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Abstract

This paper proposes a novel computational framework for the solution of geometrically parametrised flow problems governed
by the Stokes equation. The proposed method uses a high-order hybridisable discontinuous Galerkin formulation and the proper
generalised decomposition rationale to construct an off-line solution for a given set of geometric parameters. The generalised
solution contains the information for all the geometric parameters in a user-defined range and it can be used to compute
sensitivities. The proposed approach circumvents many of the weaknesses of other approaches based on the proper generalised
decomposition for computing generalised solutions of geometrically parametrised problems. Four numerical examples show the
optimal mesh convergence properties of the proposed method and demonstrate its applicability in two and three dimensions,
with particular emphasis on parametrised flows in microfluidics.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Keywords: Reduced order model; Geometry parametrisation; Hybridisable discontinuous Galerkin (HDG); Proper generalised decomposition
(PGD)

1. Introduction

Reduced order models (ROMs) have become commonplace in many areas of computational sciences and engin-
eering [1]. Some popular ROMs used to reduce the complexity of high dimensional problems include the reduced
basis method [2], the proper orthogonal decomposition (POD) [3-5] and the proper generalised decomposition
(PGD) [6-8].

One of the main attractive properties of the PGD is its ability to build reduced basis without prior knowledge of
the solution [6-8]. However, the intrusive implementation and the difficulty in handling geometrically parametrised
problems has often been considered a difficulty when considering its application to complex problems. In recent
years, there have been an increase in non-intrusive implementations of the PGD [9-11]. In terms of geometrically
parametrised problems, early work focused on solutions tailored to specific problems [12—15] or strategies only
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applicable in a context of low order approximations [16,17]. Similar to the work in [16,17], where piecewise linear
geometric parametrisations are used, other PGD approaches that employ piecewise NURBS parametrisations have
been proposed [18]. More recently, a general approach to deal with geometrically parametrised problems in a CAD
environment was proposed [19]. The previously mentioned PGD strategies using high order approximations lead to
the need to use the so-called high-order PGD projection [20] to separate some terms of the weak formulation.

In this work a PGD strategy is proposed in the framework of the hybridisable discontinuous Galerkin (HDG)
method [21-25]. The use of a mixed formulation is shown to be beneficial as all the terms of the weak formulation
can be written in a separated form, as required by the PGD, without invoking to the memory intensive high-order
PGD projection. The use of the HDG method for the spatial discretisation also guarantees that equal order of
approximation can be used for all the variables circumventing the so-called Ladyzhenskaya—Babuska—Brezzi (LBB)
condition. This is of special importance in this work, where geometrically parametrised domains are considered
with curved boundaries. The use of the same degree of approximation for all the variables means that standard
isoparametric elements can be used. In contrast, the work in [19], employing standard FEs, required the use of
sub-parametric or super-parametric formulations in the presence of curved boundaries due to the different degree
of approximation used for the velocity and pressure, as required to satisfy the LBB condition. Furthermore, the
proposed HDG-PGD approach facilitates the imposition of the Dirichlet boundary conditions as in the HDG context
all boundary conditions are weakly imposed.

The formulation is presented using Stokes flows as the model problem. However, it is worth mentioning that
there has been a substantial effort in developing HDG methods for a variety of problems in different areas of science
and engineering [26-33] and therefore, the proposed approach can be easily extended to a wide range of problems.
It is also worth noting that the integration within a CAD environment proposed in [19] is also feasible given the
recent development of a coupled HDG-NEFEM formulation for fluid [34] and solid mechanics [35].

The structure of the remainder of the paper is as follows. Section 2 presents the Stokes flow problem on
a geometrically parametrised domain and the corresponding multi-dimensional parametric problem. The HDG
formulation for the multi-dimensional parametric Stokes problem is described in Section 3. The proposed PGD
rationale is described in detail in Section 4. Section 5 presents a series of numerical examples involving Stokes
flow problems in two and three dimensions. Finally, Section 6 presents the conclusions of the work that has been
presented.

2. Problem statement

2.1. The Stokes problem on a parametrised domain

Let us consider a parametrised domain 2* C R"sd, where ngq is the number of spatial dimensions and
i € I C R%2 is a set of geometric parameters that controls the boundary representation of the domain, with
np, being the number of geometric parameters. It is worth noting that the set of geometric parameters can be
written as Z = 7' x 72 x --- x ™= with W e/ for j = I,..., npa.

For any set of parameters u, the goal is to find the parametric velocity, u(x*), and pressure, p(x*), fields that
satisfy the Stokes problem given by

—V-(wWVWu—pl,,))=s in 2",

V-u=0 in 2%,
u=up onlp, ey

n* - (vWu — pl,,) =gy on Iy,

u-D* +n" (vWu—pl,)E*=0 onTl¥,
where v > 0 is the kinematic viscosity, s is the volumetric source and r* is the outward unit normal vector to
d 2", The boundary of the domain, 92", is partitioned into the non-overlapping Dirichlet, I'*, Neumann, FA,‘ , and
slip, I't, boundaries such that " = f’; U T’If, U T’;. On the Dirichlet boundary the velocity is given by up. On

the Neumann boundary the pseudo-traction is given by g, . Finally, on the slip boundary, the matrices D* and E*

are given by D* = [n*, 0y_,x(n..—1)] and E* = [0, t’f, ""trlfsdfl]’ as detailed in [25]. The tangential vectors t,’:,

for k =1,...nsq — | are such that {n*, ", ..., tI’fsdfl} form an orthonormal system of vectors.
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The free divergence condition in Eq. (1) induces the compatibility condition
(LuD'nﬂ>pg+(1:u'nu)anu\pg:O, 2

where (-, -)s denotes the standard £, scalar product in any domain S C 92*.

In addition, it is worth noting that, if I’y = f, an additional constraint to avoid the indeterminacy of the pressure
is required. One common option [36-39] that is considered here, consists of imposing the mean pressure on the
boundary of the domain, namely

=0. 3

,1)
p N

(7
2.2. The multi-dimensional parametric Stokes problem

The classical strategy to solve the parametric Stokes problem is to solve equation (1) for every set of parameters
1 € Z. However, this strategy is not well suited when fast queries are required.

Reduced order models have demonstrated to be a viable alternative to compute multi-dimensional parametric
solutions in an offline phase. Once the offline solution is available, the computation of the solution for a given set
of parameters has a very small computational cost, being very well suited for applications where fast queries are
required.

The multi-dimensional parametric problem arises from interpreting g as additional parametric coordinates, rather
than parameters of the problem. In the context of the Stokes problem considered here, the strategy is to consider
the velocity and pressure fields as functions in a multidimensional space, namely u(x*, u) and p(x*, ). The
multi-dimensional parametric Stokes problem can be written as

Vo WVu —pl, )=s  in 2" x I,

Viou=0 in 2" x T,
u=up onlpxZI, 4)

n* - (vu —pl,,) =gy onIyxTZ,

u-D*+n* (vWu—pl )E*=0 onl§ xT.
For the multi-dimensional problem, the compatibility condition induced by the free divergence condition can be

written as

(l,uD-n")Fng—l-(l,u-n")(mu\pg)xzzo 5)

and the additional constraint to avoid the indeterminacy of the pressure, required when F,’VL = (J, becomes

P, 1) —o. 6)

<|8(2"| IQRXT
3. Hybridisable discontinuous Galerkin formulation

Let us consider a subdivision of the domain 2* in n.; disjoint subdomains 2! such that

Nel

2= @)
e=1
The interior boundaries of the subdomains define the so-called mesh skeleton or internal interface I'* as

= [U aﬁg} \ ok, ®)

e=1

A partition of the parametric domains 7/, for J=1,...,0p,in nél disjoint subdomains Lf such that

® ~.
[}

7 =)7. ©)
1

Q
Il



4 R. Sevilla, L. Borchini, M. Giacomini et al. / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113397

is also considered to use a Galerkin approach for the parametric problems. This is in contrast with other approaches
that use collocation for the parametric problems.

This section briefly presents the HDG formulation for the multi-dimensional parametric Stokes problem. The
presentation is based on previous work on HDG methods found in [36,37,39,40].

3.1. Mixed formulation

Introducing the so-called mixed variable L = —vV,u, the Stokes problem can be written as a first-order system
of equations in the broken computational domain, namely

L.+vVu,=0 in 2! xZ,and fore=1,...,nq,
V,L~(Le+pelnsd):s in 2" xZ,and fore=1,...,nq,
Vi-u,=0 in 2 xZ,and fore=1,...,nq,
u,=1up on (02" NTI'p) x T, (10,
n" (L. + pJo,) =—gy on (002'NTIY) xT,
u,-D* —n" - (L, + pJo,)E" =0 on (04 NTI§) x I,

[u®@n*]=0 on I'* x T,

[n* - (L + pl,,,)] =0 on I'* x T,

where the last two equations, known as transmission conditions, impose the continuity of the velocity and the
normal flux on the mesh skeleton. Following [41], the jump operator [-] is defined as the sum from the left, (2,
and right, (2., elements of a given portion of the interface I'* x Z, that is

[O] =1+ 6. 1D
3.2. Strong form of the local and global problems

The HDG method solves the mixed problem of Eq. (10) in two steps. First, the so-called local problems are
considered

L.+vVu,=0 in 2" xZ,and fore=1,...,ne,
V,L-(Le—i—pglnsd) =¥ in 2" xZ,and fore=1,...,nq,
V-u,=0 in 2" xZ,and fore=1,...,n,
u,=up on (02 NIp)xTI, (12)
u,=a on (0Q"\Ih) x I,

1
Ta A 691> = Pe> f =19"'1 els
<|8.Q§‘|p satxz " ore fel

where @ is the so-called hybrid variable, which is an independent variable representing the trace of the solution
on the element faces, and p, is the mean value of the pressure on the boundary 9(2,. It is worth noting that the
local problem is a pure Dirichlet problem and therefore, the last condition in Eq. (12) is introduced to ensure the
uniqueness of the pressure. The local problems can be solved independently, element by element, to write L., u,
and p, in terms of & and p, along the interface I'* U I'y U 'y

Second, the so-called global problem is defined to impose the continuity of the normal flux on the inter-element
faces and the Neumann and slip boundary conditions, namely

[n* - (L + pl.,,)] =0 on I'* x T,
n* (L. + pJo,) =—gy on (002'NTY) xT, (13)
ue~D"—n"~(Le+peInsd)E’L:0 on(aﬁe"ﬂfg)xl'.
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It is worth noting that, due to the unique definition of the hybrid variable on each face and the Dirichlet boundary
condition in the local problems, there is no need to enforce the continuity of the solution in the global problem.

The constraint of Eq. (5), induced by the incompressibility condition, is also considered in the global problem
and written in terms of the hybrid variable as

(Lup '”IL)ngI + (1, '”u>(am\rl’§)x1 =0. (14
3.3. Weak form of the local and global problems

The following discrete functional spaces are introduced:

VIO*) = (v € Lo(2") 1wl gr € PR VL e=1,... . na},
VH(S) = (0 € [Lo(S) = Dl € PXAIYY VIT € S € THUINM,
LT = (v e Lo@)) vl € PTDVIL e=1,....n)y),
LT =LY - @ LN(T),
v, =V e LD,
oh

v, =['arurfurt)e Lo,
Vi =V em e L],
Wi = V" @ L@,
where P*(021), Pk(I}M ) and Pk(l}j ) stand for the spaces of polynomial functions of complete degree at most k in
2/, on I'!" and in Z] respectively.

The weak form of the local problems, for e = 1, ..., ne1, reads: given up on '} and a" on I'* U ryury, find
(L%, ul, p!) € W) x V! x VI that satisty

ALt (W LY + AL (W ul) = LL(W) + Apa(W, a"),
Au(, LY + Ay (v, u?) + Ay (v, p1) = Lu(v) + Aav, "),
Apu (v, uy = L)+ Apu(v, @),
Anp(1, ply = A (1, o,

for all (W, v,v) € Wﬁ X V,’Z X Vlf, where the multi-dimensional bilinear and linear forms of the local problem are
given by

5)

Art(W, L) = —(W.v"'L) pu 7. AW, ) = (Ve Wou) w7,

Apa(W, ) == (n* - W, ”>(an"\r wzo A, L) = (v, Y L)_Q"“xl"

Au(v.w) = (v, T"u)y g 7 A, p) = (0. up) g 7 a6

A, i) = (v, Tﬂﬁ)(m;‘\rg)xrv Apu(v, ) = (Yyv, u)QuXT

Api(v, ) = (v, - ")y gu p oz, Agp(w, p) = (w, 19017 p)ygp .z

App(w, p) = (w, p),

and

Ly (W)= (0" - W.up)yoeart)z. L) = (v, S)Qu T . T up)gorare) .z, (17

L,(v) = (v,up '"'L)(aﬂ!‘ﬂFZ)X’-”

respectively, where (-, -)p denotes the standard £, scalar product in a generic subdomain D and 7 is the stabi-
lisation tensor, whose selection has an important influence on the accuracy, stability and convergence properties
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of the resulting HDG method [21,38,42,43]. The choice of the stabilisation tensor for geometrically parametrised
problems will be discussed in the next section. i
Similarly, the weak form of the global problem is: find i e V, and o' € Rl @ L£"(T) that satisfies

Nel Nel
> {4 LD + Ao ul) + Ay . p) + A, @} =D {La@)}
e=1 e=1 (1 8)
Api(1,8") = =L (1)
for all v € i}ﬁ where the multi-dimensional bilinear and linear forms of the global problem are given by
A (v, L) =(v,n* - L>(m,_£‘\(rgurg‘))xz — (v, n* 'LE'L)QQ,_!‘mF;‘)xI

A (0, u) ;:(f), Tﬂ”)(agf\(pgup;))xz - (f)s (Tll'u) : E“)(agé‘mpg‘)xz

Aqp(D, p) =(0, pn“)(me“\(rgurg))xz "
Aaa (D, ) = — (D, Tﬂﬂ)(agy\(pgupg))xz + (0,4 - D" + (z"u) - Eu)(aﬂfmfg‘)xI
and
L;(®) = —(v, gN)(mgmpg)xz’ (20)
respectively.

The local problem of Eq. (15) is used to write the velocity, u,, pressure, p., and gradient of the velocity L.,
as a function of the hybrid variable, &, and the mean value of the pressure in each element, p.. Inserting these
expressions in the global problem of Eq. (18) leads to a global problem with &, and p being the only unknowns.
Once the global problem is solved, the local problem can be solved, element-by-element, to retrieve the velocity,
pressure and the gradient of the velocity in each element.

4. The proper generalised decomposition strategy

The solution of the parametric problem of dimension ngq + ng., presented in the previous section, with the
standard HDG approach is usually not affordable, even for a relatively small number of parameters. To circumvent
the curse of dimensionality, this section proposes the use of the PGD framework. As it will be shown in this section,
the use of an HDG formulation has important advantages compared to other formulations such as standard finite
elements [19].

To simplify the presentation, the subindex . and the superindex " used in the previous section to specify the
element and the discrete approximations will be omitted here, unless they are needed to follow the development.

4.1. Separated spatial mapping to obtain generalised solutions

As discussed in detail in [19,44,45], the solution of the parametric problem described in Section 3 requires that
the bilinear and linear forms in the weak form can be expressed, or well approximated, by a sum of products of
parametric functions and operators that are parameter-independent. To enforce the affine parameter dependence, the
integrals appearing in the weak form must involve domains that are not dependent upon the parameters. Following
the work of [16,17,19], a mapping between a parameter-independent reference domain, (2, and the geometrically

parametrised domain is considered, namely
M, :2xT— "
21
(x, ) — x¥ = M,(x, p).

The coordinates of the reference, or undeformed, domain are denoted by x whereas the coordinates of the parametric,
or deformed, domain are denoted by x#. To ensure the affine parameter dependence, the mapping is assumed to be
given in separated form as

M, (x, w) =) M )P (), (22)

k=1
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where ny is the number of terms required to express the mapping in a separable form.

Remark 1. To simplify the presentation here, it is assumed that the separated representation of the mapping is
given analytically. As mentioned earlier, a general strategy to construct a separable mapping was described in [19]
using an exact boundary description of the computational domain by means of NURBS.

The separated representation of the mapping leads to the following separated representation of its Jacobian
axH il " «
X, = —(x, = X . 23

Julx, ) = ——(x, ) ;Jmmm (23)
In addition, the separated description of the mapping and its Jacobian can be used to obtain a separated expression of
the determinant and the adjoint of the Jacobian using the Leibniz formula and the Leverrier’s algorithm as explained
in detail in [19]. The separated expression of the determinant of the Jacobian and its adjoint are written in compact
form as

det(J)(x, ) = Z D*(x)0* () @4
and -

adj(J)(x, p) = Z Af )yt (), 25)
respectively. -

It is worth noting that the number of terms required to write the determinant and the adjoint in a separated form,
ng and n, respectively, is higher than the number of terms required to describe the mapping in a separated form
Ny.

4.2. Affine parameter dependence of the HDG bilinear and linear forms

Introducing the mapping M, of Eq. (21) into the weak form of the local and global problems, it is possible to
write the integrals over the reference domain, {2, and its boundary, 92, not dependent on the parameters . The
bilinear and linear forms for the local problems can be written as

Ap(W, L) = —(W,v " det(J,)L) A (W, u) = (adj J,)V- W, u)

Qe xI’ Qe xIT’°

ALﬁ(Ws ii) = <adJ (J[L)n : Wa ﬁ>(89e\FD)XI7 AL{L(va L) = (v’ ad_] (J[L)V L)QgXI’
v,adj J)Vp), .1
E VP) sz -

Auﬁ(va ﬁ) = <v7 Tﬁ)(aQe\FD)XI’ Apu(vﬂ u) = adJ (J[L)Vv7 u)!ZeXI’

Auu(va u) = (v, Tu)anex;r, Aup(va P) =

Apﬁ(vs ﬁ) = (v, u- adj (J/L)n)(aﬂe\FD)xI7 App(wv p) = (w, |8‘Qe|71p>8_(2e><17
Ap,O(wv 10) = (w5 p)I’
and
Ly(W) = (adjJn - W, up)aounrpxz,  La@) = (v, det(w)s) , 7 + (v, TUD) G onrp)< T 27
L,(v) = (v, up - adj Jn)@0.nrp)xz>

respectively, where the adjoint operator is defined as adj(A) = det(A) A~! and the stabilisation parameter in the
deformed domain is chosen as

[ 1 T
 ladidunl

The scaling factor ||adj(J,)n|l in Eq. (28) accounts for the increased or decreased area of the deformed face, Nk,
with respect to the reference one, df2,. This definition, inspired by the expression of the penalty coefficient in

(28)
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classical interior penalty DG methods [46], ensures that the larger the deformation of the face, the smaller the value
of T/ is. This ensures that a weaker continuity is imposed for large deformations and it is justified by the expected
loss of accuracy in the hybrid variable when the mapping introduces a large deformation.

Following previous work on HDG methods for Stokes problems [39], the stabilisation parameter in the reference
domain is selected as T = (tv/€)I,_,, where T is a numerical parameter, selected as T = 10 in this work, and £ is
a characteristic length of the domain.

Remark 2. As mentioned above, it holds that || adj(J,)n| = |042F|/1342,|. Hence, no parametric dependence
appears in the arguments of the bilinear form A,,.

Analogously, the bilinear and linear forms for the global problem can be written as
A (0, L) =(v, adj J)n - LYo \rpursyxz — (0, adj Jn - LE)30,nrgxz

A0, w) =(0, Tu) g0\ (rpurgyxz — (U, (tu) - E)po.nroxz

. . . (29)
A;p(v, p) =(v, padj (Jn)eo\rpurs)xT
A, 8) = — (0, Tlt) 90, \(rpursyxz + (0, @ - adj (J)D + () - E)o,nroxT
and
L;(®) = — (D, gn)@2.nIy)xT> (30)
respectively.

Remark 3. The derivation of the terms on the slip boundary in (29) follows from the relationship (v, n* -
H)(meunpg)xl- = (v, adjJu)n - H)(30,nrgxz and the definition (28). The slip boundary condition is used here
to enforce a symmetry condition and therefore, it is assumed that the orientation of the vectors {n*, ¢}, ..., tl’fsd_l}
is preserved by the mapping M,,. It is worth noting that this does not imply that I'¢ = I's as it will be shown
with numerical examples.

Remark 4. As is typical in the context of shape optimisation [47], in (30) it is assumed that Neumann boundaries,
where a traction (or pseudo-traction) is imposed, are fixed, that is, ' = I'y. On the contrary, deformable Neumann
boundaries, also known as free boundaries, are traction-free, whence g, is null.

4.3. Separated representation of the data

As usual in a PGD context, the data is assumed to be given in separated form. For the Stokes problem under
consideration, this means that the Dirichlet and Neumann data and the source term can be written as

np
up =y ghrh(p),
=1

gy =) ghry(m), G1)
=1

s =) &SNS,
=1

Even if the data is not directly given in this form, it is possible to obtain a good approximation in a separated form,
see [6].

4.4. Separated representation of the primal, mixed and hybrid variables

The standard PGD approach consists of assuming a separated representation of all the variables. For instance,
for the velocity field, it is assumed that its PGD approximation can be written as

W o) =3 5 v,

k=1
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2k > . . . . .
where f, and % are the kth spatial and parametric modes respectively and the total number of modes is a priori
unknown and automatically determined by the algorithm based on a user-defined tolerance, as described in the next
section.
In practice, it is advantageous [19] to write the separated approximation as

u’ (x, @) = o f" ) Y () + s x, ), (32)
where f;" and ™ are the normalised mth spatial and parametric modes, respectively, and ¢" is the amplitude of
the mth mode, namely £" := £," /If," I. ¥" = ¢ /Il || and 0" == | £," 119".

This alternative expression enables to directly use the amplitude of the modes, g;”, to determine when it is
feasible to stop adding new modes. In addition, as explained in detail in the next section, the expression of equation
(32) suggests that the modes are computed sequentially. So, assuming that the first m — 1 modes are known, the
next section will focus on detailing how the new mode m is computed.

In this work, the implementation follows the predictor—corrector PGD rationale, which has been shown [11]
to improve the original algorithm, because it applies the alternating direction method to the Jacobian of the high-
dimensional nonlinear problem. This improves the convergence for each mode because it is easier to select the
initial prediction and provides a faster convergence.

Each variable of the HDG formulation, presented in Section 3, is written as a rank-m separable approximation,
that is

Lo (e, p) = of"[F"(x) Y™ () + ALL (x, w)] + Lo (x, ),

ult (x, p) = o) Lf" () ¥ () + Aull (x, )]+ ult(x, ),
Pl (e, ) = 0" L (e) ¥ () + Apley (x, )l + pliy ' (x, w), 33)

Am—1

o (x, )) = o' [fy" ) Y™ () + Ay (x, )] + g (x, p),

PGD
~1
Prep (X5 1) = 0" [ () Y™ (1) + Appey (x, W]+ ppey (X, 1),
where of" F" Y™, o) f;" Y™, o) £, ", o £ ™ and UB’” J"y™ are the predictors of the mth mode in the PGD
expansio.n, Whereas. aLf’lALg:;D, o' Auy, . o) Apy. . 0" AuzéD and 0" Apy are the corresponding correction terms.
Introducing the variation A, the correctors are defined as

ALY (x, p) = AF.(x) Y™ (1) + F"(x) AY () + AFL(x) Ay (),
Aue (x, 1) = AL, ()Y () + f"(0) AP () + Af,(x) Ap (),

Aply (6, 1) = ALY () + £ (X) AP () + Afy(x) Ay (w), (34)
Ay, (x, p) = Af() Y™ () + f71(x) AY () + A S (x) AP ().

Appe (X, 1) = Af(x) Y™ () + £ (x) Ay (r) + Afp(x) AY (),

where the last term denotes a high-order variation and it is henceforth neglected.

Each term, or mode, of the PGD approximation is the product of a function that depends upon the spatial
coordinates and a function that depends upon the parameters. In addition, the parametric functions are assumed to
be the product of functions that depend upon a single parameter, namely

npa

v ) = [ v wn. 35)
j=1

Remark 5. This work considers the so-called single-parameter approach, where the parametric function of the
mth mode, ™, is the same for all the variables. Other approaches, including a different parametric function for each
variable or even the use of vector-valued parametric functions in the approximation of vector fields are discussed
in [48]. It is worth noting that using the same parametric function for all the variables is particularly beneficial in
the context of HDG due to the large number of functions involved, not only velocity and pressure but also the trace
of the velocity, the velocity gradient and the mean value of the pressure.
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The tangent manifold for L is characterised by choosing W as variations of Fy v, that is
W =38Fy" + of" F" &, (36)

for 8F;, € W= [V!(2)]"***™* and 8y € £"(Z). Similarly, the tangent manifolds for u, p, & and p are character-
ised by choosing

v=3fY" + o "W, v=3fy" +0,) 1Y,
f)=5f;21/1m+0'[tmf;2m5w, w=8f/‘ﬂ[/m +O_pmf/-]m5w’
for 8f, € V':= VD], 8f, € V1, 8f; € V':= [V U Ty U T9)]™ and 6f, € Re=L.

(37)

4.5. Alternating direction scheme

With the separated structure of the PGD approximations, the weighting functions and the bilinear and linear
HDG forms described in the previous sections, it is possible to drastically reduce the complexity of the problem.
The PGD uses a fixed-point iteration scheme for the high-dimensional nonlinear problem solved with an alternating
direction strategy to reduce the computational cost (iterating along low-dimensional problems).

First, in the so-called spatial iteration, the parametric function of the mth mode is assumed known and the spatial
functions are determined. As it will be shown, this step requires to solve a system of equations with a very similar
structure to the non-parametric HDG problem. Second, in the so-called parametric iteration, the parametric function
is computed using the spatial functions determined in the first step. This process is repeated until convergence is
achieved. It is worth noting that the order of the spatial and parametric iterations can be swapped without affecting
the alternating direction algorithm.

Let us assume that we have computed the first m — 1 modes and it is of interest to compute the mth mode. In
the next two sections, the alternating direction strategy to compute the spatial and parametric modes is detailed.

4.5.1. The spatial iteration

In the spatial iteration, it is assumed that the parametric function ™ and the spatial predictions o;" F", o" f.",
o, 1, o f;" and o)" £ are known and the goal is to compute the corresponding corrections 0" AFy, o," A f,,
Up’” Afp, q{”A f; and Up’” Af,. As usual in a PGD context, it is assumed that no previous knowledge of the solution
is available and therefore, the trivial initial guess of ¥ = 1 is employed for the parametric function.

Taking into account that & = 0 when ™ is known and introducing the expression of the PGD approximations
and the weighting functions in the weak form of the HDG local problems, the following weak form of the local

problem for the spatial iteration is obtained: find (0" AFy, 0," A f,, 0" Af,) € W' x V! x V' that satisfy

4 Ny
> BEAL O, 0" AF) + ) B5 AL (OF.. 0" Af,)
k=1

k=1

=R} GFY™) + Y By AL (OF,. 0" A fy).

k=1

> O BEAL L (Of, 0" AFL) + BAWGE, o Af) + Y BS AL (O, o) Af) (38)
k=1

k=1

=Ry f ™) + BAGGS,, 07" Afy),

Y BSAL Sy, o AL =REGHY™ + Y B A (Sfy, 0" AS)
k=1

k=1
BAL, (1,0 Af,) =REW™) + BAy(L, 6 Af),

for all (8Fy, 8f,, 8f,) € W" x V" x V.
The bilinear and linear forms of the local problem are detailed in Eq. (A.1), in Appendix A, and Eq. (B.1),
in Appendix B, respectively. The constants in Eq. (38) are given by

By = A5y ™) By =AW Y™, B= AW Y™, (39)
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where the bilinear forms involved in the definitions of these constants are introduced in Eq. (A.3), in Appendix A.
As mentioned earlier, in Remark 5, this work considers the same parametric function for all the variables. It is
worth noting that this choice reduces the number of different constants in Eq. (38).
Similarly, the weak form of the global problem is: find 0;" A f;, € 17h and 0" Af, € R"! that satisfy

Nel

> { > B AL Ofs 0" AFL) + BAuSfin o) ALY+ Y BS AL (8fin o) Afy) + BAw(Sfi, 0" Afy)

e=1 \ k=1 k=1
Na Nel
+ Zﬂf;A’;ﬁ(é a0 ASa) } = ZR;?(%W),
k=1 e=1
(40a)
for all 6f; € \7]1, with the incompressibility constraint
Yo BSAL (Lo Af) = RyW™,  e=1.....na. (40b)
k=1

The bilinear and linear forms of the global problem are detailed in Eq. (A.2), in Appendix A, and Eq. (B.2), in
Appendix B, respectively.

4.5.2. The parametric iteration
After computing the spatial corrections following the procedure described in the previous section, the spatial
modes are updated, namely

o' F" < of"F" + 0" AF,
o' f" <ol L+ ol AL,
oty <9ty 0 Ay, 1)
g fi <o fi T AL
% fo <0 fy + 0 AL
where the constant o' on the left hand side denotes the amplitude of the newly computed mth mode of the
function ¢, e.g. o, < ||ap’”j;’” + JP’”Apr.

In the parametric iteration, the goal is to compute the parametric correction Ay given the prediction ¥ and
the known spatial functions in (41). Following the assumption that such functions are known, it holds that
OF, = §f, = &f, = 8f; = 6f, = 0. Introducing the expression of the PGD approximations and the weighting
functions in the weak form of the HDG local problems, the following weak form of the local problem for the
spatial iteration is obtained: find Ay € £"(Z) such that

D vE ARG A+ Y vf ASGY, AY) =R O FS) + Y v AL Gy, AY),

k=1 k=1 k=1

D Vi ALY, AV + v AGY. AY) + Y v AL @Y. AY) =R G £ + Vaa AGY, ¥, @)
k=1 k=1

D vk ALY, AY) =RE0) 1S + Yy i AL, Ay,

k=1 k=1

Vpp»A(&pv AyYr) ZR%(&//) + V,opA(&//’ Ayr),
for all & € L"(T),
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Similarly, the weak form of the global problem is: find Ay € £"(Z) that satisfies

Nel

> {Z Var AS B, AY) + vau AGY, Av) + ZyupAk &y, AY)

e=1
+yai Ay, Av) + Z Vi Al 80, AY) b =D R (o [0, (43)
k=1 e=1
D vk AL G Y™ =REGY).
k=1

for all &y € L"(T).
The constants in Egs. (42) and (43) are defined as

J/LkL = Aj 1o ' o' F"), Vfu :A Lo F o ), Vfﬁ = AIZM(UL 7ot fi,

nyL - uL(C’Jn m [’,n FLm)’ Yuu = AMM(OJ” m m "‘m)’ yukp = Ak (0 we 0 f )
Ve = Auu(o— m ﬁm j;2m)’ ypu AI;U(U pm, Uum ﬁm), ]/pu = Al;u(o— pm’ 0’,;’” f;{”)v (44)
Yop = A1, 0, fm) Voo = App(l, Opmfpm)’ y‘”‘ - Ak[‘(am AR

Viu = Aa " ' 0" £, Vi = A0 0 B Vaa = Aaa(o” i o i,
yﬁu — .Ak (O_m m ﬁmfl}lml J//];Q — A];g(l’obmf,},m)'

The choice of a single parameter approximation implies that we can combine Eqs. (42) and (43) to obtain the
following parametric problem: find Ay € £"(Z) that satisfies

D o VELARGSY AV + Y vs AU, AY) + Y A, Ay) = RS9, (45)

k=1 k=1
for all & e L"(T), where
Vs =V = Via + Var F Ve T Vou — Voo VoL ¥ Vip + Vi +Viao
Y =Yuu = Yui + Yop = Ypp + Viu + Yaa, (46)
R™&) =Ry (0" F{'&) + R/ (0, f,;"8) + R (0," 1, ) + RE&) + Ry (0" f3" 3b) + Ry (&).

Remark 6. Alternative formulations of the parametric problem may be devised, e.g. by considering only equation
(42) or (43). In this work, Eq. (45) has been considered in the parametric iteration in order to account for the
information of both the local and the global HDG problem:s.

As detailed in Eq. (35), the parametric iteration involves n,, geometric parameters. To reduce the size of the
problem of the parametric iteration, np, one-dimensional problems are solved sequentially, as commonly done in a
PGD framework [8].

4.6. The HDG-PGD algorithm

The HDG solver for geometrically parametrised Stokes equation is described in Algorithm 1. Differently from
traditional PGD strategies relying on continuous Galerkin approximations, Dirichlet boundary conditions do not
require a special treatment in the context of HDG-PGD. More precisely, Dirichlet conditions are imposed in a weak
sense and appear in the linear forms (17) of the HDG local problem.

In the greedy enrichment loop, first a predictor of the spatial mode is computed as the solution of the HDG global
and local problems using a guess for the parametric mode (Algorithm 1 - Steps 3-5). Then, the alternating direction
scheme computes the corrections of the parametric (Algorithm | - Steps 8-10) and spatial mode (Algorithm 1 -
Steps 11-14) solving a parametric linear system and the HDG global and local problems, respectively. As usual
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Algorithm 1 The HDG-PGD implementation

Require: For the greedy enrichment loop, the value n* of the tolerance. For the alternating direction iterations, the
values 1; and n’ of the tolerances for the mode amplitude o; and the residuals r, obtained from the linear forms
in Appendix B, respectively. For the spatial and parametric problems, the typical values typ, of the residuals.

o=1u, .

1: Set m < 1 and initialise the amplitude of the spatial mode aﬁl <~ 1.
2: while 6" > n* o do

3:  Set g < 1 and initialise the parametric predictor ¥ <1.

4:  Compute the spatial constants (39).

5:  Solve the HDG global (40a)—(40b) and local problems (38).

6: Initialise &5 < 1, &) < typ..

7. while ¢; > n; or ¢ > n’ do

8: Compute the parametric constants (44).

9: Solve the parametric linear system (45).

10: Update the parametric predictor ¥ «<—(y™ + AY)/||Y™ + Ay ||.
11: Compute the spatial constants (39).

12: Solve the HDG global (40a)—(40b) and local problems (38).

13: Normalise the spatial predictor o) <[|o)" fi" + 0" A f; .

14: Update the spatial predictor o." fi" <—o." fi" + 0" A f;.

15: Update the stopping criteria for the mode amplitude &; <—||0;" A f;||/0." and the residuals &} <||r,]|.

16: Increase the counter of the alternating direction iterations g <— g + 1.
17:  end while

18:  Increase the mode counter m < m + 1.

19: end while

when solving a nonlinear system of equations, the nonlinear iterations of the alternating direction scheme stop when
the amplitude 0. A f; of the correction is negligible with respect to the amplitude o." of the current mode and the
residuals of the spatial and parametric problems are below a given tolerance (Algorithm 1 - Steps 7 and 15). The
stopping criterion for the greedy enrichment algorithm relies on the relative amplitude o;" of the current mode
being negligible with respect to the first mode aﬁl (Algorithm 1 - Step 2). Alternative stopping criteria based on
normalising the amplitude of the current mode with respect to the cumulative amplitudes of the previous modes
have also been considered in the literature, see e.g. [11]. Note that for the purpose of normalisation (Algorithm
1 - Step 14), an appropriate norm needs to be defined and the L., norm has been utilised for the simulations in

Section 5.

4.6.1. Discretisation of the spatial and parametric problems

The discretisation of the local problems of the spatial iteration using an isoparametric formulation with equal
interpolation for all the variables [23,33,34], leads to a system of equations for each element with the following
structure:

A A 0 0 F fr Ar;
A{u Auu Aup 0 Fu _ fu + Auﬁ
0 AT 0 a’ |]F, £, Ay

0 0 a, O] |EJ |of Lo

e

F, +

0
0
of B (47
1

where ¥, F,, F, and F; denote the nodal values of the unknown spatial functions o;" AF, 0" A f,, 01;" Af, and
a" A f; respectively and the constraint on the mean value F, of the pressure on the element boundaries is enforced
using the Lagrange multiplier F;.

The only difference between the local system obtained in the spatial iteration of the proposed HDG-PGD
approach and the local system of a standard HDG method [33,34] lies in the construction of the blocks forming
the matrices Ags and vectors fy. As an example, let us consider the matrix A, ;. In the proposed HDG-PGD



14 R. Sevilla, L. Borchini, M. Giacomini et al. / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113397

framework, this matrix is defined as

N4

ALy ==Y BE(Ni, v DNy ) ) Tongyinea (48)
k=1

whereas in a standard HDG approach, the corresponding matrix is defined as
(ALL)IJ = _(le U_IN./)_QEInstnsd' (49)

In the above expressions {N;} denotes the set of shape functions used to define the spatial approximation of the
mixed variable.

Similarly, the discretisation of the global problem of the spatial iteration leads to a system of equations for the
trace of the velocity on the element boundaries and the mean value of the pressure in each element, namely

Nel FL
Z[ [Air Aw Aipl, {F§ +[AulF; ]
F

e=1 P

Nel

> Ifile,

e=1 (50)

e
lT [Apﬁ]eFﬁ = _IT [fp]e'

As usual in an HDG context, the local problem of Eq. (47) is used to express the spatial part of the gradient
of the velocity, the velocity and the pressure in terms of the spatial part of the trace of the velocity and the mean
pressure. Introducing these expressions into the global problem, leads to the global system

K G|[R]|_ |t
S -l

where the only unknowns are the spatial parts of the trace of the velocity and the mean pressure.
In a similar fashion, the discretisation of the parametric problem (45) using Lagrange shape functions leads to
an algebraic system of equations whose unknowns are the nodal values of the parametric modes.

4.6.2. A remark for a computationally efficient implementation

The evaluation of the right hand sides of the PGD spatial and parametric iterations tends to become computa-
tionally expensive when approximations with a large number of modes are considered. Indeed, the number of terms
involved in such computation experiences a geometric growth rate during the iterations of the greedy algorithm.

In order to ease the computational burden of the overall algorithm, the number of terms in the modal
approximations uy, py., Lo ﬁPGD and p). is reduced. It is well known that the terms in the PGD reduced basis
are not orthogonal to each other and repeated information may appear. Hence, orthogonal separable approximations
featuring m < m modes are constructed via the PGD compression [20,49], that is, a least-squares higher-order
projection minimising the £, norm of the difference between target and test functions, namely

Ly, =argmin |W — L7l z,(oxT),

Wewh
m . m
u,, =argmin|[v —u; |l z,2x7)s
veVh
P:ZD = argmin |[v — P;’éD 2o 2xz)s

veVh

ATl . a Am
Upop = argmin |9 — ., |l oo cruryurs<o),
D"
Ppep = argmin  |lg — pp |l 2,1 x7)-
geRm1 R LN(T)

From a practical point of view, the PGD compression is applied during the enrichment strategy described in
Algorithm 1. A trade-off between the cost of performing the greedy iterations with a larger number of modes
and the extra cost required by the PGD compression needs to be achieved. For the simulations in Section 5,
PGD compression is applied every ten new computed modes for the analytical examples and every five for the
microfluidics test cases.
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Fig. 1. Coaxial Couette flow: Four triangular meshes of the reference domain.

5. Numerical examples

This section presents four numerical examples. The first two examples are used to validate the implementation
of the proposed approach as well as to study a number of properties of the proposed ROM. The last two examples
consider two applications taken from the biomechanics community and involve the Stokes flow around a micro-
swimmer formed by two spheres and the flow around a sphere in a corrugated channel. All the examples consider
geometric parameters as extra coordinates within the proposed PGD approach.

5.1. Coaxial Couette flow

The first example considers the well known coaxial Couette flow problem [50], consisting of the flow confined
within two infinite coaxial circular cylinders with radius R;j, and Ry respectively, with Rj, < Ryy. The boundary
conditions introduce the known angular velocities, (2, and (2, at R;, and Ry, respectively. The problem has
analytical solution, given by the azimuthal component of the velocity as

_ R? Qout - Riznginr (‘Ql - 'QOUt)RZ Rlznl

out out
2 2 2 2
Rout - Rin Rout - Rin r

(52)

Vg

where r is the distance to the axis of the cylinders.
To demonstrate the applicability of the proposed ROM the problem is considered in two dimensions, with

2t = {xF € R? | uy < r* < Row), With Roy =5 and uy € T =7"' =[1, 3] and where r* = ,/(x]")? + (x5)2. The
reference domain is chosen to be 2 = {x € R? | 1 < r < Ry} and the mapping between the reference and the

geometrically parametrised domains is defined by the general separable expression of Eq. (21) with the mapping
of Eq. (22) given by

Ml(x)zlx wl(M)zw,
r Rout_l
R " (53)
2 _ 2 _ out —
M (x) =x W(M)——Rom_l,

where r = ,/x? 4+ x3. The Jacobian of the mapping is also written in the general separated form of Eq. (23), with

1 _ 1 X% —X1X2 2 _
J (.X') = ﬁ — XXy x12 s J (x) = Iz. (54)

For the numerical experiments in this section, four triangular meshes of the reference domain are generated, as
shown in Fig. 1. The meshes have 128, 512, 2048 and 8192 elements respectively.

The proposed HDG-PGD framework is used to obtain the generalised solution of the parametric Stokes problem.
The first four normalised modes of the magnitude of the velocity field are displayed in Fig. 2. The computation
was performed using the second mesh shown in Fig. 1 with a degree of approximation & = 4 for all the variables
and with a mesh of 1000 elements in the parametric dimension with also k = 4. As usual in the context of ROMs,
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Fig. 2. Coaxial Couette flow: First four normalised spatial modes of the velocity field.
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Fig. 3. Coaxial Couette flow: First eight normalised parametric modes.
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Fig. 4. Coaxial Couette flow: Convergence of the mode amplitudes.

the first modes capture the most relevant and global features of the solution whereas the features captured for the
next modes only introduce localised features.

Fig. 3 shows the first eight normalised parametric modes computed. It can be observed that the first three modes
are smooth, whereas the next modes, that have a less relevant contribution to the generalised solution, show a more
oscillatory character.

To quantify the importance of the modes on the generalised solution, Fig. 4 shows the relative amplitudes of
the modes with respect to the amplitude of the first mode for all the variables. It can be clearly observed that the
fourth mode has an amplitude that is already more than 100 times smaller than the amplitude of the first mode.
After computing only nine modes the relative amplitude is already of the order of 1075, It is worth noting that in
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Fig. 5. Coaxial Couette flow: Absolute value of the error of the velocity magnitude using n PGD modes and for different values of the
geometric parameter 1. A quartic approximation is used for all variables in the second mesh of Fig. I.

practice it is not required to add modes with such a lower relative amplitude with respect to the first mode, but in
this first example nine modes are computed to show the rapid decrease in their amplitudes.

Once the generalised solution is computed, it is of interest to quantify its accuracy. Fig. 5 shows the absolute value
of the error of the velocity magnitude using as the number of modes is increased for three relevant configurations
corresponding to the parameter 1) = 1, u; = 2 and p; = 3. The results show that with only one PGD mode an
absolute error below 107! is already obtained for all three configurations, with more accurate results for the case
with 1; = 2. With two PGD modes the error drops substantially, being less than 7 x 1073 in all cases, and with
only three PGD modes the error is below 2 x 10~ for the three configurations considered.

To further illustrate the accuracy of the proposed HDG-PGD approach, the relative error in the £,({2 x Z) norm,
defined as
1/2

/ / (upep — 1) - (upgp — u)d 2 dp

Epep = ,
/ /u udldu
A

is studied and compared to the error of the full order HDG approach. Fig. 6 shows the evolution of epgp, for all the
variables, as the number of PGD modes is increased, for different meshes using a quadratic degree of approximation.
The discontinuous lines in Fig. 6 show the relative error of the full order HDG method, measured in the £,({2 x Z)
norm. It is worth noting that the computation of the error for the full order approach requires the computation
of a large number of solutions. More precisely, the number of HDG solutions required is equal to the number of
elements in the parametric space multiplied by number of integrations points in each element.

(35)
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Fig. 6. Coaxial Couette flow: convergence of the £, norm of the error for L, u, p and @ as the number of PGD modes is increased. A
quadratic approximation is used for all the variables.

The results show that the error of the proposed ROM converges monotonically to the error of the full order
approach as the number of modes is increased. In all cases the number of PGD modes required to reach the
maximum accuracy on a given mesh is lower than six. Furthermore, the results in Fig. 6 illustrate the increased
level of accuracy obtained as the spatial and parametric discretisations are refined. Analogous results, not reported
here for brevity, are obtained for lower and higher orders of approximation.

Next, the optimal rate of convergence of the proposed HDG-PDG method is studied by performing a mesh
convergence study. Fig. 7 shows the evolution of the relative error in the £,({f2 x Z) norm as a function of the
characteristic element size, h, for different orders of approximation and for all the variables of the HDG formulation.
The optimal rate of convergence, equal to #**!, is approximately observed for all the variables. In each case, the
minimum number of PGD modes required to achieve the accuracy of the full order method is selected, as previously
discussed when presenting the results of Fig. 6.

Finally, it is worth mentioning the differences between the proposed HDG-PGD approach presented here and the
recently proposed PGD approach for geometrically parametrised domains in [19] using standard finite elements for
the spatial discretisation. First, the current approach does not require the higher order PGD projection to separate
the inverse of the determinant of the Jacobian, given the first-order character of the problem solved with HDG.
Second, the current approach enables the use of the same degree of approximation for velocity and pressure, contrary
to the standard FE approach where specific choices are required to satisfy the LBB condition. In the context of
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Fig. 7. Coaxial Couette flow: mesh convergence of the £, norm of the error for L, u, p and &.

geometrically parametrised domains with curved boundaries this implies that the current approach enables the use
of isoparametric elements whereas super-parametric or sub-parametric elements are required in the FE context.
Third, the weak imposition of the Dirichlet boundary conditions, as usually done in a DG context, facilitates the
construction of the generalised solution without the need for specific choices for the modes that satisfy the Dirichlet
boundary conditions, as required by other approaches. Finally, the results in Fig. 7 can be compared to the results
in [19].

5.2. Axisymmetric Stokes flow past a sphere

The second example considers the Stokes flow past a sphere, a typical test case for axisymmetric Stokes flow
solvers. The domain of interest is selected as the region confined by two concentric spheres with radius R;, and
Rou respectively, with Ry, < Ry This problem also has analytical solution, given, in polar coordinates, by the
following velocity and pressure fields

Voo
U, = 23 (2r3 — 3Rmr2 + an) cosf,

ug = _:% (4r° = 3Rir® + R sin o, 0

3
P = Poo — ﬁvvain cos 6,
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Fig. 8. Axisymmetric flow past a sphere: First four normalised spatial modes of the norm of the velocity field.
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Fig. 9. Axisymmetric flow past a sphere: First four normalised spatial modes of the pressure field.

where v, and po, are the magnitude of the velocity and the pressure of the undisturbed flow, far away from the
obstacle. A typical quantity of interest in this problem is the drag force, whose exact value is given by Fp =
67T VU Rin

Similar to the previous example, the geometric parameter considered here is the radius of the inner sphere.
The parametric domain considers the axial symmetry of the problem is defined as 2# = {x* € R* | x}' > 0

and u; < r* < Row), With Row = S and u; € T = Z' = [1,3]. The reference domain is chosen to be
N={xeR?|x,>0and 1 <r < Ry,}. The mapping between the reference and the geometrically parametrised
domains is exactly the same mapping utilised in the previous example, given by the two terms in Eq. (53).

A no-slip boundary condition is imposed on the inner sphere, a Dirichlet boundary condition corresponding to
the exact solution on the outer boundary and axial symmetry is imposed on the rest of the boundary. The axial
symmetry is imposed by selecting « = B = 0 in the matrices D* and E* in Eq. (1). As mentioned earlier, in
Remark 3, the portion of the boundary where the axial symmetry is imposed depends on the geometric parameter,
but the normal and tangent to the boundary are independent on the geometric changes. Therefore, the matrices D
and E do not depend upon the geometric parameters.

The proposed ROM is used to obtain the generalised solution of the parametric axisymmetric Stokes problem.
The first four normalised modes of the magnitude of the velocity field and the pressure are shown in Figs. 8 and 9.

The computation was performed using the second mesh with a degree of approximation k = 4 for all the
variables and with a mesh of 1000 elements in the parametric dimension with also k = 4. Fig. 10 shows the first
eight normalised parametric modes computed. It is worth noting that despite the different nature of the flow and
the axisymmetric boundary condition, the parametric modes have a similar behaviour when compared to the modes
obtained in the previous example. This is mainly attributed to the geometric parameter describing an analogous
variation of the computational domain.

As in the previous example, the evolution of the relative amplitude of the modes is shown in 11. The rapid
decrease shows that it is possible to compute a generalised solution to this problem with a very small number of
modes. With eight modes the relative amplitude is already below 107>,

Next, the optimal rate of convergence of the proposed HDG-PGD method are studied by performing a mesh
convergent study. Fig. 12 shows the evolution of the relative error in the £,(f2 x Z) norm as a function of the
characteristic element size, h, for different orders of approximation and for all the variables of the HDG formulation.
The optimal rate of convergence, equal to h**!, is approximately observed for all the variables.

Finally, the accuracy of the HDG-PGD approach on the drag force is studied for three different configurations
corresponding to w; = 1, u; = 2 and pu; = 3. Fig. 13 shows evolution of the error in the drag force as the
number of degrees of freedom is increased for the three different geometric configurations and for different orders
of approximation.
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Fig. 10. Axisymmetric flow past a sphere: First eight normalised parametric modes.
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Fig. 11. Axisymmetric flow past a sphere: Convergence of the mode amplitudes.

The number of degrees of freedom refers to the size of the HDG global problem as this is the most time
consuming part of the spatial iteration.

The results show the variation of the drag force induced by the variation of the geometric parameter and how the
generalised solution produces accurate results for any value of the geometric parameter. In all cases, convergence
to exact value is observed, and the superiority of using high-order approximations is clearly appreciated. For the
first configuration, the results in Fig. 13(a) show that with a linear approximation requires the solution of a global
problem with 24,832 degrees of freedom to obtain relative error in the drag force of 0.0181. In contrast , using
a quartic approximation, the error in the first mesh is 0.0021, solving a global problem with only 416 degrees of
freedom, that is an error one order of magnitude lower with almost 20 times less degrees of freedom.

The results also show that for higher values of the geometric parameter the solution is slightly more difficult
to capture and the number of degrees of freedom required is slightly higher. In fact, the advantages of high-order
approximations are more noticeable for the case of u; = 3.

Finally, it is worth mentioning that when objective is to compute a given quantity of interest, such as the drag
force, the adoption of a goal oriented PGD approach would be beneficial to incorporate the required accuracy of a
quantity of interest in the stopping criteria.

5.3. Axisymmetric Stokes flow around two micro-swimmers

The next example considers the Stokes flow around the so-called push-me-push-you microswimmer, proposed
in [51]. This swimmer consists of two spherical bladders that have the ability to change their mutual distance and
individual volume, whilst maintaining the total volume of the two spheres. The swimmer is placed in a cylindrical
channel of length L and diameter D.
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Fig. 12. Axisymmetric flow past a sphere: mesh convergence of the £ norm of the error for L, u, p and i&.
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Fig. 13. Axisymmetric flow past a sphere: evolution of the error in the drag force as the number of modes is increased for three different
geometric configurations.

Two geometric parameters are considered in this example. The first one, u; € Z; = [—1, 1], controls the radius
of the two spheres in such a way that the total volume of the two spheres is maintained. The second parameter,
ur € I, = [—3, 2], controls the distance between the centre of the two spheres. The value of ; = —1 corresponds
to the configuration where the radius of the first sphere is R; = 0.3096 and the radius of the second sphere is
R; = 0.116, whereas the value of i = 1 corresponds to the opposite situation, with R; = 0.116 and R, = 0.3096.
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Fig. 14. Axisymmetric flow around two micro-swimmers: Computational mesh.
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Fig. 15. Axisymmetric flow around two micro-swimmers: First four normalised spatial modes of the velocity field.

The value of pu, = —3 corresponds to the case where the distance between the spheres is maximum, with the
centres of the spheres placed at (—3,0) and (3, 0) respectively. The value of w, = 2 corresponds to the case
where the distance between the spheres is minimum, with the centres of the spheres placed at (—0.5, 0) and (0.5, 0)
respectively.

Using the axial symmetry of the problem, the reference domain is chosen as 2 = ([—L, L] x [0, H]) \
(BT UB™), where

B* ={x e R?| [|x £ xo]l < Reer}, (57)

where L =6, H =2, xg = (1.5,0) and R, = 0.116. Fig. 14 shows the triangular mesh of the reference domain
used for this numerical example. The mesh has 1426 elements, leading to a system in the HDG global problem of
22,260 equations for a degree of approximation k = 4.

On the left part of the boundary a Dirichlet boundary condition, corresponding to a horizontal velocity of
magnitude one, is imposed. On the right part of the boundary a homogeneous Neumann boundary condition is
imposed. On the surface of the two spheres a no-slip boundary condition is enforced and on the rest of the boundary
a slip boundary condition is imposed.

The geometric mapping used in this example is detailed in Appendix C.

The first four spatial modes for the velocity and pressure computed with the proposed HDG-PGD are shown
in Figs. 15 and 16. The computation was performed using the mesh of Fig. 14 with a degree of approximation
k = 4 for all the variables and with a mesh of 10,000 elements in each parametric dimension with also k = 4. It is
worth noting that the cost of the one-dimensional parametric problems is negligible when compared to the cost of
the spatial iteration. Therefore, a large number of elements is used in the parametric dimension to ensure that the
variation induced by the geometric parameters are captured with no a priori knowledge of the solution.

Fig. 17 shows the first eight normalised parametric modes computed.

Contrary to the previous examples, in this example there are more parametric modes that have an important
influence over the whole range of values for both ©; and p,. For instance, in Fig. 17(a) the first, third, fifth and
six parametric modes have a normalised value near one for the whole range of values of ;. A similar behaviour
is observed for the second parameter u,. In addition, the second parameter, corresponding to the distance between
the spheres it can be observed that many of the modes have a much more relevant influence near u, = 2. This
is expected as this configuration corresponds to the case where the distance between the spheres is minimum and
therefore induces an important variation in the flow field because the first sphere will influence the flow that is
reaching the second sphere.
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Fig. 16. Axisymmetric flow around two micro-swimmers: First four normalised spatial modes of the pressure field.
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Fig. 18. Axisymmetric flow around two micro-swimmers: Convergence of the mode amplitudes.

The evolution of the relative amplitude of the modes is displayed in Fig. 18. The results show that with 24 modes
all the relative amplitude of the hybrid variable, used to check convergence, is below 107>. A slower decrease of
the relative amplitudes when compared with the previous examples can be observed. This is attributed to two
factors. First, this problem considers two geometric parameters and, second, the range of variation of the distance

is relatively high when compared to the minimum radius of the spheres.
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Fig. 19. Axisymmetric flow around two micro-swimmers: Velocity (top) and pressure (bottom) fields for three different geometric
configurations.

To illustrate the variation in the geometry induced by the parameters as well as the different flow features that
are induced by the geometric changes, Fig. 19 shows the magnitude of the velocity and the pressure fields in the
three dimensional domain for three different configurations.

The first configuration, shown in Figs. 19(a) and 19(d), corresponds to the case where the distance between the
spheres is maximum and the sphere closer to the inflow boundary has maximum radius. The opposite scenario,
with the distance between spheres is minimum and the sphere closer to the inflow boundary has minimum radius
is shown in Figs. 19(c) and 19(f). Finally, the configuration displayed in Figs. 19(b) and 19(e) corresponds to the
case when the distance between the spheres is half the maximum value and the radius of both spheres is the same.

To analyse the accuracy of the proposed approach, Fig. 20 compares the drag force on the two spheres as a
function of the w,, controlling the distance between the spheres, and for three different configurations of the i,
controlling the radius of both spheres. The results obtained with the HDG-PGD approach are compared to the results
of the standard HDG method on a reference mesh. Both solutions show an excellent agreement in all cases, with
an overlap between the symbols used to plot the results of the standard HDG method and the discontinuous line
used to plot the results of the proposed PGD approach.

Finally, to stress the potential of the proposed approach, Fig. 21 shows the drag force on the two spheres and the
total drag as a function of both geometric parameters. This figure shows that generalised solution computed with
the HDG-PGD approach can be used to rapidly explore the whole space of parameters and used to find optimal
strokes, of interest in many applications [52].

5.4. Stokes flow around a sphere in a corrugated channel
The last example, inspired from the studies in [53,54], considers the flow past a sphere placed in a corrugated

channel. The corrugated channel has a height of 1 wm and the undulatory profile is defined by the expression

_ Yo+ f)+ 3 (fo— fo)cos (122) if |x] < LL, 58)
fn if 5L <Ixl<;L,

where L = 12.5 um, f,, = 2 um and the value of f, controls the oscillation of the boundary. A sphere of radius
R, centred at the origin, is placed inside the corrugated channel.
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Fig. 20. Axisymmetric flow around two micro-swimmers: Comparison of the drag computed on the first and second sphere with the proposed
HDG-PGD approach against a reference solution for different configurations. Symbols are used to plot the results of the standard HDG
method whereas the discontinuous line shows the results of the proposed PGD approach. The overlap between both shows the excellent

agreement provided by the proposed PGD approach.
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Fig. 21. Axisymmetric flow around two micro-swimmers: Drag force on the individual spheres and the total drag over the two spheres.

A Dirichlet boundary condition is imposed at one end of the channel, given by up(x) = {64(x§ -1/ 4)(x32 —1/4),
0, O}T, and a homogeneous Neumann boundary condition is imposed at the other end. A homogeneous Dirichlet
boundary condition is on the rest of the boundary of the domain, corresponding to material walls.

To demonstrate the applicability and potential of the proposed methodology in three dimensions, two geometric
parameters are considered. The first parameter ) € [—1, 1] is used to control the radius of the sphere, defined as
R(u1) = (1 + 2)/10. The second parameter u, € [0, 2] controls the amplitude of the corrugated channel, given
by fn = 1/2+ u,. The geometry of the reference domain, corresponding to p; = ur = 0, is shown in Fig. 22(a).

Exploiting the symmetry of the problem, a mesh of a quarter of the domain is considered, with 2191 tetrahedral
elements, as depicted in Fig. 22(b).

The geometric mapping used in this example is detailed in Appendix D.

The first four spatial modes for the velocity and pressure computed with the proposed HDG-PGD are shown in
Figs. 23 and 24. The computation was performed using the mesh of Fig. 22(a) with a degree of approximation
k = 3 for all the variables and with a mesh of 10,000 elements in each parametric dimension with also k = 3.

Fig. 25 shows the first six normalised parametric modes computed.

Compared to previous examples, the results show that more modes have an influence over the whole range of
parameters, illustrating the more complex nature of this three dimensional example.

The evolution of the relative amplitude of the modes is displayed in Fig. 26. In this example, 12 modes are
required to ensure the relative amplitude of the hybrid variable, used to check convergence, is below 1073,
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Fig. 22. Flow around a sphere in a corrugated channel: Geometry of the domain and computational mesh of a quarter of the domain.
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Fig. 23. Flow around a sphere in a corrugated channel: First four normalised spatial modes of the velocity field.



28 R. Sevilla, L. Borchini, M. Giacomini et al. / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113397

1
: 0.8
. 0.6
: 0.3
A 0.1
y -0.1
. 0.3
j 0.6
. 0.8
. -1
1 1
0.8 0.8
0.7 0.6
0.5 0.3
0.4 0.1
0.2 -0.1
0.1 0.3
0.1 0.6
0.3 0.8
-0.4 -1.0
(c)m=3 (d) m =4

= 0 —m = = 0 —m =
% \ —m =2 % —m =2
AN m=3 m=3
-0.5 m=4 -0.5 m=4
m=2>5 m=>5
1 —m=206 1 —m =06
-1 -0.5 0 0.5 1 0 0.5 1 1.5 2
H1 M2
(a) (b)

Fig. 25. Flow around a sphere in a corrugated channel: First six normalised parametric modes.
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Fig. 26. Flow around a sphere in a corrugated channel: Convergence of the mode amplitudes.
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Fig. 27. Flow around a sphere in a corrugated channel: Velocity (top) and pressure (bottom) fields for three different geometric configurations.

Fig. 27 shows the magnitude of the velocity and the pressure fields in the channel for three different
configurations. The results illustrate the variation in the velocity and pressure fields as the amplitude of the channel
and the radius of the sphere is increased.

To assess the accuracy of the computed generalised solution computed with the proposed approach, a reference
solution is computed for the three configurations displayed in Fig. 27. The reference solutions are computed on a
much finer mesh with a standard HDG solver. As a quantity of interest, the drag on the sphere is measured. Fig. 28
shows the evolution of the error of the drag force as the number of PGD modes is increased. To further analyse the
accuracy of the computed generalised solution, the error of an HDG solution, computed in each configuration using
the same spatial resolution as the one used in the HDG-PGD formulation is considered. The results show that the
error of the HDG-PGD approach tends to the error of the HDG solution computed for each configuration, showing
the ability of the proposed approach to accurately capture the solution for different geometric configurations.

As mentioned in the previous example, the proposed approach provides a generalised solution that can be used
to perform fast queries of different quantities of interest. To illustrate the potential of the developed HDG-PGD
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Fig. 28. Flow around a sphere in a corrugated channel: Evolution of the error on the drag force as the number of PGD modes is increased.
The horizontal line denotes the reference error computed on a finer mesh with the standard HDG method.
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Fig. 29. Flow around a sphere in a corrugated channel: Drag force on the sphere and difference between the pressure at the inlet and the
outlet.

approach, Fig. 29 shows the drag force on the sphere and the pressure drop, measured as the difference between
the pressure at the inlet and outlet, as a function of the geometric parameters ©; and u;. The results show that the
drag force is not sensitive to the variation of the amplitude of the channel oscillation but very dependent on the
radius of the sphere. In contrast, the pressure drop shows a dependency on both geometric parameters.

6. Concluding remarks

A reduced order model approach based on the PGD and the HDG methods is being presented for the solution
of geometrically parametrised Stokes flow problems. The mixed formulation, characteristic of HDG methods, is
shown to provide advantages as the weak formulation can be written in a separated form, without using to the
memory intensive high-order PGD projection. In addition, the adoption of an HDG formulation enables the use of
equal order of approximation for all the variables circumventing the LBB condition. This is advantageous in the
context of geometrically parametrised problems in complex domains as it enables the use of standard isoparametric
formulations. Finally, the use of a DG formulation implies that no special treatment of the Dirichlet boundary
conditions is required.

Two numerical examples with analytical solution are used to demonstrate the optimal mesh convergence
properties of the proposed approach. These examples are also used to illustrate that the accuracy of the PGD
approach, with enough computed modes, matches the accuracy provided by the standard HDG method when
computing the solution for a given parameter. The examples also quantify the number of required modes to reach
a given accuracy when the velocity, pressure and gradient of the velocity are of interest and when the drag force is
of interest. Finally, these examples also provide evidence of the superiority of high order elements when compared
to low order elements.

The ability of the proposed approach to compute generalised solutions involving geometric parameters has been
illustrated for problems relevant to the microfluidics community. The examples consider geometric parameters that
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involve substantial changes of the geometry and induce sizeable changes in the flow features and the relevant
quantities of interest. The two examples presented show the potential in the solution of axisymmetric and three
dimensional problems with two geometric parameters.

The proposed methodology can be extended to nonlinear problems following the rationale presented in [11].
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Appendix A. Bilinear forms of the HDG-PGD weak formulation

The bilinear forms introduced in the spatial iteration are given by
A, (OFy Fy) = —(5F. v DR, A GF f,) = (ARV-8FL )
AL GFL, f) = (A'n - 8F,, fidagary, AL Gf,, Fu) = (8f,, A'V-F),, ,

Mu(af;,w fu) = (8‘fl;vrf;4>3ﬂe3 up((sfu’f}? Sﬁt’AkVﬁ’)Qe’ (A 1)
Aui(Sfi fi) = (8fi T o) 12000 A Gl £) = (AVOf £) g,
A fps i) = (8fps S - Almagary, pp(t%, 1) = 8, 109217 fydag,s

Aopfps Jo) = 8f Jis
for the HDG local problems and by
AL (8fo, Fu) = (8fs, A*n - Fi)po,\rpurs) — (8f;, Afn - FLE)y0,nr,
A 8f;, 1) = (8fp. T 1) m \(puls) — f5, (T f,) - E)aounry,
AL Bfy, fp) = (8fy, A m)ag\rpury), (A2)
Aaa8f;, 1) = —(8f3, T fidoonrpurs) + (8fs (T ) - E)aqunrs,
A Ofa. fi) = i fi - A'D)ogrry.
for the HDG global problems.
In addition, the following bilinear forms are introduced in the parametric iteration
AS@r, ) = (8, 0% 1.
Al @S, ¥) = (80, 9*9) 1, (A3)
ABY, ) = (89, ) 1.

Appendix B. Linear forms of the HDG-PGD weak formulation

The linear forms introduced in the spatial and parametric iterations are given by

Ry (SFLv) —ZZ “n - SFL, glp)aunry Al (¥, M)
k=1 [=1
m ng

~ SN AL 6F o] F AL v

i=1 k=1
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for the HDG local problems and by
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for the HDG global problems.

Appendix C. Geometric mapping for the channel with two microswimmers

The mapping used in the example involving the flow around two microswimmers is designed as the composition
of two mappings. The first mapping, M, , is defined to account for the change of radius of the two spheres and
it is written in the general separable expression of Eq. (22) with

. _
—xg i )xg ] < Row . Rou(RT(111) — Ryer)

M;(x) = V() = == ———

’

0 otherwise

Mz(x) _ xa if ||xa|| = Rout WZ(Ml) _ Rout — R+(M1)
0 otherwise ! Rout — Ryef

)
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xo if [lxy ]l < Rou
M3 X) = 3 = 19
1) 0 otherwise vitm)
1
+ . + —
x5 if |xF| <R Rout(R™ (1) — Reer)
M‘I‘(x): ’ 0 ” ()” out Kb?(ﬂl): otR — re ,
0 otherwise out 7 Href (C.1)
xg if [xd 1 < Row Rouw — R™(u1)
M5 X) = 0 0 - o > = Om—a
1) 0 otherwise Vi) Rout — Ryet
—xo if [lxJ ]| < Rou
Mi(x) = o Yoy =1,
0 otherwise
+

where x; = x £ xq, Roye = 0.45 and, as detailed in Section 5.3, xo = (1.5, 0) and Ryf = 0.116. The radius of
the sphere centred at xq is defined as R (u;) = —0.037211% + 0.096811; + 0.25 so that it takes value 0.116 for
w1 = —1,0.25 for u; = 0 and 0.3096 for p; = 1. The radius of the sphere centred at —x is defined in terms of
R*(u1) in such a way that the total volume of the two spheres is maintained, namely (RT)3 4+ (R™)? = 1/32. The
piecewise nature of the mapping is illustrated in Fig. C.30, in the vicinity of one of the spheres.

The second mapping, M., , is defined to account for the change of distance between the spheres and it is written
in the general separable expression of Eq. (22) with

d(x) 1
M) (x) = = —xo/2/3,
2(x) { 0 } Y (U2) om2/ €2
M5(x) = x Y3 (o) = 1,
where the function d(x) is given by
x+ L .
ot R L if x € [-L, —x0 — Rind]
—1 if x € [=xo — Rint, —X0 + Rint]
X .
dix) = ——— if x € [=x0 + Rine, X0 — Rindd (C.3)
X0 — Rint
1 if x € [x0 — Rine, X0 + Rind]
x—L if x € [xo + Rint, L]
- 5~ 4 1 'x ‘x ln 9 9
X0 + Rine — L 0 '

with Rj,, = 0.47 and, as detailed in Section 5.3, L = 6.

As illustrated in Fig. C.30 both mappings are defined in a piecewise form. The mappings selected are only
C° on the artificial interfaces denoted by discontinuous lines in Fig. C.30. Therefore, to facilitate the numerical
integration of the terms involving the Jacobian and the adjoint of the mapping, the computational meshes selected
are conforming with these interfaces, as it can be observed in the mesh displayed in Fig. 14. Mappings with higher
degree of continuity could be designed using a problem specific approach or the more general technique described
in [55]. Further numerical experiments, not reported here, show that a greater degree of continuity enables to use
meshes that do not conform with the piecewise nature of the mapping but they do not provide any extra accuracy
and they induce a higher cost due to the extra number of integration points required to integrate the higher order
Jacobian of the mapping.

It is also worth noting that other mappings, with a smooth transition in the artificially created interfaces can
be devised. Numerical experiments not reported here for brevity, demonstrate that the piecewise linear mapping
described here results in a lower number of integration points required to ensure that errors due to the numerical
integration are lower than the interpolation error. However, the choice of a smoother mapping circumvents the need
to create meshes conforming with artificially created interfaces. In any case, as stressed in Remark 1, this work
focuses on the combination of the HDG and PGD formulations and for general geometries the general procedure
described in [19] is preferred, rather than the definition of analytical mappings.



34 R. Sevilla, L. Borchini, M. Giacomini et al. / Computer Methods in Applied Mechanics and Engineering 372 (2020) 113397

|
Rint

(b) Muz

Fig. C.30. Illustration of the piecewise nature of the mappings M, and M, detailed in Eqs. (C.1) and (C.2) respectively in the vicinity
of the sphere centred at xg.

Appendix D. Geometric mapping for the corrugated channel

Similarly to the previous example, the mapping used in the example involving the flow around a sphere in a
corrugated channel is designed as the composition of two mappings. The first mapping, M, is defined to account
for the change of radius of the sphere and it is written in the general separable expression of Eq. (22) with

Rou(R(u1) — Ruef)

1
—=x if [lx]| < Rou
-

Mj(x) = vl = ,
0 otherwise Rout — Rier
x if |x|| < R R. _R
Mi(x) = 1 = Rou PRy = Ron” R) D.1)
0 otherwise Rout — Ryt
x if x| <R
M;(x) = M =1,

0 otherwise

where R,y = 0.4 and R,y = 0.2 and the radius of the sphere, centred at the origin, is defined as R(u;) =
(n1 +2)/10.

The second mapping, M,,,, is defined to account for the change of amplitude in the undulatory part of the
channel. It only affects the y coordinate and, more precisely, only the definition of f, in Eq. (58). More precisely,
the profile of the channel is given by Eq. (58) with f, = 1/2 + w,.
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