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Abstract

We study geodesics in noncommutative geometry by means of bimodule connections
and completely positive maps using the Kasparov, Stinespring, Gel’fand, Naimark &
Segal (KSGNS) construction. This is motivated from classical geometry, and we also
consider examples on the algebras M>(C) and C(Z,), though restricting to classical
time ¢ € R. On the way we have to consider the reality of a noncommutative vector
field, and for this we propose a definition depending on a state on the algebra.

1 Introduction

In classical geometry we frequently consider flows on manifolds due to vector fields (e.g.
Morse theory) or vector fields as velocities along paths (e.g. geodesics). The definition
of noncommutative vector field in generality was given by Borowiec [7] in terms of a
generalised derivation (a Cartan pair), and used to used to define cases of Lie brackets
by Jara & Llena [18]. Vector fields on Hopf algebras had been considered in [2, 22, 20].
However, it has been difficult to apply noncommutative vector fields to the two classical
applications above.

One fundamental decision is just what sort of maps to take between C*-algebras or
dense subalgebras of these. For various purposes the class of maps has been extended
beyond x-algebra maps. For example Connes & Higson [11] introduced asymptotic
+-algebra maps (called asymptotic morphisms) for E-theory, and these maps were also
used by Dadarlat [12] and Manuilov & Thomsen [23] for noncommutative shape theory.
Connes introduced the idea of correspondences (bimodules) to study von Neumann
algebras [10]. Completely positive maps received attention from many authors, several
of which (Kasparov, Stinespring, Gel’fand, Naimark & Segal) appear in the name of the
KSGNS construction. For this construction and the theory of Hilbert C*-bimodules
we refer to the textbook [19].

The purpose of this paper is to apply the KSGNS construction to noncommuta-
tive geodesics. The natural interpretation of these geodesics will be as paths in the
state space of the algebra, i.e. completely positive maps from the algebra to C'*°(R).
Classically, evaluation at a point of a space X is a state on C'(X), and moving the
point along a path moves the state. Given the general setting of the noncommuta-
trive construction, it is likely that this restriction to the ‘time algebra’ being C*°(R)
is unnecessary, but here we shall stick to ‘real commutative time’.



The KSGNS construction represents a completely positive map between C*-algebras
as ¢(a) = (ma,m) in terms of an element m of a Hilbert C*-bimodule. The noncom-
mutative theory of connections on bimodules has been studied for some time. We
simply put these ingredients together, and look at examples. The critical result is that
geodesics in classical differential geometry are precisely recovered as a special case. On
the way we require a constraint on the vector fields involved which in the classical case
simply amounts to the reality of the vector field. Like other ideas generalising classical
geometry, the reality of a vector field can only be defined with hindsight given by a
sufficient amount of theory and examples, so the ‘definition’ here is merely a trial one.

The KSGNS construction is also well adapted to dealing with quantum theory,
indeed it contains the usual theory of Hilbert spaces and observables (with some ex-
tension to unbounded operators). Paths in classical differential geometry have, at a
given time, a precise position and a precise velocity. It is somewhat obvious that this
idea will have to be modified in quantum theory, as there position and velocity (or
rather momentum) obey the Heisenberg uncertainty principle. But why should paral-
lel transport or geodesics make sense in quantum theory? The answer is simply that
we can observe geodesic motion in the real world, so if the real world is governed by
quantum theory, then to some extent geodesics must still make sense.

Quantum theory, by quantising the stress-energy tensor source term for gravity in
General Relativity, de facto quantises geometry, and at a scale conceivably much larger
than the Planck length. There is no reason to expect that observations of quantum
gravity will necessarily first take place in measurements of momentum eigenstates,
in other words, in the normal domain of the perturbation theory solution methods
of quantum field theory. Given the local nature of gravitational fields, it is likely
that measurements of position will be involved. To back up any such observations it
would be necessary to have a theory allowing the calculation of positions in quantum
gravity, and as quantum gravity may well manifest itself, at least to ‘first order’, as
noncommutative geometry, that may mean a physical theory of paths or world lines in
noncommutative geometry.

As the reader will see, there is often great flexibility in extending classical ideas to
noncommutative geometry. Saying that a particular way is the way is not something
to say lightly. The purpose of this paper is simply to show that a way of addressing
geodesics in noncommutative geometry exists, and that it can be applied to many
examples. It proposes that for a C*°(R)-A-bimodule M the equation W(op) = 0
is a reasonable and calculable extension of the equations for vector fields in classical
geodesics, and that Vs (m) =0 for m € M in the KSGNS construction above gives the
corresponding time evolution on the state space.

There are other matters which we do not address, such as the constant speed
of a classical geodesic and geodesic deviation. Addressing such matters, if it were
possible, to avoid long individual proofs would likely require methods for handling
derivatives of maps (here denoted W) compatible with tensor products, such as the
extension of the monoidal DG category 4G4 in [5] to mixed bimodules as a coloured
monoidal DG category G. This paper is phrased in terms of bimodule connections as
its basic object, and classically we might take the Levi Civita connection once we have
a metric. By starting with bimodule connections we give a potentially more general
discussion, and avoid another problem about just what connection to take for what sort



of noncommutative metric. Further, it may be the case that quantum theory may have
use for more general connections, e.g., in the presence of particle creation, annihilation
or decay in quantum mechanics we might well have positive functions with varying
normalisation or different codomains. As a possible example related to geometry, but
well beyond the scope of this paper, Hawking radiation [17] produces particles at the
expense of the intrinsic energy of space-time — which is what the reduction of mass of
the black hole effectively amounts to.

In [1] there is a construction of quantum stochastic parallel transport processes
which are possibly related to the methods in this paper. The numerical equation
solving and graphics were done on Mathematica, and some code for this is given in the
Appendix.

2 Preliminaries

Suppose that A is a unital possibly noncommutative algebra over the field C (taking
this choice to link with C*-algebras later). We think of A as the C valued functions
on a hypothetical noncommutative manifold. An A-module will correspond to a vector
bundle on this hypothetical manifold. The tensor product of vector bundles corre-
sponds to taking F ® 4 N where F is a right and N a left A-module. Here E® 4 N has
elements e®n for e € F and n € N where we set e.a®n =e®a.n for all a € A.

Definition 2.1 A first order differential calculus (Q',d) over A means
(1) QY an A-bimodule.
(2) A linear map d: A - QY (the exterior derivative) with d(ab) = (da)b+adb
for all a,be A.
(3) QY =span{adb|a,be A} (the surjectivity condition).
A (right) vector field on A, notation v € X4, is a right A-module map v: QY — A.

Example 2.2 For the usual calculus on R™, the algebra A = C*(R™) (functions on
R™ which are differentiable infinitely many times, and complex valued as noted earlier)
has QY the usual 1-forms on R™, i.e. & dx® (sum over i) for coordinates z',...,x" and
& e C=(R™). We will just call this QY (R™) to avoid writing C*(R™) as a subscript
For the usual calculus on R™, the vector fields X(R™) B
They are maps from QI(R") to A= C%(R") via the evaluation ev : X(R™) ® 4 Ql(]R") -
C*(R™) which is ev(v' 525 ®§] da’) = v &, We also have a dual basis of vector fields,
which is expressed as a smgle element coev(1l) = dz'® 5o7 € Ql(R”) ®4 X(R™) or more
categorically by the coevaluation bimodule map coev A QA ®4X4. This has the
property that (id®ev)(coev(1)®&) =& for all € € Ql(R”) which is easily verified by

(id®ev)(dxi ® 8% ®¢; dxj) =dz’ 8i;& =& d? . o

We now give two examples of noncommutative calculi, the first on a noncommuta-
tive algebra and the second a noncommutative calcus on a commutative algebra.

Example 2.3 Set A = My(C), the 2 by 2 complex matrices. This is given a calculus
where QY is freely generated by two central generators s* and s*, with

da = s' [E12,a] + s2 [Eo1,a]



where E;j € My(C) has zero entries except for 1 in the ij position. We take ey, ez to

be the (central) dual basis of vector fields to s',s>. The *-operation is s'* = —s2. ©

Example 2.4 The algebra A = C(Z,,) of functions f : Z, - C on the finite group
(Zy,,+) with basis §; for 0 < i <n—1, which is the function §;(j) = §; ;. This has a
calculus (2114 with two non-central generators ey and e_1, where

ea-f = Ra(f)ea , df=eua(f-R-1(f))+e1(f-Riua(f)),

and R, (f)(i) = f(i +a) (mod n). (This is a Hopf algebra with bicovariant calculus.)
Let k11 be the dual basis of vector fields to er1. The *-operation is e}, = —€z1. S

Bimodule connections were introduced in [13, 14, 24] and extensively used in [21, 15].
However, here we use them in the more unusual context of mixed bimodules (different
algebras on the left and right), and for that we refer to [3]. A B-A-bimodule M is a left
B-module and a right A-module, with the compatibility condition (b.m).a = b.(m.a).
This idea of bimodules strictly generalises the idea of the usual left or right modules
for algebras over a field K, as a B-K-bimodule is simply a left B-module and a K-A-
bimodule is simply a right A-module. We write g M4 as the category whose objects
are B-A-bimodules, and whose morphisms are bimodule maps. Now suppose that A
and B have differential calculi Q4 and Qp.

Definition 2.5 A left B-A-bimodule connection on M € gM 4 means
(1) A linear map Vyr: M — QL ®p M satisfying the left Liebniz rule

Vam(bm)=dbem+b.Vy(m), beB, meM.
2) A B-A-bimodule map oy : M @4 QY > QL ®p M such that
A B

Vm(m.a)=Vy(m).a+oy(meda), aecA, mebll.

An example of a left C*°(R")-C*° (R”)—bimodule connection is a usual connection

on the tangent space to R". For v = v’ ;7= we have
i 0 k i 9 i 0 d i i o O
V('UZ 6zi):dx ®(’U’L’k Dt +'UZF']]€Z'W) s J(W ®dl’z):dxz®ﬁ . (1)

Here the I';; are the usual Christoffel symbols, and note the common use of the
subscript , k for a partial derivative with respect to z*.

As originally noted in [8] for A-A-bimodules, but generalising to the current case,
if we have (Q,Vg,0¢q) a left C-B-bimodule connection and (M, Vas,op) a left B-A-
bimodule connection, then we have a left C-A-bimodule connection on Q ® g M by

Voem(geom)=Voqem+ (cg®id)(g®Vum) , cgem = (0o ®id)(id®opn) . (2)

If (M,Var,00) and (N,Vy,on) are left B-A-bimodule connections then given a left
module map 6 : M — N we define its derivative

V(0) =VnO-(ided)Vay : M > Qpep N . (3)

The following result is an easy generalisation to the mixed context from [5].



Proposition 2.6 For 0 and V¥ in (3), W(0) is a left module map. Further, supposing
that 6 is a bimodule map, then W(0) is a bimodule map if and only if oy o (A®id) =
(id®f)oop.

Proof: Firstly, for be B and me M,

v (0)(bm) =V (bO(m)) - (id®0) Vr(bm)
=db®0(m) +b.VnO(m)-db®O(m) - b.(id®0) Vs (m) .

Secondly, for a € A,

v (0)(ma) = Vn(0(m)a) — (id® ) Var(ma)
=on(0(m)®da) + Vn(0(m)).a - (id®0)oy(meda) - (Id®0) (Vi (m)).a
=on(0(m)®da) - (id®b)opy(meda) + W(0)(m).a . m|

As we shall be concerned with positivity we shall deal exclusively with star algebras,
and to avoid confusion we will be quite explicit about conjugate modules of these
algebras. If M is a B-A-bimodule then its conjugate M is an A-B-bimodule. Writing
elements m € M where m € M we have

dm+pun=\N"m+y*n, am=m.a* , m.b=0b*m

for all m,n € M, \,u € C, a € A and b € B. For a A-C-bimodule N we have the
C-B-bimodule map Y: M ®4 N - N ®4 M defined by Y(m®n) =nem.

If B is a *-algebra the *-operation is said to extend to Q}B, forming a *-calculus, if
there is a well defined antilinear map on Q! defined by (adb)* = db*.a*. Then, given
a left B-connection Vs on M there is a right B-connection (i.e. satisfying a right
version of the Liebniz rule in Definition 2.5) V57 on M given by Vi7(T) = n®{* where
V(m) = £®n (see [4]). We shall assume that all the algebras with differential calculi
we deal with are *-calculi.

3 Classical bimodule connections and geodesics

Consider manifolds X of dimension n and Y of dimension m with covariant deriva-
tives on vector fields and forms given by Christoffel symbols I' and = respectively.
Suppose that there is a differentiable map v : Y — X. This induces an algebra map
F:C0%°(X) - C*®(Y) by 4(f) = f o~y. In particular, for coordinates {z*,..., 2"} of X
and {y',...,y™} of Y we have 7(z%) = v* where we write v = (7,...,9™).

Given any right C*°(Y)-module E, we can define a right C* (X )-module Ej5 by
ed f=eq(f) for e e E and f € C~(X). In particular we have a C*(Y)-C*=(X)
bimodule C*°(Y")5, which is just C*°(Y") as a left C*°(Y") module.

Proposition 3.1 For a differentiable map v:Y — X we give we give C*(Y )5 a left
connection by
d:C=(Y) = Q' (Y) 2 QN (Y)®c vy C™(Y) .



Then d on C*(Y)5 is a bimodule connection with
o(k@df) =d(k7(f) - d(k) 7(f) = kd(3(f)) € Q1 (Y) = &' (Y)®cw () C(Y)
for ke C=(Y)5 and f € C*(X), and in particular c(k®da') = kdy'. Also

V(o)(ledz") = (ayT,gyp = gz Elpr + (IMk07) 55 5o )dy? @ dy”

Proof: The formula for ¢ is immediate from what is written. Next
W(O’)(l ®d$l) = VQl(y)O’(l ®d$z) - (id@O')VCw(y)®Ql(X)(1®d1‘i)
Mk oy)(id®o)(c®id)(leds’ ®dz’) . o

) i
=Varv) (g

In this classical case there is an alternative point of view. As v:Y — X is differen-
tiable it extends to 7, : Q1 (X) - Q(Y) as a bimodule map, so we can define

Vo (7)(dz’) = (Varyy © 3 = (3= ®9x) © Vai(x) ) (dz")
= Vorv) (55 dy’) = (3« @3) (- oda” @ dz”)

82 i ) — . 9 § 9 k
= (57w - TZ(’ Epr + (T35 07) o7 gy ) Y7 @ dy” (4)

so we see that V(o)(1®da’) = WV, (7. )(dz?).
In the simplest case where Y = R with coordinate function y and vanishing Christof-
fel symbols = we have v: R - X and

V(o)(l®dz') = (

ko) 2020 ) dy e dy

and so V(o) = 0 is the equation for 7 : R — X to be a geodesic. More generally for Y an
m-dimensional manifold a geodesic in Y with parameter ¢ is given by §'+Z%, 97, 9" = 0.
Then v(y(t)) obeys

" s

jkay Y By Y

4Tl A4 = &

_ 0t i e 0" 8%* v —p i 9y 9\, roes

= ayry + ayrdy y y +F]k 8y Yy By° y = (dyrdy ayP =~ rs+F]k dyT By® )y Yy
As was pointed out by Sebastian Goette [16], this means that the condition W (o) =0
implies that every geodesic on Y is mapped by v to a geodesic on X.

For a Riemannian manifold the geodesics are the paths of (locally) minimal distance,
and are given by the Levi Civita covariant derivative of the velocity vector along itself
being zero. The reader should recall from standard theory (e.g. [25]) that a totally
geodesic submanifold is one in which every geodesic in the big manifold starting at
a point in the submanifold and with initial velocity along the tangent space to the
submanifold remains in the submanifold for all time. Note that whereas the existence
of geodesics is standard, the existence of totally geodesic submanifolds of dimension
strictly between 1 and the dimension of the manifold is a nontrivial condition on the
manifold. It is important to note that we shall consider more general connections than
just the Levi Civita one in this paper, with correspondingly more general ‘geodesics’.



The velocity of a geodesic is of paramount importance, and we note how it is

encoded in the o notation. In the case ¥ = R with coordinate ¢, the velocity is simply
V= dv(;(t)
t

. The formula for ¢ in Proposition 3.1 reduces to

c(ledr’) = LW gre1. (5)

Defining the velocity in isolation in more generality will have to wait until we have
discussed the KSGNS construction for positive maps.

4 Noncommutative paths and the KSGNS construc-
tion

From the point of view of quantum mechanics, the Heisenberg uncertainty principle
makes it likely that an idea of a geodesic as a single path will have to be replaced by
a more uncertain or ‘probabilistic’ idea, as we cannot precisely measure both position
and velocity (momentum) at the same time, and the geodesic depends on both of these.

In Section 3 we constructed the bimodule C*(Y")5 from a function v : Y - X which
induced an algebra map 5 : C°(X) - C*(Y). In noncommutative geometry it will
prove impractical to follow this pattern, as in general there are simply not enough such
algebra maps — instead we shall look for completely positive maps. For C'*-algebras the
completely positive maps are given by the KSGNS construction, and for the general
theory of Hilbert C*-bimodules including a proper description of the KSGNS con-
struction we refer to [19]. We shall only use part of the KSGNS construction, and in
particular shall not say that we consider all completely positive maps.

The algebras we consider are algebras of ‘differentiable functions’ rather than C*-
algebras, but they are frequently dense x-subalgebras of C*-algebras (or even local
C*-algebras as in [6]). We write the conjugates in the inner products explicitly using
the bar notation of Section 2 (to allow the use of connections), and swap sides of the
conjugate when compared with [19] (to continue using left connections).

Definition 4.1 For A and B which are dense *-subalgebras of some C* algebras and
a B-A-bimodule M, a positive semi-inner product on M is a bimodule map (,) :
M®a4 M - B which obeys (m,m’)* = (m/,m) for all m,m’ € M and where (m,m)
is positive in B for all me M.

I shall only briefly describe the KSGNS construction, as getting into details of the
C*-algebra construction is not required. Basically it says that completely positive maps
1 : A - B for C*-algebras A and B are all given by B-A-bimodules M with positive
inner products using the formula ¢ (a) = (m.a,m) for some m € M. One example is a
Hilbert space, where B = C, though this is usually written with the conjugate on the
other side. A particular case would be the Schrédinger picture of quantum mechanics,
where A is the algebra of quantum observables and M = L?(R?).

Example 4.2 Now we explain what Proposition 3.1 has to do with the KSGNS con-
struction, where B = C*(Y), A = C*(X) and M = C*(Y)5. First define a pos-
itive inner product (,) : MM — C=(Y) by (f,9) = fg*. Given the usual right



C>(Y) action on the conjugate bimodule, g k = k*g, the inner product is a C*(Y)-
bimodule map. Using the usual left C°°(X) action on the conjugate M correspond-
ing to the right C*°(X) action on M, we can check that we get a well defined map
(,): M®Cm(x)M - C=(Y). To do this we use the following, restricting to the case
of a real coordinate function x* on X simply to avoid explicitly writing compositions

(faa' k) =~"(f,k), (f,2'Dk)=(f kaai) =+ (fk) . °
Now we consider a simple noncommutative example for a *-algebra A.

Example 4.3 Take a C*°(R)-A-bimodule M to be just C=(R) ® A, with inner product

(f(t)®a,g(t)®b)ar = f(£)9(t)" {a,b)a € C(R) (6)
where {, )4 is a fized (time independent) inner product on A.

For solving differential equations later we should really take C* (R, A), the functions
of time ¢ with values in A, rather than C*°(R)® A, which is a proper subset if A is
infinite dimensional. However we ignore the technicalities required to define C* (R, A)
and continue with M = C*(R)® A as our examples are either finite dimensional or
based on functions on manifolds. However, we shall write algebra or module valued
functions of time at various places.

5 Connections and the geodesic velocity equation

We now consider the connections needed to generalise the classical Proposition 3.1 to
the noncommutative case of Example 4.3.

Proposition 5.1 For a unital algebra A with calculus Q4 and C®(R) with its usual
calculus Q(R) we set M = C*(R)® A regarded as a C*°(R)-A-bimodule. Then a
general left bimodule connection on M is of the form, for ce C*(R)® A and & € QY

Va(e) =dt® (be+ %+ K(de)) , op(1@&) =dt® K(§)

for some b e C*°(R)®A and K € C*(R)®X 4. [Note that explicitiy including time
evaluation we have K(n)(t) = K(t)(n(t)) for ne C=(R) @ QY./

Proof: The C*(R)-A-bimodule map oy : M ® 4 Q4 - Q' (R) ®c~(g) M is uniquely
specified by its value op(18&) = dt®@ K(£) € Q'(R) ®cw(ry M for € Q, where
K: QY - C*(R)®A is a right A-module map (i.e. a time dependent vector field),
because oy is a right A module map. Next V(1) € Q'(R) ® e gy M must be dt®b
for some b e C*(R)® A. Now put ¢(t) = f(t)a for f e C*(R) and a € A and calculate

Vau(fa) = dtea+ fVa(a)= G dtea+ fvay(l)a+ f(Va(la)-Var(l)a)
:%—{dt®a+fVM(1)a+faM(1®da). ]



Proposition 5.2 Take A and (M,Va,0n0) as in Proposition 5.1. Also take the
trivial connection on Q'(R) (i.e. Voiry(f(t)dt) = dt®%dt and oo (ry(dt®@dt) =
dt®dt) and a left bimodule connection Vai on the A-bimodule QY with invertible
oo QL@ QL > QL e QY. Then W(on) =0 if and only if both K(K®id)oqg =
K(K ®id) and for all £ € QY (constant in time)

OB = K (b¢) - DK (&) + K (K ®id)og} Vor (€) - K(dK (€)) - (7)

Further, if K satisfies (7) for & € QY then it also satisfies it for Ea e QY for all a € A,
so it is only necessary to verify (7) for a collection of right generators of QY.

Proof:  Writing Vg1 () =7 ®~, we find

V(O’M)(].®f) = Vﬂl(R)(@M(UM(l ®£)) - (id@JM)VM®Q}4(1®£)
=Vorwyem(At®K(€)) - (ideoy)(dt@be® &+ oy (1en) ® k)
= g1y (dt@dt) ® (bE (€) + 25 + K(dK (€)))

- dtedt® (K (b¢) + K(K(n)k)) (8)

so we get W(opr) =0 reducing to

bE () + ZEE 4 K(AK(€)) = K (b8) + K (K ®id) Vg, (€) - 9)

If W(oar) = 0 from Proposition 2.6 we also have 01 () g m(onm ®1d) = (iId® oar)orrgor
which is just the braid relation

(ca1(r) ®id)(id®on)(om ®id) = (id®opr)(on ®id)(id® o1 ) (10)

and this gives the equation K (K ® id)O—Q}A = K(K ®id). Using this and the invertibility
of g1 in (9) gives (7). To check the right multiplication property for (7) we look at

K(K ®id)og; Vo (§a) - K(dK (€a))
= K(K ®id)og) Vo (§)a+ K(K ®id)(§® da) - K(d(K(€)a))
= K(K ®id)ogi Vo (§)a+ K(K 8id)((®da) - K(dK (§))a - K(K(¢§)da) . O

Note that it would be more natural in the finitely generated projective case where
there are both evaluation and coevaluation maps for vector fields and 1-forms to recast
(7) in terms of a dual connection on the vector fields [4], but we do not go into this
here. As (7) is in the form of a time evolution for K as a function of ¢, it is natural to
specify K at time zero and then try to solve (7) for some time interval including ¢ = 0.
We must then assume that K(K ®id)(oqy —id) = 0 at time zero. But does this remain
true under the time evolution given by (7)?



Corollary 5.3 If we set G = K(K ®id)(og1 —id): QL ®4 QY - A then

% =GLy - LG + K(K ®id)(K ®id®id) V(00 ) + G(K 81d®id) Vo1 g1 - KdG
- K(Gaéi ®id)Var gay (0g1 —id) - Gaéli‘ Vo (K®id)(oqy - id)
where Ly, is the left multiply by b operation, Vol eql 18 the tensor product connection
on 9}4 ® A QIIL‘ and V(UQ}Q) = VQ}A 0L 001 ~ ﬁd@aﬂix)vﬂh @0, -

Proof:  From (7), for &, ue QY

SR - K((K(b6) - bK (€) + K(K ®id)og} Vo (§) - K(AK(€)))p)
+ K (DK (§)p) - bE(K(§)p) + K (K ®id)og: Vo (K (§p) - K(AK (K (€p))
= K(K(b&)u) + K(K@id)(K@id@id)(a{é Vo (§)eu) - K(Keid)(dK (&) ®pu)
~bE(K(§)p) + K (K ®id)og Vo (K (§)p) - K(AK (K (&)
= K(K(b¢)pn) - bE (K (&)p) + K(K ®id)(K ®id®id) (o) Vo (§) ® p+ E®0q) Var (1))
+K(K® id)(aéi —id)(dK () ®p) - Kd(K (K ®id) (@ p)) .
If we put S = K(K ®id) then we find

PG = S(bop) ~bS(E®p) + K(Sog) ®1d)Vay, 0, (8 41)
+5(0gk —id)(AK (&) @+ K (€)Vey (1) - KdS(E® 1)
= S(bE® 1) - bS(E® p) + K(S®id) Vo, pa, (€O 1)
+K(S(0g), ~id) ®1d)Voy e (€@ 1) + S(og) ~id)Voy (K @id)(E® p) - KdS(E® p1)
or in terms of operators,

83 =SLy - LyS+ S(K®id®id) Vg gqi - KdS
—K(S(O'Q}q _id)Ug_]li‘ ®id)VQ}4®Q}4 - S(O’Q}4 —id)O’s_liVQ}q (K@ld) (11)

and then compose this with (og1 —id). ]

In the cases where W(og1 ) = 0 (such as classical geometry) or where we can oth-
erwise ensure the vanishing of K (K ®id)(K ®id®id)W(ogs ) we see that G =0 is a
solution of equation (7) on the interval where K is defined. Thus, if we have unique-
ness of solution of the equation we would have K (K ®id) (g1 —id) = 0. Now we need

to justify why the equation W(ops) = 0 in Proposition 5.2 in the classical case has
anything to do with geodesics.

Example 5.4 We consider the classical case with algebra A = C*(X) for a n-dimensional
manifold X. The equation (7) for the time dependent vector field K on X becomes

O K K+ KFKIT ) =0 (12)

10



where l"ijk are the Christoffel symbols for the connection on X. Now, suppose that we
start a point at x(0) € X fort =0 and move it according to the vector field i—f = K(x).

. . . . . X . dK?
As the point moves, the ‘convective derivative’ from fluid mechanics gives dt("”) =

BB—I; +K*K' ¢ and so (12) becomes % +KF KIT%; =0, which is the usual equation
for the velocity being parallel transported. Thus the vector field approach here is actually
giving the velocity field for particles obeying geodesic motion starting at arbitrary points.
Note that o is just the flip map and the extra condition K(K ®id)(c4 —id) = 0 is

automatically satisfied. o

6 Connections and the KSGNS construction

Recall that for a C*(R)-A-bimodule M with a positive inner product (,): M ®4 M -
C*=(R), given a m € M we have a positive map ¢ : A —» C(R) given by ¢(a) =
(m.a,m). But what is m? In Proposition 3.1 where M = C*(R)5 we had m(t) = 1, so
given the usual t-derivative on M we had Vs (m) =0, and it will turn out that this is
a reasonable condition to assume in the noncommutative case.

Example 6.1 We continue from Example 5.4 and check whether the equation V pr(m) =
0 corresponds to the classical situation. Take a positive function on C°°(R3) given by

o)) = [ Im®F £’

for the usual Lebesgue measure on R? and a time dependent rapidly decreasing function
(or rather density) m(t) € L?(R3,C). We use the connection Vr(m) =mb+ K (dm) +
%—T from Proposition 5.1. We suppose that K is a real vector field which is constant in
time, and that b=0. Then K gives an action of (R,+) on the manifold X by the flow

F:RxX — X given by % = K(F(t,z)) (i.e. a tangent vector at F(t,x)). Now
the equation Vr(m) =0 is solved by setting m(t)(x) = m(0)(F(~t,z)). If at time 0O
we have m concentrated at the point xo then at time t it is concentrated at x; where

F(-t,z¢) = xg, i.e. k= F(t,x0). o

Now we have several problems:

1) The flow in Example 6.1 does not preserve the normalisation of the positive
function (i.e. its value on 1 € A is time dependent) in general for a vector field K with
non-zero divergence.

2) The b from Proposition 5.2 doesn’t appear in Example 5.4, as b cancels from
(7) as a classical vector field is a bimodule map. However, in general the b terms will
contribute to the velocity equation. But there is no equation for %, so how to find b7

3) For a classical manifold it is obvious what a real vector field is, but in noncom-
mutative geometry it is not at all obvious in general. The reader should recall that
we cannot immediately define a real vector field as the ‘obvious definition’ K = K* as

K* (&) = (K(&*))* swaps left and right vector fields.

To consider these further, we need a definition:

11



Definition 6.2 For a B-valued inner product (,) on a B-A-bimodule M, we say that
a connection Vyr: M — QL ®p M preserves the inner product if for all n,m e M

d(n,m) = (1d®(,))(Vm(n)em) + ({,)®id)(n® V37(M)) € O
where @ﬁ is the right connection from Section 2.
Now we apply this definition to the R? case of Example 6.1.

Example 6.3 Begin with the inner product on time dependent elements of L?(R?,C)
(k,c) = f ket da .

From Proposition 5.1 the equation for ¥V preserving the metric becomes

d . . -
&fkc*d%:f((bk+k+K’§ﬁ)c*+k(b*c*+é*+K”g§i )z

and by using integration by parts we get, for all c,k € L*(R3,C)

[ ke b -y das [ RIS (KT - K =0

This requires that K'* = K' (i.e. K is a real vector field) and that the real part of
b(t) is half the usual divergence of the vector field K(t). The imaginary part of b(t) is
arbitrary — this could be thought of as a gauge choice. S

Having considered a classical special case we now go to a more general case.

Proposition 6.4 The connection on M = C*(R) ® A in Proposition 5.1 preserves the
inner product on M if for alla e A and & € QY

((ba + K(da) +ab*),1) =0=(K(£*) - K(£)*,1) .
Proof: The condition for preservation is, for a,c € A,

dt.(ba + K(da),e) + (a,bc+ K(dc)).d¢
dt.((bac* + K(da)c* + ac*b* + aK (dc)*),T)
dt.((bac* + K(da.c*) + ac*b* + K(dc.a*)*),1)

0

and putting ¢ = 1 gives the first displayed equation. Using this with ac* instead of a
in the condition for preservation gives

0=((K(da.c*) - K(d(ac*)) + K(de.a*)*),1) = (K (dc.a*)* - K(a.dc*)),TI) . ©

We call the first of the displayed equations in Proposition 6.4 the divergence condi-
tion for b and the second the reality condition for K. This answers questions (2) and
(3), for question (1) we have the following:

12



Proposition 6.5 If Vs preserves the inner product as in Definition 6.2 and ¥V (m) =
0 then the positive map ¢(a) = (ma,m) satisfies

dt.L£é(a) = (ide(,))(om ®id)(m®da®m) .

In particular %qﬁ(l) =0, so if we begin at t =0 with a state on A (normalised to be 1
at 1 € A) then we have a state for all time.

Proof: From Definition 6.2 in the case where B = C*(R),
dt.%(m.a,m) = (id®(,))(Vm(m.a)@m) + ({,) ®id) (m.a ® V37(m))
and then use the definition of o in Definition 2.5. a

Classically the velocity V of a path at a particular time is a vector at a single point.
More generally, for a quantum path we expect to have to average over points to get a
numerical value. Thus we consider V evaluated al £ € QY to be (m.£,m), where we use
oy to rearrange this formula to make sense, giving

V(€)= (ide(,))(ocpyeid)(metem) e C”(R) .

This formula can be justified by Proposition 6.5, whose result can then be written as
%(b(a) =V(da). The obvious next question is if reality of vector fields is preserved by
the time evolution given by (7). As in Corollary 5.3 the next result is phrased to avoid
any assumptions of uniqueness of solutions.

Proposition 6.6 Suppose that
61 Vai, (€)= 1 Vas, (€)

where t is flip on tensor factors composed with * ® %, which is the statement that the
connection on QY preserves the *-operation [{]. Also suppose that b and K satisfy the
equations given in Proposition 5.2 as a consequence of W(opr) =0, and that at a given
time b and K satisfy the conditions in the statement of Proposition 6.4. Then at the
given time

GEE)-K©)"1)=0.

Proof:  First note that for c € C°(R)® A we have (c*,1) = (1,¢*)* = (¢, 1)*. From
Proposition 6.4,

(K(b€7) - DK (") - K(AK(£7)), 1) = (K(b¢") + K(£7)b, 1)

= (K (b)) + K((b€)"),T) = (K (€b*) + K(b¢))",T)
= (K(&)b* + K (b€),T)* = (K (b€) - bK (€) - K(dK (€)),T)* .

In remains to deal with the Vg1 term in (7). Setting Vg1 (§) =n®r we get

(K (K ®id)ogi Vo (€7),1) = (K(K(s")n"), 1) = (K(nK (")), 1) = (K (k") K(n)",1)
= (K(mK(x")",1)" = (K(s"K(n)")", 1)" = (K(K(n)K),1)"
- (K(K @)V, (6).T)" = (K(K ®id)og} Vs (6).T)" . o
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7 A C(Z3) example

Take the algebra A = C(Z,,) of functions f : Z,, — C with calculus as in Example 2.4.
For the inner product we use
{a,¢) = [ ac”

where [ a is summation of a(i) over i € Z,. For the time dependent vector field K
we set K(ey1) = Ky € A. From Proposition 6.4 preserving the inner product gives the
reality condition, for all a € A

0:f(K(aeil)*—K((aeﬂ)*)):f(K;R;l(a*)+K;a*)=f(Ril(Kz)+K;)a*

which gives K_ = —R; (K7). The other condition from Proposition 6.4 is the divergence
condition, and for this we calculate

K(de) = K(es1(c—R-1(c)) +e_1(c— Ry (c))) = Ki(c— Roq(c)) + K_(c - Ry1(c))
so the divergence condition is
0= f (bc+ cb* + K,(c—R_1(c)) + K_(c- Ri1(c)))
- f (b+b"+ K, - Ry (K.) + K_ - R4 (K_))
SO we require
0=b+b"+K,-Ry1(K,)+K_-R_1(K.),
and by the reality condition K_ = -R,1(K7) we can set
b+ K+ K_=3(K,+R(K.)+K_+R(K.)) .
We set Va(esr) =0, which gives ca(e, ®¢ep) = e, ®e,. Then V(o) =0 if and only
if both K (K ®id)oq: = K(K ®id) and (7) holds, which in this case is
OLeat) — K (besr) ~ b (ex1) — K(AK (€21)) = K (es1Re1 (b)) ~b Ky - K(dK.)
= K.Re1(b) -0 K. - K(eq (Ko - R (KL)) + e (Ky - Ry (KL)))
= K. Rer(b) ~b K. — Ko (Ko - R4 (K.)) - K_(K. - Ry (K.)) . (13)
(Recall that we only have to solve (7) on the generators.) As
K(K@id)(6+1 ®6,1) = K(KJr.e,l) = K(e,l.R+1(K+)) =K_ R+1(K+)
and similarly for e_; ® e41, the K(K ®id) (0 4-id) = 0 condition corresponds to K_ R,1(K,) =
1(K),ie. K.(i))K,(i+1)=K_(i—1) K,(i). Then, using this
28 - K (Roi(b)-b-K, - K_)+ K,R_{(K,) + K_R,(K,)
Ky(Ro(b)-b-K, - K_)+ K,R_i(K,)+ K, R1(K_)
_K+( b+ Ko+ K ) - (b+ Ky + K))
9K = K (Ry1 () -b- K, - K_)+ K,R_1(K_) + K_R1(K_)
K (Ra(b+ K, +K_)-(b+ K, +K.)) . (14)
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) the state ¢(8;) = |m(¢)|? (b) reality check (¢) normalisation check

Figure 1: Numerical solution to (14) with initial conditions (16), ¢ € [0, 10].

Now we calculate

R+1(b+ K+ K—) - (b+ K, + K—) = %(R+2(K+) + R+1(K—)) - %(K+ + R—I(K—))
Ra(b+K,+K_)—(b+K,+K_)=3(R1(K,)+Ro(K.)) - 2 (R (K,)+ K_)
and these values can be substituted in (14) to give differential equations for K. Using

the reality condition and K (K ®id)(o4 —id) = 0 we deduce that |R.1 (K. ) = |[K_|* =
|K,|?, so |K.|is constant. Using the connection in Proposition 5.1 V7(m) = 0 becomes

G = —mb— K.y (m~ R_(m)) ~ K_(m~ Ru(m)) . (15)

For the case n = 3 we solve we solve these equations numerically with the initial
conditions for the vector field K and me M at t =0

K (1)=1, K_(2) =e? K (0)=¢* K,(1)=—-e K,(2)=-1, K. (0) = -2
m(0) ===, m(1)=0, m(2) = % : (16)

In Figure 1 (a) the three graphs represent the state evolving in time, with the
lower graph being ¢(dg), the middle being ¢(Jp + d1) and the upper ¢(dp + d1 + d2).
Then (b) shows the deviation from K being real by plotting the absolute values of
K_(i)+ K, (i+1)* for i € {0,1,2}. Finally (c) plots ¢(do + 01 + d2) — 1, the deviation of
the numerical solution from preserving the normalisation of the state. Neither of these
properties are explicitly imposed on the numerical solution except at time ¢ = 0.

8 Two M;(C) examples

Take A = M>(C) with calculus as described in Example 2.3. We give Q! a connection
with Vo1 (s*) =0, s0 o4(s'®s’) = s’ ®@s" and W(oa) =0.

Example 8.1 Take a C*(R) valued inner product on M = C*(R) ® M3(C) by
(c,€) =tr(ce*) .

We ﬁrst check the reality condition in Proposition 6.4 for a vector field K, where we
set K(s") = K; € My,

= (K((S (Z) ) K(S (1,) 1) ( Kira* - a*Ki*,T) = —tI‘(a*(Kir + KZ*))
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for i’ +14 and all a € My, where we have used the centrality of s*. We deduce that for
real vector fields K1* = —K5. For the divergence condition in Proposition 6.4 we have

0= ((ba + K(da) +ab*),1) = ((ba + K(s" [Er2,a] + 8* [Ea1,a]) +ab*), 1)
((ba+ K1 [Elg,a] + KQ [Egl,a,] + ab*),T) = tr(a(b+ byr - [Elg,Kl] - [Egl,Kg]))

and to solve this we set
b=1([Ei2, K1] + [Ea1, K2])

which is Hermitian by the reality condition on K.

Then, by the comment after Corollary 5.3, we would expect (subject to the unique-
ness of solution) to have K(K ®id)(c4 —id) = 0 on the interval if it is true for the
initial condition. Now

K(K®id)(04 -id)(s' ®s%) = K(K ®id)(s* ® s - s' ® s%)
= K(K(s*)s' - K(s')s%) = K(s'K(s*) - s K (s')) = [K1, K»]

so we require [K1,K2] =0, and by the reality condition this implies [ K1, K1*] = 0.
Substituting the generators s* into the differential equation (7) for K gives

OB = 28 = K(bs') - bK (s') - K(dK(s")) = =[b, K] - K (dK)
= [Ki,b] = K1 [Er, K] - Ko [Eop, K] .

Using [ K1, K2] =0, this becomes

OK; _ [Ki, (b+K1E12 +K2E21)]

ot
and using b above we get
88]? = %[Ki,(Engl+E21K2+K1E12+K2E21)] . (17)

From Proposition 5.1 the equation Vp(m) =0 gives

687'? = —bm—K(dm) = —bm—Kl[Elg,m] - Kg[Egl,m]

and using the value of b above
% = -1([E12, K1] + [E21, K2])m - K1[E12,m] - K3[Fa1,m] . (18)

We take the initial conditions

1 0 10 1 11
and plot the numerical solutions for K1 and Ko in Figure 2, together with a check that

(K1, K2]=0.
By [9] the pure states on M2(C) are given by

o 0 0) -G8 ) (0 ) e xuesPa 20
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(a) entries of K1(t) (b) entries of K»(t) (c) entries of [K1(t), K2(t)]

Figure 2: Numerical solution to (17) with initial conditions (19) for ¢ € [0, 10].

L/\ I\ A Ay /\J\ /
VRAIRTIVA

(a) Graph of (s,z,y) (b) path in state space (¢) normalisation check

Figure 3: Numerical solution to (18) with initial conditions (19), ¢ € [0,10].

for \, i € C with |A\]*+|u|?> = 1 chosen up to a multiple, so they are in 1-1 correspondence
with CP*. If we set x +iy = A\u* then the pure states can be written as

ol @ b =(3-s)a+(z+iy)b+ (z-iy)e+ (3 +s)d (21)
c d

2

where (s,z,y) € R® with 2 +y? + s i. The set of all normalised states is the points

in the closed solid ball x* + y? + s% < i. We can find (s,z,y) from ¢ by
s=30(99), v=30(98), v=30(07) -

Now ¢(r) = (m(t)r,m(t)) = trace(mrm*) for r € My(C) gives a time dependent
state on Ma(C), and the corresponding state is plotted in Figure 3, with (a) a plot of
the (s,xz,y) coordinates against time, and as y = 0 for the initial conditions we can plot
the path of the state in (s,x) coordinates with the pure states given by the circle in (b).
In (c) we plot (1) =1 to check the normalisation of the state. o

For a second example on the same algebra A = My(C) we consider another right
module N for M3(C), and then set M = C*(R)® N. We then consider the equation
V(oa) =0 and the corresponding flow, although this has no direct classical geodesic
justification for this module. However, it does have the interesting property that it
gives a familiar flow on the pure state space.

Example 8.2 For the algebra A = My(C) set the right A-module N = Row?(C) (the
two dimensional row vectors), and then the inner product (n',m) = n'n* € C gives the
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pure states, as setting n = (\, 1) (if non-zero) gives ¢(r) = (nr,m)/{n,m) for r € My(C)
in (20). Set M = C*(R)® N, and then the possible bimodule maps onr : M ®4 QY —
Q' (R) ®c=(ry M are given by

opu(wes’) =dt®Q;w
for w e Row?(C) and Q; € C=(R). Then for f € C=(R) we can take

Vu(fw)= %dt@w—dtf@w(@l E13 + Q2 Ea1 + Qo I2)

for some Qg € C°(R). We check the braid relation (10) by calculating
(oo (r) ®1d)(id®onr) (oy ®id) (fwes' ®s”) = (0g1r) ®1d)(id® oy ) (dt®Q; fues’)
=dt®dt®QjQifw R
(ido oy ) (o @id)(id®oa)(fues ®s’) = (ide®oy)(oy ®id)(fuwe s’ ®s')
=dtedt®Q;Q; fw .

Now Proposition 2.6 shows that W(oar) is a bimodule map, so to show that V(o)
vanishes it is only necessary to show that it vanishes on generators. Now

(i[d@ o) Vg, (w®s') = ~dt@or (w(Q1 Bz + Q2 Eay + Qo I5) ®s')
=-dtedt®w(Q Eiz + Q2 Fa1 + Qo ) Q; .

and

vSﬂ(R)@MUM(U}@Si) =Vorr)em(Qidt®w)
_d@;
Codt

dtedtew-dt®Q; dt® w(Q1 E12 + Qs Ear + Qo I)

so V(o) = 0 implies that Qirand Qs are constant and Qq is arbitrary. Now set
m = (A p)(t) and then Vyr(m) =0 gives

d\ dp
—,—) = A+ , +Q1 A

(dt dt) (Qo Q2 11, Qo+ Q1 )

Putting z = A\/u we get % = Qa2 - Q1 2% In terms of the action of SLy(C) on the
Riemann sphere Co of pure states by Mébius transformations

a b > az+b
z=—
c d cz+d
the time action is given by the one parameter group given by exp (t( 631 %2 ))
We have not yet checked whether the connection preserves the inner product, but
rather have allowed a possibly varying normalisation for the positive map. It is easy to

check that the condition for preserving the inner product is Qo* = —Qo and Q2 = Q1%
and that the normalisation of the positive maps is then constant in time. S
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9 Appendix: Numerical calculations

The Mathematica code for the numerical simulation and drawing Figure 1 (a) in Sec-
tion 7 follows. Here K, (i) is kpi, K_(7) is kmi, and m(z) is mi for i € {0,1,2}.

sspp = NDSolve[{ kp1’[t] == kpl[t] (kpO[t] + km2[t] - kp2[t] - km1[t])/2, kp2’[t] == kp2[t]
(kp1[t] + kmO[t] - kpO[t] - km2[t])/2, kp0’[t] == kpO[t] (kp2[t] + km1[t] - kp1[t] - kmO[t])/2,
km1’[t] == kml[t] (kpO[t] + km2[t] - kp1[t] - kmO[t])/2, km2’[t] == km?2[t] (kp1[t] + kmO[t]
- kp2[t] - km1[t])/2, km0’[t] == kmO[t] (kp2[t] + kml[t] - kpO[t] - km2[t])/2, km1[0] == 1,
km2[0] == Exp[2 I], km0[0] == Exp[3 I], kpl[0] == -Exp[-3 I], kp2[0] == -1, kp0[0] ==
-Exp[-2 1], m0’[t] == - mO[t] (-kpO[t] + kpl[t] - kmO[t] + km2[t])/2 - kpO[t] (mO[t] - m2[t]) -
kmO[t] (mO[t] - m1[t]), m1’[t] == -m1[t] (-kp1[t] + kp2[t] - km1[t] + kmO[t])/2 - kp1[t] (m1[t]
- mO[t]) - km1[t] (m1[t] - m2[t]), m2’[t] == -m2[t] (-kp2[t] + kpO[t] - km2[t] + kml]t])/2 -
kp2[t] (m2[t] - m1[t]) - km2[t] (m2[t] - mO[t]), m0[0] == 1/Sqrt[2], m1[0] == 0, m2[0] ==
1/Sqrt[2] }, {km1, km2, kmO0, kp1, kp2, kp0, m0, m1, m2}, {t, 0, 10}]

Plot[Evaluate[{ (Abs[mO0[t]]A2), (Abs[mO[t]]A2 + Abs[m1[t]]A2), Abs[mO[t]]A2 + Abs[m1[t]]A2
+ Abs[m2[t]]A2} /. sspp], {t, 0, 10}, PlotRange -> All]

The Mathematica code for the numerical simulation and drawing Figure 3 (b) in Sec-
tion 8 follows: Here m is {{ma,mb},{mc,md}}, K; is {{al,b1},{c1,d1}}, and similarly
for Ks.

sst = NDSolve[{ Derivative[l][al][ t] == (-c1[t] (al[t] + d1[t]) + bl[t] (a2[t] + d2[t]))/2,
Derivative[1][b1][t] == (al[t]A2 - d1[t]A2)/2, Derivative[l][cl][t] == ((-al[t] + d1[t]) (a2[t]
+ d2[t]))/2, Derivative[1][d1][ t] == (c1[t] (al[t] + d1[t]) - b1[t] (a2[t] + d2[t]))/2, Deriva-

tive[1][a2][ t] == (-c2[t] (al[t] + d1[t]) + b2[t] (a2[t] + d2[t]))/2, Derivative[1][b2][t] == ((al[t]
+ d1[t]) (a2[t] - d2[t]))/2, Derivative[l][c2][t] == (-a2[t]A2 + d2[t]A2)/2, Derivative[1][d2][ t]
== (c2[t] (allt] + d1[t]) - b2[t] (a2[t] + d2[t]))/2, Derivative[l][mal][ t] == -(c1[t] malt] -
2 a2[t] mb[t] + al[t] mc[t] + d1[t] mc[t] + b2[t] (ma[t] - 2 md][t]))/2, Derivative[1l][mb][ t]
== -(b2[t] mb[t] + c1[t] mb[t] - 2 bl[t] mc[t] + d1[t] md[t] + al[t] (-2 ma[t] + md[t]))/2,

Derivative[1][mc][ t] == -(a2[t] malt] - 2 c2[t] mb[t] + b2[t] mc[t] + c1[t] mc[t] + d2[t] (malt]
- 2 md[t]))/2, Derivative[1][md][ t] == -(a2[t] mb[t] + d2[t] mb[t] - 2 d1[t] mc[t] + b2[t] md]t]
+ clft] (-2 ma[t] + md[t]))/2, al[0] == 1, b1[0] == 0, c1[0] == 0, d1[0] == 2, a2[0] ==

-1, b2[0] == 0, ¢2[0] == 0, d2[0] == -2, ma[0] == 1/Sqrt[6], mb[0] == 1/Sqrt[6], mc[0] ==
2/Sqrt[6], md[0] == 0 }, {al, a2, bl, b2, cl, ¢2, d1, d2, ma, mb, mc, md}, {t, 0, 10}]
ParametricPlot[{Evaluate[{-Conjugate[ma[t]] ma[t] + Conjugate[mb[t]] mb[t] - Conjugate[mc]t]]
mc[t] + Conjugate[md]t]] md[t], Conjugate[mb[t]] ma[t] + Conjugate[mal[t]] mb[t] + Conju-
gate[md[t]] mc[t] + Conjugate[mc[t]] md[t]} /. sst]/ 2, {Cos[t]/2, Sin[t]/2}}, {t, 0, 10}]
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