J is defined in (3), for which p; is defined in (2). The
challenges of the problem lie in the following aspects.

1) There are parameter uncertainty and unknown mis-
matched periodic external disturbances on the controlled
USV (1).

2) This is an optimal control problem of nonlinear under-
actuated systems, for which the analytical solution is
difficult to find, and the numerical approximation for the
solution of the associated HIB equation is computation-
ally intensive.

III. CONTROL DESIGN

In this section, we illustrate the control law design process
for solving the above problem. The proposed learning and
near-optimal control method contains two parts, i.e., an aux-
iliary system and an explicit control law, both of which are
theoretically analyzed.

A. Auxiliary System

We design an auxiliary system, which adaptively updates
its parameters such that the errors between the states of the
auxiliary system and the corresponding states of the USV
asymptotically converges to zero. In this way, the auxiliary
system learns the dynamics of the controlled USV. Different
from the traditional neural network control approaches, we do
not require parameter convergence of the auxiliary system to
the actual parameters of the controlled USV.

Transactions on Cybernetics

The auxiliary system is described as follows:

’ﬁ = @’UT‘ — chlu — 6212|u|u — 6213’113 + l + Qu(t)
mi mi1

— k(0 — u),
I3 m
V= —iur — d211} — d22|’U|’U — d231) + WU( )

ma2

— k(0 — ),

P = 77”11 — 2 uv — Cing — dA32|T|7° —d

mass m3s3
+ O (t) = k(7 — 1),

cill = kyu(t — u),
512 = ky|ulu(t — u),
513 = kyu® (1 — u),
d}l = kyu(d — ),
d}g = ky|v|v(0 — ),
6?23 = k03 (0 — v),
6?31 = k,r(t —r),
dsz = ke lrlr(7 = 1),

“)
where k., ky, ky, k-, and k,, are positive design constants;
i, U, and 7 are state variables of the auxiliary system while
dij (with i = 1,2,3 and j = 1,2,3), Gy, &y, and @, are the
learning parameters. Without generality, we set @, (t) = 0,
Wy(t) =0, and @, (t) =0 for t < 0.

Letd;; =d /m11, dya = du2/m117 di3 = dug/mu, doy =
dy/maz, doa = dya/Mmaa, dag = dy3/ma2, d31 = d,/mss,
d3s = drg/m33, and d33 = drg/m33 Lettu=1—u,v=0—v,
T=17—-r, d”—du di; with i =1,2,3 and j = 1,2,3,
Wy = Wy — Wy Wy = Wy — Wy, and @, = @, — wy-.

We have the following lemma regarding the learning per-
formance of the proposed auxiliary system (4) for the USV
().

Lemma 1: If Assumption 1 holds, for the USV (1) and
the auxiliary system (4), given that the external disturbance
is bounded and the initial states of the USV (1) and the
auxiliary system (4) are bounded, we have lim;_. 1 o 4(t) = 0,
limy oo 9(t) = 0, limy 100 7() = 0, lim;_ oo u(t) = 0,
limy . o0 9(t) = 0, and lim;_, o 7(t) = 0.

Proof: The proof is given in the appendix. 0

Lemma 1 shows that the auxiliary system (4) can asymptoti-
cally reconstruct the dynamics of the USV (1). In other words,
through state feedback, the auxiliary system (4) adaptively
updates its parameters such that, under the same control
inputs, the evolutions of state variables w, v, r, and their
first-order derivatives are captured. Thus, the control design
with respect to the parts about u, v, and r with unknown
hydrodynamic parameters and unknown external disturbances
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Fig. 1. Block diagram of the proposed method for the learning and near-optimal control (LNOC) of the USV (1) with unknown hydrodynamic parameters
and unknown periodic external disturbances, where z,y, ¢, u, v, and r are state variables of the USV; 7, and 7, are inputs of the USV; wy, wy, and wy,
are periodic external disturbances; x4, €4, 4, Yd, Yd» and g describe the desired trajectory of the point of interest in the USV, which is defined in (2) with

parameter L; T is the parameter of the performance index (3); dij (with 2 = 1,2,3 and j = 1, 2, 3), @y, @y, and @, are output of the auxiliary system,

which reconstruct the dynamics of the USV (1).

can be performed via the online updated parameters of the

auxiliary system (4).

B. Explicit Control Law

In the following, we design explicit near-optimal control
law according to Lemma 1 for the case that ¢ — 400, ie.,
the difference between the auxiliary system (4) and the USV
(1) approaches zero. With the auxiliary system (4), when ¢t —

+o0, for the USV (1), we have

& = ucos(¢) — vsin(e),
Y = usin(¢) + v cos(¢),

b=r,
m . . N T,
U= ﬁUT —diu — d12|u|u — d13U3 + = 4 &Ju(t)
miq mi1
. T,
mi1
.om 5 5 ; .
b=y — dorv — dasg|v|v — dosv® + Wy (t)
ma2
= fvv
mii —m . N . T,
7= uUU —dz1r — d32|T|T — d337“3 + r
ms33 m3ss3
+ @ (t)
A T,
= fr + . )
ma3s3

which serves as an equivalent system for the USV (1) at the
equilibrium and is employed in the following to design an

explicit near-optimal control law for the USV (1). Let

¢y = cos(¢),
Sp = sin(¢).

From (5) and (2), when t — 400, we have
Ty = ucy — vsy — Lsyr,
Ui = usg + vcy + Legr,
Ty = Ucy — us¢q5 —VS¢ — vc¢¢3 — Lcwf)r — Lsgr
= (fu+ 7-—u)c¢, —usgr — fuss — vegr — Legr?
mi1

)

Tr

— Ls Ar—i—
s(f p—

" A A T,
= fuCy — uSer — fuSp — vCpT — Lc¢r2 — Lsy fr + - Co
mi1

T
—L8¢ - N
m33

Ui = Usg + ucy® + vcy — vspd — Lsydr + Legr

~ Tu ~ ~
= (fu+ m—ll)s¢. +ucgr + focy — VSgT — Ls¢.r2 + Ley(fr

. X o
= fusg +ucyr + fucy — vsgr — Lsgr® + Leg fr + m_“s¢
11

+ LC¢l .
m33
Thus, when t — +o00,
. |ucg —vsy — Lsgr
' usg +veg + Legr |’

=[] s

where 7 = 7, 7|7,
fm = fuc¢. — USyT — fvs¢. —wvegr — Legr® — Ls¢fr,
frr = fus¢ + ucyr + fvc¢ —vsyr — Lsgr? + Lc¢fr,

(6)

@)
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and

Cop LS¢
— | Mmn m33
S = S¢ LC¢ ®)
mi m3s3

Thus, by using the Taylor expansion, when ¢ — 400, we have
h2
"5t

5 bilt)

— Atw+ S ()7 (2),

Py

(t)w7

pi(t +h) = pi(t) + hpi(t) +

pd(t + h) ~

where
1,h,h%/2]",

1,

[ m,fﬂ«] :
= [pi, pi, £,
= [Pd; Pd, Pa]-

It follows that, when ¢t — +oo0, the performance index J
shown in equation (3) can be approximated as

w(h) =

£ =
©)

:U

T T
J = /0 (Piw(h) + h;ST - PdW(h)) Q(lﬁiw(h) + %257
— PdW(h)>dh
T s h2 T R h2
= / (Pew(h) + 757’) Q<Pew(h) + 7ST> dh
0
T
- / (WT(h)PE QPew(h) + h*w' (h)PIQST
0
+ —47'TSTQST> dh

T
= / R*wT (h)dhPIQST + /
0

0

T h4
T4 STQST

T
+ / wT(h)PTQP.w(h)dh
0

T3 R
=357 QST+ FIQST
T
+ / wl(h)PIQP.w(h)dh
’ (10)
where R R
P.=P-P (11)
and . X P
5 T T
= h2w(h)dh =
0= [ rewan = [22T

Because the decision variable is the 1nput T, minimizing
T577STQST/20 + nTPTQST + f (W) PTQP.w(h)dh is
equivalent to minimizing

J =T°7"57QS7/20 + n' PIQS.
Note that STQS is at least positive semidefinite, owing to

the fact that () is symmetric and positive definite. From the
definition of S shown in (8), the determinant of S is

Lc? Ls? L
det(§) = —2— 4 —¢ — > 0.
mi11ms3 mi1ms3 mi1Mms33
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Because () is symmetric and positive definite, we have
det(Q) > 0. It follows that

det(STQS) = det(S) x det(Q) x det(S) >0.  (12)

Recalling that STQS € R?*? is at least positive semidef-
inite, for which the eigenvalues are not less than O, i.e.,
A (STQS) > 0 and X\2(STQS) > 0. Then, from (12) and the
fact that det(STQS) = A\1(STQS) x X\2(STQS), we further
have A;(STQS) > 0 and X2(STQS) > 0. Thus, the matrix
STQS is positive definite, and J is convex with respect to 7.
Then, the learning and near-optimal control law is derived by
solving 8j/87' =0, ie.,
54T
5 QST +STQPn =0,
10
which yields
10 ot —1¢THF
r = —(57Q8) 5" Q

_ _Eslefl(ST)flsTQPen (13)

Then, it follows from (13), and the definitions of S, Pe, and n
that, the learning and near-optimal control laws for the surge
force and yaw moment are

Tu = ma1 (=@ + diu + 10 + Lr? + dgcg + dizu® + fase

10m
+ dypulul) + 3T2 S (zac — mey — L — ysg + yass)
5
+ —= 5T (Zami1cy — Mmi1u + Yami154) — Ma2rv
T, = TI’E,B (dgl’u Wy — TU + yd0¢ + d23’l}3 — iéds¢ — L&,
—|— Ld31T + chgg’l’g —|— 6222’0|’U| —|— L432T|T|) + mo2uv
mi11ms3ru 5mss .

— — — L
miuv + T ST T (v — gacy + Lr)
10m33( + )

— Ch — YdCh — TS 48
3LT2 y ¢ yd ¢ ‘b d ‘b

(14)
where s, = sin(¢) and ¢4 = cos(¢). The information flow in
the proposed control structure is shown in Fig. 1.

C. Theoretical Results

In this subsection, theoretical results are given about the
closed-loop performance of the USV (1) synthesized by the
proposed auxiliary system (4) and the LNOC law (13), i.e.,
(14).

Theorem 1: If Assumption 1 and Assumption 2 hold, the
tracking error e(t) = pi(t) — pa(t), with p; defined in (2), of
the USV (1) synthesized by the LNOC law (13), i.e., (14), and
the auxiliary system (4) is globally asymptotically convergent
to zero.

Proof: From equations (1) and (2), we have

pi=f+57 (15)
with £, = [fry, frr]", where
fru = fuCy —usgr — fusy —vegr — Legr — Lsg fr, (16)

frr = fuSe +ucgr + fucy — vsyr — Lsgr? + Leg fr
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with f,, f, and f,. defined as follows:

fu= 22 o — diyu — dio|ulu — dizu® + wy,
mi1
m
fo= —iur—dglv—d22|v|v—dggv + Wy, a7
ma2
fr= M1 =~ M2y — ds17r — dsa|r|r — dszr® 4 w;..
m33
Substituting the control law (13) into (15) yields
.. 10 -
pPi = fT - ﬁpena
which, together with equations (11) and (9), gives
.. 10,173 T4 T ..
pi = — —(=(pi — Pa) + — (B — Pa) + — (£, — D).
T°" 3 4 10 (18)

Let f, = f, — .. With e = p; — pq and 6 = T°f, /10, from
(18), the closed-loop error dynamics is derived as follows:

TS T4 T3
L e+ e+ e=3s,
et et 3es

The characteristic equation of (19) is

19)

75 T T3
07t ot =0

of which the roots are o = 5(-T%/4 +

\/T®/16 — 218 /15)/T". Obviously, both roots are located

on the left-hand side of the complex plane. Thus, if §(¢) =0
e is globally exponentially convergent to zero.

Let fu—fu .fu’ fv—fv fv, and fr—fr fr- From
(7) and (16), we have
fru = fucqﬁ - fvstb - quﬁfra

f‘rr = fuszb + fvctb + LC(bfr'

Based on equations (17) and (6), According to Lemma
1, we have limy . o fu(t) = 0, limy . o fult) = 0,
limy . o0 fr(t) = 0. It follows that lim;_, | oo fru(t) = 0 and
limy— 4 oo fTT(t) = 0. Consequently, in view of § = T5¢. /10
and f, = [fru, f-r]T, we further have
by which and the bounded-input-bounded-output (BIBO)
property [40] we further conclude that e of the closed-loop
error dynamics (19) is globally asymptotically convergent to
zero. The proof is complete. (]

Theorem 2: If Assumption 1 and Assumption 2 hold, when
t — 400, the LNOC law (13), i.e., (14), aided by the auxiliary
system (4), is optimal for the performance index (3) of the
usSv (1).

Proof: From (10) and the design process of the LNOC law
(13), (13) is optimal for the following performance index:

2

5= : (Pt + 257 Pdw<h>)Tcz (Fwin + 7

- Pdw(h)> dh

6
TABLE I
PARAMETERS OF THE USV ADOPTED IN THE SIMULATION
Parameters  Values Units
mi1 1.2 x 105 kg
mas 1.779 x 105 kg
ma3 6.36 x 107 kg
dy, 2.15 x 10*  kg/s
dus 4.3 x 103 kg/m
dys 2.15 x 103 kg/m?
dy 1.47 x 10°  kegfs
dy2 2.94 x 10*  kg/m
dy3 1.47 x 104 kg -s/m?
dy 8.02 x 106 kg-m?/s
dro 1.604 x 108 kg-m?
dr3 8.02 x 10°  kg-m?s

In view of the definition of the performance index (3), the
output (2), and the USV dynamics (1), taking the residual
term of the Taylor expansion into account, we have

T

J = /OT (ﬁw(h) — Pw(h) + %QST — Pyw(h) + V(t)> Q

. <I:’1w(h) — Bw(h) + %ZST — Pyw(h) + V(t)>dh

where P, = [0,0,f,] and v(t) = h?/2(&(t +~h) — é(t)) with
0cR?and € (O 1). From the proof of Theorem 1, we have
lims— 400 fT( ) = 0, by which we have lim;_, 4 P( ) =0.
Meanwhile, from Theorem 1, we have lim;_, 4 e(t) = 0,
by which and Barbalat’s lemma [40], we conclude that
lim; 1 €(t) = 0. It follows that, lim; o v(t) = O.
Let the difference between the above two performance in-
dices be denoted by J. = J — J,. From the above analy-
sis, we have limy oo Je(t) = limi oo (J(t) — Ju(t)) =
limy 4 oo (Ja(t) — Ju(t)) = 0. Thus, when t — 400, the
control law (13), i.e., (14), aided by the auxiliary system (4),
is optimal for the performance index (3) of the USV (1). The
proof is complete. 0

IV. SIMULATION VALIDATION

In this section, simulation results based on the parameters of
a USV are given to validate the performance of the proposed
method. Specifically, we consider a monohull surface vessel
equipped with one propeller and one rudder, which is a typical
USV. The length of the vessel is 38 m and its mass is 1.18 x 10°
kg. The parameters of the model (1) for the USV is obtained
from [41] and are shown in Table I. In terms of the output
parameter defined in (2), we set L = 0.01 m. The parameters
of the performance index is set to 7' = 0.2 s and Q = 1,
where I is a 2-by-2 identity matrix. The parameters of the
auxiliary system (4) is set to k, = 50, ky, = k, = k, =
and k, = 100k,, = 500 in view of the large difference between
mas and m11. The desired trajectory is given as follows:

24(t) = 100sin(0.05¢) + 1.2,

ya(t) = 100 cos(0.05¢) — 99. (20)
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Fig. 2. Data profiles regarding the state variables and tracking performance of the USV during the tracking control process of the USV synthesized by the

proposed control law (14) with saturation, i.e., (22), and the proposed auxiliary system (4) under mismatched periodic external disturbances shown in equation

(21) and hydrodynamic parameter uncertainty for the desired trajectory (20).
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Fig. 3.
control law (14) with saturation, i.e., (22), under mismatched periodic external
for the desired trajectory (20), where &t =14 —u, v =0 —wv,and 7 =7 — 7.

The external periodic disturbances are described as follows:

wy(t) =1.28in ( ) +0.4,

) +0.2,
ot
w,(t) = 0.8sin (Ti + g) +0.5,

where the known periods are 7, = 0.01 s, T, = 0.03 s, and
T, =0.05s.

Without loss of generality, the initial values of the state
variables of the USV is set to z(0) y(0) ¢(0)
u(0) = v(0) = r(0) = 0, and accordingly, for the auxiliary
system (4), @(0) = ©(0) = #(0) = 0. The initial values
of czij with 7 = 1,2,3 and j = 1,2,3 of the auxiliary
system (4) are set to randomly generated positive values, while
u(0) = ©(0) = @,(0) 0. Considering the actuator

27t n ™
T, 6

2nt W
_+_

wy(t) = 1.4sin ( T 5 (1)

(b) @, ¥ and 7

Profiles regarding the learning performance of the auxiliary system (4) during the tracking control process of the USV synthesized by the proposed

disturbances shown in equation (21) and hydrodynamic parameter uncertainty

constraint, the actual control inputs applied to the USV are
set as follows:
Tua = Ps (Tu)a

Tra = Ps(74), 22)

where 7, and 7, are calculated according to the proposed
control law (14) with the parameters updated online via the
auxiliary system (4), and Ps(-) denotes the projection operator
onthe set S = {x|-5x10% < 2 < 5x10%}. As seen from Fig.
3, a(t), o(t), #(t), u(t), 9(t), and 7(t) asymptotically converge
to zero, indicating that the auxiliary system (1) reconstructs
the dynamics of the controlled USV, which validates Lemma
1. From Fig. 2, the state variables of the USV are bounded
during the control process, and with the aid of the proposed
control law (14) with saturation, i.e., (22), and the auxiliary
system (1), the tracking errors ex = x; — xq and ey = ¥; — ya
asymptotically converge to zero with fast convergence and low
overshooting, which validates Theorem 1. According to Fig.
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Fig. 5. Profiles of inputs during the tracking control process of the USV synthesized by the proposed control law (14) with saturation, i.e., (22), under

mismatched periodic external disturbances shown in equation (21) and hydrodynamic parameter uncertainty for the desired trajectory (20).
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Fig. 4. Profile of performance index J (3) during the tracking control process
of the USV synthesized by the proposed control law (14) with saturation, i.e.,
(22), under mismatched periodic external disturbances shown in equation (21)
and hydrodynamic parameter uncertainty for the desired trajectory (20).

4, the performance index .J(t) is asymptotically convergent
to zero, which validates Theorem 2. As seen from Fig. 5,
the control inputs are bounded. Note that the chartering in
the control inputs is needed for the purpose of completely
eliminating the effects of periodic external disturbances. These
results shows the effectiveness of the proposed method for the
near-optimal control of USVs (1) under unknown mismatched
periodic external disturbances and unknown hydrodynamic
parameters.

V. CONCLUSIONS

In this paper, for the first time, a novel learning and
near-optimal control method has been proposed for USVs
with unknown hydrodynamic parameters and unknown mis-
matched periodic external disturbances. The method consists
of an auxiliary system to reconstruct the dynamics of the
controlled USV via state feedback, of which the adaptively

updated parameters are employed in an explicit control law
for the controlled USV. Theoretical analysis has shown that
the proposed method can guarantee the global asymptotic
convergence of the tracking error to zero and the asymptotic
optimality of the performance index for USVs with unknown
hydrodynamic parameters and unknown mismatched periodic
external disturbances. Simulation results based on the parame-
ters of a USV have validated the performance of the proposed
method, including fast tracking error convergence and low
overshooting.

APPENDIX

The proof of Lemma 1 is given as follow.

Proof: Recalling Assumption 3 and that fact that the pa-
rameters of the USV are constants, from the USV (1) and the
auxiliary system (4), we have

i = —dyyu — dya|ulu — dizu® + &y (t) — kyil
b= —dyv— J22|U|U - JQ3U3 + Ou(t) — ka0,
P = —dsir — dsa|r|r — dssr® + @p(t) — ko

511 = kyut,

512 = ku|ulug,

(1?,13 = kuu3ﬂ,

521 = k,v0,

522 = ky|v|v,

d23 = /{U’U v,

d31 = kTrr,

dL32 = k|r|rr,

6233 = /CTT3F7
Du(t) = Dyt — Ty) — ko,
Dy(t) = @y(t — T,) — ko,
Dp(t) = Dot — T)) — ko,
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from which we further have
@p(t) — @t — Tu)

= Wy (t) + @u(t — T)) (@0u(t) — 0u(t — Ty)) (23)

= =k, (@ (t) + ©u(t — Ty)).
Accordingly, we have
Go(t) =@t = To) = =ko(@u(t) +@u(t = T0)),
Gr) =@t = T) = —koF(@r(t) + @t = Tr))-
Consider the following Lyapunov candidate function:
3

(24)

PR ) ¢
V:§m+22k Z— PRI ED)
" ft T, @y ( ft 7, Yo (7)dT n ft—TT o}
2kw 2kw 2kw

Together with equations (23) and (24), the time derivative of
V' along the state trajectory of the USV (1) and the auxiliary

system (4) is obtained as follows:

3 % 3 3

d ;d doido; d d
E 1J 22725 2J+E 39 3J+uu+vv+rr
j=1

k k'u . kr
7j=1 7j=1
L@ wy(t) — oyt — Tu) +@3(t)—@3(t—Tv)
ks ks
V(1 2t-1T,
| ) =@t -T,)
ks

= dyuii + J12|u|uﬁ + dy3ut T + dogvd + cz22|v|m7
+ dosv30 + d31rF + cz32|r|rf + d33r3F — dyud
— CZ12|u|m] — dzua + Oy ()T — kpt® — do1 0D
— 6222|’U|’U’l~) — do3v®0 + Oy ()0 — kp0? — ds1 77
— dso|r|rF — dszr®F + O, (8)F — kyT
C(@u®) +out —Tu))u  (@ult) +@u(t = T0))0
2 2
(@ (t) + @r(t = T;))7
2
= —kp@® — kp0® — ki +
(@ult) ~ @t = T)0 |
2 2
= kot — ky0? — kpof? — %lmﬁ

<0.

(‘Du(t) — ‘Du(t — Tu))a

(25)

From (25), we have

V = —(2ky + ko,)iti — (2ky + k)00 — (2ky + k)77

(2ky + ko )i(dyiu + dia|u|u + dizu® — Dy (t) + ka@i)
+ (2ky + ko, )0(da1v + dog|v|v 4 dasv® — @y (t) + kD)
+ (2ky + ko, )7 (ds1r + dso|r|r + dssr® — @p () + ko).
Meanwhile, from (25), we also have 0 < V(t) < V(0),
Vvt > 0. Thus, d;; (with ¢ = 1,2,3 and 7 = 1,2,3), @
U, T, Wy, Wy, and @, are bounded, V¢ > 0, starting from

bounded initial values. It follows that V is bounded, by which
we conclude that V' is uniformly continuous. Besides, the

Transactions on Cybernetics

above analysis also shows that that V'(¢) is lower bounded and
V(t) is negative semi-definite. Thus, according to Barbalat’s
lemma [40], we have lim;_, V(t) = 0, which, together
with (25), yields lim; oo @(t) = 0,lims 100 0(t) = 0,
and lim;_, 1~ 7(t) = 0. Then, by following the the above
analysis, according to Barbalat’s lemma [40], we can further

conclude that lim¢—, 4 a(t) = 0,lim; .4 0(t) = 0, and
lim;, 4 7(t) = 0. The proof is complete. O
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