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Abstract

Ecosystem dynamics are driven by both biotic and abiotic processes, and perturbations can push ecosystems

into novel dynamical regimes. Plant-plant, plant-soil and mycorrhizal associations all affect plant ecosystem

dynamics; however, the direction and magnitude of these effects vary by context and their contribution to

ecosystem resilience over long time periods remains unknown. Here, using a mathematical framework, we

investigate the effects of plant feedbacks and mycorrhiza on plant-nutrient interactions. We show evidence

for strong nutrient controlled feedbacks, moderation by mycorrhiza and influence on ecological resilience. We

use this model to investigate the resilience of a longitudinal paleoecological birch-δ15N interaction to plant-

soil feedbacks and mycorrhizal associations. The birch-δ15N system demonstrated high levels of resilience.

Mycorrhiza were predicted to increase resilience by supporting plant-nitrogen uptake and immobilizing excess

nitrogen; in contrast, long-term enrichment in available nitrogen by plant-soil feedbacks is expected to

decrease ecological resilience.

1 Introduction

Plants require soil nutrients for growth and actively influence nutrient cycles such as nitrogen. Such plant-

soil feedbacks include the uptake and retention of nitrogen in plant tissues, release of nitrogen into leaf litter

and woody debris, and support of ectomycorrhizal fungi (ECMs) that can influence plant access to multiple

soil resources to support further plant growth. These plant-fungi associations have been shown to provide

up to 80% of a plant’s nitrogen requirements (Hobbie & Hobbie 2006) and thus play a fundamental role

in promoting resilience of populations and ecosystem functioning; however, in some cases, ECMs compete

with plants for resources by immobilizing nitrogen in mycelia (van der Heijden et al. 2015) and/or inhibit-

ing plant access to nitrogen (Johnson et al. 1997), thus modulating the availability and mineralization of

nitrogen (Näsholm et al. 1998) to support plant growth and potentially destabilizing plant-nitrogen inter-

actions. Whether ECMs support or suppress plant growth depends on the abundance of host plant species,

type of microbial associations, life cycle stage of the plant, nitrogen availability in the ecosystem and other

environmental conditions (van der Heijden et al. 2015; Högberg et al. 2017). Furthermore, the relative

importance of plant-plant interactions and plant-soil feedbacks in determining plant dynamics (Lekberg et

al. 2018) and the potential mitigating effect of mycorrhiza (Mariotte et al. 2018) remains a contemporary

research topic (e.g., Högberg et al. 2017). Such complexity challenges efforts to predict the stability and

resilience of plant-nitrogen interactions over periods of environmental change. Palaeoecological proxy data

on plant biomass and terrestrial nitrogen availability provide unique and valuable long-term observations

required to assess the resilience of ecological interactions subject to environmental perturbations operating
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over centuries and/or millennia (Jeffers et al. 2015a).

Here, we hypothesise that mycorrhizal associations contribute to ecosystem resilience by modifying interac-

tions between plants and available nutrients. We use a mathematical framework, built upon previous work

(Jeffers et al. 2011, 2012, 2015b, 2018), to investigate the contribution of mycorrhiza to plant-nitrogen dy-

namics and ultimately ecological resilience. We then fit this model to a palaeoecological birch-nitrogen time

series to assess the resilience of a natural system to alterations in plant-nutrient abundances and interactions

with mycorrhiza.

2 Material and Methods

Mathematical Model

To investigate how the presence of mycorrhiza affect plant (P ) - nitrogen (N) dynamics, and more broadly

ecological resilience, we construct a mathematical model of plant and nitrogen dynamics. The model builds

on those used to interrogate plant-nitrogen interactions from palaeoecological data (Jeffers et al. 2011, 2012,

2015). Population growth is dependent on available nitrogen and plants influence ecosystem-scale nitrogen

availability through the release of decaying tissues. ECMs can affect plant growth by moderating nitrogen

uptake and and/or competing for nitrogen (Högberg et al. 2017) immobilizing plant-available nitrogen

(Näsholm et al. 2013). Mycorrhiza affect nitrogen loss rates from the system and/or help recycle organic

forms of nitrogen that can be used by plants (Näsholm et al. 1998). Given this, we focus on the effects of

ECMs on plant nitrogen uptake and immobilization. Our model framework is of the form:

dN

dt
= λ− f(N,P )− j(N,M)− µnN + g(P ) (1)

dP

dt
= rf(N,P )− h(P )P − µpP (2)

where, in equation (1) describing the nutrient (N) dynamics, λ is the allochthonous input rate of nitrogen

into the system, f(N,P ) is a function describing nitrogen uptake by plants (see below). j(N,M) is the immo-

bilization of nitrogen by mycorrhiza (M). This is not independent of other factors (such as carbon-nitrogen

feedbacks or competition between mycorrhiza and other microbes) and to capture this breadth of outcomes

we define j(N,M) = ±γNM , (where γ is the rate of immobilization). µn is the loss of nitrogen from the

system through volatilization, dentrification or leaching, and g(P ) is a function describing the recycling of

nitrogen from decaying plant biomass (see below).
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In equation (2) describing the plant dynamics, r is the plant population growth rate, as noted above f(N,P )

is the uptake of nitrogen by the population for plant growth, h(P ) is a density-dependent plant feedback

term (h(P ) = νP β) and µp is the (instantaneous) plant death rate.

Uptake rate. The uptake rate of nitrogen by plants is described by:

f(N,P ) = (α′NP ) (3)

where α′ is the uptake coefficient describing the use of available nitrogen to support plant population growth.

Nitrogen uptake is modulated by mycorrhiza according to α′ = α(1 + bM), where b ∈ [−1, 1], such that

mycorrhiza can behave mutualistically and increase (+) or parasitically and inhibit (-) plant access to sources

of available nitrogen.

Nitrogen release rate. Nitrogen can be released back into the system as a function of plant biomass losses.

We describe this process as a delayed response to plant biomass with:

g(P ) = µpηP (t− τ) (4)

where µp is the instantaneous death rate of the population, η is the proportion of plant biomass returned

as available nitrogen and τ is the time lag between the release of plant biomass and transformation into

available nitrogen. Given that nitrogen availability is structured through the soil profile (e.g., Högberg et al.

2017), this time delay captures the release of nitrogen from decaying plant biomass before it can be utilized

by the plant or modulated by the mycorrhiza.

Analysis

The model analysis proceeds by addressing three questions (i) how does nitrogen uptake affect plant popula-

tion growth, (ii) how do mycorrhiza moderate plant nitrogen uptake and ecosystem-scale nitrogen availabil-

ity, and (iii) how is resilience of plant-nitrogen dynamics affected by plant-soil feedbacks, density-dependent

population growth and modulation of soil resources by mycorrhiza. We use analytical (e.g., local stability

analysis) and numerical (e.g., numerical integration) methods for model analysis (see supplementary infor-

mation for fuller details). We then fit models to a long-term palaeoecological birch-δ15N data set and assess

ecological resilience.
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3 Results

(i) Nutrient effects on plant dynamics

The effect of nitrogen uptake on plant population growth ( 1
P
dP
dt ) is estimated by:

1

P

dP

dt
= r[α′N ]− νP β − µp. (5)

From this, positive plant population growth (fitness) occurs when r[α′N ] > (νP β + µp). This inequality

can be investigated further when plant populations are at equilibrial levels. This is P ∗ =
[
rα′N−µp

ν

](1/β)

.

At equilibrium, a baseline amount of nitrogen is required for positive plant population growth to occur (i.e.

plant birth rate exceeds plant death rate). As mycorrhiza can act mutualistically (increase) or parasitically

(inhibit) to affect plant nitrogen uptake (α′ = α(1±M)), this influences plant population growth.

Dynamics

To explore the specific mechanisms by which nitrogen availability affects plant dynamics, a limiting case of

the full model can be derived.

If in the absence of plant density dependence, the nitrogen uptake rate exceeds background losses (e.g. by

denitrification) and/or immobilization of nitrogen by mycorrhiza (αP >> (µn + γM)), then the nitrogen-

plant dynamics can be represented by:

dN

dt
= λ− α′NP + µpηP (t− τ) (6)

dP

dt
= rα′NP − µpP (7)

If these nutrient dynamics act on a faster time scale than the plant dynamics then the steady state nutrient

dynamics (N) are:

N =
λ+ µpηP (t− τ)

α′P
. (8)

So the plant dynamics can then be approximated by:

dP

dt
= r (λ+ µpηP (t− τ))− µpP. (9)

For small time delays τ → 0 then the solution to this expression for the plant dynamics at time T is:
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P (T ) =
rλ

µp(rη − 1)
(exp(tµp(rη − 1))− 1) . (10)

Provided η < 1 then the plant dynamics will asymptote and equilibriate at rλ
µp(rη−1) . This equation shows

that with greater allochthonous inputs of nitrogen (λ) or slower releases of nitrogen from decaying plant

matter (µp(rη − 1)), there will be a higher equilibrium plant population level (P (T )). This introduces

nutrient-driven (donor-controlled) feedback mechanisms that can stabilize the plant dynamics.

For a given rate of external inputs of nitrogen (λ), the rate at which nitrogen is recycled from decaying plant

biomass (η) has a strong effect on plant population dynamics (SI Fig. 1). High rates of release of plant-

derived nitrogen destabilise the dynamics (leading to exponential plant population increases); increasing

the background availability of nitrogen (λ) exacerbates the rate of this exponential increase (SI Fig. 1a).

Lower rates of nitrogen release from decaying biomass stabilise plant population dynamics while increases

in background supplies of nitrogen raise the realised equilibrium population level (SI Fig. 1b).

(ii) Mycorrhiza influence nutrient-plant dynamics

Given the plant-nutrient dynamics (eqns 1-2), the steady-state level of available nitrogen (N∗) is given:

N∗ =
λ+ µpηP

∗

α′P ∗ + γM + µn
. (11)

As might be expected, increases in uptake by plants (α′P ∗), immobilization by mycorrhiza (γM) or loss of

nitrogen (µn) will all lead to lower steady-state levels of nitrogen. In contrast, increases in the allochthonous

inputs of nitrogen (λ) and/or releases of nitrogen from decaying plant matter (µpηP
∗) will lead to higher

steady-state levels of nitrogen.

Mutualistic mycorrhiza or parasitic mycorrhiza interact with plant-nutrient dynamics to affect levels of

available nitrogen and nitrogen limitation of plant population growth (SI Fig. 2). In general, mutualistic

mycorrhiza (when α′ = α(1 + M)) favour stable plant-nutrient interactions (SI Fig. 2a). When mycor-

rhizae behave mutualistically, rising plant biomass and low levels of mycorrhizal biomass lead to asymptotic

increases in available nitrogen. In contrast, parasitic mycorrhiza (when α′ = α(1−M), reducing plant nitro-

gen uptake) can destabilize plant-nutrient dynamics (SI Fig. 2b). In this situation, increasing mycorrhizal

biomass results in unregulated increases in available nitrogen (SI Fig. 2b) and destabilizes the dynamics (SI

Fig. 3).
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(iii) Effect of biotic feedbacks on resilience of plant-nitrogen interactions

To determine the resilience of the plant - nitrogen system we use a local stability analysis. We define re-

silience as the decay rate of perturbations back to the steady states and this rate is determined from the real

part of the dominant eigenvalue associated with the local stability matrix (see SI). We use this approach to

determine how resilience is affected by biotic feedbacks from plants and mycorrhiza.

The resilience of plant - nutrient dynamics is dependent on interactions with mutualistic mycorrhiza (when

α′ = α(1 + M)) (Figure 1). Increases in the proportion of plant biomass recycled as available nitrogen (η)

decreases the resilience of the system (Fig. 1), such that any perturbation will grow over time, moving the

system away from its current state. However this plant-soil feedback can be moderated by other biotic factors

such as the rate of immobilisation (γ). At low levels of plant-nitrogen recycling, higher rates of immobilisa-

tion by mutualistic mycorrhiza leads to greater system resilience (Fig. 1a,c); however, there is a threshold

point in the amount of plant-derived nitrogen beyond which increases in mycorrhizal immobilisation results

in lower resilience.

Incorporating plant density-dependent plant dynamics (h(P ) = νP β) alters the shape of the resilience curve

and the relative effect of immobilization at low levels of plant-derived nitrogen feedback (η) (Fig. 1c). Yet,

the threshold point at which plant release rates lead to low resilience is the same for both the density-

dependent and density independent models (Fig. 1c).

When mycorrhiza behave parasitically (when α′ = α(1 −M)), the plant-nitrogen system is never resilient

(i.e. resilience < 0) (Figs. 1b,d). In this situation, higher rates of mycorrhizal immobilization lead to lower

system resilience in all circumstances.

(iv) Model-data comparison

To investigate the role of mycorrhiza on the resilience of plant-nutrient systems, we fit the model (eq 1-2) to

a 5,000 year palaeoecological proxy time series of plant biomass (based on pollen accumulation rates) and

nitrogen availability from Dubh Lochan (Great Glen, Scotland) (Froyd 2005; Jeffers et al. 2015b) using a

Bayesian state space approach (see supplementary information). The series spans the early to mid-Holocene

period (10,700 to 5,200 cal. yrs BP) and shows long-term declines in both birch and nitrogen availability

after the first 2,000 years (see SI).
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Comparing stochastic plant density-independent and density-dependent dynamic models to the data sug-

gests that a plant density-independent model together with mutualistic mycorrhizal effects provides the most

parsimonious description of the birch-nitrogen dynamics at Dubh Lochan (SI Fig. 4; χ2
diff = 0.159 on 2d.f.,

p = 0.924).

Using the parameterised density-independent plant-nutrient model (and observed relative abundances of

birch and nitrogen), changes in predicted resilience of the plant-nutrient interaction at Dubh Lochan can

be determined from the local stability matrix (used for the model analysis - see supplementary informa-

tion). Figure 2 shows predicted resilience for the long-term birch-nitrogen system for four key parameters:

rate of resource uptake (α), estimated mycorrhizal biomass (M), biomass release rate (η) and mycorrhizal

immobilization rate (γ). Credible intervals from key posterior parameter distributions at each time point

reveal how variation in parameters influences predicted resilience of the overall system. Increases in nutrient

uptake rate (α) increase system resilience (i.e. small perturbations will decay away, Fig. 2a); however,

increasing plant-derived available nitrogen (η) reduced resilience (i.e. any perturbation will grow over time,

Fig. 2c). In general, greater biomass of mycorrhiza (M) further increases resilience (Fig. 2b). The predicted

immobilisation rate (γ) varied over a narrow range of parameter values and the system remained resilient

across all of them (Fig. 2d).

4 Discussion

Here, we have investigated the role of biotic interactions on the dynamics and resilience of plant-nutrient

interactions. We show that nutrient-controlled (donor-controlled) feedbacks can determine plant population

dynamics and equilibrium states (eq 9. & 10). How nutrients flow through the system, their availability

and their immobilization determine plant population levels (SI Figs. 1a-b). Our model predictions show

that high levels of plant-derived nitrogen enrichment can destabilize coupled plant-nitrogen dynamics. Im-

mobilization of nitrogen by mycorrhizal associations can offset this effect (i.e. via the microbial bottleneck,

sensu Knops et al. 2002) and improve resilience, but only at low levels of plant-derived nitrogen inputs.

When nutrients increase beyond a threshold point, immobilization of nitrogen by mycorrhiza was predicted

to reduced resilience. Similarly, direct interference in plant nitrogen uptake by mycorrhiza (i.e. parasitism)

led to reduced resilience in all circumstances. Thus biotic interactions can strongly influence nutrient cycling

(Chapman et al. 2006) and plant performance (Lekberg et al. 2018) by dampening or exacerbating feedback

effects.
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How important are these processes in real ecosystems? Our model-data comparison with palaeoecological

birch-δ15N data showed evidence for donor-controlled plant-nitrogen dynamics and mutualistic interactions

with mycorrhizal fungi. Increasing plant nitrogen uptake had a positive effect on system resilience (Fig.

2a). Mycorrhiza were also associated with greater resilience (Fig. 2b), likely by promoting and regulating

access to alternative available nitrogen sources (e.g., Read 1983). Our results conform with observations

from modern ecosystems that although mycorrhizae have the potential to behave parasitically, mutualistic

behaviour is more likely (Frederickson 2017), especially in nitrogen poor environments (Deckmyn et al. 2014).

Predicted immobilization rates, like mycorrhizal biomass, varied over a narrow range of values and - contrary

to our model results - always led to greater system resilience (Fig. 2d). ECMs can immobilize nitrogen in

relatively recalcitrant hyphae, which become part of the soil organic matter after they die, thus promoting

nitrogen retention and regulating the rate of recycling of organic nitrogen (Deckmyn et al. 2014). This

mechanism is predicted to improve resilience of birch-nitrogen interactions, likely by offsetting the negative

effects of plant-driven feedbacks (Fig. 2c). That nitrogen immobilization has a prevalent role in birch-

ECM dominated forests and plant dynamics are heavily influenced by nitrogen-carbon-microbe interactions

(Högberg et al. 2017) highlights that alternative sources of (organic) nitrogen (e.g., amino acids - Read

1983) may be highly influential in these ecosystem dynamics (Näsholm et al. 1998). Together with long

paleo-ecological records, the dynamics of ECMs and the sources of nitrogen availability in forest ecosystem

resilience warrants much more in-depth scrutiny.

This is - to our knowledge - the first attempt to incorporate the role of mycorrhizal association into a plant-

nitrogen dynamic model fitted to long-term palaeoecological data and used to assess ecosystem resilience.

The results support the important role of biotic controls in nutrient cycling (e.g., Näsholm et al. 1998;

Jeffers et al. 2011) and driving ecosystem resilience. A key limitation however is the current lack of

continuous palaeoecological records of mycorrhizal biomass concurrent with other proxies (Strullu-Derrien

et al. 2018). Future work should focus on linking carbon-nitrogen-microbe dynamics to plant-nutrient

interactions, dynamics and resilience. These caveats notwithstanding we show that knowledge of the type,

direction and magnitude of biotic interactions is critically important in determining the dynamics, stability

and resilience of these ecological systems.
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Figure Legends

Figure 1 – Resilience (decay rate of perturbations, see supplementary information) of plant – nutrient

system to interactions with mycorrhiza under (A-B) density-independent or (C-D) density-dependent

plant dynamics. With mutualistic mycorrhiza (A,C) increases in the rate at which plant biomass

releases nitrogen can destablise the system and decreases resilience. Changes in the rate of immobi-

lization (blue line to orange line to green line) on resilience depends on the plant population dynamics

and biotic interactions. Parasitic mycorrhiza (B,D) always destabilize and make plant-nutrient systems

less resilient.

Figure 2 - Predicted resilience of the birch-nitrogen system at Dubh Lochan for a range of model

parameter values: (A) the predicted plant nutrient uptake rate (α), (B) the predicted mycorrhizal

biomass (M), (C) the plant biomass release rate (η) and (D) the mycorrhizal nutrient immobilisation

rate (γ). Parameter estimates are updated through time using a sequential Monte Carlo approach.

Grey bars represent parameter credible intervals (estimated from the Bayesian state space) at a partic-

ular time point. Black bars are the range of predicted resilience levels (for a parameter at a particular

time point).
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Supplementary Information

The sections in the supplementary information give further details on (i) dynamics, stability and resilience

analysis of the plant-nutrient model, (ii) the palaeoecological data set and (iii) the Bayesian methods used

to fit the models to the data set.

Dynamics, Stability and Resilience

The availability of nutrients has a strong effect on plant dynamics. Release of nutrients from the decaying

plants can stabilize or destabilize dynamics (Fig. S1).
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Figure S1. Effects of nitrogen availability on plant dynamics under (A) high and (B) low
levels of nitrogen releases from plant biomass.  High levels of nitrogen releases destabilize
dynamics and increases in background nitrogen availability (λ > black to green to red) 
further exacerbate these unstable dynamics. Low levels of nitrogen releases from plant
biomass promote stable plant dynamics and equilibrium levels increases as nitrogen
availability increases.

Mycorrhizal associations interact with the plant nutrient dynamics to affect plant population-growth rate

(Fig. S2) and the stability of the plant-nutrient system (Fig S3).
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Figure S2. Effect of mycorrhizae association on nutrient dynamics and availability. 
Under (A) symbiotic mycorrhizal associations, low levels of mycorrhizal abundance
and increasing plant biomass favour increases in nitrogen availability. In contrast, 
under (B) parasitic associations, increases in plant biomass and high mycorrhizae
abundances favour increased nitrogen availability. 
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Figure S3 - Influence of mycorrhizal abundance on the stability of the plant-nutrient system under (A) symbiotic and (B) parasitic 
mycorrhizae. Symbiotic mycorrhizae give rise to stable plant-nutrient interaction (real part of the dominant eigenvalue is negative) 
whereas parasitic mycorrhizae destabilize the interaction (real part of the dominant eigenvalue is positive).

Resilience of the system is determined from the sign and magnitude of the dominant eigenvalue of the lin-

earized dynamical system around an equilibrium state (e.g. Holling 1973; May 1973).

From the main text equations (1 & 2), the equilibrium states of the system (N∗ and P ∗) can be determined.

In the absence of plant density dependence (ν → 0) the equilibria are:

N∗ =
µp
rα′

(A.1)

P ∗ = −
µp

rα′ (γM − µn) + λ

µpη +
µp

r

. (A.2)

In the presence of density dependence (h(P ) = νP β where β represent the strength of density-dependence,

β = 1), the equilibria are:

N∗ =
νP ∗ + µp

rα′
. (A.3)

The solution for P ∗ under this form of density dependence is found from solving the following quadratic:
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νP ∗ + µp
rα′

(α′P ∗ − γM − µn)− λ− µpηP ∗ = 0. (A.4)

Stability matrix

When β = 1 from main text equations (1-2):

J =

 −ω − α′P ∗ + γM − µn −α′N∗ + µpηexp(−ωτ)

rα′P ∗ −ω + rα′N∗ − 2νP ∗ − µp

 . (A.5)

From the determinant of this matrix, the characteristic equation (when exp(−ωτ ≈ 1− ωτ) is:

ω2 + ω(A+D +Bµpητ) +B(C − µpη) = 0 (A.6)

where A = α′P ∗ − γM − µn, B = rα′P ∗, C = α′N∗ and D = 2νP ∗ + µp − rα′N∗ and the eigenvalues are

found from:

ω = −1

2
(A+D +Bµpητ)±

√
(A+D +Bµpητ)

2 − 4 (B(C − µpη)). (A.7)

From Routh-Hurwitz criteria, stability of the interaction is ensured if (A+D+Bµpητ) > 0 and B(C−µpη) >

0. Mutualistic mycorrhiza stabilize while parasitic mycorrhiza destabilize the plant-nutrient interaction (Fig.

S3). Asymptotic resilience is the decay rate of perturbations in the linearized system and is determined from

the real part of the dominant eigenvalue (ω) associated with this local stability matrix (−<[λ1(J)]). The

larger the resilience, the faster perturbations eventually decay to return the system to the steady state

(Holling 1973).

Data set

Palaeoecological proxy data of plant biomass and available nitrogen were previously reconstructed from fossil

pollen (Fig. S4a) and stable nitrogen isotope (Fig. S4b) analysis of lake sediments obtained from Dubh-

Lochan in the Great Glen regions of the Scottish Highlands (Froyd 2005; Jeffers et al 2015). Here we use

the chronology and pollen accumulation rates of birch reported in Jeffers et al. (2015).

Model Fitting Approaches: Bayesian State Space

We use a Bayesian hierarchical state-space approach to fit models to palaeoecological birch-N plant-nutrient

data to account for uncertainties operating at different levels in the data. A data model links the observed
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proxy abundance measures for birch and N to an expected abundance measure (generated by a stochastic

version of plant-nutrient dynamics - main text equations 1-2):

dN = [λ− f(N(t), P (t))− j(N(t),M)− µnN(t) + g(P (t))] dt+ f(σn, N(t))dW (A.8)

dP = [rf(N(t), P (t))− h(P )P − µpP (t)] dt+ f(σp, P (t))dW (A.9)

where f(σn, N(t)) and f(σp, P (t)) represents demographic error processes acting on nutrients and plants,

respectively, and dW is a Brownian motion process. All other parameters are defined in the main text.

We assume that measurement error can be assessed through a least-squares difference (L(t)) between the

observed and (stochastic) expected abundances at each time point (t):

L(t) =

2∑
i=1

(Oi(t)− Eis(t))2

where Oi(t) is the observed abundance and Eis(t) is the expected abundance (generated from the stochastic

model) for the ith proxy (birch or δ15N) at time t.

The stochastic model (eqns A.8-A.9) describes the nonlinear ecological processes that underpin the plant-

nutrient dynamics. For the palaeoecological birch-δ15N data set, we compare two models: a plant-plant

intraspecific density dependence model (where h(P ) = P β) and a plant density independent model (where

h(P ) = 0). Unknown (hidden) model parameters are assumed to be random variables and have either

Gamma and/or Uniform priors. The error terms (σp, σn) are also assumed to be random variables and have

Uniform priors. To account for additional process error in our hierarchical framework, we use a second least

squares difference (Lsd) between the stochastic and deterministic version of the model:

Lsd(t) =

2∑
i=1

(Eis(t)− Eid(t))2

where Eid is the expected abundance of the ith proxy from numerically integration of the deterministic

plant-nutrient dynamics.

To implement this Bayesian hierarchical state-space approach, we use a sequential Monte Carlo (SMC) algo-

rithm, coupled with a standard Markov Chain Monte Carlo (MCMC) update step. These SMC approaches

provide a general framework for dynamic state-space estimation (building on linear Kalman Filter methods)

(e.g. Doucet et al. 2001; Cappé et al. 2007). In SMC approaches, a distribution of interest (e.g. for a

parameter) is approximated by a large set of random samples (‘particles’). The trajectories of these par-

ticles are propagated using a recursive importance sampling/resampling scheme. Beginning with an initial
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distribution the posterior density (e.g., for a parameter) can be obtained by samples Q trajectories from an

importance distribution and computing a set of weights.

The bootstrap filter (Gordon et al. 1993) provides a robust sampling distribution (which in our case is based

on a least squares difference: g(O(t),Es(t) =
∑2
i=1 Li(t)) - where O(t) is the vector of observations and Es(t)

is the vector of expected abundances from numerical integration of the stochastic model (eqns: A.8-A.9) at

time t). For a large number of particles (k = 1, . . . , Q), the normalised importance weights for each particle

is:

wk =

∑2
i=1 L

k
i∑Q

j=1

∑2
i=1 L

j
i

.

However, one limitation of these sequential importance sampling methods is that the weights can become

highly degenerate such that the probability mass is concentrated onto a very small proportion of parti-

cles/weights (such that most particles contribute very little to the expectation estimations). To avoid this

potential problem, several solutions have been proposed (e.g. Cappé et al. 2007) that involve some form of

(re)sampling of particles with replacement (which we implement in our algorithms).

Parameter estimation implements a standard MCMC step (Gilks & Berzuini 2001; Bonsall et al. 2014).

Under this scheme the bootstrap filter is extended to (i) resample particles with probabilities proportional

to their weights and (ii) implement a MCMC move (or moves) on each particle. Here, we implement a

Metropolis-Hastings MCMC within the bootstrap filter to derive expectation estimates (for a vector of

parameter H) up to time point T . Parameter estimates are updated sequentially as the time series evolves

and data at additional census points become available. As such our MCMC sampling follows:

φ(T ) =
g(O(t),E∗s(t))g(E∗s(t),E∗d(t))f(H∗(t))f(σ∗p)f(σ∗n)

g(O(t),Es(t))g(Es(t),Ed(t))f(H(t))f(σp)f(σn)

where Es(t) and Ed(t) are expected values from the stochastic model and deterministic plant-nutrient

model, respectively. g(·, ·) denotes a least-squares difference and f(·) a prior. The proposal distribution,

denoted by ∗, follows a Normal distribution with a fixed variance to determine a feasible acceptance rate.

Computationally, we implement this hierarchical model in R (R Core Team 2013) and use a log-scale to

determine min(0, log(φ)) and set H(t) = H∗(t) with probability X and H(t) = H(t) with probability 1−X.

Goodness of Fit

To evaluate goodness of fit, we used one-step ahead predictions (Fig. S4) and evaluated the difference

between the observations and expected values (based on posterior parameter modes) using χ2 test. Expected
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parameter distributions (and parameter points estimates based on posterior modes) are used to determine

predicted resilience for the most parsimonious model. Credible intervals are used to determine parameter

uncertainty and hence resilience uncertainty across the dynamics of the palaeoecological birch-δ15N time

series.
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Figure S4.  One step ahead predictions for the (A) birch and (B) nitrogen dynamics from 
Dubh Lochan. Relative birch and nitrogen observed abundance (solid points) together
with realizations from the stochastic plant-nutrient model (black lines) used in the 
Bayesian state space fitting. Stochastic realizations are characterized by evolving 
parameter values as the time series unfolds and the model fit highlights a plant
density independent model where donor controlled dynamics coupled to symbiotic
mycorrhizae best described the birch and nitrogen dynamics at Dubh Lochan.

Model Calibration

To validate the accuracy of the resampling algorithm and ensure that the methods avoid particle depletion,

we simulated plant-nutrient dynamics using the following baseline model:

dN

dt
= λ− αNP − µnN + ηµpP (A.10)

dP

dt
= αNP − µpP (A.11)

where λ is the allochthonous input rate of nitrogen into the system, µn is the loss of nitrogen from the

system, µp is the (instantaneous) plant death rate, α′ is the uptake coefficient describing the use of available

nitrogen to support plant population growth and η is the proportion of plant biomass returned as available



22

nitrogen. With fixed parameter values, λ = 4.0, α = 0.005, η = 0.001, µn = 0.1 and µp = 0.1, stochastic

plant-nutrient dynamics were simulated with the Gillespie algorithm (Gillespie, 1976, 1977) . Representative

illustration of the dynamics for the plant-nutrient system are shown in Fig. S5.
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Figure S5 – Simulated plant (red line) – nutrient (black line) dynamics (using 
Gillespie algorithm from equations A.10-A.11 with fixed parameter values 
(l=4.0, a=0.005, h=0.001, µn=0.1 and µp=0.1)

To evaluate the potential bias introduced by the resampling approach, we fit the stochastic model:

dN = [λ− αNP − µnN + ηP )] dt+ f(σn, N)dW (A.12)

dP = [αNP − µpP ] dt+ f(σp, P )dW (A.13)

where σn and σp are noise terms for the nutrient and plant dynamics, respectively, with 250 particles in the

sequential Monte Carlo sampler. Our resampling algorithm is robust to issues of particle degeneracy with

the probability mass of the posterior distributions generally centred around the known parameter values

(Fig. S6) for our simulated data.
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Figure S6 - Posterior distributions for the parameters values for 
the plant-nutrient dynamics from simulated data. The diameter 
of the circles represent the probability mass for parameter 
values within the posterior distribution, the black bar is the 
interquartile credible intervals and the red point is the true 
(fixed) parameter value.
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