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Abstract

In this paper, an averaging principle for multidimensional, time dependent, stochastic differential equations
(SDEs) driven by fractional Brownian motion and standard Brownian motion was established. We combined
the pathwise approach with the It6 stochastic calculus to handle both types of integrals involved and proved
that the original SDEs can be approximated by averaged SDEs in the manner of mean square convergence
and of convergence in probability, respectively.
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1. Introduction

The fractional Brownian motion (fBm) with Hurst index H € (0,1) is a zero mean Gaussian process
{Bf!,t > 0} with covariance function Ry (s,t) = 3(s*" + 2 — |t — s|*), s, ¢ € (0,00). This process was
introduced by Kolmogorov [1] and later studied by Mandelbrot and Van Ness [2]. Its self-similarity and
long-range dependence H > % properties make this process a very useful driving noise in modelings arising
in physics, finance and many other fields [10].

The present paper focuses on the following stochastic differential equations (SDEs) driven by fBm and

standard Brownian motion (Bm) on R%:

t t t
X =Xo —I—/ f(s, Xs)ds +/ ow (s, Xs)dWy —|—/ or(s, X,)dBH (1.1)
0 0 0

where X is a d-dimensional random variable independent of W and B¥ with E|X|? < oo, B = {BH ;t €
[0,00)} is an m-dimensional fBm with Hurst parameter H € (3,1), and W = {W;,t € [0,00)} is an r-
dimensional standard Bm, independent of B¥. The integral f - dW should be interpreted as an It6 stochastic
integral, and the integral [ - dBH as a pathwise Riemann-Stieltjes integral in the sense of Zihle [3, 4, 5]. The
coefficients are jointly measurable functions £, Ué{f, O’Zj : [0, 00) x RIS R 1< d,1<k<r1<j<m.
For arbitrarily fixed T' > 0, we will make use of the following assumptions on the coefficients of Eq.(1.1).

e (H1) The function oz (t,x) is continuously differentiable in the variable € R?, for each ¢t € [0,T].
Moreover, there exist constants L;, i = 1,2, 3,4, such that |og (t, ) —on(t,y)| < Li|lx—y|, |0r,0m (t, ) —
0w, o (t,y)| < Loz —y|°, |0,0m(t,2) — Op,0m(s,7)| +|om(t,x) —om(s,z)| < La|t —s|?, |0s, 0 (t, )| <
Ly, for all z,y € R%,t € [0, T], and for some constants 0 < 3,6 < 1.

e (H2) The functions f(t,z) and ow (t,x) are Lipschitz continuous in the variable z and have linear
growth in the same variable, uniformly in ¢t € [0, T]. Moreover, there exist constants L;,i = 5,6, such
that | f(t,2) — f(t,y)| + low (t,2) — ow (t,y)| < Lslz — y|, | f(t, )| + low (£, 2)| < Le(1 + |z]).
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Note that Assumption (H1) implies the linear growth property, i.e., there exists a constant L7 such that
o (t,2)] < Le(1+|a)-

Lyons [6] solved the equations driven only by a fBm with Hurst parameter H > % by a pathwise approach
using the p-variation norm in the framework of rough path theory. Nualart and R&gcanu [4] studied the
differential equations driven by fBm using the tools of fractional calculus in the sense of Zahle [3]. Kubilius
[7] studied one dimensional SDEs driven by both fBm and standard Bm, with ow, oy independent of the
time variable and with no drift term (f = 0). Guerra and Nualart [5] established an existence and uniqueness
theorem for solutions of multidimensional, time dependent, SDEs driven by fBm with Hurst parameter H > %
and standard Bm.

Stochastic averaging, which is usually used to approximate dynamical systems under random fluctuations,
has a long and rich history in multiscale problems, see e.g. [11, 14, 16, 17, 12, 13] and references therein. Xu
et al. [8, 15] developed a stochastic averaging technique for SDEs with fBm (ow = 0 in Eq.(1.1)) and proved
that the original SDEs can be approximated by averaged SDEs in the sense of mean square convergence and
of convergence in probability. The main difficulties here are how to deal with both fBm and standard Bm.
In order to overcome these difficulties, our approach is completely different from Xu’s previous work [8, 15]
in the sense that we combine the pathwise approach with the It6 stochastic calculus to handle both types of
integrals and we established an averaging principle for multidimensional, time dependent, SDEs (1.1) with
fBm H > % and standard Bm.

The rest of the paper is arranged as follows. Section 2 presents preliminary results that are needed in
the subsequent section. In Section 3, we obtained stochastic averaging for SDEs driven by fBm (H > 3) and
standard Bm.

2. Preliminaries

Let (Q, F,P) be a complete probability space . For each t € [0,T], we denote by F; the o-field generated
by the random variables {Xo, B , Wy, s € [0,¢]} and all P-null sets. In addition to the natural filtration
Fi,t € [0,T), we will consider a larger filtration G;,t € [0,7T] such that {G;} is right-continuous and {Gy}
contains the P-null sets, so that Xo, B are Gy-measurable, and W is a G,-Brownian motion. Notice that
F, C G, where F, is the o-field generated by the random variable {Xo, BT, W,,s € [0,t]} and the P-null
sets.

For H € (1,1), let 1 — H < a < %, then, denote by W3 the space of measurable functions f(t) :
[0, 7] — R? such that || f|a.co := supiepo, 1] I1f(t)|la < 00, where

@l = o)+ [T,

For p € (0,1], let C* be the space of u-Hélder continuous functions f : [0, 7] — R%, equipped with the
the o 70 = £(s)
— f(s
= |flloc + sUp —F——tH
11l == 1Al I Sy

Given any € such that 0 < € < «, we have the following inclusions C**t¢ ¢ W™ c C* €. Now, fix the
parameter a such that 0 < a < 3, denote by W}~ the space of measurable functions g(t) : [0, T] — R™

ueh that 9 —g(s) . [* l9(y) = 9()
g(t) —g(s / g(y) —g(s )
—,00 = su + d < Q0.
lgli-a.cor o<s<£’<T(<ts>1a . s Y

Mflloo = sup [f(B)].
0<t<T

And denote by W' the space of measurable functions f(t) : [0,7] — R? such that

T s T ps s) —
1f e ::/0 £ )|d5+/0 /0 |JEE}zy){i&yl)'alyds<oo.

S()L
It is easy to prove that C1~ot¢ C qufa’oo cCl=@, For g € lefa’oo, we have that

Mal0) = g, S0 (DE 0 )(0)) € s

where T(-) is the Gamma function and D}~ stands for the Weyl derivative [4, 17]. Moreover, if f € W'
Jo Sds] < Aol

g/l —a,00,7 < 00,

and g € W~ then fot fdg exists for all ¢t € [0,7] and

a,l-



We denote by E the condition expectation given .7:'0, that is, given Xy and B¥. We now define the space
of processes where we will search for solutions of (1.1).

Remark 2.1. The trajectories of B are almost surely locally a-Holder continuous for all o € (0, H). Then,
the trajectories of B¥ belong to the space W%_O"OO. Consequently, the pathwise Riemann-Stieltjes integral

fOT vsdBH exists if {v;,t € [0,T]} is a stochastic process whose trajectories belong to the space W(‘;"l with
1-H<a< % And we have the following estimate

t
/ v,dBH ols (2.1)
0

where A, (BH) has moments of all orders, see Lemma 7.5 in Nualart and Ragcanu [4].

< Aa(BT)|v]

Definition 2.2. Let Wg be the space of d-dimensional G;-adapted stochastic process X = {X;,t € [0,T]}

such that almost surely the trajectories of X belong to W™ and fOT E|| X;||2ds < oo. A strong solution of
the SDE (1.1) is a stochastic process X in the space Wg which satisfies Eq. (1.1).

Next, according to Theorem 2.2 in [5], we have the following lemma.

Lemma 2.3. Suppose that Eq. (1.1) satisfies the conditions (H1)-(H2), then, for 1-H < o < min{3, 3, %},H €
(3,1), the Eq. (1.1) has a unique strong solution X;.

3. The Stochastic Averaging Principle
Fix g9 > 0, we set, for each € € (0,¢¢], the following standard SDE d la Eq.(1.1):
t t t
X;=Xo+ E/ f(s,X5)ds + \/g/ ow (s, X5)dWs + EH/ or(s, X5)dBE. (3.1)
0 0 0

The coefficients of Eq (3.1) fulfill the same conditions as in (1.1). Besides, let functions f : R? — R? &y :
R? — R Gp : RT — R¥™ be continuous and they satisfy the same condition as with f, ow, o, respec-
tively. Also assume that the following additional inequalities are satisfied: (Cl)Ti1 0T1 |f(s,2) — f(x)|ds <

P1(T) (1 + [2); (C2) 4 [y low (s,2) — aw (@)Pds < @a(T1)(1 + [22); (C3) £ [y on (s, 2) — Fu(w)|ds <
©3(Ty)(1+|z|?), where Ty € [0,T7, p;(T}) are positive bounded functions with limp, o @;(T1) = 0,7 = 1,2, 3.
Then, we can obtain the averaged SDEs by the averaging principle:

t t t
Z7 = Xo + 5/ f(Z%)ds + ﬁ/ ow (Z5)dWy + eH/ o (Z8)dBE. (3.2)
0 0 0
Under the similar conditions such as X§ in (3.1), this equation has a unique strong solution Z;.

Lemma 3.1. Suppose that the averaged Eq. (3.2) satisfies the conditions (H1)-(H2). Then, fort € [0,T],
we have, supyepor B[ ZF 2] < C.

Proof: From (3.2) and by elementary inequalities, we have
t 2 t
‘ / f(Z5)ds|| +4eE / ow (Z2)dW
0 0
= AR|Xo|* 4+ 41} + 417 + 4T},
Firstly, by the growth conditon (H2) and Proposition 3.3 in Guerra and Nualart [5], it is not hard to obtain

I = £2E<’/Otf(Z§)ds +/Ot /:f(Zf)dr (t—s)_“_lds>2
C’EQE(/;|f(Z§)|ds)2+C’52E(/0t(tr)o‘|f_(Zf)dr)

t
CE%/ (t — s)"2*E|Z2ds + Cu e
0

2 2

t
E|ZIE < 4EXf +4c%E +452HEH | onzsjan!

« « «

2

IN

IA

Then, for I?, by the growth condition (H2) and Proposition 3.8 in Guerra and Nualart [5], we have

t 2 ‘ ¢ N
Z2)dW,
/EW(Z§)dWS | J; ow(Z;) |d$>
0

I} < CeRE

E
e ( o (st



t

t
CEE/ (1+ |Z§|2)ds+C€E/ (t—s) 3~ / |ow (X5)|*drds
0

IN

IN

t
Cso/ (t— S)_%_GE|Z§‘2(18 + Cqo.180.
0
For I}, by (2.1) and Proposition 3.5 in Guerra and Nualart [5], we have

t t t 2
Ca”f( / o (Z8)dBH +/ /aH(z;f)dBf’ (t—s)o‘lds)
0 0 s
t

Ce2t ), (BH)? / ((t— )72 + s7)(1 + | 25|2)ds
0

I

IN

IN

Finally, we obtain that

bt t t
swp BIZE < €0 [ (Grrtamerta (Eomhbee) s Bz
0 -

0<s<t <r<s
t
< C—&-Cto“"%/ ((t—s)_o‘_%s_o‘_%) sup E||ZZ|2ds.
0 0<r<s
As a consequence, by the Gronwall-type lemma (Lemma 7.6 in Nualart and Régcanu [4]), we derive the
desired estimate. Similarly, we can also show that sup,c(o ) E[[| X7 [|2] < O

Lemma 3.2. Suppose that the averaged Eq. (3.2) satisfies the conditions (H1)-(H2). Then, for 0 < s <t <
T, we have E[|Zf — ZZ|?] < C|t — s|.

Proof: From (3.2), by conditions (H1-H2), we have

t 2 t 2 t 2
E[|Zf — Z5)?) < 3<*E| | f(Z%)dr| + 3¢E / aw (Z2)dW, +3€2HJE‘/ o (Z8)dBH
S S
< 3€0E‘/ f(Z)dr +3€0E/ |ow (Z2)|dr + Js(t, s)
< Clt— s+ C|t — s| + J3(t, s).

Then, by Lemma 3.1 and (2.1) and Proposition 4.1 in Nualart and Régcanu [4], we have
t
J3(t, s) := 35§HIE’/ o (Z8)dBH

Thus, we obtain the desired estimate. Similarly, we can also verify that E[|X{ — X¢|?] < C|t — s]. O

Now, we claim the main theorem showing the relationship between solution processes X; to the original
Eq. (3.1) and Z; to the averaged Eq. (3.2). It shows that the solution of averaged Eq. (3.2) converges to
that of the original Eq. (3.1) in mean square sense and in convergence in probability, respectively.

2
< Ca7TA2(BH)‘t _ s|2(1—°‘) sup E||ZE|2 <Ot — S|2(1—o¢)-
0<r<T

Theorem 3.3. Suppose that orignal Eq. (3.1) and averaged Eq. (3.2) both satisfy the assumptions (H1)-(H2)
and (C1)-(C3). For a given arbitrarily small number 6; > 0, there exist L > 0, e1 € (0,e0], such that for any
€€ (0,e1] , eacht € [0,Le™ 7], 0 <y < min{w%gigl_l, 28— 1} < 1, we have sup;e(o .-+ EIX; — Z;[> < 1.

Corollary 3.4. Suppose that all assumptions (H1)-(H2) and (C1)-(C3) are satisfied. Then for any number
d2 > 0, each t € [0, Le™7], we have limsﬁop[supte[o’mw] | X5 — ZF| > (52] =0, where L and v are the same

to Theorem 3.3.

The Proof of Theorem 3.3: From (3.1) and (3.2), we have
2

+ 3cE

t 2

EIX; - Z;i]? < 3621E‘ /Ot(f(saXi) — f(Z9))ds (ow (s, X5) — ow (Z;))dW

0
3€2HE‘ /t(O'H(S, Xf) — C_TH(ZS))dBfl =:3J; (t) + 3J2(t) + 3J3(t),

where [0,¢] C [0,u] C . So, for the first term, we have

_521@‘/ (s, X%) — F(ze))ds| < 052E</0t (s, X°) —f(Zf,)|ds)2




and for the second term, we have

t t
Jo(t) = cE / (ow (s, X)) —ow(Z5))dW,| < C’sIE/ low (5, X5) — aw (Z°)|?ds.
0 0

For the last term, by Lemma 3.2, (2.1) and (H1), we have
¢
+€2H]E‘/ 3(s)ds
0

Jg(t) < €2HE‘/O (UH(S,Xg) _ 5W(Z§))87°‘d3
E(S) _ /Os E|UH(57X§) — 5H(Z§) — O—H(r7 X;f) + 5H(Z;f)‘(8 _ T)_l_ad’r

g/ ]E|UH(S7X§)—JH(T,Xﬁ)|(s—r)_1_adr+/k E|G5 (Z5) — 50(29)|(s — 1)~ 1—*dr
0 0
< c/ (s — )P + (s — 1) ¥](s — )" "
0
< CsP= 4 Csz7,

Thus, we have

t
J3(t) < 62Hu1_2aE/ low (s, X5) — 65 (25)2ds + Ce2Hy20H8=) 4 0g2Hy 372
0

2

2

Finally, using conditions (H1-H2), we have
t 2 t
E|Xf - ZF)? < 052E</ |f(s, X5) —f(Z§)|ds) +C’5E/ low (s, XZ) — aw (Z9)|*ds
0 0
t
+82HU1_2aE/ |O’H(S,X§) _ 5’H(Z§)|2d8 + CEZH(U2(1+Z3—CE) + u(3—2a))
0

t
< C(Pute+ EQHul_Qa)]E/ |XE — Z5%ds + CEQH(UQ(HB_Q) +ud72)

0
+C02u?Jy + Ceudy + e2Hy2722 J;.
According to conditions (C1-C3), Lemma 3.1 and the boundedness of ¢;(T1),T1 € [0,T], we can obtain

2
2 ( / (5. 29) <Z§>ds) <C swp B0+ swp EIZP),
0<t<u 0<t<u
sy = Br [ lowls, Z0) - ow(Z)Pds £ O s (0] + sup BIZEP),
tJo 0<t<u 0<t<u
1 t
Iy = Ef/ lon(s, Z5) — 5w (25)2ds < C sup [ps()](1+ sup E|Z52).
tJo 0<t<u 0<t<u

Thus, we have
sup E|X; — Z{]” < C(Pu+e +62Hu172a)E/ sup | XS — Z:|ds
0<t<u 0 0<r<s
+052H(u2(1+6—a) + u3—2a) + C(EQ’U/ L+ EQHU1_2OC)U.
Then, for each t € [0, Le 7], we have
sup  E|X7 - ZF* < Qe',

0<t<Le— "
where Q = C[e2H—1(e=7(1426-20) | c=7(2-20) | c=7(1-20)) 4 c1=7 4 1] x exp(C/(2727 + £l 77 4 g2H—7(2-20))
is a constant if v < mm{Z?JgiHll’ 21y . )

The Proof of Corollary 3.4: By the Chebyshev-Markov inequality and Theorem 3.3, for any given number
b2 > 0, let € — 0, one can find

P| sup |Xf—2Z|>6| <= sup E|X{—-Zf*< Q e,
t€[0,Le—] 52 t€[0,Le-7]
and the required result will be obtained. O

Remark 3.5. If we consider SDEs driven by only a fBm (o = 0) , the equation (1.1) can be rewrited as a
deterministic differential equation, then, use the pathwise approach, for a given arbitrarily small number d3 >
0, there exist L > 0, 1 € (0, ], such that for any ¢ € (0,¢;] , each ¢t € [0, Le™ 7], v < min{%, WHHA}v

we have, sup,¢jg .-+ |X§ — Zf| < 03,03 = Q="=", Q is a constant. Here, we omit the proof.



Remark 3.6. Moreover, in this paper, instead of fBm one can take any process, which is almost surely
Holder continuous with Holder exponent greater than % The results will be effective.
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