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ABSTRACT. In this article, the path independent property of additive functionals of
McKean-Vlasov stochastic differential equations with jumps is characterised by nonlinear
partial integro-differential equations involving L-derivatives with respect to probability
measures introduced by P.-L. Lions. Our result extends the recent work [16] by Ren and
Wang where their concerned McKean-Vlasov stochastic differential equations are driven
by Brownian motion.

1. INTRODUCTION

Since the seminal work [12, 11], there have been substantial interests to study McKean-
Vlasov stochastic differential equations, which are stochastic differential equations whose
coefficients depend on the law of the solution, which are also referred as mean-field sto-
chastic differential equations, see, e.g., [2] and most recently [1, 9] (and references therein).
Very recently, Ren and Wang [16] explored an interesting result characterising the path in-
dependent additive functionals of McKean-Vlasov stochastic differential equations driven
by Brownian motion by space-distribution partial differential equations, which extends
the earlier work [18, 19] on this direction.

The object of this paper is to extend [16] to the same type of equations driven by com-
pensated Poisson martingale measures (and Brownian motion). We aim to characterise the
path-independence of additive functionals of McKean-Vlasov stochastic differential equa-
tions with jumps by certain partial integro-differential equations involving L-derivatives
with respect to probability measures, following our previous work [14, 15] where therein
stochastic differential equations with jumps in finite and infinite dimensions were studied,
respectively. Let us also mention further interesting work [17, 10], where characterisation
theorems for the path independence of additive functionals of stochastic differential equa-
tions driven by G-Brownian motion as well as for stochastic differential equations driven
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by Brownian motion with non-Markovian coefficients (i.e. random coefficients) are estab-
lished, respectively. It is of course very interesting to extend the two cases to the situation
of the concerned equations with jumps, which we will consider in our forthcoming work.

It is worthwhile to mention our results. We prove the Ito formula for McKean-Vlasov
stochastic differential equations. And its proof is more simple than that in [5] and [9].
Moreover, it does not contain any abstract probability space. Therefore, it is more appli-
cable. Besides, we compare our main result with that in [16] and [14]. And we find that
it is indeed more general.

The rest of the paper is organized as follows. In the next section, we will set up
the framework for introducing the McKean-Vlasov stochastic differential equations. In
Section 3, we will first derive Itd6 formula for the solutions of our concerned McKean-
Vlasov stochastic differential equations (and the proof is given in the Appendix at the
end of our paper), and then we prove our characterisation theorem.

2. PRELIMINARY

2.1. Notations and notions. In the subsection, we introduce notations and notions
used in the sequel.

For convenience, we shall use | - | and || - || for norms of vectors and matrices, re-
spectively. Furthermore, let (- , -) denote the scalar product in R?. Let A* denote the
transpose of the matrix A.

Let #(R?) be the Borel o-algebra on R? and M(R?) be the space of all probability
measures defined on Z(R?) carrying the usual topology of weak convergence. Let My(IR?)
be the collection of all the probability measures p on %B(R?) satisfying

/ | 2 |? p(dz) < oo.
R4

We put on My(R?) a topology induced by the following metric:

p*(p1, p2) == inf / |z — yPPr(de,dy),  pu, p2 € Ma(RY),
TEL (u1,12) JRA xR

where €' (1u1, 12) denotes the set of all the probability measures whose marginal distribu-

tions are pu, fi2, respectively. Thus, (Mx(R?), p) is a Polish space.

2.2. McKean-Vlasov stochastic differential equations with jumps. In the sub-
section, we introduce McKean-Vlasov stochastic differential equations with jumps and
path-independence for a type of additive functionals.

Let (Q,.7,P;(%;)i=0) be a complete, filtered probability space. Let (B;) be a m-
dimensional (%#;);>o-Brownian motion. Let (U,|| - |[y) be a finite dimensional normed
space with its Borel o-algebra %/. Let v be a o-finite measure defined on (U, %). We fix
Up = {llullu < a}, where a > 0 is a constant, with v(U\Up) < oo and [, [[ul|fv(du) < occ.
Following e.g. [7, 8], there exists an integer-valued (.%;):>o-Poisson random measure
N(dt,du) on (Q, F,P; (F)i=0) with intensity EN(d¢, du) = dtv(du). Denote

N(dt,du) := N(dt,du) — dtv(du),

that is, N(dt, du) stands for the compensated (.%;)io-predictable martingale measure of

N(dt,du). Moreover, B; and N(dt,du) are mutually independent.
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Now, fix T" > 0 and consider the following McKean-Vlaso stochastic differential equation
with jumps on R%:

dX, = b(t, X, Lx,)dt + o(t, X, Lx,)dB, + | f(t. Xo_ L, u)N(dt,du), € [0,T], (1)
Uo

where Ly, denotes the distribution of X; under P. Here the coefficients b : [0, 7] x R x
My(RY) = R4, 02 [0, T] x R x Mo(R?) = R>*™ and f : [0, T] x R x My(RY) x Up > R
are all Borel measurable. We assume:
(H;) (i) b and o are bounded,
(i) There exists a constant L; > 0 such that for t1,ty € [0,T], 21,20 € R, iy, 1o €
My (RY),
b(t1, 21, 1) — b(ta, Ta, i) + [|o(t1, 71, p1) — 0 (2, 2o, po)|| < La(|z1 — 22| + p(pa, p2))-
(H,) There exists a constant L, > 0 such that for t;,t € [0,7T], 71,22 € R, py, po €
MQ(Rd), u € Uo,
|f(t1a xl?ﬂbu) - f(t27$27:u27u)’ < LQHUHU(‘xl - $2| + p(ILL]-7/’L2))7
and for t € [0,T],2 € RY, u € My(RY), u € Uy,

(82, pw)| < Lofjullu.

Under (H;) (Hy), based on [5, Theorem 3.1, Page 7](Although the theorem is proved

n [5] for b(x, pn), o(x, 1), f(z, u,u), the proof is right for the time inhomogeneous case),
1t holds that for any s € [0,T] and X, € L*(Q, Z,,P;R%), Eq.(1) has a unique solution
(X}t)=s with

]E( sup |Xt|2> < 00. (2)
te(s,T)

And then we introduce the following additive functional

t t
Fo, = /gl(r Xr,ﬁxr)dr—i-/ (g2(r, X, Lx,),dB,.) //gngT,EX, u)N (dr du)
Uo

//g4rXr,£XT, wr(du)dr, 0<s<t<T, (3)
Uo

where
91 :[0,T] x R x My(RY) =R,  go:[0,7] x R x My(R?) — R™,
g3 :[0,T] x R x My(R%) x Ug = R, g4 : [0,T] x R x My(R?) x Up + R,
are Borel measurable, ¢,(t,z, ), g2(t, z, 1), g3(t, x, pi,u) are continuous in (¢, z, ) and

on ga(t, z, p,u)v(du) is continuous in (¢,x,u), so that Fs, is a well-defined local semi-
martingale.

Definition 2.1. The additive functional Fy, is called path independent, if there exists a
function

V1 [0,T) x R x My(R?) — R,
such that for any s € [0,T] and X, € L*(Q, Z,P;R?), the solution (X;)ieis ) of Eq.(1)
satisfies

Fs,t - V(t7Xt7£Xt) - V(S7XS7£X5)' (4>
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2.3. L-derivative for functions on M,(R?). In the subsection we recall the definition
of L-derivative for functions on Ms(R?). And the definition was first introduced by Lions
[2]. Moreover, he used some abstract probability spaces to describe the L-derivatives.
Here, for the convenience to understand the definition, we apply a straight way to state it
([16]). Let I be the identity map on RY. For p € My(R?) and ¢ € L*(R?, B(R?), u; RY),
(@) = [pa #(x)p(dx). Moreover, by simple calculation, it holds that po (I 4+ ¢)™' €
M, (RY).
Definition 2.2. (i) A function h : My(R%) — R is called L-differentiable at i € Mo(R?),
if the functional

L*RY, B[R, i RY) 3 ¢ = hpo (I+¢)7)
is Fréchet differentiable at 0 € L?*(RY, B(RY), u; RY); that is, there exists a unique £ €
L3R4, B(RY), u; RY) such that

i Mo+ 0)7) — hip) — p((€ 9)

w650 (o)
In the case, we denote 0,h(p) =& and call it the L-derivative of h at fu.
(ii) A function h : Ms(R?) — R is called L-differentiable on My(RY) if L-derivative

O,h(p) exists for all p € Ma(R?).
(ii) By the same way, 02h(p)(y) for y € R? can be defined.

= 0.

Next, we introduce some related spaces.

Definition 2.3. The function h is said to be in C*(My(R?)), if O,h is continuous, for
any p € Mo(R?), 9,h(u)(-) is differentiable, and its derivative 9,0,h : Ma(RY) x R? —
R @ R? is continuous, and for any y € RY, 9,h(-)(y) is differentiable, and its derivative
92h - Ma(R?) x R x R = R @ R? is continuous.

Definition 2.4. (i) The function h : [0,T] x R? x My(R?) + R is said to be in
CH22([0, T x RTx My (R%)), if h(t,x, p) is Ctint € [0,T], C? inx € R? and pu € My(R?)
respectively, and its derivatives

OWh(t, x, ), Dzh(t, @, ), OZh(t, x, 1), Buh(t, x, 1) (y), OyOuh(t, x, ) (y), Dah(t, z, ) (y,y')

are jointly continuous in the corresponding variable family (t,z, p), (t,z, u,y) or (t,z, u,y,y').

(ii) The function h : [0,T] x R% x My(R%) — R is said to be in Cp*>*([0,T] x R? x
My(RY)), if h € CH22([0, T] x R x My(R?)) and all its derivatives are uniformly bounded
on [0,T] x R x My(RY). If h € CY22([0,T] x R x My(R%) or h € CL**([0,T] x
R x My(RY)) and h is independent of t, we write h € C?*%*(R? x My(R%)) or h €
CP2 (R x My(R?)).

(iii) The function h : [0,T] x R? x My(R?) +— R is said to be in Cp>>'([0,T] x
R x My(RY)), if h € Cp*2([0,T] x RE x My(RY)) and all its derivatives are Lipschitz
continuous. In addition, if h is independent of t, we write h € Co™ (R? x My(R?)).

3. MAIN RESULTS AND THEIR PROOFS

In the section, we state and prove the main results. First of all, we prove the It6 formula

which is an important tool in our following proofs.
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Proposition 3.1. (The It6 formula) Suppose that (Hy) (Hs) hold. Then for any
h e 01372’2([0771 x R x My(R?)), it holds that fort > 0,

Ah(t, X0, Lx)) = (0 + Lo )h(t, Xp, Lo, )dE + ((0°0:0) (¢, X1, Lo, ), dBy)
—I—/ [h(t, X¢ + f(t, Xe, Lx,,u), Lx,) — h(t, X¢, Lx,)] N(dt,du), (5)
Uo

where

Lo sh(t, o, 1) = m@M@@M+éwa®%@@ww)
n / (blty, ), (D) (¢ ) () (dy)
% /R d tr((o*a)(t, Y 14)0,0,h(t, x,u)<y))u(dy)
+/UO |:h<t,$+f<t7$nu’u)nu> - h(t,x,,u)

_<f<t7 T, [, u)7 azh(ta Z, M)>:| V(du>

+/U /01 /Rd <3uh(t,xau) <y+77f(t,y,/~b,U)>
—@ah(t,w,u)(y),f(t,y,u,u)>u(dy)d77V(dU)- (©)

Because its proof is too long, we place it to the Appendix so as to make the context
more compact. Now, it is the position to state and prove our main result.

Theorem 3.2. Assume that b, 0, f satisfy (H,) (Hy). Then for V € Cp**([0,T] x R? x
MQ(Rd)), g1 € C([O,T] x R? x MQ(Rd) — R), go € C([O,T] x R? x MQ(Rd) — Rm>,
g3(-, - u) € C([0,T] x R x My(R?Y) +— R) and on ga(+,+, - wv(du) € C([0,T] x R? x
My(RY) — R), F, is path independent in the sense of (4) if and only if (V, g1, g, 93, gs)
satisfies the integral-partial differential equation

00+ L WV (1,0, 18) = 01 (6, 1) + foy, 9a(t, 2,1, (),
(0*0,V)(t,z, 1) = ga(t, w, 1),

V(t,a: + f(t,x,,u,u),u) —V(t,x,u) = gs(t, z, p, u),
t€1[0,T),z € R u € My(R?),u € U,.

(7)

Proof. First, we prove sufficiency. For V€ Cp**([0, T] x R? x My(R%)), based on Propo-
sition 3.1, it holds that

dV(t, Xy, Lx,) = (O + Lo )V (t, Xi, Lx,)dt + ((670,V)(t, Xt, Lx,),dBy)
+ / [V(ta Xt + f(tv Xta ‘CXﬂ U), 'CXt) - V(tv Xta ‘CXt)] N(dta dU) (8)
Uo

Inserting (7) in (8), we have

dV(t,Xt,/:Xt) = gl(t,Xt,/:Xt)dt—i—/ g4(t,Xt,£Xt,u)V(du)dt+<g2(t,Xt,£Xt),dBt>
Uo
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+/ g3(t XtaﬁX“ ) (dt du)
Uo

By integrating the above equality from s to ¢, one can obtain (4). That is, F,, is path
independent.

Next, let us show necessity. On one hand, since Fj; is path independent, it follows from
Definition 2.1 that

t t
V(t7Xt7£Xt> - V(07X07£X0> == / gl(r XT7£Xr)dT+ / <92(7’, X7'7£Xr>7dBT>

/ / 93(r, Xy, Lx, , u)N (dr du)
Uo
+/ / 9a(r, Xy, Lx,,w)v(du)dr, t>0. (9
0 JUg
On the other hand, by integrating (8) from 0 to ¢, we get that

t
V(t, Xt, ﬁXt) — V(O, Xo, ﬁXO) = / (87« + Lb’gjf)V(T, Xr, EXT)dT
0

+ [ oo X Lx)am)

+/0t /U [V(T,Xﬁ—f(r, X, L., u), Lx,)
~V(r, X, Lx, )} N(dr, du). (10)

Thus, V(t, Xy, Lx,)—V (0, Xg, Lx,) has two expressions. Since V (¢, Xy, Lx,)—V (0, Xo, Lx,)
is a semimartingale, by uniqueness for decomposition of the semimartingale it holds that

%1 (Ta XT‘7 *CX,) + / g4(Ta XT‘7 £X7-7 U,)l/(du) - (a’l‘ + Lb,o’,f)v(/ra XT’7 ‘CXT)’
Uo
g2 (T7 XT'7 EXT) = (U*amv) <T7 X?"v EXT)J
93(73 XT‘7 EXM U) = V(T’, XT‘ + f(?", X’r‘a ‘CXM U), ‘CXT) - V<T7 XT7 ‘CXT)a re [07 T]
And then for any s € [0,T] and u = Lx, € My(R?), we know that
g1(s, X, pt) + / 94(8, Xs, pr, w)v(du) = (0 + Ly £)V (8, X5, 1),

Uo

92(87)(87,“) = (O'*an)<S,XS,/,I/),
93(3’ X, 1, u) = V(S7Xs + f(S,XS,[L,U), ,u) - V(S7X8a :u)’
and then

m@%@+/m@%m@@@=@+hwW@%M
Uo

92<S7 x, M) = (O'*axV)(S, €, ,LL),
g3(s, 2, pu) = V(s,x + f(s,2,p,u), 1) = V(s, 2, p), z € supp(p).
To show (7), we replace p by ™ = pxNy(0, £1,) in the above equality, where Ny(0, 11,)

denotes the d-dimensional Gaussian distribution with mean 0 and covariance matrix %]d.
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Note that supp(Ng(0, £14)) = RY, supp(p™) = R and p™ — p1 as n — oo, which together
with continuity of all the related functions in u yields (7). The proof is completed. OJ

Next, we give out a solution of the partial integro-differential equation in (7). To do
this, we introduce two McKean-Vlaso stochastic differential equations with jumps on R
for any ¢ € L*(Q,.%,P;RY) and = € RY,

t t
X = §+/ b(r,Xﬁ’g,ﬁxi,s)err/ o(r, X3¢ » Lxee)dB,

S

t
+/ f(r, Xf’f,EX:,g,u)N(dr, du), 0<s<t<T, (11)
U
t ’ t
X5 = aq / b(r, X5, £ o) dr + / o(r, X3, £ 0c)AB
/ er”fﬁegu) (dr,du), 0<s<t<T, (12)
Uo

and a backward McKean-Vlasov stochastic differential equation

{ dYs,:p,f _ 91( Xs,x,£ £Xs§)dt + fIUO g;;(t,X:’x’g,/:vafau)y(du)dt’

S,T S,%, 13
YVt = (X5 5£X5g) (13)

Under (H;) (Hs), based on [5, Theorem 3.1, Page 7], it holds that the above equations (11)

(12) have unique solutions X;**, X*¢, respectively. If we more assume gy, on Ga(ey s u)v(du), @
are bounded, the above equation (13) also has a unique solution. For ® € Co*'(R? x
MR, g1(t,-,-) € C”l(RdxA/t2 R%)), fy, 9alt, -, w)v(du) € Cy*'(R?x My(R?)) and
91(- 2, 1) € C([0,T)), [y, 9a(, x, p, w)v(du) € C([0,T7), set

T
Vt,z,u) = E{@(X”” Lyre) — /gl(r,Xﬁ’m’g,Exi,s)dr

/ /U ga(r, X8 Lyre,w)v(du)dr|, p= L, (14)

and then by [9, Theorem 9.2, Page 3159], it holds that V(t,z,u) € Co**([0,T] x R% x
M, (R%)) is the unique solution of the following nonlocal integral-partial differential equa-
tion

{ (at + Lb,o,f)v(tha:u) = gl(tha,u) + on g4(t,x,,u,u)l/(du), te [O,T],{L‘ S Rdmu € MZ(Rd)a
V(T,z,p) = (z, ).

Thus, by combining Theorem 3.2 with [9, Theorem 9.2, Page 3159], one can have the
following result.

Corollary 3.3. Assume that (H) (Hy) hold, (b(t,z, 1), 0(t, x, 1)) € Cp>> ([0, T] x R x

My(RY) — RY x R>™™) and all the derivatives of f(t,x,p,u) int order 1 and in x,p

up to order 2 are bounded by L||u|ly and Lipschitz continuous with a Lipschitz factor

L|ully. Then for V(t,z,u) defined in (14), g2 € C([0,T] x RY x My(RY) — R™) and

g3(-,+, - u) € C([0,T] x RY x Mo(R?) +— R), Fy; is path independent in the sense of (4)
7



if and only if V, g2, g3 satisfy

(00 V)(t, . 1) = g2(t, . 1),
V(t,l’ + f(taxvﬂvu)al’L) - V(t,x,,u) = g3(taxvﬂau)7
t€0,7],z € R yu € My(R?),u € Up.

In the following we analysis some special cases of Fi;. If gy = 0,94 = 0, F;; reduces to

t t
FIpo ::/ <gg(r,Xr,£X7,),dBr)+/ / 93(r, X, Lx,,u)N(dr, du).
s s Uog

We follow up the above deduction to get that for V (¢, z, u) := E[Q)(Xfp’x’g,ﬁXtT,g)], g2 €
C([0,T] x R* x My(R?) — R™) and g5(-,-,-,u) € C([0,T] x R? x My(R?) — R), FZ}*
is path independent in the sense of (4) if and only if V, go, g3 satisfy

(00 V)(t, z, 1) = ga2(t, x, ),
V(ta+ flta ) p) = Vit ) = golt, o, ),
te[0,T),z € R € My(RY),u € U.

This result also can be obtained by Theorem 3.2 and [5, Theorem 7.3, Page 47]. If
g1 = %|92|2,/B # 0, F§; reduces to

t

“1
Fii’gz‘s,gzl = /%|gg|2(r,XT,£XT)dT—I—/ <92(T=Xr,ﬁxr),dBr)
t
+/ / g3<r7 XT7£XT7u)N(dT7 d'u,)
s Uo

¢
+/ / ga(r, X, Lx, ,u)v(du)dr, 0<s<t<T.
s Uo

Thus, by Theorem 3.2, it holds that F79% is path independent in the sense of (4) if and
only if

(O + Ly f)V(t,z,pn) = %]0*8,;\/]2(75, T, p) + on ga(t, z, p,u)v(du),
(0*0,V)(t,z, 1) = ga(t, , 1),

V(t,x+ f(t,x,,u,u),,u) —V(t,x,u) = gs(t, z, p,u),

t€1[0,T),z € R u € My(R?),u € U,.

Finally, we discuss the relation between Theorem 3.2 and [14, Theorem 2.6] [16, The-
orem 2.2]. Let A : [0,00) x Uy — (0,1] be a measurable function. And then there exists
an integer-valued (.%;):>o-Poisson random measure N, (dt,du) on (2, .7, P; (F)=0) with
intensity E(Ny(d¢,du)) = A(t, u)dtv(du). Denote

Ni(dt, du) := Ny(dt,du) — A(t, u)dtv(du)

that is, Ny(dt,du) stands for the compensated (.%;);o-predictable martingale measure

of Ny(dt,du). Moreover, N,(dt,du) is independent of B;. We replace N(dt,du) by

Ni(dt,du) in Eq.(1). Thus, the solution of the new equation is denoted as X;. Besides,
8



we assume that there exists a measurable function b:[0,7] x R* x My(R%) — R™ such
that b = ogb. For convenience of the following deduction, we also assume:

E[eXp{%/OT IB(S’XSA’EXSA) 2
/oT /UO (%,(Z)U)f As, u)r(du)ds < oo.

t 1 [t
r,: = exp{—/ (5(87X375X%)7d3s>_‘/
0 ’ 2. Jo
t
_/ / log A(s, u)Ny(ds, du)
0 JUp

-/ (o855 + (1 = Ao ) )l .

and then by the same deduction to that in [14], it holds that T'; is an exponential mar-
tingale. Define a new probability Q as

dQ
dP

f] <=

~ 2
b(S7Xs>\7'CX§‘) ds

=1Ir.
Thus, under Q,
B, := B, + /tB(S,XS)\,,CXS)\)dS
is a d-dimensional Brownian motion and ’
N(dt,du) = Ny(dt,du) — dtv(du)

is the compensated (%#;)io-predictable martingale measure of N,(d¢,du). Moreover,
Eq.(1) becomes

t
X{\:Xs)‘—i-/ o(r, X}, Lxx) )dB, +/ fr X, Lxx, w)N(dr, duw).

That is, X} is a local martingale.
Now, take

2 ~
) gQ(th?M) - b<t7$;N)a

11~
gl(twr;/'L) - 5 ‘b(tv‘rﬂl"t)
1

_1).
YO

And then by Theorem 3.2, we know that F(it = —logI"; is path independent in the sense
of (4) if and only if

g3(t, x, p,u) =log A(t,w), ga(t,x, p,u) = log A(t,u) + (

(8¢ + Lo )V (t, , ) = 2 |(070,V)(¢, x, w)]? + Juo ((log At w))A(tw) + (1 — A, u)))u(du),

(0*0,V)(t, 2, 1) = b(t, . 1),
V(6w [t nu), 1) = VL, ) = log AL, u),
t€0,7],z € R u € My(R?),u € Up.

(16)



The equation is just right Eq.(15) with 5 = 1. And then we rewrite Eq.(16) as
OV (t,x,u) =Ly V(L x, p),
b(t,z, p) = (0070, V)(t, z, p),
A(t,u) = exp {V(t, x+ f(t,x, u, u),,u> -Vt z, ,u)} ,
te[0,T),z € R4 € My(R?),u € U,

where

1 1
L, /V(t,z,p) = —?cr((a*a)@iV) (t,x,u) — 5 (0¥, V) (t, z, p)|?

- [ eVt .. 0,1t )

1

-5 /Rd tr<(a*a)(t,y, 1)0,0,V (t, u)(y)>u(dy)

_/ [eV(t,x+f(t,x,u,u),u)—V(t,ac,,u) _ 1
Uo

—(f (b, ), 0,V (1, ) V) | ()

_/UO/Ol/Rd <auV(t,x,u)<y+nf(t,y,u7U)>

=0,V (t,z, )(y), f(t,y, 1, U)>u(dy)ng(dU)-

If b,o, f,V are independent of p, this is just right Theorem 2.6 in [14]. Moreover, if f = 0,
this is exactly Theorem 2.2 in [16]. Therefore, our result is more general.

4. APPENDIX

The proof of Proposition 3.1.

Set py == Lx,, and then h(t, X;, Lx,) = h(t, Xy, ;). Define h(t,z) := h(t,z, ), and
then h(t, X;) = h(t, X;, pie). Moreover, based on h € Cp>*([0, T] x RY x My (R%)), it holds
that h is C? in . However, we don’t know the differentiability of A in ¢. Note that the
differentiability of A in ¢ comes from two parts-h(t, z, ) in ¢ for fixed x, pn and h(s, , j1;)
in t for fixed s,z. Therefore, to apply the classical Ito formula to h(t, X;), we only need
to consider the second part by h € Cp>*([0,T] x R? x My(R?)).

Step 1. We study the differentiability of h(s,x, y;) in t.

Here, we follow the method in [3] to deal with it. For the convenience to our expression,
we take H () := h(s,x, pg). For any positive integer K, set

K
1
ot a? o o e RY HR (21 2%, 1) = H(E Z(M), (17)
=1
and then HX(z! 2% ... 2%) is a function on R¥>¥. Moreover, by [3, Proposition 3.1,

Page 17|, it holds that H¥ is C? on R™>¥ and

K

1 1 .

T rK /1 2 . K - - 7

Op H™ (z7, 2%, -+ J2™) Ka“H<K ;21 5901)(:6 ),
10



K
B = Loan(L3 ), (3w
=1 =1
(18)

Besides, we take K independent copies X!, =1,2,---, K of X;. That is,

AX} = b(t, X}, Ly)di4o(t, X}, Lx)dBi+ [ f(t, X}, Ly, u)N'(dt,du), 1=1,2,-- K
Uo

where B, N',1 = 1,2, --- , K are mutually independent and have the same distribution to
that of B, N, respectively. And then applying the Ito6 formula to HX (X}, X2 ...  X[K)
and taking the expectation on two sides, we obtain that for 0 <t <t4+h T

EHK(Xt1+h’XIt2+h7" th—{i-h) = EHK(thvXtQ?"' ’XtK)

t+h
+/ B0, H* (X!, X2, -, X)b(s, XL, Lx:)ds
t
1 t+h )
+§/ EQ2,H(X), X2, , XF)oo* (s, XL, Lxi)ds
t

t+h
+/ E[HK<X51+f(SaXsla['X517u)aX527>X5K>
Uo
_HK(X317X327 JXS[()
O HE (XL, X2, ,Xf)f(s,Xsl,EX;,U)}I/(du)ds

t+h
/ HK X517X5277X5K+f(SaXsK>£vau))
Uo
—H"( X1 X2 ... XKy
O HS (XY, X2, XE) f(3, XE L, u)] v(du)ds
= EHK(th?XtZV" ’XtK)

+K/ EO  HY (X, X2, , XF)b(s, X}, Lx1)ds

—/ EO%  HN (X!, X2, XF)oo*(s, X}, Lx1)ds

t+h
+K/ / / a:lHK X1+77f(3X ﬁXsl,U)7X37"',
Uo

X

—Op H¥ (X! X2 ... ,Xf))f(s,Xsl,ﬁxg,u) dnv(du)ds,

where the convention that the repeated indices stand for the summation is used in the
first equality, and the property of the same distributions for X!, 1 =1,2,---, K is used in
the second equality. Inserting (17) (18) in the above equality, we get that

| K | K tih 1K
H<?Z(5X£+h) - EH(?Z@Q)+/ Eaﬂﬂ(?Z(sXQ(X;)b(s,X;,ﬁXSI)ds
=1 =1 t I=1

11



K
%/ E88H<1 > oy ) (X:)oo™ (s, X;, Lx1)ds

K
+ﬁ E82 (1 Z(SX) (X5 XDo O'*(S,Xsl,ﬁxsl)ds

t+h 1 K
aH 51 XLy + o 5l>
/ /Uo/ © Xs4nf(s:XEHLxr, KZZQ X

O(Xsl + 77f(57 X517 *CXSla u))

H(L S50 (X)) 5.0 0.0 ot
=1

Next, we take the limit on two sides of the above equality. Note that

K
1
sup p° (XZ%,M)] =0,
=1

lim E

K—oo 0<t<T

which comes from [6, Section 5]. And then as K — oo, by continuity and boundedness of
H,0,H,0,0,H, and boundedness of 83[{ ,b, 0, it follows from the dominated convergence
theorem that

H) = Hiw)+ /t HhE@“H(uS)(X b(s, X1, £x1)ds

by [ B0 () oo (5 X2 Exs

t+h
/ / / aHus X1+77f(8 X}, Lxi, U))
Uo

0, H (1) (X1)) £ (5, XL, £y, w) | dop(d)ds.

Thus, by simple calculus we obtain that

OuH () = / bty 1e), OuH (1) (y)) pe(dy) + ;/Rd tr((a*a)(t,y7ut)8yauH(ut)(y)>m(dy)
/U / /Rd a H () y+nf(t Y, pe, U )) —QLH(M)(ZJ))f(t,y,ut,u)]ut(dy)dny(du),

Step 2. We prove (
By Step 1., we know that h(t,z) is C' in t and C? in z. Therefore the classical Ito
formula admits us to obtain that

dh(t,Xt,ﬁXt) - dil(t,Xt)
at}_l(t, Xt)dt + (@,ﬁ(t, Xt)7 b(t7 Xt7 ,ut)>dt + <8$B(t, Xt)7 U(t, Xta ,ut)dBt>

—l—/U [;L (t, X+ [t X, pue, U)) - h(t, Xt)} N(dt, du)

1 _
+§tr (cra* (t, Xy, 1) O2h(t, Xt)> dt
12



+/ {h<t,Xt + f(t, X, s U)) - ﬁ(t, Xp) — (f(t, Xy, e, w), axﬁ(t»Xt» v(du)dt
Uo

= Oh(t, Xy, pe)dt + Oth(s, o, p1) | s=t.2—x,dt
+<a:ch<t7 Xt7 /1’t>7 b<t7 Xt7 ,ut)>dt + <axh<t7 Xt7 ,ut)v O-(tv Xt7 ,U/t)dBt>

+ / |:h‘ (ta Xt + f<t7 Xt7 M, u)7 ut) - h‘<t7 Xt7 /Lt) N(dta dU)
Uo
1 * 2
+§tr (O-U (ta Xt7 ut)amh(t7 Xt7 ,ut)) dt
+/ |:h'<t7Xt+f(t7Xtautuu)7:ut> _h’(tuXtJ/'l’t)
Uo
—(F(t, X 1 10), Do, X, ut>>] (du)dt

- ath(ta Xta ,ut)dt + / <b(t7 Y, :ut)v aﬁth(tv Xt7 Mt)(y»lu’t(dy)dt

Rd

—1-1/ tr((a o)(t,y, pe)0y0uh(t, Xy, p1e) (y ))Ht(dy)d

/UO/ Ad<8htXt7ut)<y+nf(tyﬂt, ))

_a,uh(tv Xt7 ;ut)(y>7 f(ta Y, M ’U,)>,ut<dy)d?7y(dU)dt
+<8mh<ta Xt7 H’t), b(ty Xt7 ,U/t)>dt + <a:vh(t7 Xt7 :U’t)7 U(t7 Xt7 :ut)dBt>

+/ |:h(t7 Xt + f(t7 Xt7 Kt U), Mt) - h<t7 Xt7 Mt)i| N(dta dU)
Uo
1 * 2
+§tr (00 (ta Xtu ,ut)axh(tv Xtu Mt)) dt
+/ |:h<t7Xt+f(taXtaMtau)nut> _h(taXtaMt)
Uo

—(f(t, X, pg, w), Oz h(t, Xt,ut)>] v(du)dt.
This is just right (5). The proof is completed.
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