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ABSTRACT: We consider two dimensional conformal field theory (CFT) with large central
charge ¢ in an excited state obtained by the insertion of an operator ® with large dimension
Ag ~ O(c) at spatial infinities in the thermal state. We argue that correlation functions
of light operators in such a state can be viewed as thermal correlators with a rescaled
effective temperature. The effective temperature controls the growth of out-of-time order
(OTO) correlators and results in a violation of the universal upper bound on the associated
Lyapunov exponent when Ag < 0 and the CFT is nonunitary. We present a specific
realization of this situation in the holographic Chern-Simons formulation of a CFT with
WPEQ) symmetry also known as the Bershadsky-Polyakov algebra. We examine the precise
correspondence between the semiclassical (large-c) representations of this algebra and the
Chern-Simons formulation, and infer that the holographic CFT possesses a discretuum of
degenerate ground states with negative conformal dimension Ag = —§¢. Using the Wilson
line prescription to compute entanglement entropy and OTO correlators in the holographic
CF'T undergoing a local quench, we find the Lyapunov exponent Ap = %T, violating the
universal chaos bound.
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1 Introduction

It is well known that unitarity and causality in conformal field theories (CFTs) have been
used to constrain the allowed spectra as well as to classify the allowed theories. For example,
positivity of the norm in two dimensional CFTs constrains both the conformal dimensions
of operators and the central charge to be positive. In fact, demanding positive eigenvalues
of the Kac matrix, enables the classification of two dimensional CFTs with central charge
0 < ¢ < 1 and determination of the scaling dimensions of the primaries of these theories
(see e.g. [1]). Recently, constraints on other physically interesting observables have been
shown to be related to unitarity and causality. For example, the fact that energy deposited
in the detector of the conformal collider is positive [2], or the average null energy condition,
has been shown to be related to unitarity and causality [3-5]. The bound on the Lyapunov
index which controls the growth of out-of-time ordered four-point functions, has also been
argued to be related to unitarity and causality [6].

In two dimensions, it was shown that unitarity, or more specifically, the positivity of
the eigenvalues of the Kac matrix implies a bound on the spin-3 charge in a CFT with W3
symmetry [7]. In the large-c limit the bound is given by,

()42

Here W is the spin-3 charge and A the conformal dimension of the primary carrying this
charge.! At the same time it was independently shown in [8] that one can arrive at a bound
on the higher spin charge, in a holographic large-c CFT with W3 symmetry, by demanding
that the jump in entanglement entropy during a quantum quench by an operator carrying
spin-3 charge is always real:

W]  2A

= < - (1.2)

It was also seen in [8] that the bound (1.2) automatically ensures that the chaos bound on
the Lyapunov index for the out-of-time ordered four-point function is obeyed.? Remarkably,
if we restrict ourselves to the unitarity bound (1.1), then (1.2) is always satisfied.

In this paper we would like to show that the chaos bound is also violated in certain
holographic CFTs with (non-principal) W-symmetries but with spin s < 2 currents. The
mechanism leading to violation of the bound is distinct from that demonstrated in Wiy
theories with spin s > 2 currents [7, 20]. We will see that the violation here is due
to the existence of a nontrivial ground state (corresponding to an operator say, ®) with
large, negative conformal dimension, Ag < 0 and |Ag| ~ O(c). To understand this we
consider the setup shown in figure 1. Here we consider a conformal field theory at large
central charge c on an infinite line and at finite temperature 3~!. At the spatial infinities
we insert an operator of conformal weights (Ag, Ag) such that [Ag| ~ O(c). The more

"We hold %, % fixed as ¢ — oo.

?In [8] the holographic SL(3) x SL(3) Chern-Simons Wilson line was used to compute the OTO correlator
following a quench, confirming the arguments of [20] leading to a spin-three Lyapunov exponent AG®) = 4 /B.
The general result for SL(N) higher spin gravity was shown to be A\*) = 2x(N —1)/8 in [9].
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Figure 1. CFT at finite temperature 3! with heavy operators at spatial infinity.
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Figure 2. CFT on a cylinder with heavy operators at temporal infinity.

familiar situation in the literature is when such an operator is inserted at temporal infinities
on a cylinder of radius 27 as shown in figure 2. In this situation the vacuum energy of
the cylinder is shifted from its usual conformal value (summing over both holomorphic and
antiholomorphic sectors),

E+é&=- 4 <1— 24A‘1’> . (1.3)

C

Furthermore, the analysis of [10, 11] shows that correlators of light operators inserted in
the vacuum shown in figure 2 can be reproduced by considering the transformation to the
plane

24\

z = e W a=1/1- : (1.4)
c

Here z is the coordinate in the plane and w is the coordinate on the cylinder. It is easy to
see the vacuum energy (1.3) follows from the Schwarzian of the above transformation. We
thus see that the cylinder acquires a deficit angle 27(1 — «). Holographically, this vacuum
is dual to a conical defect created by a particle of mass m = (Ag + Ag)/R where R is the
radius of AdSs. The thermal state described in figure 1, though not very familiar, can be
thought of as a Wick rotation of that in figure 2. The presence of the operator ® shifts the
energy density of the thermal state,

- cm? em? 24\ g
= 5= (1- .
ETE=3m 7 o ( c )

(1.5)

Note that we can obtain (1.3) from (1.5) by the replacement 8 — 2iw. We show that corre-
lators of operators with scaling dimensions much less than Ag see an effective temperature



different from 3, given by

11 (1 - 24A‘D> . (1.6)
Bo B c

This effective temperature decreases when Ag > 0 while it decreases when Ag < 0. In
particular, we can argue that the rescaled temperature interpretation applies beyond one-
point functions to include two-point functions of light operators whose correlators in the
nontrivial vacuum, at large ¢, can be viewed as heavy-heavy-light-light correlators which
can be evaluated as in [11, 12]. Extending the argument to include correlators of two
additional heavy and two light operators in the nontrivial state (as required for computing
EE/RE following a local quench), we conclude that the OTO four-point function of light
operators in the vacuum given in figure 2 yield a shifted Lyapunov exponent,

2 24A
A= /1 2

B c

Thus the presence of a negative dimension operator would violate the chaos bound of [6]

(1.7)

which proposes A;, < 27 /5. This is in turn consistent with the fact that the bound is
expected to be violated in non-unitary theories.

Do such situations, as depicted in figures 1 and 2, with Ag < 0 arise in known conformal
field theories? Vacua with negative scaling dimensions or ground states which break scale
invariance are known to exist in non-unitary CFTs. It is such a ground state which is
responsible for a positive single interval entanglement entropy in CFTs with ¢ < 0 like the
Lee-Yang non-unitary minimal model at ¢ = —22/5 [13]. In this paper, we demonstrate
that such examples can also arise holographically, i.e. vacua with Ay < 0 and |[Ag| ~
O(c) are realised in semiclassical holographic setups at large-c. For this we examine the
holographic realization of a CFT with a WéZ) symmetry. This algebra was first considered
by Polyakov [14] and Bershadsky [15] and is reviewed in some detail in section 3. The
algebra is generated by the stress tensor, two spin 3/2 currents and a U(1) current, the
latter at level k. The central charge of the algebra is related to the U(1) level x via,

. (2k ]3)_(3;: 1)7 . _2k3 37 (1.8)
where k is the level of the sl(3) affine algebra from which the W-algebra arises by the
procedure of Drinfel’d-Sokolov reduction. Within the holographic framework it can be
understood in terms of a non-principal embedding of SL(2,R) x SL(2, R) within SL(3,R) x
SL(3,R) Chern-Simons theory [16, 17] at level k.

The algebra has positive central charge which can be taken to infinity and therefore

studied in the semiclassical limit. Since the level k of the U(1) current algebra becomes
negative, the semiclassical limit renders the associated theory nonunitary. Nevertheless,
the W3(2) algebra has certain interesting nontrivial features. We first use the representation
theory of the W352) algebra to show that the theory admits a one parameter set of degenerate
ground states. The holographic Chern-Simons framework reproduces this ground state
manifold and in addition fixes the conformal dimension of each of these states to be Ag =
—5- The individual states are distinguished by their spin-1 and spin—% charges. The value



of the conformal dimension of the ground state and the resulting non-trivial vacua of the
kind shown in figures 1 and 2 follows from the smoothness condition which demands that
the holonomy of the Chern-Simons connection be trivial along the spatial or temporal
circles at zero and high temperatures respectively.

We probe aspects of the excited thermal state admitted by the W?EQ) CFT (as in figure 2)
in more detail. We evaluate the holographic entanglement entropy using the Wilson line
prescription of [18, 19] and confirm that its short distance expansion nontrivially matches
that expected from heavy-heavy-light-light correlators in a thermal state excited by an
operator of dimension Ag = —§. The Wilson line correlator can also be used to compute
the change in EE following a local quench which can be viewed as an infalling conical
deficit state (carrying U(1) and spin-3 charges) in the Wf) black hole state. Following
this correlator by analytic continuation into the Regge limit [20] we obtain the OTO four
point-function and show that the bound of [6] on the Lyapunov exponent is violated as
s
The organization of the paper is as follows: in section 2, we lay out the general argu-

would be expected in eq. (1.7) with Ag = —

ments for the appearance of a rescaled temperature in one-point functions and higher-point
functions of light operators, in the presence of the nontrivial vacuum |®). In section 3, we
briefly review the holographic Chern-Simons realization of the CFT with W3(2) symmetry.
We also examine the representation theory of this algebra in the semiclassical limit and see
how its nontrivial features are reproduced by the Chern-Simons framework. This allows the
identification of the ground state conformal dimension as Ag = —g. Sections 4 and 5 deal
with evaluation of holographic entanglement entropy using the Wilson line prescription. In
section 6 we discuss the calculation of the OTO correlator using the Wilson line EE in the
presence of a local quench. We elaborate on various open ends and interesting questions

for future work in section 7.

2 Properties of a non-trivial vacuum in 2d CFT

We will be interested in a CFT state obtained by the action of an (h, k) conformal primary
® with conformal weights h = h = Ag on the conformal vacuum,

B|0) = |®) . (2.1)

At zero temperature, for the CFT on a spatial circle of length L, we may consider CFT
“in-out” amplitudes,
(P(—t0))] ---|®(to)) , to — oo. (2.2)

By modular invariance of the finite temperature CF'T partition function, at high temper-
ature 3 < L we are then led to consider the following density matrix:

po = ®(—L/2)e PH ®(L/2), L — oo, (2.3)

where it is important that the operator insertions are kept at spatial infinity. The putative
interpretation of such a state emerges upon using modular invariance to deduce the high



temperature free energy. As is customary we first normalize the spatial length L = 27 and
define 7 = i3/(2m). Then modular invariance of the partition function,

_ B

Z (-4, =7 = Z(r,7 = 2.4
( T =T ) (7_7 T)a 2ﬂ_7 ( )
constrains the free energy in the limit 7 — <0:
211 c 2w /= c
— -1 ~ g1 |22 R =
F=-8"mz|_ . ~ [ . (LOmm 24) . (LOmm 24)] . (2.5)
Here Lomin = Lomin = Ao is the conformal weight of the (zero temperature) ground
state, so that
2

At this stage, we could have two possible interpretations when compared with the result
for the usual thermal state in a CFT with a conformal vacuum with Ag = O:

1. Tt is tempting to propose, following e.g. [13], that the central charge is shifted to a
new “effective value” ce,
C— Cof = ¢ — 24As. (2.7)

2. We will find evidence that favours an alternative interpretation, namely that the
temperature of the theory is shifted to a new effective value,

B — Po = __F (2.8)

2UAp
\J1— Hhe

We are able to argue that it is the second interpretation which is consistent with the be-

haviour of two- and three-point correlation functions. Furthermore, while either interpre-
tation could be adopted to explain changes or shifts in one-point functions of observables,
a shift in the central charge would find its way into the stress tensor OPE. Since this would
imply a modification of the short-distance properties, we disfavour this interpretation.

2.1 Correlators in the excited state

One-point functions. We now explain how the interpretation of a rescaled temperature
appears via correlation functions. Consider first the expectation value of the stress tensor

in such a state,
(@ (00) T (w) B(—00)) g
(®(00) B(—00))g

Here w is the co-ordinate on the thermal cylinder related to the coordinate on the z-plane

(T)pe =

(2.9)

as z = e2™/B_ Since @ is a primary, the expectation value can be deduced by application
of the conformal Ward identity for the three-point function involving the stress tensor and
two conformal primaries,

2 2 em?
(T)se = (6) Ao — oo (2.10)



where the second term is the usual thermal energy density which arises from the Schwarzian
for the transformation from the plane to the thermal cylinder. Let us rewrite the expression
for this expectation value more suggestively:

cm? 24\ s cm?

As pointed out above, there are two possible ways to interpret the result when compared to

the result for the usual thermal vacuum. Since the central charge can be measured by a local
OPE which is unchanged from the usual one, we choose the second option. Thus the effect
of the presence of a nontrivial local operator in the thermal state is reflected by the change
in the effective temperature according to (2.8). In particular, the effective temperature of
the thermal state decreases if it is excited by an operator of positive conformal dimension,
while it increases if excited by a negative dimension operator.

The operator ® we consider will be such that Ag ~ O(c) in the large ¢ limit. For
later reference we can also evaluate the entropy of this state. The total energy density
is given by the sum of the expectation values of the stress tensor in the holomorphic and
antiholomorphic sectors,

C7T2

We now examine what happens to the entropy of such a state. The first principles approach,

gtot — _<Tww><1> - <T151D><I> (212)

following Cardy [21], is to identify the density of states at high temperature as the saddle
point of the inverse Laplace transform of the partition function,

o(€) ~ /dT Z(1) e 2miTE (2.13)

where we have only focussed on the holomorphic sector for clarity. Using modular invari-
ance in the presence of the nontrivial ground state in the high temperature limit,

~ e 2mi(Ba—gy)/T (2.14)
T—i0F
we identify the saddle point of the integral (2.13) and find the value of the density of states
at the saddle point to yield the total entropy (summing over both chiral sectors),

Z(7)

2m2c 24Ag
So = I olgqqept = 35 <1— - ) . (2.15)
This is consistent with the usual thermodynamic relation dSe = [d&io¢ which leads to

the same result. The form of the entropy does not immediately support the proposed
temperature rescaling (2.8) as the most natural interpretation. For this we need to examine
two- and higher-point correlation functions in the large-c limit.

Two-point function in heavy state (HHLL). We can now consider probing the
excited heavy state |®) by two light operators of weights hy, ~ O(1), so we are interested
in the correlator,

_ {®(00) O (w1, w1) Op (w2, W) B(—00)) 5
G = (®(oc)b(—oc) ’ (210




in a large-c CFT. Since the dimension of the light operators is parametrically smaller than
that of the heavy operators and we take ¢ — oo, we can use the monodromy method [11, 12]
to evaluate this correlator. Before we do this we can first check what the temperature
rescaling proposal (2.8) would yield. According to this, we should simply obtain the thermal
two-point function of an (hyr,hy) primary:

_ rAh
Cs = (Op(w1,w1)O0L(w2,W2)) g, = Sy
[Bé sinh B%(wl — wg) sinh ﬁ%(wl — ’IIJQ)

Bo = __F (2.17)

2Ny
\J1— 28

We now proceed to evaluate C4 as defined in (2.16), by thinking of it as the four-point
function involving two heavy states and two light states in the large ¢ limit. Using the
result for the conformal block in this limit, dominated by the vacuum exchange, we obtain
for the holomorphic part of the correlator on the z-plane,

(@(00) O (21, 21)OL (22, 22)®(0))
(®(00)®(0))

(2.18)

holomorphic

ap Qg
- exp{—C;L ((1 ~ o) log(2122) + 2log (12))} ,

ap

h 24A
eL:6TL, ap = (/1 — C‘P. (2.19)

This is obtained by applying the monodromy method in the HHLL limit, focussing only

where

on the vacuum block [12, 22]. The anti-holomorphic contribution is identical to the above
with the replacement z — Z. Now we can find the correlator at finite temperature 3, by
mapping to the thermal cylinder:

= exp (27;”> . (2.20)

Using the transformation rule for the primaries we find
Cy = Cy, (2.21)

demonstrating that probing the thermal state at temperature S excited by a primary of
dimension Ag, by two light operators in the large-c limit, is equivalent to evaluating the
two-point function of the light operators in a theory at temperature Sg given by (2.8).

Three-point function of light operators (HHLLL). Let us see what happens when
we probe the state with 3 light operators. The correlator of interest is
(®(00) Op (w1, w1) O (wa, w2) Or (w3, w3)P(—00))

G = @(00)8(—o0)] | (2:22)




We again use the fact that the presence of the excited state can be viewed as the CFT at
temperature (g 1. For the holomorphic part of the correlator, the result is then given by

= (2.23)

holomorphic

( ks >3hL CrrL
Bo [

. . e . e hL
sinh 7= (w1 —wz) sinh £ (w2 —ws) sinh - (wgfwl)]

2hr, 9 hr, K 2hy, 9 hr, K
&) &) w+(5) () "
B@ /BCP ( )) L B@ /8<I’ (sinhé(’m—u&,)) L

S T (e —
smhﬁé (w1 —we

()
Bo Ba (Sinhﬁ%(wg—wl))%L

Here Cpr; is the structure constant of the light operators. The last three terms are

contributions from the one-point function of the operators in the thermal vacuum with
the rescaled temperature S, and k is the strength of the one-point function. We can
evaluate the correlator Cs on the z-plane using the monodromy method and compare with
the above [23, 24]. The monodromy method applies when one of the operators is well
separated from the other two. Accordingly, for operator insertions at {zj—123}, taking the
limit of small z3, the answer on the plane is given by,

Cs — exp {—“L ((1 — ) log(2120) + 2log M)} <1>hL C(2.20)

6 Qg Z3
The map from the plane to the cylinder at temperature 3, {z; = e*™i/8} finally yields,

o= () (5) TeT— 22)

sinh 7 (w1 — w2)

Comparing Cs in (2.23) with C5 we see that the two agree in the limit ws — —oo, if we
make the identification,
ko= ag't. (2.26)

In this limit the connected part drops out, and only the disconnected part in this channel
contributes.

The HHLLLL correlator. The six-point function involving four light operators in a
heavy state is the essential ingredient required for understanding the time evolution of
entanglement entropy in the presence of a local quantum quench. Analytic continuation of
these yields OTO correlators which are diagnostics of late time chaotic behaviour. On the
thermal cylinder, the correlator of interest is

(©(00) O (w2, w2) Op (w3, w3) OF (wy, wy) O (w1, w1) P(—00))g

G = (®(50) (o) e




The light operator Oy, is taken to have conformal dimension hj, while the scaling dimension
of the other light field O} is b}, with

Ap > h) > hp. (2.28)

As before, we first view the correlator as a four-point function in the thermal state with

rescaled temperature 1/,
éﬁ = <OL(QU2, ’LDQ)OL(’LU3, @3)OIL(’LU4, @4)02(1111, u_)l)>5¢) . (2.29)

Since h} > hr we can simply use the four-point function involving two heavy and two
light (HHLL) operator insertions at the temperature 1/8g. This is given by

Cs = (2.30)

2h/ 2h 2h
L fro 1 C[et-w) \T
B sinh 5- (w1 — wy) B sinh Z- (w2 — w3) (1 — 29)e '

24/ sinh 7~ (w1 — ws) sinh - (w3 — wy
of =\[1-—*%,  a= .hﬂf( ).hﬂf( . (2.31)
c sinh - (w1 — ws) sinh 5= (w2 — wy)

Using our observations on the four-point and five-point functions, we claim that when

where

Ag > b}, > hp, and in the large ¢ limit, the six point function in (2.27) is given by Ce:

= Cs. (2.32)

Cs )
Aq;>>hL >hy, , C—>00

It is easy to check this relation when the insertions of the same light operator come close
together. Consider the correlator Cg in the limit we — w3 and examine it on the plane in
the identity block. Applying the monodromy method and from the analysis of [11, 12], we
know that the correlator factorises into four-point functions as

(®(00)OL (22, 22) O (23, 23) (0)) (P(00)OF (21, 21) OF (24, 24) 2(0))

Colzp—szs = . (2.33)
e (@(c0)®(0)) (@(00)®(0))
The result for each of these four-point functions on the plane yields,
(7" — 23")
Ce =expl —hp | (1 — ag)log(z223) + 2log —=—2>—= (2.34)
2923 (0]

as 0
X exp {—h’L ((1 — ag)log(z124) + 2log (2124)> } .

ap

Now transforming to the thermal cylinder with periodicity 3, using z = ¢2™/# we obtain,

. 2h!, . oh;,
T T

wo—ws — o - o . ) 2.
Colwa—rus (ﬁq, sinh ﬁ%(wl —w4)> <6q> s1nh/63;(w2—w3)> (2.35)

which matches the proposed result:

Ce (2.36)

w2 —>wW3

~10 -



We take this and the agreement of the four- and five-point functions in various factorization
channels, as evidence for the relation proposed in eq. (2.32).

In our arguments above, we have focussed attention on correlation functions of light
operators on the plane, in the presence of insertions of the heavy state ®, and then trans-
formed the result to the thermal cylinder at temperature 5~!. We then see the rescaled
effective temperature (3 1 emerge in the process. It is useful to motivate this by following
a slightly different line of reasoning as done below.

Consider the four-point correlator of two heavy and two light operators (HHLL) at
large-c and some finite temperature B~L. For the heavy operators with dimensions A’ and
the light operators with dimension Ay, the HHLL correlator has the standard form:

1 2 1 o a-n \™
. ™ ™ e e
Ca(B) = (Bsinh =(wn - w4)> <3 sinh % (wy — w3)> <(1—:1;O‘/)x12al) ;

(2.37)

with the cross-ratio at temperature Bfl,

12

sinh % (w; — we) sinh (ws — wy)
r = 5

(w3 —wp)’ (2.38)

A E e

sinh %(wl — w3) sinh

and o as given in (2.31). Now, the thermal state at temperature 1/ A in the large-c theory
can be thought of as a heavy state with effective dimension Agy > 57 such that,

1 1 24A
S Y i L A (2.39)
B 2T c 2

We can then view the thermal correlator as a four-point function evaluated in the black

hole heavy state |®) (in the large ¢ limit), which is effectively a siz-point function at zero
temperature. With this viewpoint we convert the correlator in (2.37) to the plane by the
conformal transformation

z = e, (2.40)
where w has periodicity 27:

Chy = (@(00)OL (22, ZQ)OL(<2&§2;((§(LO(;47 Z4) O’ (21, 21)®(0)) (2.41)

2hy, 20/, 2hy,
(o) o) (P5x)
(2§ — 29)(2223) 7 (2§ — 2 (zaz) 7 (129 )a 3"

and x is the cross-ratio expressed on the plane,

T = (Z? — ZZQ)(ZI(SI — Zﬁ?) (242)

(o1 — 28)(28 — 29)

- 11 -



We may readily get from this correlator (2.41) on the plane to a thermal correlation function
at any temperature 5! by using the exponential map z = e2™0/B  The procedure yields

Cs with rescaled temperature as discussed above.?

2.2 Rényi entropy in an excited thermal state

We can use the result for the two-point function of light operators in the excited heavy
state at finite temperature to evaluate Rényi entropies. The role of light operators is now
played by the twist fields (o, 7,,) used to implement the replica trick, and whose conformal
dimension we take to be of the form [32]:

c 1
= < (n=-2), 2.4
h Y (n n> (2.46)

with n the number of replicas. First we look at the zero temperature correlator in the
presence of the heavy state |®) for the CFT on a circle:

(®(t — o0) on(L) 5,(0) (t - —00)) ‘

C = 247
s (®(t — 00) B(t — —00)) (2.47)

Applying the conformal map from the cylinder to the plane,
z = exp(2miw), (2.48)

$While this work was being prepared, the preprint [25] appeared which has overlap with the present
discussion, particularly with regard to OTO correlators in the presence of a heavy state ®, and the in-
terpretation in terms of an effective temperature Ss. Crucial to this is the branch point at = oo (or

2™ in order to get the out-of-

equivalently z = 0), around which = must be rotated anticlockwise, z — z e
time ordering, and subsequently take the limit x — 1 to approach the Regge limit for chaos [20]. In this
limit, ignoring the two overall factors dictated only by the scaling dimensions of the operators Or,, O, the
key dependence on the cross ratio becomes,

. !
InCs|,_, o< —2hrIn (1 + %) : (2.43)
This expression translates in the real time setting into an exponential growth of the OTO correlator, from
which the Lyapunov exponent is read off. To obtain this final form, we have assumed a double scaling limit
with b ~ |1 — z| < 1. On the plane the cross-ratio x is given by eq. (2.42) with a = /1 —24As/c.
In [25], a six-point correlator with two heavy insertions was deduced in the large-c theory with no heirarchy
between hr and hf, i.e. Ag > h,hr. Focussing attention on eq. (4.3) of that paper, after translating
their insertion points in terms of ours, we can express their result as a function of our cross-ratio x (as in
eq. (2.42)),

2hrh,

c

Co(x) ~ exp <_

where we have again ignored the overall contributions proportional to the two-point functions of the op-

(1—x)°2Fi(2,2,4;1 — x)> , (2.44)

erators Or,O0%. The hypergeometric function has a branch cut along x € {0,—occ}. The rotation by a
27-phase around the branch-point at = = 0 shifts the hypergeometric function, which yields the dominant
contribution to the OTO in the Regge limit,

(2.45)

. hih 24imh)
CG‘zal ~ 9%1_)m1 exp (7247m%(1 — ac)2 2F1(2,2, 1;x)) = exp (thL addld? ) ,

c(l—x)

which agrees with the limit obtained from our expression for Cs when formally expanded in powers of h7,
to lowest order.
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from (2.18) we arrive at the Rényi entropy,

1 1 1 L
Sn= 1 108Cilg, s = ¢ log (S“(”O“I’)) | (2.49)

n Tad

which matches the expected Rényi entropy in the presence of a heavy operator or conical
defect state. For the theory at finite temperature then we use the exponential map from
the Euclidean thermal cylinder to the plane, z = exp(27w/(), and the Rényi entropy is

given by the replacement L — —iL /[,
L
shﬂ1<a¢ﬂé>} . (2.50)

This agrees with holographic calculations of EE in a conical deficit state, and is non-trivial

$,(60) = 1= logCa(9) = " telog |

-n n T

since it only relies on the vacuum block contribution to the HHLL correlator. A short
distance expansion yields a cross-check of the result. Consider, under general assumptions
discussed below, the OPE of the twist-antitwist fields,

he _

(L, L) (0,0) ~ L% (1 + 277 12 (T (0) + T (0)) +> . (2.51)

Substituting this into the four-point function (2.47), and using the stress tensor one-point
function (2.12) in the excited state, we find the short distance expansion of the Rényi

, _ on+1 g M 247
%E%Sn(ﬁ) = c- <logL + L 65 <1 . + ) (2.52)

This coincides with the short distance expansion of (2.50).
Let us now briefly discuss the validity of the OPE in eq. (2.51).

entropy,

1. We are assuming that no primaries appear on the right hand side of (2.51). Note
that we can derive the structure constant (0,5,0) for any primary field O using
the uniformization map. Since primaries do not yield Schwarzian-like shifts under
conformal transformations (and assuming no one-point functions for O) the relevant
structure constant vanishes.

2. Thus the only non-trivial contribution to the twist-antitwist OPE can arise from
a quasi-primary field like the stress tensor, its composites or composites of other
primary fields.

3. The fact that the leading term in the OPE is the identity operator assumes that
there are no composite fields with negative conformal dimension. In particular, while
we will allow for a primary field ® with negative conformal dimension Ag < 0, we
assume that there are no other quasi-primary fields with negative dimensions in the
theory.

4. We have also assumed that the there are no quasi-primaries with dimensions 0 <
A < 2 other than the stress tensor. Note that for a U(1) current J, the composite
J? is a quasi-primary of dimension 2, but for the moment we assume that the theory
does not admit such a current.

These comments justify the OPE in (2.51).
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We will be examining a situation in holography in which the vacuum not only has
negative conformal dimension, but also carries U(1) charge. In this situation the holo-
graphic result admits a short distance expansion of the type in eq. (2.51) accompanied by
a contribution from J2.

2.3 Local quench and OTO correlator

The four-point function (HHLL) in a black hole heavy state (effectively the six-point cor-
relator) can be used to compute the time evolution of entanglement entropy following a
local quench [33, 34] i.e. a finite energy perturbation by a local operator. We examine
the correlator Cg(3) with the heavy operator O} inserted at the locations (wy,w;) and
(wy, wy), and twist field insertions at (ws, we) and (ws, w3) which are lightcone coordinates
of the end points of the interval of interest,

wy = —ie, wy = +ie, (2.53)
wy =41 —t, we =01+,

wy =¥l —t, w3y =¥l +1,

wyq = 1€, Wy = —1€.

The parameter € smears the excitation over a finite size pulse. We then use Cg(5) (eq. (2.30))
to compute the change in entanglement entropy as a function of time (see e.g. [8, 35]) where
the state is thermal with insertions of the operator ® at spatial infinity on the thermal
cylinder, the lightest operators being the twist fields (hy = hy):

2 1 e
T
=1 1 — 2.54
Sep asil—n n (Co <Bq>sinh57;(wl—w4)> (2:54)
2 1-(1—2)||[1-(1-2)"
=< In 2/6(13,2 sinh? l(ﬁg — 1) |: a’1] [ 1 }
T“Q [l (1—2)2 (1—-2) 72 2z

The cross-ratio z with rescaled temperature is given by,

waew) (%
z = (22— 21)(25 — 1) ;= p(ﬂtb z) . (2.55)

The cross ratios z is related to the previously introduced variable x (see (2.31)) as x =

1/(1 — z). Now we scale the dimension of the operator O} to be such that the energy
carried by the pulse is fixed in the limit of small width € [8]. This requires b, to scale with
€, while also allowing it to scale with ¢ in the large-c limit. Thus

h

E
L= Zekl, €< B, (2.56)
& e

with % fized in the large c¢ limit. Then performing a small width expansion we obtain
the time dependence of the entanglement entropy of the interval. When the pulse induced
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by the local quench enters the interval Sgg grows, reaches a maximum and subsequently
decreases as the pulse exits the interval:

e

6 E__
E ASEE’52>t>t1 = In |:1 + 12 <5¢. 251%2 (t)>:| + 0(6) (257)

where

sinh %(52 — 51)
sinh ,qu,(t — 51) sinh %(52 — t)

Zp0,(t) = (2.58)

The height of the plateau in the jump ASgg can be obtained easily in the limit of large
interval length:

¢ 684 F c 2F [ 24A4

Here sg is the thermal entropy density in the excited state (with insertion of the operator

® at spatial infinity) following from (2.15),

S

= . 2.60
5o 27 ( )

The correlator used to obtain the EE following the quench also yields an OTO correlation
function upon appropriate analytic continuation [8] into the second sheet as a function of
the cross-ratio z, and taking the so-called Regge limit [20] where the cross ratio z is small.
The OTO correlator in the excited thermal state is then (taking ¢ > f5 > (1),

) —2hs
686 E 27 (t4ie,—
Coto = ﬂ‘g sinh? —— (f5 — £,) (1 _ 8PeF Frittia @)ﬂ . (2.61)
T Ba e
Here an imaginary part ¢e; is added to ¢t which ensures that the correlator is evaluated on
the second sheet for ¢ > (¢; + ¢2)/2. The exponential decay of the correlator is governed
by the Lyapunov exponent,
2 2 24A
AL = 8= 2 (2.62)
fo B ¢
Therefore, with Ag > 0, the Lyapunov exponent is lower than the Maldacena-Shenker-
Stanford bound [6], whereas the bound is violated when Ag < 0.
Hence we have shown if a non-unitary theory at large ¢ admits a state of large negative

dimension, then the OTO correlator in that state has an associated Lyapunov exponent
which violates the bound. Below we will consider the holographic (large-c) realization of a
CFT with W?EQ) symmetry, also known as the Polyakov-Bershadsky algebra, which exhibits
these features alongside other accompanying novel aspects.

3 Wéz) symmetry and holography

Gravity in asymptotically AdSs spacetimes can naturally be formulated in terms of Chern-
Simons theory with SL(2,R) x SL(2,R) gauge symmetry [36, 37]. Higher spin symmetries
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Figure 3. The grand potential for the four branches of black holes with spin-three chemical
potential u. Here yu =1, T the temperature, and the grand potential is plotted as a function of the
dimensionless parameter 7.

can be incorporated by extending the gauge group and in particular, SL(N,R) x SL(N,R)
Chern-Simons theory yields gravity and a (finite) tower of higher spin gauge fields on AdSs.
In this situation, the asymptotic symmetry algebra is a W-algebra. The W-symmetry
depends on how gravity (as an sl(2) subalgebra) is embedded in SL(NN,R). The principal
embedding yields a Wy symmetry in the boundary CFT generated by the stress tensor
and (N — 1) higher spin currents [38, 39]. Other non-principal embeddings give rise to
W-symmetries with half-integer spin currents. In the simplest situation with N = 3, a
black hole solution carrying spin three charge was found in [16, 31, 40] by turning on a
chemical potential deformation for the associated current. The corresponding irrelevant
deformation yields flat Chern-Simons connections that appear to interpolate between two
different asymptotic symmetric algebras, namely the standard W3 symmetry (in the IR)
generated by the stress tensor and the spin three current, and a different (UV) WSEQ)
symmetry algebra (from the ‘diagonal’ embedding) generated by the stress tensor, two
spin-3 currents and a U(1) current.

It was found in [17] that thermal boundary conditions for the s((3) Chern-Simons
connections with spin three chemical potential admit four distinct branches, only one of
which is smoothly connected to the BTZ black hole in the limit of vanishing chemical
potential. The free energy of the BTZ branch can be expanded in powers of u1" and can
be shown to agree precisely with results from large-c limit of CFT with W3 symmetry. As
displayed in figure 3, the BTZ branch merges with Branch II and then ceases to exist beyond
a critical value of (uT'). Of the two remaining branches, Branch III is thermodynamically
favoured and its high T limit expected to match the thermodynamics of a large-c CFT
with WBSQ) symmetry. Our original motivation was to understand from a CF'T perspective,
certain intriguing aspects of this (UV) theory.

3.1 Wé2) algebra and semiclassical limit

In this section we discuss relevant features of the Polyakov-Bershadsky algebra and its
semiclassical limit. The main purpose of this section is to point out that the semiclassical
limit of this algebra, in the Ramond sector, has an immediate interpretation which non-
trivially matches the dual AdS bulk black hole description in terms of the flat connections
of SL(3,R) x SL(3,R) Chern-Simons theory.
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The best understood series of W-algebra CFTs are these with conventional Wy-
algebras which can be seen to arise via the GKO coset construction [26, 27], or alternatively
using Drinfel’d-Sokolov (DS) reduction [28]. Such reductions are assocated to s[(2) embed-
dings in s[(N) and conventional Wy-algebras are associated to the principal emebdding
of sl(2) in s[(N). However, the DS construction can be generalized to other sl(2) embed-
dings. For N = 3, one such non-principal embedding yields the W3(2)—algebra. In a CFT
with W3E2) X W?E2) symmetry, the algebra is realized via the OPE of the stress tensor T'(z),

two spin-2 currents G*(z) and a U(1) current J(2):

T(2)T(0) = oy + > + . 4. (3.1)
T()J(0) = Jz@) 4 a‘]z(o) T T(2)G=(0) = 3(;;0) N anO) .
J(2)J(0) = Z—'ZJr : J(2)G*(0) = iGiZ(O) Foe,

G (- (0) = HmDCk=3) 3= 1I0)

23 22

1 3
+- ((k: —3)T(0) + 3:J(0)?: — 5(k: - 3)&](0)) + o

where k is related to the level of the s[(3) affine algebra and the central charge c is given by*

(2 —k3)_(33k— Do, _2k3—3. (32)

In the context of AdS3/CF T4 duality for higher spin theory, k is the level of the SL(3,R) x
SL(3,R) Chern-Simons theory in the bulk dual. The semiclassical limit for the latter
requires

¢ — 00, k— oo, c = 6k. (3.3)

In this limit however, the level of the U(1) current algebra k — —2k/3 becomes negative
and large and thus the corresponding CF'T cannot be unitary.

Using the (Laurent) mode expansions for the currents,

Jz) =Y 2", G =Y e EGE, T(2) = Y "L, (34)

n n n

we can represent the algebra in terms of the commutation relations for the modes (A.1).
Although the currents G* have half-integer spin, they are bosonic and the algebra is
5

nonlinear.” The half-integer spin fields allow for both integer (Ramond) and half-integer

(Neveu-Schwarz) modings.

4Usually, the W3(2) algebra is written in terms of the affine algebra level k = —Fk (see e.g. [29]).
®In this respect it differs crucially from the N = 2 superconformal algebra with which it bears some
obvious similarity.
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3.2 Ramond sector zero mode algebra and the semiclassical limit

Let us focus attention on the Ramond sector where G are integer moded, and in particular,
on the zero mode sector spanned by { Lo, Goi, Jo}. The algebra of the zero modes,

(Lo, Jo] = [Lo,G5] = 0, [Jo,GE] = £G7, (3.5)

c,65) = ~ETVBD LG gy, + 8,

has two Casimirs which label a given representation: the first is Ly = AT which yields the
conformal dimension, while the second Casimir is

%{G*,GO‘} + J3 + <(k: —3)Lo + %— (k= 1)532’“ — 3)> Jo = AGT, (3.6)
where the first term on the left hand side is the anticommutator of the two zero modes.
The representations of the zero mode algebra have a structure that is quite similar to that
of SU(2). Highest weight states 1) in the Ramond sector come in degenerate multiplets
spanned by the states (Gg )J |tp)obtained by the action of the raising operator. For an
irreducible representation R of dimension n, the generators of the zero mode algebra can
be represented as n x n matrices (see [30]):

-1 n-3 —1
Jo = yLpxn +diag <77/2’ nT»-"a_nQ > ;Lo = Alyxy (37)
. . n . _
(Go)y, = \/y<n—g> (3y+§—y) 8jos1 Gy = (GH)', r=1,2...n-1.

The conformal dimension A and the second Casimir A®) can be epxressed in terms of the
three quantum numbers (k,n,y) as

1

)

1
(2k=3)(k -1 +2-20" —249%) . AY = Sy (n® —4y®) . (38)
In the large-k semiclassical limit, the central charge ¢ — 6k, and letting both n and y scale
with k, we find
c 3n? 18y

A|k:>>1 — ﬂ - % - - . (39)

Thus the conformal weights of the highest weight states are negative definite in this limit.

It is useful to rewrite the Casimirs in terms of the highest weight vectors A used to
label the corresponding representations. In terms of these the conformal dimensions of the
highest weight states (in the Ramond sector) is given by [30]

A-(A+2p)

A= IR A

G=F 5 (3.10)

Here p is the Weyl vector, given by the sum of the fundamental weights (w;,w2) and
U = wy for s((3). A convenient basis for the weight space of s((3) is provided by the three
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linearly dependent vectors (ej, ez, e3) satisfying >, e; = 0 and®

1
<6i,€j> = (5,']‘ - § (3.11)

In terms of these, the fundamental weights of s[(3) are w1 = e; and ws = e; + ea. The
highest weight vector A can be expressed in this basis as

A:(—k+1+g+3y)el+(—k+2—g+3y) es. (3.12)

From this, it is clear that the dimension of the representation is also determined compactly
in terms of A,
n=(e —ez) - A+1. (3.13)

In the semiclassical limit of large k, it is thus natural to take both the dimension of the
representation n and the parameter y to scale with n, so that

Ak_)—oonA,, A = %(61—62)— <3ky_1> es. (3.14)

The Weyl vector for sl(3) is independent of k£ and thus can be neglected in the formula
for A in this limit. An immediate consequence of this is that both the Casimirs A and
A®) depend only on the combination w = A_ + ». Viewing w as a vector in R® with
components (wi,ws,ws), we define the quantities

Cy(w) = 1wa. (3.15)

Thus we may write the Casimir conditions for the ground states (in the semiclassical

limit) as
(Lo) = 57 =5 —kCa(w), (3.16)
k 1 _ c c
AB Eze, <2{G+,GO} + 5+ S o (Lo - 24>> = k3 C3(w).

We note that in the semiclassical limit, the dimension of the representation becomes infinite
as n ~ O(k), and the zero mode matrices (Jp, G(jf) effectively commute. In particular, the
scaling of the off-diagional entries in eq. (3.7) implies that GF ~ O(k%/?), while Ly ~ O(k)
and Jo ~ O(k) in the large-k limit, and the commutator [Gy,Gy] is thus subleading.
Therefore, the limit of large k is semiclassical in nature, wherein the correspondence prin-
ciple applies and the zero mode operators can be replaced by c-numbers and the Casimir
conditions viewed as algebraic equations.

We are interested in comparing the large-k formulae with corresponding results for the
spin-3 black hole obtained in [17] using the Chern-Simons formulation. In order to make
this comparison, we perform certain rescalings and define

(G5) = iig/QW\/Egi7 (Jo) = ig, & = (Lo) — i. (3.17)

SExplicit representation for e; can be obtained by considering unit vectors (€1, é2,és) on R® and define
ei = & — /3 where 4 = ", é;.
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The factors of ¢ appear when connecting the expectation values of the zero modes on the
z-plane, to those on the cylinder using the map z = ¢”. The minus sign and the factor of
V'k have also been introduced in order to match with the conventions for the expectation
values of the WBEQ) currents on the cylinder in [17]. The Casimir conditions are thus,

E =kt (”2 + 3y2> (3.18)
4 ’ ‘

2 .

TGt — 18 e — " u(n? — a2

599 ¢ +q SRy —4y7).
We will demonstrate two important results below:

1. The left hand sides of the two Casimir equations are to be identified with the traces of
the square and the cube of the SL(3,R) Chern-Simons connection which determines
the higher spin dual gravity background.

2. The flatness requirement for the Chern-Simons connection corresponds to picking the
saddle point of the path integral over the manifold (at large k) of zero mode ground
states in the Ramond sector.

3.3 Chern-Simons bulk dual at large ¢

The holographic description of a W?EQ) CFT at large central charge is given by Chern
Simons theory with SL(3,R) x SL(3,R) gauge group and gauge connections A(w,w, p) and
A(w,w, p). The p coordinate has the intepretation of the radial direction in AdS3 spacetime
and for translationally invariant states in the CFT, the dependence can be factored out,

and the connections replaced by gauge equivalent constant matrices (a, a):
= b lab+bldb, A=babl+bdt, b= eko. (3.19)

Here Ly is the dilatation generator associated to the sl(2) algebra in the appropriate non-

principal embedding in sl(3,R). The constant connections (a, a) each have two components:
a = apdw + agdw, a = aydw + agdw, (3.20)

where ag and a,, are non-vanishing only when a chemical potential A for spin—% charge is
turned on. We define the matrices {IAJO, L1, Jo, GT/Q, Gfl/z} in terms of SL(3, R) generators
as in (B.1). For the moment we ignore the chemical potential and focus attention on
the holomorphic component a,, and its antiholomorphic counterpart in the barred sector
ap. Following the conventions in [17], the relevant gauge connection (in highest weight

gauge [31]) is:

N w23 T +ot -
Ay — |:L1 + %J{) - TL_l + @ (g G_1/2 + g G_1/2>:| (321)

and similarly in the barred sector

3q W2 » T

Gy = — [L_l — ot — =L NGT (Q‘G;/2 - g*Gf/Q)} : (3.22)
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In [17], by matching the Chern-Simons equations of motion to Ward identities of the WS(Q)
algebra, it was shown that G* and ¢ are the expectation values of the spin—% currents and
the U(1) current respectively, while w_o is the expectation value of the ‘improved’ stress

tensor,
3 3¢°
o ={ -T(w) — —J(w)?) = & — == 2
wey = (~Tw) - I i (3.23)
Both a,, and ayg are traceless. However, the higher traces are non-vanishing:
1., 1 342 1 g L(a* . ¢
§TI' A, = E <’LU_2 + 4]{:) y gTI' Ay = ﬁ ?g g — E + w-24q | . (324)

It is clear that these have the same form as the quadratic and cubic Casimirs (3.18) of the
zero mode algebra of W?EQ) we encountered above, upon making the identification,

_ 3¢°

exactly as indicated by eq. (3.23).

The Chern-Simons bulk description of the CFT state requires two further inputs. The
first is the flatness of the connection, and the second is the smoothness requirement which
constrains the holonomy of the gauge fields around the compact spatial direction or the
compact (Euclidean) temporal circle in the thermal state. When the holonomy is nontrivial
(or non-smooth) we interpret the corresponding state as a conical deficit/excess. The
flatness condition is simple in the absence of a chemical potential (i.e. when agz = a,, = 0).
At zero temperature, the holonomy of the gauge field around the spatial circle must be
trivial, corresponding to the higher spin version of global AdSs;,

Holg(A) = Pexp <7{ A¢> =1, (3.26)
where
Ay = Ay — Ay, Ay = i (Ay + Ag) . (3.27)
For the zero temperature ground state, this fixes the eigenvalues of ag4:
spec(ag) = (4,0, —1). (3.28)

Since ap = 0 in the absence of chemical potential deformatons, this implies that the ground
state corresponds to an operator ® with non-trivial (negative) conformal dimension

£=-5 = Ap=o — 2 =—=. (3.29)

Note that there are two zero mode states labelled by the quantum numbers (y,n) with
this energy and holonomy in the semiclassical limit, namely (y,n) = (0,2k) and (y,n) =
(k/2, k). Both allowed solutions are highly degenerate and in the large k limit, the family
of ground states is characterized by the algebraic variety (3.18).

Next we turn to the CFT in the thermal state. At high temperatures in the semiclassi-
cal limit, modular invariance tells us that the spatial circle at zero temperature is swapped
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for the Euclidean thermal circle with circumference 5. However, since the zero temperature
ground state(s) have nontrivial conformal dimension Ag = —¢ (3.29), we expect that the
thermal cylinder is accompanied by insertions of a primary operator ® at spatial infinity.
Furthermore the manifold of ground states at zero temperature (given by the algebraic
variety at large-c spanned by the zero mode sector) now has a thermal counterpart given
by the smoothness conditions for the holonomy around the thermal circle:

Hol;(A) = Pexp (7{ At> =1 = spec(a;) = (2w, 0, —2mif ™) . (3.30)
Therefore the constraints on the quadratic and cubic Casimirs are,”
4 2 2
&= kﬁ% %g+g— — kP + Eq = 0. (3.31)

With & = ¢/6, this is the expected high temperature behaviour for the CFT with rescaled
temperature fp = (/2 as in (2.12).

3.4 Grand canonical saddle point and flat C-S connections

We now introduce a bias in the system via a small chemical potential for the spin—% currents.
At the level of the CFT action this is a holomorphic (plus antiholomorphic) deformation

SIerr = —A /S (9 GHw) + 9 G () + he (3.32)
XRt

where A is a dimension—% chemical potential and g+ are dimensionless parameters. For
simplicity we set g4 = g_. In the dual bulk Chern-Simons theory, the deformation modifies
the gauge connections so that ag # 0 and a,, # 0 as in [17],

_ 3q _ 7§ -
ap = A [x/i (10— Gi) + T (6% +G7y) + kL_l} (3.33)

G = A [ﬁ (671 +Gyp) + j’gk (61 G1) - ”kgil} ,

and the flatness condition [ay, ag] = [Gw,ag] = 0, then constrains the expectation values
of the improved stress tensor (3.23) and the Spin—% charges,
9¢>
W_g = —/—,
> 4k
Interestingly, both conditions can be understood as a consequence of a large-k saddle point

G = (g:G") = (9-G7). (3.34)

of the path integral over the zero mode ground states in the Ramond sector. In particular,
let us consider schematically the path integral (at large k) over the zero modes. The small
A limit is best understood as a high temperature limit where A\\/8 < 1 and we make use
of the high temperature versions of the Casimir conditions (or holonomies)

Z ~ / d€ dgdGT dG™ x (3.35)

/82

"Note that aw = —ia; when A = 0.

2 2
5 <5 - “k) 5 <7;g+g Y +q5> e—PNGT+GT)
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The ellipsis represent any other factors in the partition sum including putative higher order
terms in A and we have introduced an explicit dimensionful factor £ representing the size of
the spatial circle. Also omitted are finite A corrections to the holonomy conditions which
can be found in [17]. Implementing the delta-functions constraints via Lagrange multipliers
and locating the saddle point with respect to ¢, G*, £ and the Lagrange multipliers, which
dominates the integral at large k and high temperatures, we find in the A — 0 limit:

£=2¢, G =6, (3.36)

which, after using (3.23), reduces precisely to the conditions (3.34) resulting from imposing
the flatness of the Chern-Simons connection at finite (small) chemical potential \.®

To summarize, we have provided evidence above that the classical, large-c holographic
dual of a CFT with W§2) symmetry has a large degeneracy of states which appear as a
continuum in the large-c limit, with a large negative conformal dimension. The large-c
manifold of ground states is given by the algebraic variety (3.18).

3.5 Ward identities for finite A\

In this subsection, for the sake of completeness, we recall the analysis presented in [17]

)
potential A, are reproduced by the bulk Chern-Simons field equations,

where it was shown that Ward identities of the large-c W?Sz CFT with spin—% chemical

da+aNa=0, da+aNa=0. (3.37)
We impose the flatness conditions on the connections a = a,, dw + ag dw and a = a,, dw +

agp dw treating their parameters (¢, w_2,G) as functions of (w,w) with w = ¢ + ¢t. This
yields the set of first order equations:

O (wg + % q2) = —mwA0,G, 0zq = -4kl w_q, (3.38)

A 9 3
Opw—1 = % <—w2 + 4kq2> > 0wG = ;A@wq.

These conditions are equivalent to the Ward identities of the CFT with W?S2) symmetry,
deformed by a spin-3/2 current,

Slopr = — /S @) (9-G () + -G (w) (3.39)

The Ward identities of this deformed theory are obtained by computing the expectation
values of the left hand sides of (3.38) pertubatively in A, using the identity 8@( ) =

1
w

8We note that the saddle point or C-S flatness condition leads to the constraint w_» = 9¢*/4k, which
is incompatible for real non-zero g with the zero temperature holonomy condition (3.24) which requires
w—_2 < 0.
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2716%(w,w) and the OPEs of the currents (3.1),

5-0a(T (@) = A9y G (w) + 9. G~ (w))  (3.40)
S0l = Mg G (w) — 9-G~(w))
SO0 G (w) — g G (W) = 2049 M(T(w) + —J(w)?)
1

5009+ G" (W) + 9-G~ (w)x = 3919-A0u(J (w)).

These Ward identities show that the W?f2) currents are not actually holomorphic after
the chiral deformation (3.39) is introduced. Comparing these with the bulk field equa-
tions (3.38), the CFT expectation values of the currents can be identified in terms of bulk

quantities,
w_y = %@G*(w) —g-G (W), G = (g+G"(w) +g-G~ (w))x (3.41)
o= (Tw) = IR = ), 919 = 5oz

In the following sections, we will consider situations both with A zero and non-zero from
within the holographic large-c description, and match with our CFT interpretation.

4 Zero charge Wém black hole

4.1 Thermodynamics

We now turn our attention to the thermodynamical properties of the holographic large-c
theory in the canonical ensemble (A = 0). We have seen that the high temperature energy
of this thermal state is given by (summing over both holomorphic and antiholomorphic

sectors)
— 472
—(T) = (T) = 26 = 03—52, (4.1)
which then corresponds to the thermal entropy
872
S =c—. 4.2

Both quantities above are a factor of 4 times the expected result for a BTZ black hole (or
high temperature CFT) at temperature 3~!. The constant Chern-Simons connections for
the zero charge black hole in the non-principal embedding are:

a = (iq — %ﬁ71> dw, a = — (i/fl — %ﬁ1> dw . (4.3)
These have the same form as those for the BTZ black hole, the crucial difference be-
ing the non-principal embedding of sl(2) generators {L1, Lo} in the sl(3) algebra (see
appendix B.1). Our interpretation of this difference is that it is a consequence of the
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large (negative) conformal dimension of the zero temperature ground state. The high
temperature expectation value of the stress tensor in this situation follows from the CFT
result (2.10),

om\ 2 cm? 272
T _ A — — = —c 4.4
< >,3,¢‘ <,8> N 652 6352’ ( )
where Ag = —¢ is the conformal dimension® of the zero temperature ground state (3.29).

The insertion of this primary on the high temperature thermal cylinder leads to the stan-
dard high temperature thermodynamics, but at a larger rescaled temperature 8o = 3/2.

4.2 Entanglement entropy

From holography. The prescription for computing the entanglement entropy in the
Chern-Simons formulation of gravity with higher spin fields involves the calculation of a
bulk (AdS3) Wilson line in a specific representation R, anchored at the endpoints P and
Q of the entangling interval on the boundary CFT [18, 19],

Ser(P,Q) = Ufp In [pp’%gwwn(P, Q)] , (4.6)

Tre [P oxp </PQA) exp </QPA)] .

The proposal of [18] included an overall normalization constant o /2 = 2 when the embed-

ding yields half-integer spin currents, otherwise 01 = 1. The constant was introduced
in order that the entanglement entropy agree with the thermal entropy for large intervals
when the former becomes extensive.' However, in the present context we will see below
that this normalization is necessary for agreement with the short interval limit which is
determined by the universal OPE for the twist operators (2.51).

Although this will not be important for us in this paper, the prescription for the
Wilson line which matches the CFT evaluation of entanglement entropies [43, 44] is the
so-called “holomorphic” prescription [18]. The other “canonical” prescription reduces to
the holomorphic one when A = A, = 0 which is the case when the chemical potential
is vanishing. In the SL(3,R) x SL(3,R) Chern-Simons theory the entanglement entropy for
both the principal and non-principal embeddings is given by the Wilson line in the adjoint
representation [18],

dim[R] = 8. (4.7)

9The twist squared operator, o2, whose two point function measures entanglement negativity [41, 42],
has the same conformal dimension as ® in eq. (3.29),

. c
Iim Ay =—=
ne—1 ne 8

: (4.5)

where n. is the even replica index. Note that this is the weight associated to one chiral sector. We thank
V. Malvimat for drawing our attention to this.

!9Tn [18] the connections corresponding to the zero charge black hole were also studied but with the holon-
omy condition spec(a;) = (iwf7",0, —imB~"). The corresponding holonomy is trivial in the truncation to
SL(2,R) x U(1). In order to obtain the identity element of SL(3,RR) we need the condition (3.30).
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The Wilson line in the adjoint representation is obtained by the product of the Wilson
lines in the fundamental and conjugate representations,

Wiing = lim Tr eralo exp (—Awa) e=2erLo exp (Aw a) epQﬁO] , (4.8)
PPPQ—00
Waa = Whunda Wm

The anti-fundamental Wilson line is identical to the fundamental Wilson line but with
signs reversed in front of Aw and Aw. For the single interval entanglement entropy,
Aw = Aw = L, the size of the interval. In the limit of large pp g wherein the endpoints of
the Wilson line are anchored to the boundary of AdSs, we obtain,

k2 W_9
Waq = e2PPtrQ) e sinh? (1 / kL) ) (4.9)
-2

When the U(1) charge is vanishing, the parameter w_s is identified with the energy of one
chiral sector as in (3.23), and its value determined by the holonomy condition (3.31) at
high temperature. After subtracting out the additive divergent piece proportional to the
UV cutoff, the EE for a single interval of length L is,

Spp = gln [2[; sinh (%BLH . (4.10)

The standard formula for the high temperature EE for a CFT is Sgg = £1In (sinh %)

The result for the W:,EZ) CFT shows a subtle difference. The argument of the hyperbolic
sine function is twice the usual result. We now interpret this as a consequence of the
nontrivial ground state with Ag = —g which manifests itself as a conical deficit or rescaled
temperature By = (3/2 at high temperatures. It is clear that the EE for a general conical
deficit (2.50), does not yield the thermal entropy (2.15) in the excited state in the limit of
large interval size. However, the limit of small interval size precisely matches the OPE of
twist operators (2.51).

Entanglement entropy from CFT. We can evaluate the Rényi entropy in the CFT
with W§2) symmetry where the spin-3/2 and U(1) charges are turned off. This is a non-
standard situation because the ground state of the theory has a large negative conformal
dimension. The conformal dimension of the twist fields cannot immediately be inferred by
computing the stress tensor one-point function using the uniformisation map from a multi-
sheeted Riemann surface implementing the replica trick. Each sheet is now accompanied
by a pair of insertions of the primary field with conformal dimension Ag corresponding
to the nontrivial ground state. Instead we may view the Rényi entropy as a four-point
correlator involving the two light branch point twist fields and two heavy primaries with
Agp = —¢5. Assuming only the vacuum block contribution to the HHLL correlator, the
Rényi entropy in the large-c limit can be obtained as in section 2.2 and in the n — 1 limit,

Skp = —ln [ﬁsinh <a¢ﬂ)] . s = ,/1—24ﬁ. (4.11)
3 TQg B ¢

Given Ag = —§, we recover the holographic EE (4.10).
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5 Wéz) black hole with spin-3/2 and U(1) charges

The holonomy conditions (3.31) at high temperature show that the thermal states at fixed
energy are highly degenerate, characterized by condensates or expectation values for the
spin—% and U(1) charges. In general, we expect that the entanglement entropy will de-
pend on the choice of state. However, the quantum theory sums over all these states and
the resulting saddle point at large k determines the thermodynamics. It is nevertheless
interesting and instructive to consider any given solution to the holonomy conditions and

compute the holographic EE for that configuration.

5.1 Holographic entanglement entropy for W3(2) CFT

The general result for the WéQ) Wilson line in the fundamental representation in terms of
the eigenvalues of a,, is,

epP+pQ
(A1 A2A3)? 8

[)\1 (g + l/3> eysAw + Ao (% + Vl) el/lAw + A3 (% + 7/2> eyzAw} X

Wiind = (5.1)

k
() () ()]

where v 93 are eigenvalues of the matrix a,, and the charges in the barred (3.21) and
unbarred (3.22) sectors are identical. For the single interval entropy, Aw = Aw = L and
we have defined

Al = v — 1o, Ao =19 — U3, A3 =13 — U1, (5.2)

Since the barred and unbarred sectors are identical, the Wilson line in the antifundamental
representation yields the same expression and Waq = (qund)Q. The expression above was
obtained without imposing the holonomy conditions and applies for any values of ¢, w_o
and G. The {v;} are the roots of the cubic,

1 3q> 1 _m? 7
3 + —
v = v <w2 + 4/{) 2 <g g 5 T 1k +quw_s | = 0. (5.3)

The holonomy conditions (3.31) set the v-independent term in the cubic to zero and fix
the coefficient of the term linear in v, so that the three eigenvalues are simply,

(v1,v9,13) = (—?,0, 2;) : (5.4)

for all values of q, w_o and G which satisfy the holonomy conditions. The holographic
entanglement entropy is then expressible in a compact form for generic g:

64 ) oL 62 2 L 2
SEg = gln [(2%)4 sinh* <;> <1 — m%tanhz <7Tﬁ>> ] : (5.5)

We list the salient features of this result:
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e When ¢ = 0, it reduces to eq. (4.10) as expected. The zero temperature version of
this, for the CF'T on the unit circle is obtained by the replacement § — —2mi.

e The expression implies an upper bound on the U(1) charge ¢ in terms of the temper-
ature. Since tanh? % is monotonic in L, approaching unity as L — oo, if |¢| is too
large the argument of the logarithm will have a zero at some finite value of L and the
EE will diverge at that point. In order to avoid this unphysical situation the U(1)

charge must be bounded:
2,

B

Interestingly, this bound is automatically implied by the dimension of the represen-

la| < (5.6)

tation of the zero mode algebra in the semiclassical limit. Taking y = 0 in eq. (3.7)
the magnitude of the largest eigenvalue of Jy is n/2 (taking n large). From (3.17)
and the Casimir condition (3.18) it immediately follows that

2
P = KE = <2gk> ) (5.7)

e For generic values of ¢ below this bound, for large enough L, the EE is extensive
but is lower than the thermal entropy (4.2) by a factor of two. This is a special case
of what we have already noted for the EE of a conical deficit state (in the large-c
theory) (2.50).

e When the bound is saturated i.e. |q| = 2wk/f3, the expression for EE simplifies and
surprisingly reduces to the standard CFT formula at finite temperature:

B . L
SEE ‘\QI:% = g In [77 sinh (%)] . (5.8)

Importantly, the thermal entropy for the canonical ensemble is still given by (4.2)
and does not agree with the EE of this particular configuration in the large L limit.

e The smoothness/holonomy conditions (3.31) on the Chern-Simons connections relate
the spin—% charge to the U(1) charge at a given temperature according to

2 q 47

—GTG = (¢ - =K ). 5.9

joro =1 (e - ) (5.9
Therefore the (product of) the spin—% charges increases from zero at ¢ = 0, reaches a

maximum at ¢? = 472k% /352 and subsequently decreases to zero at |¢| = 27k/3 (see
figure 4).

e It is interesting to note what happens when an arbitrarily small spin-% chemical
potential X is introduced. The holonomy constraints (3.31) are then augmented with
the Chern-Simons flatness (or large-k saddle point) conditions (3.34) and this fixes
the value of the U(1) charge precisely at ¢° = %772k2ﬂ_2, one of the two extrema of
figure 4.
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/ q
Figure 4. The product G*G~ of the spin—% charges versus the U(1) charge ¢ for holographic
backgrounds satisfying the holonomy conditions. G*G~ has extrema when ¢ = 3w%k?3~2.

e The expansion of the holographic EE in the limit of small interval lengths has a nice
interpretation:

c 1 [ 4n? 3¢>
= —InL + - —k - = | L2 +... 1
Seliey = 5L+ 3(62 4k> + (5.10)

We immediately recognize the O(L?) term as the expectation value of a particular
combination of the stress tensor and the U(1) current in the thermal state (with
insertions of the operator ® at spatial infinity),

c L? 3
SEE’%<<1 = 3 <ln L — o <T(w) + 4k<](111)2><1> +) . (5.11)

This has a natural interpretation in the CFT language as we now discuss.

5.2 Entanglement entropy from CFT at small L

Let us revisit the four-point correlator on the thermal cylinder which computes Rényi/
entanglement entropy in CF'T,

(®(00) ©(—00))

The presence of the U(1) current in the W3(2) algebra permits the appearance of an addi-
tional quasi-primary J? of dimension two in the twist-antitwist OPE. This means that on
general grounds the OPE of the twist fields must be of the form,

G (L)on(0) ~ L% <1 + %LQ (T(0) + aJ?(0) +T(0) + aJ%(0)).. )  513)

where a is a dimensionless constant. There is a natural choice of a from the viewpoint of
the bulk Chern-Simons theory wherein the generators of the asymptotic symmetries of the
metric commute with the generators of the U(1) transformations. This corresponds to the
choice of an effective stress tensor T,g which has a trivial OPE with J(z),

Tog(w) = T(w) + aJ(w)?, Tog(w)J(0) ~ regular. (5.14)
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From the algebra (3.1), we can use the relevant large kK OPEs

J(0) + 8{0(0) + ..., J(w)J(0) ~ _ 2k +..., (5.15)

T(w)J(0) ~ =

w2

to immediately deduce that a = 3/(4k) and

3
T =T + —J?. 1
eff +4k‘J (5 6)

Inserting the OPE with the effective stress tensor modified by the Sugawara term into the
four-point correlator for the Rényi entropy, we recover the short distance expansion (5.11)
of the holographic EE at large-c in the limit n — 1.

6 OTO correlator and Lyapunov exponent

We are now in position to examine time dependent questions in this large-c theory using
the holographic prescription for higher spin entanglement entropy in the finite temperature
CFT undergoing a local quench. The local quench is created by the insertion of a pair of
primary operators at the origin at an instant of time. This leads to a time dependent
change in the entanglement entropy of a spatial interval when the resulting excitations
enter the interval. The holographic dual of this local quench is the backreacted solution
for a black hole (thermal state) with an infalling massive particle, which starts its motion
near the boundary and falls towards the black hole horizon. The mass m of the infalling
particle is proportional to the conformal dimension of the operator injecting the quench in
the CFT.

In ordinary gravity the backreacted geometry associated to the infalling particle is
obtained by a coordinate transformation and boost on a conical deficit state (see appendix C
for these transformations) [33]. This is a so-called shockwave geometry. In higher spin
gravity, the notions of metric and spacetime geometry are gauge dependent. Furthermore,
the Wilson line prescription for the entanglement entropy is only sensitive to the location of
the endpoints. For this reason, we only need to know the transformation of the endpoints
of the Wilson line in a conical deficit background. For a detailed clarification of this point
we refer the reader to [8]. Here we present the method and the results.

6.1 Conical deficit

In Lorentzian signature, the endpoints of the entangling interval are given by light-cone
coordinates (w2, w2) and (w3, w3) in eq. (2.53), while the locations of the operator insertions
giving rise to the local quench are at (w;,w;) and (wg,ws). The operator insertions in
imaginary time (w; = —ie and w4 = i€) have the effect of spreading out the pulse generated
by the quench. The first step is to write down the Wilson line in a conical deficit state:

a=a_d§ a = aydét, (6.1)

where at have exactly the same form as a,, and ay respectively, in egs. (3.21) and (3.22).
For simplicity we take
Gr=6"=6Go, q=qo, (6.2)
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as the spin—% and U(1) charges of the state. The key point is that for a conical deficit state
we do not impose smoothness conditions on the holonomy. Consequently, the holonomies
are nontrivial and encoded in the traces. The energy of the conical deficit with respect to
the non-trivial ground state of the CFT is proportional to §p and is given by Tra? ,

(U}2 + if) = —g (1 - ‘Sf) . (6.3)

When dp = 0 we recover the nontrivial ground state |®) of the WB(Q) theory with Ag = —¢.
In order to compute the EE using the Wilson line prescription we need the eigenvalues of
the connection a— (and a4). The eigenvalues v 2 3 are the roots of the cubic,

0, G2 % go (o
3 o 2Y0 O O o o

For the uncharged conical deficit, with Go = qp = 0,

(v1, vo, v3) = (—i 1—do/c, 0, 2\/1—5@/6) : (6.5)

Now, we want to consider a situation where the mass and charges of the state are all ~ O(c)
in the large-c limit. We also want these quantities to scale in accordance with dimensional
analysis with the infinitesimal width e of the pulse generating the quench, so that the
energy and charges of the pulse are fixed in the limit of small width [8]. This means that
for a quench of width e, we need to take!!

0o = Ee, QOZiEW, qo =
6

(6.6)

O [

For simplicity, we will set go to zero below. Keeping the leading corrections to the eigen-
values in a small € expansion we obtain,

E 2 2
1/1:—Z'+6<i20—29c2>, 1/2:6%, vy = vl . (6.7)

6.2 Infalling conical defect and EE

The boost and coordinate transformation (C.1) which maps the conical deficit configuration
into an infalling pulse of width € in a thermal state with temperature S, acts on the
boundary coordinates of the anchor points of the Wilson line as,

sinh 7 (612 £ ¢ F te)

eiﬁlig _ e?wie/ﬁ.;) ]
sinh % (012 £t =+ i€)

(6.8)

It also has an action on the radial (AdS) coordinate of the endpoints of the Wilson line. The
thermal state in question has no background one-point functions for G and ¢, aside from
the charge of the conical deficit itself. Applying the formula (5.1) (replacing (Aw, Aw) by

"T¥or a holomorphic current Ws(z) with spin-s, the charge density in a pulse of width e behaves as
(Ws) ~ gs/€° by dimensional analysis, where ¢s is a dimensionless charge. The total charge in the pulse is

then ~ g5/ ™!, To keep this fixed in the limit ¢ — 0, we must scale the charges as gs ~ ¢* '
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AT = (§2i — ff)), the strategy is to first compute the Wilson line in the conical deficit
state and subsequently apply the transformation (6.8). Defining the cross-ratio on the
thermal cylinder with period B,

isin (%) sinh 2= (6, — (1)

z= - —— —, 6.9
sinh 72— (01 — t + de) sinh 7= (€2 — t — i€) (6.9)

the holographic EE depends on the combinations,
A = (1—2), €8 =(1-%), (6.10)

where Z is obtained from z by the replacement ¢ — —t. Then we use the expression for
fundamental representation in eq. (5.1) to obtain the Wilson line in the adjoint represen-
tation,

Waa = Weana We—3 (6.11)

und

keeping in mind the replacements Aw — A&~ and Aw — AET. The complete result can
be rewritten in terms of the cross-ratios z and z as,

, 2
16(:92 ¢ NIRY?. (1= 2 — 1
Wad = 22 ginnd ™0y — ¢ AL (24, _
Ad ()\1>\2)\3)2sm /8<I>(2 1) ZZ; ; <k+y><k+y+1> v

(1 —Z)T_%
X 23:/\;1 (% + w) (% + ui+1> (W)Q , (6.12)
i=1 —Z)2 2

where v4 = v;. The holographic EE following the quench is given by the logarithm of the
Wilson line with normalization appropriate for the non-principal embedding,

SEg = K InWag, c = 6k, o1 =2. (6.13)
01/2
Using eq. (6.12) we see that the EE satisfies the basic requirement that for early and late
times (€12 >t and ¢t > {1 2) when |z| < 1, it correctly matches the single interval EE of
the WPSQ) theory in the zero charge state (4.10), up to additive constants independent of
the interval length. This matching requires S = (/2 as expected.

At intermediate times when the pulse generated by the quench enters the interval of
interest at t ~ ¢ and exits at ¢t ~ {5, the entanglement entropy is expected to jump.
The jump occurs due to a branch point discontinuity in Sgg as a function of z at z = 1.
When the excitation or pulse is deep inside the interval, say in the limit f5 > t > /¢, the
cross-ratio completes a clockwise excursion around the branch point:

(1—2) = (1 —2)e ™. (6.14)

The resulting jump in the entanglement entropy can be evaluated as a function of z in the
limit € — 0. We find that for the conical deficit without U(1) charge

E
ASgg = gln (1 + % ZZ:’IZQ (t)) + O(e), (6.15)
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where )
sinh - (€2 — (1)

sinh é(t — 51) sinh é(ﬁg — t) ’

Zp0,(t) = (6.16)

In the limit of large interval length when the excitation is deep inside the interval, the
magnitude of the jump in EE becomes

c Bo E
ASEE\€2>>t>>£1 = 61n <1+ ” ) ) (6.17)

As explained in [8], this Wilson line correlator deep in the quenched regime can be analyti-
cally continued to yield the out of time order (OTO) correlator which exhibits exponential
or chaotic growth in the so-called Regge limit. To reach this regime we continue z through
the branch cut emanating from z = 1 to small values of z with Im(z) > 0. This means
taking the ¢ — oo limit of 2, 4,(t) while staying on the second sheet,

2 E 27
WAd’OTO ~ Sinh46£(£2 *fl) <1 — %6’8‘1’ (t 62)> , (618)

where we have taken ¢ > f» > (1. The exponential growth of this correlator has the
associated Lyapunov exponent
2 Am

=% = 5 (6.19)

This violates the original bound proposed in [6]. It has been shown in general [20] that

AL

semiclassical holographic theories with a finite tower of higher spin fields violate the bound
of [6]. In particular, excitations carrying a higher spin s > 2 have an associated Lyapunov

exponent )\f) = 2m(s — 1)/B. Here we see a different mechanism at work, namely the

existence of a ground state with negative conformal dimension.!?

7 Discussions

The semiclassical limit of the holographic W3(2) CFT exhibits various interesting features

that are worth exploring further. We have focussed our attention on the vacuum structure
of this theory which breaks conformal invariance as a consequence of nonzero, negative
conformal dimension,'® which in turn manifests itself in the violation of the chaos bound
of [6].

The large degeneracy of ground states parametrised by expectation values of the U(1)
and spin—% charges poses nontrivial questions. The zero modes of the spin—% currents are

12Recently, [45] demonstrated that the chaos bound is violated in the fishnet theory which is also known
to be nonunitary. One of the Lyapunov exponents evaluated in the rotating BTZ black hole background
also shows an apparent violation of the chaos bound [46-48] This violation has been explained due to the
“effective temperature” of the left moving modes of the CFT dual to the BTZ black hole.

131t would be interesting to understand how this picture generalizes to the non-principal embeddings
of SL(2) in SL(N) for N > 3. Thermodynamics of such non-principal embeddings for the SL(4) theory
were studied in [49]. We expect that ground states with negative conformal dimensions will persist, but
the precise values of the Lyapunov exponents and their dependence on the embedding would be worthy of
further study.
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like ladder operators and the ground states are therefore not eigenstates of these charges.
Instead each semiclassical ground state is like a coherent state for the half-integer spin
charge. The situation is thus distinct from theories with Wy symmetry for integer N,
where it can be shown explicitly that the CFT vacuum block at large-c is computed by a
Chern-Simons Wilson line [22]. In the case with half-integer spin fields, the monodromy
problem is complicated by (additional) branch cuts due to non-zero condensates for the
half-integer charges. It would be interesting to understand the general results for EE that
we found from Wilson lines, directly from large-c CF'T arguments in the presence of these
condensates.

A tantalizing result that arose from the holographic study of higher spin black hole
phases in [17], was the appearance of a branch of black hole solutions (branch III of [17] and
in figure 3) which interpolated between the W?Ez) theory in the UV and a holographic W3
CFT in the IR. This branch corresponds to a deformation of the W3(2) CFT by a chemical
potential A for the spin—% charges i.e. via introduction of the CFT deformation (3.32).
Interestingly, this holomorphic (plus antiholomorphic) chemical potential deformation can
be studied in conformal perturbation theory from a purely CFT standpoint, following the
methods described in [43]. Up to order A%,

2 2
InZ = InZy — A/d%g + )\Z/dzwl/d%ug Sm ) 9+9-) (7.1)
52 sinh2 (%(wl — ’LUQ))

where we used the GT (w;)G~ (w2) OPE to infer the thermal correlator in the excited state
and only the non-vanishing contributions are shown. Importantly, the first non-trivial
contributions to the free energy arise from the one-point functions for the spin—% current
and the U(1) current. Using the value of the high temperature free energy of the W?EQ)
theory discussed in this paper, and the one-point functions for the VEVs of G+ according

to the Casimir conditions with finite-\ corrections (appendix D) we obtain

1 A7k 22 5 V3
“lnZ=""\1 2
Ln 3 +>\33/4\/7?+A - , (7.2)

which agrees precisely with the partition function corrections found for the branch III
black hole solution in [17] from Chern-Simons theory. Given that this branch matches
onto the W3 theory in the IR, it would be extremely interesting to understand the full
expansion in powers of A from CFT and its interpretation from the IR perspective. A
large-c CFT understanding of the vacuum block for W:,EQ) would help develop chemical
potential corrections to EE from the CFT. The lowest order corrections to EE from the
Chern-Simons Wilson line prescription have been computed in appendix D and shown to
agree with the thermal entropy corrections in the thermodynamic limit.
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A Commutation relations for W3f2)

The modes of the Wéz) currents satisfy the following commutation relations which can be
deduced easily from the OPEs:

C
[Ln7 Lm] = (n - m) Ln+m + E (n2 - 1)5n+m707 [Ln7 Jm] = —m Jn+m7
n 2k — 3
[LanGi] = (F=m)Gipe [Gi] = G Unidnl = = =5 nbuimo,

(A1)

GGl = %(k: —1)(2k — 3) <n2 — i) Sntmo + (b —3) Lygm — g(k —1)(n —m)Jnim

+3> Jnmeede
l

B Generators in non-principal embedding

For the non-principal embedding of s[(2,R) in sl(3,R), we define the generators

Lo = %Lg, Ly = %Wﬂ, Jo = %Wo, (B.1)
Gy = \}g WiFh), G5 ,= \}g (L1 £W_y),
where the s[(3,R) generators satisty,
[Li, Lj] = (i =) Liyj,  [Li; W] = (20 = m) Wi, (B.2)
(Wi, Wy] = —%(m —n)(2m? 4+ 2n* —mn — 8) Lyin,

with 4,5 = —1,0,1, and m,n = —2,1,0,1, 2.

C Infalling conical deficit

We summarize the map which takes a conical deficit state in AdS3 to an infalling particle
in a black hole background. The transformation consists of a boost with parameter é. The
locations of the endpoints of the Wilson line transform according to:

efPe = (C.1)

2
LRﬁ sinh? LWP’Q + qu cosh @ — Bql — 1 cosh 2TLpQ
2 Bo 2me Ba 2me Ba
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: 2mt
e sinh (ﬁ?)

tan(7pg) = ——
( 7Q> BCD 2mT p,Q 27é 2 2rt
cosh (T) — — (%) cosh (E)
tan(ép0) 2me sinh (%;%’Q)
an(Qp, = — .
¢ B ot ore ) 2 2T p.g
cosh (B?) - — (5—@) cosh (ﬁT)

Here A is a UV cutoff representing the AdS boundary. The spatial endpoints of the
entangling interval are at xp = ¢; and g = f3. The boost parameter € is related to
the width of the pulse produced by the local quench:

2me 2me
— = sin —. C.2
Bo Bo (©2)

D Chemical potential corrections to entanglement entropy

Consider the C-S connection representing a W:,’@) black hole where the chemical potential,
A, is nonzero and both spin-3/2 and U(1) currents are present switched on,

1 3q W_o G 3q G _
=(= = ——=W_ 9+ —L_ + L+ —L_,—-—=ZW_
a (4W2+4k‘W0+ 4k‘W2+2k 1>d33‘ +)\<1+2k 1 4]€W2 dx
(D.1)
_ 3q g 1 3q W_2 e _
= g+l — W ldzt — (=W — Wy — ——Wo — ——41 | dz~.
¢ A(L“r%l 1k 2)”” ( PV gWom W mgph ) de
The requirement of flatness implies
9 9
o= — D.2
w-—2 4kq ) ( )
and the holonomy conditions for a smooth black hole solutions are,
4%k ¢? 9
= — — G — 2\ D.
35 = R G q (D.3)

3
262 + 4% 1 6TAGq + 24022 — ATEN3G = 0.

There are four sets of roots for the charges ¢ and G, but only two of these are real. They
correspond to branches IIT and IV identified in [17]. For branch IIT which was identified as
the thermodynamically stable one, ¢ and G can be expanded as a power series in \:

2k V2mEN 1. o
= —— — =3kX%+... D.4
Vas " Vavs 2 P
_ 42rk N 4V3kA 3 3%k N
33/453/2 5 \/ﬂ\/B T

We have mostly limited our discussion to the A — 0 limit in this paper.

g:
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D.1 Thermodynamics

Consider the thermodynamic action,

A7’k
Ith = Ion-shell - ﬂ—g)\ﬂ - 5 (D5)
where,
3 9 2
Ion—shell = _6 w_9 + Eq + 6 q (DG)
The partition function is,
1 3 5 9 472k
ﬂan:Ith:B<w2+éU€q + 6A°q+ 7GX + 5 ) (D.7)

where L is the spatial extent of the CFT. The thermal entropy is obtained by taking
derivatives with respect to the temperature 7' = 71,

T 6 8k
S =0 (L In Z) _ %87*(] +602q + TAIrG + % (D.8)
which gives the following expression upon using the one-point functions,
L 3,
der L 1/4
_demb [y )3 ‘/B+>\2@+... ,
35 \ 27 2

D.2 Holographic entanglement entropy with A # 0

In the paper we have confined ourselves mostly to the situation with vanishing chemical po-
tential. Here we quote some results for the single interval entanglement entropy computed
using the holomorphic prescription [17, 18], as a power series in the spin -3/2 chemical
potential A,

2
o CZSEE) - 9;4 sinb’ (7T5L> <COSh (27;) - 2) - (D.10)
/
s (55) (o (%57) 2) (s (5F) - arzeo (7))

53)\2 . 4(7TL> [ 2 272 <27TL> 2 272
+——sinh* | — | |4 —207“L*) cosh | — | +38* +327°L
124/375 B (8 ) B B

i (B2 + 87r2(2L)2) cosh <42L> + 167 B L sinh <2;L> — 8r 3L sinh <47;L>:| .

In the limit of large interval length L/5 > 1, the expansion in A agrees with the thermal
entropy above,

deml (1—>\31/4\/B+/\2\§’8+...>. (D.11)

SEE ‘L/,3>>1 Y NG
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D.3 A corrections to ground state expectation from CFT

In this section we evaluate the A corrections to the ground state expectation value of the
stress tensor. We evaluate the following,

(@(00)T () exp (A dy v+ (y) 2(=0)) _ . NO = DO(T(2))
(®(c0)exp (A [ d2y ¥+ (y)) @(—o0)) (T(x))o + A < [B(00)B(—o0)) ) (D.12)

2) _ p@yr 2(DN (T@)e  aN0)pO)
N NT - DT @) + et @egpo)

2 ®(00)®(—00))

+...

where,

NO = [y (@1 T () (1)8(~0) (D.13)
— [ [ @y @)@ (1) () 0(-0)
D= [y (@10 o (-o0)
= [ [ o (@10 )0 (o).
All the integrals over y run from —oo to 0o, and
P (y) = 9+:GF(y) +9-G~(y). (D.14)

Using,

47 32 1
NP =g < )/d2 +/d2
52 Do = 652 Y Slnh2 Try1>

Substituting the above equations in the O(A) term of equation (D.12), the first two terms
of N cancel with D((T)¢ by using equation the expectation value of the stress tensor
in the excited thermal state at A = 0 (2.11). Therefore we get,

4km? 4+/2 3V/ A 73/2
52 + 53/2

which agrees with the holographic answer to this order.

(D.16)
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