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1 Introduction

Many dynamical systems not only depend on the present state but also the past ones,
which are described by differential delay equations (DDEs) [1]. Since DDEs have been
used in many fields, such as the population ecology, steam or water pipes, heat exchang-
ers, lossless transmission lines, and the mass-spring-damper model, etc, the dynamical
behavior for DDEs has been widely investigated. When DDEs are subject to the envi-
ronmental disturbances, it can be characterized by stochastic delay differential equations
(SDDEs)(see [2]-[7] and the references therein). One of the important issues in the study
of SDDEs is automatic control, with consequent emphasis being placed on the stabil-
ity analysis. Many papers on the stochastic stability analysis have been published. For
instance, in [8], the dynamical behavior for stochastic delay Lotka-Volterra model as a
particularly important application of SDDEs was analyzed. In [9], the exponential stabil-
ity analysis for linear stochastic delay differential equation has been investigated by one
useful and advanced method such as the comparison principle. In [10], by establishing
the LaSalle theorem, the stability analysis for SDDEs has been investigated.

Hybrid systems driven by continuous-time Markov chains have been used to describe
many practical systems, in which they may experience abrupt changes in their structure
and parameters, for example, electric power systems, manufacturing systems, financial
systems, etc. The hybrid systems comprise two parts: one is that the state takes values
continuously, and the other is that the state takes discrete values. Recently, the stability
analysis for SDDEs with Markovian switching has been extensively studied. For example,
in [13], the comparison principle was used to study the stability for SDDEs with Markovian
switching. In [15], by using the Lyapunov functional approach, the exponential stability in
pth(p > 1)-moment and the almost sure exponential stability for SDDEs with Markovian
switching have been investigated under one monotonicity condition, which likes (2.6)
(see Hypothesis IV'). In [18], by utilizing a linear matrix inequality approach, the delay-
dependent exponential stability of stochastic systems with time-varying delays, Markovian
switching and nonlinearities has been discussed. In [14], by using the Lyapunov functional
approach, the delay feedback control was designed to achieve the stabilization of hybrid
SDDEs. In [16, 17], in order to reduce the control cost, the feedback control based on
discrete-time state observations was designed to guarantee the stabilization of SDDEs
with Markovian switching.

Note that there are some results on the stability analysis of SDDEs with Markovian
switching, in which the diffusion term and the drift term of the SDDEs obey the local
Lipschitz condition and the linear growth condition. Usually, for many nonlinear SDDEs,
these two terms often do not satisfy the linear growth condition, but satisfy the local
Lipschitz condition. When the linear growth condition is replaced with the monotonicity
condition, one of the most powerful technique used in the study of stability of SDDEs
with Markovian switching is based on a stochastic version of the Lyapunov direct method,
and there are some representative works on the stability analysis for highly nonlinear
SDDEs with Markovian switching. For example, In [19], the delay-dependent stability
criteria for highly nonlinear SDDEs with Markovian switching have been derived by using
the Lyapunov function approach. Without the linear growth condition, the existence



and uniqueness, the stability analysis and boundedness for the global solution of highly
nonlinear SDDEs with Markovian switching were considered in [20, 21].

However, the obtained results in the literature are only suitable for the constant delay
or the time-varying delay with its derivative value being less than one. It is well known
that in most industrial process involving transportation of materials, delay variation is
one among the well-known structural time variations in the process plants. Since the
transportation time varies frequently according to varying flow rates, time-varying delay
is an inherent characteristics of these processes, which varies around a constant value
and depends on the frequency of the external excitation [23]. Thus, we will analyze the
existence and uniqueness of the global solution as well as its stability properties when this
restrictive condition imposed on the time-varying delay is removed, the local Lipschitz
condition is satisfied for the drift term and the diffusion term, and the linear growth
condition is replaced by the monotonicity condition.

In this paper, the existence and uniqueness theorem for the global solution of highly
nonlinear SDDEs with Markovian switching is primarily considered under a local Lipschitz
condition and a monotonicity condition. Without the derivative value of the time-varying
delay being less than one, the exponential stability in pth(p > 1)-moment for such equa-
tions is discussed by using the integral inequality, and the almost sure exponential stability
is analyzed by employing the nonnegative semi-martingale convergence theorem. The al-
most sure asymptotical stability for the global solution of highly nonlinear SDDEs with
Markovian switching is also investigated by virtue of some stochastic analysis technique.
Finally, two examples including one coupled systems consisting of a mass-spring-damper
with the nonlinear external random forces are provided to validate the effectiveness of the
theoretical findings obtained.

Notations: Throughout this paper, unless otherwise specified, we use the following
notation. Let |-| denote the Euclidean norm in R™. If A is a vector or matrix, its transpose
is denoted by AT. If A is a matrix, its trace norm is denoted by |A| = \/trace(ATA).
Let (Q,F,{F:}i>0,P) represent a complete probability space with a filtration {F;}i>o
satisfying the usual conditions (i.e., it is increasing and right-continuous while Fy contains
all P-null sets). Let B(t) = col[Bi(t), Ba(t), ..., B(t)] be an m-dimensional Brownian
motion on (Q, F,{Fi}i>0,P). For 7 > 0, let C([—7,0]; R") represent the family of all
continuous R"-valued functions on [—7,0] with norm ||¢|lc = sup{|¢(d)| : —7 < 8 < 0}
for any ¢ € C([—1,0]; R"). Cx([—,0]; R™) denotes the family of all Fi-measurable and
C([—,0]; R™)-valued random variables £ = {£(6) : —7 < 0 < 0}. C(R"™;[0,00)) means
the family of all nonnegative continuous functions defined on R™. Let E{-} stand for the
expectation operator. For any two numbers a, b, a V b and a A b denote the maximum
value and the minimum value between a and b, respectively. H(a—) denotes the left-hand
limit of the function H(-) at a, i. e. H(a—) = lim,_,o— H(a + u). ‘a.s.” stands for ‘almost
surely’. Ker(U(z)) ={x € R": U(z) = 0}.



2 Problem statement and preliminaries

Let r(t)(t > 0) be a right-continuous Markov chain on the probability space taking
values in a finite state space S = {1,2, ..., N} with generator I' = (7;;) nxn given by

1+")/”A—|—O(A), if Z:],

P+ 2) = i) =i} = {
where lima o %
Vi = — Zj;éi Vi

For a continuous-time Markov chain r(¢) with its generator I, it can be given as one
stochastic integral with respect to a Poisson random measure

= 0. Here, v;; > 0 is the transition rate from ¢ to j, if ¢ # j while

dr(t) = /Rh(r(t—),y)y(dt,dy), t>0

with the initial value r(0) = iy € S, where v(dt,dy) is a Poisson random measure with
intensity dt X m(dy) in which m is the Lebesgue measure on R, while the explicit definition
of h: § x R — R can be founded in [12].

Consider the following highly nonlinear hybrid stochastic delay differential equations:

de(t) = f(t,x(t),z(t — 7(t)),r(t))dt + g(t,z(t),x(t — 7(t)),r(t))dB(t), t>0, (2.1)

with the initial condition {z(0) : —7 < 0 <0} = p € Cx (|—7,0]; R") and r(0) =i € S,
where z(t) = col[xy(t), x2(t), ..., x,(t)] € R™is the state vector. The time-varying delay
7(+) :[0,00) = [0, 7] is a bounded measurable function. f(-,-,-,-): [0,00) X R"XR"XS —
R™ is the drift coefficient vector, and g(-,-,-,) : [0,00) X R" X R" x § — R™ ™ is the
diffusion coefficient matrix. In this paper, it is also assumed that the Markov chain () is
independent of the Brownian motion B(-). Let x(t,0, p, i) be the solution of Eq. (2.1).
For simplicity, z(t) = x(t, 0, ¢, 7(0)).

In this paper, the existence-uniqueness theorem, and the asymptotic behavior for the
global solution of Eq. (2.1) will be checked. In general, the following assumptions are
imposed.

Hypothesis I (Local Lipschitz condition): For each k = 1,2, ..., there exists a positive
constant ¢; such that

|f(t 2, y,1) — f(6,2,9,0)|Vg(t, 2, y,4) — g(t, 7, 7,1)] < er(lz — 2]+ |y —7])

for any (¢,i) € [0, 7] xS (T > 0), xz,y,z,y € R" with |z| V|y| V|z| V |g| < k. In addition,
f(t,0,0,i) = 0 and ¢(¢,0,0,7) = 0.

Hypothesis II (Linear growth condition): There is a positive constant L such that

|f(t 2y, )| Vgt z,y,4)| < L1+ |z + |y])

for any (¢,z,y,1) € [0,T] x R" x R" x S.



Note that Hypothesis II is a conservative condition to check the existence of the global
solution. For example, when S = {1,2}, f(t,z,y,1) = —0.15z — 223 + 0.4y, f(t,z,y,2) =
—22—0.52y*+0.82y, g(t,z,y,1) = 222, and g(t, x,vy,2) = zy?, for any t > 0, Hypothesis II
does not hold for f(-,-,-,) and g(-,-,-,). Here, we shall persist Hypothesis I but replace
Hypothesis II by a more general condition to guarantee the existence of the unique global
solution to Eq. (2.1). To state a general condition, we need a few notations. Let C? =
C12([0,00) x R™ x 8;[0,00)) denote the family of all continuous nonnegative functions
V(t,z,i) defined on [0,00) x R™ x S, such that for each i € S, they are continuously
once differentiable in ¢ and twice in . Given V € C%?, then we define the Itd operator

LV : [0,00) x R" x R* xS — R by
LV (t,z,y,1)
1
= Vi(t,x,0) + Vo(t,z, i) f(t, 2, y,4) + §trace[gT(t, 2, Y, 1) Ve (t, 2, 0) g(t, 2, y,1)]

N
+ Z ViV (L, @, j).
j=1

where

, oV (t,x,i , oV(t,x,1) OV(t,x,1 oV (t,x,1
Vt(t,a:,z):(a—t), %(t,x,z)z( (8951 >, (8952 ),..., éx )),
and

. PV (t,x,i
Via(t,2,1) = (W) :

To obtain the main results, one more general condition is presented as follows:
Hypothesis III (Monotonicity condition): There exist one Lyapunov function V' € C12,
one function U € C(R™;[0,00)) and some positive constants ¢, ¢z, A; and Ay such that
for any x, y € R", t > 0,and i € S,

alU(x) < V(t,z,i) < eU(z), (2.2)

and
LV (t,2,y,i) < —\U(z) + \U(y), (2.3)

and
Jlim Ux) = co. (2.4)

When U(x) = |z|P, Hypothesis III can be written as the following form:
Hypothesis I'V: There exist one Lyapunov function V € C%2, and some positive con-
stants p, c1, ¢co, Ay and Ay with Aaco < Ajcy such that for any z,y € R", t > 0, and
1€S8,

alefP < V(t,x, i) < colxf, (2.5)
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and
LV (t,z,y,1) < =Mz’ + Xa|y/?, (2.6)
where p > 1.

Remark 2.1 In [9, 11, 12, 15], Hypothesis IV has been imposed with T(t) = T or d;—gt) €
(0,1). It should be mentioned that the restrictive condition that the derivative value of
time-varying delay is less than one is not required in this paper. Thus, the proposed
methods in [9, 11, 12, 15] can not be used here. The asymptotic behavior for high nonlinear
SDDFEs with Markovian switching has been considered under the general monotonicity

condition [19, 20, 21, 22/, but this restrictive condition is also imposed.

Definition 2.2 Let x(t) : —7 < t < 0, be a continuous Fi-adapted R™-valued local
process, where 0., is a stopping time and we set F; = JFq for t € [—7,0]. It is called a
local solution of Eq. (2.1) with initial condition ¢ € Cx,([—7,0]; R"). If zo0 = ¢ = {z(0) :
—7 <6 <0} and for allt > 0

2(t A o) :¢(0)+/0 " (s, 2(s), 2(s — 7(5)), 7(s))ds
+/0 " (s, (s), (s — 7(s)), 7(5))dB(s)

holds for any k& > 1, where {0 }r>1 is a nondecreasing sequence of finite stopping times
such that oy T 0w, a.s. Furthermore, if limsup,_, . |x(oy)| = oo is satisfied whenever
0o < 00, it i called a maximal solution and o, is called the explosion time. A maximal
local solution x(t) : —7 < t < 0w, is said to be unique if for any other maximal local
solution Z(t) : —7 <t < G4, We have 0o = 0o @.5., and z(t) = Z(¢) for all —7 <t < 04
a.s.

Definition 2.3 The global solution x(t) of Eq. (2.1) is said to be exponentially stable
in pth(p > 1) moment with decay €' of order +, if there exists a positive constant y such
that

p
i sap [2EELOP)

t—o00 t

<y

holds for any ¢ € Cx,(|—7,0]; R"). Furthermore, the global solution x(t) of Eq. (2.1) is
said to be almost surely exponentially stable with exponential decay €' of order +', if

log(l2(t)) _

lim sup -, a.s.

t—o00 t B

holds for any ¢ € Cx,([—T,0]; R").



Lemma 2.4 ([24]) For ~y > 0, there exist two positive constants: A\, X' with ' < ~y, and

a function y : [—7,00) — [0, 00). If the inequality
Ae £ N [Fem S supyoy(s +0)ds,  for t>0
< 0 €[-7,0] ’ = 2.7
y(t) < { et for t e |—-7,0], (2.7)

holds, then we have y(t) < Me ", for any t € [—7, 00), where y is a unique positive root

of the algebra equation: 2~ =1 and M = maX{ /\,57_/5) ; )\} > 0.
Y= e

3 Main results

Lemma 3.1 Let z(t) be a solution to Eq. (2.1) with the initial condition ¢. Suppose
that Hypotheses I and III hold. Assume that the inequality

)\202 < )\161,

holds, then we have

Ae) = /000 e sup EU(z(t +0))dt < oo, (3.1)

oe[—,0]
where € € (0,eq), €9 Is a unique positive solution of the algebraic equation:

/\202687’
— = 1.
)\101 — C1C2€

Proof: Define a function: H(e) = % — 1. It can be proved that H(0) < 0,
H ((;\—21)—) = 00, and H(¢e) is a nondecreasing function on (0, ;\—21) Therefore, there exists

a scalar gq € (0, ﬁ—;) satisfying H(gg) = 0. That is, for any € € (0,¢0), we have
A ET
Ae)= 222 . (3.2)

- )\1C1 — C1C¢E
Using the Ito formula, for any ¢ > 0, it follows
A1

eatV(t, x(t),r(t))

< V(0,2(0),7(0)) + / e%s {ﬁ‘/(s, x(s),r(s)) + LV (s,z(s),z(s — 7(s)), r(s))} ds

0 C2

oy (3.3)
+ [ R Valssas). (o)t (), als = 7). r(s)AB()
+/0 /RGZ;S[V(S,x(s),iO—l—f_z('r(s—),l)—V(s,x(s),r(s))]u(ds,dl),

where p(ds, dl) = v(ds, dl) —m(dl) is a martingale measure, which is related to the Markov
chain but not the Brownian motion.



From conditions (2.2) and (2.3), we obtain

A
C—IV(S x(s),r(s)) + LV (s,x(s), z(s — 7(5)),r(s)) < AU(x(s —7(s)). (3.4)
2
Substituting (3.4) into (3.3), and then taking the expectation, it yields

t oy,
2 BV (¢, z(t),r(t)) <EV(0,2(0),7(0)) + )\2/ ex"EU (x(s — 7(s))ds
0
By using condition (2.2), it concludes that for any ¢ > 0

EUa(e) < BV (0:2(0)

,7"(0)) _ My )\2

e <2 _|_ J—
C1

1
< M'e” B3 +)\—

6_7(t S)EU(ZB(S _ T(S))ds
By | (3.5)
eia(tis)EU(qj(s . T(S))ds,

€1 Jo
where M/’ = EV0z0).r(©) - o

For any ¢t > 7 and 0 € [—7,0], from (3.5), we have

M) | A2 o AL (140
+ — / e
C1 0

)\ t+0 A
< M'e” 62(t+6) —2/ e
0

C1

EU (2(t + 6)) < M'e™

]EU( (s —7(s))ds

Multiplying by e(e € (0,g0)) on both sides of inequality above in turn, and then
integrating with 7 to T'(T > 1), it follows
T

/ e*'EU (x(t + 0))dt

SM'/ pet= 2L (t+0) dt+—/ / G )

(3.6)
sup EU(z(s+ u))dsdt.
u€[—T,0]

Note that for any 6 € [—7,0] and ¢ > 7, the formula of integration by parts implies

/ / Et— L t+9 s)

sup EU(z(s + u))dsdt
u€[—7,0]

t+60
(M A1
ge”/ o e)(t+9)/ ks
T 0

€2

sup EU(z(s + u))dsdt
ue|—T,
My

[=7,0]
. (37)
e LS
5 / e2” sup EU(z(s+u))ds
0_21 — & Jo u€[—7,0]

T
5 / e sup EU(z(s+u))d
By

u€[—T,0]



Substituting (3.7) to (3.6) implies
T
/ e'EU (x(t + 0))dt

A1
A T in Aocoeez” T oa,
SM’@C;T/ o<t cétdt—i—L/ e=" sup EU (z(s +u))ds (3.8)
T 0

)\101 — C1C€ u€[—1,0]

Y eT T
—l—L/ e® sup EU(z(s+ u))ds.
0

A€ — €108 u€[—7,0]

From (3.8), we have
T
/ TRU (2(t + 0))dt
0

= /T e'BU (x(t + 0))dt + /T 'EU (z(t + 0))dt (3.9)

IN

T
M+A(e)/ e”® sup EU(z(s+ u))ds,
0

u€[—7,0]

A

— 1 ET > T Ls
where M = [ e'EU (z(t + 0))dt + 2L 4 Jeec2 [ e SUPye(r0) EU(2(s + u))ds.

)\1—626 )\181—81026 0

Combing (3.2) and (3.9), it gives

T t Ve
e sup EU(z(t+0))dt < —— < 0.
/ s EUG{E+0)dt <

Let T' — oo, the desired result (3.1) is obtained. O

Remark 3.2 From (3.1), it follows that

A= /OO sup EU(z(t+ 0))dt < oo. (3.10)

oe[—,0]

Theorem 3.3 Suppose that the conditions of Lemma 3.1 hold for any initial condition
¢ € Cx([—7,0]; R™), there is a unique global solution z(t) to Eq. (2.1) on t € [—T,00)
with probability one.

Proof: From Hypothesis I, for any initial data ¢ € Cx,([—7,0]; R™), by using Theorem
7.12 (see, pp. 278 [12]), it is shown that there exist a unique maximal local strong solution
x(t) on [—1,0.], where o, is the explosion time. To show that this solution is global, we
only need to prove o, = 00, a.s. Note that ¢ € Cx,([—T,0]; R™), consequently, there must
exist a positive number ko such that ||¢||c < ko. For each integer k > ko, define the
stopping time

e = inf{t € [0,0) : |2(t)| > k},

9



with the traditional convention inf () = oo, where () denotes the empty set. Clearly, 7
is increasing and 7, — T, < 0. a.s. (as k — o0). If we can show 7, = c© a.s., then
0. = 00 a.S., which implies that x(¢) is actually global. This is equivalent to proving that
for any t > 0, P(7, <t) — 0, as k — oo.

By using Ito formula, it yields that for any ¢ > 0,
V(AT x(t ANTk), r(E A TE))

=V (0,2(0),7(0)) + /0 k LV (s,x(s),z(s — 7(s)),r(s))ds

AT (3.11)
/ Vals,2(s),7(s))g(s, 2(s), x(s — 7(s)),r(s))dB(s)

/ / (s,2(s),d9 + h(r(s—),1) — V(s,2(s),7(s))|u(ds, dl).

Taking the expectation on both sides of inequality (3.11), it yields from (2.3) that
EV(t A1, z(t A1), r(t ATy))

< EV(0,2(0),7(0)) + Aa /tATk sup EU(z(s+u))ds (3.12)

u€[—T,0]
<M,
where M = EV(0,2(0),r(0)) + A2A > 0, and A is given in (3.10).
Define, for each £ > 0,
Y(k) =inf{U(z) : € R", with |z| > k}

By condition (2.4), we note that limy_, ¥(k) = co. On the other hand, using (2.2),
we have
EV(t A 7, x(t A1), m(E A Tx))
> E{lir<q VAT 2(tAT3), m(EAT))} (3.13)
> e (k)P{m < 1},
where |x(7)| = k by the definition of stopping time 7.
From (3.12) and (3.13), it follows

a(k)P{r. <t} < M, (3.14)

For any t > 0, when £k — oo, (k) — oo. Then by (3.14), we can conclude that
P{7 <t} = 0. Since t > 0 is arbitrary, P{7r,, < oo} = 0, which implies that 7., = oo,
a.s. That is, Eq. (2.1) almost surely admits a unique global solution x(t) on [—7,00). O

Theorem 3.4 Let the conditions of Lemma 3.1 hold, for any initial data ¢ € Cx,([—T,0];
R™), the global solution x(t) of the Eq. (2.1) obeys

. 1 _
Jim sup - log BU (2 (t)) < —4,

where fi € (0, 2‘—21) is a unique root of the algebra equation : % =1

10



Proof: From (3.5), it follows that for any ¢ > 0,

t
EU(z(t)) < Me et + Az 67272(t78)EU(x(3 —7(s))ds
Cl 0

PSR VO L VR
<Me 2"+ 2 [ 2l gyp EU (x(s + u))ds.
C1 Jo u€[—7,0]

A
Note that, for any ¢ € [—7,0], we have EU(z(t)) < Me =", Therefore, by using
Lemma 2.4, we can obtain

EU(x(t)) < Me™™,

for any t > —7, where i € (0, ’c\—;) and M = {Mua—aci) Ny () which implies that

AocoelT

lim sup,_, ., 1 log EU (z(t)) < —f. O

Remark 3.5 From (3.1) in Lemma 3.1, the Chebyshev inequality, and the Fubini theo-
rem, it follows

/ et sup U(z(t+0))dt < oo, a.s.,
0

oe[—,0]

for any € € (0,¢¢), where ¢ is given in Lemma 3.1. In addition, from (3.1) in Lemma
3.1 and the Fubini theorem, we have

E/Oo U(z(t))dt < oo.

Theorem 3.6 Suppose that the conditions of Lemma 3.1 are satisfied. Then the global
solution x(t) of Eq. (2.1) with the initial condition ¢ € Cx,([—7,0]; R") obeys the following
property
i 1
lim sup —log U(z(t)) < —¢, a.s.,
t—o0 t

for € € (0,¢¢), where ¢y is given in Lemma 3.1.

Proof: For any ¢ € (0,¢q), applying the It6 formula, we obtain that for any ¢ > 0,
eV (t,x(t),r(t))

= V(0,2(0),7(0)) —{—/0 e eV(s,z(s),r(s)) + LV (s,z(s),x(s — 7(s)),7(s))]ds
—I—/O e Vi(s,x(s),7(s))g(s, z(s), z(s — 7(s)),r(s))dB(s)
+/O /Re“[V(s,x(s),io—i—h(r(s—),l) — V(s,x(s),r(s))|u(ds,dl), a.s.

11



Then, from (2.2) and (2.3), we have

WV (t, x(t),r(t)) SV(O,x(O),T(O))+)\2/O e’ ES[EPO]U(I(S*“))CZ”M@) (3.15)

<&+ Alt)+ M(t), a.s.,
where & = V(0,2(0),r(0)) is a nonnegative bounded Fy-measurable random variable,
t
At) = )\2/ e sup U(x(s+u))ds, a.s.,
0 u€[—,0]

and

M(t) = /0 e Vi(s, x(s),7(s))g(s, x(s), (s — 7(s)), 7(s))dB(s)
+/0 /Re“[V(s, x(s),io + h(r(s—),1) — V(s,z(s),7(s))]u(ds, dl)

is a local continuous martingale with M (0) = 0.

Applying the nonnegative semi-martingale convergence theorem [25], it deduces from
Remark 3.5 and (3.15) that

lim sup [e*"V (t, z(t),r(t))] < 00, a.s.

t—00
Therefore, there exists a finite positive random variable ¢ such that

eV (t,x(t),r(t) < ¢, a.s. (3.16)
From (2.2) and (3.16), it gives

Uz(t)) < £e’”, a.s.

1

for any ¢ > 0 holds, which follows that limsup,_,, 1 log U(z(t)) < —¢. a.s. O

Theorem 3.7 Suppose that the conditions of Lemma 3.1 hold. Then the global solution
x(t) of Eq. (2.1) satisfies

lim d(z(t), Ker(U)) =0, a.s.,

t—o00

and Ker(U) # 0. In particular, if U has the property that
U(z) =0 if and only if =0,
then the solution obeys that

tlggo z(t) =0, a.s.,

for all initial condition ¢ € Cx,([—7,0]; R™). That is, the global solution of Eq. (2.1) is
almost surely asymptotically stable.

12



Proof: The proof is very technical and follows the same steps in [16], which is split into
five step.

Step 1: By using Remark 3.5 and the Chebyshev inequality, it implies

/OO U(z(t))dt < oo, a.s.

Furthermore,
limtinf U(x(t)) =0, a.s. (3.17)
—00
Now, we claim that
tlgélo U(xz(t)) =0, a.s. (3.18)

If this is false, then

P(lim sup U(z(t)) > 0) > 0.

t—00
Hence, we can find a positive number ¢ sufficiently small, such that
P(Qy) > 3¢, (3.19)
where

Q; = {lim sup U(z(t)) > 2¢}.

t—o0

Step 2: Let h > ||¢||c be a number. Define the stopping time
Br =1inf{t > 0: |x(t)| > h}.

Similar to the derivation of inequality (3.12), from (2.2), it deduces

tABR
EU(ZE(t/\Bh)) < EV(O,ZL’(O),T(O)) + &/ sup EU(Z‘(S—‘;—U))dS
C1 C1 Jo u€[—7,0] (32())
M
< C_l’

where M = EV (0, 2(0),r(0)) + A2A > 0, where A is given in (3.10).
According to the definition of the function (), we have

(h) =inf{U(x): © € R", with |z| > h} (3.21)
From (3.20) and (3.21), it yields

M

Cl'

V(R)P(BL <t) <

13



where |z(51,)| = h by the definition of stopping time [},.

Let t — oo and then choose h sufficiently large, we have
P(Bn <o0) <e¢,
which implies
P(Qy) >1—¢, (3.22)
where

Qo ={|z(t)| < h, for all 0<t < oo}.

Then, it follows from (3.19) and (3.22) that

Step 3: Define a sequence of stopping times:

=inf{t > 0:U(z(t)) > 2¢},
agi—mf{tZQgi_l: Uz(t) <e}, i=1,2,...,
Qgir1 = Inf{t > ag; : U(x(t)) > 2}, i=1,2,....

It is observed that from (3.17) and the definition of €2; and 5, we have ay; < oo when
Qpi_1 < 00. Moreover,

Pr(w) = 0o and ay(w) < oo, for all ¢ > 1, whenever w € Q5 N Q. (3.24)

From Remark 3.5, we obtain

00> 8 [ UGl 2 3Bl [
0 i=1 «

€ ZE{I{a2i<oo,Bh:oo} [Oézi - 0621‘—1]}.

=1

Q24

U(:Jc(t))dt}

(3.25)

From Hypothesis I, we have
[t 2,y ) Vgt y,0)[P < Ch V20,

for any |z| V |y| < h, where C}, is positive constant.

By the Holder inequality and the Doob’s martingale inequality, it is derived that for

14



any 17" > 0,

E{I{g,nan_1<c} SUP |Z(Bn A (2ot + 1)) — z(Bp A czie1) P}
0<t<T

BrN(c2i—1+t) )
S v Fsa(s)als = o)) r(s)isf

0<t<T JBpAagi—1

BrA(c2i—1+t) )
+2E{]{Bh/\a2i1<<>@} sup |/ 9(s,z(s), x(s — 7(s)),7(s))dB(s)| }
0<t<T JBpAazi1

(3.26)

BrN(a2;—1+T)

S — [ () (s = r(s). () s |

BN (agi—1+T) )
n 8E{fwml<oo} /B 9(s,(s), (s — 7()),7(5)) ds}

nAQ2i—1

< 2C,T(T +4).

Since U(x) is continuous in R", it must be uniformly continuous. That is, when |z| V
ly| < h, we can therefore choose § = 0(¢) satisfying

|U(x) —U(y)| < e, whenever |z —y| <4, |z|V]y| <h. (3.27)

Choose T sufficiently small such that

20, T(T + 4
% <e, (3.28)
From (3.26) and (3.28), it follows that
P({Bn A g1 < 0o} N {OiufT [2(Bn A (Q2i-1 + 1)) — 2(Bp A azi—1)| = 6})
<t<
2
< CyT(T +4) _.
52
Accordingly, we have
P({agi—1 < o0,By = oo} N{ sup [r(agi-1 +1) — z(az-1)] > 0})
0<t<T
=P({Bh N agi—1 < 00, By = 00} N {OiUET [2(Bn A (Qgic1 +1)) — 2(Br A agi—1)| > 0})
<t<

<PH{Br AN agi—g <oo}nN {OiltlET (B A (0im1 + 1)) — 2(Br A agi1)| > 6})
< €.

Using (3.23) and (3.24), we have

P({agi-1 < 00, By = 0o} N{ sup |z(azi—1 +1) —z(ai_1)| <0})
0<t<T

=P({ag_1 < 00, [, = 0})

—P({agi—1 < 00,8, =00} N{ sup |z(agi_1 +1t) — x(agi_1)| > })
0<t<T

>2e —e=-¢.
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From (3.27), it yields

P({azi—1 < o0, By = 0o} N{ sup |U(z(azi—1 +1t)) — Uly(az-1))| <&}

0<t<T

> P({agi1 < 00,8, =00} N{ sup |z(ag_1+1t)— x(ag_1)| <d}) (3.29)
0<t<T

> €.

Set

Q= { sup |U(z(azi-1+1) — Uly(az-1))| <},

0<t<T
and note that

Oégi(u.J) — 0421;1((,0) > T, ifwe {0621;1 < 00, Bh = OO} N Qz

Using (3.25) and (3.29), we have

o0 > € Z E{I{ay;<00,8,=00} [Qt2i — 2i-1]}

i=1

2 € Z E{I{a2i<oo,6h:oo}ﬁfli [0621 - a21_1]}

=1

> €TZP({OC2i < 00, B, =00} N Qz)

i=1
(o]

> eT E £ = 00,
i=1

which is a contradiction. Hence, (3.18) holds.

Step 4: Now, it is necessary to show that Ker(U) # (). From (3.18), it is seen that
there exists an o C 2 with P(£2y) = 1 such that

lim U(xz(t)) =0 and sup |z(t)] < oo, foranyw € Q. (3.30)

t—00 0<t<oo

Choose any w € €y, then {z(t) }+>¢ is bounded in R"™. Then, there must be an increasing
sequence {tx}r>1 such that ¢, — oo and {x(tx)}x>1 converges to some & € R". Thus,

U(z) = lim U(z(t,)) = 0,

k—o00

which implies that € Ker(U). That is, Ker(U) # 0.
Step 5: It is necessary to show that for any w € €,

lim d(z(t), Ker(U)) = 0. (3.31)

t—o00
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If this is false, then there exists some w € )y such that

lim sup d(z(t,w), Ker(U)) > 0.

t—00
Thus, there exists a subsequence {z(ty, @) }r>o of {x(t, @) >0 satisfying

lim sup d(z(ty,w), Ker(U)) > ¢,

k—o0

for some £ > 0. Since {z(tx,w)}r>o is bounded, we can find a subsequence converging to
some ¥ € R". Clearly, © ¢ Ker(U) and U(Z) > 0. However, from (3.30),

U(z) = klggo U(z(ty,w)) = 0.

Thus, there is a contradiction. Consequently, (3.31) holds. In addition, if U(z) = 0 <
x =0, then Ker(U) = 0. Consequently, from (3.31), it is deduced that

lim z(t) =0, a.s.

t—00

The proof is therefore complete. O

Corollary 3.8 Suppose that Hypotheses I and IV are satisfied, then the existence and
uniqueness for the global solution of Eq. (2.1) can be guaranteed. Furthermore, we have
the following two results:

i) for any initial data ¢ € Cx,([—7,0]; R"), the pth(p > 1)-moment Lyapunov exponent of
the solution of the Eq. (2.1) obeys

1
lim sup — log(E|z(¢)|?) < —p,
t—o0 t

where i € (0, 2—21) is a root of the algebra equation : % = 1. That is, the solution

of the Eq. (2.1) is exponentially stable in pth(p > 1) mean;
ii) for any initial data ¢ € Cx,(|—T,0]; R™), the sample Lyapunov exponent of the solution
of the Eq. (2.1) obeys

1 €
i - < -2, as.
fim sup = log(|a(#)]) < il
where p > 1, and ¢ € (0,¢), where ¢q is given in Lemma 3.1. That is, the solution of the

Eq. (2.1) is almost surely exponentially stable.

4 Two Examples

In order to illustrate the advantages of the main results, two examples are provided.

Ezample 4.1: Let B(t) be a scalar Brownian motion on (€2, F,{F;}t>0,P). Consider
one dimensional stochastic differential equations with time-varying delay and Markovian
switching:

dx(t) = f(t,x(t), z(t — 7(t)),r(t))dt + g(t, x(t), z(t — 7(t)),r(t))dB(t), t >0, (4.1)
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with the initial value {z(6) : —7 < 0 <0} = ¢ € Cx([-7,0]; R) and r(0) = ip € S and
r(0) =1€ S = {1,2}, where z(t) and z(t—7(t)) are the state scalar and the delayed state
scalar, respectively. 7(¢) is a bounded measurable function with 0 < 7(¢t) <7 (¢t >0, 7 >
0), and 7(¢) is a right-continuous Markov chain taking values in S with the generator

T = (7ij)2xz = { _12 —21 }

In (4.1), we assume that f, g: [0,00) X R x R xS — R with

o =015z — 223 + 0.4y, if =1,
Ft2,y,1) = { —9x — 0.5zy* + 0.82y, if i=2,
and
. 222, if i=1,
9(t7$ay72)— { xy27 lf 222

Define a Lyapunov function

22, if i=1,

vtz 9 :{ 0.522, if i=2

then, it is computed for the It6 operator to Eq. (4.1) that

2
LV (t,x,y,1) = 22[—0.152 — 22° + 0.4y] + 4z* + Zvle(t, z,7)
j=1
= — 1.32° + 0.82y
< —0.92% + 0.4¢2,

and

2
LV (t,x,y,2) = z[—22 — 0.5zy* 4+ 0.82y] + 0.52%y* + Z’yng(t, z,7)

j=1

— 1.52% + 0.82zy
< —1.092% 4 0.419>.

Hence, we have
LV (t,z,y,i) < —0.92% + 0.419,

with Ay = 0.9, Ay = 041, ¢; = 0.5 and ¢ = 1. Then, \ycs < Aic; holds, which
implies that the conditions of Corollary 3.8 hold. Thus, the existence and uniqueness, the
exponential stability in mean square, the almost sure exponential stability and the almost
sure asymptotical stability of the global solution for Eq. (4.1) are guaranteed. When the
initial condition z(t) = —1 (t € [—2.3,0]), 7(0) = 1, and 7(¢) = 1.1|sin(¢)| + 1.2 are fixed,
Fig. 1 and Fig. 2 illustrate the asymptotic behavior in mean square and in almost sure
sense of the global solution for Eq. (1), respectively.
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-0.5
0

Time t (a)

Figure 1: Asymptotic behavior in mean square of the global solution for Eq. (4.1)

o

Time t (a)

Figure 2: Asymptotic behavior in almost sure sense of the global solution for Eq. (4.1)

Ezample 4.2: One coupled system consists of a mass-spring-damper (MSD) model [26].
An actuator is taken to a transfer system. The mathematical expression of the system is
DDEs, which are written as

Mi(t) + Cy(t) + Ky(t) = 0 (4.2)

ont > 0, where M, C', K are the mass, stiffness and damping of a mass-spring-damper
model, and y(t), y(t), §j(t) denote the position, velocity and acceleration of MSD at time ¢.
If this physical model is affected by the external force, then Eq. (4.2) is further described
as

Miy(t)+ Cy(t) + Ky(t) + F(t) =0 (4.3)

on t > 0, where F(t) denotes the external force, M = 10, C' = 25, and K = 15. Assume
that this external force is subject to the environmental noise and abrupt changes in the
parameters, which is characterized by

F(t) = F(y(t), gt —7()),r(t) + Fa(y(t), y(t — (1)), 9t — 7(t)),7(1) B(1)
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where B(t) is a scalar white noise (i.e. B(t) is a scalar Brownian motion), 7(t) is the
time-varying delay, r(t) is a Markovian switching taking values in & = {1,2} with its

-2 2
generator [' = [ 3 _3 },

Fu(), 5t — (1)), r(t)) = { 5-4.%,(%22@ - T<t>):

and

Fy(y(t), y(t = 7(1)),9(t = 7()),r(t))

{ () (t—7() + 3yt —7(t) + 3yt — (1)), if 4=1,
1052 () (t — 7(8)) + 2y(t — 7(t)) + 24t — 7(t)), if = 2.

Let x1(t) = y(t) and z2(t) = y(t), Eq. (4.3) can be written as highly nonlinear SDDEs
with Markovian switching:

dx(t) = f(t,x(t), z(t — 7(t)),r(t))dt + g(t, x(t), z(t — 7(t)), r(t))dB(t) (4.4)

where x(t) = col[z(t), z2(t)],

[L’Q(t)
[t x(t),z(t —7(t),1) = | =154 (t) — 2.525(t) — 0.54za(t)z3(t — (1)) } ’
i l’g(t)
ft,2(t),x(t —7(1)),2) = | — 1.5 (t) — 2.525(t) — 1.523(1)23(t — 7(t)) } ’

0
gl ()t =7W) 1) = | 6t — 7(8)) + 0325t — 7(1)) + 0.3xa(E)s(t — (1)) } ’

and

0
g2 2t =7W)2) = | 4 (4~ (1)) +0.205(t — 7(1)) + 0225 (t)as(t — 7(1)) } '
For Eq. (4.4), consider a Lyapunov function

)2, if i=1

V(t,x,z) = { 08|ZE|27 if ¢ = 2,

with |z]? = 22 + 2.

Then, for Eq. (4.4), the Itd operator is computed as

LV (t,x(t), a(t — 7(t)),9)
=2qix" (1) f(t, (1), x(t — 7(1)), ( ) + gitracelg’ (t, (t), x(t — 7(1)), 1)

x g(t,z(t), z(t — 7(t +Z%J (t, z(t
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Figure 4: Asymptotic behavior in almost sure sense of the global solution for Eq. (4.4)

where ¢ = 1, ¢ = 0.8.

Consequently, when ¢ = 1, we have

LV (t,o(t), x(t = 7(t),1) < = 2[27(t) + 25(t)] — LOSz3(t)a3(t — (1))

+ [0.622(t) @2 (t — 7(t)) + 0.371 (¢t — 7(t)) + 0.375(t — 7(1))]?
— 0.4[z3(t) + 23(8)]
— 24[x(t)]* + 0.27|x(t — 7(t))|?,

IN

and when ¢ = 2,
LV (t,x(t),z(t — 7(t),2) < — 1.6[22(t) + 22(t)] — 2.425(t)z2(t — 7(t))
+0.8[x3(t)ao(t — 7(t)) + 0.2z, (t — 7(1)) + 0.2z (t — 7(1))]?
+0.6[27(t) + z5(1)]
< — |x(t)]* +0.096|z(t — 7(1))|*
Thus, for any i € S.
LV (t,z(t),z(t — 7(t)),1) < —|z(t)|* + 0.27|z(t — 7(t))[*.
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with A\y = 1, Ay = 0.27, ¢; = 0.8 and ¢ = 1. Thus, Ay < Aic; is satisfied. Con-
sequently, by Corollary 3.8, the existence and uniqueness, the exponential stability in
mean square, the almost sure exponential stability and the almost sure asymptotical sta-
bility of the global solution for Eq. (4.4) are guaranteed. When the initial condition
x(t) = col[—sin(t), 0.5cos(t)] (t € [-2.3,0]), 7(0) = 1, and 7(¢t) = 1.1|cos(t)| + 1.2 are
given, Fig. 3 and Fig. 4 show the asymptotic behavior in mean square and in almost sure
sense of the global solution for Eq. (4.4), respectively.

5 Conclusion

The method of Lyapunov function has been widely used in the study for the stabil-
ity of highly nonlinear stochastic differential delay equations with Markovian switching.
However, so far, most of the existing results in this area usually require that the de-
lay is a constant or the time-varying delay with its derivative value being less than one,
which limits their applications to some extent. When the involved delay is time-varying
with it being a bounded measurable function, one integral lemma has first been given.
Then, under a locally Lipschitz condition and a monotonicity condition, the existence and
uniqueness for the global solution of stochastic differential delay equations with Marko-
vian switching has been proved; by using the integral inequality, some stochastic analysis
technique and the nonnegative semi-martingale convergence theorem, the stability analy-
sis for the global solution of highly nonlinear stochastic differential delay equations with
Markovian switching have been discussed. Finally, two examples have been provided to
illustrate the effectiveness of the theoretical results obtained.
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