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We analyze the effects of disorder on the correlation functions of one-dimensional quantum models of
fermions and spins with long-range interactions that decay with distance ` as a power-law 1/`α . Using a
combination of analytical and numerical results, we demonstrate that power-law interactions imply a long-
distance algebraic decay of correlations within disordered-localized phases, for all exponents α . The exponent
of algebraic decay depends only on α , and not, e.g., on the strength of disorder. We find a similar algebraic
localization for wave-functions. These results are in contrast to expectations from short-range models and are
of direct relevance for a variety of quantum mechanical systems in atomic, molecular and solid-state physics.

I. INTRODUCTION

Quantum waves are generally localized exponentially by
disorder. Following the seminal work by Anderson with spin-
polarized electrons1 much experimental2–8 and theoretical in-
terest has been devoted to the study of localized phases and to
the localization-delocalization transition for non-interacting
and interacting quantum models9–30.

While most works have focused on short-range couplings,
long-range hopping and interactions that decay with distance `
as a power-law 1/`α have recently attracted significant in-
terest31–45 as they provide novel physical effects and can be
now engineered in a variety of atomic, molecular and op-
tical systems. For example, the Ising model with power-
law spin interactions with tunable exponent 0 < α < 3 has
been first realized in breakthrough experiments with arrays of
laser-driven cold ions46–50 and could also be obtained with
atoms trapped in a photonic crystal waveguide51–54; dipolar-
type 1/`3 or van-der-Waals-type 1/`6 couplings have been re-
cently demonstrated experimentally with ground-state neutral
atoms55–58, Rydberg atoms59–73, polar molecules74–76 and nu-
clear spins77. In solid state materials, power-law hopping is
of interest for, e.g., excitonic materials78–90; long-range 1/`
coupling is found in helical Shiba chains91,92, made of mag-
netic impurities on an s-wave superconductor, while planar ar-
rays of Josephson Junctions93,94 can effectively realize long-
range extensions of the Kitaev chain for spinless fermions95.
In the absence of disorder, theory and experiments have pro-
vided evidence for novel enticing static and dynamic phenom-
ena in these systems, such as, e.g., the non-local propagation
of correlations33–35,96, time crystal phases97, novel topolog-
ical effects98–103, and exotic behaviors of equal-time correla-
tions, such as hybrid exponential and power-law decays within
gapped phases, related to the violation of the area law for the
entanglement entropy104–107. However, in many of these sys-
tems, disorder - in particles’ positions, local energies, or cou-
pling strengths - is an intrinsic feature. Understanding its ef-
fects on the above phenomena and in the context of single-
particle and many-body localization remains a fundamental
open question.

For non-interacting models, it is generally expected that
long-range hopping induces delocalization in the presence
of disorder for α < d, while for α > d all wave-functions
are exponentially localized1,108–114. However, recent the-
oretical works with positional115 and diagonal114 disorder
have demonstrated that localization can survive even for α <
d. Surprisingly, wave-functions were found to be localized
only algebraically in these models, in contrast to the usual
Anderson-type exponential localization expected from short-
range models. How these finding translate to the behavior of
wave-functions and, crucially, correlation functions in many-
particle systems is not known.

In this work, we investigate the effects of disorder on the de-
cay of correlation functions and wave-functions in long-range
quantum wires of fermions and spins. These are extensions
of the Kitaev chain with long-range pairing93,104,116 and the
Ising model in a transverse field117, providing both analyti-
cal insight and immediate experimental interest. While in the
absence of disorder and for short-range interactions they are
identical, for long-range interactions they correspond to inte-
grable and non-integrable chains, respectively. For fermions,
we determine the regimes of localization for all α for the cases
of disordered hopping or pairing. For the Ising chain, we fo-
cus on the regime α > 1, where the disordered phase diagram
has been shown to display many-body localization theoreti-
cally118 and experimentally7. For all models we compute the
one-body and two-body connected correlation functions, find-
ing several novel features: (i) The connected correlation func-
tions decay algebraically at long distance within all localized
phases, (ii) with an exponent that depends exclusively on α ,
and not, e.g., on the disorder strength. (iii) For the fermionic
models, we derive analytic results for the long-distance decay
of the correlations that explain the found algebraic decay, in
excellent agreement with the numerics. (iv) The same analyt-
ical predictions are found to hold also for the correlations of
the interacting Ising chain. (v) For any α , the localized wave-
functions of the fermionic models display a long-distance al-
gebraic decay with exponent α , different from recent predic-
tions for long-range hopping models. These results should
be of direct relevance to many experiments in cold atomic,
molecular and solid-state physics with fermions and spins.
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II. THE MODELS

We consider the following Hamiltonians for one-
dimensional long-range fermionic models

HI,II = H0 +VI,II (1)

where H0 is a homogeneous Hamiltonian given by

H0 =−t
L

∑
j=1

(
a†

ja j+1 +H.c.
)
+µ

L

∑
j=1

n j

+∑
j,`

∆
`α

(
a ja j+`+H.c.

) (2)

that describes a p-wave superconductor with a long-range
pairing, and the indices I, II refer to the two different types
of Hamiltonians we consider, namely

VI =
L

∑
j=1

Wj

(
a†

ja j+1 +H.c.
)

(3)

that corresponds to a random hopping and

VII = ∑
j,`

Wj

`α

(
a ja j+`+H.c.

)
(4)

that corresponds to a random long-range pairing. In the pre-
vious equations, a†

j (a j) is a fermionic creation (annihilation)

operator on site j, µ is the chemical potential, n j = a†
ja j and

Wj are i.i.d random variables drawn from a uniform distribu-
tion of width 2W and zero mean value. We fix the energy scale
by letting ∆ = 2t = 1 and we choose µ = 2.5, corresponding
to a gapped paramagnetic phase104 for Wj = 0. Different val-
ues of µ do not change the results we find in the following.
The random Hamiltonians (1) can be written in diagonal form
as HI,II = ∑L−1

q=0 Λqη†
q ηq by a generalized Bogoliubov trans-

formation119 defined by ηq = ∑ j(gq, ja j +hq, ja
†
j), with Λq the

energies of the single-particle states labelled by q. The ground
state |Ω〉 is then the vacuum of all quasi-particles ηq and the
matrix elements gq, j and hq, j can be identified with the wave
functions of the two fermionic modes η†

q and ηq, respectively.
As an interacting model, we consider the following random

long-range Ising Hamiltonian117 in transverse field

HLRI = ∑
j,`
(sinθ +B j, j+`)

σ x
j σ x

j+`

`α
+

L

∑
j=1

(cosθ +Wj)σ
z
j , (5)

where σν
j (ν = x,z) are Pauli matrices for a spin-1/2 at

site j and B j, j+` are i.i.d random variables drawn from a
uniform distribution of width 2B and zero mean value. We
choose θ = π/5, corresponding to a paramagnetic phase116

for B j, j+` = Wj = 0. Different values of θ will not change
the results we find in the following. For any finite disorder
strength, the model Eq. (5) displays a many-body localized
(MBL) phase120–124 for α > 1.

In the following, we first determine the regimes of local-
ization for the fermionic models Eqs. (1) and then compute
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FIG. 1. Left panels: IPR for a system of L = 1000 sites as a function
of the disorder strength W for (a) α = 3 and (b) α = 0.8 for the
model (I) with random hopping and (c) for α = 3.0 for the model
(II) with random pairing. Only in these panels, for drawing purpose,
the IPR has been rescaled to 1 in correspondence of its maximum
value. Right panels: Scaling of the IPR for the states at the centre of
the band as a function of the system size L and different W for (d)
α = 3 and (e) α = 0.8 for the model (I) and (f) for α = 3.0 for the
model (II). In panels (a-c) the symbols indicate the values of W that
we choose to plot the IPR in panels (d-f).

the single and the two-body correlation functions, as well as
the wave-functions, within the localized phases using analyti-
cal and numerical techniques. For the long-range Ising model
Eq. (5) we compute the spin-spin connected correlation func-
tions numerically. Our goal is to demonstrate that all these
quantities decay algebraically at large distances both for non-
interacting and interacting MBL localized models and to char-
acterize their decay exponents.

III. LOCALIZED PHASES OF DISORDERED FERMIONS

We determine the localized phases for Hamiltonians
Eqs. (1) by combining information from the inverse participa-
tion ratio (IPR). The IPR gives information about the spatial
extension of single-particle states and is defined as IPRq =

∑L
j=1[|gq, j|4 + |hq, j|4] for a normalized state with energy Λq.

The IPR tends to zero for increasing L for extended states,
while it remains finite for localized states.

Figure 1 shows the IPR as a function of W for all the single
particle eigenstates of a system of L= 1000 for model Eqs. (1)
(I) [for α = 3 and 0.8 in panels (a) and (b), respectively], and
(II) [for α = 3 in panel (c)] together with examples of finite
size scaling [panels (d-e)].

For model (I) with disordered hopping and α > 1 [panel
(a)] essentially all states are localized. For α < 1 [panel (b)]
we find that, at W fixed, there exists an energy below (above)
which all the states are localized (delocalized). However, the
fraction of delocalized states that are found at high energy
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scales to zero as ∼ 1/L1/(4−2α) and those states approach the
band edge for L→ ∞ [see Appendix B]. For model (II) with
disordered pairing when α > 1 localized states are present at
all energies if W & 2 [panel (c)].

IV. CORRELATION FUNCTIONS

We consider the single-particle correlator C( j, `) =

〈a†
ja j+`〉W for the two free-fermionic models of Eqs. (1)

as well as the spin-spin correlation function Sν( j, `) =[
〈σν

j σν
j+`〉−〈σν

j 〉〈σν
j+`〉
]

W
(for ν = x,z) for the interacting

long-range Ising model of Eq. (5) in the localized phases.
In the definitions of C( j, `) and Sν( j, `) the subscript W in-
dicates averaging over the disorder distribution. For models
with short-range interactions, all the correlation functions de-
cay exponentially with `. For models with-long range cou-
pling, it has been shown that correlation functions can display
a power-tail at long distance [see Appendix A]. Here we are
interested in the effects that can originate from the interplay
between long-range interactions and disorder.

Figures 2(a) and (b) show the correlator C(`) :=C( j0, `) for
models HI and HII, respectively, for different values of α . We
choose j0 = L/4 far from the edges in order to avoid boundary
effects. We find numerically that the long-distance decay of
C(`) is always of power-law type C(`)∼ `−γ for all α within
localized phases. In particular, for model HI [panel (a)] and
α < 1 the decay is essentially algebraic at all distances with
γ ∼ 2−α , while for α > 1 we find for both models a hy-
brid decay that is exponential at short distances and power-law
at large distances, with γ ∼ α [panels (a) and (b)]. Surpris-
ingly, we find that the values of the decay exponents of the
power-law tails do not depend on the disorder strength [see
Appendix C]. Remarkably, we observe that this behaviour is
typical also of states far from the bottom of the energy band.
This is shown in Appendix C, where we compute the one-
body correlation function of a localized single particle state
at the centre of the energy band. This is reminiscent of re-
cent results for fermions at finite temperature, in the absence
of disorder43.

This surprising long-distance behavior of correlations can
be understood by computing the correlations analytically
treating disorder as a perturbation. Here, we focus on model
(I) with perturbation VI. The homogeneous Hamiltonian H0
can be diagonalised via Fourier and Bogoliubov transforma-
tions as H0 = ∑k λα(k)ξ

†
k ξk, where λα(k) = [(cosk−µ)2 +

4 f 2
α(k)]

1/2 and ξk are extended Bogolioubov quasi-particles
related to the unperturbed fermionic operators in momentum
space via ãk = vkξk − ukξ

†
−k with vk = cosϕ(k) and uk =

i sinϕ(k), with tan2ϕ(k) = fα(k)/[µ − cosk] and fα(k) =
∑L−1
`=1 sin(k`)/`α . At first order in Wj the ground state |Ω0〉

of the unperturbed Hamiltonian H0 is modified by VI as

|Ω〉= |Ω0〉+ |δΩ0〉= |Ω0〉−∑
kk′

Jk,k′A(k,k
′)ξ †

k ξ
†
k′ |Ω0〉 , (6)

where we define Jk,k′ = −∑ j ei(k−k′) jWj/L and A(k,k′) =

2(eik + e−ik′)vku∗k′/[λ (k)+λ (k′)]. We find that 〈Ω|H|Ω〉 pro-
vides an excellent approximation of the exact ground-state en-
ergy for 0 < W < 3 [see Appendix C], suggesting that |Ω〉 is
a good approximate ground-state in that range. For correla-
tions, since 〈Jk,k′〉W = 0, we find that 〈δΩ0|a†

ja j+`|Ω0〉W and

〈Ω0|a†
ja j+`|δΩ0〉W vanish due to averaging over the disorder

distribution. We obtain the following expression for C(`)

〈Ω|a†
ja j+`|Ω〉W = 〈Ω0|a†

ja j+`|Ω0〉+ 〈δΩ0|a†
ja j+`|δΩ0〉W .

(7)
The first term in the r.h.s. of Eq. (7) corresponds

to the correlator of the homogeneous system116 that is
〈Ω0|a†

ja j+`|Ω0〉 =
∫ 2π

0 dk eik`R0(k), with R0(k) = |uk|2. The
second term arises instead because of the random part of the
Hamiltonian and reads

〈δΩ0|a†
ja j+`|δΩ0〉W =

2W 2

3

∫ 2π

0
dk eik`R1(k), (8)

where we have defined R1(k) = [c−U(k)]|uk|2−V (k)|vk|2,
with c that does not depend on k, V (k) = ∑p A(p,k)A(k, p)∼
fα(k)/λα(k) and U(k) = V (−k). The behaviour of both
integrals for ` → ∞ can be extracted by integrating R0(k)
and R1(k) for k → 0. In this limit, fα(k), and thus the
single-particle energy λα(k), display a non-analytical scaling
fα(k) ∼ |k|α−1.For the first term in the r.h.s. of Eq. (7) the
latter behavior results in (details in Appendix C)

〈Ω0|a†
ja j+`|Ω0〉 ∼





1/`2−α for α < 1
1/`2α−1 for 1 < α < 2
1/`α+1 for α > 2

(9)

which corresponds to the expected long-distance power-law
decay of correlation functions for the homogeneous gapped
superconductor with long-range pairing104,116,125–127. Instead,
for R1(k) the scaling of fα(k) near k→ 0 implies

R1(k)∼
{

k1−α for α < 1
kα−1 for α > 1

(10)

which entails the following form of the disordered part of C(`)

〈δΩ0|a†
ja j+`|δΩ0〉W ∼

{
W 2/`2−α for α < 1
W 2/`α for α > 1

(11)

after the integration of R1(k) in Eq. (8)
The discussion above demonstrates the following surpris-

ing results: (i) For α < 1 disorder does not modify the power
of the algebraic decay of correlations, rather it affects its
strength. (ii) For α > 1, the decay of correlations due to disor-
der is always algebraic, with an exponent that is smaller than
for the homogeneous case with Wj = 0. This implies that dis-
order enhances algebraic localization in these gapped models.
(iii) For α ≤ 2 we find the duality relation γ(α) = γ(2−α)
in the exponents of the algebraic decay. This is reminiscent of
the duality recently found for the decay exponent of the wave
functions of long-range non-interacting spin models with po-
sitional disorder115. We come back to this point below.



4

1 10 102 103
`

10−12

10−10

10−8

10−6

10−4

10−2
C

(`
)

(a) Model (I)

α = 0.8
α = 1.6
α = 2.4
α = 3.0
∼ 1/`2−α

∼ 1/`α

1 10 102 103
`

(b) Model (II)

α = 1.6
α = 2.4
α = 3.0
∼ 1/`α

FIG. 2. (a) Correlation function C(`) for the model (I) as a function
of the lattice site ` for different values of α and for W = 5, L = 2000
and 400 disorder realizations. The power-law tails are fit by the black
lines scaling as 1/`2−α (dashed) and 1/`α (solid) in agreement with
the analytical results in Eq. (11). (b) Same as panel (a) but for the
model (II).
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FIG. 3. (a) Density-density correlation function G(`) for the
model (I) as a function of the lattice site ` for different values of α

and for W = 5, L = 2000 and 400 disorder realizations. The power-
law tails are fit by the yellow lines scaling as 1/`2 (dashed) and 1/`2α

(solid). (b) Same as panel (a) but for the model (II).

From the single-particle correlators 〈a†
ja j+`〉 and 〈a†

ja
†
j+`〉,

by means of the Wick theorem, we computed also the density-
density correlation functions

G( j, `) =
[
〈n jn j+`〉−〈n j〉〈n j+`〉

]
W

= [|〈a ja j+`〉|2−|〈a†
ja j+`〉|2]W .

(12)

Examples of G(`) = G( j0, `) with j0 = L/4 are shown in
Fig. 3 for a system of L= 2000 sites and for a disorder strength
W = 5. Numerically we find that in the localized phases for
model (I) when α < 1, G(`) ∼ 1/`2 while for both models
G(`) ∼ 1/`2α when α > 1. The first behaviour with a decay
exponent that does not depend on α has been already observed
in Refs.104,116, while the second can be explained by looking
at the `→ ∞ scaling of |C(`)|2 ∼ 1/`2α in Eq. (C26) in Ap-
pendix C.

For the random interacting long-range Ising model, we
compute the spin-spin correlation functions Sν(`) := Sν( j0, `)
(ν = x,z) within the MBL phase with α > 1, by using a
DMRG alghoritm128. Here we choose j0 = L/10. For the sim-
ulations, we use up to 400 local DMRG states, 16 sweeps and
we average Sν(`) over 100 disorder realizations. Strikingly,
we find that Sν(`) decays algebraically with ` as Sν(`)∼ `−γ

with an exponent that is consistent with γ = α , in complete
agreement with the discussion above for non-interacting theo-
ries. As an example, Fig. 4(a) shows Sx(`) for different values
of α , W = 5sin(π/5)≈ 2.93 and B = 0, while Fig. 4(b) shows

1 10 50`
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1 10 50`
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α = 2.0
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FIG. 4. (a) Correlation function Sx(`) for the long-range Ising model
with a random transverse field [W = 5sin(π/5)] and a constant in-
teraction term (B = 0) for a system of L = 100 spins and 50 disor-
der realizations. (b) Correlation function Sz(`) for the long-range
Ising model with a random interaction [B = 5sin(π/5)] and a con-
stant magnetic field (W = 0). In both panels, the power-law tails are
fit by the black lines scaling as 1/`α .

Sz(`) for different values of α , W = 0 and B = 5sin(π/5).
The corresponding fits (continuous lines) with 1/`α perfectly
match the numerical results.

The demonstration of algebraic localization found in long-
range couplings in the presence of disorder is a central result
of this work. We argue that the fact that these results are found
both for non-interacting and interacting models strongly sug-
gests the existence of a universal behavior due to long-range
coupling.

V. LOCALIZATION OF WAVE FUNCTIONS

Numerical results on the decay of the single-particle wave
functions are obtained by considering the mean value Φ(`) =
∑N

q=1|gq,`− jM |/N where we average N = L/4 wave functions
gq,` with lowest energies, shifted by the quantity jM that cor-
responds to the lattice site where |gq,`| shows its maximum
value. We average Φ(`) also over several disorder realizations
(of the order of 500).

Figure 5 shows typical results of the decay of Φ(`) as a
function of the distance ` within the localized phases of mod-
els (I) and (II) of Eqs. (1) [panels (a,b) and (c,d), respectively].

Remarkably, we find that the wave functions decay alge-
braically at long distances regardless of the strength W of the
disorder, mimicking the scaling of the correlation functions
discussed above. However, for all α , i.e. both α > 1 and
α < 1, Φ(`) decays at large distances as Φ(`) ∼ `−γwf , with
an exponent γwf consistent with γwf ∼ α . This is different
from the results of Ref.115 with positional disorder, where for
α < 1 one gets γwf ∼ 2−α . For sufficiently large α > 1 this
algebraic decay is preceded by an exponential decay at short
distances, reminiscent of the exponentially localized states of
short-range random Hamiltonians.

VI. CONCLUSIONS

In this work we have demonstrated that couplings that de-
cay as a power-law with distance induce an algebraic de-
cay of correlation functions and wave functions both in non-
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FIG. 5. (a) Decay of the averaged wave function Φ(`) (absolute
value, see text) of localized states for the model (I): If α > 1 we
find an hybrid exponential and power-law behaviour. If α < 1 the
exponential part is suppressed and only the power-law tail is visible.
The black lines correspond to fit of the data scaling as 1/`γwf . (b) De-
cay exponent γwf for the model (I) of the long-distance tail of Φ(`)
as a function of W for different values of α . The decay exponent
satisfies γwf ∼ α and does not show significance dependence on W .
(c-d) Same as (a-b) but for the model (II) with random long-range
pairing.

interacting and interacting models in the presence of disorder.
This is in stark contrast to results expected from short-range
models, and generalises recent results for the decay of wave-
functions in quadratic models. These results are of immediate
interest for experiments with cold ions, molecule, Rydberg
atoms and quantum emitters in cavity fields, to name a few. It
is an exciting prospect to explore the properties of many-body
quantum phases in the search of exotic transport phenomena
with long-range interactions.
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Appendix A: Correlation in the long-range models with no
disorder

In this Appendix we summarize some results on the decay
of the correlation functions for both the long-range Kitaev and
Ising models in the absence of disorder.

For the long-range Kitaev model it has been shown
in Refs.104,116,125 that the one-body correlation function
C( j, `) = 〈a†

ja`〉 shows a different behaviour depending on the
value α of the decay exponent of the pairing term. In the limit
of a infinite system the one-body correlator takes the form of
an integral on the Brillouin zone:

C( j, `) = 〈a†
ja`〉=

1
2π

∫ 2π

0
dk

µ + cosk
λα(k)

eik( j−`) (A1)

where λα(k) = [(cosk−µ)2 + 4 f 2
α(k)]

1/2 and fα(k) =

ImLiα(eik). An explicit calculation of the previous integral
gives

C(R)≡C(R,0)∼ e−ξ R +A(α,µ) ·





1
Rα+1 if α > 2;

1
R2α−1 if 1 < α < 2;

1
R2−α

if 0 < α < 1.
(A2)

The parameter ξ is the smallest real solution of λα(iπ +
ξ ) = 0 and depend on µ and α in an implicit way and the co-
efficient A(α,µ) can be found in Ref.125. It is possible to see
that the correlation function shows a hybrid decay, i.e. expo-
nential at short distances, followed by an algebraic tail whose
decaying exponent depends on α .

For the long-range Ising model, Ref.116 showed that the
connected part of the correlation functions

Sν( j, `) = 〈σν
j σ

ν
j+`〉−〈σν

j 〉〈σν
j+`〉 (A3)

for ν = x,z, decay with distance with a hybrid behaviour that
is exponential at short distances and algebraic at long ones.

An example is shown in Fig. 6(a) for Sx(R) ≡ Sx(R,0).
The exponent γx of the long-distance decay displays three dif-
ference behaviours: (i) for α > 2 it fulfils γx = α; (ii) for
1 < α < 2 a hybrid decay is observed and the algebraic tail
decays with an exponent γ that depends linearly on α with a
slope consistent with ∼ 0.55 and (iii) for α . 1, γx ∼ 0.25α .
The correlator Sz(R) is shown in Fig. 6(b) and it also dis-
plays an algebraic tails that decays as 1/Rγz where γz ∼ 2α

for α > 1.

1

10−6

10−4

10−2

1 10 100

(a)

R

α = 0.2
α = 0.5
α = 2.0
α = 3.0

γ
x = 3.01

γx = 2.00

γx = 1.04
γx = 1.16

Sx(R)

10−8

10−6

10−4

10−2

501 10
α = 0.50
α = 0.75
α = 1.50
α = 1.75
α = 2.00

γ
z = 4.0

γz = 3.5

γz = 3.0

γz = 1.9

γz = 1.7

R

(b)
Sz(R)

FIG. 6. (a) Sx(R) correlation for the long-range Ising model (Eq. (5)
of the main text) for Bi j = Wi j = 0 (θ = 0.2π and L = 60), show-
ing the hybrid exponential and power-law behavior for α & 1 and
a purely power-law for α . 1. (b) Sz(R) correlation for the long-
range Ising model (Eq. (5) of the main text) for Bi j = W j = 0 and
θ = 0.207π , L = 100 and different α .

Appendix B: Energy scaling analysis

In this Appendix we give an analytical insight (based essen-
tially on Ref.112) on the different behaviours of the IPR (plot-
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ted in Fig.1(a) and (b) of the main text) of the single-particle
states for the Hamiltonians (I) when α > 1 and α < 1.

For the Hamiltonian (I), the random term VI, which reads
VI = ∑kk′ Jk,k′(eik + e−ik′)a†

kak′ with Jk,k′ =−∑ j ei(k−k′) jWj/L
after a Fourier transform, couples the extended eigenmodes of
H0 to each others and it can lead to localization if the mean
fluctuation σ2

I := 〈J2
k,k′〉 = δkk′W 2/(3L) is much larger than

the level spacing δλα of the energies λα(k) of H0. Here, we
will restrict our attention to those states lying either at the min-
imum or at the maximun of λα(k). The level spacing δλα can
be computed analytically from λα(k) and it strongly depends
on α: (i) If α > 1, λα(k) is finite for all k and we obtain
λα(k) ∼ k2 both at the minimum and at the maximum of the
band. The corresponding level spacing thus scales with L as
δλα>1 ∼ 1/L2 and it decays faster than σI. In this case the ex-
tended states of H0 are coupled by the random part of VI and
they will be localized. No mobility edge is then expected for
α > 1. The IPR computed for this case is shown in Fig.1(a).

On the contrary, (ii) if α < 1 the energy diverges as λα(k)∼
1/|k|1−α and the level spacing for the high-energy states
grows as δλα<1 ∼ L1−α . The fluctuation of the random cou-
plings σI ∼ 1/

√
L is thus suppressed by δλα<1 and the high-

energy states of H0 remain extended. As the lowest-energy
states can be localised, a single-particle mobility edge can
be then expected for all α < 1. By the equality δλα<1 ∼ σI
that defines the single particle mobility edge, it is possible to
show that the number of extended states increases with L as
Next ∼ L(3/2−α)/(2−α) but their fraction Next/L vanishes in the
thermodynamic limit113. The IPR for this case is shown in
Fig.1(b).

Appendix C: Decay of correlation functions

In this Appendix we show how to compute the correlation
function C( j, i) = 〈a†

jai〉 of the model with random hopping
by perturbation theory.

1. Correlation functions - Perturbation theory

We recall that the Hamiltonian HI in Eq. (1) is formed by
two parts:

HI = H0 +VI. (C1)

In order to compute the correlation function C( j, i) =

〈Ω|a†
jai|Ω〉 on the ground state |Ω〉 of HI in Eq. (1), we first

find the first-order correction |δΩ0〉 to the ground state |Ω0〉
of H0 by treating VI as a perturbation.

The first-order correction |δΩ0〉 to the ground state |Ω0〉 of
the Hamiltonian H0 due to the perturbation VI is given by130

|δΩ0〉= ∑
n0

〈n0|VI|Ω0〉
E(n0)−E0

|n0〉 (C2)

where the quantities E(n0) and E0 are the energy of the states
|n0〉 and of |Ω0〉, respectively and |n0〉 indicates an excited

state of the homogeneous Hamiltonian H0 that can be diago-
nalized via Fourier and Bogoliubov transformations as

H0 = ∑
k

λα(k)ξ
†
k ξk. (C3)

The ground state |Ω0〉 of H0 is then the vacuum of all quasi-
particles ξk.

In Eq. (C3) we have defined the single-particle energy

λα(k) = [(cosk−µ)2 +4 f 2
α(k)]

1/2 (C4)

and the Bogolioubov quasi-particles ξk that are related to the
original fermionic operators ãk in momentum space via

ãk = vkξk−ukξ
†
−k (C5)

with vk = cosϕ(k) and uk = i sinϕ(k) where tan2ϕ(k) =
fα(k)/[µ − cosk] and fα(k) = ∑L−1

`=1 sin(k`)/`α . We no-
tice that the functions fα(k) when L→ ∞ become fα(k) =[
Liα(eik)−Liα(e−ik)

]
/(2i), with Liα(z) = ∑ j z j/ jα a poly-

logarithm of order α .
The excited states |n0〉 are defined by assigning a set of

occupied modes n0 = {n1,n2, . . . ,nL } with nq = 0,1 and then
creating single quasi-particles ξ †

q on the ground state |Ω0〉 if
the mode q is occupied

|n0〉=
L−1

∏
q=0

[ξ †
q ]

nq |Ω0〉 . (C6)

The first-order correction |δΩ0〉 can now be obtained from
Eq. (C2) and the true ground state |Ω〉 becomes

|Ω〉= |Ω̃〉+O(W 2)

= |Ω0〉+ |δΩ0〉+O(W 2)

= |Ω0〉−∑
kk′

Jk,k′A(k,k
′)ξ †

k ξ
†
k′ |Ω0〉+O(W 2),

(C7)

where we have defined Jk,k′ = −∑ j ei(k−k′) jWj/L and
A(k,k′) = 2(eik + e−ik′)vku∗k′/[λ (k)+λ (k′)].

On a single disorder realization the correlation function
〈Ω|a†

jai|Ω〉 takes the form

〈Ω|a†
jai|Ω〉= 〈Ω0|a†

jai|Ω0〉+ 〈δΩ0|a†
jai|Ω0〉

+ 〈Ω0|a†
jai|δΩ0〉+ 〈δΩ0|a†

jai|δΩ0〉 .
(C8)

If we now average Eq. (C8) over many disorder realizations,
the cross terms 〈δΩ0|a†

jai|Ω0〉 and 〈Ω0|a†
jai|δΩ0〉 vanish as,

due to the correction |δΩ0〉, only one random term Wj (that
has mean value zero) appears in them. Therefore we get

〈Ω|a†
jai|Ω〉W = 〈Ω0|a†

jai|Ω0〉+ 〈δΩ0|a†
jai|δΩ0〉W . (C9)

The first term of the r.h.s. of Eq. (C9) corresponds to the cor-
relator for a homogenous translationally-invariant system. By
rewriting a†

j and ai in momentum space and by using Eq. (C5)
recalling that ξk |Ω0〉= 0 we obtain

C0(`) := 〈Ω0|a†
jai|Ω0〉=

1
L ∑

k
eik`R0(k) (C10)
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where `= j− i and R0(k) = |uk|2.

In the second term of the r.h.s. of Eq. (C9), as we are av-
eraging on the disorder configurations, we can expect that the
disorder average 〈δΩ0|a†

jai|δΩ0〉W will be translationally in-
variant, i.e. it will depend on the relative distance ` = j− i
while the terms that depend on i and j separately will average
out to zero (see §6.5 in Ref.131 or §12.3 in Ref.132). By keep-
ing only the terms that depend on `, after rewriting a†

j and ai
in momentum space and using again Eq. (C5) recalling that
ξk |Ω0〉= 0, the second term becomes

C1(`) := 〈δΩ0|a†
jai|δΩ0〉W =

W 2

3L ∑
k

eik`R1(k) (C11)

where

R1(k) = c|uk|2 +U(k)|uk|2−V (k)|vk|2, (C12)

c = ∑
p

A(p, p)2− ∑
p1 p2

A(p1, p2)A(p2, p1), (C13)

U(k) = 2∑
p

A(p,−k)A(−k, p) (C14)

=− fα(k)
λα(k)

∑
p

2+2cos(p− k)
(λα(k)+λα(p))2

fα(p)
λα(p)

,

V (k) =U(−k) (C15)

We note that the quantity c does not depend on k.

2. Correlation functions - Asymptotic behavior

In this Section we show how the two correlators C0(`) and
C1(`) behave asymptotically for `→ ∞.

Let us consider C0(`) in Eq. (C10) first. In the limit L→ ∞
we can replace the summation with an integral

C0(`) =
1

2π

∫ ∞

−∞
dk eik`R0(k). (C16)

The asymptotic behavior of C0(`) for `→ ∞ can be com-
puted by considering the integrals I+0 and I−0 on the complex
plane in Fig. 7 that are

I±0 =
1

2π

∫

s±
dz eiz`R0(z)+

1
2π

∫

Γ±
dz eiz`R0(z)+

1
2π

∫ ∞

0
dk eik`R0(k) (C17)

where we have chosen to put the branch cut of the com-
plex logarithm [see the expansion of the polylogarithm in
Eq. (C19)] on the imaginary positive axis.

By sending the radius r of the circles Γ± to infinity and by
neglecting possible residues inside the integration contour that
will contribute only with exponential decaying terms we have

C0(`) =−
1

2π

∫

s+
dz eiz`R0(z)−

1
2π

∫

s−
dz eiz`R0(z)

=
i

2π

∫ ∞

0
dy e−y`R0(ε + iy)− i

2π

∫ 0

−∞
dy e−y`R0(−ε + iy)

=
1
π

∫ ∞

0
dy e−y` ImR0(iy)

(C18)

where on the lines s± the complex variable is z =±ε + iy with
ε a small positive parameter that we send to zero.

We are able now to evaluate the asymptotic behavior of
C0(`) by computing the y→ 0 part of Im[R0(iy)] and then inte-
grating the last equality in Eq. (C18). This is done by recalling
that the polylogarithm admits the series expansion133,134 for a
general complex number z as

Liα(z) = Γ(1−α)

(
ln

1
z

)α−1

+
∞

∑
n=0

ζ (α−n)
(lnz)n

n!
(C19)

that makes them non-analytical due to the presence of the
complex logarithm and the power-law. In Eq. (C19), Γ(x)
and ζ (x) are the Euler gamma function and the Riemann zeta
function, respectively.

By using the series expansion of the polylogarithms from
Eq. (C19) we can obtain the function R0(iy) on the imaginary
axis:

R0(iy) =
µ− coshy
2λα(iy)

∼ µ−1

2
√
(µ−1)2−Γ2(1−α)(eiπα +1)2y2α−2−4Γ(1−α)(eiπα +1)ζ (α−1)yα

. (C20)
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The previous equation in the limit y→ 0 gives

ImR0(iy) =





y1−α for α < 1
y2α−2 for 1 < α < 2
yα for α > 2

(C21)

and, after performing the last integral in Eq. (C18), the asymp-
totic behavior of C0 turns out to be

C0(`)∼





1/`2−α for α < 1
1/`2α−1 for 1 < α < 2
1/`α+1 for α > 2.

(C22)

For the correlator C1(`) in Eq. (C11) we can use the same
contour in Fig. 7 and get

C1(`) =
W 2

3π

∫ ∞

0
dy e−y` ImR1(iy). (C23)

For the asymptotic behaviour of C1(`), we need again
the y → 0 part of R1(iy). Let us start by noting that from
Eqs. (C14) and (C15) the y→ 0 part of both U(iy) and V (iy)
is given by

Im[U(iy)|uiy|2]∼ Im[V (iy)|viy|2]

∼ Im
fα(iy)(µ− coshy)

λ 2
α(iy)

∼
{

y1−α for α < 1
yα−1 for α > 1.

(C24)

The previous equation, by considering also the contribution
coming from c|uiy|2 [see Eq. (C12)], gives

ImR1(iy)∼
{

y1−α for α < 1
yα−1 for α > 1

(C25)

and after integrating Eq. (C23), we finally get the correlator

C1(`) =

{
W 2/`2−α for α < 1
W 2/`α for α > 1.

(C26)

The asymptotic behavior coming from Eqs. (C22), (C26)
can be checked by computing the correlator C(`) numerically
as reported in Fig. 2(a) of the main text. Remarkably, the
values of the decay exponents of the power-law tails do not
depend on the disorder strength W as shown in Fig. 8 where
we plot the decay exponents of C(`) as a function of W for
different values of α . For completeness we show also the de-
cay exponent of the correlation function C(`) for the model
(II) with random long-range pairing.

3. Validity of the perturbation theory

In this Section we give some details on the validity of the
perturbation theory in approximating the true ground state of

s−Γ−

Γ+

s+

0 rε k = Rez

Imz

FIG. 7. Integration contour for evaluating the asymptotic behaviors
of the correlators C0(`) in Eq. (C18) and C1(`) in Eq. (C23).

0 1 2 3 4
W

0

1

2

3

4

γ

Model (I)(a)

α = 0.8
α = 1.6
α = 3.0

2 3 4
W

Model (II)(b)

α = 1.6
α = 2.4
α = 3.0

FIG. 8. (a) Decay exponent γ of the long-distance tail of the cor-
relation function C(`) for the model (I) as a function of W and for
α = 0.8 (cyan triangles), α = 1.6 (blue circles), α = 3.0 (green dia-
monds). If W > 0, the decay exponent satisfies γ ∼ α for α > 1 and
γ ∼ 2−α for α < 1 and it does not show significance dependence
on W . These data are obtained by computing the correlation function
C(`) numerically from the full random Hamiltonian in Eq. (1) and
then by fitting the long-range decaying tail of C(`) with 1/`γ . The
black lines represent the expected exponents: γ = 1.2 for α = 0.8,
γ = 1.6 for α = 1.6, γ = 3.0 for α = 3.0. (b) Same as panel (a) but
for the localized phase (for W & 2) of model (II).

HI by the state |Ω̃〉 in Eq. (C7). To this end, we will com-
pare the energy E|Ω〉 of the ground state of the Hamiltonian
HI computed numerically with the energy E|Ω̃〉 of the state

|Ω̃〉 = |Ω0〉+ |δΩ0〉 coming from the first order correction
given in Eq. (C7).

The energy E|Ω̃〉 can be obtained by considering that the
first order correction to a wave function gives a second order
correction to the energy135. Therefore, the energy for the per-
turbed state |Ω̃〉 is given by

E|Ω̃〉 = E|Ω0〉+∑
n0

|〈Ω0|VI|n0〉|2
E|Ω0〉−E|n0〉

(C27)

where E|Ω0〉 is the ground state energy of the Hamiltonian H0,
|n0〉 denotes the excited states of H0 from Eq. (C6) and E|n0〉
denotes their energy.

By computing the scalar product 〈n0|VI|Ω0〉 we get

E|Ω̃〉 = E|Ω0〉− ∑
q1,q2

|Eq1,q2 |2
λα(q1)+λα(q2)

(C28)

where Eq1,q2 = 2Jq1,q2eiq1vq1u∗q2
+ h.c. where vq1 and uq2 are
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FIG. 9. (a) Energy density E|Ω〉/L of the ground state of the Hamilto-
nian HI computed numerically (blue circles) and the energy E|Ω̃0〉/L
(green triangles) computed by perturbation theory. (b) Relative error
defined as |1−E|Ω̃〉/E|Ω〉|. It is possible to see that the difference be-
tween the true ground state energy and the perturbed one is bounded
by 8 ·10−3 when the disorder strength satisfies 0≤W ≤ 3. For both
panels we consider α = 3.0 and a system of L = 400 sites and after
averaging 200 disorder realizations.
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`

10−12

10−10

10−8

10−6

10−4

10−2

C
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)

(a) Model (I)

α = 0.8
α = 1.6
α = 2.4
α = 3.0
∼ 1/`2−α

∼ 1/`α

1 10 102
`

(b) Model (II)

α = 1.6
α = 2.4
α = 3.0
∼ 1/`α

FIG. 10. Correlation function Cex(`) computed on the an excited
state at the middle of the energy band for the model (I) as a function
of the lattice site ` for different values of α and for W = 5, L = 1000
and 200 disorder realizations. The continuous lines are guides to the
eye and show that the power-law tails scales as 1/`2−α (dashed) and
1/`2α (solid) also for that excite state. (b) Same as panel (a) but for
the model (II).

defined after Eq. (C5) and Jq1,q2 after Eq. (C7). The left
panel of Fig. 9 shows the values of the energy density E|Ω〉/L
of the ground state of the Hamiltonian HI computed numer-
ically (blue circles) with the energy E|Ω̃0〉/L (green trian-
gles), while the right panel shows the relative error defined
as |1−E|Ω̃〉/E|Ω〉| for a system of L = 400 sites and after av-
eraging 200 disorder realizations for α = 3.0. It is possible
to see that the difference between the true ground state en-
ergy and the perturbed one is bounded by 8 · 10−3 when the
disorder strength satisfies 0≤W ≤ 3.

4. Correlators on excited states

In order to show that the algebraic tail of the correlators
a†

ja` is not peculiar only to the ground state, but it is typi-
cal also for the excited states, we computed the correlation
Cex( j, `) = 〈Ω|ηq a†

ja` η†
q |Ω〉 for the excited state η†

q |Ω〉. In
Fig. 10 we plot Cex( j, `) for an excited state that lies in the
middle of the energy band for both the models (I) and (II) and
for different values of α . It is possible to see that the algebraic
tail is present also in this case.
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T. Lahaye, and A. Browaeys, Nature 534, 667 (2016).

70 H. Gorniaczyk, C. Tresp, P. Bienias, A. Paris-Mandoki, W. Li,
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83 X. P. Vögele, D. Schuh, W. Wegscheider, J. P. Kotthaus, and
A. W. Holleitner, Phys. Rev. Lett. 103, 126402 (2009).
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