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Abstract

We describe acceleration of the front propagation for solutions to a
class of monostable nonlinear equations with a nonlocal diffusion in R,
d > 1. We show that the acceleration takes place if either the diffusion
kernel or the initial condition has ‘regular’ heavy tails in R¢ (in particular,
decays slower than exponentially). Under general assumptions which can
be verified for particular models, we present sharp estimates for the time-
space zone which separates the region of convergence to the unstable zero
solution with the region of convergence to the stable positive constant
solution. We show the variety of different possible rates of the propagation
starting from a little bit faster than a linear one up to the exponential
rate. The paper generalizes to the case d > 1 our results for the case d = 1
obtained early in [31].
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1 Introduction

1.1 Object of study

The present paper is aimed to study the accelerated propagation of the front for
a non-negative solutions u : R4 x R, — R, := [0,00), d > 1, to the reaction-
diffusion equation

0
&u(x,t) = (Lu)(z,t) + (Fu)(z,t), (1.1)

with an initial condition u(z,0) = ug(z) in the space E := L>°(R¢, dz). Here

(Lu)(z,t) = / a(z —y) (u(y,t) —u(z,t)) dy (1.2)

R

is the generator of a nonlocal diffusion in R? (see e.g. [3,11,33,44]) with an
(essentially) bounded probability kernel a on R, i.e.

0<acL'R%dr)NE, / a(z)dr = 1;
]Rd

and F : E — E describes a reaction (possibly also nonlocal). The solution u to
the equation (1.1) may be interpreted as a density of a species which invades
according to a nonlocal diffusion within the space R? meeting a reaction F, see
e.g. [25,51]. By a solution to (1.1) on R4, we understand the so-called classical
solution, that is a mapping v : Ry — FE which is continuous in ¢t € Ry and
continuously differentiable (in the sense of the norm in E) in ¢ € (0, c0).

We consider a subclass of monostable reactions, see e.g. [6]. In particular,
we assume that F'0 = F'1 =0, i.e. u = 0 and u = 1 are stationary solutions to
(1.1), and also that

(i) there are not constant stationary solutions to (1.1) between 0 and 1;



(ii) w =0 is an asymptotically unstable solution to (1.1), whereas u =1 is an
asymptotically stable one;

(iii) for a given ug € E with 0 < ug < 1, there exists a unique solution to (1.1)
such that

0<u(zt)<1l, zeR t>0. (1.3)

Henceforth we write v < w for v,w € E, if v(z) < w(z) for almost all (a.a.
in the sequel) z € R?. Moreover, we often just write 2 € R? omitting ‘for a.a.’
before this.

We will work under assumptions which ensure also that the solution u sat-
isfies the comparison principle (see Section 2 for details).

A typical example of the reactions we cover is given, for a fixed 8 > 0, by

k
(Fue) =af () + (1= ) pu@) (1= [ a@-nutidy) . ()

forue E.Herea€[0,1], f:R—=R, keN,0<a" € L'R), [pa (z)dz =1
and we assume that

f(r)

——~ is Lipschitz continuous on r € [0, 1];
r
lim J(r) =p>0; (1.5)
r—=0+ 1
fO)=f1)=0; 0< f(r)<pr, re(0,1).
Then
F1=F0=0<Fv<pfv, 0<v<l. (1.6)
We will also assume that, for some p > 0,
a(z) > (1 — a)kBa™ (z) + p]pr(O)(x), z € RY, (1.7)

then the comparison principle holds, [32, Examples 1-3].
In Subsection 2.1 below, we consider assumptions on general reactions F :
FE — FE we can cover. In particular, we need that

F
TU—>B>O as v — 0+ (1.8)

(both convergences are in E), that holds for the reaction given by (1.4)—(1.5).
Because of FO = 0, we get then that the Fréchet derivative of F' must be a
(strictly positive) constant mapping. Hence, we do not allow the degenerate
reaction F’(0) = 0, see e.g. [2].

1.2 Description of results

We will say that sets {A(t) C R%, ¢ > 0} describe the propagation of the front
for a solution u = u(z,t) to (1.1) if, for all (small enough) ¢ > 0, the following
convergences hold:

lim essinf w(z,t) =1, (1.9)
{00 zEA(t—et)
lim esssup w(z,t) =0. (1.10)

t00 p e RA\ A (t4ct)



Informally speaking, for large times, the solution u becomes arbitrary close
to 1 inside the set A(t) and u becomes arbitrary close to 0 out of this set.
The intermediate zone A(t+et)\ A(t —et) in (1.9)—(1.10) is said to be the front,
or the transition zone. It can also expand as t — oco; moreover, in the accelerated
case considered in the present article, it will be even with necessity, see [39].

The propagation (1.9)—(1.10) of the front, is said to have a constant speed (or
just is linear in time), if A(¢) = ¢ A(1). Here and below tB := {tx : x € B} for a
B C R%. In contrast, the effect of an infinite speed of propagation, see [37,39,59],
is called sometimes in literature an acceleration of the propagation, having in
mind, for example, that then A(t) = n(t) A(1) with @ — 00, t = 00.

In the present paper the propagation will be described by the sets

At) =A(t,c) = {z eR? | c(z) > e P}, t>0, (1.11)

where the function ¢ : R? — (0, 00) will be appropriately chosen below.
We start the explanation from a more demonstrative radially symmetric
case. Namely, let the kernel be a radially symmetric function:

a(x) =b(|z|), = eR% (1.12)
and let the initial condition take either of forms:

uo(z) = q(|x), z € R? (1.13)

or

up() = /A iy, z e R (1.14)

Here and in the sequel, || denotes the Euclidean norm of an x € R¢, and
Alx)={yeR:y; >z;, 1<j<d}, zeR% (1.15)

We suppose also that either of functions b,¢q : Ry — R (or both) in (1.12)-
(1.14) have regular heavy tails at co. Namely, we describe in Definition 2.7 below
a class &; of functions p : Ry — R such that, in particular,

lim e**p(s) =00, k>0,

S§—>00
i.e. each p € &; decays slowly than any exponential function. The class &y
contains any function which is decreasing at oo to 0 and is asymptotically pro-
portional at oo to either of

(log s)*s~(4+9), s (log )" exp(—c(log s)' ),
s¥(log s) exp(fc.ﬁ), s”(log s) exp(fcm),

provided that d,¢ > 0, v € (0,1), p,v € R, and A € R for d = 1, however, A =0
for d > 1.

Theorem 1.1. Let 3 > 0 be fized and F : E — FE be given by (1.4). Suppose
that (1.5), (1.7) hold. Let b,q : Ry — Ry be such that, for some M,r,d,p > 0,

M
(1 + 5)d+1+43"

Let a(z) = b(|z|), x € R%. Define c: R* — Ry as follows.

b(s) +q(s) < s> a(s) =2 p, s€l0,p].



1. If uo(x) = q(|z]) € [0,1], = € R?, we assume that, for some v > 0, either
(i) yuo(x) < a(z) =: c(x), » € RY, and b € &y; or,
(ii) va(z) < uo(z) =: c(x), * € R, and q € &;.

2. If up(x) = fA(m) q(ly))dy, © € R, with [° q(s)s?"'ds € (0,1], we assume
that, for some v > 0, either

(i) vyuo(z) < fA(x) a(y)dy =: c¢(x), » € R, and b € &y; or,
(i) 'yfA(m) a(y)dy < ug(z) =: c(x), * € RY, and q € &,.
Then (1.9)—(1.10) hold with A(t) = A(t,c) given by (1.11).
Informally speaking, ¢ in (1.9)—(1.11) is
either a or ug, whichever decays slower, if (1.13) holds;

either fA(m) a or ug, whichever decays slower, if (1.14) holds.

On the sketches below, we shade the sets A(t — et) and R?\ A(t + ¢t) for
both types of initial conditions (1.13)—(1.14).

(a) Boundaries for level sets (b) Boundaries for level sets
for up given by (1.13) for up given by (1.14)

Figure 1: Boundaries for level sets A(t), A(t — et), A(t + et)
for two classes of initial conditions ug (in R?);
the arrows show the directions of the propagation

In Section 2 below, we generalize Theorem 1.1 by considering, instead of
(1.4), a class of reactions in (1.1) which satisfy (1.6), (1.8). Moreover, we weaken
the assumption that the kernel and the initial condition in (1.12)—(1.14) are
constructed by radially symmetric functions, by allowing that each of a = a(x)
and ug = up(x) may fluctuate in an appropriate way. To demonstrate possible
fluctuations, we present the examples below.

Example 1.2. We start with the case when ug € L*(R?), cf. (1.13). Then ¢ in
(1.9)-(1.11) will be chosen in the form c¢(z) = b(|z|), * € R?, with a decreasing
at oo function b : Ry — R In this case, the set (1.11) is given by

A(t,c) = {(E € R¢ ’ |z| < n(t)}, n(t) := p1 (e_ﬁt)



for large enough ¢ (to invert b). We assume that byax,bmin : Ry — Ry and
r > 0 are such that the following two conditions hold:

max{a(x), uo(®)} < bmax (|2]), [z| > 73
either a(z) > bmin (|2|), |z| >, or ug(x) > bmin (|2]), |z| >

Then (1.9)-(1.10) hold with A(t) = A(t,¢) given by (1.2), where n(t) can be
found from the following table:

() B (2] 0
T (0g o) exo (1)

o exp(—(og =) 2l exp(~(log o)) | exp((80)%)
o espl( el 2l” exp(—a[") (8t)7

Fo ) | o) | TP

Here v >0, u >0, A > 1, v € (0,1). For the first three cases, the calculation of
n(t) is straightforward; in the last case, the asymptotic of n(t) is shown in the
Appendix, Lemma A.1.

In the following two examples, we consider the case of a non-integrable u,
cf. (1.14).

Example 1.3. Let d = 1. Then (1.9)—(1.11) hold with

A = (ool a0 =), ew)= [ " by)dy

for large ¢ and x, and for a decreasing at oo function b € L}'(R; — R).
For example, let, for some p > 0 and v > 0,
1 1 1
—_— < <l V——
(log |])¥ [&|+r = a(z) < (log |x) ]+

for large |x|; and suppose, for simplicity, that ug is monotone on R and, for some
¢e(0,1),

Clg_(x) <wuplx) < C/ a(y)dy <1, zeR.
Then one can choose b(s) = s~17# (for large s), and then, for large ¢,

n(t) = exp(%),

i.e. the front propagates a bit faster than in the case of uy € L'(R).



Example 1.4. Let d = 2. Then the boundary of A(t) is described, cf. Figure 1,
for each direction (£1,&2) € S* (the unit circle in R?), by two functions, X (t) =
Xl (t, 617 52) and X2(t) = X2(t7 517 §Q)a such that

/ / bl dyrdyo = e, gl =\Ju2 + 4B (1.16)
X1(t) J Xa(t)

for a decreasing at oo function b : Ry — R4, such that fR+ b(r)rdr < oo.
Consider the acceleration of the front propagation along the diagonal direction
&1=6= %; we set then X (¢) := X;(¢t) = Xao(t).

Let, for example, for v > 0,

o (=) < a(a) < [ol” exp(—/Ja) (117)

for large |x|; and suppose that, for some ¢ € (0,1) and a.a. (z1,72) € R?,

o0 o0
(lge (21, 22) < up(x1,72) < §/ / a(y1,y2) dyr dys < 1. (1.18)
xry )

Then, for each ¢ € (0,1) and for all large enough ¢,
1 1
2v2 V2

see Lemma A.2 and Remark A.3 in the Appendix for details.

2(1 —e)*t? < X(t) < —=p*t%, (1.19)

1.3 Overview of literature

In the recent decades, there is a growing interest to the study of nonlocal monos-
table reaction-diffusion equations: for a pure local reaction (1.4) with « = 1,
see e.g. [1,5,9,16,17,37,54, 55,58, 59]; for a pure nonlocal reaction (1.4) with
a =0 and k = 1, see [20,27-30, 36, 52]; and for the origins of the topic, see
also [4,19,49,50,53,57].

Two classical examples which satisfy (1.5) are f(s) = vs(1—s), cf. [34], and
f(s) = vs(1—s)?, cf. [43]; for some v > 0. Note that, if f in (1.5) is differentiable
at 0, then we require f/(0) = f > 0 and f(u) < f/(0)u for all 0 < u < 1. The
importance of the latter assumption for the front propagation was pointed out
in e.g. [9,17], it leads to the possibility to describe the front using the linearized
version of the corresponding equation (1.1) about 0, that is just (3.1) below;
note also that this assumption can be weaken, see [56]. The degenerate case
f'(0) = 0 was considered in e.g. [2,60].

Now we discuss the existing results for both linear in time and accelerated

propagations.
Mollison [49, 50] studied, for the dimension d = 1, a local reaction F' given
by (1.4) with « =0, k =1, a~ = a, and 8 = 1, for a monotone initial condition

ug, cf. (1.14). He has shown that the property of the corresponding propagation
front to have an ‘averaged’ constant speed is necessary and sufficient with the
existence of a A > 0, such that

/ a(s)eMds < oo, sup up(s)e™ < oo,
R seR



Note that such ug gives an unbounded set A(t) = (—o0,~t] in (1.9)—(1.10).
For d > 1, we have shown in [30, Proposition 3.1] that similar restrictions

Jpu>0: / a(z)e!?lde < oo, VYA > 0: esssupug(z)eMN?l < 0o (1.20)
Rd z€R4

yield that the solution u to the equation (1.1) propagates at most linearly in any
direction ¢ € R?. Note that (1.20) implies ug € L*(R?), cf. (1.13). Moreover,
for the reaction F' given by (1.4) with £ = 1 and under (1.7), we have proved
in [30, Propositions 4.7 and 4.2] that the assumption (1.20) implies that the
convergences (1.9)—(1.10) hold with A(¢) = tA(1), where A(1) is a bounded
convex subset of R%. For the particular case of a =0, k =1, a = a~ in (1.4), a
similar result was obtained in [52].

The conditions (1.20) are closed to the necessary ones, cf. [37,59]. We have
proved in [30, Proposition 1.4] (cf. also [37]) that, if a bit weaker form of (1.20)
fails for a (roughly, if a is ‘heavier’ than any exponent at infinity), then the
convergence (1.9) holds with A(t) = tK for an arbitrary compact set K C R9.
Therefore, the propagation of the front is faster than linear.

For the dimension d = 1 and for the local reaction F' given by (1.4) with
a =1, the acceleration was known in mathematical biology, see e.g. the results
and references in [38,45,47]. The first rigorous result in this direction was done by
Garnier [37], who proved an analogue of (1.9)—(1.10) for d = 1 and a compactly
supported initial condition ug. However, in his approach, the set A(t + et, c) in
(1.10) given by (1.11) was replaced by A('yt, c) with some (unknown) v > 1, i.e.
the result was not sharp. Note that the technique in [37] was inspired by [40],
where an acceleration was shown for the classical KPP-equation with a slowly
decreasing initial condition; see also a recent paper [41].

Further progress in the study of the acceleration in the dimension d = 1,
for a local reaction F' (with @ = 1 in (1.4)), was done recently. In [10], both
a and ug are supposed to be symmetric, with a heavy-tailed a; the technique
used there goes back to [21]. In [2], the case of f/(0) = 0 was considered (that is
not covered by the present paper, because of (1.8)), then a does not need to be
symmetric, and ug is separated from 0 at —oo, however, ug(z) = 0 for large x.

In [31], we considered, for the case d = 1, a general reaction F which satisfies
(1.6)—(1.8) and fulfills the assumptions of Section 2 below. In this case, the result
of Theorem 1.1 was extended to functions a and ug which have different orders of
decreasing at +oo; for example, a(z) = exp(—z7),z > r, and a(z) = (1—z)~ 179,
x < —r, for some v € (0,1), §,r > 0.

Therefore, up to our knowledge, the present paper is the first one which
contains results about the acceleration in (1.9)—(1.10) for the multidimensional
case d > 1.

Note also that analogous results were obtained in [14,15] for the equation
of the type (1.1) with a local reaction F, where L in (1.2), was replaced by
a fractional Laplacian (in particular, the kernel a had a non-integrable singu-
larity at the origin); cf. also [13,24,48]. For the acceleration in integrodifference
equations see also [46].

The approach we follow in the paper is similar to the one we applied to the
one-dimentional case (d = 1) in [30]. However, the generalization to d > 1 is not
trivial at all. The core of our techniques consists of estimates on the convolution
a * u in terms of the asymptotic properties of ¢ and w at infinity. In the one-



dimensional case, the idea was to choose an appropriate positive funciton h,
which allows to estimate each of the following summands separately,

(axu)(z) = (/:(I) +/I;(:) +/h:)>a(:c — y)b(y)dy. (1.21)

For d > 1, natural analogues of (—oo, —h|, [—h, h], [h,0) are ><;.1:1(—oo7 —h],

ijl[fh, h], ijl[h, o), respectively. However, these sets do not cover R? for
any d > 1. For d > 1, an analogue of (1.21) involves additional terms, analysis
of which is non-trivial and can not be reduced to the one-dimensional case,
even for radially symmetric functions. Note also that for radially symmetric
a(z) = bi(|z]) and u(z) = ba(|z|), one gets (a * u)(x) = bs(|z|), however, up to
our knowledge, there are not any results (for d > 1) about the asymptotics of
b3 in terms of by and by. As a result, extension of the results to d > 1 appeared
far from being tedious.

We would like to mention also that assumption (1.7) (essential for the case
of nonlocal reaction) implies that the comparison principle holds. If, however,
comparison fails then solution’s behaviour becomes more subtle. In particular,
the bifurcation of the constant solution u = 1 is possible, developing an infinite
family of spatially periodic stationary solutions; see [18] and also [7,12,22,23].

The present paper is organized as follows. In Subsection 2.1, we formulate
further assumptions on a and F' and known results about solutions to (1.1).
Note that these assumptions are fulfilled for the reaction (1.4) in conditions of
Theorem 1.1, see Lemma 2.5. In Subsection 2.2, we describe the mentioned class
&4 of regular heavy-tailed functions and formulate the main result, Theorem 2.9,
which generalizes Theorem 1.1 (cf. Remark 2.10). In Section 3, we present a
scheme of the proof for Theorem 2.9. Section 4 contains technical tools, mainly
about the properties of sets A(¢) in (1.9)—(1.11). In Section 5, we present a
detailed proof of Theorem 2.9. Finally, the Appendix contains, in particular,
the proof of the mentioned Lemma 2.5.

2 Assumptions and general results

2.1 General assumptions

Let 5 > 0 be fixed and consider F' : E — FE which satisfies (1.6), (1.8). Then the

mapping Gv := v — £2, v € E, is well-defined at least for 0 < v < 1. It will be

v
more convenient for us to formulate assumptions below in terms of the mapping

G rather than F.
Namely, we start now with the equation
0
au(x, t) = / a(x —y)u(y, t) dy — mu(z, t) — u(z, t)(Gu)(z, t),
Rd
u(z,0) = up(x).

(2.1)

Here m > 0 is a constant, and G is a nonnegative continuous mapping on F
which is acting in z, i.e. (Gu)(z,t) := (Gu(-,t))(z) > 0 for u > 0.
We will assume that:

B:i=1-—m>0; (A1)



foreach 0 < v <1,

(A2)
0=G0<Gv<Gl=4.

Then, by setting
Fv:=v(f—-Gv), veEE, (2.2)

we get (1.6), (1.8). Therefore, we can rewrite the equation (2.1) in the form
(1.1).

Note also that, actually, in the right hand side of (2.1) we separate (in the
first two terms) the linearization of the reaction F' at 0.

The solution u(z,t) to (2.1) may be interpreted as the local density of an
evolving in time system of entities which reproduce themselves, compete, and
die. The reproduction appears according to the dispersion, which is realized via
the fecundity rate 1 and the density a of a probability dispersion distribution.
The death may appear due the constant inner mortality m > 0 within the
system, as well as due to the density dependent rate Gu, which describes a
competition within the system. For the derivation of the equation (2.1) from the
underlying population dynamics (in the case Gu = Ba™ * u) see e.g. (8,26, 306]
and references therein.

Consider further assumptions to (A1)-(A2). Set, for an r > 0,

Et :={ve E|v>0}, Ef ={veFE|0<v<r}
We assume that G is (locally) Lipschitz continuous in Ej", namely,

there exists [ > 0 such that

A3
|Gv — Gu|| < l|jv —wl|, v,we E]. (43)

We restrict ourselves to the case when the comparison principle for (2.1)
holds. Namely, we assume that the right hand side (r.h.s. in the sequel) of (2.1)
is a (quasi-) monotone operator:

for some p > 0 and for any v,w € E with v < w,

(Ad)
axv—vGu+pv <axw—wGw + pw.
Here and below * means the classical convolution over R, i.e., for u € E,
(axu)(x):= / a(z —y)u(y) de, =R (2.3)
Rd

Theorem 2.1 ([32, Theorems 2.2, 2.3, Proposition 4.2]). Let (Al)-(A4) hold.
Let ug € Ef Then, for each T' > 0, there exists a unique solution u = u(z,t)
to (2.1) for t € [0,T); and (1.3) holds for all t > 0. Moreover, if vo € E,
v = v(x,t) is the corresponding solution to (2.1), and if ug < vg, then 0 <
u(-,t) <w(-,t) <1 forallt > 0.

Note also that if ug is (uniformly) continuous function on R¢, then wu(-,t)
will be also (uniformly) continuous function on R? for all t > 0. The comparison
between solutions in Theorem 2.1 was a part of a more general result, which we
will also use.

10



Theorem 2.2 ([32, Theorems 2.2]). Let (A1)—(A4) hold. Let T > 0 be fized.
Suppose that uy,us : [0,T] = E are continuous mappings, continuously differ-
entiable in t € (0,T), and such that, for (z,t) € R? x (0,77,

0 1o}
%—a*ul—i—mul—kulGul < %—G*UQ-FTTLUQ—FUQGUQ,
Ul(xat) Z 07 u2(17,t) S 1, 0 S ul(xvo) S UQ(I,O) S 1.

Then uy(x,t) < ug(w,t) for (x,t) € RY x [0,T].

Note that here and in the sequel, with an abuse of notations, the symbol
stands for the convolution in x variable only, when u = u(z,t) in (2.3).
We assume also that the kernel a is not degenerate at the origin, namely,

there exists p > 0 such that a(x) > p for a.a. x € B,(0). (A5)

Consider on E the topology of the locally uniform convergence: a sequence
(Un)neny C FE is said to be convergent to v € E locally uniformly, which we

denote v, e, v, n — oo, if, for each compact set A C RY, the sequence
(Lpavp)nen converges to Iav in E as n — oo; here and below 1l g denotes the
indicator-function of a B C RZ.

Stability of the solution to (2.1) with respect to the initial condition in the
topology of the locally uniform convergence requires continuity of G in this
topology. Namely, we assume that

1
for any v,,v € Efr such that v,, == v, n — 0o, one has

loc (AG)
Gv, = Gv, n — oo.

We will consider the translation invariant case only. Namely, for each y € R?,
we denote by T, : E — E the translation operator, that is (T,v)(z) := v(z —y),
x € R%. Then we assume that

(T,Gv)(x) = (GTyv)(x), veE, »eR™. (A7)

Under (A7), for any r = const € (0,1), Gr = const. In this case, we assume
also that

Gr < S, r € (0,1). (A8)

Finally, we will distinguish two cases. If the condition

/ lyla(y)dy < oo (A9)
R4
holds, then we assume, additionally to (A4), that

there exist p > 0, b € C*°(R?) N L>°(R?), § > 0 such that
a(z) — b(z) > 0l g0y (z), x€RY, (A10)
wGw < b*xw+ pw, wGEf‘,

and also

/ za(z)dr =0 € R (A11)
R4

11



Otherwise, if (A9) does not hold, then we assume that,

let (A1)—(A4) hold, and for each n € N, there exist

0 < a, € L'(RY) with / an(z)dz > m,
Rd

G, : E — E and 6, € (0,1] with G0, =
which satisfy analogues of (A2)—(Al1)
(with the 0 < u < 1 repalced by 0 < u < 6,,)
such that 0, — 1, n — oo, and

(A12)

ap *w — wGw < a*xw— wGw, wGE‘;;, n € N.
The following statement describes the so-called hair-trigger effect.

Theorem 2.3 (cf. [32, Theorems 2.5, 2.7]). Let either (Al)—(All) hold or
(A12) hold. Let ug € Ef, ug # 0, and let u = u(x,t) be the corresponding
solution to (2.1). Then, for each compact set K C R?,

lim essinfu(z,t) = 1.
t—oo zeK

Remark 2.4. For a brevity of notations, we will treat ug # 0 as follows: there
exist p > 0 and z¢ € R such that ug(z) > p for a.a. z € B,(zo).

The following lemma shows that the mapping G corresponding to the reac-
tion (1.4) satisfies the assumptions above. Its proof is provided in the Appendix.

Lemma 2.5. Let (A1), (A9) and (All) hold. Let F be given by (1.4). Suppose
that, for some p > 0, (1.7) holds, and, if o # 0, suppose also that (1.5) holds.
Set, for a.a. v € R?,

(Fu)(x)

(Gu)(z) = — ;ou(@) #0, (Gu)(z) =0, u(z)=0. (24)

Then (A2)—(A8) and (A10) hold.

2.2 General results

In this Subsection, we present a general result, Theorem 2.9, which generalizes
Theorem 1.1 to a non radially symmetric case and to the case of a reaction F'
in (1.1) which corresponds to a mapping G : E — FE in (2.1) which fulfills the
assumptions above. We start with a description of the class £; of functions on
R, which is used in the both Theorems.

Definition 2.6. Let a measurable function b : Ry — Ry be such that b(s) > 0
for all s > p with some p = pp > 0. Then the function b is said to be (right-side)

— long-tailed, if, for any 7 > 0,

(2.5)

— tail-decreasing, if b = b(s) is strictly decreasing on [p, o) to 0;

12



— tail-log-convez, if the function logb is convex (and hence continuous) on
(p,00).

Definition 2.7. Let d € N.

1) Let Dy be the set of all bounded tail-decreasing functions b : Ry — (0, 00)

such that [ b(s)s?! ds < oo and ‘ilnf b(s) > 0 for each r > 0;
s|<r

2) Let &4 C Dy be the set of all functions b € Dy such that

— b is long-tailed and tail-log-convex, and b(p) < 1 (without loss of gen-
erality);
— there exist § =, € (0,1) and an increasing function h = hy : (0,00) —
(0,00), with h(s) < % and lim A(s) = oo such that
L de el

lim bls + h(s)) =1, lim b(h(s))sp”S =0;

S—00 b(s) $—00

— and, for the case d > 1, we assume, additionally, that either, for some

p, M >0,
b(S) = W, S € R+7 (26)
or, for all v > 1,
Shﬁrrolo b(s)s” = 0. (2.7)

The peculiarities of functions from &, can be found in [33].

As it was mentioned before, we are going to weaken the radially symmet-
ric conditions of Theorem 1.1. Namely, we assume that there exist bounded
measurable functions b,b, : Ry — Ry and v°, v, : R? — [0,1] such that

beal) < a@) <bF(al), @ eRY (B1)
Vo () < up(x) < v°(x), r € R (B2)

In order to control the allowed range of values for a or ug in (B1)—(B2), we
consider also the following definition.

Definition 2.8. Let b;,bs : R — Ry and, for some p > 0, b;(s) > 0 for all
s € [p,0), i = 1,2. The functions b; and by are said to be (asymptotically)
log-equivalent, if

logbi(s) ~logba(s), s— 0. (2.8)

We will assume also that there exist constants M,d,7 > 0 and a point
zo € R? such that

bt (s) < a +]\34)d+6’ s> (B3)
bi(s) >4, s € [0, 4]; (B4)
vo () > 9, x € Bs(zo). (B5)

13



Recall that our objective is to show (1.9)—(1.10) with A(t) = A(¢,¢) given
by (1.11). The choice of the ‘shape’ for the function ¢ = ¢(x) will be determined
by the initial condition ug : R? — [0, 1]. We will distinguish two cases. Namely,
if the initial condition is integrable,

ug € LY(RY), (2.9)
then we will choose, for a suitable b € &,
c(x) =b(|z|), x€R (C1)
d
On contrary, if the initial condition is separated from 0 at X {—oo}, i.e. if

j=1

there exist ¢ € (0,1] and z € R? such that

up(z) > (g (z), = €RY, (210
where
V()i ={yeR¥:y; <z, 1<j<d}, z€RY, (2.11)
then we will choose (again, for some b € &)
c(z) = /A( )b(|y\)dy, r e RY (C2)

We will refer to the examples of ¢(z) in (C1) and (C2) as to integrable and
‘monotone’ case, respectively. Note that, in the ‘monotone’ case, ¢ decays to
0 along all coordinate axes in RY. It is worth noting also that we have shown
in [32, Proposition 5.7, that if ug decays along a direction in R?, then the
corresponding solution decays along this direction as well.

We are ready to formulate now the general result.

Theorem 2.9. Let either (A1)—(All) hold or (A12) hold. Let (B1)—~(B5) hold.
Suppose that uy € Ef, ug 0, 1 —ug £ 0 (c¢f. Remark 2.4); and let u be the
corresponding solution to (2.1).

1. (Front is determined by a.) Suppose that both functions by and b* in (B1)
belong to Dy and are log-equivalent to a function b € £;. Let, additionally,
by be long-tailed and tail-log-conver.

(a) Suppose that
ug(x) < bt (|z]), xR (2.12)

Then (1.9)—(1.10) hold with A(t) = A(t, c) given by (1.11) where c¢(x)
is given by (C1).
(b) Suppose that (2.10) holds and

un(x) < / bty dy, @€ RY (2.13)
A(z)

where A(x) is given by (1.15). Then (1.9)—(1.10) hold with A(t) =
A(t,c) given by (1.11) where c¢(x) is given by (C2).

14



2. (Front is determined by ug.) Consider functions by, b° € Dy which are both
log-equivalent to a function b € £y. Let, additionally, b, be long-tailed and
tail-log-convex, and assume that, cf. (B1),

a(z) <b°(jz]), =eRL (2.14)
(a) Suppose that
v (z) = b°(|z]), wolz) =bo(|z]), =€R™L
Then (1.9)~(1.10) hold with A(t) = A(t, c) given by (1.11) where c(x)
is given by (C1).
(b) Suppose that

v°<x>=/A()b°<|y>dy, vo<x>=/A()bo<|y>dy, v e R

Then (1.9)—(1.10) hold with A(t) = A(t,c¢) given by (1.11) where ¢(x)
is given by (C2).
Theorem 2.9 will be proved in Subsection 5.3 below. Note that the items

1(a) and 2(a) of Theorem 2.9 correspond to the case (2.9), and two others items
correspond to (2.10).

Remark 2.10. In view of Lemma 2.5, Theorem 2.9 implies Theorem 1.1. The
only observation which might to be mentioned here is that g(s) > ¢, s € [0, p],
yields, cf. (2.11),

/ q(|lyl)dy > const - Iy (o)(z), z€ R?.
A(z)

3 Scheme of the proof

In this Section, we describe the scheme of the proof for Theorem 2.9. The de-
tailed proof is presented in Subsection 5.3 below.

We assume that (A1)—(A4) hold. Let uo € E; and u be the corresponding
nonnegative solution to (2.1) according to Theorem 2.1.

3.1 Upper estimates

Let w be the solution to the linear problem (3.1),
0

&w(x,t) = (a*w)(z,t) — mw(z,t),

w(z,0) = up(x).

(3.1)

The unique classical solution to (3.1) is given by w(z,t) = e~ (e'uo) (),
where Av := a*xwv, v € E is a bounded operator on E. By Theorem 2.1,
u(-,t) € B for t > 0. Then, by (A2), (Gu)(-,t) > 0 for t > 0, and we have, by
e.g. [42, Lemma 3.3.2], that

u(z,t) < w(z,t), =R t>0. (3.2)

Below we explain the scheme of the proof for a reinforced version of (1.10)
with u replaced by w. Namely, the following statement holds.
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Theorem 3.1. Let (Al) hold. Let 0 < ug € E and w = w(x,t) be the cor-
responding solution to the linear equation (3.1). Let by,bs € Dy be both log-
equivalent to a function b € ;. Suppose that

a(z) < bi(lz]), ze€RL (3.3)
Suppose also that either
up(@) < ba(Jal), = € RY, (3.4)

and ¢ : RY — Ry is given by (C1), or
w(@ < [ by, @ <R (35
Az)

and ¢ is given by (C2). Then, for any small enough & > 0, there exist C.,7. >0

such that
esssup  w(z,t) < Cge_%t7 t> 7., (3.6)
R\ A(t+et,c)

where A(t, ¢) is given by (1.11).

The proof of Theorem 3.1 is presented in Subsection 5.1 and it is based on
the arguments below. Firstly, we prove the following statement.

Proposition 3.2. Let (3.3) holds with a function by € Dy which is log-equivalent
to a function b € £;. Then there exists aq € (0,1) such that, for all a € (aq,1),
b € &4, and both functions

cal(x) = b(|2])®, = € RY; colx) = / b(|y))dy, = € RY, (3.7)
A(x)
satisfy the inequality

limsup sup M

<1. (3.8)
A—=0+ ze{ca<A} Ca(x)

Here and in the sequel, for p : R? — R, and A > 0, we denote
{p<A}:i={z eR?|p(zx) < \}. (3.9)

In other words, Proposition 3.2 shows that for both functions ¢, defined by
(3.7), the value of % is close to 1 for appropriately large x.
Then, by usage of Proposition 5.3, we obtain that, for the function

cax(@) :=min{\ cqa(2)}, z€RY XA>0, (3.10)

the following analogue of (3.8) holds globally: for any 6 > 0, there exists A > 0
such that
(a*cqn)(z)

Cax(T)

Then, using the expansion

<1496, zeR

o0 tn
w(z,t) =e ™ Z ﬁ(a*" *ug) (z),
n=0
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for the solution to (3.1), where a* xug := ug, and the obtained global inequality

a*cox < (14 d)ca,n, we have that if ug < Ccq,x for some C' > 0, then
w(z,t) < Ce(Hﬁ)tca,)\(x)

for all z, t. Therefore, on the area where c, x(x) < e #1+2)? the solution w(x, t)
will be exponentially small in time uniformly in space (by an appropriate choice
of § = d(e), see Proposition (5.4) for details). More precisely, we conclude that
the following analogue of (3.6) holds, for any small enough ¢ > 0,

esssup  w(w,t) < Coe~#t t> 1., (3.11)
TzERIN\A(t+et,cq)

with some C., 7. > 0. Finally, for small enough € > 0, for large enough ¢ > 0,
and for some a = a(e) € (aq,1), we will get (Proposition 4.6) that

t
A(t + %,ca) C A(t+et,c), (3.12)

where ¢, is given by either of (3.7) and ¢ is given by (C1) or (C2), respectively.
Combining (3.11) and (3.12), we obtain (3.6).

3.2 Lower estimates

Consider the reaction-diffusion form (1.1)—(1.2) of (2.1). Because of the prop-
erty (1.6), (Fu)(-,t) > 0 for ¢t > 0. Then, by the same arguments which implied
(3.2), we obtain that u(z,t) > v(z,t) for x € RY, t > 0, where v solves the
following linear initial value problem, cf. (3.1),

i)
570 (@:1) = (axv)(@,1) = v(x, 1),

v(z,0) = ug(x).

Then, clearly, v(z,t) = e~*(e'ug) (z) with Av = axv for v € E, and since, we

recall, A is a bounded operator on E, we easily conclude that
u(z,t) > v(x,t) > te Haxup)(z), zeR? teRy.

More detailed arguments can be found in the proof of the following Theorem in
Subsection 5.2.

Theorem 3.3. Let either (A1)-(A11) hold or (A12) hold. Let ug € Ef", ug # 0,
¢f. Remark 2.4; and let u = u(x,t) be the corresponding solution to (2.1). Let
b € Dy be long-tailed and tail-log-convez (in particular, let b € £4), and suppose
that either (2.9) holds and c(x) is given by (C1l) or (2.10) holds and c(x) is
given by (C2). Suppose also that

(axup)(z) > c(x), zeRL (3.13)
Then, for each ¢ € (0,1), the convergence (1.9) holds.

Before an explanation of the scheme for the proof of Theorem 3.3, we discuss
how to use it to prove the part of Theorem 2.9 regarding the convergence (1.9).
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Let (2.9) hold, that corresponds to items 1(a) and 2(a) of Theorem 2.9. It
is assumed there that one of the functions a and wug is estimated from below
by by(|z]), z € R? (where £ was + and o, respectively) with a long-tailed and
tail-log-convex by € Dy, and another function is from L!(R?). In both cases, we
show that (Proposition 4.11)

(a *up)(z) > Dby(|z|) =: é(z), = €RY, (3.14)

with some D > 0.
Let now (2.10) hold. The item 1(b) of Theorem 2.9 can be easily reduced to
the case z = 0 € R? in (2.13). Then, by (B1), we obtain that, cf. (2.11),

(@)@ 2 ¢ [ billaDow (@ =) dy

=¢ bi(lyl) dy =: &(x), = eR™ (3.15)
A(x)

Finally, in item 2(b) of Theorem 2.9, by the first inequality in (B2), we have,
denoting p,(z) := bo(|z|), z € R?, that

(auo)(x) > /

a(r —y) / Do(2) dz dy
R4 A(y)

= / (axpo)(z)dz > D bo(|2]) dz =: &(x), x € R? (3.16)
A(z) A(x)

with some D > 0, where we used again Proposition 4.11 (recall that here b, € Dy
is supposed to be long-tailed and tail-log-convex).

Then, for either of functions ¢(z) given by (3.14)—(3.16), one can apply The-
orem 3.3 to get (1.9) with c replaced by ¢ and ¢ replaced by 5. Finally, we show
that (Proposition 4.7), if by or b, above is log-equivalent to a function b € Dy,
then, for small enough ¢ > 0 and for large enough ¢ > 0,

At —et, c) cA(t—gt,E),

cf. (3.12), where c is given by either (C1) or (C2) for the cases (2.9) and (2.10),
respectively; and therefore, one gets (1.9).

And now we are going to outline the scheme of the proof for Theorem 3.3.
Take any 0 < 6 < 3 = 1 — m. Suppose that @ : R x R, — R, is a bounded
function such that the function v(z,t) = Aw(x,t) is a sub-solution to the equa-
tion

0
aw(w, t) = (a*w)(z,t) — (m+ 0)w(x,t) (3.17)

for all small enough A > 0, cf. (3.1) and Definition 5.13 below. Next, the as-
sumption (A3) implies the continuity of G at 0 on {0 < v € E'}. Therefore, for
any small enough A > 0, we obtain that (Gv)(-,t) < 6 for t > 0. As a result,

0 0
—y — < —py — <
6tv a*v+mv+va_atv axv+(m+0)v<0

for large ¢, i.e. v (with small A > 0) will be a sub-solution to (2.1) as well. See
Proposition 5.17 for further details.
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Next, we show (Proposition 5.14) that the function

1 t+o
v(z,t) = f/ g(z,s)ds,
¢

o
where

g(a,t) = Amin{1, c(x)e? 1=},

cf. (3.10), will be a sub-solution to (3.17) for small A\,e,0 > 0, provided that
c(x) is given by either of (C1) or (C2) with a long-tailed and tail-log-convex
function b € Dy. Then, by the above, such v is a sub-solution to (2.1). From
this, by the comparison Theorem 2.2, we conclude that

u(z,t) >N, ze€Alt—et,c)

for large ¢ > 0 and small A, ¢ > 0. Finally, we cover A(t —et, ¢) by compacts and
apply the hair-trigger Theorem 2.3 on each of them. For the (quite technical)
details, see the proof of Theorem 3.3 in Subsection 5.2 below.

4 Technical tools

Through this Section, 5 > 0 is a fixed constant.

4.1 Functions constructed by tail-decreasing functions

Definition 4.1. If for some b € Dy (c.f. Definition 2.7), a function ¢ = ¢(x) is
given by either of (C1) and (C2), we will say that the function ¢ is constructed
by the function b.

For any = (z1,...,24) € Rd, we set
T := ma i €R 4.1
* 1I£j%(dxj ’ ( )

Remark 4.2. If ¢ = ¢(z) is constructed by b € Dy, then evidently the set A(t, c)
given by (1.11) is nonempty for big enough ¢, and the following limit holds,

lim sup c¢(z)=lim sup c(z)=0,
t—00 zERI\A(t,c) t—00 ze{c<e Pt}

cf. (3.9). For ¢ given by (C1), we have that ‘ llim c(x) = 0. For ¢ given by (C2),
T|—00
we have, cf. (4.1),
lim c@) = lm [ blyhdy =0.
T—00 T—00 A(zx)

The proof of the following Proposition is straightforward, cf. Definition 2.7
and (1.11).

Proposition 4.3. Let ¢ = ¢ (x) be constructed by b; € Dy, i = 1,2 (both
given simultaneously either by (C1) or by (C2)). Suppose that there exists p > 0
such that by(s) < ba(s) for all s > p. Then, there exists T = 7(by,b2) > 0 such
that A(t,cV)) C A(t,c?) for all t > 7. In particular, if by(s) = ba(s) for all
5> p, then A(t,cM) = A(t, ) for all t > 7.
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The following proposition implies that if ¢ is constructed by b, then in terms
of A(t, ¢) there is no loss of generality assuming that b € Dy is strictly decreasing
on all of Ry.

Proposition 4.4. Let ¢ = c¢(x) be constructed by b € Dy, cf. Definition 4.1.
Then there exist functions c1 and ca, constructed by functions in Dy that are
strictly decreasing on all of Ry, such that ci(x) < c(x) < co(z), * € RY, and
there exists p > 0 such that

c(z) = o(x), |x| > p, ifc1,c co are given as in (Cl),

ca(zr) = 2(x), T >p, ifecr,eca are given as in (C2).

As a result, there exists T = 7(c, c1,¢2) > 0 such that
Alt,e) = Alt,c1) = At c0), t>T

Proof. Let ¢ be constructed by a b € Dy. By Definitions 2.6-2.7 there exists
p' > 0 such that b is decreasing on (p’,00) to 0 and, for some Dy, Dy > 0,
Dy <b(s) < D5 for s € [0, p']. Choose p > p’ such that b(p) < D;. Set by(s) =
ba(s) = b(s) for s > p and define by on [0, p] as an arbitrary decreasing function
with b1(0) < Dj. Similarly, we define b on [0, p] as an arbitrary decreasing
bounded function with by(p) > Ds. As a result, bi(s) < b(s) < ba(s), s € Ry.
Let c1,c2 be constructed by b1,bs € Dy, which are strictly decreasing on R
such that either ¢y, ca, ¢ are all given by (C1) or ¢y, co, ¢ are all given by (C2).
Then in both cases, evidently, c;(z) < ¢(x) < ex(x), x € R%. The rest of the
proof follows from Proposition 4.3. O

Let b,b* € Dy for some « € (0, 1). We denote by ¢, the function constructed
by 0%, as in (3.7).
Remark 4.5. Tt is easy to see that, if for some ag € (0,1), b* € Dy, then
b* € Dy for all a € [ag, 1].

Proposition 4.6. For any oy € (%,1) there exists g = eo(ap) € (0,1) such
that, for any ¢ € (0,&¢), there exists & = a(e) € (g, 1) such that the following
holds. For any b € Dy strictly decreasing on Ry such that b € Dy, let ¢ and
co be constructed by b and b*, respectively. Then there exists 7 = 7(g,b) > 0
such that, for anyt > 1,

et
A(t—et,cq) C A(t—? c), (4.2)
et
A(t+5,ca) C A(t+et,c). (4.3)

Proof. Fix o € (%, 1) and take an arbitrary b € Dy such that b* € Dy; let ¢
be constructed by b. We will prove (4.3). The proof of (4.2) is fully analogous.
Consider two cases (C1) and (C2) separately.

1) Let ¢ be given by (C1). Since ag € (%, 1), one can define gg := ;70‘3 €

(0,1). Take an arbitrary € € (0,&¢), then one easily has that

::1+%
1+¢

€ (ap, 1), (4.4)
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and hence

exp(— (1 + ;)ﬁt) = (exp(—(l —|—5),8t)>a.

Since b is decreasing on R, we get from (1.11) that the equality holds in (4.3)
for all t > 0.

2) Let ¢ be given by (C2). Prove the following inequality, which is equivalent
o (4.3),

t
R\ A(t+et,c) € RE\ A(t+%, C(,), t> 7. (4.5)
Recall that the inclusion x € R%\ A(t+et, ¢) is equivalent to
o) = [ bllydy < et (4.6)
A(x)

We will use Hélder’s inequality to estimate c,(z). It is easy to see that the

function

fla)=a—+a(l-a):(5,1) = (0,1)
is increasing. We set p := p(a) := ﬁ > 1 and ¢ := ¢q(a) := % > 1. Then
% + % =1 and, by (4.6), we have

cale) = [ bl Sy

< ( / b(|y|>f<a>pdy) ’ ( / b<|y><a—f<°‘>>4dy)q
A(zx) A(zx)

1

6—6(1+a)f(a)t</ b(|y|)(a—f(a))qdy>q (4.7)
A(x)

To get the finiteness of the latter integral in (4.7), it is enough to have there «
such that oy < g() < 1, where

Va

g(a) = (a — f(a))g(a) = ma

a € (%, 1).
It is easy to see that g : (% 1) ( , ) is increasing and g(a) < «, a €
(27 ) Note also that g(%) % As a result, for the given g € ( ), there
exists a unique a; € (10, ) such that ap = g(a1) < ay. Hence, for any a €
(a1,1) C (g, 1), one gets g(a) > g(a1) = ap, and then fRd (Jy)9dy < oo; in
particular, the latter integral in (4.7) is finite.
1+ 5
Next, the function h(e) = T 2 (0,1) = (3,1) is decreasing; cf. (4.4).
€

Therefore, there exists a unique g € (0, 1) such that h(eg) = ay; then we have
h:(0,e0) = (a1,1). Take and fix now an arbitrary € € (0,¢g). Since,

fi(a1,1) = (f(n),1) C (a1, 1) = (h(e0), 1)

is increasing (we used here that f(a) < «), there exists a unique o = a(e) €
(a1, 1) such that

fla) = h(e) = : (4.8)
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Therefore, after e, ¢, @ are chosen, by the above, [p. b(|y)9“dy < oo; there-
fore, there exists 7 > 0 such that, for all x € R? with Z > 7,

[ ey < 1.
A(x)

The latter inequality together with (4.8) and (4.7) implies that
ca(z) < e PUHDE, (4.9)

provided that x € R?\ A(t+¢t, c) (i.e. (4.6) holds) and Z > r. In (4.6), T — oo if
and only if ¢ — oo; cf. Remark 4.2. Therefore, there exists 7 = 7(r) = 7(¢,b) > 0
such that ¢ > 7 in (4.6) implies Z > r. As a result, for any ¢ > 7 and any
z € R\ A(t+et, c), one gets (4.9), that means that z € R* \ A(t+<,¢,); ie.
(4.5) holds. O

Proposition 4.7. Let by, by € Dy be log-equivalent functions such that, for some
g € (%, 1), b € Dy, i =1,2. Let ¢V be constructed by b;, i = 1,2 (both satisfy
simultaneously either (C1) or (C2)). Then there exists £g = eo() € (0,1) such
that, for any € € (0,¢¢), there exists T = 7(g) > 0 such that, for any t > 1,

A(t—et, V) A(tfe—t, 0(2)), (4.10)
2
A(t+%t,c<1>) C A(t+et,c@). (4.11)

Proof. We assume first that both b; and b are strictly decreasing on Ry . Let
g0 be given by Proposition 4.6. Take an arbitrary ¢ € (0,e9) and consider
a = afe) € (ap,1) also given by Proposition 4.6. Let pp > 0 be such that
bi(po) <1,i=1,2. Set § :=1—a € (0,1 — ap). By (2.8), there exists p, > po
such that

—logb
1—5<L1(8)<1+6, 8> pa,
—log ba(s)
in particular,
bi(s) < ba(s)®, s> pa- (4.12)

By Remark 4.5, b3 € Dy, and hence, by (4.12) and Proposition 4.3, applying to
b1 and 0§, one gets
t t
A(t+%,c(1)) C A(t+%,c§)>.
The latter inequality together with (4.3) for ¢ = ¢ imply (4.11).
Next, by (4.12), bs(s) := by (s)a < by(s), if only s > p,. From here we have
that b3 € Dy and, moreover, by Proposition 4.3, applying to b3 and b,

t t
A(t—%,c(s)) - A(t—%,c@)),

where ¢ in constructed by bs. The latter inequality together with (4.2) for
c = c® imply (4.10).

Let now b; € Dy, @ = 1,2 be arbitrary. Then, by the proof of Proposition 4.4,
there exist ¢ constructed by b; € Dy, strictly decreasing on R such that
bi(s) = b;(s) for big enough s. Then b; and be are log-equivalent. Applying
the previous considerations to b;, i = 1,2, we get (4.10) and (4.11), with ¢®
replaced by &?, i = 1,2, for big enough t. Then, by Proposition 4.4, one gets
the statement. O
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4.2 Functions constructed by long-tailed functions
Recall that long-tailed functions were defined in Definition 2.6.

Proposition 4.8 ([33, Lemma 4.1]). Let ¢ given by (C1) be constructed by a
long-tailed function b € Dy. Then, for any r > 0,
c(z+y)
c(x)

Proposition 4.9. Let ¢ given by (C2) be constructed by a long-tailed function
beDy. Then

lim sup
|| =00 |y <r

- 1‘ = 0. (4.13)

lim 76(3: +h)

=1
oo c(T)

, heRi. (4.14)

Proof. Fix any h € Ri. Take an € € (0,1). Since b is long-tailed, we have that,
for each R > ﬁ, there exists sg = so(e, R) > 0, such that

—2 <1+e¢, |7 —s| <R, s> s, (4.15)

because of e.g. [35, formula (2.18)]; cf. also [33, Remark 2.1].
Let & > s¢(g, R). We have that

b(lyl) dy
cz+h) /A(z)\A(erh) > 0:
(@) JRCL
A(x)
d

A(@)\ Alw+h) = {y € Aw) | 3 :y; < 25+ h} € | Aj(@),

j=1

1—

and

where
Aj(z) =={y € Ax) | y; < x; + hy}.
Set, for each y = (y1,...,y4) € A(x),
yﬁ?j = (y17 s Y1 T, Y41, - ayd)'
Note that, for each y € Aj(z),
lye, | = yl] < lya; —yl = lzj —y;| < < R.
Moreover, |y.,| > ¥z, > T > so(e, R). Then, by (4.15),

- b(l D ~

/ / / /b\y% dye, € (0,00);

dyy; ==dy1 ... dyj_1dyt1 ... dyq.

where
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On the other hand, for each 1 < j < d, we get, by the same arguments

b(ly
[ vy | DD 1y, dy > B, (1 - )R
A tyea)ly; <a;+rY oYz, 1)
As a result,
d ~
c(x + h) B, (14+¢e)h
0<1~- < ! <e,
= co(x) = ; B.,(1-o)R ~°
provided that R = R(h,e) > h is chosen big enough and # > so(c, R). The
statement is proved. O

Remark 4.10. Note that the previous result remains true if ¢ is defined by (C2)
with A(z) replaced by A(z + z¢) for a fixed zo € R

The following proposition gives a sufficient condition for (3.13); the result is
a generalization of [35, Theorem 4.2].

Proposition 4.11. Let f € L*(RY — R ) and ¢ : R — (0,00) be a bounded
function such that (4.13) holds. Then

liminfM > / f(y) dy. (4.16)
Rd

|z|— 00 C(ZL’)
Moreover, there exists D > 0 such that
(c* f)(z) > De(z), x € R

Proof. For any r > 0, we have

(CZ(J;))(@ - (1 i< di(;)y) - 1’) /|y|9f(y) w

sup

Take an arbitrary ¢ € (0,1) and choose r = r(J) > 0 such that f\y\<r fly)dy >
(1 —=0) Jga f(y) dy. Next, by (4.13), there exists p = p(r) = p(d) > r such that

|51‘1p ’C(cz(i;)y) - 1‘ < 4, for all |z| > p. As a result, for any ¢ € (0,1), there exists
y|<r

p = p(d) > 0 such that

(xN@) s )

that yields (4.16). Finally, by e.g. [28, Lemma 2.1], ¢ f is a continuous function
on B,(0); then, it is easy to see that c¢(z) > 0, z € R? implies that (cx f)(z) > 0,

2 € R% Hence the boundedness of ¢ yields li?<f' % > 0, that fulfilled the
z|<p

statement. O

5 Proofs

In this Section, 8 > 0 is given by (Al).
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5.1 Proofs of upper estimates

In this Subsection, we are going to prove Theorem 3.1.

5.1.1 Preliminaries

For a function @ : R? — (0, 4+o0), we define, for any f: R? — R,

o @l
Il = sup S5 € 10,00 (1)

If ©(x) = b(|z]), z € R?, for a function b : R — (0, 00), we will use the notation

Iflls == [1fll@-

Proposition 5.1 (cf. [30, Propostion 3.1]). Let a function @ : R — (0, +00)
be such that ax @ is well-defined (for example, let W be bounded) and, for some
7 € (0,00),

(axw)(x)

&) <~, zeR% (5.2)

Let 0 < ug € L®(RY) and |Jugllg < oo; let w = w(w,t) be the corresponding
solution to (3.1). Then

lw(-t)]le < luolloe T, ¢ > 0. (5.3)

Proof. The solution to (3.1) is given by
w(w,t) = e ™ug(z) + e ™ Z —(a*" * up) (z), (5.4)

for z € R%, t > 0, where a*" = a ... *a (the convolution is taken n — 1
times). Since |jup||g < oo, we have 0 < ug(z) < [Juolla®(z), * € R Next,
(5.2) evidently implies

(@™ x @) (z) <y"D(z), z€R™

As a result, we get from (5.4) that

o0
_ . _ "~
0 < w(z,t) < e ™ Jluollg®(@) + e ™ luolla D 1 o@)

n=1

= Jluo @ (@) (™™ + e (7 = 1)) = |luoll @)1,

that implies (5.3). O

Remark 5.2. In [30, Propostion 3.1], we considered, for an arbitrary A > 0 and
a unit vector, ¢ € R?, the function ®(x) = e~***¢ (recall that x - ¢ stands for

the scalar product in R?). Then, clearly, w&i?)(m) = [paaT(y)eedy = ~,
provided that the latter integral is finite (that was the crucial assumption to
get the constant speed of the front in [30]). Note that then [29, Proposition 2.4]
and (5.3) implies that w(z,t) < agePet=2¢®¢ 7 € R ¢ > 0 for some ag, A¢ > 0,
ﬁg e R.
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Proposition 5.3 ([33, Proposition 2.4]). Let a function w : R? — (0, +00)
be such that, for any A > 0,

{w< A} # 2, (5.5)
cf. (3.9). Suppose further that
n:=limsup sup M
A—=0+ ze{w<A} w(x)

Then, for any 6 € (0,1), there exists A = \(0, w) € (0,1) such that (5.2) holds,
with

€ (0, 00). (5.6)

O(z) := wy(z) == min{\, w(z)}, z€RY (5.7)
and v := max{1, (1 + d)n}.

Proposition 5.4. Let w be constructed by b € Dy (see Definition 4.1) and
satisfy, cf. (5.6),

limsup sup M

<1 5.8
A—=0+ ze{w<A} w(x) (58)

Let 0 < ug € L®(RY) be such that |Jug||w < 00, cf. (5.1), and let w = w(x,t) be
the corresponding solution to (3.1). Then, for any ¢ € (0,1), there exist A, >0
and to = to(e) > 0 such that

esssup  w(z,t) < (Ae + ||u0||w)e_%t7 t > ty. (5.9)

¢ A(t+et,w)

Proof. Take an arbitrary € € (0,1) and let § = d(¢) € (0,1) be chosen later.
By Proposition 3.2, condition (5.6) holds. Then, by Proposition 5.3, there exists
A=A, w) = Ae, w) € (0,1) such that (5.2) holds, with @ given by (5.7) and
v =1+34. Set |luo|lw = [[toll L (ra)- Note that

up(z) _ 1 up(x) [[uol|o
NE) < Xan\{w<)\}(ﬂc) + Wﬂ{w@\}@) < S + [Juollw < 00, (5.10)
and one can apply Proposition 5.1. Namely, setting A, := lluolles 0, one gets

from (5.10), (5.3) that, for a.a. z € {w < A} and for all t > 0,

w(z,t) < [Juollw,e® T wr(z) < (A + Juolw) e ™ w(z). (5.11)
By (5.5),
R\ At4et,w) = {w < e AU 50 (5.12)
Set to = to(e) == —m log A > 0. One gets from (5.12) that, for any ¢ > ¢,

R\ A(t+et, w) € RE\ A(to+eto, w) = {w < A}
Hence, by (5.11), (5.12), for a.a. x € R?\ A(t+et, w), one gets
w(@,t) < (Ae + |luollw) e w (@) < (As + uollw) e e HF,

and 5
€
0+B=Bl+e)=0-pe=-=,
if only we set from the very beginning § := % The statement is proved. O
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Remark 5.5. Tt is easy to see from the proof above, that the denominator 2 in
the right-hand side of (5.9) can be changed on 1+ v, for an arbitrary v € (0,1);
then tg = to(e,v).

5.1.2 Proof of Proposition 3.2

We are going to show now that for the functions w = ¢,, from (3.7) the inequality
(5.8) holds.

Case 1. ¢y (z) = b(|z|)“.

Proposition 5.6. Let b € ;. Then there exists a; € (0,1) such that, for all
a € [ag, 1], b* € &;.

Proof. Let d > 1 and b € ;. If b is given by (2.6), then, for any o’ € (ﬁ, 1),

oo
/ b(s)™ s 1 ds < oo. (5.13)
0

If b is such that, for all v > 1, (2.7) holds, then, evidently, (5.13) holds for all
o’ € (0,1). For d =1 and b € &, (5.13) holds if only o' € (ﬁlé,l), where §
is sufficiently small. Then, by [33, Theorem 3.1], there exists a; € (¢/, 1) such
that, for all « € [ag, 1], b* € &4. The proof is fulfilled. O

The following proposition ensures that (5.8) holds for w = ¢, given as in

(C1).

Proposition 5.7 ([33, Propositions 4.2, 4.3]). Let (3.3) hold with by € Dy which
is strictly decreasing on Ry and log-equivalent to a function b € £;. Then there
exists oy € (0,1) such that, for all & € (a1,1), the function w(x) = b(|z])?,
x € R4, satisfies (5.8).

Case 2. ¢, () :/ b(|ly)“dy.
A(x)

Now we will show that (5.8) holds for w = ¢, given as in (C2). Firstly, we
prove that (5.8) holds with {w < A} replaced by the set ©,(p) defined below
and then we prove that the former set is a subset of the latter one for small
enough A. We start hence with the following definition.

Definition 5.8. Let p(z) = b(|z|), for b € Dy. For any A € (0,b(0)), we set
Ox(p) == {z e R": A(z) C {p < A}, (5.14)
where A(x) is given by (1.15) and {p < A} is defined as in (3.9).

Proposition 5.9. Let p(x) = b(|z|), for b € Dy. Suppose that (5.8) holds with
w =p. Let ¢ be given by (C2). Then the following analogue to (5.8) holds:

limsup sup M <1. (5.15)
A—=0+ z2€O0x(p) C(LE)
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Proof. By Proposition 4.4, there is no loss of generality in assuming that b is
strictly decreasing on R,. Take an arbitrary § € (0,1). By (5.8) with w = p,
there exists A\g = A\g(d) such that, for all A € (0, Ag), we have

(axp)(x)

oS welp<a) (5.16)

Next, for any z € R?, one gets, cf. (3.16),

(@)@ = [ =) [, sy

= [ [ empdzay= [ @ened

As a result, by (5.16) and (5.14), we have that, for any = € ©,(p),

(axc)(z) 1 (axp)(2) s
c(z)  clx) /A(a;) p(2) p(2)dz <1+4.

Since the latter holds for any A € (0, A\g), one gets the statement. O

To get from (5.15) the inequality (5.8) with w = ¢, we consider the following
statement.

Proposition 5.10. Let p(z) = b(|z|), * € R?, for a long-tailed function b € Dy.
Let ¢ be given by (C2). Then there exists \y > 0 such that, for all X\ € (0, A1),

{c <A} COap).

Proof. By Proposition 4.4, there is no loss of generality in assuming that b is
strictly decreasing on R . By Proposition 4.8, we have that (4.13) holds with ¢
replaced by p. As a result, for any € > 0 and r > 0, there exists R = R(g,r) > 0
such that

piz+y) =1 —epx), [yl <r |z[|=R.

Therefore, z € {¢ < A} with |z| > R implies that

m1+ﬁ Id"!‘ﬁ 2 .
)\Z/ .../ b( y1+"+yd)dy1'dyd
x x

d

> %p(m—i— (%,,%)) > ;;(1 —e)p(x).

Choose now any € € (07 %) and r = 2avd > 0, and consider the corresponding
R. Since A | 0 if and only if Z — oo, there exists A\; > 0 such that, for all
A € (0,A1), the inclusion z € {¢ < A} implies T > R and hence |z| > R.
Moreover, for any y € A(x), we have that y € {¢ < A}, by the monotonicity of
¢ in each of variables; and also we have that & > R implies |y| > R. As a result,
for any y € A(z) (including y = ), we have that p(y) < A, i.e A(z) C {p < A}.
Then, by (5.14), z € ©x(p), that proves the statement. O

Combination of Propositions 5.6, 5.7, 5.9, 5.10 evidently implies Proposi-
tion 3.2.
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5.1.3 Proof of Theorem 3.1

Proof of Theorem 3.1. Let by1,bo € Dy and b € &; satisfy the conditions of
Theorem 3.1, and let ¢ and ¢y be constructed by b and be, respectively (both are
defined simultaneously by either (C1) or (C2)). By Proposition 4.4, there is no
loss of generality in assuming that all functions by, bo, b are strictly decreasing
on R, .

By Propositions 5.6-5.7, there exists ay € (0, 1) such that, for all & € [ay, 1],
b € &4, and for all @ € (aq,1), the function w(z) = b(|z|)*, * € R?, sat-
isfies (5.8). Choose any ag € (max{a;,3},1). Let g9 = eo(ap) be given by
Proposition 4.6. Take an arbitrary € € (0,g0) and consider a = a(e) € (ap, 1)
also given by Proposition 4.6. Since logb(s) ~ logba(s), s — oo, there exists
p = p(a) = p(e) > 0 such that

—logba(s) > —alogh(s) >0, s> p.

Therefore, ba(s) < b(s)* for s > p, and since both functions by and b are
decreasing and separated from 0 on [0, p], there exists B > 0 such that ba(s) <
Bb(s), s € R. Let ¢, be given by (3.7). Then, clearly, c2(z) < Bey(z), x € RY.
As a result,

1
[uolle. < Flluolle; < oo.
If ¢ is given by (C1), then by the assumed, (5.8) holds for w = ¢, (see (3.7)).
Let now ¢ be given by (C2). Since b is long-tailed, the function b* is long-

tailed as well. Then, one can use Proposition 5.10 with p replaced by b%; one
gets then, for some \; > 0,

{ca <A} CTOA(DTY), A€ (0,)1).

Therefore, Proposition 5.9 implies that (5.8) holds for w = ¢,.
As a result, one can use now Proposition 5.4 with w = ¢, and ¢ replaced by
5. Namely, there exist A. > 0 and o = to(g) > 0 such that
esssup  w(x,t) < (A + B Yuglley)e T >t (5.17)
z¢A(t+%t,ca)
On the other hand, by Proposition 4.6, there exists 7 = 7(¢) > tgsuch that (4.3)
holds, i.e.

R\ A(t+et, ) € R%\ A(t+%t, ), t27 (5.18)

Combining (5.17) and (5.18), one gets (3.6). O

5.2 Proofs of lower estimates

In this Subsection, we are going to prove Theorem 3.3.
Let ¢ given by b € Dy be fixed (see Definition 4.1). For any A > 0, we define
the following function, for z € R, t > 0,

9(@,1) = g n(w, ) = Amin{1, c(x)e” =0} (5.19)
= MA(t—et,e)(T) + AC(»’”)G’B(FH)an\A(t—et,c) (@). (5.20)
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Define, for any A > 0, € € (0,1) and for n(t) = b=!(e=F?),
F(5,) = My<peer) + APTTb(5) Lyspi—er) € [0, ], (5.21)
By Definition 2.7, for any € € (0,1) there exists 7 = 7(¢) > 0 such that
g(z,t) = f(|z],t), zeRY t>7

Proposition 5.11. Let ¢ = ¢(z) be given by (Cl) with a long-tailed, tail-log-
convez function b € Dy. Then, for any T > 0, the function f defined by (5.21)
satisfies the limit

: fls+T,1)
lim sup |[——%
=00 geR f(sat)

- 1‘ =0. (5.22)

Proof. Take an arbitrary ¢ € (0,1). For an arbitrary fixed 7 € Ry, redefine 7
such that n(7—e7) > 7. Then, for any ¢t > 7, the function F: .(s) := f(fs(%;)t)
takes the following values. For 0 < s < n(t—et) — 7, one has F; ;(s) = 1. For
n(t—et) — 7 < s < n(t—et), we have F; (s) = e®=50b(s + 7) and, since b is
decreasing on [n(t—et), 00), one gets

b(n(t—et) +7) — Bli—et)y,

bori—<0) =)

< P51 7) < PEDp(y(t—zt)) = 1.

Finally, for s > n(t—et), we have, F; 4(s) = b(bs(t;) <1 (since b is decreasing),

b(s+ 1)
b(s)

b(n(t—et) + 1)
b(n(t—et))

>
As aresult, for all s € Ry,

(5.23)

b(n(t—et) + 7
0<1- FT,t(S) < ]1{8>77(t—5t)—7'}(5) (1 - m()))a

b(n(t—et))
that implies the statement because of (2.5). O
Proposition 5.12. Let ¢ = ¢(z) be given by (C2) with a long-tailed, tail-log-
convex function b € Dy. Let g be given by (5.20). Then, for any h € Ri,
g(x+h,t)
g9(@,t)

Proof. Take an arbitrary z € R¢, h € R‘j_ and t > 7. It is easy to see that
x € R\ A(t—¢t,c) implies © + h € R?\ A(t—¢t, ¢), and hence by monotonicity,

lim sup
t—o00 z€R

— 1‘ =0. (5.24)

g(x+h,t)  clx+h) <1

g(a,t) c(x)

Let x € A(t—et,c). If x + h € A(t—et,c), then % = 1. Let now h be such
that  + h € R?\ A(t—¢t,c). Then

g(z + h,t) — Bli—et),,

g(z,1) (@+h) <1
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Moreover, since x € A(t—¢t,c) implies c(2)e®*=5Y) > 1, one has for such z,h
the following estimate

0<1- g(xz + h,t) <1 c(x—l—h).
9(z,t) c(x)
As a result,
‘ﬂx+mﬂ_4:1_g@+m®< sup O_c@+m)
g($7 t) g(m, t) yic(y+h)<e—Alt—et) C(y)

Because of (4.14), for the chosen h € R‘j_ and for an arbitrary § > 0, there exists

p = p(6,h) > 0 such that sup y; > p implies
1<j<d

_cly+h)

0=1-=w

<.

Choose now ty = to(p,e,h) = to(d,e,h) > 7 such that c((p,...,p) + h) >
e~Bto=¢to) Prove that then, for any t > tg, the inequality c(y + h) < e~ Pt—¢t)

implies iugdyj > p. Indeed, on the contrary, suppose that, for some ¢ > g, the
1<5<

inequality c(y + h) < e~ #(t=%) holds, however, sup y; < p. The latter yields
1<j<d
P > oy 1) 2 (pro )+ B) > e Pl

that contradicts to that t > ty. As a result, for all z € R% and t > to,

‘g(m—i—h,t)_l’S sup (1_c(y+h))<6’

g(z,t) y: sup y;>p c(y)
1<j<d

that implies the statement. O
Definition 5.13. Let (Al) hold. A function
v e C(RY x [1,00) = R)NCHRE x (,00) — Ry)

is said to be a sub-solution to (3.1) on [r, 00) for some 7 > 0, if

(Fmv)(z,t) := %v(az,t) — (axv)(z,t) +mo(z,t) <0 (5.25)

for a.a. z € R? and for all ¢ € [7,00).

Proposition 5.14. Let (A1) hold and ¢ = c¢(z) be constructed by a long-tailed,
tail-log-conver b € Dy. Let, for e € (0,1) and A > 0, the function g = g(z,t) be
given by (5.20). For a fized o > 0, we define

1 t+o
v(x,t) = veen(z,t) = f/ g(z,s)ds. (5.26)
t

g

Then there exists 1o = To(€) > 0 such that v is a sub-solution to (3.1) on [y, 00).
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Proof. Firstly, note that

t+o
%U(Jj,t) = é(g(z,t—k o) — g(x,t)) = %/t %g(ax,s) ds,
t+o
@so)et) = [ (@ g)(es)ds

and hence
1 t+o
Fndlant) = [ (Fag)lai)ds
t

Therefore, since the mapping ¢t — v(-,t) € E is continuously differentiable for
t > 7, to prove that v is a sub-solution to (3.1) it is enough to show that
(Fmg)(w,s) <0 for a.a. z € R? and a.a. t > 7.

We have
0
2 4(@.1) = MB=2B)" b (a]) Lo
= (ﬁ - Eﬁ)g(xat)]l|x\>(t76t) < (ﬁ - Eﬁ)g(.'lf,t) (527)
Therefore, by (5.25), (5.27),
—(Fmg) Zaxg—mg—B(l—e)g=axg— g+ Peg. (5.28)

To find now an appropriate bound from below for Lg = a * g — g, cf. (1.2),
consider two cases separately.

1. Let ¢ by given by (C1). Since f given by (5.21) is decreasing in its first
coordinate, we have

(@a)(w.t) = [ al=pgte-+utidy = [ al=psila+ol.dy
> [ =)t (el+ 1ol s = [ af(lal + 1ol 0y

_ flzl + 1yl 1)
=glat) [ )Ty, (5.29)
for a.a. x € R Note that, by (5.23),
fzl + 1yl 1) d .
— = < >T. .
0< F2Le) <1, z,yeR* t>7T (5.30)
By (5.29), (5.30), and [p, a(z)dz = 1, we have, cf. (5.28),
t
(@xa)(e) = g(ort) = ~glnt) [ at) LD gy

Next, by (5.22), (5.30), and the dominated convergence theorem, one gets

f(lz] + |yl 1)
f(lz[,t)

Therefore, for any 6 € (0,1) (small enough later), there exists a 79 > 7 such
that, for all t > 7y and for a.a. z € R?,

(a *g)(l’,t) - g(:&t) > —5g(.%‘,t).

lim a(y) sup
t—o0 Rd QL'E]Rd

- 1‘dy =0.
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As a result, by (5.28),
—Fmg = —0g+ Beg = 0,

if only 6 < fBe. The proof, for ¢ given by (C1), is fulfilled.
2. Let ¢ be given by (C2). Denote, for any y € R,

yt = (vl |yal) € RY.

Since the function c¢ is decreasing along all basis directions, we easily get that
the function g given by (5.20) has the same property (in z). Therefore, since
y; < y;’, j=1,...,d, one gets

gz +y,t) > gz +yT,t).

Therefore, we will have, instead of (5.29),

(a*g)(t) = / a(—y)g(z +y,t) dy > / a(—y)g(z +y*.t) dy

Rd Rd
glz+y*,1)
:gamt/ay(—l dy + g(x,t a(y) dy
@) [ o) T500 @) [ o)
Taking into account (5.24) for h = y™, the rest of the proof is fully analogous
to the first part. O

Definition 5.15. A function w : R x R, — R is said to be a sub-solution
to (2.1) on [r,00) for some 7 > 0, if (Fw)(x,t) < 0 for a.a. z € R? and for all
t € [r,00), where F is given by, cf. (5.25),

(Fu)(z,t) == %u(m,t) — (a*u)(z,t) + mu(z,t) + u(z, t)(Gu)(x,t). (5.31)

The proof of the following statement follows directly from Theorem 2.2.

Proposition 5.16. Let (A1)—(A4) hold. Let 0 < u < 1 be a solution to (2.1),
and v : R4 x Ry — Ry be a sub-solution to (2.1) on [r,00) for some T > 0.
Suppose that, for some to,t; > 7, we have u(xw,ty) > v(x,t1) for a.a. x € RY.
Then

u(x,t +to) > v(x,t+t1), xR t>0.

We are going to find now, using the continuity of G at 0 (on ET, cf. (A3))
and Proposition 5.14, sufficient conditions to have (5.20) as a sub-solution to
(2.1) as well.

Proposition 5.17. Let (A1)—(A4) hold and ¢ = c(z) be constructed by a long-
tailed, tail-log-convex function b € Dy. Then, for any ¢ € (0,1), there ewist
Ao = Xo(e) > 0 and 79 = 19(e) > 0, such that, for any X € [0, Ao], the function
v =wv(x,t), given by (5.26) and (5.20), is a sub-solution to (2.1) on [19,00).

Proof. Take an arbitrary € € (0,1). For any § € (0,¢3), one has that m + § <
m + 8 = 1; hence one can apply Proposition 5.14 to the equation (3.1) with m
replaced by m + §. More precisely, we choose €1 € (0,1) to ensure that

(1= (m+6)1—e1)=(1—-m)(l—¢), (5.32)
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-0
namely, €1 1= 6;_ 5 Then, by (5.32) and Proposition 5.14, there exists 79 =

To(€1) = 70(€) such that

—Fmisv(x,t) >0, t >, (5.33)

where Fp, 45 is given by (5.25).
Next, by (A1)—-(A3), there exists Ag = Ag(d) = Ao(e) > 0 such that 0 < v <
Ao, v € E, implies

0<Guv<é. (5.34)

Clearly, (5.19) yields that 0 < v(z,t) < A\, z € R%, ¢t € R,. Then, by (5.31),
(5.25), (5.33), (5.34) we have, for any A € [0, Ao] and for any ¢ > 7,

—Fv=—=Fnv—vGv =—Fpi5v+ dv—vGv > 0.
The statement is proved. O]

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. Recall that, by Theorem 2.1, 0 < ug < 1 implies 0 <
u(-,t) <1 for ¢t > 0; and then, by (A2), Gu < . Rewrite (2.1) in the form
(1.1) with F given by (2.2), then, by (1.6), F'u > 0. Therefore, for all ¢ > 0 and
a.a. r € R?,

u(w,t) = e tug(x) Jr/o e~ (a s u)(z, s)ds + /0 e~ (Fu)(z, s)ds

t
> e tug(z) +/ e~ (axu)(z, s)ds.
0

The same inequality for u(x, s) implies

u(x te_(t_s) ax*u)(x,s)ds te_(t_s)e_s a *ug)(x)ds
@ = [ e arna s> [ (a* o) (x)d
=te (a*ug)(x) > te te(x), (5.35)

for all t > 0 and a.a. x € R?, because of (3.13).
Fix an arbitrary € € (0,1). Take any § € (0,¢) and consider A\g = A\g(d) > 0
and 79 = 79(d) > o, both given by Proposition 5.17. Set now

A= min{)\o,Toe*(u(ﬁ*‘m))m}.
Then, by (5.35) and (5.19), we have, for a.a. z € RY,
u(x, 79) > )\6(675@7—06(1') > )\min{e(ﬂ*‘w)”’c(m’), 1} = gesa(x,70).  (5.36)
Next, the function g. s x(x,t) is non-decreasing in ¢, hence (5.26) yields
Gesn(T,t) Svesa(w,t) < gesa(z,t+0), (5.37)
and hence we can continue (5.36) as follows:

u(z,70) > vesa(x, 70 —0), foraa. xzé€ R
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Therefore, by Propositions 5.17 and 5.16, one gets, for any 7 > 0 and a.a. z € R?
w(z, 70 +7) > vesa(x, 70 —0+7) > gesa(z, 70— 0 +T),
where the latter inequality is because of (5.37). As a result,
w(x,mo+o+7)>X foraa. zeA((1—-0)(ro+7),¢), 7=>0. (5.38)

By Proposition 4.4, without loss of generality we may assume that c is given
by a strictly decreasing on R, function. We will distinguish two cases.
1. Let ¢ be given by (C1). Fix 7 > 0. Since (1.2) holds, we have that the set

A:={y e R*: By(y) C A(1 = 8)(ro + 1), )}
={y € R?: B1(y) C By((1-6)(ro+r)0)(0)}

is nothing but B (0) and, moreover,

ng (To+7,b)—1
A(L=6)(ro+7),0) = | Bily (5.39)
yGA

Take and fix now an arbitrary y € A, ie. [y| < n((1 —6)(ro + 7)) — 1. Then,
by (5.38),
w(z, 1o+ 0 +7) > Mp, ) (z) foraa xR

Consider now equation (2.1) with the initial condition vo(z) = u(x, 70 + 0 + 7),
x € R% let v(x,t) be the corresponding solution to (2.1). By the uniqueness in
Theorem 2.1, v(z,t) =u(z, 7o+ 0 +7+1),t € Ry.

Take an arbitrary p € (0,1). Apply Theorem 2.3 to the solution v and
K = Bi(y); then there exists t,, > 1 such that v(z,t) > p for a.a. 2 € Bi(y).
As a result,

wx, o+0+t,+7)>p, (5.40)

for all 7 > 0 and a.a. x € Bq(y). Stress that ¢, does not depend on a y with
lyl <n((1—=6)(10+7))—1. As a result, by (5.39) for any § € (0,1) and p € (0,1),
there exist Ao = Ag(6) > 0, 790 = 79(6) > 0, and ¢, > 1 such that, for all 7 > 0
and for a.a. x with || < n((1 —0)(70 + 7)), the inequality (5.40) holds.

By the definition of 7 (see (1.2)), one gets that there exists 71 > 0 such that,
for all 7 > 74,

(1 =e)(r +70+0+1t,)) <n((l=08)(7+ 7)),

i.e. (5.40) holds for all 7 > 7 and a.a.  with |z| <n((1 —e)(7 + 710+ 0 +t,)).
Since p € (0, 1) was arbitrary, the latter fact yields (1.9).
2. Let now c be given by (C2). Consider the norm on R given by

|| == |(z1, -+ s Zd)|oo := 1I£1aé<d|x]|
Let E% (z) denote the ball with the center at an z € R? and the radius %
w.r.t. the | - |oo-norm. Then, clearly,

d d
By@) = X[rs — 35+ 5] = X[y~ L] = i),

Jj=1 Jj=1

M»—-
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where y; = z; + 3, 1 < j < d. For y € A((1 - 6)(70 + 7). ¢),
Ciy) € A((1 = 8)(70 +7), ¢)-

Therefore, cf. (5.39),

A1 =) (70 +7),¢) = U Ci(y).

yEA((1=0)(r0+7),c)

Hence, one can just repeat the previous proof, applying Theorem 2.3 to the
solution v and K = Cy(y) with y € A((1 — ) (70 + 7), ¢). O

5.3 Proofs of general results

We are going to prove the main Theorem 2.9. Consider separately proofs for the
items 1(a)—(b) and 2(a)-(b).

Proof of Theorem 2.9, item 1(a). Let g € (0,1) be chosen later. Take an arbi-
trary € € (0,&q).

Let ¢, € L'(R?) be constructed by a long-tailed, tail-log-convex function
by € Dy. Note that (2.12) yields ug € L;(R?). Therefore, one can apply Propo-
sition 4.11 with ¢ = ¢4 > 0 and f = wg; namely, there exists D > 0 such that
axug > cy xug > Dcy. Then, by Theorem 3.3, the convergence (1.9) holds,
with € replaced by § < €9 and c replaced by Dcy. Since the functions Db,
and b are also log-equivalent, one can apply Proposition 4.7 with by = b and
by = Dby, to get inclusion A(t—et,c) C A(t—%, Dey). As a result, (1.9) holds,
with ¢(x) = b(|z|), z € R%. Note that we had not any restrictions on &y here.

Since bt € Dy, we can apply Theorem 3.1 with by = by = b" and the
given b € &;. Indeed, (B1) implies (3.3), and, for the ¢y constructed by b™
and satisfying (C1), (2.12) is just (3.4). Therefore, (3.6) holds, that, we recall,
implies (1.10) because of (3.2). O

Proof of Theorem 2.9, item 1(b). The proof of (1.9) is essentially the same as
that for the item 1(a), with only the difference that we will apply now Propo-
sition 4.11 for ¢ = v, > 0 and f = a € L'(R?). Next, since b° € Dy and (B2)
holds, we can apply Theorem 3.1 with b; = by = b°. O

Proof of Theorem 2.9, item 2(a). Let 9 € (0,1) be chosen later. Take an arbi-
trary € € (0,&p). By (B1) and (2.13), we have

(@ u0)@) = ¢ [ billy) e (@ =) dy
= [ belbdy = e, wemt

One can apply Theorem 3.3 to get (1.9) with c replaced by ¢ and ¢ replaced by 5.
Since the functions b and (b are log-equivalent, one can apply Proposition 4.7
with ¢M(z) = ¢(z) :== fA(I) b(|y|)dy and ¢ (z) = &(x), x € R% and then (4.10)
leads to (1.9) for this c.

To get (1.10) we will need just to repeat all corresponding arguments from
the proof of the item 1(a) with only the difference that Theorem 3.1 will be
applied now for functions satisfying (C2). O
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Remark 5.18. Using [32, Proposition 5.4 (Q2)] and modifying accordingly the
d

proof of Theorem 3.3, one can replace R? in (2.13) by X (—00,7,], for an
j=1

arbitrary fixed 7 € R%.

Remark 5.19. If, additionally, ug(z) = fA(z) p(y)dy, v € R? for some p €

LY (R9), then, evidently,

sp PO o qup M@

< 0.
zERY a(m) :EE]Rd/ a(y)dy
A(zx)

Proof of Theorem 2.9, item 2(b). First, we apply Proposition 4.11 with f = a
and c¢ replaced by b,. Then, similarly to the proof of the item 2(a), we may
apply Theorem 3.3 to get (1.9) with c replaced by v, and ¢ replaced by §, and,
by using the log-equivalence between b and b, and Proposition 4.7, we will get
(1.9) for the required c.

To get (1.10), one can use the same arguments as in the proof of the
item 1(b). O

A Appendix

Proof of Lemma 2.5. Firstly, we note that (1.7) implies (A5). Let G be defined
by (2.4), i.e., for 0 < u € E and x € R?,

f(u(z))

u(z)

(Gu)(z) =8 -« —(1—a)6(1—(a‘*u)(w))k,

where @ := B for s = 0. Then it is straightforward to check that (A2)—(A3)
and (A6)—(A8) hold. We are going to prove that there exists p > 0 such that,
for any v,w € Ef‘ with v < w,

pw—v)+ax*(w—wv)
> (w —v)Gw +v(Gw — Gv) + pllp (o) * (w — v). (Ap.1)

Note that (Ap.1) evidently implies (A4). Next, (A10) will follow from (Ap.1)
if we choose any § < p with § < p and any b € C(R%) N L>(R%), such that
a—plp,) <b<a—dlpy ).

By (1.5), there exists a Lipschitz constant K > 0, such that

Gw—Gv:a(@—%) —I—(l—a)ﬁ((l—a_*U)k—(l—a_*w)k)
<aK(w—v)+ (1 —a)Bka™ * (w — v), (Ap.2)

where we used an elementary inequality ¢* — 7% < k(¢ —17) for 0 <r < ¢ < 1.
Multiplying both parts of (Ap.2) on 0 < v < 1 and using (1.7), we get

v(Gw — Gv) < aK(w —v) +ax(w—v)—plpg o) * (w—v).
Finally, by (A2), (w —v)Gw < f(w — v), and therefore, the inequality (Ap.1)
holds with p := g+ aK > 0. O
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Lemma A.1. Let A > 1 and let b: Ry — Ry be defined, for large s, as follows

s
Let B> 0, and define, for large t, the function n(t) :=b="(e=P). Then

n(t) ~ pt(logt)*, t— oco. (Ap.3)

Proof. The equation b(s) = =7 yields s(logs)™ = ft. Making substitution
s = €7, one easily gets

T _ 1

e -

A A(BE)>

Since s > e” implies —% < —1 and assuming ¢ big enough, to ensure that

—/\(ﬁl); > —21, one has that the solution to the latter equation can be given
t) XA

in terms of the negative real branch W_; of Lambert W-function, that is the
function such that W_;(v)exp(W_1(v)) = v, W_1(v) < =1, v € (—e 1 0).

Namely, one gets —% = W_; (—=A~1(8t)~%), and, therefore

n(t) = exp (—AWl (—@))

However, exp(—W_1(v)) = v=1W_;(v), therefore,
exp(—AW_1()) = (=) A (=W_1 (),

A
ate) = s~ (- <;Oi>) Cee5(5)

It is well-known that W_; (v) ~ log(—v), v — 0—. This yields (Ap.3). O

>

A

ie.

Lemma A.2. Let a function X (t) — oo, t — 0o, be such that, for large t,

o0 o0
/ / bl ddye = <, gl =/ 193 (Apd)
X(t) JX(t)

where B >0 and b : Ry — Ry is a decreasing at oo function, such that

fR r)rdr < co. Consider the following functions
c(x) == g/ b(r)rdr, w(t) = c_l(e_Bt) (Ap.5)
2z

for large x and t. Then, for any € € (0,1) and large t,

ult) > X(1) > Sult —<t),

Proof. Rewriting the set {(y1,v2) € R? | y1 > X (¢),y2 > X (¢)} for X(¢) > 0 in
polar coordinates, we obtain from (Ap.4) that, for large t,

aTCCOS oo X
/ / ryrdr = / (ﬂ — 2arcsin (t))b(r)r dr
V2X (t) Jarcsin £ V2X(t) 2 r
1
= X (t)? /ﬁ (g — 2arcsin S)b(X(t)s) sds.
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Therefore, for any 6 > 0,

c e Pt 2 [~ T_ arcsin1 s) sds
(x0) > e = x(7 [~ (5 2ancsin} )o(x)s) s
> j0x07 [ oxos)sas = 202 x0),

(Ap.6)

where

s . 1 T
f(o) = 5—2arc51n\/§+5 € (O, 5), 0 >0,

is an increasing function. Since ¢(z) is decreasing, we obtain from (Ap.6) that

\/Q s
-1 X(t ¢! At Ap.
2 X0 2 e (e (Ap7)
Set/\—f > 1. Choose § > 0 such that
T T
then

\f
a0 ) 0

where we used the inequality sinz > %x for 0 <z < 7. Then (Ap.7) implies

().

l\')\)—\

plt) > X(t) >

Take finally an ¢ € (0, 1) and assume that ¢ is big enough to ensure that e=#* > \.
Since ¢~ !(x) is a decreasing function, one gets the statement. O

Remark A.3. Let (1.17)—(1.18) holds. Then, by Theorem 2.9, (1.9)—(1.10) hold
with A(t) = A(t,¢) given by (1.11) where c(z1,22) = [,” f12 b(|y|)dy1 dysa, cf.
(1.16), and b € &, is log-equivalent to e V5 s> (. Take b(s) = Ls ~3e=V5 for
large s. By [33, Corollary 3.1], b € &;. Let X (t) := X1(t) = X2(t) describe the

motion of the boundary of A(t) in the diagonal direction in (1.16). Then, by
Lemma A.2; we have, cf. (Ap.5),

3

c(z) = == /O: % exp(—v/r) dr = exp(—{l/g\/ﬂf).

Then, by (Ap.5), u(t) = % . Therefore, by Lemma A.2, for any € € (0,1) and
large ¢, (1.19) holds.
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