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ABSTRACT. In the paper, we are concerned with degenerate stochastic differential equa-
tions with jumps. We first establish two theorems about supports for the solution laws
of the degenerate stochastic differential equations, under different (sufficient) conditions.
We then apply one of our results to a class of degenerate stochastic evolution equations
(that is, stochastic differential equations in infinite dimensions) with jumps to obtain a
characterisation of path-independence for the densities of their Girsanov transformations.

1. INTRODUCTION

Stochastic differential equations (SDEs in short) with degenerate coefficients and jumps
draw much attention in recent years. Thus, to study the support property for degenerate
SDEs with jumps is interesting and potentially useful. Simon [11] was the first to establish
support theorems for a class of SDEs driven by pure Poisson random measures, and
Fournier [3] further showed that the densities of the distributions for their solutions at
certain times are positive on the whole spaces. Since then, SDEs driven by Poisson
random measures, viewed as degenerate SDEs with vanishing Brownian motion term,
received certain attentions in the literature. However, there are few results concerning
the support of degenerate SDEs driven by Brownian motions and compensated Poisson
random measures. In the present paper, we are concerned with the supports of a class of
degenerate SDEs driven by Brownian motions and compensated Poisson random measures
for a fixed time. We aim to establish supports for the solution laws of these SDEs. We
then utilise our result to derive a characterisation theorem for path-independent property
of Girsanov transformation for degenerate stochastic evolution equations with jumps. We
plan to consider support theorems for degenerate SDEs with jumps in our forthcoming
work (cf. [4, 11] for the support theorems for SDEs driven by Brownian motion and driven
by Poisson random measures, respectively).

More specifically, in the paper, we first prove a theorem on supports of solution distri-
butions for SDEs under certain comparably general assumptions. Then, by strengthening
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the conditions such that SDEs have densities, and applying the fact that existence of the
density for an SDE implies full support, we obtain the other support results. Furthermore,
we apply one of our results to a problem on degenerate stochastic evolution equations with
jumps on Hilbert spaces, in which path-independence for the densities of their Girsanov
transformations is characterised.

It is worthwhile to mentioning our previous results. In [9, 10], assuming that the
coefficients of their continuous diffusion terms are non-degenerate, we showed that these
densities of Girsanov transformations for SDEs with jumps and stochastic evolution equa-
tions with jumps are path-independent, And then the second named author and Wu [12]
only mentioned that these densities of Girsanov transformations for degenerate stochas-
tic differential equations are path-independent. Here we allow their continuous diffusion
coefficients to be degenerate, and we give some concrete conditions and provide detailed
proofs.

This rest of the paper is organised as follows. In Section 2, we prove two results about
supports for solution laws of SDEs with jumps under different (sufficient) conditions.
Section 3 is devoted to applying one result to a problem on degenerate stochastic evolu-
tion equations with jumps. Finally, we obtain path-independence for the density of the
associated Girsanov transformation.

The following convention will be used throughout the paper: the capital letter C' with
or without indices denote different positive constants whose values may change from one
place to another.

2. SUPPORTS OF SDES WITH JUMPS

In this section, we will prove two results about supports for solution laws of SDEs with
jumps which will be used in the next section.

Let (92, .#,P;(%#)i=0) be a complete filtered probability space and let {B;} be a d-
dimensional (.%;);>o-Brownian motion. Furhter, let (U, || - ||y) be a finite dimensional
normed space with topological o-algebra %/, and let v be a o-finite measure defined on
the measurable sapce (U, % ). We fix Uy € %,Uy C U — {0} with »(U \ Up) < oo and
Ju, Iullfyv(du) < oo. We follow the line of [4] to construct an integer-valued (F;)io-
Poisson random measure N(dt,du) with the intensity d¢v(dwu), which is independent of
{B:}. Set

N(dt,du) := N(dt,du) — dtv(du)
which is the N(dt,du) is the compensated predictable martingale measure of N (dt, du).
Fix T > 0, we consider the following SDE with jumps on R?

{ dZ, = &(Z)dt +n(Z)dB, + [y, ((Zio,u)N(dt,du), ¢ € (0,T], )
Zy =1,

where the coefficients ¢ : R = R? 5 : R s R?? and ¢ : R? x Uy + R? are all Borel
measurable, and the initial v is an .Zy-measurable random variable with E|y|?> < occ.
Assumption 1.

(1) There exists a constant L; > 0 such that for any z, 21, 25 € R and u, uy, us € Uy,

€(21) — &(22)| + [[n(21) — n(22)|| < Li|z1 — 22,
and

[C(21,u) = (22, u)| < Laf21 = zo[[ully and [C(z, u1) — (2, ug)| < Lo(1 + |2[)[Jur — uzllw
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where || - || stands for the Hilbert-Schmidt norm of a matrix.
(ii) There exists a constant Ly > 0 such that for any »z € R?

£()17 + [In(2)|? +/U €z, ) Pr(du) < Lo(1+ ).

Under Assumption 1, it is known that there exists a unique strong solution {Z; }cjo,1]
to Eq.(1) which is a Markov process with cadlag paths, see, e.g., [1, Theorem 6.2.3 and
Theorem 6.4.5]. Next, we define the support for a random variable and then study the
support of Z; for t € [0,T].

Definition 2.1. Let V be a metric space with the metric p. The support of a V-valued
random variable V is defined as

supp(V) := {z € V|(Po V1) (B(z,7)) > 0, for all v > 0},
where B(z,r) :={y € V|p(z,y) <r}.

Next, we use v to denote the restriction of v to Uy and we let supp(vU°) stand for
the support of Y that is, supp(v’°) € N U, and I/((Supp(VUO))C) =0.

Assumption 2. For any z € R? and for any open ball B C R? there exists a point
u € supp(vY0) such that ((z,u) € B.

We now state and prove the first main result of this section.

Theorem 2.2. Suppose that supp(y) = R? and that £,1m,( satisfy Assumption 1 and
Assumption 2. Then supp(Z;) = R? fort € [0,T].

Proof. By Definition 2.1, it suffices to show that for any ¢ € [0,7],a € R? and 7 > 0
P(Z, € B(a,r)) > 0.

To this end, we arbitrarily fix t, a,r and shall prove the above inequality with the help of
the following two auxiliary equations. We divide our proof into four steps.

Step 1. For any subset U C Uy with U € %,v(U) < oo and Ly||uljy < 1 for any
u € U, we introduce the first auxiliary equation

20 =+ [+ [ [ ez ans.an, @)

Note that there is no continuous diffusion term in the above equation. This is because
we allow that Eq.(1) is degenerate so that the continuous diffusion term is not needed.
Then, under Assumption 1, it follows from [1, Theorem 6.2.3] that Eq.(2) has a unique
solution, which is denoted as ZY. Furhter, by Lemma 2.3 below we obtain that for a.s.
w € Q and any € € (0,r), there exists a ty > 0 such that
sup |Z, — ZY| < ¢/2. (3)
0<s<tg
We fix such ¢y and ¢.
Step 2. Let {s;} be a positive sequence such that s; T oo, and {u;} be a sequence in

the support of vV, the restriction of v to U. And let 4V be the collection of the above
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sequence pairs {s;}, {u;}. For any g € 4V, we introduce the second auxiliary equation
Zg,U:7+/ { (70V) - /C du}dstZgzgf, ). (4)
0 1:5; <t

Then, under Assumption 1, it holds that Eq.(4) has a unique solution, denoted as
Z9Y . Next, by Assumption 2, we know that for the open ball B(a,r — ¢), there exist
s1> 0,8 > tg,i=2,3,... and u; € supp(vY) such that

170V —a| <1 —e. (5)

This may be possible if s; is taken enough small so that s; < tp and ZfO’U € B(a,r —¢).
Fix such {s;} and u;.
Step 3. Let us now study the relationship between ZY and Z9Y. Set

t
Xt 1= / / ulN(ds,du), Axi:=xt—xi—, D:={te€l0,00),Ax; € U},
0o Ju

and then D is a discrete set in [0,00) a.s.. Let 0 < 73 < 75 < -+ < 7, < --- be the
enumeration of all elements in D. Besides, we take any uy € supp(vY). For any & > 0,
set

A ={weQ:0<s —7 <& fJur — Axn|lu < €'},
A2 = {w ce:0<89—8] — (TQ - Tl) < 5/7 ||u2 - AXW”U < 8/}7

and then it follows from independence for increments of N(dt,du) that P(A4; N Az) > 0.
Thus, by Lemma 2.4 below it holds that for the above e, there exists an ¢’ > 0 such that

sup |2, — Z2Y] < /2, (6)

0<s<tg

on Al N AQ.
Step 4. Combining (3) (5) with (6), we obtain that

Zs —al <|Z, = Z]| +12] = Z27| + 287 —a| <e/2+¢/2+r—e=71, s€(0,t],

on Ay N Ay. Thus P(|Zs —a| < r) > 0 for s € (0,t]. If t < to, the proof is over; if
t > to, by the Markov property, we still can obtain P(|Z; — a|] < r) > 0. The proof is
complete. 0

Lemma 2.3. Under Assumption 1, it holds that
lim sup |Z, — ZV| =0, P—a.s.

t—0 0<s<t

Proof. Firstly, we compute Z; — ZY for t € [0,T]. By (1) and (2), it holds that

Zy — ZtU = /Ot (
] €z =@ ) Nas,aw

+/O /UO\U C(Z,—, u)N (ds, du).

4
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By the Burkholder-Davis-Gundy inequality and the Holder inequality, one can have that
t t
E (sup 2, — 2] |2) < 4E / €(2) = &(20)] ds + 16E / n(Z,)|*ds
0 0

0<s<t
+16E t Zg_, - Z 5 2 d dS

E t /A 2
+16 /O/UO\UK( s—,w)|“v(du)ds

Moreover, by Assumption 1, we obtain that

t
E (sup |Zs — Z§]|2) < 4L? (t + 4/ ||u||]%1/(du)> / E ( sup |Zs — ZSU|2) dr
0<s<t U 0 0<s<r
t
+16E/ Lo(1 + | Z,[2)ds. 1)
0

To estimate the last term in (7), we look back to Eq.(1). By the similar deduction to
above, one can get that

t t
E<sup |ZS|2) < 4E|7|2+4t]E/ |§(ZS)|2ds+16E/ In(Z,)|*ds
0 0

0<s<t
¢
+16E/ IC(Zs—, u)|21/(du)ds
0o Ju,

and furthermore by Assumption 1

]E<sup |ZS|2) < 4E|7|2+4(t+4)L/ (14 Z,%) ds

0<s<t

< AEWY? +4(t +4)tLy + 4(t +4)L / E ( sup |Zs|2) dr
0 0<s<r
Thus, by the Gronwall inequality we have that
E (sup w) <c )

0<s<t

where the constant C' > 0 depends on E|y|?, T, Lo.
Next, combining (7) with (8), we get that

t
E <sup 7z, — ZSU]2) < 16Ly(C+1)1+4L2 (T+4/ HuH%u(du))/ E ( sup |7, — 25\2) dr.
0<s<t U 0 0<s<r
Based on the Gronwall inequality, it holds that
E (sup | Zs — ZSU|2) < Ce“ —1),
0<s<t
where the constant C' > 0 depends on E|y|?, T, L1, Ly. Thus, we have that
lim sup |Z, — Z7| =0, P—a.s..

=0 0gs<t

The proof is complete. O



Lemma 2.4. Under Assumption 1, for the above ¢, there exist a constant C' > 0 and
an € > 0 such that on A; N Ay

sup |ZV — Z9Y| < C'/2

0<s<tg
and further
sup |2V — Z9Y| < ¢/2.

0<s<to

Proof. By (2) and (4), it holds that for 0 < ¢t <

z0-z" = [ [z - ez ds - / [ lotz2 ) - ezt ) wiawyas

+C<Zg 7AX7'1) - C(Zg

81— ’

and

zV — 797 < t 7Yy —¢(79Y)| d ¢(z9Y, du)d

| | /0|5< ) \s+//|< u)| v(du)ds
—HC(ZZ 7AX7'1)_C(Z£]1 ’AXTl)‘_'_‘C(ZsUl 7AXT1>_<(Z£]1 7ul)|
HC(ZY ) = (287 w).

Moreover, Assumption 1 admits us to obtain the following

to
sup |ZY — Z9Y| < Ll/ sup |2V — Z9Y|dr

0<s<to 0<s<r
vl ([ Tl / sup |2V — 70V |dr
0<s<r
+L1HAXnHU\ —Z0 |+ Li(1+ 12 D Axr — wllu
+ L[| |[w| Zg, - — Z;ql[i

N

to
Ly <1+/ ||u||UV(du))/ sup |Z5—Z89’U|dr
0 0<s<r

+ Ly || Axn ol 2y - = Z5 |+ LU+ 1 Z5 DAY, — wllu
+Li||ur|ju sup |Z£]—Z§’U|-

0<s<tg

Further by the definition of A;, A; and the Gronwall inequality, we know that there exists
a constant C' > 0 such that

zU_|<C, |ZY_-ZU_ | <Ce.
Thus, on A; one have

Ly (1+ d to
up |20 - 30| < ULty lullon “))/ sup |2 — 72V |dr
0

0<s<to 1 — Li|jus||u 0<s<r
Li(e + Hu1||U)C€, Li(1+C) o
1 — Ly|lwilly 1= Liflw]lw
The Gronwall inequality admits us to obtain that

sup |2V — Z9Y| < C¢

0<s<tg
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Taking Ce’ = /2, one can attain that
sup |2V — Z9Y| < ¢/2,

0<s<tp

on A; N As. The proof is complete. 0

Next, we would like to strengthen the conditions in Assumptions 1 and Assumptions
2 and derive a further result. Let U € Z(RF) for k € N.

Assumption 3.

(i) The distribution of v is absolutely continuous with respect to the Lebesgue measure
on R%.
(ii) The measure v is absolutely continuous with respect to the Lebesgue measure on
R¥, and p¥ denotes its density.
(iii) ¢ and 7 are 3-times differentiable with bounded derivatives of all order between 1
and 3.
(iv) For any u € Uy, (-, u) is 3-times differentiable, and

¢0,-) € () LUy,v)
2<g<o0
sup|dp¢(e, )| € () L'(Ug,v), 1<r<3,

2<g<©
where 97 (x, ) denotes the r-th order partial derivative of ((x,-) with respect to .

Under Assumption 3, by [2, Theorem 2-14, p.11], it holds that Eq.(1) has a unique
solution, which is denoted by (Z,), and the distribution of Z," possesses a density p;(7, -).
Our second main result of this section states as follows.

Theorem 2.5. Suppose that Assumption 3 is satisfied. Then supp(Z;) = R? for t €
[0, T].

Proof. By [2, Theorem 2-14, p.11], we know that the distribution of Z; is absolutely
continuous with respect to the Lebesgue measure on R? and clearly, the support of the
Lebesgue measure is the whole R?, the support for the distribution of Z; is also R?. The
proof is complete. O

Remark 2.6. Note that if v = z € R? is determinitstic, p* >0, € 40, ( #0 and n =0,
Fournier proved {y € R?: pi(z,y) > 0} =R? fort € (0,T] in [3, Theorem 2.3].

3. APPLICATION TO STOCHASTIC EVOLUTION EQUATIONS WITH JUMPS

In the section, we will apply Theorem 2.2 to a problem on stochastic evolution equations
with jumps on (separable) Hilbert spaces.

We start with some notions. Let H be a Hilbert space with the inner product (-, )y
and the norm || - [|g. Let L(H) be the set of all bounded linear operators L : H — H and
Lys(H) be the collection of all Hilbert-Schmidt operators L : H — H equipped with the
Hilbert-Schmidt norm || - || zs.

Let A be a linear, unbounded, negative definite and self-adjoint operator on H and
D(A) be the domain of the operator A. Let {e!};>¢ be the contraction Cy-semigroup
generated by A. Let L4(H) be the collection of all densely defined closed linear operators

(L,D(L)) on H so that L can extend uniquely to a Hilbert-Schmidt operator still
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denoted by e L for any ¢t > 0. And then L4 (H), endowed with the o-algebra induced by
{L — (" La,y)m | t > 0,2,y € H}, becomes a measurable space.

Let {",7 € N} be a family of mutually independent one-dimensional Brownian motions
on (Q,.7,P; (%#)i=0). So, we can construct a cylindrical Brownian motion on H by

Wt = Zﬁfei, t e [0, OO),
i=1

where {e;,7 € N} is a complete orthonormal basis for H which will be specified later. It
can be shown that the covariance operator of the cylindrical Brownian motion W is the
identity operator I on H. It is worthwhile to mention that W is not a process on H.
However, W can be realized as a continuous process on an enlarged Hilbert space H, the
completion of H under the inner product

<x7y>]ﬁl = Z 271'(‘1.7 €i>H<y7 ei>H7 z,y S HL.
=1

Next, we introduce a type of jump measures. Let A : U — (0,1) be a measurable
function. Then, by Theorem 1.8.1 of [4], we can construct an integer-valued random
measure on [0,00) x U

Ny : A([0,00)) x % x Q2 — Ny :=NU{0}
with the predictable compensator A(u)dtv(du):
EN,(dt, du, ) = A(u)dtv(du).
Set

Ny(dt,du) := Ny(dt,du) — AM(w)dtv(du),

and then N,(dt,du) is the associated compensated martingale measure of Ny(dt,du).
Moreover, we assume that Wy, Ny(dt,du) are mutually independent.
Now consider the following stochastic evolution equation with jumps on H

dX; = {AX; + b(X)}dt + o(X)dW, + | f(Xi—,u)Na(dt,du), 0<t<T, o)
Uo
XO - FJ

where b: H — H, 0 : H — La(H) and f : Hx Uy — H are all Borel measurable mappings,
and T is a Z-measurable H-valued random variable with E|T'|> < oo and supp(T") = H.
Set ||z|lm = o0, x ¢ H. For b, 0, f, we make the following assumption.

Assumption 4.
(i) There exists an integrable function L; : (0, 7] — (0, 00) such that
le(b(x) = b))l < Lo(s) |z = yllfy, s € (0,T), w,y€H,
and

T
/ 1e45(0) [3ds < oo.
0

(ii) There exists an integrable function L, : (0,7] — (0,00) such that for Vs € (0,7
and Vr,y € H

le** (o(x) = o (y)) qus < Lo(9)llz =yl



and
T
/ le*Ao(0)]|%¢ds < oo.
0
(iii) There exists an integrable function Ly : [0, 7] — (0, 00) such that
le* (f (z,u) = fly, )lliy < Ly()lulBlle = ylliz, s € [0,7],u € Up, 2,y € H,
le*(f (2, ur) = f(@,uz)) Il < Ly(s) (1 + llalle)*ur — uallf,  wr,uz € Uy,

and

g le* £ (@, w)l[EA(w)v(du) < Lp(s)(1 + [||e)*.

Under Assumption 4, [10, Theorem 3.2] ensures that Eq.(9) has a unique mild solu-
tion, denoted by Xj.

Assumption 5. The operator —A has the following eigenvalues
O<)\1<>\2<'~'</\j<...
counting multiplicities.
The complete orthonormal basis {e;} jen of H is taken as the eigen-basis of —A through-

out the rest of the paper. Let H,, be the space spanned by ey, --- , e, for n € N. Define

n

T : H — H,, TpX 1= Z(x,ei)Hei, x € H,
i=1

and then m, is the orthogonal projection operator from H to H,,.

Assumption 6. For any n € N, z € H,, and any open ball B C H,,, there exists a point
u € supp(vY°) such that m, f(z,u) € B.

We have the following support result under the above assumptions, while its proof is
similar to that of [10, Lemma 4.2], so we omit it here.

Lemma 3.1. Under Assumptions 4-6, it holds that supp(X;) = H for t € [0,T].

In order to present our main result in this section, we need to introduce the following

Assumption 7.

(1) There exists a Borel measurable mapping ¢ : H — H such that
b(z) = o(z)o(),
(ii)

2o {y [ 1ol as)] <o

/OT /UO (1;(—2@)2 Au)v(du)ds < oo.
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Taking

neo= onf- [t awas =5 [ el
//Uolog/\ W) N (ds, du) — //UO1— )ds},

by [7, Theorem 6], we know that A; is an exponential martingale under Assumption 7.
(ii)-(iii). Define a new probability measure P by

dP
=A
ap —
Thus, by [10, Theorem 2.1], we obtain that on the new filtered probability space (2, %,
{Fticom, P), Wy = Wi + fo s)ds is a cylindrical Brownian motion, and the pre-

dictable compensator of N,(dt, du) is dtv(du).
Now, we state the main result of this section.

Theorem 3.2. Suppose that Assumptions 4-7 are satisfied. Let v : H — R be a C?
scalar function such that [Vv(z)] € D(A) for any x € H and ||AVv(-)||lu is locally bounded,
and [|[AVo(-)||lg : H — [0, 00) is continuous. Then the Girsanov density A; for Eq.(9) has
the following path-independent property:

A = explo(l) — v(Xp)}, t€0,7)

if and only if

o(x) = (c"Vou)(z), x € H, (10)
AMu) = exp{v(z+ f(z,u)) —v(z)}, (x,u) € H x Uy, (11)
and v satisfies the following (infinite-dimensional) integro-differential equation,

%[TT(UU*)V%] (z) + %H@(%‘)H% + (@, AVo(2))m

+/ [ev(x+f(x,u))—v(r) — 1 — {f(z,u), Vo(z))ge @H @)= v(x)],/(du) —0, (12)
Uo

where o*(x) stands for the conjugate of o(x), V and V? stand for the first and second
Fréchet differential operators, respectively.

Since the proof of the above theorem is similar to [10, Theorem 4.3], we omit it here.

Remark 3.3. Comparing Theorem 3.2 with [10, Theorem 4.3], one can find that, the
o(x) here might be degenerate or even could be zero.

The above theorem gives a necessary and sufficient condition, and hence it is a char-
acterisation of path-independence for the density A; of the Girsanov transformation for
a stochastic evolution equation with jumps in terms of an infinite-dimensional integro-
differential equation. Namely, we establish a bridge from Eq.(9) to an infinite-dimensional
integro-differential equation.
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