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,Q� WKH�SUHVHQW� VWXG\�� IX]]\�XQFHUWDLQW\� DQG� UHOLDELOLW\ DQDO\VLV RI� DHURHODVWLF� DLUFUDIW�ZLQJV DUH
LQYHVWLJDWHG� 7KH�XQFHUWDLQ�DLU�VSHHG DQG�VWUXFWXUDO�SDUDPHWHUV�DUH�UHSUHVHQWHG�E\ IX]]\�WULDQJXODU�
PHPEHUVKLS�IXQFWLRQV��7KHVH�XQFHUWDLQWLHV�DUH SURSDJDWHG�WKURXJK�WKH�ZLQJ�PRGHO�XVLQJ�D�IX]]\�
LQWHUYDO� DSSURDFK DQG� WKH� XQFHUWDLQ� IOXWWHU� VSHHG� LV REWDLQHG DV� D� IX]]\� YDULDEOH�� )XUWKHU�� WKH�
UHOLDELOLW\�RI�WKH�ZLQJ�IOXWWHU�LV�EDVHG�RQ�WKH�LQWHUIHUHQFH�DUHD�LQ�WKH S\UDPLG�VKDSH�GHILQHG�E\�WKH�
IX]]\ IOXWWHU�VSHHG DQG�DLU�VSHHG� 7KH�UDWLR�EHWZHHQ WKH VDIH�UHJLRQ�YROXPH�DQG�WKH�WRWDO�YROXPH�
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RI�WKH�S\UDPLG JLYHV�WKH�UHOLDELOLW\�YDOXH� 7ZR�GLIIHUHQW�H[DPSOHV DUH�FRQVLGHUHG��D�W\SLFDO�ZLQJ�
VHFWLRQ�DQG�D�FOHDQ�ZLQJ� DQG WKH UHVXOWV�DUH�JLYHQ�IRU YDULRXV�ZLQG�VSHHG�FRQGLWLRQV��7KH�UHVXOWV
VKRZ�WKDW�WKH�DSSURDFK FRQVLGHUHG LV�D�ORZ�FRVW EXW�VXLWDEOH�PHWKRG�WR�HVWLPDWH�WKH�UHOLDELOLW\�RI�
WKH�ZLQJ�IOXWWHU�VSHHG�LQ�WKH�SUHVHQFH�RI�XQFHUWDLQWLHV�
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ȗ 9HFWRU�RI�XQFHUWDLQ�IX]]\�SDUDPHWHUV
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I IDLOXUH�UHJLRQ
V VDIH�UHJLRQ
PLQ PLQLPXP�YDOXH
PD[ PD[LPXP�YDOXH

����,1752'8&7,21
)OXWWHU�LV�DQ XQGHVLUDEOH�SKHQRPHQRQ�ZKLFK�PD\ WDNH�SODFH�LQ�DQ�DHURHODVWLF�ZLQJ� 2QH�ZD\�WR�
SUHGLFW� WKH� IOXWWHU� VSHHG� LV YLD� WKHRUHWLFDO� FDOFXODWLRQV EDVHG� RQ H[SHULPHQWDOO\� REWDLQHG�ZLQJ�
SDUDPHWHUV �������������������� 0RVW�RI�WKHVH�SDUDPHWHUV�DUH�SK\VLFDOO\�XQFHUWDLQ GXH WR�PDQXIDFWXULQJ�
DQG�RSHUDWLRQDO�FRQGLWLRQV��,Q�JHQHUDO��XQFHUWDLQWLHV�LQ�IOLJKW�YHKLFOHV�DUH�GLYLGHG�LQWR�WZR�PDMRU�
FDWHJRULHV��LQWHUQDO�DQG�H[WHUQDO�VRXUFHV��6WUXFWXUDO�DQG�JHRPHWULF�XQFHUWDLQWLHV�DUH H[DPSOHV�RI�
LQWHUQDO� XQFHUWDLQWLHV� ����� ���� ��� DQG DHURG\QDPLF� DQG� JXVW� ORDGV� DUH� H[DPSOHV� RI� H[WHUQDO�
XQFHUWDLQWLHV �������������

'XH�WR�WKH�ODFN�RI�VXIILFLHQW�NQRZOHGJH��WKH�HVWLPDWLRQ�RI�DQ�DSSURSULDWH PRGHO�IRU WKH�XQFHUWDLQ�
SDUDPHWHUV�LV�YHU\�LPSRUWDQW�WR�HVWLPDWH WKH�IOXWWHU�VSHHG� 0RUHRYHU� D�UHOLDELOLW\�DQDO\VLV LV�QHHGHG
WR�GHWHUPLQH�WKH�SRVVLELOLW\�RI�IOXWWHU�IDLOXUH��LQ�WKLV�SDSHU�UHOLDELOLW\�LV�GHILQHG�LQ�WHUPV�RI�IDLOXUH�
GXH�WR�WKH�IOXWWHU�LQVWDELOLW\� 3UREDELOLVWLF DQG�QRQ�SUREDELOLVWLF�PHWKRGV DUH�JHQHUDOO\�WKH�WZR�PDLQ�
DSSURDFKHV� XVHG� IRU� PRGHOLQJ� XQFHUWDLQWLHV� LQ� VWUXFWXUHV�� 3UREDELOLVWLF� PHWKRGV� DUH� EDVHG� RQ�
JHQHUDWLQJ�D�ORW�RI�GDWD�ZKLFK�OHDGV�WR�KLJK FRVW�FDOFXODWLRQV� $QRWKHU SUREOHP ZLWK WKHVH�PHWKRGV�
LV� WKH� ODFN� RI� GDWD� WKDW� FRXOG� EH� XVHG� WR� GHWHUPLQH� WKH� VWDWLVWLFDO� GLVWULEXWLRQ� RI� XQFHUWDLQ
SDUDPHWHUV� 1RQ�SUREDELOLVWLF�PHWKRGV�KDYH�EHHQ�SUHIHUUHG�LQ�UHFHQW�\HDUV�GXH�WR�WKHLU�ORZ�FRVW�
FRPSXWDWLRQV�

,Q�WKLV�UHJDUG��WKH�PRGHOLQJ�RI�XQFHUWDLQ�VWUXFWXUHV XVLQJ�D�QRQ�SUREDELOLVWLF�LQWHUYDO�PHWKRG�
ZDV� FRQGXFWHG� E\� 5DR� DQG� %HUNH� ����� $� QRQ�WUDGLWLRQDO� XQFHUWDLQW\� WUHDWPHQW� IRU�PHFKDQLFDO
SUREOHPV�ZDV LQYHVWLJDWHG�E\�0XKDQQD�DQG�0XOOHQ�������7KH\�LQWURGXFHG�XQFHUWDLQWLHV�DV ERXQGHG�
SRVVLEOH� YDOXHV� 0RUHRYHU�� WKH\ PRGHOHG� XQFHUWDLQW\�ZLWK� LQWHUYDO� DULWKPHWLF� DQG� DSSOLHG WKLV�
PHWKRG WR EHDPV DQG�WUXVVHV��7KH�QXPHULFDO�DOJRULWKPV�RI�QRQ�SUREDELOLVWLF�FRQYH[�PRGHOV DQG�
DQ� LQWHUYDO� PHWKRG� IRU WKH VWDWLF� GLVSODFHPHQW� RI� VWUXFWXUHV� ZLWK� XQFHUWDLQ� SDUDPHWHUV� ZDV�
SUHVHQWHG�E\�4LX������ 4LX�DQG�:DQJ����� DOVR�LQYHVWLJDWHG�WKH�QRQ�SUREDELOLVWLF�LQWHUYDO�DQDO\VLV�
PHWKRG�IRU�WKH�G\QDPLFDO�UHVSRQVH�RI�VWUXFWXUHV�ZLWK�LQWHUYDO�SDUDPHWHUV� 0DQVRQ����� XVHG�DIILQH�



�

DQG�LQWHUYDO�DULWKPHWLF�WR�VROYH D�WZR�GHJUHHV RI�IUHHGRP�HLJHQYDOXH�SUREOHP��4LX����� DOVR�XVHG
DQ LQWHUYDO� DQDO\VLV� PHWKRG� WR� SUHGLFW� WKH� HIIHFW� RI� XQFHUWDLQ�EXW�ERXQGHG� SDUDPHWHUV� RQ� WKH�
EXFNOLQJ�RI�FRPSRVLWH�VWUXFWXUHV��0RHQV�DQG�9DQGHSLWWH����� JDYH�D�UHYLHZ�RQ�WKH�HPHUJLQJ�QRQ�
SUREDELOLVWLF� DSSURDFKHV� IRU� XQFHUWDLQW\� WUHDWPHQW� LQ� ILQLWH� HOHPHQW� DQDO\VLV�� 7KH\� GLVFXVVHG�
JHQHUDO� WKHRUHWLFDO� DQG� SUDFWLFDO� DVSHFWV� RI� ERWK� LQWHUYDO� DQG� IX]]\� ILQLWH� HOHPHQW� DQDO\VLV�
0XKDQQD�HW�DO������ FRPELQHG WKH ILQLWH�HOHPHQW�PHWKRG�DQG�LQWHUYDO�DQDO\VLV�WR�DQDO\]H WKH�V\VWHP�
UHVSRQVH�VXEMHFW� WR�VWLIIQHVV�DQG�ORDGLQJ�XQFHUWDLQWLHV� 7KH�LQIOXHQFH�RI�XQFHUWDLQW\�SDUDPHWHUV�
XVLQJ�LQWHUYDO�QXPEHUV�RQ�WKH�IOXWWHU�VSHHG�RI�D�ZLQJ�ZDV�FRQGXFWHG�E\�:DQJ DQG�4LX ������7KH\�
XVHG�D�ILUVW�RUGHU�7D\ORU�VHULHV�H[SDQVLRQ�WR�SUHGLFW�WKH�ORZHU�DQG�XSSHU�ERXQGV RI�IOXWWHU�VSHHG��
7KH� SUREOHP� RI� UREXVW� VWDELOLW\� RI� D� WZR� GLPHQVLRQDO� QRQOLQHDU� DHURHODVWLF� V\VWHP� ZLWK�
XQFHUWDLQWLHV�XVLQJ WKH ȝ�PHWKRG�ZDV�LQYHVWLJDWHG�E\�<XQ�DQG�+XQ�������7KH�HIIHFW�RI�SDUDPHWULF�
XQFHUWDLQW\�RQ�WKH�VWDOO�IOXWWHU�ELIXUFDWLRQ�EHKDYLRU�RI�D�SLWFKLQJ�DLUIRLO�ZDV�FRQGXFWHG�E\�6DUNDU�
HW�DO�� ������.KRGDSDUDVW�HW�DO�� ���� VWXGLHG WKH�SUREOHP�RI�OLQHDU�IOXWWHU�DQDO\VLV�LQ�WKH SUHVHQFH RI�
XQFHUWDLQWLHV� 7KH�XVH�RI�HLJHQYDOXH�VWDELOLW\�WR�DQDO\VH�YHU\�ODUJH�GLPHQVLRQ�DHURHODVWLF�QXPHULFDO�
PRGHOV� DULVLQJ� IURP� WKH� H[SORLWDWLRQ� RI� FRPSXWDWLRQDO� IOXLG� G\QDPLFV� KDV� EHHQ� UHYLHZHG� E\�
%DGFRFN� HW� DO� ����� <DQJ� HW� DO�� ���� SUHVHQWHG� D� QHZ� LQWHUYDO�EDVHG�PHWKRG� IRU� WKH� DQDO\VLV� RI�
XQFHUWDLQ� VWUXFWXUHV� XVLQJ WKH /DSODFH� WUDQVIRUP� 7KH� XSSHU� DQG� ORZHU� ERXQGV RI� WKH� QDWXUDO�
IUHTXHQFLHV�RI�VWUXFWXUHV�ZLWK�XQFHUWDLQ�EXW�ERXQGHG�SDUDPHWHUV ZHUH�HYDOXDWHG�E\�6RIL�HW�DO��������
7KH\ DOVR DSSOLHG�LPSURYHG�LQWHUYDO�DQDO\VLV�YLD�DQ�H[WUD�XQLWDU\�LQWHUYDO��(8,��

:DQJ� HW� DO����� GHYHORSHG D� VHTXHQWLDO� PXOWLGLVFLSOLQDU\� GHVLJQ� RSWLPL]DWLRQ� DQG� UHOLDELOLW\�
DQDO\VLV� PHWKRG� XQGHU� QRQ�SUREDELOLVWLF� WKHRU\� WR� GHFRXSOH� WKH� UHOLDELOLW\� DQDO\VLV� IURP� WKH�
RSWLPL]DWLRQ��7KH\�DOVR�XVHG�DQ�LPSURYHG�GLPHQVLRQ�ZLVH�PHWKRG�IRU�PXOWLGLVFLSOLQDU\�LQWHUYDO�
XQFHUWDLQW\�DQDO\VLV������

0DQQLQL�DQG�%DUWROL� ���� SURSRVHG D�PHWKRG�WR�DSSURDFK�ÀXWWHU�LQVWDELOLW\�DQG�FDOFXODWHG�WKH�
FULWLFDO� ZLQG� VSHHG�� VWDUWLQJ� IURP� WKH� SUREDELOLW\� GLVWULEXWLRQ� RI� WKH ÀXWWHU� GHULYDWLYHV�� $�
SUREDELOLVWLF� IOXWWHU� DQDO\VLV� XWLOL]LQJ� D� PHWD�PRGHOLQJ WHFKQLTXH� WR� HYDOXDWH� WKH� HIIHFW� RI�
SDUDPHWHU�XQFHUWDLQW\�RQ�WKH�IOXWWHU�VSHHG�ZDV�FRQGXFWHG�E\�$EEDV�DQG�0RUJHQWKDO����� /RNDWW�����
DSSUR[LPDWHG�WKH�DHURG\QDPLF�PRGHO�XVLQJ�D�SLHFH�ZLVH�FRQWLQXRXV�UDWLRQDO�SRO\QRPLDO�IXQFWLRQ��
7KH\�SURSRVHG�WKLV�PHWKRG�IRU�HIILFLHQW�IOXWWHU�DQDO\VLV�RI�DHURHODVWLF�V\VWHPV�LQFOXGLQJ�PRGHOOLQJ
XQFHUWDLQWLHV� +XDQ�HW�DO������ XVHG�WKH�SRO\QRPLDO�FKDRV�H[SDQVLRQ��3&(��PHWKRG�IRU�XQFHUWDLQW\�
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TXDQWLILFDWLRQ�DQG�VKRZHG WKDW�WKLV�PHWKRG�KDV�OHVV�FRPSXWDWLRQDO�FRVW�FRPSDUHG�WR 0RQWH�&DUOR�
VLPXODWLRQ�

6HYHUDO�RWKHU�PHWKRGV�KDYH�EHHQ�LQYHVWLJDWHG�WR�SURSDJDWH XQFHUWDLQW\�LQ�PHFKDQLFDO�VWUXFWXUHV��
)ULVZHOO�DQG�0RWWHUVKHDG����� GHVFULEHG�YDULRXV�PHWKRGV�IRU�SDUDPHWHU�VHOHFWLRQ��HUURU�ORFDOL]DWLRQ�
DQG VHQVLWLYLW\� DQDO\VLV� DQG� HVWLPDWLRQ� LQ� PHFKDQLFDO� VWUXFWXUHV�� $OVR� PDQ\� HIIRUWV ZHUH�
FRQGXFWHG�RQ PRGHO�XSGDWLQJ�LQ�XQFHUWDLQ�PHFKDQLFDO�VWUXFWXUHV������������������7KH�IX]]\�DSSURDFK�
KDV� EHHQ� XVHG IRU� XQFHUWDLQW\�PRGHOLQJ� DQG SURSDJDWLRQ�� DQG WKLV QRQ�SUREDELOLVWLF�PHWKRG� LV
FRPSXWDWLRQDOO\� ORZ�FRVW� FRPSDUHG� WR� SUREDELOLVWLF� PHWKRGV� ����� &KLDQJ� HW� DO�� ��� PRGHOHG�
VWUXFWXUHV ZLWK�IX]]\�DQG�UDQGRP�XQFHUWDLQWLHV��7KH\�DOVR�VWXGLHG�WKH�UHVSRQVH�RI�VWUXFWXUHV ZLWK�
VWLIIQHVV��GDPSLQJ�DQG�PDVV�XQFHUWDLQWLHV� $�IX]]\�PHWKRGRORJ\�WR�FDOFXODWH WKH�HLJHQYDOXHV DQG�
HLJHQYHFWRUV RI�DQ�XQFHUWDLQ�PHFKDQLFDO�VWUXFWXUH ZDV�SURSRVHG E\�0DVVD�HW�DO��������7KH\�GHVFULEHG�
PDWHULDO�DQG�JHRPHWULF�SDUDPHWHUV�DV�LPSUHFLVH�IX]]\�QXPEHUV��'H�*HUVHP�HW�DO����� SURSRVHG WKH
IX]]\�ILQLWH�HOHPHQW DQG��LQWHUYDO PHWKRGV WR�FDUU\�RXW�IUHTXHQF\�UHVSRQVH�DQG�HLJHQYDOXH DQDO\VLV�
RI�VWUXFWXUHV�ZLWK�XQFHUWDLQ�SDUDPHWHUV��7KH�IOXWWHU�G\QDPLF�SUHVVXUH�RI�D�VHPL�VSDQ�VXSHU�VRQLF�
ZLQG�WXQQHO� PRGHO� ZDV� SUHGLFWHG E\� 7DUWDUXJD HW� DO�� ����� 7KH\� XVHG� SUREDELOLVWLF� DQG� QRQ�
SUREDELOLVWLF�DSSURDFKHV LQ�WKHLU�VWXG\��.KRGDSDUDVW HW�DO� ���� SUHVHQWHG�WKH�DSSOLFDWLRQ�RI�IX]]\�
ILQLWH�HOHPHQW�PRGHO�XSGDWLQJ�WR�WKH�'/5�$,502'�VWUXFWXUH��5H]DHL�HW�DO� ���� LQYHVWLJDWHG�WKH�
IOXWWHU�XQFHUWDLQW\�DQDO\VLV�RI�DQ�DLUFUDIW�ZLQJ�VXEMHFWHG�WR�D�WKUXVW�IRUFH�XVLQJ�D�IX]]\�PHWKRG��
7KH\�PRGHOHG WKH� XQFHUWDLQ� SDUDPHWHUV� DV� WULDQJOH� DQG� WUDSH]LXP�PHPEHUVKLS� IXQFWLRQV�� 7KH�
HLJHQYDOXH�SUREOHP�ZLWK� IX]]\� LQSXW�SDUDPHWHUV�ZDV VROYHG�XVLQJ WKH IX]]\�7D\ORU� H[SDQVLRQ�
PHWKRG�DQG�D�VHQVLWLYLW\�DQDO\VLV�ZDV SHUIRUPHG��$OVR��WKH�XSSHU�DQG�ORZHU�ERXQGV�RI�WKH�IOXWWHU�
UHJLRQ� DW� GLIIHUHQW�Į�FXWV�ZHUH H[WUDFWHG��:DQJ� HW� DO����� SURSRVHG� D� QHZ� UHOLDELOLW\� HVWLPDWLRQ�
PRGHO�EDVHG�RQ�WKH�OHYHO�FXW�VWUDWHJ\�DQG�YROXPH�UDWLR�WKHRU\�

$OWKRXJK� PDQ\� UHVHDUFKHUV� KDYH� VWXGLHG� XQFHUWDLQW\ SURSDJDWLRQ� DQG� LGHQWLILFDWLRQ LQ
VWUXFWXUHV��WKHUH�DUH�OLPLWHG�ZRUNV LQ�WKH�ILHOG�RI�UHOLDELOLW\� 7KH UHOLDELOLW\�DQG�IUHH�YLEUDWLRQ�RI�D�
FDQWLOHYHU�FRPSRVLWH�EHDP�XQGHU�VWUXFWXUDO�XQFHUWDLQW\�ZDV�FRQGXFWHG�E\�2K�DQG�/LEUHVFX� ������
7KH VWUXFWXUDO� XQFHUWDLQW\� ZDV SURSDJDWHG� XVLQJ� 0RQWH� &DUOR� 6LPXODWLRQ� DQG� WKH� 6WRFKDVWLF�
5D\OHLJK�5LW]�PHWKRG�WR�ILQG WKH UHOLDELOLW\�RI�WKH�EHDP�DW�GLIIHUHQW�IUHTXHQFLHV��'L�6FLXYD�DQG�
/RPDULR� ���� DSSOLHG UHOLDELOLW\�PHWKRGV� WR�DQ� LVRWURSLF�EHDP�DQG�D� ODPLQDWHG�FRPSRVLWH�SODWH��
)UDQJRSRXORV�HW�DO������ SUHVHQWHG�D��UHYLHZ�RI�OLIH�F\FOH�UHOLDELOLW\�RSWLPL]DWLRQ�ZLWK�DQ HPSKDVLV�
RQ�DHURVSDFH�DQG�FLYLO�VWUXFWXUHV��:DQJ�DQG�4LX����� SURSRVHG�D�PHWKRG�WR�FDOFXODWH WKH�UHOLDELOLW\�
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RI DQ DHURHODVWLF�ZLQJ�XVLQJ�DQ�LQWHUYDO�DSSURDFK��,QFUHDVLQJ�WKH�UHOLDELOLW\�RI�DLUFUDIW�VWUXFWXUHV
VXEMHFW�WR�DLU�ORDGV ZDV FRQGXFWHG�E\�%LMO�HW�DO�������7KH\�DOVR�FRQGXFWHG VRPH�DHURHODVWLF�DQDO\VLV�
DQG�UHOLDELOLW\�VWXGLHV�WR�LOOXVWUDWH�WKLV NH\�FRQFHSW�

,Q� WKLV�SDSHU� XQFHUWDLQW\�PRGHOLQJ� LV� FRQGXFWHG�XVLQJ D�SRVVLELOLW\� UDWKHU� WKDQ�SUREDELOLW\�
DSSURDFK� 3RVVLELOLW\�PHDQV�VRPHWKLQJ�KDSSHQV�EXW�ZLWK�GLIIHUHQW�TXDOLW\��ZKLOH�SUREDELOLW\�PHDQV
VRPHWKLQJ�KDSSHQV�RU�QRW� ,Q�FRQYHQWLRQDO�UHOLDELOLW\� ZKHQ�WKH�UHOLDELOLW\�RI�D�V\VWHP�LV�������LW�
PHDQV�WKDW�LI�ZH�KDYH�����V\VWHPV��RQH�RI�WKHP�PD\ KDYH IDLOHG�RQ�WKH�GHILQHG�FULWHULRQ��,Q�IX]]\�
UHOLDELOLW\� ZKHQ�WKH�UHOLDELOLW\�RI�D�V\VWHP�LV�������LW�PHDQV�WKDW�LI�ZH�KDYH�����V\VWHPV��QRQH�RI�
WKHP�IDLO�XQGHU�WKH�GHILQHG�FULHULRQ EXW DOO�RI�WKHP�KDYH D ���LPSHUIHFWLRQ��7KXV��IX]]\�UHOLDELOLW\�
VSHDNV DERXW� WKH�TXDOLW\�LQVWHDG�RI�TXDQWLW\� 7KH�XQFHUWDLQ�SK\VLFDO SDUDPHWHUV�DUH PRGHOHG�DV�
WULDQJXODU IX]]\�PHPEHUVKLS�IXQFWLRQV��DOWKRXJK�RWKHU�PHPEHUVKLS�IXQFWLRQV��VXFK�DV�WUDSH]RLGDO�
RU�*DXVVLDQ��PD\�DOVR�EH�XVHG��7KH�XQFHUWDLQW\�LV�WKHQ�SURSDJDWHG WKURXJK�WKH�DHURHODVWLF�ZLQJ�
PRGHO�� D� IOXWWHU� DQDO\VLV� LV� FRQGXFWHG�� DQG� D� IX]]\� UHJLRQ� RI� IOXWWHU� LV� REWDLQHG� LQVWHDG� RI� D�
GHWHUPLQLVWLF�IOXWWHU�UHJLRQ� )XUWKHUPRUH��WKH�UHOLDELOLW\�RI�WKH�ZLQJ�DJDLQVW�IOXWWHU�LV�GHWHUPLQHG�
IURP�D�S\UDPLG�EDVHG�RQ�WKH�IOXWWHU�VSHHG�DQG�WKH�DLU�VSHHG�LQWHUIHUHQFH�DUHD��

7R�WKH�EHVW�RI�WKH�DXWKRUV¶�NQRZOHGJH��LQ�WKH�SHUWLQHQW�OLWHUDWXUH��WKH�UHOLDELOLW\�RI�DQ�DHURHODVWLF�
ZLQJ�XVLQJ�WKLV�W\SH�RI�IX]]\ DSSURDFK�KDV QRW�\HW�EHHQ�SUHVHQWHG��7KLV�UHVHDUFK�LQWHQGV WR�ILOO�WKH�
JDS�LQ�NQRZOHGJH�UHODWHG�WR�WKLV�SUREOHP� ,Q�WKLV�SDSHU� WKH�VWDELOLW\�UHJLRQ�LV�SUHVHQWHG�DV�D�WKUHH�
GLPHQVLRQDO� IX]]\� S\UDPLG�VKDSH�� )XUWKHUPRUH�� PRGDO� GDPSLQJ� DQG� IUHTXHQF\� GLDJUDPV DW
GLIIHUHQW�Į�FXWV�DUH�SUHVHQWHG�

��� )/877(5�$1$/<6,6�2)�$�'(7(50,1,67,&�:,1*�02'(/
7KHUH�DUH�WKUHH�JHQHUDO�PHWKRGV�WR�HVWLPDWH WKH�ZLQJ�IOXWWHU XQGHU XQVWHDG\ DHURG\QDPLF ORDGV��
QDPHO\� WKH .�� 3.� DQG� 3� PHWKRGV� ������ 7KH� 3� PHWKRG�� LQFOXGLQJ� WKH� ILQLWH� VWDWH� XQVWHDG\�
DHURG\QDPLF�ORDGLQJ�RI�3HWHUV�HW�DO� ������LV PRVW�VXLWHG�WR WKH�HVWLPDWLRQ�RI WKH�IOXWWHU ERXQGDU\ �����
��� DQG�KHQFH�LV�XVHG�LQ�WKLV�SDSHU��,Q�WKLV�PHWKRG� WKH�DHURHODVWLF�HTXDWLRQV�DUH�FRQYHUWHG WR�WKH�
VWDWH� VSDFH IRUP DQG� WKH� IOXWWHU� ERXQGDU\� LV� REWDLQHG� E\� VROYLQJ DQ� HLJHQYDOXH� SUREOHP� 7KH�
FRPSOH[�HLJHQ VROXWLRQV FRQWDLQ UHDO�DQG�LPDJLQDU\�SDUWV� E\ LQWHUSUHWLQJ WKHVH�YDOXHV�DW GLIIHUHQW�
ZLQG�VSHHGV��WKH�IOXWWHU�VSHHG LV�GHWHUPLQHG�IURP�WKH�VWDELOLW\�RI�WKH�HLJHQYDOXHV�
7KH�JHQHUDO�GLVFUHWL]HG�IRUP�RI�WKH�ZLQJ�DHURHODVWLF�JRYHUQLQJ�HTXDWLRQV�FDQ�EH H[SUHVVHG�DV�
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ZKHUH�ȟ LV�WKH�JHQHUDOL]HG�FRRUGLQDWHV YHFWRU�0V LV�WKH�LQHUWLD�PDWUL[��0D LV�WKH�DSSDUHQW�PDVV�
PDWUL[�GXH�WR�QRQ�FLUFXODWRU\ DHURG\QDPLF�IRUFHV� &V LV�WKH�VWUXFWXUDO�GDPSLQJ�PDWUL[��&D LV�WKH�
DHURG\QDPLF�GDPSLQJ�PDWUL[�.V LV WKH VWUXFWXUDO�VWLIIQHVV�PDWUL[�DQG�.D LV�WKH�DHURHODVWLF�VWLIIQHVV�
PDWUL[�GXH�WR�FLUFXODULW\�IRUFHV ��������� 7KLV VHFRQG� RUGHU�GLIIHUHQWLDO�HTXDWLRQ FDQ�EH�WUDQVIRUPHG�
LQWR�D�VHW�RI�ILUVW�RUGHU�GLIIHUHQWLDO�HTXDWLRQV�LQ�VWDWH�VSDFH��

� � � �PDWȥ W  $ ȥ W � ���

ZKHUH WKH�VWDWH�YHFWRU�ȥ�W� LV�GHILQHG�DV�

� � � �� �ª º« »¬ ¼
ȟ Wȥ W  ȟ W � ���

7KH�V\VWHP�PDWUL[�$PDW LV�REWDLQHG�DV�

� � � � � � � �� �
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$IWHU�VROYLQJ�HTXDWLRQ ���� WKH�HLJHQYDOXH YHFWRU LV�GHULYHG�DV�
rȁ  ī Lȍ � ���

ZKHUH�Ƚ LV� PRGDO� GDPSLQJ YHFWRU �ZLWK� HOHPHQWV� ȖM� DQG�ȍ �ZLWK� HOHPHQWV ȦM�� LV WKH PRGDO�
IUHTXHQF\ YHFWRU�� :KHQ� ȖM�� IRU� DOO� M�� DQ\� WUDQVLHQW RVFLOODWLRQV� GHFD\ DQG� WKH� V\VWHP� LV�
G\QDPLFDOO\�VWDEOH� $V�WKH�ZLQG�VSHHG� LQFUHDVHV��RQH�FRPSRQHQW�RI WKH PRGDO�GDPSLQJ�YHFWRU
WHQGV�WR ]HUR DQG�WKHQ�EHFRPHV�SRVLWLYH��7KH�ILUVW�DLUVSHHG�DW�ZKLFK�WKLV�HOHPHQW�EHFRPH�]HUR LV
WKH�IOXWWHU�VSHHG DQG�WKH�FRUUHVSRQGLQJ�PRGDO�IUHTXHQF\ LV�WKH�IOXWWHU�IUHTXHQF\�

����)8==<�81&(57$,17<�$3352$&+
7KH�ZLQJ�IOXWWHU�VSHHG�LV�JHQHUDOO\�DQ�XQFHUWDLQ�SDUDPHWHU�EHFDXVH�LW�GHSHQGV�XSRQ�VWUXFWXUDO�DQG�
DHURG\QDPLF� SDUDPHWHUV�ZKLFK� DUH� SK\VLFDOO\� XQFHUWDLQ GXH� WR�PDQXIDFWXULQJ� DQG� RSHUDWLRQDO�



�

FRQGLWLRQV��$LUVSHHG� LV DOVR QRW�D�FHUWDLQ SDUDPHWHU��ZKHQ� WKH�VSHHG� LV�VHW�DW�D�VSHFLILHG�YDOXH�
GXULQJ�WKH�IOLJKW��WKH�DLU�VSHHG�PD\�IOXFWXDWH�DURXQG�WKLV�YDOXH�GXH�WR�DWPRVSKHULF�FRQGLWLRQV��
$Q�HLJHQYDOXH�SUREOHP�IRU�WKH�3�PHWKRG�LQFOXGLQJ�XQFHUWDLQ�SDUDPHWHUV� FDQ EH�UHSUHVHQWHG�DV
�����

� � � � � �� �� ����� P] ] ]PDWȥ W  $ ȥ W � ���
ZKHUH WKH ప෩ߞ DUH WKH XQFHUWDLQ� SDUDPHWHUV� DQG P LV� WKH� QXPEHU� RI� XQFHUWDLQ� SDUDPHWHUV�� 7KH�
XQFHUWDLQ�SDUDPHWHUV�DUH PRGHOHG�DV IX]]\�QXPEHUV��7KH IX]]\�SDUDPHWHU] ��ZKLFK�LV�VKRZQ�LQ
)LJXUH ���LV�GHILQHG�E\ D�YDULDWLRQ�DERXW�D�FULVS�YDOXH�DW HDFK�Į�FXW�

)LJXUH �� 7ULDQJXODU IX]]\�PHPEHUVKLS�IXQFWLRQ�

$FFRUGLQJ�WR�WKLV�ILJXUH��DQ�Į�FXW�LV�WKH�VHW�RI�DOO�] VXFK�WKDW� � �P ] LV�JUHDWHU�WKDQ�RU�HTXDO�WR�Į���
7KH�IX]]\�YHFWRU ȗ LV�GHILQHG�E\ D�FULVS�YDOXH ]F DQG�WKH�YDULDWLRQ 'ȗ DW�D�JLYHQ�Į�FXW�DV
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ZKHUH� Dȗ DQG� Dȗ DUH WKH PD[LPXP�DQG�PLQLPXP RI�WKH�IX]]\ SDUDPHWHU YHFWRU ȗ IRU�D�JLYHQ�Į�
FXW��UHVSHFWLYHO\��7KH�PHPEHUVKLS�IXQFWLRQ�LV�GLVFUHWL]HG�E\�GLIIHUHQW�LQWHUYDOV�ZKLFK�DUH�OLQNHG�
WR Į�FXWV UDQJLQJ�IURP�� WR���

0DQ\�PHWKRGV�WR�GHWHUPLQH�RXWSXW��UHVSRQVH��LQWHUYDOV�EDVHG�RQ�WKH�LQSXW��SDUDPHWHU��LQWHUYDOV�
DUH� DYDLODEOH� PDQ\� RI� ZKLFK� XVH� WKH� H[DFW� LQSXW�RXWSXW� IXQFWLRQDO� UHODWLRQVKLS�� +HUH�� WR�
GHPRQVWUDWH�WKH�SURSRVHG�DSSURDFK��WKH�LQWHUYDO�LV�GLYLGHG�LQWR�VHYHUDO LQWHUYDOV�DW�HDFK Į�FXW�DQG�
D ILUVW�RUGHU�7D\ORU�VHULHV�H[SDQVLRQ�LV�XVHG�WR�GHWHUPLQH�WKH�XSSHU�DQG�ORZHU�ERXQGV RI�WKH�IOXWWHU�
IUHTXHQF\�DQG�PRGDO�GDPSLQJ IRU�HDFK�LQWHUYDO�

7KH�LQWHUYDO�PRGHO�FDQ�EH�XVHG�WR�GHVFULEH�QRQOLQHDU�G\QDPLF�V\VWHPV�XQGHU�XQFHUWDLQW\�ZLWK�
ORZ�RUGHU�7D\ORU� VHULHV� H[SDQVLRQV��+RZHYHU�� WKH�7D\ORU� VHULHV�EDVHG� LQWHUYDO�PHWKRG� LV RQO\�
VXLWDEOH�IRU SUREOHPV�ZLWK�VPDOO�XQFHUWDLQW\ OHYHOV�������7UXQFDWLRQ HUURUV�H[LVW�LQ�WKLV�OLQHDU�PRGHO
VLQFH WKH�KLJKHU�RUGHU�WHUPV DUH QHJOHFWHG� EXW�IRU�KLJKO\ QRQOLQHDU�SUREOHPV��WKH�WUXQFDWLRQ�HUURU�
FDQQRW�EH�LJQRUHG �����
8VLQJ WKLV�PHWKRG� WKH�PRGDO�GDPSLQJ�DQG�IUHTXHQF\�DUH H[SUHVVHG�DV
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$IWHU�DSSO\LQJ�WKH�LQWHUYDO�RSHUDWLRQ� WKH�ORZHU�DQG�WKH�XSSHU�ERXQGV RI�WKH�PRGDO�GDPSLQJ DW
HDFK�Į�FXW DUH GHILQHG��UHVSHFWLYHO\��DV��
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$OVR��WKH�ORZHU�ERXQG�DQG�WKH�XSSHU�ERXQG�RI�WKH�PRGDO�IUHTXHQF\�DW HDFK�Į�FXW DUH�
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1RWH�WKDW�WDNLQJ�WKH�DEVROXWH�YDOXHV�RI�WKH�VHQVLWLYLWLHV�LQ�HTXDWLRQV �����WR������PD\�OHDG�WR�
FRQVHUYDWLYH�ERXQGV��7KH�IOXWWHU�VSHHG�WKDW�FRUUHVSRQGV�WR�HTXDWLRQ �����JLYHV�WKH�XSSHU ERXQG�RI�
WKH�IOXWWHU�VSHHG�� )8D �� DQG WKH�IOXWWHU�VSHHG�WKDW�FRUUHVSRQGV�WR�HTXDWLRQ �����SURYLGHV�WKH�ORZHU�
ERXQG�RI�WKH�IOXWWHU�VSHHG�� )8D �� 7KH�FULVS�YDOXHV�FDQ�EH�HDVLO\�REWDLQHG�E\�VROYLQJ HTXDWLRQ �����
$QDO\WLFDO�H[SUHVVLRQV�RI�WKH�SDUWLDO�GHULYDWLYHV � ��F L8D DJ ]w wȗ DQG � ��F L8D DZ ]w wȗ FDQQRW
EH�REWDLQHG HDVLO\�GXH�WR�WKH�FRPSOLFDWHG�LPSOLFLW IXQFWLRQDO UHODWLRQVKLS�EHWZHHQ�Ȗ DQG�Ȧ� 2QH�
SUDFWLFDO�PHWKRG�WR�FDOFXODWH�WKHVH�H[SUHVVLRQV�LV�WR�XVH ILQLWH GLIIHUHQFH�DSSUR[LPDWLRQV ����� $IWHU�
VROYLQJ�WKH�DERYH�HTXDWLRQV��WKH�IOXWWHU�VSHHG�ERXQG�DW HDFK�Į�FXW�LV�GHULYHG��7KHVH�ERXQGV DUH
FRPELQHG�WR�DFKLHYH WKH�H[DPSOH PHPEHUVKLS�IXQFWLRQ�VKRZQ�LQ�)LJXUH ��

)LJXUH �� $Q�H[DPSOH IOXWWHU�VSHHG�PHPEHUVKLS�IXQFWLRQ�
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,Q�WKLV�VHFWLRQ� WKH�UHOLDELOLW\�RI�WKH�ZLQJ�IOXWWHU�VSHHG�LV�LQYHVWLJDWHG��7R�WKLV�HQG� WKH�IOXWWHU�VSHHG
DQG�DLU�VSHHG LQWHUIHUHQFH�S\UDPLG LV�REWDLQHG DQG�WKHQ�WKH�IX]]\�UHOLDELOLW\�DSSURDFK LV�HPSOR\HG�
WR�GHWHUPLQH WKH�IOXWWHU�UHOLDELOLW\�

�����$LUVSHHG DQG�IOXWWHU�VSHHG LQWHUIHUHQFH
7KH PHWKRG�WR�REWDLQ�WKH IOXWWHU�VSHHG PHPEHUVKLS�IXQFWLRQ�ZDV�GHVFULEHG LQ�WKH�SUHYLRXV�VHFWLRQ��
7KH�DLU�VSHHG FDQ�EH�PRGHOHG�DV�DQRWKHU�PHPEHUVKLS�IXQFWLRQ ܷ௪෪ �� ,W�LV�DVVXPHG�WKDW�WKH�FULVS
YDOXH� RI� WKH� DLU VSHHG LV F

Z8 � DQG LW�ZLOO� QRW� EH� OHVV� WKDQ� PLQ
Z8 QRU JUHDWHU� WKDQ PD[

Z8 � ,I� WKH�
WULDQJXODU�PHPEHUVKLS�IXQFWLRQ�LV�XVHG�IRU�WKH�DLU�VSHHG�LW�PHDQV�WKDW�WKH�SRVVLELOLW\�RI� F

Z8 LV�Į ��
)RU�RWKHU�LQWHUYDO�SRLQWV��WKH�SRVVLELOLW\�UHGXFHV OLQHDUO\�IURP���WR��� :KHQ�WKH�DLU�VSHHG�LV�HTXDO�
WR PLQ

Z8 RU�ORZHU��RU ZKHQ WKH�DLU�VSHHG�LV�HTXDO�WR� PD[
Z8 RU�KLJKHU��WKH�SRVVLELOLW\�RI�WKH�DLU�VSHHG

LV ]HUR� 7KH�SRVVLELOLW\�RI�WKH�DLU�VSHHG PHPEHUVKLS�IXQFWLRQ�ܷ௪෪ FDQ�EH�ZULWWHQ�DV�

� �
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7KH�DLU VSHHG�DQG�IOXWWHU�VSHHG�PHPEHUVKLS�IXQFWLRQV�DQG�WKHLU�WZR�GLPHQVLRQDO�LQWHUIHUHQFH�
DUH�VKRZQ�LQ�)LJXUH ��

,I�WKHUH�LV�D�UHJLRQ�ZKHUH�WKLV�LQWHUIHUHQFH�RFFXUV��WKHQ�WKHUH�LV�D�SRVVLELOLW\�RI�IOXWWHU� RWKHUZLVH��
WKH�IOXWWHU�SRVVLELOLW\�LV�]HUR��,Q�WKLV�VHFWLRQ��WKH�IOXWWHU�UHOLDELOLW\�RI�WKH�ZLQJ�LV�FDOFXODWHG�EDVHG�
RQ�WKH�JHQHUDO�QRQ�SUREDELOLVWLF�LQWHUYDO�UHOLDELOLW\�PRGHO��:DQJ�DQG�4LX����� XVHG�WKLV�PHWKRG�IRU�
IOXWWHU�UHOLDELOLW\�DQDO\VLV�E\�PHDQV�RI�UHFWDQJXODU�PHPEHUVKLS�IXQFWLRQV�IRU�IOXWWHU�VSHHG�DQG�DLU�
VSHHG��7KH\�UHSUHVHQWHG�WKH�IOXWWHU�VSHHG�DQG�DLU�VSHHG�LQ�D�SODQH��DV�VKRZQ�LQ�)LJXUH ���7KH�VROLG�
UHFWDQJOH�VKRZV�WKH�UHJLRQ�RI�YDULDWLRQ�RI�ERWK�ܷ௪෪ DQGܷி෪ ��%\�FURVVLQJ�WKLV�UHJLRQ�ZLWK�WKH�IDLOXUH�
SODQH�ܷ௪ ൌ ܷி ��WKH�VDIH�UHJLRQ�DQG�WKH�IDLOXUH�UHJLRQ�FDQ�EH�GHWHUPLQHG�DV�VKRZQ�LQ�)LJXUH ��
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)LJXUH �� )OXWWHU VSHHG�DQG�ZLQG�VSHHG���'�IX]]\�LQWHUIHUHQFH�

)LJXUH �� 6SDFH RI�YDULDEOHV DQG�WKH�RFFXUUHQFH�RI�LQWHUIHUHQFH�

+HUH��GXH�WR� WKH�XVH�RI WULDQJXODU PHPEHUVKLS�IXQFWLRQV�IRU�IOXWWHU�VSHHG�DQG�DLU VSHHG��VXFK�D�
VSDFH� RI� YDULDEOHV RFFXUV DW HDFK� Į�FXW�� %\� DVVHPEOLQJ WKLV� VSDFH� RI� YDULDEOHV� DW DOO� Į�FXWV�� D�
S\UDPLG�LV�FUHDWHG�LQ�WKH�VSDFH RI� ܷ௪ െ ܷி െ ǡߙ DV�VKRZQ�LQ�)LJXUH ���7KH�DSSURDFK�ZRXOG�DOVR�
ZRUN�IRU�QRQ�WULDQJXODU PHPEHUVKLS�IXQFWLRQV�DOWKRXJK�WKH�VKDSHV ZRXOG�EH�PRUH�FRPSOH[�DQG
WKH FRPSXWDWLRQ�PRUH�LQWHQVLYH�

7KLV�S\UDPLG� VKRZV� WKH� UHJLRQ�RI�YDULDWLRQV�RI�ܷ௪෪ � DQG ܷி෪ IRU� HDFK�Į�FXW��%\� FXWWLQJ� WKLV�
YROXPH�ZLWK� WKH�IDLOXUH�SODQH ܷ௪ ൌ ܷி�� WKH�VDIH�YROXPH�DQG� WKH�IDLOXUH�YROXPH�DUH�GHILQHG�DV�
VKRZQ�LQ�)LJXUH �� 8VLQJ�WKLV�DSSURDFK��WKH�HIIHFWV�RI�ERWK�DLU�VSHHG�DQG�IOXWWHU�VSHHG�XQFHUWDLQWLHV�
DUH�FRQVLGHUHG�LQ�WKH�UHOLDELOLW\�DQDO\VLV�
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)LJXUH �� 7KH S\UDPLG�RI�YDULDEOHV�LQ�WKH�FDVH�RI WULDQJXODU PHPEHUVKLS�IXQFWLRQV�

)LJXUH �� 6DIH�UHJLRQ�DQG�IDLOXUH�UHJLRQ�
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�����)X]]\�UHOLDELOLW\�RI�WKH�ZLQJ�IOXWWHU�VSHHG
,Q�WKH�GHVLJQ�SURFHVV��WKH�DLU�VSHHG ܷ௪෪ LV�UHTXLUHG�WR�EH�VPDOOHU�WKDQ�WKH�IOXWWHU�VSHHG ܷி෪ ��7KLV�
LPSOLHV WKDW�ZLWK� UHVSHFW� WR� WKH�FULVS YDOXHV� �Į ���� WKH ZLQJ VKRXOG EH�VDIH��$V�D� UHVXOW�RI� WKH�
GLVSHUVLRQ�RI�WKH�IX]]\�DUHDV� WKH\ PD\�VKDUH�WKH�VDPH�QXPHULFDO�YDOXHV��VKRZQ�LQ�)LJXUH � DV�WKH
VKDGHG�UHJLRQ�

$V�VKRZQ�EHIRUH��WKH�VSDFH�RI�YDULDEOHV IRUPV D�S\UDPLG��7KLV YROXPH�LV�D�IXQFWLRQ�RI� Z8 DQG
)8 �� DQG GHILQHG DV � ��9 ) Z) 8 8 ��%\� LQWHJUDWLQJ WKLV� IXQFWLRQ�� WKH� WRWDO� YROXPH�RI� WKH� VSDFH�RI�

YDULDEOHV LV�REWDLQHG�DV�
� ��9 ) Z

9
9 ) 8 8 G9 ³³³ � ����

7KH� LQWHJUDWLRQ� RI� HTXDWLRQ ���� LV� HYDOXDWHG QXPHULFDOO\�� ,Q� WKLV� PHWKRG� WKH� S\UDPLG� LQ� WKH�
SRVVLEOH� VSDFH� LV� GLYLGHG� LQWR� FXERLGV EDVHG� RQ� WKH� QXPEHU� RI� DOSKD� FXWV�� DV� VKRZQ� LQ�)LJ�� ��
VFKHPDWLFDOO\��7KHQ�WKH YROXPH�RI�WKH�S\UDPLG�LV�REWDLQHG�E\�VXPPLQJ�WKH YROXPHV RI�DOO�RI�WKH�
FXERLGV��7R�HYDOXDWH�WKH�IDLOXUH�YROXPH� WKH�FXERLG�IRU HDFK�Į�FXW�LV�VSOLW�LQWR�WZR�SRO\JRQ SULVPV
�IRU�H[DPSOH�WULDQJXODU�SULVPV� GHILQHG�E\�WKH�IDLOXUH�SODQH��7KH�YROXPH�RI�WKH�IDLOXUH�UHJLRQ�LV�
REWDLQHG�E\�VXPPLQJ�WKH�YROXPH�RI�DOO�RI�WKH�SULVPV ZLWKLQ�WKH�IDLOXUH�UHJLRQ� �

)LJXUH��� 1XPHULFDO�LQWHJUDWLRQ�HYDOXDWLRQ�WR�REWDLQ WKH�YROXPH�RI�WKH SRVVLEOH�VSDFH�
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7KH�VDIH�YROXPH 9V LV�WKH SDUW�RI�WKLV WRWDO�YROXPH�9 LQ ZKLFK Z )8 8d ��DQG�WKH�IDLOXUH�YROXPH� 9I

LV�WKH SDUW�RI�WKH�WRWDO�YROXPH�9�LQ�ZKLFK Z )8 8t �VHH�)LJXUH ��� 7R�SUHVHQW WKH�PDWKHPDWLFDO�
FRQFHSW��WKH�IROORZLQJ�IXQFWLRQ�LV�GHILQHG�

ȩ ൌ ܷி෪ െ ܷ௪෪ � ����
7KH�VDIH�YROXPH�LV�D�YROXPH�LQ�ZKLFK�Ȅ!� DQG�WKH�IDLOXUH�YROXPH�LV�D�YROXPH�LQ�ZKLFK�Ȅ����

)RU�WKH�FDVH�Ȅ ��WKH�IDLOXUH�SODQH�LV�FUHDWHG��$VVXPLQJ�WKDW�Ȥ�LV�WKH�SRVVLELOLW\�RI�HDFK�HYHQW��WKH�
SRVVLELOLW\�RI�WKH�VDIH�UHJLRQ�LV�REWDLQHG�DV�

� �� V9
9F ; �  � ����

6LPLODUO\� WKH�SRVVLELOLW\�RI�WKH�IDLOXUH�UHJLRQ�LV�

� �� I9
9F ; !  � ����

7KHQ�WKH�UHOLDELOLW\�RU�VDIHW\�SUREDELOLW\ RI WKH�IOXWWHU�VSHHG LV�IRUPXODWHG�DV�

� �� � IV 995 9 9F ; �   � � ����

)LJXUH � VKRZV�D�FDVH�LQ�ZKLFK DOO�SDUWV RI�WKH�VSDFH�RI�YDULDEOHV DUH�LQ�WKH�VDIH�UHJLRQ��,Q WKLV�
FDVH� WKH�IOXWWHU�DLUVSHHG�PHPEHUVKLS�IXQFWLRQ ORZHU ERXQG�LV�ODUJHU�WKDQ WKH�PD[LPXP�ZLQG�VSHHG�
DQG WKH�UHOLDELOLW\�RI�WKH�IOXWWHU�RFFXUUHQFH�LV����7KLV�PHDQV�WKDW�WKH�IOXWWHU�ZLOO�QRW�KDSSHQ�XQGHU�
DQ\�FLUFXPVWDQFHV�
,I�DOO�SDUWV�RI�WKH�VSDFH�RI�YDULDEOHV�DUH�ORFDWHG�LQ�WKH�UHJLRQ�ZKHUH� ߌ ൌ ܷி෪ െ ܷ௪෪ ൐ Ͳ ��DV�VKRZQ�
LQ�)LJXUH ���WKHQ�WKH�DLU�VSHHG�LV�DOZD\V ODUJHU�WKDQ�WKH�PD[LPXP�IOXWWHU�DLUVSHHG��,Q�WKLV�FDVH� WKH�
UHOLDELOLW\�RI�IOXWWHU�RFFXUUHQFH�LV����DQG�KHQFH�IOXWWHU�ZLOO�GHILQLWHO\ KDSSHQ�
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)LJXUH �� $�FDVH�LQ�ZKLFK�DOO�SDUWV RI�WKH�LQWHUIHUHQFH�YROXPH�DUH�LQ�WKH�VDIH�UHJLRQ�

)LJXUH ���$�FDVH�LQ�ZKLFK�DOO�SDUWV RI�WKH�LQWHUIHUHQFH�YROXPH�DUH�LQ�WKH�IDLOXUH�UHJLRQ�

7KH�VWHSV�IRU�WKLV�PHWKRG�DUH�JLYHQ�DV�D�IORZFKDUW�LQ�)LJXUH ����)LUVW� XQFHUWDLQ�SDUDPHWHUV�DUH
GHWHUPLQHG�DV�IX]]\�PHPEHUVKLS�IXQFWLRQV��7KHQ�WKHVH IX]]\�PHPEHUVKLS�IXQFWLRQV�DUH GLYLGHG�
WR� LQWHUYDOV�� DQG� WKH� LQWHUYDOV DUH� HYDOXDWHG DW HDFK YDOXH� RI Į�� ,Q WKH QH[W� VWHS�� WKH LQWHUYDO
FRUUHVSRQGLQJ� WR� HDFK� Į�FXW� LV� SURSDJDWHG� LQWR� WKH� VWUXFWXUDO� HTXDWLRQV XVLQJ� D� 7D\ORU� VHULHV�
H[SDQVLRQ��DQG�WKH�XSSHU�DQG�ORZHU�ERXQGV RI WKH IOXWWHU�VSHHG�DUH REWDLQHG��%\�DVVHPEOLQJ�WKH�
IOXWWHU�VSHHG�DW HDFK�Į�FXW�WKH�IOXWWHU�VSHHG�PHPEHUVKLS�IXQFWLRQ�LV�REWDLQHG��7KH��'�LQWHUIHUHQFH
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EHWZHHQ WKH REWDLQHG�IOXWWHU�VSHHG�DQG�WKH�DLUVSHHG�PHPEHUVKLS�IXQFWLRQV IRUPV D�S\UDPLG� %\�
LQWHUSUHWLQJ� WKH�YROXPH�RI� WKLV�S\UDPLG�E\� WKH�PHQWLRQHG�FXWWLQJ�SODQH� WKH�IOXWWHU� UHOLDELOLW\� LV�
REWDLQHG�

)LJXUH ��� )X]]\�PHWKRG�IORZFKDUW

����180(5,&$/�(;$03/(6
0DQ\� WKHRUHWLFDO� DQG� H[SHULPHQWDO� VWXGLHV� RQ�ZLQJ� DHURHODVWLFLW\� KDYH� EHHQ� SHUIRUPHG LQ� WKH�
OLWHUDWXUH�XVLQJ�W\SLFDO�VHFWLRQ�PRGHOV ���������7KHVH�PRGHOV�FDQ�UHSUHVHQW� W\SLFDO�DLUIRLO�VHFWLRQV�
DORQJ�D�ILQLWH�ZLQJ�DQG�DUH�VWLOO�ZLGHO\�XVHG�E\�UHVHDUFKHUV�EHFDXVH�RI�WKHLU�VLPSOLFLW\��7KH�PRVW�
SRSXODU�VWUXFWXUDO�PRGHOV�XVHG�IRU�ZLQJ�DHURHODVWLFLW\�DUH�EHDP�PRGHOV ��������������7KHVH�PRGHOV�
FRQVLGHU�WKH�ZLQJ�DV�D�IOH[LEOH�EHDP�WKDW�H[SHULHQFHV��LQ�JHQHUDO��EHQGLQJ�LQ�WZR�RUWKRJRQDO�SODQHV�
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DQG�WRUVLRQ�DERXW�WKH�HODVWLF�D[HV� ,Q�WKLV�VHFWLRQ��WR�LOOXVWUDWH�WKH�IHDVLELOLW\�RI�WKH�IX]]\�UHOLDELOLW\�
PHWKRG��D�W\SLFDO�VHFWLRQ �' ZLQJ�PRGHO DQG�D�FOHDQ�ZLQJ��'�PRGHO DUH�XVHG�

�����([DPSOH����7\SLFDO�6HFWLRQ��'�:LQJ�0RGHO
$�W\SLFDO�VHFWLRQ�ZLQJ PRGHO� ���� LV�VKRZQ�LQ�)LJXUH ����7KLV�FRQILJXUDWLRQ�FRXOG�UHSUHVHQW�WKH�
FDVH�RI�D�ULJLG��WZR�GLPHQVLRQDO�ZLQG�WXQQHO�PRGHO�WKDW�LV�HODVWLFDOO\�PRXQWHG�LQ�D�ZLQG�WXQQHO�
WHVW�VHFWLRQ��RU�FRXOG�FRUUHVSRQG�WR�D�W\SLFDO�DLUIRLO�VHFWLRQ�DORQJ�D�ILQLWH�ZLQJ��,Q�WKH�ODWWHU�FDVH��
WKH� GLVFUHWH� VSULQJV� ZRXOG� UHIOHFW� WKH�ZLQJ� VWUXFWXUDO EHQGLQJ� DQG� WRUVLRQDO� VWLIIQHVV�� DQG� WKH�
UHIHUHQFH�SRLQW�ZRXOG�UHSUHVHQW�WKH�ZLQJ�HODVWLF�D[LV�

6XSSRVH� WKDW� WKH� ZLQJ� PDVV�� PRPHQW� RI� LQHUWLD� DQG IOH[XUDO� DQG� WRUVLRQDO� VWLIIQHVVHV DUH�
XQFHUWDLQ� SDUDPHWHUV�� 7KHVH� SDUDPHWHUV� VKRXOG� EH� FRQYHUWHG� WR� IX]]\� WULDQJOH� PHPEHUVKLS�
IXQFWLRQV��7KH�PHPEHUVKLS�IXQFWLRQV�DUH H[SUHVVHG�DV��ȟPLQ��ȟF��ȟPD[�� LQ�ZKLFK�ȟPLQ DQG�ȟPD[ DUH�
PLQLPXP�DQG�PD[LPXP�YDOXHV�DW�Į ���DQG�ȟF LV�WKH�YDOXH�DW�Į ���7KH�IX]]\�WULDQJOH�PHPEHUVKLS�
IXQFWLRQV� RI� WKH� XQFHUWDLQ� SDUDPHWHUV DUH DVVXPHG� WR� EH ����� � ����� �P P P P �

����� � ����� �3 3 3 3, , , , � ����� � ����� �K K K KN N N N DQG ����� � ����� �N N N NT T T T �

)LJXUH ��� $�W\SLFDO�VHFWLRQ�ZLQJ�PRGHO�

7KH�DHURHODVWLF�JRYHUQLQJ�HTXDWLRQV�FDQ�EH�GHULYHG DV�
� � KP K E[ N K /TT� �  � � ����

�
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ZKHUH P LV�WKH�W\SLFDO�VHFWLRQ�PDVV� [T LV�WKH�FKRUG�ZLVH�RIIVHW�RI�WKH�FHQWHU�RI�PDVV�IURP�WKH�
UHIHUHQFH� SRLQW�� ,3 LV� WKH� PRPHQW� RI� LQHUWLD� DERXW� 3�� / LV� WKH� DHURG\QDPLF� OLIW� 04 LV� WKH
DHURG\QDPLF�PRPHQW�DQG NK DQG�Nș DUH�IOH[XUDO�DQG�WRUVLRQDO�VWLIIQHVVHV� UHVSHFWLYHO\�
8QVWHDG\�DHURG\QDPLF�ORDGV�DUH�VLPXODWHG�EDVHG�RQ WKH�PRGHO�RI 3HWHUV�HW�DO������ DV

�
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Q
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 ¦ LV�WKH�LQGXFHG�IORZ�YHORFLW\�DQG�LV FDOFXODWHG�WKURXJK�D�V\VWHP�RI�1 ILUVW�RUGHU�

FRXSOHG�GLIIHUHQWLDO�HTXDWLRQV �����
7R�VROYH�WKH DERYH�HTXDWLRQV� WKH�IROORZLQJ�GLPHQVLRQOHVV�SDUDPHWHUV�DUH�LQWURGXFHG�

�
� �

S K, P 8U 9PE E ET T
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)RU�YDOLGDWLRQ��WKH�PRGDO�GDPSLQJ�YHUVXV�GLPHQVLRQOHVV�DLU�VSHHG�LV�VKRZQ�LQ�)LJXUH �� DQG�
FRPSDUHG�ZLWK WKH�UHVXOWV�JLYHQ�LQ�UHIHUHQFH ����� 7KLV�YDOLGDWLRQ�LV�SHUIRUPHG�WR�GHWHUPLQH�WKH�
DFFXUDF\�RI�WKH�FXUUHQW�DHURHODVWLF�JRYHUQLQJ�HTXDWLRQV�DQG�WKH�VROXWLRQ�PHWKRGRORJ\��

)XUWKHUPRUH�� IRU�PRGHO�YDOLGDWLRQ�� WKH�GHWHUPLQLVWLF� W\SLFDO� VHFWLRQ�PRGHO� LV� DOVR�FRPSDUHG�
ZLWK�DQ�(TXLYDOHQW��'�*RODQG�ZLQJ����� LQ�ZKLFK�WKH�IOH[XUDO�DQG�WRUVLRQDO�VWLIIQHVV�DUH�FRQVLGHUHG�
DV � ��������KN / (,S DQG � ���N / *-T S ��7KH SDUDPHWHUV�DUH�JLYHQ�LQ�7DEOH����7KH�IOXWWHU�
VSHHG�DQG�IUHTXHQF\�DUH�REWDLQHG�DQG�FRPSDUHG�LQ�7DEOH����7KH�UHVXOWV�VKRZ�WKDW�WKLV��'�PRGHO�
ZLWK�ILQLWH�VWDWH�XQVWHDG\�DHURG\QDPLF�ORDGLQJ�LV�LQ�JRRG�DJUHHPHQW�ZLWK WKH�PHQWLRQHG�UHIHUHQFH�

7R�REWDLQ�WKH�IOXWWHU�IX]]\�PHPEHUVKLS�IXQFWLRQ�WKH�GRPLQDQW IOXWWHU�PRGH�LV�FRQVLGHUHG��,Q�
WKLV�H[DPSOH� WKH�EHQGLQJ�PRGH�H[SHULHQFHV�IOXWWHU DQG�WKH�RWKHU�PRGHV�DUH�VWDEOH�
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)LJXUH ��� 0RGDO�GDPSLQJ�YHUVXV�GLPHQVLRQOHVV�DLUVSHHG�IRU�D� ������H� �����ȝ� ����
U�  �����DQG�ı� �����

7DEOH��
*RODQG�ZLQJ�SDUDPHWHUV���
3DUDPHWHUV 9DOXH 8QLW

(, ����î��� 1�P�
*- �����î��� 1�P�
O ���� P
[ș ����� P
D ������
P ������� NJ�P
E ������ P
U ����� P
Nș �����î��� 1�P
NK ����î��� 1�P
ȡ ����� NJ�P�

7DEOH��
'HWHUPLQLVWLF�IOXWWHU�VSHHG�DQG�IUHTXHQF\

)OXWWHU�VSHHG�
�P�V�

)OXWWHU�IUHTXHQF\�
�UDG�V�

5HIHUHQFH
������ ����� 3UHVHQW��'��([DPSOH���
������ ����� 3UHVHQW��' �([DPSOH���
������ ����� %RUHOOR�HW�DO���'����
������ ����� )D]HO]DGHK�HW�DO��'�����
������ ����� *RODQG�([DFW�����
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$VVXPLQJ� WKDW� WKH� UHODWLRQVKLS� EHWZHHQ� WKH� HLJHQYDOXHV� DQG� WKH� XQFHUWDLQ� SDUDPHWHUV� LV�
PRQRWRQLF��DQG DSSO\LQJ�WKH�IX]]\�LQWHUYDO�PHWKRG� WKH�PRGDO�GDPSLQJ�IRU�HDFK�Į�FXW�LV�REWDLQHG�
DV�

� � � � � �
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8VLQJ�HTXDWLRQV �����DQG������DW�HDFK�Į�FXW��WKH�IOXWWHU�DLUVSHHG�PHPEHUVKLS�IXQFWLRQ�FDQ�EH�
REWDLQHG��DQG�LV�VKRZQ�LQ�)LJXUH ��� 7KH�IOXWWHU�ERXQGDU\�UDQJH�FDQ�EH�VHHQ�DV�D�WULDQJXODU IX]]\�
PRXQWDLQ�VKDSH��)RU�HDFK�YDOXH�RI�PRGDO�GDPSLQJ�DQG�DW�HYHU\�Į�FXW��WKH�XSSHU�DQG�ORZHU�ERXQGV�
RI�WKH�IOXWWHU�VSHHG�FDQ�EH�H[WUDFWHG��9DOXHV�FRUUHVSRQGLQJ�WR�Į� ���DUH�WKH�ODUJHVW�LQWHUYDOV��DQG
WKH�YDOXH�FRUUHVSRQGLQJ WR�Į  ���LV�GHWHUPLQLVWLF�
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)LJXUH ��� 7KUHH�GLPHQVLRQDO�SORW�RI�PRGDO�GDPSLQJ�YHUVXV�DLUVSHHG�IRU�GLIIHUHQW�Į�
FXWV��

,Q� WKH� IROORZLQJ�� WKH� IOXWWHU� VDIHW\� RI� WKH�ZLQJ� IRU� VL[� GLIIHUHQW� FDVHV� LV� H[DPLQHG��7KH� �'�
LQWHUIHUHQFH�RI�DLU�VSHHG�DQG�IOXWWHU�VSHHG�LV�VKRZQ�LQ )LJXUH ��� $�WULDQJOH�PHPEHUVKLS IXQFWLRQ
IRU�DLUVSHHG�LV�D�UHDVRQDEOH�DVVXPSWLRQ VLQFH WKH�DLUVSHHG�LV�QRW�D�FULVS�YDOXH EXW YDULHV�ZLWKLQ�
LQWHUYDOV��7KH�YDOXH�ZKLFK�LV�PRVW�SRVVLEOH�LV�WKH�PD[LPXP�YDOXH��Į� ���DQG�WKH�YDOXH ZKLFK�LV
OHDVW SRVVLEOH� LV� WKH�PLQLPXP�YDOXH� �Į�  ���� )XUWKHUPRUH�� WKH� WULDQJOH�PHPEHUVKLS� IXQFWLRQ� LV�
VXLWDEOH�IRU�VLPSOLFLW\�WR�VKRZ�WKH�FRQFHSW��,Q�WKLV�H[DPSOH�WKH�DLP�LV�WR�PRGHO�DLUVSHHG�DV�D�IX]]\�
PHPEHUVKLS� IXQFWLRQ� QRW� XVLQJ� LQWHUYDO� RU SUREDELOLVWLF� PRGHOV�� WR� FDOFXODWH� UHOLDELOLW\�� 7KLV�
PHWKRG� LV�JHQHUDO� DQG RWKHU�DUELWUDU\�DLUVSHHG�PHPEHUVKLS� IXQFWLRQV ZKLFK DUH PRUH� UHDOLVWLF�
FRXOG EH�XVHG�

,Q &DVH���� LW� LV�DVVXPHG� WKDW� WKH� IX]]\�DLU�VSHHG� LV� ������������� P�V��7KLV�PHDQV� WKDW� WKH�
SRVVLELOLW\�RI�WKH�DLU�VSHHG�IRU�YDOXHV�OHVV�WKDQ���� P�V DQG�PRUH�WKDQ�����P�V�LV�]HUR��DQG�WKH�
SRVVLELOLW\� WKDW� WKH�DLU�VSHHG� LV ��� P�V HTXDOV�RQH��%DVHG�RQ� WKLV�DVVXPSWLRQ� WKH��'�LQWHUIDFH�
EHWZHHQ�WKH�DLU�VSHHG�DQG�WKH�IOXWWHU�VSHHG�LV�VKRZQ�LQ�)LJXUH ���D���8VLQJ�HTXDWLRQ �����WKH�IX]]\�
IOXWWHU�VDIHW\�FDQ�EH�REWDLQHG�DV

�������� � ��������������
IV)

996 9 9  �  �  � ����
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,Q�&DVH����E\�NHHSLQJ�WKH�FULVS�YDOXH�XQFKDQJHG��WKH�DLU�VSHHG�LQWHUYDO�LV�DVVXPHG�WR�EH�ODUJHU��
,Q�WKLV�FDVH��LW�LV�DVVXPHG�WKDW�WKH IX]]\�DLU�VSHHG�LV ��������������P�V��$V�VKRZQ�LQ�)LJXUH ���E���
WKH�IDLOXUH�UHJLRQ�LQWHUIHUHQFH�H[SDQGV�DQG�WKH�IOXWWHU�VDIHW\�GHFUHDVHV��7KH�IOXWWHU�VDIHW\�YDOXH�LV�
GHFUHDVHG�WR���������LQ�WKLV�FDVH�

,Q�&DVH��� WKH�DLU�VSHHG�LQWHUYDOV�DUH�WKH�VDPH�DV�LQ�&DVH����EXW�WKH�FULVS�YDOXH�LV�LQFUHDVHG��,Q�
WKLV�FDVH��LW�LV�DVVXPHG�WKDW�WKH IX]]\ DLU�VSHHG�LV����������������P�V��VR�WKDW WKH�DLU�VSHHG�UHJLRQ�
LV�ODUJHU�WKDQ�WKH�IOXWWHU�VSHHG�LQ�WKLV�FDVH��7KH�IOXWWHU�VDIHW\�GHFUHDVHV�VLJQLILFDQWO\�DQG�WKH�IOXWWHU�
UHOLDELOLW\�UHGXFHV�WR���������7KH LQWHUIHUHQFH�IRU�WKLV�FDVH�LV�VKRZQ�LQ�)LJXUH ���F����,Q�&DVH����
LW�LV�DVVXPHG�WKDW�WKH�IX]]\�DLU�VSHHG�LV ���������������P�V� )LJXUH ���G� VKRZV�WKDW WKH�UHOLDELOLW\�
YDOXH�LQFUHDVHV�WR�����GXH�WR�WKH�ODFN�RI�LQWHUIHUHQFH�EHWZHHQ�WKH�DLU�VSHHG�DQG�WKH�IOXWWHU�VSHHG�
UHJLRQV��,Q�&DVH����DV�FDQ�EH�VHHQ�LQ )LJXUH ���H���DQ�DV\PPHWULF�DLU�VSHHG�UHJLRQ�LV�FRQVLGHUHG��,W�
LV�DVVXPHG�WKDW�WKH�IX]]\�ZLQG�VSHHG�LV���������������P�V��,Q�WKLV�FDVH�WKH�IOXWWHU�VDIHW\�YDOXH�LV�
��������)LQDOO\��LQ�&DVH����LW�LV�DVVXPHG�WKDW�WKH�IX]]\�ZLQG�VSHHG�LV����������������P�V��)LJXUH
���I��VKRZV�WKDW WKH�GLIIHUHQFH�EHWZHHQ�WKH�PLQLPXP�YDOXHV�DQG�WKH�FULVS�YDOXH�LV�OHVV�WKDQ�WKH�
GLIIHUHQFH�EHWZHHQ�WKH�PD[LPXP�YDOXH�DQG�WKH�FULVS�YDOXH��,Q�WKLV�FDVH��WKH�IOXWWHU�VDIHW\�YDOXH�
UHGXFHV�WR���������

�D� �E�
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)LJXUH ��� $LU�VSHHG�DQG�IOXWWHU�VSHHG��' LQWHUIHUHQFH���D��&DVH�����E��&DVH�����F��&DVH�
����G��&DVH��� �H��&DVH�����I��&DVH���

)LQDOO\��WKH�LPSDFW�RI�WKH�QXPEHU�RI�Į�FXWV�RQ�WKH�DFFXUDF\�RI�WKH�UHOLDELOLW\�LV�VWXGLHG��7DEOH��
DQG�)LJXUH��� VKRZV�WKH�UHOLDELOLW\�YHUVXV�WKH�QXPEHU�RI�Į�FXWV�IRU�WKH�VL[ FDVHV GHILQHG�HDUOLHU��
7KH�UHODWLYH�HUURU�LV�GHILQHG�DV

� QXPEHU RI �FXW� �0D[LPXPQXPEHU RI �FXW
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H H

M
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7KH�UHVXOWV�VKRZ�WKDW��ZKHQ�WKH QXPEHU�RI�Į�FXWV PRUH�WKDQ������WKH�HUURU�LV�DOPRVW�]HUR��,Q�WKLV�
VWXG\� WKH�PD[LPXP� QXPEHU� RI Į�FXWV LV� VHW� HTXDO� WR� ���� WR� JXDUDQWHH� WKH DFFXUDF\� RI WKH�
VLPXODWLRQ�
7R�YHULI\�WKH�UHVXOWV�WKH�DIRUHPHQWLRQHG�PHWKRG�LV�DOVR�FRPSDUHG ZLWK�0RQWH�&DUOR 6LPXODWLRQ WR�
YHULI\�WKH�LQWHJUDWLRQ�DFFXUDF\��7KH�UHVXOWV�DUH�VKRZQ�LQ�7DEOH����7KH�UHVXOWV�VKRZ�WKDW�WKH�PHWKRG�
KDV�KLJK�DFFXUDF\�UHODWLYH�WR�WKH�0RQWH�&DUOR�PHWKRG�ZLWK�ORZ�FRPSXWDWLRQDO�FRVW�
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7DEOH��
1XPEHU�RI�Į�FXWV DQG�LWV�LPSDFW�RQ WKH DFFXUDF\�RI�WKH�IOXWWHU�UHOLDELOLW\�

5HOLDELOLW\

1XPEHU�RI��Į�&XWV

&DVH�� &DVH�� &DVH�� &DVH�� &DVH�� &DVH��

5HOLDELOLW\

5HODWLYH�(UURU

5HOLDELOLW\

5HODWLYH�(UURU

5HOLDELOLW\

5HODWLYH�(UURU

5HOLDELOLW\

5HODWLYH�(UURU

5HOLDELOLW\

5HODWLYH�(UURU

5HOLDELOLW\

5HODWLYH�(UURU
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)LJXUH���� 5HOLDELOLW\�YHUVXV�QXPEHU�RI�Į�FXWV���D��&DVH�����E��&DVH�����F��&DVH�����G��
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7DEOH��
7KH�UHOLDELOLW\�RI�W\SLFDO�VHFWLRQ�ZLQJ�IOXWWHU�VSHHG�ZLWK������Į�FXWV

:LQJ�7\SLFDO�6HFWLRQ�
0HWKRG

�1XPEHU�RI 6LPXODWLRQV�
)X]]\�
������

0RQWH�&DUOR
���������

$LUVSHHG�0HPEHUVKLS�)XQFWLRQ 5HOLDELOLW\ 5HOLDELOLW\ HUURU
&DVH�� ������������� ������� ������ ����
&DVH�� ������������� ������� ������ ����
&DVH�� ������������� ������� ����� ����
&DVH�� ������������� �������� ���� ��
&DVH�� ������������� ������� ������ ����
&DVH�� ������������� ������� ������ ����

�����([DPSOH��� &OHDQ�:LQJ
,Q� WKLV� H[DPSOH� WKH� UHOLDELOLW\� RI� D� FOHDQ�ZLQJ�� ZKLFK� LV D� IDPRXV� EHQFKPDUN�PRGHO� LQ� ZLQJ�
DHURHODVWLFLW\� LV�FRQVLGHUHG��7KLV�PRGHO�LV�D�FDQWLOHYHU�EHDP�ZLWK�EHQGLQJ�DQG�WRUVLRQDO�GHIOHFWLRQ�
DV VKRZQ�LQ )LJXUH ���

6XSSRVH�WKDW�WKH�ZLQJ�EHQGLQJ�DQG�WRUVLRQDO�ULJLGLW\��ZLQJ�PDVV�SHU�XQLW�OHQJWK�DQG�PRPHQW�RI�
LQHUWLD� SHU� XQLW� OHQJWK� DUH� FRQVLGHUHG� DV XQFHUWDLQ� IX]]\� SDUDPHWHUV� 7KH� IX]]\� WULDQJOH�
PHPEHUVKLS� IXQFWLRQV� RI� WKH� XQFHUWDLQ� SDUDPHWHUV� DUH� DVVXPHG� WR� EH ���� � ����� �P P P P �
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�D� �E�
)LJXUH ��� �D��6FKHPDWLF�RI�WKH�FOHDQ�ZLQJ��DQG��E��WKH�W\SLFDO�VHFWLRQ ZLQJ

8VLQJ�+DPLOWRQ¶V�3ULQFLSOH��WKH�ZLQJ�HTXDWLRQV�RI�PRWLRQ�DUH�REWDLQHG�DV
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OHQJWK�DQG�,3 LV�WKH�ZLQJ�PRPHQW�RI�LQHUWLD�SHU�XQLW�OHQJWK��$OVR��/ DQG�0 DUH�DHURG\QDPLF�OLIW�DQG�
PRPHQW��UHVSHFWLYHO\�

7KH�DHURG\QDPLF�OLIW�DQG�PRPHQW�EDVHG�RQ�3HWHUV�XQVWHDG\�DHURG\QDPLF�WKHRU\����� DUH�XVHG�LQ
HTXDWLRQV �����DQG�������7KH�DHURHODVWLF�JRYHUQLQJ�HTXDWLRQV�DUH�JLYHQ�E\�
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%\ GLVFUHWL]LQJ�WKH�DERYH�HTXDWLRQV�ZLWK�WKH�*DOHUNLQ�PHWKRG��DQG�VROYLQJ�WKH�ILQDO�HLJHQYDOXH�

SUREOHP�� WKH�IOXWWHU�DLUVSHHG�DQG�IUHTXHQF\ EDVHG RQ� WKH *RODQG�ZLQJ SDUDPHWHUV DUH�JLYHQ� LQ�
7DEOH����7KH�UHVXOWV VKRZ�WKDW�WKLV��'�PRGHO�ZLWK�ILQLWH�VWDWH�XQVWHDG\�DHURG\QDPLF�ORDGLQJ�LV LQ�
JRRG�DJUHHPHQW�ZLWK WKH�OLWHUDWXUH��)XUWKHUPRUH��DV�H[SHFWHG��WKH�UHVXOWV�DUH�PRUH�DFFXUDWH�WKDQ�
WKH��' HTXLYDOHQW�*RODQG�ZLQJ�W\SLFDO�VHFWLRQ�PRGHO�

%\�DSSO\LQJ�WKH�IX]]\�LQWHUYDO�PHWKRG�GHVFULEHG�SUHYLRXVO\��WKH�PRGDO�GDPSLQJ�IRU�HDFK�Į�FXW�
LV�REWDLQHG�DV��
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)LJXUH ��� 7KUHH�GLPHQVLRQDO�SORW�RI�PRGDO�GDPSLQJ�YHUVXV�DLUVSHHG�IRU�GLIIHUHQW�Į�FXWV��

7R�REWDLQ�WKH�IOXWWHU�IX]]\�PHPEHUVKLS�IXQFWLRQ�WKH�GRPLQDQW�PRGH�ZKLFK�FDQ�FDXVH�IOXWWHU�LV�
FRQVLGHUHG��,Q�WKLV�H[DPSOH�WKH�ILUVW�EHQGLQJ�PRGH�LV�GRPLQDQW�DQG�WKH�RWKHU PRGHV�DUH�VWDEOH�

8VLQJ�HTXDWLRQV �����DQG������DW HDFK�Į�FXW��WKH�IOXWWHU�DLUVSHHG�PHPEHUVKLS�IXQFWLRQ�FDQ�EH�
REWDLQHG�� DV VKRZQ� LQ )LJXUH ��� 7KH� IOXWWHU� ERXQGDU\� UDQJH� FDQ� EH� VHHQ DV� D� WULDQJOH� IX]]\�
PRXQWDLQ�VKDSH��,QGHHG��IRU�HDFK�YDOXH�RI�WKH�PRGDO�GDPSLQJ�DQG�DW HYHU\�Į�FXW��WKH�XSSHU�DQG�
ORZHU�ERXQGV�RI�WKH�IOXWWHU�VSHHG�FDQ EH�H[WUDFWHG�IURP�WKLV�ILJXUH�

7KH�UHOLDELOLW\�DQDO\VLV�IRU�DOO�FDVHV�ZKLFK�ZHUH�VWXGLHG�LQ�H[DPSOH���LV�DOVR�FDUULHG�RXW�IRU�WKLV�
H[DPSOH�DQG�WKH�UHVXOWV�DUH�JLYHQ�LQ�7DEOH��� $V�H[SHFWHG��WKH�UHVXOWV�DUH�YHU\�VLPLODU�WR�WKH�UHVXOWV�
RI�WKH�SUHYLRXV�H[DPSOH�EHFDXVH�RI�WKH�VLPLODU�SURSHUWLHV�RI�WKH WZR�PRGHOV��2EYLRXVO\��VLQFH D�
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PRUH�DFFXUDWH�DHURHODVWLF�PRGHO ZDV�XVHG LQ�WKLV�H[DPSOH��WKH�UHVXOWV�DUH�PRUH DFFXUDWH�WKDQ�WKH�
W\SLFDO�VHFWLRQ�PRGHO�UHVXOWV��

7DEOH��
7KH IX]]\ UHOLDELOLW\�RI�ZLQJ�IOXWWHU�VSHHG

$LUVSHHG�0HPEHUVKLS�
)XQFWLRQ

7\SLFDO�6HFWLRQ� &OHDQ�:LQJ�
)X]]\�5HOLDELOLW\ )X]]\�5HOLDELOLW\

&DVH�� ������������� ����� � ����������
&DVH�� ������������� ����� � ����������
&DVH�� ������������� ����� � ����H����
&DVH�� ������������� �������� �����������
&DVH�� ������������� ����� � ����������
&DVH�� ������������� ����� � ����������

����&21&/86,21
,Q�WKLV�SDSHU� D�QHZ�PHWKRG IRU�WKH�IOXWWHU�VSHHG�UHOLDELOLW\�DQDO\VLV�RI�DLUFUDIW ZLQJV XVLQJ D IX]]\�
LQWHUYDO� DSSURDFK� LV� LQYHVWLJDWHG�� 8QFHUWDLQ SDUDPHWHUV� DUH PRGHOHG� DV� IX]]\� PHPEHUVKLS�
IXQFWLRQV DQG�SURSDJDWHG�WKURXJK WKH�ZLQJ�DHURHODVWLF�PRGHO��7KH IOXWWHU�UHJLRQ DW HDFK�Į�FXW�LV�
REWDLQHG WKURXJK WKH 3�PHWKRG��%\�FRPELQLQJ�WKH�IOXWWHU�LQWHUYDOV�DW HDFK�Į�FXW�WKH�IX]]\�IOXWWHU�
VSHHG PHPEHUVKLS�IXQFWLRQ�LV�REWDLQHG��7KH�LQWHUIHUHQFH�EHWZHHQ�WKH�IX]]\�IOXWWHU�DUHD�DQG�WKH�DLU�
VSHHG DUHD�IRUPV�D�S\UDPLG��7KH�UHOLDELOLW\�RU IOXWWHU�VDIHW\�LV�WKHQ�REWDLQHG�IURP�WKLV�LQWHUIHUHQFH�
YROXPH�

7KH� SURPLQHQW� DGYDQWDJH� RI� WKLV� PHWKRG LV� WKDW� RQO\� PHPEHUVKLS� IXQFWLRQV RI� XQFHUWDLQ�
SDUDPHWHUV� DUH� UHTXLUHG� DQG� WKH� RWKHU� VWDWLVWLFDO� FKDUDFWHULVWLFV RU� WKH� SUREDELOLVWLF� GLVWULEXWLRQ�
GHQVLWLHV�DUH�QRW�QHHGHG IRU�WKH�UHOLDELOLW\�DQDO\VLV��,Q�RUGHU�WR�LOOXVWUDWH�WKH�IHDVLELOLW\�RI�WKLV IX]]\�
UHOLDELOLW\�PHWKRG��D�W\SLFDO�VHFWLRQ��' ZLQJ�PRGHO DQG�D�FOHDQ�ZLQJ��'�PRGHO ZHUH�XVHG� )RU�
ERWK�H[DPSOHV��WKH�UHOLDELOLW\�DQDO\VLV�LV�SHUIRUPHG IRU�VL[�ZLQG�VSHHG�FRQGLWLRQV�DQG�WKH�IOXWWHU�
UHOLDELOLW\�ZDV�GHWHUPLQHG�IRU�HDFK�FRQGLWLRQ��7KH�UHVXOWV� VKRZ�WKDW� WKLV� DSSURDFK LV�D�VXLWDEOH
PHWKRG�WR�SUHGLFW ZLQJ�IOXWWHU�VDIHW\�

5HIHUHQFHV
�� $%%$6��7���025*(17+$/��*��)UDPHZRUN�IRU�VHQVLWLYLW\�DQG�XQFHUWDLQW\�TXDQWLILFDWLRQ�LQ�WKH�IOXWWHU�DVVHVVPHQW�RI�EULGJHV��
3UREDELOLVWLF�(QJLQHHULQJ�0HFKDQLFV������������SS��������
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�� $)2162��)���9$/(��-���2/,9(,5$��e���/$8��)���68/(0$1��$��1RQ�OLQHDU�DHURHODVWLF�UHVSRQVH�RI�KLJK�DVSHFW�UDWLR�ZLQJV
LQ�WKH�IUHTXHQF\�GRPDLQ��7KH�$HURQDXWLFDO�-RXUQDO���������������������SS��������
�� $-$-��5��0���)5,6:(//��0��,���'(770(5��:��*���$//(*5,��*���,6,.9(5(1��$��7��'\QDPLF�PRGHOOLQJ�DQG�DFWXDWLRQ�RI�
WKH�DGDSWLYH�WRUVLRQ�ZLQJ��-RXUQDO�RI�,QWHOOLJHQW�0DWHULDO�6\VWHPV�DQG�6WUXFWXUHV������������������SS���������
�� %$'&2&.��.��-���7,00(��6���0$548(6��6���HW�DO��7UDQVRQLF�DHURHODVWLF�VLPXODWLRQ�IRU�LQVWDELOLW\�VHDUFKHV�DQG�XQFHUWDLQW\�
DQDO\VLV��3URJUHVV�LQ�$HURVSDFH�6FLHQFHV�����������������SS���������
�� %,-/��+�� /8&25��'���0,6+5$��6���6&+:$%��&��8QFHUWDLQW\�4XDQWLILFDWLRQ�LQ�&RPSXWDWLRQDO�)OXLG�'\QDPLFV��6SULQJHU�
6FLHQFH�	�%XVLQHVV�0HGLD�������
�� %25(//2��)���&(67,12��(���)58//$��*��6WUXFWXUDO�XQFHUWDLQW\�HIIHFW�RQ�FODVVLFDO�ZLQJ�IOXWWHU�FKDUDFWHULVWLFV��-RXUQDO RI�
$HURVSDFH�(QJLQHHULQJ�����������������SS��������
�� %28/.$,%(7��,���0$5:$/$��7���)5,6:(//��0��,���.+2'$3$5$67��+��+���$'+,.$5,��6��)X]]\�ILQLWH�HOHPHQW�PRGHO�
XSGDWLQJ�XVLQJ�PHWDKHXULVWLF�RSWLPL]DWLRQ�DOJRULWKPV��6SHFLDO�7RSLFV�LQ�6WUXFWXUDO�'\QDPLFV��9ROXPH����6SULQJHU��������S�����
����
�� &+,$1*��:��O���'21*��:��0���:21*��)��6��'\QDPLF�UHVSRQVH�RI�VWUXFWXUHV�ZLWK�XQFHUWDLQ�SDUDPHWHUV��$�FRPSDUDWLYH�
VWXG\�RI�SUREDELOLVWLF�DQG�IX]]\�VHWV�PRGHOV��3UREDELOLVWLF�(QJLQHHULQJ�0HFKDQLFV����������������SS�������
�� 'H *(56(0��+���02(16��'���'(60(7��:���9$1'(3,77(��'�� ,QWHUYDO� DQG� IX]]\� G\QDPLF� DQDO\VLV� RI� ILQLWH� HOHPHQW�
PRGHOV�ZLWK�VXSHUHOHPHQWV��&RPSXWHUV�	�6WUXFWXUHV�����������������SS��������
��� 'L 6&,89$��0���/20$5,2��'��$�FRPSDULVRQ�EHWZHHQ�0RQWH�&DUOR�DQG�)250V�LQ�FDOFXODWLQJ�WKH�UHOLDELOLW\�RI�D�FRPSRVLWH�
VWUXFWXUH��&RPSRVLWH�6WUXFWXUHV�����������������SS��������
��� '2:(//��(��+��$�0RGHUQ�&RXUVH�LQ�$HURHODVWLFLW\��6SULQJHU�������
��� )$=(/=$'(+� 6� $���0$=,',��$���.$/$17$5,��+��%HQGLQJ�WRUVLRQDO�IOXWWHU�RI�ZLQJV�ZLWK�DQ�DWWDFKHG�PDVV�VXEMHFWHG�WR�
D�IROORZHU�IRUFH��-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ������������������SS��������
��� )$=(/=$'(+��6� $���6$'$7�+26(,1,��+��1RQOLQHDU�IOLJKW�G\QDPLFV�RI�D�IOH[LEOH�DLUFUDIW�VXEMHFWHG�WR�DHURHODVWLF�DQG�JXVW�
ORDGV��-RXUQDO�RI�$HURVSDFH�(QJLQHHULQJ�����������������SS�������
��� )$=(/=$'(+��6� $���5$67,��$���6$'$7�+26(,1,��+��2SWLPDO�IOXWWHU�VXSSUHVVLRQ�RI�QRQOLQHDU�W\SLFDO�ZLQJ�VHFWLRQ�XVLQJ�
WLPH�GRPDLQ�ILQLWH�HOHPHQWV�PHWKRG��-RXUQDO�RI�$HURVSDFH�(QJLQHHULQJ�����������������SS�
��� )$=(/=$'(+��6� $���$=$',��0���$=$',��(��6XSSUHVVLRQ�RI�QRQOLQHDU� DHURHODVWLF� YLEUDWLRQ�RI� D�ZLQJ�VWRUH�XQGHU�JXVW�
HIIHFWV�XVLQJ�DQ�DGDSWLYH�UREXVW�FRQWUROOHU��-RXUQDO�RI�9LEUDWLRQ�DQG�&RQWURO�����������������SS���������
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