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10-dimensional supergravity compactified on M. An important feature is that M can
admit distinguished points, around which the generalised tangent bundle should be aug-
mented by localised vector multiplets. We illustrate these ideas with explicit examples of
two-dimensional parafermionic theories and NS5-branes on a circle.
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1 Introduction

Lower dimensional gauged supergravities (SUGRAs) are powerful tools to address proper-
ties of holographic quantum field theories; however, their usage requires some care. In a typ-
ical Kaluza-Klein scenario one justifies a lower dimensional theory by dispensing modes sup-
pressed by the scale of the internal manifold. In the context of holography, the scale of the
d-dimensional internal manifold M and of the anti-de Sitter external space are comparable
and such an argument cannot be readily made. What is then required is that the lower di-
mensional theory retains a “consistent truncation” of modes from the 10- or 11-dimensional
maximal SUGRA. Finding such truncation and the corresponding, in general highly, non-
linear Ansétze for the bosonic fields is involved. Recently, generalised/exceptional geom-
etry [1, 2]/[3-5] and the closely related double/exceptional [3, 6]/[7, 8] field theories were
employed to make the process more methodical starting with [9, 10]. A systematic treat-
ment of such constructions was given in [11] exploiting idea that when M is equipped with
a generalised G-structure, defined by a set of invariant tensors and a covariantly constant
singlet intrinsic torsion, a consistent truncation is obtained by expanding bosonic fields in
terms of the invariant tensors.

Important examples within the context of the 10-dimensional type II supergravities are
manifolds with trivial generalised structure group. These admit a globally defined frame
E4 on the generalised tangent bundle, locally given by'! TM @ T*M, and are therefore

In the cases of exceptional generalised geometry the generalised tangent bundle is further augmented
with higher rank differential forms.



called generalised (Leibnitz) parallelisable. The action of the T'M part of E4 on functions
gives rise to a flat covariant derivative,? D 4, with (covariantly) constant generalised torsion
Fas® governed by the relation

Zp,Ep = Fap®Ec. (1.1)

Here .Z denotes the generalised Lie derivative and because the frame fields E4 are in-
variant, all bosonic fields expanded in terms of them form a consistent truncation. The
resulting lower dimensional SUGRA is maximally supersymmetric due to the trivial gen-
eralised structure group of M. As such truncations are conceptually closely related to
Scherk-Schwarz reductions on group manifolds [12, 13], they are called generalised Scherk-
Schwarz reductions [14-16]. Most notably, the torsion F4g¢ is in one-to-one correspon-
dence with the embedding tensor which fixes the gauge group of the lower dimensional
maximal SUGRA. The remaining challenge is to find at least one tuple (M, E4) such
that (1.1) holds for a given constant generalised torsion F45%. The manifold M is neces-
sarily a coset [9, 17] but still constructing generalised parallelisable spaces is challenging.
There are few examples known [9, 10, 18] but a systematic construction was missing until
recently and instead considered on a case by case basis. In generalised geometry a complete
construction of generalised parallelisable spaces was worked out in a series of papers [19, 20]
in which the right coset? CNJ\]D is identified with the internal manifold M, where D is a
Lie group which admits a non-degenerate, invariant pairing of split signature for which
the subgroup G cC Dis maximally isotropic. The constant generalised torsion is given
by the structure coefficients of 9, the Lie algebra of ID. In this case, which we review in
section 2, 4 can be constructed from a coset representative m € M. Intriguingly, its con-
struction shares many features with Poisson-Lie T-duality [21, 22] where the two groups
D and G appear naturally. In general there are multiple tuples (M, E4), (M', EY), ...,
which solve (1.1) and originate from different maximally isotropic subgroups G G, ....
The different sets of bosonic fields one constructs out of them are related by Poisson-Lie
T-duality and give rise to the same lower dimensional SUGRA [23].

However, the kind of Poisson-Lie T-duality which appears in this context is not the
most general one. It is rather a special case of the dressing coset construction [24] with
M = é\]D /H for a trivial H. Hence, motivated by the interplay between generalised geom-
etry and Poisson-Lie T-duality in the example above, this paper shows that dressing cosets
give rise to a class of new generalised geometries which are relevant for the construction
of consistent truncations. They are named generalised cosets because of the analogy with
conventional coset spaces. More explicitly, they admit a generalised connection V4 whose
torsion and curvature are both parallel (covariantly constant). Along the line of discussion
for generalised parallelisable spaces above, V 4 is expressed in terms of a generalised frame
FE 4 but now also a non-vanishing spin connection €2 = Q%t, valued in the Lie algebra of H
(generated by t,) is required. The requirement that V 4 has parallel torsion and curvature

2D 4 does not have a spin connection, but it has an affine connection which is fixed by imposing Da Eg =0.
3We choose here to work with right cosets to minimised the number of minus signs in our conventions.
The conclusions of course can be made equally well with left cosets.



result in the modified frame algebra

Lp,Ep = FAp®Ec + 294 F,p5“ Ec + FaupQ®, 1.2)
LoeEp = (VFgpc + Fpc)EC + Fg,"Q0° g7, '
where Q% = Q%4 E4. We discuss this algebra in section 3. Here we just emphasise that
all I’s are constant and that the generalised structure group of a generalised coset is H.
In addition to deriving all properties relevant for consistent truncations based on this new
class of generalised geometries, we also present an explicit construction of the frame FEj4,
the connection Q% and QP starting from the generalised frame field on the coset é\ZD A
remarkable feature of this class is that it also includes examples of singular geometries. This
feature happens when the action of H on é\lD has fixed points, and in this scenario one
can think of the construction as defining a generalised orbifold. There can also be further
distinguished points, which do not have to coincide with the fixed points of the H action,
where the generalised tangent bundle must be enhanced by localised vector multiplets &7
with a non-vanishing field strength .%. In turn this can constitute a magnetic source from
NS5-branes, visible as the failure of closure in the NS three-form flux schematically given by

dH x ¢(F)F), (1.3)

where the four-form on the right-hand side involves a suitable pairing in the algebra of H.
Similar enlargements of the generalised tangent bundle have been considered in the context
of e.g. heterotic models [25, 26], the enhancement of the gauged symmetry at special points
of moduli space [27, 28] and localised vectors living on generalised orientifold planes [29].
We present these phenomena for the target space of NS5-branes on a circle [30] in section 4.
From a mathematical point of view, the natural language to situate this present discussion
is that of Courant algebroids as in [31] and the ideas which we present can be considered an
example of a Courant algebroid reduction [32] whose development was strongly influenced
by earlier works on gauged o-models [33-35].

2 Cosets and generalized parallelisable spaces

Let us consider a D-dimensional manifold M that admits the action of a Lie group D
corresponding to a 2D-dimensional Lie algebra 0 spanned by the linearly independent
generators Ty, A=1,...,2D, obeying*

[Ta, T5) = Fas®Te . (2.1)

Furthermore, we assume that 0 is equipped with an ad-invariant, non-degenerate, bi-linear
symmetric pairing, (-, -), of split signature from which we define

(Ta,TB) =nap- (2.2)

4For D compact we will take the generators to be anti-Hermitian.



Corresponding to each generator T4 of 0 there is a vector field k4 on the coset M = é\lD
that under the conventional Lie bracket furnishes the same algebra as (2.1), namely

[k, kp] = Fap“ko - (2.3)

Let us assume the existence of a closed three-form H on M upon which we do not
place a priori any demands of D invariance. Recall that the H-twisted generalised Lie
derivative acts on sections U = u+ p and V = v+ v (with u, v vectors and p, v one-forms)
of the generalised tangent bundle as

gUV = [ua U] + (Luy - Lvd,u) - LuLvH7 (24)

where L is the conventional Lie derivative. Further recall that the pairing of two generalised
vectors is given by
(U, V) =ty + tppt. (2.5)

Generalised parallelisable spaces are those for which we can construct on M a set of
O(D, D) valued generalised frame fields F4 for which the generalised torsion of (1.1) is
constant and identified with the structure constants of 0, i.e.

Zp,Ep=Fap°Ec  and  (Ea, Ep) = (Ta,T5). (2.6)

Since the vector part of the generalised Lie derivative matches the conventional Lie deriva-
tive, a natural ansatz for the generalised frame fields is

Eis=ka+pa, (2.7)

with ¢4 a set of one-forms that has to be determined. It is easy to see that the algebra (2.6)
is obeyed provided (2.3) holds for the vector part and, moreover, the following conditions

Lka$B T lkgPA = NAB ,
Li, o5 = Fa%pc + 1,94, (2.8)
d(pA ILkAH+19A,

are satisfied from the one-form part of the generalised frame field. Here ¥4 denotes a
suitable set of two-forms that encode the failure of D invariance of the three-form since
Ly, H = —diy. If 94 = Lj,w for some two-form w, then one can perform a shift
H' = H +dw and ¢y = ¢4 — 1, @ so that (2.8) is solved with ¢y = 0. It the next
subsection we show that this situation can be always achieved. Hence without loss of
generality, we will choose H to be invariant under . In this case, it is possible to further
gauge quotients of this construction as we will do in section 3.

2.1 The descent from D

In general, the construction of such generalised frame fields would seem like a formidable
task; however, when M is identified with the right coset M = G\D for G a maximal



isotropic subgroup® of DD, the problem becomes tractable. In this case we can proceed
algorithmically to recover the results of [20] in a fashion more suitable for the extension
considered in the following sections.

To fix the notation let us denote by m a representative of the coset M = é\lD and
write group elements of D as g = gm with g € G. Asa group manifold, D is equipped with
vector fields® EA and U4 constructed as duals to the left- and right-invariant Maurer-Cartan
forms namely

LEAg_ldg =Ty, L@Adgg_l =Ty, (2.9)

and generating respectively the right- and left- actions. These satisfy the relations

(ka,kp] = FapCke, [04,08] = —Faptc, [0a,kp]=0. (2.10)

1

To descend to the coset we define a g-valued connection A = dgg—", used to rewrite the

right-invariant form
1

dgg™' = A+ gdmm gL, (2.11)

The vector fields which generate right translations on the coset now arise as the restriction
ka=ka—u Ap®. (2.12)

To see that these vector fields are indeed governed by the algebra (2.3), it is sufficient to
note that A is flat, dA — AN A =0, and that 150 A, = 6} as well as Lga Ay = F*“, A, hold.
As a group manifold D is equipped with a bi-invariant closed three-form

—~ 1 _ _ B
H = —=(dgg Ldgg ™! Adgg ™)

1 1 _
= =5 (g7 Aghdmm ™ Admm ™) — S (g7 dAg Admm ™) + H

(2.13)

with horizontal part” H. In particular, the closure of q immediately implies that H is also
closed. In addition, we can construct a right-invariant two-form,

1 _ _ _ _ _
O = {dgg™" MKdgg™") = (m~'dm g~ Ag) + 27, (2.14)
with 1
W= Z((dmmflﬁlCdmmfl» , (2.15)

in which K is an involution, compatible with the pairing, (74, KTg)) = —(KTa,T)), whose
+1 eigenspace is identified with g. The involution K gives rise to a para-Hermitian structure

®An isotropic subgroup G is one for which the corresponding generators, T“, satisfy the condition
(T*, 7"y =0 VT*,T°€7g.

The subgroup é, with Lie algebra g, is further said to be maximal if dim G =D.

5In what follows, we will reserve the hatted notation to objects acting on the bundle associated to D,
descending these through the (pushforward) of the coset projector we recover the objects introduced in the
last section.

7A differential form gg is horizontal if L5a$ = 0 holds.



on D [20]. The exterior derivative of w precisely encodes the vertical part of the three-from
on D: 1
H:ﬁ+dﬁ—§d&3. (2.16)

This has an important consequence: since both H and @ are invariant under EA so too
is the combination H = H + dz; moreover, H and % being horizontal, we have that
LEAFI = 0. Making use of (2.9) and the isotropy of g we find the useful identity

(Ta, g tAg) = G (@ — 2@) + (Ta,m tdm) — <(L@Am*1dm, m~tdm)) . (2.17)

A further contraction of this identity returns, after exploiting again isotropy,

_ 1 1 PO
5,8 = 5(Ta, Tp) — Sz, 07, (& — 20) (2.18)

with ¥4 given as
1
B4 = (Ta,m tdm) — 5 padmm~t dmm™"). (2.19)

The process is algorithmic: one needs only to take as an input either H or & defined on
D and the rest follows. Taking the exterior derivative of eq. (2.17), and using that @ is
invariant yields

—(Ta,g ' dg A g™ dg) = 2dp 4 — 17, A(© - 2@) — 2L, @, (2.20)

which after comparing with eq. (2.16) implies that dg, = /,EAF + LEAE. Combining the
above identities we eventually obtain

LEAEB = FABC¢C + LEALEBﬁ. (221)

We are still working with quantities on the full group D, but the generalised frame
fields we want to construct are defined on the coset é\lD For this coset, we have the
projection 7 : D — G\ID and the local sections o : G\ID — D which are chosen such that
the pullback o*A vanishes. This is always possible because A is pure gauge. Equipped
with these two maps, the quantities discussed at the beginning of this section are

ka=mika, YA=0"P4, H=0¢"H and w=0"7. (2.22)
They satisfy the required relations eq. (2.1) and eq. (2.8) with the identification ¥4 = Ly, , w.
In the examples we consider later @ = 0, however more generally one can use the freedom
described below eq. (2.8) to absorb 9 4 into a redefinition of H and ¢ 4, and in what follows
we shall assume this has been done.

2.2 Restriction to D a Drinfel’d double

A refinement occurs when D is a Drinfel’d double such that @ = g + g is a decomposition
into two maximally isotropic subalgebras. This is the setting of Poisson-Lie T-duality
discussed in [22]. Here M = G/D = G = exp g and the coset representative m is identified



with a group element g € G. Since the one-forms g~'dg are g-valued and since g is isotropic
H, w and 94 all vanish. Denoting the components of the adjoint action of g on 0, in a
basis where (T, T?) = 6,°, by MsBTp = gTag™", we find

ka = Mabvb) k= Machbkc = Wabk;bv Pa = 0, szz = <<Tavg_1dg>> . (223)

Here p® is dual to the k, which generate right translations and 7: G — gAg defines a Poisson
bi-vector that obeys the analogue of a cocycle condition making G a Poisson-Lie group.

3 Dressing cosets and generalised coset spaces

A dressing coset M = é\JD /H arises if a second isotropic subgroup H is modded out from
the coset C~¥\JD Let us now reset notation and define the generators of D as T4. We let the
Lie algebra b of H be generated by T,,. We let 0 = h+t and make a further splitting amongst
the coset generators into € = p + q such that the pairing (e, e) is non-degenerate on ¢ and
dimq =dim0o —2dimbh = 2D is twice the dimension of the target space M. We introduce
now generators 74 whose span gives q and T spanning p, constructed so as to obey

(To, Tg) = 0, (T, T%) =43, (Ta, T) = 0, (7%, Tg) =0. (3.1)

We make an additional requirement: not only should ID/H be reductive such that £ carries
an action of H, but p and q themselves should further form two independent representa-
tions. This will be required so that our generalised frame fields have well defined properties
under H transformations and can be thought of as the generalised analogous of reductive
cosets. Hence, we call this property generalised reductive.

We now seek to construct a generalised frame field F4 and an h-valued generalised
connection Q*T,, = Q*BERT, on M = é\]D /H obeying the frame algebra

Lp,Ep = Fap“Ec = Fap®Ec + 20%(4Fap“ Ec + FanpQ®,

(3.2)
Lo Eg = (QBQFQBC + FQBC)EC + FﬁvaﬁﬁBQ’y ,

presented in the introduction. We additionally demand, in analogy to the pairing condition
of eq. (2.6), that

(Ea,Ep) = (Ta,Tg) =nap, (2% Ep)=9%, (2%,0%) =(T*17%) 420",
(3.3)
such that Q%p = Q4. Additional constraints on the constituents of the algebra (3.2)
arise from the Jacobi identity of the generalised Lie derivative. We defer this point to the
next section, where we show there that F4 and Q¢ constructed in the following automati-
cally satisfy these additional constraints.
In the following construction, we inherit the vectors fields defined in (2.22) (now
renamed k4 like the generators), from which we form a restriction® to the dressing coset

EA:kA—LkA%Bkﬁ. (3.4)

8To avoid burdensome notation with e.g. double over bars, we use in this section the over bar for further
restriction to M = G\ID/H, whereas in section 2 it denoted just restrictions to G\D.



Here .o/ denotes an h-valued flat connection that obeys ¢, &7 p— (53 and Ly, o/ B= —FMB 7.
Suppose that we can choose (locally perhaps) the element g = gnh with h € H and g € G
such that n parametrises the double coset M = é\JD /H then a canonical choice for this
connection is &/ = h~'dh which evidently obeys d.o7 +.47 A&/ = 0. A subtlety comes when
the gauge fixing g = gnh is not sufficient because some of the H gauge transformations can
be absorbed on a certain locus into compensating G transformations or, equivalently, when
H acts with fixed points on é\ZD This will show up in singularities in the geometry as
we illustrate with later examples. Furthermore, global properties may obstruct a globally
flat connection. This case necessitates for the inclusion of localised vector multiplets as we
discuss in section 3.2 and demonstrate with examples.
The Lie bracket of the projected vector fields reads

k4, k5] = Faske — 2u o Fy 5 ke . (3.5)
Restricting the algebra (3.5) to the index A and the horizontal part of the Lie derivative,
we obtain
(ka k) = Fap©kc + 29 4 Fsp“ke + Fap k' (3.6)
with
Q% = —1,@*  and Q¥ = s, (3.7)

where the latter object has been defined for later purposes. A comparison of the algebra
eq. (3.6) and the desired frame algebra eq. (3.2) suggests that

Eyx=Fka+¢, and Q¥ =k"+4¢". (3.8)

The differential forms ¢4 (with the restriction defined by ¢4 = ¢4 — Reye4 B) are B-
shifted versions,

1
GA=pA— kB with %Z%BA¢5+§L]€B§07$Z{’B/\JZ{7, (3.9)

of ¢4 which we introduced in eq. (2.19) of the last section. Because of this, E4 and Q¢
have a natural interpretation as coming directly from the reduction of the generalised frame
field on é\lD after a particular gauge fixing. The precise form of Z ensures that ¢, = 0
and that 1y, ¢4 = (Tn,T4). This tells us that ¢, = ¢4 and ¢~ = ¢* — &/*, from which it
is straightforward to see that the pairings of eq. (3.3) hold.

In order to show that the algebra of the reduced vector fields in eq. (3.6) extends to
the full generalised tangent space TM @ T*M, we first note the two important properties
of the B-field used to define ¢4 namely,

Lk B = Qo and Lp, % =0. (3.10)
Combining these with the result obtained previously that Ly ,¢p = F 58S ¢c, one finds
Ly 05 = Fap®0¢ + Fapy@' + Fapy @ + QU aFy 500 — 1y Ly, B, (3.11)

and
LEA(H—FCL%)) =dopa+ Ly, % . (3.12)



Both eventually give rise to
Ly, b5 —t7,d0a— 15 17, = FABS dc+Fapy®' +Fapy @ +20 4 F, 5 “6c,  (3.13)

in which the closed three-form .7 = H 4 d% has no vertical contributions, i.e. ¢, 7 = 0.
The Lh.s. of this equation captures the one-form contribution of the J#-twisted generalised
Lie derivative £, Ep and up to the term F4p,<77 the r.h.s. has exactly the form dictated
by the frame algebra (3.2). To get rid of the additional term involving the connection, one
remembers that both the vector fields k4 and k" as well as the corresponding one-forms
are still defined on é\lD Hence one has to push them forward/pull them back to the
dressing coset. This is done by applying 7, and ¢*, where 7 projects onto the dressing
coset, 7 : G\ID — G\ID/H, and o is a section chosen such that o*« = 0. Because
o/ is a flat connection, a section with this property has to exist (at least patchwise).
The procedure is essentially the familiar gauge fixing that removes extraneous degrees of
freedom in a conventional coset construction. Concluding, eq. (3.13) with the vector part
eq. (3.6) ensures that the first part of the frame algebra eq. (3.2) holds for the generalised
frame field

Ep=mka+ 0"y and QY = m k" + 070" . (3.14)

In order to obtain the second generalised Lie derivative ZnoEp in eq. (3.2), a short
calculation verifies that

QLE[AdQ'yB} = —F(;GPYQ(;AQEB—FAB'Y—FFABDQ’YD+FA35976+2F[A|5EQ(53]QWE (3.15)
and then we note that
LooEp = (QO‘ pFPpe— 2LE[BanC]) EC (3.16)

holds. After some careful rearrangement, exploiting the anti-symmetry of F 43¢, one finds
many terms on the right hand side of the above combine or cancel to recover the stated
frame algebra in (3.2).

3.1 Generalised torsion, curvature and intrinsic curvature

We would now like to evaluate various properties of generalised coset spaces constructed
above. At this juncture we point out that there are two common approaches to describing
the frame fields. One can, as we have thus far, construct frame fields that furnish an algebra
under the H-twisted generalised Lie derivative. This avoids working patchwise picking a
local representative for a potential for H. An alternative, however, is to exactly do that,
i.e. work locally with the untwisted generalised Lie derivative and absorb the corresponding
(local) potential H = dB into the frame field. As a scalar, Q%p is not affected by this
transformation. Many of the formulae regarding curvatures are more readily found in the
literature with this latter convention. Since this also lends itself to simpler expressions
in the explicit examples we shall later consider, we adopt it henceforth (using the same
symbol Ey4 for the frames to avoid clutter).



Our first step is to introduce a covariant derivative
VIEAJ:ajEAJ—Q[ABEBJ—i-F[KJEAK, (3.17)
in which 0y = (0, 8Z~> is a partial derivative. Here we use the abbreviation

Qap’ = W 4F55°, (3.18)

and switch between flat indices, A, B,C,..., and curved indices, I,J, K,..., with the
generalised frame E4! and its inverse transpose EZ;. The first feature of this connection
is that Vinap = 0 since n4p is both constant and invariant under the H-action generated
by the spin-connection.
Imposing the vielbein postulate, V;E,7 = 0, allows one to express the generalised
Christoffel symbols
U1k = 01E* jEak + Quk (3.19)

in terms of the generalised frame field £ and the spin connection ). In particular, we can
make use of this fact to compute the generalised torsion [36]

Tapc = 3T(apc) = —3E4"01Es” Ecyy + 3Qapc) - (3.20)

On the other hand, the first generalised Lie derivative in (1.2) of a generalised coset space
results in

gEAEéEC] = 3E[A18[EBJEC]J = Fupc + SQ[ABC] . (321)

As a result of eq. (3.21), the generalised torsion in flat indices is constant, Tapc = —Fapc

and just governed by some of the structure coefficients of the Lie algebra 0. This situation
is in perfect analogy with the torsion of a reductive coset space. When Fapo = 0, as will
be the case in the examples considered later, we have a natural notion of a generalised
symmetric space, a property one expects to play a key role for integrability of the string
world sheet theory.

In the same vein, one calculates the generalised curvature [36]

1
Rrykr =20uT yxr + 20 D™ + §FMUFMKL +(IJ) & (KL), (3.22)
whose flat version evaluates to

Rapep = 2EL 015100 — 2Qapepic” — (Fape + 224p2)2cp
1 (3.23)
- 5QEABQECD + (AB) < (CD).

At this point it is useful to note that the frame algebra of the generalised coset implies the
relation (3.15) which can be equally written as

1 1
Eu" 0 mep = Q" Qppe + <2FABE + Q[AB]E) QFcp — iFABeFeCDa (3.24)
which guarantees that the generalised curvature simplifies to

Rapcp = —Fap‘Fope — FapFop© — FapsFop (T2, T¢)) . (3.25)

~10 -



Hence we conclude that the generalised torsion and curvature of a generalised coset are
completely fixed by the structure coefficients of the underlying Lie algebra 9. This re-
sult might seem surprising, for one crucial difference between geometry and generalised
geometry is that for a torsion free connection the generalised Riemann tensor can not be
completely fixed using the metric, B-field and dilaton. There remain undetermined compo-
nents which however do not affect the generalised Ricci tensor and scalar. The reason for
this feature is that the metric, B-field and dilaton only fix an O(d, d) frame up to a local
double Lorentz transformation valued in O(d) x O(d). The construction we present, how-
ever, also singles out a particular double Lorentz frame and thus determines the connection
and curvature completely. This point is particularly important if £ 4 acts on spinors which
transform non-trivially under the double Lorentz group. Hence the constructed generalised
frame fields not only contain information about the NS/NS sector of type II string the-
ory but also about the R/R sector. In particular this allows to extract the R/R sector
transformation rules for the dressing coset construction along the lines of [23].

There are two simple checks of the presented results. First, the closure of the frame
algebra in (1.2) requires that

E[IAaI]:BCD] = Z]:[ABE]:CD}Ev (3.26)
which is indeed satisfied due to (3.24). Second, we can check the Bianchi identity [36]
3R(apcp) = 4ViaTpep) + 31" Tepie » (3.27)
for the torsionful generalised connection V. In order to prove it, we first note that
VaTpep =0, (3.28)

because V 4 acts on constant tensors just by the H-adjoint action but Tapc=—{([T4,T5],Tc)
is ad-invariant. Thus, the Bianchi identity (3.27) reduces to the Jacobi identity on the Lie
algebra 0. In the same vein, one derives

VaRpcpe =0, (3.29)

after taking into account that nsp is covariantly constant.

Typically we are only interested in the action of covariant derivatives on objects that
are invariant under the adjoint action of H. It is then natural to subtract from the torsion
the portion that depends on the adjoint action of H by defining the intrinsic torsion

Tike = Tapo — TapePy P e, (3.30)

where P, projects onto the adjoint representation of h. Because the projector is covariantly
constant with respect to V, the intrinsic torsion is a singlet under H action (or equally
it is covariantly constant too). In general, tensors in flat indices that are constant and
H-invariant are covariantly constant on M. This is a considerable advantage of generalised
cosets because invariant tensors are completely fixed by the Lie algebra h and the problem
of solving complicated PDEs is circumvented. Any parallel transport around a closed loop
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in M is infinitesimally mediated by the covariant derivative V. Hence monodromies for
loops in one patch always have to be valued in H. Transitioning between patches also only
involved H-transformations which originate from patching the flat connection /. Thus,
we conclude that the generalised structure group Gg of M is H. Now the list of required
properties for a consistent truncation given in the introduction is complete.

The same idea also applies to scalar densities like e=2? which governs the generalised
dilaton d = ® — 1/4logdet g, where g denotes the metric. This quantity is covariantly
constant only if

Uy = —207d (3.31)

holds. This relation fixes the exterior derivative of the dilaton ® once the metric is
known via

1 1 .
do = Zol(log det g) — o gildat. (3.32)

Alternatively, one can encode the dilaton in the fluxes
Fa=EPIO1Eg’Eay 4+ 2E401d = QP4 . (3.33)

Together with Fapc they form the natural objects in the flux formulation of double field
theory [37]. In terms of them the supergravity field equations and action for the bosonic
sector have a simple form.

A further simplification arises for generalised symmetric spaces with an H-invariant
generalised metric Hap. In this case V4 is a generalised Levi-Civita connection and the
supergravity field equations for the NS/NS sector can be written in terms of the generalised
Ricci tensor and the generalised Ricci curvature,

Rap = P PRacsp and R=PPRup=—Rs*, (3.34)
as
Rap=P,°Pp)PRep=0 and R=0, (3.35)

with the projectors Pap = 1/2(nap — Hap) and Pap = 1/2(nap + Hap). In contrast
to general relativity not all components of the generalised Ricci tensor Rap contribute to
the field equations but only a particular projection, here denoted as R 4. Using that the
generalised metric is H-invariant, we obtain

Rap = P4°Pp)Prcp, (3.36)

where kap = —FacP Fpp® denotes the canonical Killing metric restricted to the genera-
tors T4. If this metric is non-degenerate and has appropriate signature, one can choose
Hap = kap to obtain EAB =0 and R = —dim M. This is the natural generalisation of a
maximally symmetric space.

3.2 Localised sources and extended generalised tangent space

A crucial part of the construction we presented above is played by the flat connection <.
In general, however, there are cases where it is not possible to define a connection which
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is flat everywhere on M. A simple example, which we will explore in full detail in the
next section, is an H = U(1)a connection which is patched by a gauge transformation
on a contractible cycle. Stokes’ theorem implies that there has to be a non-vanishing
field strength .# = d.of when this cycle collapses to a point P. Assume further that the
vector field k£ (in this case, since dim H = 1, we have a single vector field, i.e. o = 1)
generates this cycle. Then the distinguished point P with non-vanishing field strength
Z is exactly the fixed point of the corresponding U(1)y acting on é\]D In this simple
example both U(1)4 and U(1)y are isotropic subgroups and thus we can alternatively study
a generalised coset M with H = U(1)yv. Now the fixed point P of the H-action results in
a singularity on M. One can understand this exchange of U(1)4 and U(1)y as a T-duality
transformation. Hence we conclude that one situation in which % vanishes everywhere
except for a distinguished point is related to the resolution of a singularity by T-duality.
Of course the process for a non-abelian H is more involved. However, we take this simple
example as a motivation to discuss how dropping the constraint of a flat connection affects
the construction of generalised cosets.

Most notably, the Lie bracket in eq. (3.6) receives an additional contribution
(Ea,kg] = Fap“kc + 29 4 Fsp “ke + Fapyk' + 1 17, F 7k, (3.37)
from the field strength of &/ which is encoded in
Fap" = 15,5, 7" with F =F Ty =dod + o N . (3.38)

The analogous contribution in eq. (3.13) for the one-form part of the generalised Lie deriva-
tive remains unchanged. Thus, there is no obvious counterpart to the additional term for
the vectors which could give rise to an object on the generalised tangent space. This
problem is fixed by decomposing the H-flux into

1
H=Hy+wcs, wes = Cag <dJZ/O‘/\JZfﬁ+3F75aJZ/B/\JZ{W/\JZf6>, (3.39)

where ¢, is a symmetric, non-degenerate, ad-invariant pairing on h. Note that, unlike .7,
the Chern-Simons form is not horizontal, instead it obeys

Lk WOSs = cagdszfﬁ, U Lk s WCO'S = Fag‘sc(;,y,;zﬂ, U R WOSs = QAB’YCM;.Q{(S, (3.40)
B A KB

and crucially
dwes = capF* N FP, (3.41)

ensures that it is invariant i.e. Ly wcs = 0. We will now consider twisting the Courant
bracket with the H-flux ) = Hy+d% which differs from the 5 = H+d% used previously
by the above Chern-Simons three-form contribution.

This allows us to substitute eq. (3.13) with

LEAaB —LEBdaA—LEA LEB% = FABcac—f—FAB»y(ﬁﬁ{+QQ’Y[AFWB]C$C+9AB'YCV§JZ{5, (342)
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such that r.h.s. contains the appropriate one-form counterpart to .#457k,. All together
we now consider the components

Eo=MiP(kp+p), Q% =MBE +0°), Eo=MS(ks+cona/?),  (3.43)
of the generalised frame field with the additional pairings
(Bay Eg) =2cap, (Fay,Ep)=0 and  (E,, Q%) =6,". (3.44)

M 4B denotes the adjoint H action on the Lie algebra h which is defined by M 4Btz =
h=1't 4h where h arises from the decomposition d = gnh with n € é\]D /H. Taking into
account the new components of the generalised frame field the original frame algebra is
extended to

%, Ep = Fap®Ec + Fap"E,,

L, Eg =—Fo3"E,, (3.45)

Lp.Ep =275 csaBc = —Lp, Fa,

with an J7) twisted generalised Lie derivative. These three equations can be elegantly
combined by considering the generalised Lie derivative [26, 38]

i’%f/\' = [u,v] + Ly — tydp — tyty G + 2¢(t, 1y F ) — 2¢(8, 15.F) + 2¢(Ds, t)

(3.46)
+ Dyt — Dys — [s,t] + tytoF

on the extended generalised tangent bundle TM & T*M & ad by with generalised vectors
U=u+ i+ s and V = v+v+t where s,t € b, the pairing c(tn,t3) = cqp and the
(gauge) covariant derivate D = d+ ./ A. The corresponding generalised frame field has the
components

Ei=E4 and B, =to+ cagAﬁ ) (3.47)

A particular feature of this construction is that the H-flux 74 is not closed anymore
but instead is governed by
doty = —c(FL.F), (3.48)

which indicates magnetic sources for H. As mentioned earlier, our construction is related
to a gauging procedure in two-dimensional o-models. In this context the pairing c,g which
was introduced in the decomposition (3.39) has a natural interpretation. Assume that we
are in the region of M where .# vanishes and J#) is closed. Furthermore, it can be easily
verified that

Ly, =0 and 1,56 = —cpdAP (3.49)

hold everywhere on M. On the world sheet, the generalised coset is implemented by a
gauged o-model whose classical gauge anomaly is given by

6rS = / cap\l” . (3.50)
P

One might worry that this gauge anomaly might indicate a problem, but in fact it only
emphasises the point that the additional degrees of freedom which originate for the vectors
of the extended generalised tangent space are required to cancel the anomaly.
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4 Examples

As an explicit example for the techniques introduced in the last two sections, we first
discuss the generalised parallelisable space Ggiag\(G % G). The group elements of D are
written as g = (gL, gr), where g1, and gr are two elements of the Lie group G. Elements
of G = Glaiag are parameterised by (g,7), § € G and as coset representatives we choose
m = (g, e) (here e denotes the unit element of G). Assume that the Lie group G, generated
infinitesimally by t,, is endowed with an ad-invariant, non-degenerate pairing

< tasty == Kap (4.1)

then one has the defining relations for the vectors kg generating respectively left and
right actions
L;.CLadgg_1 =1, and LkRag_ldg =tg.- (4.2)

Defined like this, the Killing vectors indeed give rise to the Lie algebra g & g:

kL., kL, = —far kL. , [kR,, kR, = far kR, and kL., kr,) =0, (4.3)

where f,;,¢ denote the structure coefficients of g. The algebra is equipped with the pairing

((tastn), (tey ta)) == tayte = — < ty, tg >, (4.4)
the one-forms
1 1 1 -1
PLa = 5 < tavg dg >_7 YRa = _5 < taadgg >_7 (45)
and the H-flux 1
H=——= =g 'dg,[g"dg,g7"dg] - . (4.6)

In the following, we use these results to study dressing cosets based on H = U(1)
and G = SU(2) which give a gauged WZW realisation [39] of the parafermionic CFT [40].
After this we choose G = SU(2) x SL(2,R) quotiented by a U(1) x U(1) to describe the
transversal space formed by NS5-branes on a circle [30]. For this purpose it is useful to
note that H with elements (hr, hg) acts as g — hy 'ghg on the coset G\ (G x G).

4.1 Parafermions and their deformations

Let us first consider G = SU(2) whose elements can be embedded into R* using the
coordinates

z1=cosfcosd, xg=cosfsing, z3=sinfsing, z,=sinbcoss. (4.7)

There are two isotropic U(1) which one can gauge to obtain the dressing coset. They are
parameterised by ¢ and ¢ respectively. To see this explicitly, it is convenient to write the
corresponding group elements as

g = €i73(6-9)/2i6 ios(6+9)/2 (4.8)
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where o, denotes the Pauli matrices. The two resulting U(1) are then given by
hy = (e*i"3$/2, €i03$/2) (axial) and hg = (7392 ¢1939/2)  (vectorial).  (4.9)

If we further fix the generators t, = i/204, and the pairing < tn,tg == —kTr(t.ts),
eq. (4.6) gives rise to
H=ksin20d0 Adp Adg. (4.10)

Axial gauge. Next, we gauge the axial U(1) e The canonical choice for a connection
would be just & = hq;dh(%l, however all other flat connections are admissible, too. It will
turn out that &/ controls the monodromy of the generalised frame. For the setup we study
here, this monodromy is controlled by two integers, [ and I with Il = k. Hence, we will use

the connection

o = t5(ldg +1dg), (4.11)

to construct the generalised coset. Here ts denotes the generator of U(l)g which cor-

responds to the vector field k$ _ 85. Furthermore, there is the dual vector field,
ky = 7194 and the corresponding generator t,. All of them are completely fixed by the
connection (4.11): the normalisation of kg is determined by LkgéZ{ = 1. Eventually, the
duality condition ((t(g, tg) = 1 fixes the rest.

Applying the procedure outlined in the last section, with this choice we obtain the
generalised frame field

1 .
&L =B +iBL = iew5+ (99 + i cot(0)9y — kdf — ik tan(0)de) , (4.12)

while the right combination can be obtained replacing ¢4 — ¢_ and &k — —k, with
¢+ = (1 £1/1)¢ and the generalised connection Q2 = tg (kg — ldo). It is straightforward to
check that they satisfy the frame algebra (1.2). Using the H-invariant generalised metric

HiLab = HRRab == ta, tp >, one obtains the metric and dilaton

1
ds? = k(d#? + tan? 0 d¢?) e? =y

A . 4.1
cos (4.13)

Although the assignments [ and [ drop out of the metric they are retained in the frame
fields and play an important role in determining periodicities of coordinates as we shall see
shortly. For §# = /2 the H action has a fixed point and the theory is strongly coupled.
There are more choices for an H-invariant generalised metric, which can be constructed
as follows: first, we determine the commutant subgroup of O(2,2) and H which is SO(3).
An SO(2) subgroup of this SO(3) is also a subgroup of O(2) x O(2) and hence it will not
contribute to the generalised metric. We conclude that covariantly constant generalised
metrics are parameterised by the coset SO(3)/SO(2) with the coordinates o and 3. More

specifically, with

k2 +4a%(1 4 a?) + B2
Hi,Le = HRoRe = = ( ) ;

4 1+ 2a2
k402(1 + o?) + 32
Hi,Rr, = —HL,R, = 1 a2 , (4.14)
kj
%L1R2 = HLQRl = ma
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the resulting target space belongs to an integrable o-model with vanishing B-field which
is discussed in [41]. Choosing 5 =0 and o = \/A/(1 — A\) the metric becomes
1-A

ds? = km((w? + tan? 0 d¢?) + k

4N
1— )2

(cos ¢ df — sin ptan f dg)? . (4.15)

This metric is recognised as the axial-\-deformation [42, 43] of eq. (4.13).°

Let us now assume that we restrict the domain of ¢ to 0 < ¢ < 2m/l which results for
I > 1in a 7Z; orbifold singularity # = 0. In this case the generalised frame field exhibits the
monodromy

AT = (Ba(9=0), B%(9 = 2m/1)) = (£7057)) B, (4.16)

which is valued in both U( 1)(; and U(1),. In fact the connection (4.11) is fixed by requiring
this particular monodromy. Its U(1) 3 contributions arise directly from the connection by

considering the integral
o N
Jo e oty (4.17)
where Sql5 is a circle tracing out ¢ at a fixed value of §. This circle is the boundary of a disc
D? centered around § = 0. Using Stokes’ theorem, one can alternatively write

efp2 7 = 5, (4.18)

The radius of the disc does not affect the result, so one is able to contract it to the origin at
= 0. This implies that there is #-flux localised at the origin and we have to extend the
generalised tangent bundle there with an additional vector along the lines of section 3.2.

Vectorial gauge. More light is shed on the strongly coupled region with 6 = 7/2 by
considering the T-dual configuration which arises when we gauge the dual U(1)4. The
corresponding connection

A = ty(ldp+1dg), (4.19)
leads to the dual generalised frame field
~ - - 1 .~ ~
b1 = B +iBy = ¢ (89 — itan(0)d; + kdf — ikcot(@)dQS) : (4.20)

where the specific combination is obtained from the latter after replacing!'® 5 — —5 and
k — —k, with ¢ = (1+1/1)¢ and the generalised connection ) = t¢(k$ —1d¢). Again
the connection &/ was chosen such that this frame field reproduces the monodromy in
eq. (4.16). More specifically, we obtain after restricting the domain of <;~S to 0 < q~5 <27 /l~
the monodromy

AT = (Ba(é = 0), BB (G = 2m/T)) = (¥7057)) P, (4.21)

9This can be obtained alternatively using either the asymmetric gauging techniques of [43] or by consid-
ering the (conventional) vector gauged A-model and doing the coordinate change 5 — & — ¢ (corresponding
to gauging with an inner-automorphism in [43]).

10The flipping of sign in k can be seen as e.g. the substitution ! — — while keeping 1 fixed. Together
with the flipping in &5, this amounts to &L — —$+.
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Contracting E 4 with the generalised metric gives rise to the T-dual metric and dilaton

2 _ 2 29172 o _ Ys 1
ds® = k(d” + cot” 0d¢?) , e = ising’

when Hap = 2/kdap or the corresponding metric for its A-deformation when Hap is

(4.22)

chosen as in eq. (4.14).
Changing 6 to ' = m/2 — 6 results in the same form of the metric and dilaton as
in (4.13). But now the boundary of the disk and its center get exchanged. Similarly now

the U(1)4 monodromy generates a non-vanishing .% in the center,
e$p2 7 _ o2ty (4.23)

Because t(;; and ty are related by an O(1, 1) transformation the generalised geometries

which are described by F4 and EA on a disk have identical generalised curvature and
torsion. By construction they also share the same monodromy. In fact they correspond to
the Z; and Z; orbifold of the level k parafermion CFT and its T-dual.

For SL(2,R)/U(1) the derivation of the generalised frame fields proceeds along the
same lines and for brevity we will not repeat it here.

4.2 NS5-branes on a circle

A non-vanishing field strength %, like the one we encountered in the last subsection, can
result in a source for the H-flux. However this is only possible if the dimension of the target
space is greater than three. Hence, in the following the SL(2,R)/U(1) and the SU(2)/U(1)
geometries are combined along the line of [30] to obtain a target space which captures the
near horizon geometry of k NS5-branes equally distributed on a circle.

A possible starting point is the observation that the geometry we are looking for is
T-dual to [30]

ds® = k [d6® + cot® §(dy — d@)* + dp* + tanh? pdx?] ,

4.24
ds® = k [d6? + tan® § dw? + dp* + coth® p(dw + dip)?] , )

with the identifications £ ~ £+27/k, ¢ ~ ¢+27, 1) ~ +27m and w ~ w+27/k, respectively.
Remembering the approach from the last subsection we identify the monodromy around
T-dual pair of variables in each T-duality frame. Hence, we find the monodromies

My = My =) and My = M, = ) (4.25)

where the generators tg, ty, ty, t, correspond to the vector fields kg = 0y, ky = Oy,
ky = k:_lax and k, = k~19,, for the parameterisation

g= (eiag(w—l—w—i-x)/Qeg?’peiUg(w—i-w—x)/Z’ eia3(x—w—¢)/26i0196i03(¢+w—x)/2) (426)
of SL(2,R) x SU(2) elements g. These monodromies imply the connection

o =t (A + kdy) + to,(dé + k dw) (4.27)

~ 18 —



for which the generalised frame field is constructed analogously to the previous subsection.

To present the result in a compact form, we introduce the combinations z4 = W

_ p+(k£1)e
= 2

and y+ of coordinates and write the frame field components in terms of the

complex combinations

1 .
E1=FEp1+iEps = 56‘”* (kO,+ikcoth(p)dy+dp+itanh(p)dy—icoth(p)de) ,
(4.28)
1 .
Ero=FEr3+iEps= ie*’y— (kOp+ik cot(0)0p+df+itan(d)dy —icot(0)de) ,

The remaining combinations, namely &gr; and &gy, can be obtained from &1 and &79
respectively by performing the substitutions &k — —k and ¥ — —. Using again the
canonical generalised metric Hap = k/204p, this generalised frame field gives rise to the
metric, dilaton

2 2 2 2 2
ds? = k |dp? + dg? ¢ VPR pdom HtanTOdYT) e ! (4.29)
1 + tan? f tanh® p V/cosh? p — sin? 6
and (local) B-field
kdy A do (4.30)

"1 + tan? @ tanh?p

To see that this background is indeed connected to NS5-branes on a circle one can embed
the solution into the transversal R* with the coordinates

z! = pg cosh psinf cos ), z? = py cosh psinfsiny, (4.31)

x3 = pgsinh pcosf cos ¢, x* = pgsinh pcosfsin . .
In these coordinates the metric, dilaton and H-flux read

4 .
ds? = hZ(dw’)Q, *®=h, and H=—«dlogh, (4.32)
i=1
where h denotes the harmonic function
2k
h= (4.33)

p2(cos 260 + cosh 2p)

Magnetic sources for the H-flux are localised where xdH = Alog h does not vanish. This
happens only when the denominator of h vanishes, i.e. for p =0 and 6 = 7/2.

The target space is a fibration of a T2 over a strip parameterised by 0 < p and
0 <0 < 7/2. The torus has two cycles A (0 < ¢ < 27w, ¢ = const.) and B (0 < ¢ < 2,
1 = const.). It is readily checked that the integral of the connection in eq. (4.27) over
these two cycles gives rise

efa? = i and efp? = it (4.34)

In order to obtain the corresponding fluxes, one has to find out where these cycles collapse.
As it can be seen for the embedding (4.31) into R*, the A cycle collapses for # = 0 and the
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B cycle for § = /2 and p = 0. By following the argumentation of the last subsection, this
implies non-vanishing field strength on these submanifolds. More specifically, we find

0 p w/2
/ jé F =2nty,, / 7{ F = 2mt,, and / 7{ F = 2rt,, . (4.35)
0 A 0 B 0 B

Furthermore, the resulting field strength has to be compatible with the H-flux and satisfy
dH = —c(F).7). (4.36)

For p = 0 and 6 = 0 there is no source for the H-flux. Hence, the combination .#X A #¥
should not contribute to the r.h.s. and we conclude that c(t,,t,) has to vanish. Because
the symmetric pairing ¢ has to be non-degenerate the two additional contributions c(t,, t,)
and c¢(ty,ty) have to be non-zero. This implies that .#X A .#X vanishes and furthermore

c(tws tw) ) FYNFY = —4r’k. (4.37)
R

Again one might ask if there are other H-invariant choices for the generalised metric.
The commutant subgroup of H and O(4,4) is SO(4). However, this SO(4) is a subgroup
of the SO(4) x SO(4) subgroup which leaves the generalised metric invariant. Hence, in
contrast to the last subsection the metric, B-field and dilaton of this generalised coset are
rigid. The generators of the unbroken SO(4) can be expressed in terms of six generalised

complex structures which give rise to a generalised hyper Kahler structure.

5 Conclusions and future directions

Let us first briefly recap the key results. On M = é\lD we reviewed the construction of
a set of generalised frame fields F 4 that realise the algebra 0 of ID via the generalised Lie
derivative. Being rather more direct and index free, the presentation makes more trans-
parent the results obtained previously in [19]. Armed with these we perform a reduction
to M = é\lD /H in which we quotient by a second isotropic subgroup H provided suit-
able generalised reductiveness conditions are imposed. In this setting we construct both
a generalised frame F4 and a compensating H-valued generalised connection ¢ which
is used to define a spin-connection piece of a connection V obeying the vielbein postulate
VE4 = 0. The generalised torsion of V| in flat indices, is determined entirely by a selection
of the structure constants of 9. An important intermediate step in the derivation of E4
and (1 is the introduction of an H-valued flat connection ./ on é\JD whose pullback to
M = G\D/H locally vanishes. In general however it is not possible to find such a flat
connection globally. As we illustrate with two examples, the resulting field strength .%#
gives rise to additional, localised vector multiplets and is related to the global properties
of the generalised frame field. Moreover these can lead to NS5-sources manifested in a
violation of the Bianchi identity for the NS three-form H. We also encounter the situation
where the action of H has fixed points and the geometry exhibits singularities.

To give the above results some context we evaluate examples related to gauged-WZW
models. For parafermionic theories and their orbifolds we provide generalised frame fields
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(which have quite simple expressions) for both vector and axial U(1) gaugings. We show
that the generalised metric admits deformations and indeed that these can be identified
with the integrable A-deformations introduced in [42]. An elaboration of this is to consider
the NS5-branes on a circle realised as a gauged-WZW model in [30]. Here we find equally
elegant generalised frame fields describing a generalised hyper-Kéahler manifold. Unlike the
parafermonic example we find this geometry to be rigid i.e. we show it does not appear to
admit a A-type deformation.

This work opens up many interesting avenues for exploration both in terms of the
formal aspects and their applications. Here we have only glimpsed at the enhancement of
the generalised tangent bundle needed to accommodate fixed points and singularities in
the geometry. A key goal is to make more explicit the linkage to anomaly cancellation via
localised sources. Related to this, one hopes to understand in this framework the role that
instantons are known to play in correcting T-duals in which the U(1) actions degenerate
and allow for string unwinding [44-47]. Likely crucial to this will be the holonomies of the
connection & which can depend on both original and T-dual variables, and in this work
we have made this somewhat explicit for the case of Abelian subgroups. We expect the
cases with H non-Abelian to be even richer and more subtle.

In terms of applications, these results should extend naturally to the RR sector of 10-
dimensional supergravity and have utility in holography. It has been well established that
non-Abelian T-duality can have applications in constructing new examples of holographic
solutions (for a recent review and further references see [48]). With the tools presented
here, upgraded to a full type II supergravity situation, it can become viable to search for
new interesting backgrounds obtained as Poisson-Lie duals on cosets.

For the case of M = CNJ\JD, allowing the generalised metric H 4p to depend on external
coordinates specifies a consistent truncation Ansatz resulting in a maximal lower dimen-
sional gauged supergravity. Here for M = CNJ\ID /H one expects that H 4p should depend
on external coordinates and also that vector multiplets will be induced by allowing the
localised gauge fields &7 to have dynamics; the lower dimensional supergravity will not be
maximal. Making this precise, and understanding which lower dimensional supergravity
theories can be obtained with this construction will be important. As a final note, let
us conclude that here our attention has been restricted to the generalised tangent bundle
TM & T*M; one should anticipate that similar constructions will prove beneficial in the
M-theoretic exceptional generalised geometry context.
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