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We present the full color two-loop six-point all-plus Yang-Mills amplitude in compact analytic form.
The computation uses four-dimensional unitarity and augmented recursion.
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I. INTRODUCTION

Computing perturbative scattering amplitudes in gauge
theories is a key tool in confronting theories of particle
physics with experimental results, and there is considerable
demand for new predictions particularly at “next-next-
leading order” (NNLO) [1,2]. Amplitudes are also the
custodians of the symmetries of the theory and as such are
important for exploring properties of theories which are not
always manifest in a Lagrangian approach. Computing
amplitudes in closed analytic form is particularly useful in
this regard.
Amplitudes for the scattering of gluons within a gauge

theory are key, being both important phenomenologically
and central to gauge theory. Modern techniques have
driven progress in the calculation of analytic expressions
for tree and one-loop gluon scattering amplitudes but
analytic expressions for two-loop and beyond amplitudes
are relatively rare (although in theories of extended
supersymmetry a great deal more progress has been
made [3,4]).
Computing two-loop amplitudes for gluon scattering

in analytic form has proceeded by separating the
amplitude into its physical components. Specifically,
amplitudes with a given color structure and specific
choice of external helicities have been computed. For
four-point scattering, all of these components have been
calculated [5,6] (and more recently to all orders of
dimensional regularization in [7]). At five-point and
beyond, progress has been made in a variety of stages.
In terms of color structure, the simplest amplitudes are
the “leading in color” amplitudes which only require
planar two-loop integrals to be computed. For external
helicity, the “all-plus” amplitude, where all external

(outgoing) legs have the same helicity, has the most
symmetry and is the simplest. The all-plus amplitudes
vanish at tree level, and so they have a relatively simple
singularity structure at loop level. In [8,9] the five-point
all-plus leading in color amplitude was computed using
generalized unitarity techniques and subsequently pre-
sented in a very simple analytic form [10]. In Ref. [11]
it was recomputed using simpler four-dimensional
unitarity and recursion methods which is the method-
ology we use in this article. The remaining leading in
color five-point helicity amplitudes have also been
computed: in Ref. [12] the “single-minus” (an ampli-
tude which also vanishes at tree level) was computed
and the remaining helicities in [13]. In Ref. [14] the
remaining parts of the full color all-plus five-point
amplitude were calculated. Beyond five-point only a
few amplitudes are known. The leading in color all-plus
amplitudes have been computed using our methodology
for six-gluons [15] and seven gluons [16]. In Ref. [17]
a conjecture for a specific color subamplitude was
presented valid for n-gluons.
In this article, we compute and present in closed

analytic form the full color all-plus six-point amplitude

Að2Þ
6 ð1þ; 2þ; 3þ; 4þ; 5þ; 6þÞ. This is the first full color

six-point amplitude and contains a wider class of color
amplitudes than the four- and five-point cases. Our
methodology involves computing the polylogarithmic
and rational parts of the finite remainder by a combina-
tion of techniques. The polylogarithms are computed
using four-dimensional unitarity cuts, and the rational
parts are determined by recursion. The amplitude con-
tains double poles in (complex) momenta, and we over-
come the concomitant issues by using augmented
recursion [18]. Our methods bypass the need to calculate
nonplanar integrals.

II. FULL COLOR AMPLITUDES

A general two-loop amplitude for the scattering of n
gluons in a pure SUðNcÞ or UðNcÞ gauge theory may be
expanded in a color trace basis as
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Að2Þ
n ð1; 2;…; nÞ ¼ N2

c

X
Sn=Pn∶1

Tr½Ta1Ta2 � � �Tan �Að2Þ
n∶1ða1; a2;…; anÞ

þ Nc

X½n=2�þ1

r¼2

X
Sn=Pn∶r

Tr½Ta1Ta2 � � �Tar−1 �Tr½Tbr � � �Tbn �Að2Þ
n∶rða1; a2;…; ar−1; br;…; bnÞ

þ
X½n=3�
s¼1

X½ðn−sÞ=2�

t¼s

X
Sn=Pn∶s;t

Tr½Ta1 � � �Tas �Tr½Tbsþ1 � � �Tbsþt �Tr½Tcsþtþ1 � � �Tcn �

× Að2Þ
n∶s;tða1;…; as; bsþ1;…; bsþt; csþtþ1;…; cnÞ

þ
X

Sn=Pn∶1

Tr½Ta1Ta2 � � �Tan �Að2Þ
n∶1Bða1; a2;…; anÞ: ð2:1Þ

The partial amplitudes multiplying any trace of color matrices are cyclically symmetric in the indices within the trace. The
summations count each color structure exactly once. Specifically, when the sets are of different lengths (r − 1 ≠ n

2
, s ≠ t,

t ≠ n−s
2

and 3s ≠ m, n) the sets Pn∶λ are

Pn∶1 ¼ Znða1;…; anÞ;
Pn∶r ¼ Zr−1ða1;…; ar−1Þ × Znþ1−rðar;…; anÞ; r > 1; r − 1 ≠ nþ 1 − r

Pn∶s;t ¼ Zsða1;…; asÞ × Ztðasþ1;…; asþtÞ × Zn−s−tðasþtþ1;…; anÞ: ð2:2Þ

When the sets have equal lengths, to avoid double counting,

P2m∶mþ1 ¼ Zmða1;…; amÞ × Zmðamþ1;…; a2mÞ × Z2;

Pn∶s;s ¼ Zsða1;…; asÞ × Zsðasþ1;…; a2sÞ × Zn−2sða2sþ1;…; anÞ × Z2;

P3m∶m;m ¼ Zmða1;…; amÞ × Zmðamþ1;…; a2mÞ × Zmða2mþ1;…; a3mÞ × S3;

P2m∶2s;m−s ¼ Z2sða1;…; a2sÞ × Zm−sða2sþ1;…; asþmÞ × Zm−sðasþmþ1;…; a2mÞ × Z2: ð2:3Þ

For example for A6∶2;2ða; b; c; d; e; fÞ the manifest sym-
metry is

P6∶2;2 ¼ Z2ða; bÞ × Z2ðc; dÞ × Z2ðe; fÞ
× S3ðfa; bg; fc; dg; fe; fgÞ ð2:4Þ

which means the summation of this particular term is over
15 terms.
The above expansion is valid for both a SUðNcÞ gauge

theory and a UðNcÞ gauge theory. In the expansion for
SUðNcÞ the color trace terms with a single trace Tr½Tai � are
omitted. Specifically these are the terms Að2Þ

n∶2 and A
ð2Þ
n∶1;s and

Að2Þ
n∶1;1. These functions are consistent gauge invariant

objects whose role is to cancel other terms. By letting
one or more of the external gluons lie in the Uð1Þ part
of UðNcÞ and requiring the full amplitude to vanish
generates relations between the partial amplitudes
known as decoupling identities. For example letting leg
1 be a Uð1Þ gluon and examining the coefficient of
Tr½T2T3 � � �Tn� we obtain

Að2Þ
n∶2ð1;2;3;…;nÞþAð2Þ

n∶1ð1;2;3;…;nÞ
þAð2Þ

n∶1ð2;1;3;…;nÞþ �� �þAð2Þ
n∶1ð2;…;1;nÞ¼ 0: ð2:5Þ

This allows Að2Þ
n∶2 to be expressed in terms of the Að2Þ

n∶1.

Similarly the Að2Þ
n∶1;s and A

ð2Þ
n∶1;1 may be expressed in terms of

the Að2Þ
n∶1 and Að2Þ

n∶r; r > 2. The decoupling identities can be
used iteratively to express the sub-sub leading SUðNcÞ
terms Að2Þ

n∶s;t, s ¼ 1, 2, in terms of Að2Þ
n∶1 and Að2Þ

n∶r; r > 2.
Although this may not be the most efficient expressions for

these. Finally, if we consider Að2Þ
n∶1B, the decoupling iden-

tities provide consistency constraints but do not relate these
to the other amplitudes,

Að2Þ
n∶1Bð1; 2; 3;…; nÞ þ Að2Þ

n∶1Bð2; 1; 3;…; nÞ þ � � �
þ Að2Þ

n∶1Bð2;…; 1; nÞ ¼ 0: ð2:6Þ

Decoupling identities do not exhaust the color relations,
and further constraints arise from recursive approaches

[19,20] which imply extra relations involving both Að2Þ
n∶1B
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and other amplitudes. For n ¼ 5 these contain sufficient

information to determine Að2Þ
5∶1B, but at n ¼ 6 and beyond

the Að2Þ
n∶1B is a further function which must be determined.

In summary, the minimal set of color trace amplitudes
which must be determined to fully specify the amplitude

are Að2Þ
n∶1, A

ð2Þ
n∶r with r > 2, Að2Þ

n∶s;t with s > 2 and Að2Þ
n∶1B.

At six-point all partial amplitudes can be expressed

in terms of Að2Þ
6∶1, Að2Þ

6∶3, Að2Þ
6∶4 and Að2Þ

6∶1B. Explicitly, the
specifically UðNcÞ amplitudes are given by

Að2Þ
6∶2ð1; 2; 3; 4; 5; 6Þ
¼ −Að2Þ

6∶1ð1; 2; 3; 4; 5; 6Þ − Að2Þ
6∶1ð2; 1; 3; 4; 5; 6Þ

− Að2Þ
6∶1ð2; 3; 1; 4; 5; 6Þ − Að2Þ

6∶1ð2; 3; 4; 1; 5; 6Þ
− Að2Þ

6∶1ð2; 3; 4; 5; 1; 6Þ;
Að2Þ
6∶1;1ð1; 2; 3; 4; 5; 6Þ
¼ −Að2Þ

6∶3ð1; 2; 3; 4; 5; 6Þ þ
X

σ∈OPfᾱgfβg
Að2Þ
6∶1ðσÞ

and

Að2Þ
6∶1;2ð1; 2; 3; 4; 5; 6Þ
¼ −Að2Þ

6∶4ð1; 2; 3; 4; 5; 6Þ − Að2Þ
6∶4ð2; 1; 3; 4; 5; 6Þ

− Að2Þ
6∶3ð2; 3; 1; 4; 5; 6Þ − Að2Þ

6∶3ð2; 3; 4; 1; 5; 6Þ
− Að2Þ

6∶3ð2; 3; 4; 5; 1; 6Þ; ð2:7Þ

where fᾱg ¼ f2; 1g, fβg ¼ f3; 4; 5; 6g and OPfS1gfS2g
is the set of all mergers of S1 and S2 which preserves the
order of S1 and S2 within the merged list. Note the first
element in these sums has the list reversed although for a set
of two legs this is meaningless. The remaining SUðNcÞ
partial amplitude is given by

Að2Þ
6∶2;2ð1; 2; 3; 4; 5; 6Þ
¼ −

X
Z2ðμÞ

X
η∈OPf1gfνg

X
η0∈OPf2gfρg

Að2Þ
6∶4ðη; η0Þ

−
X

Z2ðν;ρÞ

X
σ∈OPfμ̄gfνg

Að2Þ
6∶3ðρ; σÞ

−
X
Z2ðμÞ

X
Z2ðfν;ρgÞ

X
σ∈OPf2gfρg

Að2Þ
6∶1;2ð1; ν; σÞ; ð2:8Þ

where fμ̄g ¼ f2; 1g, fνg ¼ f3; 4g and fρg ¼ f5; 6g. This
is an inefficient expression with considerable cancellation
amongst the terms on the rhs. For example, the rhs of the
above contains terms with double poles in complex

momenta whilst Að2Þ
6∶2;2 does not.

We calculate all eight UðNcÞ functions directly, and we
use (2.6), (2.7) and (2.8) as consistency checks.

III. STRUCTURE OF THE AMPLITUDES

The IR singular structure of a color partial amplitude is
determined by general theorems [21]. Consequently we

can split the amplitude into singular terms Uð2Þ
n∶λ and finite

terms Fð2Þ
n∶λ,

Að2Þ
n∶λ ¼ Uð2Þ

n∶λ þ Fð2Þ
n∶λ þOðϵÞ: ð3:1Þ

As the all-plus tree amplitude vanishes, Uð2Þ
n∶λ simplifies

considerably and is at worst 1=ϵ2 [22]. Specifically, Uð2Þ
n∶1 is

proportional to the one-loop amplitude,

Uð2Þ
n∶1 ¼ Að1Þ

n∶1 ×

�
−
Xn
i¼1

1

ϵ2

�
μ2

−si;iþ1

�
ϵ
�
; ð3:2Þ

and the two-loop IR divergences for the other unrenormal-
ized partial amplitudes are presented in a color trace basis
in Ref. [23].
The finite remainder function Fð2Þ

n∶λ can be split into
polylogarithmic and rational pieces,

Fð2Þ
n∶λ ¼ Pð2Þ

n∶λ þ Rð2Þ
n∶λ: ð3:3Þ

We calculate the former piece using four-dimensional
unitarity and the latter using recursion.
The one-loop all-plus amplitude is rational to leading

order in ϵ and in four-dimensional unitarity effectively
provides an additional on shell vertex [16,24]. The two-
loop cuts effectively become one-loop cuts with a single
insertion of this vertex which yield1

Pð2Þ
n∶λ ¼

X
i

cλiF
2m
i ; ð3:4Þ

where cλi are rational coefficients,

F2mðS; T; K2
2; K

2
4Þ ¼ Li2

�
1 −

K2
2

S

�
þ Li2

�
1 −

K2
2

T

�

þ Li2

�
1 −

K2
4

S

�
þ Li2

�
1 −

K2
4

T

�

− Li2

�
1 −

K2
2K

2
4

ST

�
þ 1

2
ln2

�
S
T

�
;

ð3:5Þ

and, in the specific case where K2
2 ¼ 0,

1The functions F2m and F1m are the polylogarithimc parts
of two-mass easy and one-mass one-loop box functions
respectively.
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F2mðS; T; 0; K2
4Þ≡ F1mðS; T; K2

4Þ ¼ Li2

�
1 −

K2
4

S

�
þ Li2

�
1 −

K2
4

T

�
þ 1

2
ln2

�
S
T

�
þ π2

6
: ð3:6Þ

Defining2

C2m
a ða; b; c; d; e; fÞ ¼ i

3

½ef�2
habihbcihcdihdai × F2mðtabc; tbcd; sbc; sefÞ

C2m
b ða; b; c; d; e; fÞ ¼ i

3

½ef�2
habihbdihdcihcai × F2mðtabc; tbcd; sbc; sefÞ; ð3:7Þ

and

C1m
a ða; b; c; d; e; fÞ ¼ i

3

tabchcjdPabcjai þ hcjdefPdefjai þ hajfPdefjcisef
habihbcihcaihcdihdeihefihfai × F1mðsab; sbc; tdefÞ

C1m
b ða; b; c; d; e; fÞ ¼ i

3

�hajdPabcjcihcjdPabcjai þ hcaiðsefhajfPabcjci − hajPabcefdjciÞ
habihbcihcaihadihdcihceihefihfai

�
F1mðsab; sbc; tdefÞ

C1m
c ða; b; c; d; e; fÞ ¼ −i

hcai½djefjd� − ½djPabcjci½djPabcjai
habihbcihcaihceihefihfai × F1mðsab; sbc; tdefÞ

C1m
d ða; b; c; d; e; fÞ ¼ i

½djPabcjai½djfjci − ½djPabcjci½djejai
habihbcihaeihecihcfihfai × F1mðsab; sbc; tdefÞ

C1m
e ða; b; c; d; e; fÞ ¼ −2i

t2abc
habihbcihcaihdeihefihfdi × F1mðsab; sbc; tdefÞ

C1m
f ða; b; c; d; e; fÞ ¼ −2i

½djPabcjci2
habihbcihcaihceihefihfci × F1mðsab; sbc; tdefÞ

C1m
g ða; b; c; d; e; fÞ ¼ −2i

½de�2hcai2
habihbcihcaihacihcfihfai × F1mðsab; sbc; tdefÞ: ð3:8Þ

Note that these six-point coefficients are conformally invariant: a feature noticed for the five-point all-plus amplitude
in Ref. [25].
Using these definitions the results for Pð2Þ

6∶λ are

Pð2Þ
6∶1ða; b; c; d; e; fÞ ¼

X
P6∶1

ðC1m
a ða; b; c; d; e; fÞ þ C2m

a ða; b; c; d; e; fÞÞ; ð3:9Þ

Pð2Þ
6∶3ða;b;c;d;e;fÞ¼

X
P6∶3

�
C1m
a ða;b;c;d;e;fÞþC1m

a ða;c;b;d;e;fÞþC1m
a ðc;a;b;d;e;fÞ−C1m

b ða;c;d;b;e;fÞ

−C1m
b ðc;a;d;b;e;fÞ−C1m

b ðc;d;a;b;e;fÞ−C1m
b ðd;e;f;c;a;bÞþ1

2
C1m
g ðd;e;f;a;b;cÞ

þ4C2m
a ðc;d;e;f;a;bÞþC2m

a ðb;e;f;a;c;dÞþC2m
a ðf;b;a;e;c;dÞ−C2m

b ðe;f;a;b;c;dÞ

−C2m
b ðf;e;b;a;c;dÞþC2m

b ðd;e;b;f;a;cÞ−C2m
a ðb;d;e;f;a;cÞ−C2m

a ðd;e;f;b;a;cÞ
�
; ð3:10Þ

Pð2Þ
6∶4ða; b; c; d; e; fÞ ¼

X
P6∶4

�
1

3
C1m
e ða; b; c;d; e; fÞ − C1m

a ða; b; c; f; e; dÞ þ C1m
b ðd; b; a; c; e; fÞ þ C1m

b ðb; d; a; c; e; fÞ

þ C1m
b ðb; a; d; c; e; fÞ þ C2m

a ða; f; e; b; c; dÞ − 1

2
C2m
b ða; b; f; e; c; dÞ − 1

2
C2m
b ðf; a; e; b; c; dÞ

þ C2m
b ða; b; d; c; e; fÞ − C2m

a ða; b; c;d; e; fÞ − C2m
a ðd; a; b; c; e; fÞ

�
; ð3:11Þ

2Here a null momentum is represented as a pair of two component spinors pμ ¼ σμα _αλ
αλ̄ _α. We are using a spinor helicity formalism

with the usual spinor products habi¼ϵαβλ
α
aλ

β
b and ½ab�¼−ϵ _α _βλ̄

_α
aλ̄

_β
b. Also sab ¼ðkaþkbÞ2 ¼habi½ba� ¼ hajbja�, tabc ¼ ðka þ kb þ kcÞ2,

½ajPbcjdi ¼ ½ab�hbdi þ ½ac�hcdi etc., tr−½ijkl�≡ trðð1−γ5Þ
2

=ki=kj=kk=klÞ ¼ hiji½jk�hkli½li�≡ hijjklji�, trþ½ijkl�≡ trðð1þγ5Þ
2

=ki=kj=kk=klÞ ¼
½ij�hjki½kl�hlii and ϵði; j; k; lÞ ¼ trþ½ijkl� − tr−½ijkl�.
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Pð2Þ
6∶2;2ða; b; c; d; e; fÞ ¼

1

2

X
P6∶2;2

ðC1m
g ða; b; c; e; f; dÞ þ C1m

g ðb; a; c; e; f; dÞ þ C1m
g ðb; c; a; e; f; dÞ þ 6C2m

a ðd; a; b; c; e; fÞ

− 3C2m
b ða; b; c; d; e; fÞ − 3C2m

b ðb; a; d; c; e; fÞÞ ð3:12Þ

and

Pð2Þ
6∶1Bða;b;c;d;e;fÞ¼

X
P6∶1

ðC1m
f ða;b;c;f;d;eÞ−C1m

f ðc;b;a;d;e;f;ÞþC1m
f ðb;f;e;a;c;dÞþC1m

f ðf;b;e;a;c;dÞ

þC1m
f ðf;e;b;a;c;dÞ−C1m

f ðf;b;c;a;d;eÞ−C1m
f ðb;f;c;a;d;eÞ−C1m

f ðb;c;f;a;d;eÞ
þ6C2m

b ðf;b;e;d;a;cÞ−6C2m
a ðb;f;e;d;a;cÞ−6C2m

a ðf;e;d;b;a;cÞþ6C2m
a ða;b;c;d;e;fÞ

þ3C2m
a ðf;b;c;e;a;dÞþ3C2m

a ðc;e;f;b;a;dÞ−3C2m
b ðb;c;f;e;a;dÞ−3C2m

b ðc;e;b;f;a;dÞÞ: ð3:13Þ

This expression for Pð2Þ
6∶1B matches the n-point form of Pð2Þ

n∶1B given in [17]. The UðNcÞ pieces are

Pð2Þ
6∶2ða; b; c; d; e; fÞ ¼

X
P6∶2

ðC1m
b ðb; c; d; a; e; fÞ þ C1m

c ðb; c; d; a; e; fÞ − C1m
a ða; b; c; d; e; fÞ − C1m

a ðb; a; c; d; e; fÞ

− C1m
a ðb; c; a; d; e; fÞ − 2C2m

a ðb; c; d; e; f; aÞ þ C2m
b ðb; c; a; d; e; fÞ

− C2m
a ða; b; c; d; e; fÞ − C2m

a ðb; c; d; a; e; fÞÞ; ð3:14Þ

Pð2Þ
6∶1;1ða; b; c; d; e; fÞ ¼

X
P6∶1;1

ðC1m
d ðc; d; e; a; b; fÞ − 3C2m

a ðc; d; e; f; a; bÞ − C1m
c ðb; c; d; a; e; fÞ − C1m

c ðc; b; d; a; e; fÞ

− C1m
c ðc; d; b; a; e; fÞ þ 3C2m

a ðb; c; d; e; f; aÞ þ 3C2m
a ðc; d; e; b; f; aÞ − 3C2m

b ðc; d; b; e; f; aÞÞ;
ð3:15Þ

and

Pð2Þ
6∶1;2ða; b; c; d; e; fÞ ¼

X
P6∶1;2

�
1

2
ðC1m

c ðc; b; d; a; e; fÞ þ C1m
c ðb; c; d; a; e; fÞ þ C1m

c ðb; d; c; a; e; fÞÞ

þ 1

2
ðC1m

c ðc; b; d; a; f; eÞ þ C1m
c ðb; c; d; a; f; eÞ þ C1m

c ðb; d; c; a; f; eÞÞ

−
1

2
ðC1m

g ða; d; e; b; c; fÞ þ C1m
g ðd; a; e; b; c; fÞ þ C1m

g ðd; e; a; b; c; fÞÞ

−
1

2
C1m
g ðd; e; f; b; c; aÞ − C1m

c ðd; e; f; a; b; cÞ − C1m
d ðb; d; e; a; c; fÞ − C1m

d ðd; b; e; a; c; fÞ
− C1m

d ðd; e; b; a; c; fÞ þ 3C2m
b ðc; b; f; e; a; dÞ þ 3C2m

b ðb; e; c; f; a; dÞ − 3C2m
a ðb; e; f; c; a; dÞ

− 3C2m
a ðe; b; c; f; a; dÞ þ 3C2m

a ðc; d; e; f; a; bÞ þ 3C2m
a ðd; e; f; c; a; bÞ − 3C2m

b ðd; e; c; f; a; bÞ

− 3C2m
a ða; d; e; f; b; cÞ − 3C2m

a ðd; e; f; a; b; cÞ þ 3C2m
b ðd; e; a; f; b; cÞ

�
: ð3:16Þ

IV. RATIONAL TERMS

As Rð2Þ
n∶λ is a rational function we may calculate it using

recursion techniques by performing a complex shift of its
external legs [26,27] and analyzing the singularities of the
resultant complex function RðzÞ. This is complicated
because the amplitude has double poles in complex

momenta. The leading poles are determined by the ampli-
tude’s factorization but there are no general theorems that
determine the subleading poles. We use color dressed
augmented recursion as reviewed in [16,23] to overcome
the issue of double poles. This requires generating certain
doubly off shell currents which we present in the Appendix.
The specific rational pieces are
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A. Rð2Þ
6∶1

Rð2Þ
6∶1ða; b; c; d; e; fÞ ¼

i
9

X
P6∶1

G1
6∶1 þ G2

6∶1 þ G3
6∶1 þG4

6∶1 þ G5
6∶1

habihbcihcdihdeihefihfai ; ð4:1Þ

where

G1
6∶1ða; b; c; d; e; fÞ ¼

scdsdfhfjaPabcjei
hfeitabc

þ sacscdhajfPdefjbi
habitdef

;

G2
6∶1ða; b; c; d; e; fÞ ¼

½ab�½ef�
habihefi haei

2hbfi2 þ 1

2

½fa�½cd�
hfaihcdi haci

2hdfi2;

G3
6∶1ða; b; c; d; e; fÞ ¼

sdfhfaihcdi½ac�½df�
tabc

;

G4
6∶1ða; b; c; d; e; fÞ ¼

hajbejfitabc
hafi ð4:2Þ

and

G5
6∶1ða; b; c; d; e; fÞ ¼ sfasbc þ sacsbe þ

5

2
safscd − 8½ajbcfjai − 8½ajcdejai − 1

2
½ajcdfjai − 11

2
½bjcefjbi: ð4:3Þ

This was first calculated in [15] and later presented in an alternative form [16]. It was subsequently confirmed by Badger
et al. [28].

B. Rð2Þ
6∶3

Rð2Þ
6∶3ða;b;c;d;e;fÞ¼

X
P6∶3

�
i
3
ðH1

6∶3ða;b;c;d;e;fÞ−H1
6∶3ða;b;c;d;f;eÞÞ

þ i
3

ðG2
6∶3ða;b;c;d;e;fÞþG3

6∶3ða;b;c;d;e;fÞþG4
6∶3ða;b;c;d;e;fÞÞ

habihbcihcaihdeihefihfdi þ i
12

G5
6∶3ða;b;c;d;e;fÞ

habihbcihcdihdeihefihfai
�
;

ð4:4Þ
where

H1
6∶3ða;b; c;d; e; fÞ ¼

G1
6∶3ða;b;c; d; e; fÞ

habihbcihcdi2hdeihefihfai þ
½cd�
hcdi2

hcfihdbi½bjfjdi
habihafihbfihdeihefi

G1
6∶3ða;b; c;d; e; fÞ ¼ scehcjbfjdi− scfhcjbejdi

G2
6∶3ða;b; c;d; e; fÞ ¼

½djPdefbja�hdjfPdefjai þ sde½fjcbdjfi þ ½bjdfje�hbjcPabcjei
tdef

G3
6∶3ða;b; c;d; e; fÞ ¼ −

sdfhdjfbjci½cjPabcjei
hdeitdef

−
sdehfjdbjci½cjdjei

hefitdef
G4

6∶3ða;b; c;d; e; fÞ ¼ −sbdsde − ½ajbdejai þ ½bjcdejbi− ½ajbdfjai þ ½bjcdfjbi þ ½bjcefjbi− ½bjdefjbi
G5

6∶3ða;b; c;d; e; fÞ ¼ −4s2ac þ 2sabsad − 2sacsad þ 2sabsae − 2sacsae þ 2s2bd − 2s2be þ 2s2bf − 8sacscd þ 4sbcscd

þ 12sbdscd þ 6s2cd − 8sacsce þ 12sbcsce þ 16sbdsce þ 4sbesce þ 8scdsce þ 2s2ce þ 2s2cf − 8sacsde

− 4sadsde − 4sbcsde þ 4scdsde þ 4scesde − 8½ajbcejai− 39½ajbcfjai− 18½ajbdfjai þ 2½ajbefjai
− 10½ajcdfjai− 2½ajcefjai− 4½ajdefjai þ 8½bjcdejbi− 4½bjcdfjbi− 4½bjcefjbi
− 4½bjdefjbi− 4½cjdefjci: ð4:5Þ
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C. Rð2Þ
6∶4

Rð2Þ
6∶4ða;b;c;d;e;fÞ¼

i
36

X
P6∶4

�ðG1
6∶4ða;b;c;d;e;fÞþG2

6∶4ða;b;c;d;e;fÞÞ
habihbcihcaihdeihefihfdi þ12

ðG3
6∶4ða;b;c;d;e;fÞþG4

6∶4ða;b;c;d;e;fÞÞ
habihcdihdeihefihfci

�
;

ð4:6Þ

where

G1
6∶4ða; b; c; d; e; fÞ ¼

4hejPabcajbi½ejdPabcjb�
tabc

;

G2
6∶4ða; b; c; d; e; fÞ ¼ s2ad þ 106sabsad þ 102½ajbcdjai − 4½ajbdejai − 4½ajdbejai;

G3
6∶4ða; b; c; d; e; fÞ ¼ −

½ab�
habi ðhajcdjbi þ hajefjbiÞ;

G4
6∶4ða; b; c; d; e; fÞ ¼ ½ajcdjb� þ ½ajefjb�: ð4:7Þ

D. Rð2Þ
6∶2;2

Rð2Þ
6∶2;2ða; b; c; d; e; fÞ ¼

X
P6∶2;2

i
G1

6∶2;2ða; b; c; d; e; fÞ þG2
6∶2;2ða; b; c; d; e; fÞ

habihbcihcaihdeihefihfdi ; ð4:8Þ

where

G1
6∶2;2ða; b; c; d; e; fÞ ¼

hbjPabcfjdi½bjcPabcjd�
tabc

;

G2
6∶2;2ða; b; c; d; e; fÞ ¼ sad½ejPbcjei − sac½ejPfajei − safsae − saescd: ð4:9Þ

E. Rð2Þ
6∶1B

An n-point formula was conjectured in [17], and we find agreement.

Rð2Þ
6∶1Bða; b; c; d; e; fÞ ¼ Rð2Þ

6∶1B1
ða; b; c; d; e; fÞ þ Rð2Þ

6∶1B2
ða; b; c; d; e; fÞ; ð4:10Þ

where

Rð2Þ
6∶1B1

ða; b; c; d; e; fÞ ¼ −2i
Cyða; b; c; d; e; fÞ ×

X
a≤i<j<k<l≤f

ϵði; j; k; lÞ ð4:11Þ

and

Rð2Þ
6∶1B2

ða; b; c; d; e; fÞ ¼ 4i

�
ϵðc; d; e; fÞ

Cyða; b; d; e; c; fÞ þ
ϵðc; d; e; fÞ

Cyða; b; e; c; d; fÞ þ
ϵðc; d; e; fÞ

Cyða; b; e; d; c; fÞ

þ ϵða; b; c; dÞ
Cyða; c; d; b; e; fÞ −

ϵða; b; c; fÞ
Cyða; c; d; e; b; fÞ þ

ϵða; b; c; dÞ
Cyða; d; b; c; e; fÞ −

ϵða; c; d; fÞ
Cyða; d; b; e; c; fÞ

þ ϵða; b; c; dÞ
Cyða; d; c; b; e; fÞ þ

ϵða; b; d; fÞ
Cyða; d; c; e; b; fÞ −

ϵða; c; d; fÞ
Cyða; d; e; b; c; fÞ þ

ϵða; b; d; fÞ
Cyða; d; e; c; b; fÞ

−
ϵða; d; e; fÞ

Cyða; e; b; c; d; fÞ þ
ϵða; c; e; fÞ

Cyða; e; b; d; c; fÞ þ
ϵða; c; e; fÞ

Cyða; e; d; b; c; fÞ −
ϵða; b; e; fÞ

Cyða; e; d; c; b; fÞ
�
; ð4:12Þ
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where Cy is the Parke-Taylor denominator,

Cyða; b; c; d; e; fÞ ¼ habihbcihcdihdeihefihfai: ð4:13Þ

F. Rð2Þ
6∶1;1

We also calculate the UðNcÞ amplitudes,

Rð2Þ
6∶1;1ða; b; c; d; e; fÞ ¼

X
P6∶1;1

�
i
G1

6∶1;1ða; b; c; d; e; fÞ þ G2
6∶1;1ða; b; c; d; e; fÞ

hbcihcdihdbihaeihefihfai þ i
G3

6∶1;1ða; b; c; d; e; fÞ
hacihcdihdbihbeihefihfai

�
; ð4:14Þ

where

G1
6∶1;1ða; b; c; d; e; fÞ ¼

½cjPbcdefPbcdbjci
tbcd

;

G2
6∶1;1ða; b; c; d; e; fÞ ¼ 2sabscd − sacsae þ sacscd þ sadscd − s2cd − scdsce − scdscf − scdsdf − ½ajcdejai þ 1

2
½cjdefjci

and

G3
6∶1;1ða; b; c; d; e; fÞ ¼ 2sabsac þ 2s2ac þ 2sacsad þ 2sacsae þ 2sacsbc − saesbc þ sabscd þ sacscd

þ sadscd − 2saescd þ 2sadsce − 2saesce − scdsce − s2ce − scdscf þ scesdf

−
1

2
scdsef þ 2½ajcbdjai þ 2½ajcbejai þ 4½ajcdejai − ½cjdefjci: ð4:15Þ

G. Rð2Þ
6∶1;2

Rð2Þ
6∶1;2ða; b; c; d; e; fÞ ¼

X
P6∶1;2

iðG1
6∶1;2ða; b; c; d; e; fÞ þG2

6∶1;2ða; b; c; d; e; fÞÞ
hefihfaihaeihbcihcdihdbi ; ð4:16Þ

where

G1
6∶1;2ða; b; c; d; e; fÞ ¼ −

½ejfPbcddbPbcdjei þ ½ejPbcdbcPbcdajei
tbcd

;

G2
6∶1;2ða; b; c; d; e; fÞ ¼ ½ajbcejai − 2½bjdcejbi þ ½bjdefjbi: ð4:17Þ

H. Rð2Þ
6∶2

Rð2Þ
6∶2 is compactly written by its decoupling identity

which we have checked numerically,

Rð2Þ
6∶2ða; b; c; d; e; fÞ
¼ −Rð2Þ

6∶1ða; b; c; d; e; fÞ − Rð2Þ
6∶1ðb; a; c; d; e; fÞ

− Rð2Þ
6∶1ðb; c; a; d; e; fÞ − Rð2Þ

6∶1ðb; c; d; a; e; fÞ
− Rð2Þ

6∶1ðb; c; d; e; a; fÞ: ð4:18Þ

These expressions are valid for both UðNcÞ and SUðNcÞ
gauge groups and are remarkably compact. We have

confirmed that they satisfy the constraints arising from
the decoupling identities. The SUðNcÞ amplitudes have the
correct collinear limits: all nonadjacent and intertrace limits
vanish, and adjacent limits within a single trace factorize
correctly. All of the partial amplitudes have the correct
symmetries. Recursion involves choosing specific legs to
shift, breaking the symmetry of the amplitude. Restoration
of this symmetry is a powerful check of the validity of

our results. We have checked that none of the Rð2Þ
6∶λ are

annihilated by the conformal operator.

V. CONCLUSIONS

Computing perturbative gauge theory amplitudes to high
orders is an important but difficult task. In this article, we
have calculated the full color all-plus six-point two-loop
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amplitude and presented the results in simple analytic
forms. We have computed all the color components directly
thus presenting the first complete six gluon two-loop
scattering amplitude.
Our methodology obtains these results bypassing the

need to determine two-loop nonplanar integrals. There are
some inherent assumptions in our methods; however, the
results satisfy a variety of consistency checks. Firstly, they
give the correct results for the five-point amplitudes and for

Að2Þ
6∶1 which was computed subsequently. Secondly, we have

generated the full set of amplitudes and then checked the
decoupling identities are satisfied. We have checked the
collinear limits of the amplitudes. Note that the singular

terms Uð2Þ
n∶λ and the polylogarithms Pð2Þ

n∶λ must combine to
give the correct collinear limits as Refs. [11,24].
Analytic forms are particularly useful in studying formal

properties of amplitudes. For example we have confirmed
that the coefficients of the polylogarithms are conformally
invariant whilst the rational terms are not.
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APPENDIX: CURRENTS AND RECURSION

Augmented recursion was reviewed in [23] and shown to
work for a full color amplitude. We will outline the steps
here. The amplitude contains double poles and so factori-
zation theorems do not provide the full pole structure.
Mathematically we can take the residue of a function via its
Laurent expansion,

fðzÞ ¼ c−2
ðz − zjÞ2

þ c−1
ðz − zjÞ

þOððz − zjÞ0Þ; ðA1Þ

where the residue is simply

Res

�
fðzÞ
z

�����
zj

¼ −
c−2
z2j

þ c−1
zj

: ðA2Þ

As Rð2Þ
n∶λ is a rational function we can obtain it recursively by

performing a complex shift of its external legs [26,27]
and analyzing the singularities of the resultant complex
function RðzÞ.
Here z is a complex parameter introduced by the shift

and the shift must be chosen carefully so that RðzÞ vanishes
for large jzj. Cauchy’s theorem then tells us

R ¼ Rð0Þ ¼ −
X
zj≠0

Res

�
RðzÞ
z

�����
zj

: ðA3Þ

For tree amplitudes this can be achieved by the Britto-
Cachazo-Feng-Witten shift [26]. For the two-loop all-plus
amplitude the Risager shift [27],

λa → λâ ¼ λa þ z½bc�λη;
λb → λb̂ ¼ λb þ z½ca�λη;
λc → λĉ ¼ λc þ z½ab�λη; ðA4Þ

preserves overall momentum conservation and gives the
desired large jzj behavior, where λη must satisfy haηi ≠ 0

etc. but is otherwise unconstrained. Shifting the legs breaks
the symmetry of the amplitude so recovering the necessary
symmetries (the cyclic symmetries as well as λη independ-
ence) provides a strong check. The symmetry is recovered
by the Risager shift.
The leading poles are determined by the amplitude’s

factorization but there are no general theorems that deter-
mine the subleading poles. The Risager shift excites poles
corresponding to tree:two-loop and one-loop:one-loop
factorizations. The former involve only single poles and
their contributions are readily obtained from the rational
parts of the five-point two-loop amplitude [14,23],

Rð2Þ
5∶1ðaþ; bþ; cþ; dþ; eþÞ ¼

i
9

1

habihbcihcdihdeiheai
X
S5∶1

�
tr2þ½deab�
sdesab

þ 5sabsbc þ sabscd

�
;

Rð2Þ
5∶3ðaþ; bþ; cþ; dþ; eþÞ ¼ −

2i
3

1

habihbaihcdihdeiheci
X
S5∶3

�
tr−½acde�tr−½ecba�

saescd
þ 3

2
s2ab

�

and

Rð2Þ
5∶1Bðaþ; bþ; cþ; dþ; eþÞ
¼ 2iϵða; b; c; dÞ

X
Z5ða;b;c;d;eÞ

CPTða; b; e; c; dÞ: ðA5Þ

The one-loop:one-loop factorizations involve double
poles and we need to determine the sub-leading pieces.

By considering a diagram of the form Fig. 1 using an
axial gauge formalism [29,30], we can determine the
full pole structure of the rational piece, including the
nonfactorizing simple poles. We have used this approach
previously to compute one-loop [31–33] and two-loop
amplitudes [11,15,16,23], we labeled this process aug-
mented recursion.
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The principal helicity assignment in Fig. 1 gives

Z
dΛcðαþ; aþ; bþ; β−Þτð1Þ;cn ðα−; βþ; cþ;…; nþÞ; ðA6Þ

where

Z
dΛcðαþ; aþ; bþ; β−Þ

≡ i
cΓð2πÞD

Z
dDl

l2α2β2
V3ðα; a;lÞV3ðl; b; βÞ; ðA7Þ

the vertices are in axial gauge and τð1Þ;cn is a doubly off shell
current where c denotes an implicit sum over color.
As we are only interested in the residue on the sab → 0

pole, we do not need the exact current. It is sufficient that
the approximate current satisfies two conditions [11,32]:

(i) The current contains the leading singularity as sαβ→0

with α2, β2 ≠ 0,
(ii) The current is the one-loop, single-minus amplitude

in the on shell limit α2, β2 → 0, sαβ ≠ 0.
This process is detailed in [16] and applied to the full color
case in [23].
TheUðNcÞ color decompositionofdΛc contains a common

kinematic factor so we have the color decompositions,

τð1Þ;cn ¼
X
λ

Cλτ
ð1Þ
n∶λ and

Z
dΛc ¼ CΛ

Z
dΛ0; ðA8Þ

where

Z
dΛ0ðαþ; aþ; bþ; β−Þ ¼

i
ð2πÞD

Z
dDl

l2α2β2
½ajljqi½bjljqi
haqihbqi

hβqi2
hαqi2 : ðA9Þ

Hence the full color contribution is

X
λ

CΛCλ

Z
dΛ0ðαþ; aþ; bþ; β−Þτð1Þn∶λðα−; βþ; cþ; � � �nþÞ: ðA10Þ

The various τð1Þn∶λ can be expressed as sums of the leading amplitudes τð1Þn∶1 via a series of Uð1Þ decoupling identities. For

the six-point case there are three currents to calculate. τð1Þ6∶1ðα−; βþ; cþ; dþ; eþ; fþÞ has been calculated previously [15] and
presented for arbitrary q [16]. The remaining two currents are given by

τð1Þ6∶1ðα−;cþ;βþ;dþ;eþ;fþÞ¼
i
3

� hdfihαei3½ef�
hcβihdei2hefi2hαcihβdi−

hαdi3hβei½djcjαi
hcβihdei2hefihfαihαcihβdi2þ

½cjdjαi3
hefihfαihβdi2½cjPβdjeitcβd

þ ½fjcjαi3
hcβihdei2hαci½fjcjβi½cjPαβjci

þ ½cf�3
½fα�½αc�tβde

×

� ½βe�
hdeihβdiþ

½cβ�½βd�
hdei½cjPβdjei

−
½de�½ef�

hβdi½fjcjβi
��

þOðsαβÞ ðA11Þ

and

τð1Þ6∶1ðα−;cþ;dþ;βþ;eþ;fþÞ¼
i
3

�
−

hcβihαdi3½cd�
hcdi2hdβi2hefihfαihβeiþ

hαei3hβfi½ef�
hcdihdβihefi2hαcihβei2þ

½cjdjαi3
hdβi2hefihfαi½cjPdβjeitcdβ

þ ½fjPcdjαi3
hcdihαcihβei2½fjPαcjditαcd

þ ½cf�3
½fα�½αc�tdβe

×

� ½de�
hdβihβeiþ

½cd�½dβ�
hβei½cjPdβjei

−
½ef�½βe�

hdβi½fjPαcjdi
��

þOðsαβÞ: ðA12Þ

Many of the terms in the nonadjacent currents do not give rationals upon integration. We are thus left with

FIG. 1. Diagram containing the leading and subleading poles as
sab → 0. The axial gauge construction permits the off shell
continuation of the internal legs.
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Z
dDl

l2α2β2
i

ð2πÞD
½ajljqi½bjljqi
haqihbqi τð1Þ6∶1ðα−;cþ;βþ;dþ;eþ;fþÞjQ

¼ i
6

½ab�
habi

� hdfihaei3½ef�hbqi2
hcbihdei2hefi2hacihbdihaqi2−

hadi3hbei½djcjaihbqi2
hcbihdei2hefihfaihacihbdi2haqi2þ

½fjcjai3hbqi2
hcbihdei2hacihaqi2½fjcjbi½cjPabjci

�

ðA13Þ

and
Z

dDl
l2α2β2

i
ð2πÞD

½ajljqi½bjljqi
haqihbqi τð1Þ6∶1ðα−; cþ; dþ; βþ; eþ; fþÞjQ

¼ i
6

½ab�
habi

� haei3hbfihbqi2½ef�
hcdihdbihefi2hacihaqi2hbei2 −

hcbihbqi2hadi3½cd�
hcdi2hdbi2hefihfaihaqi2hbei

�
: ðA14Þ

We then color-dress Fig. 1, sum over all distinct diagrams, extract the contribution to each color structure and take the
residues. Summing over all the channels excited by the Risager shift and all helicities gives the full color two-loop
amplitude.
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