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Abstract

We present an upper bound for the proof theoretic strength of Martin-Lof’s
type theory with W-type and one universe. This proof, together with the well
ordering proof carried out in [Set98b] shows that the proof theoretic strength
of this theory is precisely 1q, Q14+, which is slightly more than the strength
of Feferman’s theory Ty, the classical set theory KPI, and the subsystem of
analysis (Ad — CA) + (BI). The strength of the intensional and extensional
version, and of the version a la Tarski and a la Russell are shown to be the
same. The proof is carried out by interpreting the type theories in question
in an extension of Kripke-Platek set theory KPIT. We show that validity of
H%—Sentences is preserved in this interpretation.

Dedicated to the master of proof theory, Kurt Schiitte

1 Introduction

1.1 Proof theory and Type Theory

Proof theory and type theory are two answers of mathematical logic to the crisis of
the foundations of mathematics at the beginning of the 20th century. Proof theory
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was established by Hilbert in order to prove the consistency of theories by using
finitary methods. When Goédel showed that Hilbert’s program cannot be carried out
as originally intended, the focus of proof theory changed towards analysing theories
and determining the minimum ordinal in a natural ordinal notation system such that
transfinite induction up to this ordinal proves the consistency of the theory. That
ordinal is called the proof theoretic strength, which turned out to be an excellent
measure for the strength of theories.

On the other hand, type theories were designed to provide a new framework for
mathematics, the consistency of which can be justified, as far as possible, by itself
(see [Set15] for a discussion about why a justification of the consistency of mathe-
matical theories is needed, what can be achieved, and what the limitations are).
Both directions of mathematical logic have become quite important because of their
applicability to computer science. Proof theoretic methods can be used for instance
to extract programs from proofs, to analyse term rewriting systems and for theoret-
ical questions the area of logic programming.

On the other hand many machine assisted theorem provers, such as Agda, Coq,
Idris, Lego, and Epigram, are based on type theory. One reason why type theory is
an excellent basis theory is that in type theory algorithms and proofs are essentially
the same. Therefore proving becomes very similar to programming, and techniques
from software engineering can be used to develop proofs.

Therefore it seems to be interesting to apply proof theory to type theory. In par-
ticular, the question mainly answered in this article is: what is the precise proof
theoretic strength of Martin-Lof’s type theory? This is interesting because the an-
swer determines the exact place of Martin-Lof’s type theory on the proof theoretic
scale. This allows to compare it with other theories, the strength of which is already
known.

More precisely, in this article we are dealing with the strength of Martin-Lof’s type
theory with one universe and W-type. This work was first presented in our PhD
thesis [Set93]'. There are two directions to be proved. One is to determine a
lower bound, which is presented in [Set98b]. This was done by carrying out a well
ordering proof directly in Martin-Lof Type Theory. In this article we present a
refined version of the upper bound. We embed type theory in a Kripke-Platek style
set theory, KPIT, the strength of which can then be determined easily using standard
proof theoretic techniques. We show that validity of IT}-sentences is preserved in
this interpretation.

n that thesis we were using the formulation of [TD88] of intensional type theory, which trivially
embeds into extensional type theory for which an upper bound is obtained in the current article.
In [Set98b] we transferred the well-ordering proof from [Set93] to the formulation of intensional
type theory as it is used in the Martin-L6f Type Theory community. We introduce that theory
and embed it into extensional type theory in the current article in Sect. 3. The transfer of the
well-ordering proof was possible since the equality type was used in the well-ordering proof in
[Set98b] only for natural numbers.



1.2 Related Work

An overview over the state of the art of proof theory of Martin-Lof Type Theory can
be found in [Set04] and [Set08a]. As mentioned before [Set98b] contains the lower
bound for the proof theoretic strength of the theories discussed in this article. A
more easy readable introduction to well ordering proofs in Martin-Lof type theory
can be found in [Set98a].

In [GR94] Griffor and Rathjen were, independent of the author and in parallel, fol-
lowing another approach towards determining the proof theoretic strength of Martin-
Lof’s type theory by embedding constructive set theory into type theory. [GR94]
contains an excellent review of all the research carried out in the past in this area.
We refer the interested reader to that article and only mention the main new results
concerning type theory obtained in [GR94]. Griffor and Rathjen showed, that the
theory MLV, Martin-Lof’s type theory with one universe and Aczel’s iterative set
V or elimination rules for the universe or both has the strength of Kripke-Platek
set theory KPw. They showed, that type theory with one universe and the W-type
restricted to elements of the universe only, which they called ML; W, has strength
(Al — CA) + (BI). Adding elimination rules for the universe and/or Aczel’s iterative
set V' is shown to yield the same strength. In [GR94] the obvious generalisation of
these results to n universes and w universes together with their strength is mentioned
as well (no detailed proof is given).

In [Set00] the author has introduced the Mahlo universe, which is significantly
stronger than the type theory with W and finitely many universes, and determined
a lower bound for its proof theoretic strength. In [SetO8b] the basic model construc-
tion for type theory with one universe and W-type and with one Mahlo universe and
the W-type was given. That article concentrated mainly on the universe construc-
tions and presented the main constructions, whereas the current article contains
full details for the upper bound of Martin-Lof Type Theory with W-type and one
universe. In the current article we show as well that all IT}-sentences provable in the
type theory in question can be shown in KPIt.

The author has developed an autonomous Mahlo universe [Setll], a Ils-reflecting
universe, and a II,-reflecting universe, but these constructions have not been pub-
lished yet.

1.3 Overview

The article is organised as follows: In Sect. 2 we introduce the versions of extensional
Martin-Lof’s type theory for which we prove the upper bound. To make a precise def-
inition of the substitution, we introduce sets of b-objects, g-terms, g-types, R-terms
and R-types, which should contain all the terms and types occurring in Martin-Lof’s
type theory (g-terms and g-types correspond to the Tarski-formalisation, R-terms
and R-types to the Russel-formalisation). These concepts will be needed afterwards
for the interpretation of the theory ML{Wr y in KPI*. Then we define the rules
for the extensional Martin-Lof Type Theories with a universe a la Tarski (ML{Wr,



ML{Wr y) and & la Russell (ML{Wg, ML{Wg y) considered in this paper. In Sect. 3
we introduce intensional variants ML W, ML Wy, MLiWg, MLiWg y of those
theories. We carry out the well-known result that they embed in a straightfor-
ward way into the extensional versions of those theories. In Sect. 4 we compare the
Tarski and the Russel-versions and show that all of them can be embedded into the
strongest Tarski version ML := ML{Wr y. In Sect. 5 we introduce Kripke-Platek
set theory and the extension KPIT used for modelling the type theories in question
in this article.

Having introduced the relevant theories we now develop an interpretation of ML
in the extension of Kripke-Platek style called KPI*. This embedding is a quite
general and flexible method, which can be adopted to variations of Martin-Lof’s
type theory. In Sect. 6, we show, how to interpret terms and types in KPI™. Types
will be introduced as sets of pairs of terms, which are considered to be equal in
that type. We see, how much strength is needed in order to interpret the W-type
and the universe, which correspond to the proof theoretic strength added by those
constructions. In Sect. 7 we prove basic properties of this interpretation, such as
monotonicity of operators, that one obtains equivalence relations, and substitution
lemmas.

In Sect. 8 we prove that the interpretation is correct, that is

If ML -7 : A then KPIT F (r,r) € A*

Furthermore, we conclude, that the extended version |ML]{Wr y| can be interpreted
as well. R

In Sect. 9 we interpret sentences of Arithmetic A as A in ML{Wr and prove, that
for TI}-sentences A we get that ML{Wrt F a € A implies KPI* + A. We con-
clude in Sect. 10 that [ML| < |KPI*|. To complete the proof, we show |KPI*| <
Yo, (1), which implies because of the embedding of the Martin-Lof type theo-
ries used into ML, that [MLSWry|, IMLSWr|, IMLSWg.u|, IMLSWg|, ML\ Wt |,
ML Wr|, IMLIWg yl, IMLIWg| < ¢, (Q14,). By [Set98b], this bound is sharp.

2 Definition of the Formal System of Extensional
Martin-Lof’s type Theory

In this section we will introduce the formulations of extensional Martin-Lof Type

Theory, both a 1a Tarski and a la Russell, which we will embed into KPI*. In Sect. 3

we will introduce intensional type theory and show that it embeds into extensional

type theory. Therefore the upper bound for extensional type theory is an upper
bound for intensional type theory as well.

Definition 2.1 (a) The symbols of extensional Martin-Lof’s type theory, are in-
finitely many variables z; (i € w); the symbols =, =, ,, (, ), =, €, A; the term
constructors (with their arity in parenthesis) 0 (0), v (0), N (0), A® (for each
n <k, with arity 0), Ny (for each k € w, with arity 0), S (1), 1 (1), j (1), po

4



(b)

(c)

(d)

(1), p1 (1), p (2), 5up (2), R (2), Ap (2), + (2), 11 (2), £ (2), W (2), D (3),
P (3),1(3),C, (n €w, arity n+1); the type constructors with their arity Ny
(for each k € w, arity 0), N (0), U (0), T (1), + (2), I (2), ¥ (2), W (2)
and 1 (3).

To make it easier to remember the meaning of the symbols, we give the fol-
lowing hints: v is the (unique) element of an identity type 1; A is the nth
element of the finite type Ny with k elements, Cy the Casedistinction for Ny;
O s the zero, S the Successor, P Primitive recursion or induction over the
natural numbers N; i stands for left inclusion, j for right inclusion, D is the
case distinction for a type A + B, which is the disjoint union of A and B;
Po and py are the projections, p the pairing for the ¥-type; R the Recursion

A~ NN A

I, +, 3, II, W, respectively, as elements of the universe U, which become, if
the Tarski-operator T is applied to them, the corresponding type.

We usually write “symbols of Martin-Lof Type Theory” for “symbols of exten-
sional Martin-Lof Type Theory”, when there is no confusion.

The b-objects are variables, Ax.b and C(by,...,by,), if C is an n-ary term or
type constructor and b, by, ..., b, are b-objects.

The set of free variables of a b-object FV(b) are defined as usual. We write +,
T infiz (that is (a+Db) for +(a,b)) (x)t for Ax.t, (x,y)t for (z)(y)t, (x,y, 2)t for
() (y, 2)t, and if S € {3, 11, W, f], ﬁ,/VV}, Sz € s.t = S(s,(x)t). Furthermore,
we write sometimes r s or rs for Ap(r,s).

We have the usual conventions about omitting brackets, especially the scope
of A\x. is as long as possible, for instance Ax.s t should be read as Ax.(s t).
We define for b-objects by, ..., b,, b and variables x1,...,x, the simultaneous
substitution blxy /b1, ..., x,/b,] as usual (using the convention, that if x; =
x; then the first substitution applies) and “blx1/by, ..., x,/by] is an allowed
substitution”.

a-equality (=) is defined as usual.

The set of g-terms (for generalised terms) is inductively defined as: variables x
are g-terms; if n < k, n,k € N, then Ak is a g-term; and if k € N, then Iglk is
a g-term; if r, s, t are g-terms, x,y, z,x’ € Varyy, * £y # z # x, then 0, r, I/\\L
S(r), \x.r, p(r,s), sup(r,s), i(r)A, j(r), P('r’A,s, (:c,y)t)/,\Ap(r,s), PO(T)/;\ p1(r),
R(r, (x,y,2)s), D(r, (x)s, (2')t), Iz € r.s, Xz € r.s, Wa € 1.5, r+s, I(r,s,1)
are g-terms; if n € N and r, sy,...,8, are g-terms, then C,(r,s1,...,S,) is a
g-term.

Let Termgy be the set of closed g-terms.

The g-types are Ny, (k € w), N, U, and, if A, B are g-types, © € Varyy, r,s
g-terms, then Iz € A.B, Xz € A.B, Wx € A.B, A+ B, I(A,r,s), T(r) are



g-types.

(f) A g-context-piece is a string xy : Ay, ..., x, @ A,, where n > 0, x; different
variables, A; g-types.
A g-context is a g-context-piece x1 : Ay, ..., z, : A,, s.t.
FV(Al) C {1‘1, ce ,an_l}.
A g-judgement is A = B : type or s =t : A where A, B are g-types, s, t are
g-terms. A g-dependent judgements is I' = 6 where I' is a g-context and 0 a
g-judgement.

(9) R-terms (for Russel-terms) are defined as the g-terms, except, that we replace
H Z W T, T by 11, X, W, +, I respectively.
R-types are defined by the same definition as the g-types, but referring to
R-terms instead of g-terms, and replacing that “T(r) is a g-type” by “r is
an R-type for r an R-term”. R-context-pieces, -contexts, -judgements, and
-dependent judgements are defined as the corresponding g-constructions, but
referring to R-terms and -types instead of the g-terms and -types.

(h) We treat the usual judgements A : type and s : A as abbreviations:
(A:type) :=(A=A:type), (s: A) =(s=s:A4A).

(i) We abbreviate [Z/t] := [x1/t1, ..., xp/ty] if T=21,..., 2y and t =1t1,... t,.
[21/t1, . xn/ta) \ {y} = [Z/1]\ {y} is the result of omittz'ng in [T/t] the z;/t;
st wp =y, and [FH\ Ay, ym} = - ((F/A\ A D) \ {2} -\ {ym})-

Definition 2.2 of extensional Martin-Lof Type Theory with W-type and one Uni-
verse.
We will define the rules, which are of the form

P1:>@1 Fn:>@n
'=06

(Rule)

where 'y, ..., T, T are g-context-pieces, O1,...,0,,0 are g-judgements (n = 0 is
allowed) in the version a la Tarski, and R-context-pieces and R-judgements in the
version a la Russell.

Then we define for ML = ML{Wr (the extensional version a la Tarski) or ML =
ML{Wru (the extensional version a la Tarski with additional rules for the universe),
ML F I = O inductively by:

If (Rule) is a rule of ML as above, A is a g-context-piece such that ATy, , ...,
AT, AT are g-contexts, and if ML H AT, = ©; fori =1,...,n, then ML F
AT = 0.

Analogously we define MLWg F ' = © (the extensional version a la Russell) and
ML{Wgru FT'= © ML{Wgry F I' = O (the version a la Russell corresponding
to ML{Wr u ), but referring to R-context-pieces, R-contexts etc.instead of g-context-
pieces, g-contexts etc.

We will write © for = © as a premise of a rule.
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In the following, let A, B, A’, B" be g-types (or R-types in the formulation d la Rus-
sell), a,b,r, s, t,r;, s, ti, a0 r' st rl sk th t" be g-terms (or R-terms) 0,6 be g-(or
R-)judgements I'" be a g-(R-)context-pieces.

Furthermore, let x,y, z,u € Varyy,. Additionally assume for all rules, that all sub-
stitution mentioned explicitly are allowed. For instance in the rule (Ng), assume
that

silx/t,y/P(t, so, (z,y)s1)] and A[z/S(t)] are allowed substitutions.

General Rules

A : type A type I"'=0
(ASS) r:A=>zx: A (THIN) x:Al'= 06
(SYM)t:t/:A A = B : type (SUB)I:A’F = 0 =t: A

t=t:A B=A:type Mz/t] = Oz /t]

t=t':A t=t':A A = B : type B =C'":type
(TRANS) t=t': A A:C’:type

x: AT = B:type =>t=t:A

x: Al"=5s:B =>t=t:A

(REPLQ)IVh/ﬂ:>shMﬂ::shjﬂ]:Bh#ﬂ

t=t:A A = B : type
t=t:B

(REPL3)

x: ATV =10 A : type t: A
v: ATV =0 A=A :type t=t:A

(ALPHA) (if A=, A, t=4t")

(NF) Ni:type (keN) (NF) N type
A= A":type A=A":type
(ITF) r: A= B=DB:type (5F) r: A= B=DB:type
[z € AB=1Ilxr € A.B": type Yre AB=Yxe A.B :type



A=A":type
(WF) x: A= B=D:type
Wz e AB=Wze A.B :type  (+5)

A=A":type
B = B’ : type
A+ B=A"+ B :type

(IF)A:A':type t=t':A s=s¢:A
I(A,t,s) =I(A,t',s") : type

Introduction Rules

I . t=t:N
(N}) Af:N, (n<k, nkeN) (N) 0:N S(t) =S(¢) : N

x: A= B:type

x: A= B:type s=¢:A
A=>t=1t:B t=1t": Blx/s]
() —— ) !
Aot = ot Iz € AB ) DG = p(. ) Sw € AB

r:A=B:type r=1r:A s=¢:B[z/r] > WzxeAB

I
(W) sup(r,s) =sup(r’,s’) : We € A.B

A type A type
B : type B : type
(+1) s=s:A (+1) s=s:8B

i(s)=1i(s"): A+ B ji(s)=j(s) : A+ B

n_ t=t:A
() r:I1(At,t)

Elimination Rules

r:Ny=A:type t=t:N, s;=s:Ax/A¥>i=0...k—1)

NE (k € N)
(Ne) Cr(t, 80,y 8k—1) = Ci(t, sy, ., Sh_1) : Az /1]
x:N= A:type r=7r":N
(NF) s=s":Alx/0] r:Ny:A=t=1t: Alz/S(x)]
P(r, s, (z,y)t) =P, ¢, (x,y)t') : Alz/r]
(HE)x:A:>B:type s=¢:1lx e A.B r=r:A

Ap(s,r) = Ap(s,r') : Blx/r]



x: A= B:type x: A= B:type
(SE) r=r:Yv e AB (SE) r=r:Yr e AB
* po(r) = po(r’) : A Y pi(r) = pa(r’) : Bla/po(r)]

x: A= B:type
u: Wz e A.B= (C:type
r=r":Wze€AB
r:Ay:B—>Wze AB,z:1lve B.Clu/Ap(y,v)] =t =1t": Clu/sup(z,y)]

(W) R(r, (2,9, 2)t) = R(7, (v, 3, 2)t") : Clu/"]
A @ type B : type

z: A+ B = C :type r=r:A+B

(+7) r:A=s=¢:Clz/i(z)] y:B=t=t:0C[z/jy)]
D(r, (z)s, (y)t) = D(r', (x)s", (y)t') : Clz/r]
(IE)S:A t;it:X:I(A,s,t)
Equality Rules

() Z?A:ktize. y f,i}}qz/f?;]i;/ikj' L <ok
(N=) r:N=A:type s:A[z/0] z:Ny:A=1t:Alx/S(x)]

P(0,s, (z,y)t) = s : A[z/0]

z:N= A:type r:N
(N=) s: Alzx/0] r:Nyy: A=t: Alz/S(z)]
2L P(S(r), s, (2,y)t) = tla/r.y/P(rs, (@, y)t)] : Alz/S(r)]

r: A= B:type
Ax.t: e € A.B

_ r:A
) Ko (hator) =t/ Blo)r

r: A= B:type t:Ilx € A.B

(1) e Ap(t,z) =t:llx € A.B (ifz g EV(2))

A : type p(r,s): Xz € A.B

(%) po(p(r,s)) =r: A




r € A= B:type p(r,s) : Xz € A.B

(1) p1(p(r,s)) = s : Blz/r]
(E:)xeAiB:type t:Xxre AB
2 t =p(po(t),pi(t)) : Xx € A.B
x: A= B:type
u: Wz e A.B= C:type
r:A
s: Blx/r] - Wz € A.B
(W) r:Ay:B—>Wze AB,z: (llv e B.Clu/Ap(y,v)]) =t : Clu/sup(z,y)]
R(sup(r, s), (x,y, 2)t) = tlx/r,y/s, z/\v.R(Ap(s,v), (z,y, 2)t)] : Clu/sup(r,s)]
(If v € FV(s) UFV((z,y,2)t))
(+5) 2€A+B=C:type r: A z:A=s:Cz/i(x)] y:B=1t:Clz/i(y)]
’ D(i(r), (z)s, (y)t) = t[z/r] - Clz/i(r)]
(+9) 2€A+B=C:type r:B z:A=s:C[z/i(z)] y:B=1t:Clz/j(y)]
' D(j(r), (x)s, (y)t) = tly/r] : Clz/j(r)]
_ A:type s: A t:A r:l(Ast)
(%) r=r:1(A,s,t)
Rules for the Universe ( a la Tarski)
Formation Rules for the Universe
I a=ad:U
(U) U type (T) T(a) = T(d) : type
Introduction Rules for the Universe
(ND) Np:U (k€w) (N) N:U
(ﬁl)a:a’:U z:T(a)=b=0:U

Meecab=Tzedt U

a=a:U 2:T@)=b=0:0U
Srcab=Srcdt:U

(=1
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W a=ad:U 2:T(a)=0b=0:U
Wz eab=Wzedl:U

a=da:U b=0V:U
atb=d¥b :U

() — =
I(a,s,t) =1(a,s',t') : U

Equality rules for the Universe

(N5) T(Ny) =Ni:type (k€ w) (N=) T(N) =N type
~ a:U  z:T(a)=0:U
() et ,
(Ilx € a.b) =Ilx € T(a).T(b) : type
) a:U  z:T(a)=0:U

T(Sz € a.b) = Sz € T(a). T(b) : type

a:U z:T(a)=5b:U

(W7) T(W\x € a.b) = Wz € T(a). T(b) : type

o a:U b:U
)T = 1@ + 1) - tvwe

i) a:U  t:T(a) s:T(a)
T(I(a,t,s)) = I(T(a),t,s) : type

The rules of ML{Wr are all rules mentioned above (using g-terms, g-types etc.).
The rules of MLIWr v are all rules of ML{Wr and additionally the following rules:

ixEQ.b:U imea.b:U ﬁxea.b:U ﬁan.b:U

TE e
(2%) a:U x:T(a)=b:U (%) a:U z:T(a)=b:U
—o Wz €ab:U Wz €ab:U ~ ~
E : :
(W5) a:U z:T(a)=b:U (_T_E) a;LH:)'UU GZ{)UU

~

~ Ta,st):U Tas,t):U  T(ast):U
(%) a:U s:T(a) t:T(a)

The rules of ML{Wpg are the same as the rules of MLTWr, but referring to R-terms,
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R-types etc. and replacing the Rules for the Universe by:
Rules for the Universe a la Russell

Formation Rules for the Universe

n a=a:U
(UDY U : type (T°) a—d : type
Introduction Rules for the Universe
(NE) Niy:U (k€w) (N}j) N:U

(HU)a:a’:U z:a=b=b:0U (Eu)a:a’:U z:a=b=¥b:0U
M cab=Tlzxecdt:U YSreab=Yzxedbt: :U

=a:U z:a=b=0:0U
(WU)CL ¢ ! 1/ a:a"U b:b/‘U
Weeab=Wzedd:U U : :
e e S Ay N TS

(IU)a:a’:U t=t:aqa s=s5:a

(a,t,s) =1(a’,t',s") : U

The rules of ML{WRr u are all rules of ML{Wr and additionally the following rules:

(RUE) Yreab:U Yx eab:U (TTVE) [z €ab:U [lx €ab:U
a:U rz:a=b:U a:U rz:a=b:U

(WU-B) Wreab: U Wxeab:U
a:U rz:a=0b0:U

a+b:U a+b:U

a:U b:U
(TUE) I(a,s,t): U I(a,s,t): U Ia,s,t):U
a:U sta t-a

3 Intensional Martin-Lof Type Theory and its Em-
bedding into Extensional Type Theory

In this section we introduce the intensional version of Martin-Lof Type Theory, and
repeat the standard proof how to interpret it in extensional type theory. The well-
ordering proof in [Set98b] was carried out in that theory. We note that [TD88] has
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a different way of formulating intensional type theory, which we used in [Set93], and

which is trivially a sub theory of extensional type theory.

Definition 3.1 (a) The symbols and constructors of intensional Martin-Ldéf type
theory are the symbols and constructors of extensional Martin-Lof type theory,
but replacing r by refl of arity 1 and adding a constructor J of arity 3.

(b) The set of b™-objects, g™ -terms, g™ -types, g™t-context pieces, g™t-contemts,
g™ _judgements, g™ -dependent judgements, R™ -terms, R -types, Ri™-context
pieces, R™-contexts, R -judgements, R"-dependent judgements, are defined
as the corresponding b-/g-/R-constructions, but replacing r by refl, adding J as
a constructor for terms, omitting that v is a g™-term, and adding the clause
for refl, J for g™ -terms as follows: If r,s,t,t' are g™ -terms x € Varyy,, then
refl(r) and J(r, s, t, (x)t') are g™ -terms.

Definition 3.2 of intensional Martin-Lof Type Theory with W-type and one Uni-

verse.

The rules for MLL W (the intensional version a la Tarski) and MLYWg (the inten-

sional version a la Russell) and their extensions ML%WTyU and ML%WRyU are the

rules for ML{Wr, MLSWg, ML{Wr y, MLSWR v, respectively, but referring to g -
objects and Ri™-objects instead of g-objects and R-objects, and replacing the rules

(1Y, (I%), and (I7) by the following rules:

Intensional Equality Rules

I t: A
O i) - 1AL D)
A: Set
r:Ay:Az:1(Az,y) = C:type
r=7r:A
s=s5:A
t=t:1(Ars)

(1) i A=u=u:Clx/ y/, z/refl(2))]
J(ry s, t, (2u) = J(r', s, ¢, (2)) : Clz/r,y/s, z/t]

A : type
x:Ay:Az:1(Ax,y) = C:type
r: A
() 2 A= u:Clx/Z y/2, z/refl(2))]
J(r,r,refl(r), (Zu) = ul[2’/r] : Clax/r,y/r, z/refl(r)]

Definition 3.3 We define a translation ¢ of b™-, g™t~ and R™-constructions into
the corresponding respective b-, g- and R-constructions by recursively replacing

o refl(r) by r,

13



o J(r,s,t,(Zu) by u[2'/r].
Lemma 3.4 [f MLWr, MLiWg, MLiWg y, or ML Wty proves I = 0, then the
corresponding respective extensional version ML{Wr, ML{Wg, ML{Wg v, ML{Wr y,
proves ¢(I') = ¢(0).
Proof: By induction on the derivation. For all unchanged rules this follows by
applying the same rule to the IH. All what remains to show is that for the intensional
equality rules, the translation of the conclusion is derivable in extensional type
theory from the translated assumptions using the extensional equality rules.
In case of (I') this is obvious (the translated conclusion is r : I(A,t,t)). In case of
I®¥ one needs to show that the assumptions imply the translated conclusion which
is ulz'/r] = W[ /)r'] : Clz/r,y/s,z/t]. From t = t' : I(A,r,s) one concludes ¢ :
I(A,r,s), therefore r = s : A and therefore I(A,r,s) = I(A,r,r). Therefore t =
t' I(A,ryr), and t =1 @ [(A,rs). It follows Clz/r,y/s, z/t] = Clx/r,y/r, z/1].
We have ulz'/r] = W'[//r] : Clz/r,y/r,z/r] and therefore u[z'/r] = u'[Z'/r'] :
Clx/r,y/s, z/t].
In case of (IF) the translated conclusion is u[z’'/r] = u[z/r] : C|x/r,y/r, z/r] which
follows from the last translated assumption by substitution.

4 Embedding of the Russell Version of Martin Lof
Universes into the Tarski Version

In this section we prove, that Martin-Lof Type Theory a la Russell ML{Wg y can
be embedded into Martin-Lof Type Theory a la Tarski ML{Wr . Therefore, the
upper bound proved for ML{Wr v is an upper bound for ML{Wg and ML{Wg y as
well, and as well for ML{Wr (since it is a proper sub theory). By Lemma 3.4 it is
as well an upper bound for ML W, ML} Wr iy, MLi W and ML Wg .
Definition 4.1 (a) Define for C' constructors,

Y(N) =N Y(E) =5, W) =1
Y(Ng) = Ng, (W) E/\\N »(C) := C otherwise
P(II) =11, Y(+) =+,

(b) Define 1) : R-term — g-term by recursion on the b-objects:
Y(x) :=x (v € Varyy),
w(Az.t) = Axap(t),
V(C(tr, ... tn)) = U(C)O(t1), ..., 0(tn)) (for constructors C).

(c) Define the function p : R-type — g-type by recursion on the g-types:
p(Sx € r.s) =Sz € p(r).p(s) (S eI W),
p(r +s) = p(r) + p(s), p(I(r,s,t)) :=1(p(r), ¥ (s), ¥ (1)),
p(C) :=C for C € {N,N;, U}, p(t) :== T(¥(t)), otherwise.

(d) IfT'=a1: Aq,...,x, 0 A, is a g-context-piece, then
p(T) =21 p(Ar), ... 20t p(Ay)
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(e) If r,s are g-terms, A is a g-type, then
p(r=s:A):= (¥(r) =(s) : p(A)),
p(A = B :type) := (p(A) = p(B) : type).

(f) Define u : g-type — g-type by recursion on the g-types:
w(T(sx € r.s)) =Sz € u(T(r)).u(T(s)) (wheres =S, I, W and S = £, I, W

respectively),

u(T(r+s)) = p(T(r) + u(T(s)), u(T(A(r, 5,1))) = L(u(T(r)), s,1),
#(T(N)) =N 1(T(Ny)) := N

pu(r 4 s) == p(r) + p(s), p(r, s,t)) = I(u(r), s, 1),

(r
w(Sz € r.s) =Sz e p(r).u(s) (Se{SI1,W})
wu(t) == t, otherwise.

Lemma 4.2 Assume r,s,t,s; b-objects, x; € Vary.
(a) FV(t) = FV(4(t)) = FV(p(t)) = FV(u(t)).

(b) If t[z1/s1, ... ,xn/8,] allowed, then 1(t)[x1/1(s1), ..., xn/10(80)],
w() [z /0 (s1), .. xn/U(sn)], p(O)][z1/10(81), ..., 20 /WU(s,)] are allowed.

(¢) Ift is an R-term, then p(t) = pu(T(Y(t))).

(d) Ift,s; are b-objects, then ¥(t[x1/s1, ..., Tn/Sn]) = V() [x1/PY(51),. .., T0n/P(5n)].
If t is a g-type, s; are g-terms, then p(u(t)) = p(t),

p(tler/s1, . wn/sn]) = p(p(t)[z1/s1,. . 20/ 50]),
If t is an R-type, s; are R-terms, then

pltler /51, wnfs]) = plp(®)[er/6(s1), . . 2a/t(s0)]).

(e) If t is a g -judgement, -context, -context-piece, or dependent judgement, then
p(t) is an R-judgement, -context, -context-piece, or dependent judgement, re-
spectively.

(f) If r=as, theny)(r)=a1b(s), p(r)=ap(s), p(r)=ap(s).

(9) If r is a g-term and b-term, then ¥ (r) = r.
If r is a g-type and b-type, then p(r) =r.

Lemma 4.3 In all versions of Martin-Lof Type Theory, we have the following useful

derived rule:
Mx:Al"=0 T'=A=A":type

Le: A TV=10

Proof:

Let y be a fresh variable. Then by (THIN) I';y : A",z : A,I" = 6, easily we have
Iy : A = y: A By (SUB) Iy : A, T"[z/y] = 0[z/y], and by change of the
variable we obtain the assertion.

Lemma 4.4 Let MLt be ML{Wr or ML{Wry and I', IV be g-context-pieces, a,b,t
g-terms, A, B g-types, x a variable. The following applies:
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(a) f MLy FT' = s: A, or MLt FT' = s=1t:A then MLy F ' = A : type.

(b) If MLt = T' = Sz € A.B : type (S € {¥,1I, W}), then MLy - I" = A,
MLt F T,y : A= Blz/y] : type, for all y € Varyy, \ X for some finite set X.

(¢) If MLt =T = A+ B : type then MLt T = A : type, MLy F ' = B : type.
(d) If MLy FT' = 1(A,b,c) : type, then MLy - T'=b: A, MLy FT' = ¢: A.

(e) If MLt =T = T(b) : type then MLt T = b: U.

(f) If MLt HT'= A = B : type, then MLt T = A : type, MLt F T" = B : type.
(9) If MLt -T2 : A, T' = 0 then MLt - T' = A : type.

Note that (f) is trivial, but will be needed in the following as an additional premise
for the induction.

Proof: We first change the calculus, treating A : type no longer as an abbreviation
for A = A : type. For every instance of a rule with conclusion A = A : type we
add a rule with conclusion A : type where any premise B = B : type is replaced by
B : type, and any premise s = s : B is replaced by s : B. Furthermore, add the
rules

x: AT T = B : type =>t=t:A

REPL1

( ) Max/t], [z /t'] = Blx/t] : type
A type .

ALPHA,) ——=— if A=A’

( 1) A’ : type '
A : type

(REFL) A= A:type

If for this calculus the theorem is provable, then this calculus is equivalent to the
original: If we have a proof in the original calculus, then embed it into the calculus,
by applying, whenever we need the removed rules the weak inferences. If we have
a proof in the new calculus, the result is a proof in the original calculus, since we
only added derived rules.

Now the proof follows by induction on the length of the (new) derivation. The only
difficult case is (SUB), where the difficulty are the the second conclusion in the cases
(b): let the conclusion be for instance I, I"[x/t] = (X2’ € A.B)[z/t] : type. By IH
[T y: A= Bl2'/y] : type for y € X, therefore I', I"[z/t],y : Alx/t] = Blz'/y][x/t]
for v # y, x ¢ X (the substitution is allowed). Then for y ¢ X U {z}, if z = 2/ or
x & FV(B), it follows (X2’ € A.B)[x/t] = X2’ € Alz/t].B and we have the assertion,
otherwise ' ¢ FV(t) and Blx'/y|[z/t] = Blz/t][z'/y] : type.

Similarly we argue in (REPLi), the other rules are easy.
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Lemma 4.5 (a) ML{Wry F T = r =5 : U, then ML{Wry F T = T(r) =
w(T(r)) : type and ML{Wry FT' = T(s) = u(T(s)) : type

(b) ML{Wry FT'= A = B : type , then ML{Wry F ' = A = u(A) : type and
ML{Wry FI'= B = pu(B) : type

Proof:
(a): Induction on the definition of r being a b-object. If for instance ML{Wry
I'= Sz €ab: U, then by the additional rules of ML{Wr y it follows I' = a : U
and I,z : T(a) = b : U, by IH therefore I' = T(a) = u(T(a)) : type, I',z : T(a) =
T(b) = u(T(b)) : type, by type introduction follows the assertion, similarly for the
other terms, for which p(T(¢)) does something.
(b) Similar, using Lemma 4.4 instead of the new rules.
Lemma 4.6 If ML{Wgy F T = 0 then ML{Wry F p(T) = p(0).
FEspecially, if I' = 0 is a dependent judgement of both ML{Wg v and MLYWr v, then
we have:
If ML?WRJ} FI' = 0 then MLTWT,U FI'= 6.
Proof: Induction on the derivation.
In most rules, the assertion follows by the same rules.
Difficult rules: (SUB), (REPLd): Use 4.2 (d), 4.5 and 4.3.
Equality rules and extensional equality rules: use for the substitution part the same
argument.
Second and third rule in (U'): we conclude T(¢)(A)), and using 4.5 and an easy
argument follows the assertion.
Universe introduction rules (possibly extensional): easy.

Notation 4.7 In the following we will write ML for ML{Wr y.

5 Definition of KPI"

We introduce now the Kripke-Platek set theory KPIT, in which we will interpret
afterwards ML. For more details on it, the reader should refer to [Bar75], [Jag79],
[JagR3], [JP82], [JagR6], and [Poh82].

Definition 5.1 Definition of Kripke-Platek set theory:

(a) Let L pbe the classical first-order language, with terms being variables, atomic
formulas being u € v, ~(u € v), Ad(u), -Ad(u). The set of Variables should
be Vargp = {u;|i € N} (a meta-set), u; # u; for i # j.
The formulas are built from atomic formulas by A, V, ¥V, 3. We define - A
by the deMorgan’s laws. The quantifier in Vx.¢p (3x.¢) is bounded, if ¢ of the
formxz € v — B (x € v A B) with x #v. A Ag-formula is a formula with no
unbounded quantifier.
We abbreviate

A— B:=((-A)V B),
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=Vrxev— B,
dr € v.B:=3Jx.(xr € v A B),
(Vx € ux € v) A (Vo € vz € u)),

infinite(u) := Ir € u.(v =) AV € u.3qy € u.x € y.

Inacc(z) ;= Ad(z) AVy € .32 € z.y € 2 A Ad(2).

Inacc,(x) := 3y, ..., zy.Inacc(zg) A Ad(zy) A Ad(zg) A -+ AAd(z,) Az €
TINTL EXo N NTp_1 ETp \NT = Zy,.

¥ a formula, then ¥" means the replacing of every unbounded quantifier Vv by
Yv € u and Fv by v € u.

Note, that Inacc(x) expresses, that x is an admissible, closed under admissibles,
the ordinal of which is an inaccessible, and Inacc,(z), that x is an admissible,
which is at least the nth admissible above an = s.t. Inacc(z).

(b) Definition of axiom schemes:

(Ext) VeNyVzax =y — (x €z —y€z)A(Ad(x) — Ad(y))
(Foud) VZ V. (Vy € 2.¢(y, 2) — ¢(z,2)) = Ve.p(x, 2))
(¢ an arbitrary formula )
(Pair) VeVydzx € z ANy € z.
(Union) Ve.dzVy € x.Vu € yu € 2.

(A — sep) VZVw.3y.[(Vx € y.(x € w A ¢(z, 2)))
NV € w.gp(x, Z) = x € y]
(¢ a Ag-formula).
(Ag —coll)  VZVw.[Vz € w.3y.¢(x,y, 2))
— Jw' Ve € w3y € w'.¢(x,y,2)]
(¢ a Ag-formula ).

(Ad.1) Va.Ad(z) — tran(z) A Jw € z.infinite(w).
(Ad.2) Ve Vy.Ad(z) NAd(y) 2z €yVae=yVye€ .
(Ad.3) Vo Ad(z) — ¢~
(¢ an instance of (Pair), (Union), (Ay — sep),
(Ag — coll) ).
(Lim) Vr.Jdy. Ad(y) Az € y.
(inf) Jz.infinite(z).
(+n) Jz.Inacc, (x).

(¢) KPIT is the theory
(Ext) + (Foud) + (Pair) 4+ (Union) + (Aq — sep) + (Ag — coll) + (inf)
+(Ad.1 = 3) + {(+u)|n € w}.
So KPIT is a theory, which quarantees the existence of one recursive inacces-
sible, and of finitely many admissibles above it.
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Definition 5.2 (a) Ord is the class of ordinals.

(b) a(a) :=J(an Ord).

(c) Ady := ({z|Ad(x)}, Ady := N{z|Ad(z) A Ady € z}, Ad; := ({x|Inacc(x)},
Ady,, = ({z|lnacc,(z)}. Note, that Ad;, Ads, Ad;, Ady, can be defined,
since there exists b s.t. Ad(b) or Inacc(b) or Inacc,(b), and therefore we can
replace the class by {x € bU {b}|---}.

(d) Q = a(Ad)), T = a(Ad)), I, == a(Ady,).

(e) ad(u) := (N({c € Adi|Ad(c) Au € ¢} U{Ad}),
at(u) = a(ad(u)).
Remark 5.3 In KPI* we have

(a) Ad(Ady), Ad(Ady), Inacc([]), Inacc,(1,,).
(b) u € Ad; — ad(u) € Ad; A Ad(ad(u)) Au € ad(u).

6 Interpretation of Terms and Types

A type A will be interpreted basically as a set of pairs of closed terms: (¢,s) € A*
means that ¢t and s are equal elements of this types. We will define A* as the set of
terms, which are by an introductory rule elements of this type, and close it under
the reduction rule. For instance, if A* and B* are already defined, then

(A+ B)* := +"(A", B)
where again .
+*(u, v) = Compl(+"*5(u, v))
55w, 0) = {{i(a), (@) (@ a') € u} U LG(0), 5 10.5) € v}
Compl(u) i= {(r, )3, 5, ) € w A T’ A 53}

Since we only want to interpret finitely many types, namely those types, which occur
in a certain derivation, we interpret dependent types as >-functions, the arguments
of which are represented by the free variables of the type, in such a way, that

A*[[El/tl, PN ,l’n/tn] = (A[C(Zl/tl, ce ,In/tnD*
The II-type has an introductory rule with a premise, where dependency occurs. The
intended meaning of the premise z: A=t=1t: B is

vr ' (e, e’y € AY — (tlx/r],t'[z/r']) € B
Furthermore, we know

(r,r")y € A* = B*[z/r] = B*[x/r]
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Since we have to close it under a-conversion we can therefore define (Ilx € A.B)* :=
I1*(A*, (z) B*), where I1*(u, f) = Compl(I1°***(u, f)) and

I (u, f) o= {(Ayt, Ay )V (') € w(tly/r), €[y /r']) € f(r) A f(r) = f(r')})

The condition f(r) = f(r") has been added for technical reasons.

In order to make proofs about the terms easy, we will have deterministic reduction-
rules. We will allow e.g. Ap(Az.r, $)—ear[x/s] only, if s is in normal form. Further-
more, we do not allow any reductions of \z.r, so giving reduction rules generally
only for closed terms This simple approach is possible, since, from the definition of
(Ilx € A.B)*, we see, that, if (\x.t, \x.t) € (Ilx € A.B)*, and if t — ¢’ in a general
sense for open terms, t[z/r]|—eqt’[z/r] for closed terms r. But now, if B* is closed
under — 4, we conclude (Az.t, \x.t') € (Ilx € A.B)*.

The interpretation of the W-type, which represents an inductive definition, is done
in the usual way: we take some operator on sets and iterate it up to the closure
ordinal, which is the next admissible above the components A and B of it. By the
introduction rule, we get as the operator F' such that

Fw(u, f)(v) = Compl({(sup(s, \y.t),sup(s’, \y/.t'))| (s, s") € u
AV(r,r) € f(s)-(tly/r]. t'ly' /1)) € v})

(Wz € A.B)* := F§ (A", (z)B*). We can choose as a any admissible ordinal s.t. A*
and (z)B* are elements of L,. We will take as « I,,, the nth admissible above I, and
n is the maximum of lev(A) and lev(B), which is the number of nestings of W-types
in A and B. Although this ordinal is usually too big, it suffices for our construction.
In the introduction rules for the elements of the universe, e.g.

~a:U z:T(a)=0b:U
(I1") =
[z :a.b:U

we introduce simultaneously the elements a of the universe and its interpretation
T(a) as a type. We will therefore first define a set U of triples (a, A, b), where a and
b are terms, considered as equal elements of the universe, such that T(a)* = T(b)* =
A. Therefore R

U* = {{a,b)|3A.{(a, A,b) € U}

and T(a)* = f(a), where
f={{a, A)|3b.(a, A, b) € U}

U is again the fixed point of an operator 6, so U = ﬁa for some admissible a.
Since U is closed under the W-type, in the definition of U we need to go to the next
admissible. Therefore, & must be closed under the step to the next admissible. We
can choose « := I, which is a recursive inaccessible, i.e. an admissible closed under
the step to the next admissible. Here we see, why we need the theory KPIT: We
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need, one admissible, closed under admissibles, and finitely many admissibles above
it.

We want to interpret an intuitionistic theory in a classical one, using some realisa-
tion. Now if we have a realisation interpretation as indices for recursive functions
there is naturally a very easy realisation of =Vx.3y.¢(z,y), if Vz.3y.¢(x,y) is arith-
metical formula, such that from z we cannot compute a y such that ¢(x,y) holds:
every term Az.t does it since there is no realisation of Vz.3y.¢(x, y). Therefore there
are false recursive realisations. But proofs carried out in an intuitionistic theory
like Martin-Lof Type Theory should not prove false statements. The reason, why it
does not prove any, is, that we can apply the realising term Au.s of =Vz.3y.¢(x,y),
in some sense to non intuitionistic proofs as well. In order to fix this, we allow to
add to our model a constructor, which has a non recursive reduction rule, and gives
us the y depending on the x. Then we have a realising term ¢ for Vz.3y.¢(z, y), and
can apply any proof Au.s of =Vx.3y.¢(x,y) to it to get an element of type L which
is empty. Therefore, adding non recursive constructors, we can achieve that there
is no realising term of a false formula.

We want to extend our result even for ITi-sentences. Here again we have the
problem, that the powerset of the natural numbers, N — U, does not represent
all sets in KPIT. We will not be able to get a result, where we conclude from
ML F VX € (N — U).¢(X), that KPI* - Vz.x C w — ¢'(x) for the translation ¢’
of ¢, but only, if we have, that x is an element of the first admissible. (We could
easily extend it for x being an element of the first recursive inaccessible admissible
without any trouble, but the result is enough to get an upper bound for the provable
proof theoretic strength).)

Anyway, this text serves only to motivate the introduction of non recursive con-
structors. We have to quantify over all possible choices of new constructors. We will
have either constructors, that give as a natural number (functions w! — w for some
[), or functions, that gives us an element of the universe, in order to get elements
of the powerset of N, but we only need the elements No (for is not element) and N
(for is an element).

Definition 6.1 (a) We assume, that we have chosen some Gdédel-numbers [S]
for all symbols S of ML.

(b) A triple ([C],1, f) is a constructor definition, if C,l are natural numbers (C is
a Gddel number for the constructor), such that C' is different from the Gédel-
numbers _for the symbols, | > 0 and [ is a function f : Wt s worl=0Af:
w— {[No|, [Ny]}. In this situation we define arity(C) := max{l — 1,0}.

(c) A constructor extension set is a finite set of constructor definitions, such that
the Gddel-numbers for the constructors are different. We write CES(ag) for
ag being a constructor extension set and ag € Ads.

(d) The ag-extended g-terms, g-types, b-objects are defined as the g-terms, g-types,
b-objects, but having in addition for each element (C,l, f) of ag a term con-
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structor Constre of arity arity(C), and allowing to form a g-term
Constro(ry, ..., r,) for g-terms r; and n = arity(C). For simplicity we write
usually C' instead of Constr.. Let Terme;,, be the set of closed ap-extended
g-terms.

(6) VC’ES(aO)qb(aO) = VCL() € AdgCES((lo) — qb(ao)
Assumption 6.2 As long as there is no other CES mentioned, let ag be a CES s.t.

ag € Ady. Most of the next definitions will depend on ay, which we will not mention
in the following. If we have to mention it, we will add it as a subscript.

Definition 6.3 (a) We choose some Gddelization of ag-extended b-terms, but will

(b)

(¢)

(d)

(¢)

omit the Godel-brackets.

The mtmductory term constructors are the term constructors 0, r, N S, i, j,
p, sup, +, H Z W I Nkfork;ew and AF forn<kew.

Let —red,immg, OT short —redimm be the relation between closed ay-extended g-
terms, defined by

Po (p(ra 3))_>red,immr P1 (p(ra s))%red,imms

Ap(Az.7, 8) = red imm?’[x/s] where ' =, 1 s.t. v'[x]s] is allowed and v’ is cho-
sen minimal w.r.t. the choice of variables substituted in lexicographic order.

Cn (A?, T1,..., Tn)_>red,immri

D(l(?"), S, t) _>red,imm3 r D(J (7"), S, t) _>red,immt r

(note that we write r s for Ap(r,s))

P<O’ 5 t>_>red,imm3 P(S(T)a S5 t)_>red,immt r P(?“, S, t)

R(sup(r, s),t)—=redimm(t 7 s (Az;.R(s 2, t))), where i is minimal such that
2z € FV(s) UFV(t)

c(s™(0),..., S"l(0))%red,immaOSf(”l’“""l)(0), (if (C;l+1, f) € ap),
C(5"(0)) = redimmg, f(n) (if (C,0, f) € ag, and f:w — {No,N; })

We define inductively a set of (indices for) terms in normal-form Termy, a
subset of the closed ag-extended g-terms:

If C is an introductory n-ary term constructor, ty,...,t, € Termyg, then
C(t1, ... t,) € Termy.

If C is a n-ary term constructor (possibly an extended term constructor) that
1s not introductory, tq,...,t, € Termye, and there exists no t such that

O(tl, ... 7tn)_>red7immt; then C(tl, .. ,tn) € Termys.

Ift € Term, x € Varyy, FV(t) C {2}, then Az.t € Termy.

We define for ag-extended g-terms t, the next reduced term 72,

Fort € Term,;. 74 :=t.
If C is a n-ary (possibly extended) term constructor, r; € Terme, Ji.r; &

Termyg, then C(ry,...,1m,) ¢ = C(rred, ... rred).
Ift .= C(ry,...,1m) & Termye, r; € Termye, then t—ieqimmt’ for some t,

tred =t
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We define r —,.cq s if and only if there exists a sequence (So, ..., Sp) such that
T =380, 5 =5, and Vi < n.s;41 = (8;)".

Lemma 6.4 (a) KPIT F Vr s, s € Termg.(r—eas A 7—1eds’) — (5—reas’ V
§'—reds)-

(b) KPIT EVr s, s € Termgy.(r—eqs A r—eas’ A s, 8 € Termyg) — s = ¢
(¢) If C is a n-ary constructor, then

KPT" = Vry, ..o r, 7,1

e
(r1_>red7a,1 € Termnf ANRRRA rn_>red7';1 € Termnf)
— (C(r1, ..., m0)=0eaC(1Th, ..y 70))

(d) KPIT EVt, t', s € Termgy.(t—1eqs A t=4t") — 35" € Terme.t' —reas’ A s=45"
(e) KPIT Vi, t' € Termg.t=,t' — (t € Termy; <= t' € Termy;).
Definition 6.5 If F is a X function, we define by recursion on o € Ord
0 if « =0,
F:= S F(FP) ifa=p+1,
Us<a,seord FP if a € Lim.
Definition 6.6 (a) Let Compl be the X-function

Compl(u) :==  {(r,s) € Termy x Term|3r', s’ € Term, .
r—red?” A S—redas A (1,8 € u}

(b) NPasis .= L(AF AFVn < k}, Ni* .= Compl(NP®®)  which are X-functions,
depending on the parameter k.

(c) NPasis .= [(S"(0),S"(0))|n < w}, N* := Compl(NPasis),
(d)

P8y, f) = {{A\z.s, \2’.s") € Termy; x Termy|
V(r,r') € u.(sle/r], 'l /r']) € Fr) A f(r) = F(r)}
(more precisely we have to write:
I (u, f) :==  {(t,t') € Termys x Termy|
dz, 2’ € Varyy,r,r’ € Term.t = Az.s At = 2’8’ A
Vr,r" € Termey.(r,r') € u —
(s[a/r], s['/r']) € f(r) A fr) = (')}
similarly in the following definitions)

I1*(u, f) := Compl(II"2(u, f)).
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(¢)
sPasisy £y = {(p(r,s),p(r’,s)) € Termys x Termyy|
(r,r’) € un(s,s') € f(r) A f(r) = f(r')}
¥*(u, f) := Compl(XPsis(u, f)).
(f) Let X*(u) := {{t,u)|t € Termc,}.

(g) W*(ua fa a) = Fw(u, f)ay )
where Fyw(u, f)(v) = Compl(F8® (u, f)(v)), and

F\l;’vaSiS(u, )= {(sup(r,s),sup(r’,s)) € Te.rmnf X Termy;|
(rr') € un (s, ') € I™P(f(r), \"(v)) A f(r) = f(r')}

(h)

4-basis (g ) = {{i(r),i(r")) € Termys x Termye|(r,r’) € u}
U {{(r),ij(r") € Termys x Termye|(r,r’) € v}

+*(u,v) := Compl (488 (u, v)).

(i)

"85 (4, 5, 1) := {(r, 1) € Termy x Termye|(s,t) € u}
[(u,5.£) = Compl(I5(u, 5, 1))

We will interpret each g-type occurring in a proof of Martin-Lof’s type theory as a
Y -function, with arguments represented by the free variables of the type. More pre-
cisely, if FV(A) = {z1,..., 2.}, (2; as in the definition 2.1 of Varyy,) the arguments
of the interpretation A* will have arguments given by the variables {uy, ..., u,} (u;
as in definition 5.1 (a) of Varkp). We introduce the following abbreviation:
Definition 6.7 (a) If A is a ¥ function in KPIT, u; as in the definition 5.1 (a)
of Varkp z; as in the definition 2.1 of Varyy, 71, ...,7, extended b-objects,

Alzi Jr1, -2, Jrn) = Alwg 1y, w75,

where on the right-hand side we have the real substitution in KPIT in such
a way, that, if a variable occurs more than once, only the first occurrence is
carried out. If we introducing symbols for X-functions, this substitution is the
application of the X-function to the arguments in the ordering as specified by
the definition of the function.

We will write A[Z/7i] for Alxy/ny, ... 2,/ n,].

(b) In the situation as above let (z;)A be the 3-function with the same arguments
as A except u; s.t. ((z;)A)[Z/7] = {{u, Alz;/u, T/F])|u € Termc,}.
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Definition 6.8 We define for every g-type A the ¥-function A* together with
lev(A) € w.

IfEV(A) ={z1,..., 2}, (2 as in definition 2.1 of Varyy, ), A* will have arguments
given by the variables {uy, ..., u,} (u; as in definition 5.1 (a) of Vargp). We will
define it by giving the values A*[Z/35].

Let for A C Termys x Termyg, t possibly depending on r

Ar, ) € At = {(r,t) | (r,r) € A}.

For k € w, Ni[ | := N;*, lev(Ng) := 0.

N*[ ] := N**, lev(N) := 0.

Let A, B be g-types, m := max{lev(A),lev(B)}.

lev(Ilx € A.B) :=m,

(Ilz € A.B)*[Z/3) := II*(A*[Z/3], X(r, -) € A*[Z/5].B*[Z/s,z/r]),

lev(Xz € A.B) :=

(Xz € A.B)*[Z/3] := X5 (A*[Z/S], X(r,-) € A*[¥/5].B*[Z/5,x/r]),

lev(Wz € A.B) :=m+1,

(Wa € ABY[F/5] = We(A7/3), Mr, ) € A*[8/3.B([7/3, 2/7], Ln),
lev(A+ B) = m, (A-+ B)'(#/3] = +(4#/3), B*[#/3),

lev(I(A,s,t)) = 1eV( ), (I(A, 5,1))7[7/5] := I"(A*[Z/5), s[7/5], [7/35]).

lev(U) :=1, U*[ | := N(U),

lev(T(1)) =0, (T(£))*[#/5] := func(0)(t[7/3]),

where U, ~(u), func(u) will be defined in the next definition.

Definition 6.9

(a) ~(u) :={(s,s") € Termc x Termg|Fv € TC(u).(s,v,s) € u}.
(b) func(u) := {(s,v) € Termcy x TC(u)|3s" € Termey.(s,v,s") € u}.

(¢) Comply(u) := {(r,b,r") € Termc; x TC(u) x Termc|3s, s’ € Termy.
r—redS AT —reas N (s,b,8") € u}.

(d) U(u) := Comply (UP*i5(w)), where

ﬁbasis( )::
(R Ny, ) € ad(w)lh € )
N )
(z € r.s,1T*(b, f), 11’ € .Y o(r,x, 5,7, 2,5 b, f,u) Ab, f € ad(u)}
(Sx € r.s, S50, f), S’ € v N olr,z, 5,7, 2,8, b, f,u) Ab, f € ad(u)}
(Wx er.s, Wb, f,a*(u )),W:E er'.s
o(ryx,s,r' 2’ ' b, fu) Ab, f € ad(u)}
{(r¥s,+*(b,c),r"¥s') € ad(u)|y(r,s,r",s",b,c,u) Ab,c € ad(u)}
U {{I(r,s,8), (b, 5,8),1(", 8, ¢')) € ad(u)]
Yi(r, s, t,r' 8"t b,u) Ab € ad(u)}

C C C C

{
{
{
{

C
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and
o(r,z, s, 2’ s b, f,u)
= 1, € Termy A 5,58 € Term
NFV(s) C {z} NFV(s') C{2"} A (r,b,7") € un
(V(t,t') € b.(s[z/t], f(t),s[x'/t']) € u)
(note that f(t) = J{c € TC(f)|{t,c) € f})

Uy (rys,r' ' bc,u) =1, 8,7 s € Termye A (r,0,7") € u A (s,¢,8) € u,

bilry s, t,r' st bou) = rs ' st € Termye A (r,b,r") € u A
(s,8") € bA (t,t') € b,

(e) U:=UL

7 Properties of the Interpretation
Lemma 7.1 (a) Yo CV.F (b, f)(v) C Fy (b, f)(v).
(b) Yy < &W*(b, f,7) € W*(b, f,0)

(c) (beaN feanAd(a)) = Yy > ala). Wb, f,v) = W, f,a(a)).

Proof: (a) immediate, (b) follows from (a) by induction on 4.
(c) It is sufficient to show, with a := a(u), v := W*(b, f, ), that Fw(b, f)(v) C v.
Since Compl(v) C v it is sufficient to prove F&2®(b, f)(v) C v).
Now, if (sup(r,t),sup(r’,t')) € F&&S(b, f)(v), then t = A\z.s, t' = \a’.s', and Vu, v’ €
Termey.(u, uw'y € f(r) — 30 € Ord N a.(s[x/u], [z’ /u']) € W*(b, f,0)
Since Ad(a), we have (Ag — coll)?, therefore for some p < «, Vt, t' € Termey.(t,t') €
f(r) — 36 < p(s[z/t], s'["/t']) € W*(b, f,9).
Now it follows (sup(r, Az.s), sup(r’, Az'.s")) € W*(b, f, p) C v and the assertion.
Definition 7.2 (a) equiv(u) &

Vr, s, t,r', s € Termey.((r, s) € u — (s,7) € u)A

(((r,s) € u A (s, t) € u) — (r,t) € u).

(note that we do not claim reflexivity)

(b) equiviun(f) 1< Vo € dom(f).equiv(f(z)).

(c) Cor(u) :&
Vr,r' r" € Termey.Vo, b'.((r,b,r") € u — [(1",b,7) € u A equiv(b)
A" V") € u— ((r,b,r") e u Nb=1)]])
Remark 7.3  (a) (Cor(u)A(r,b,7")y € uN(r,b/,7") € u) — (b= A(r,b,r") € u).

(b) If Cor(u) then with ~:= ~(u), f := func(u) we have ~ is a symmetric
and transitive relation, f is a function s.t. Ya,b.a ~ b — f(a) = f(b) and
equivfun(f).
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Lemma 7.4 (a) (equiv(u) A u C Termys x Termys) — equiv(Compl(u)).

(b) (equiv(u) A equiv(v) A equivfun(f) Ak € w A s,t € Termg)) —
(equiv(NPasis) A equiv(NPasis) A equiv(T1P*5(u, £)) A equiv(EP2S (u, f)) A
equiv (FRES (u, £)(v)) A equiv(+P%5 (u, v)) A equiv (iP5 (u, s, t))).

(¢) (equiv(u) A equiv(v) A equivfun(f) Aa € Ord Ak € w A s,t € Terme) —
(equiv(N*) A equiv(Ny) A equiv(IT*(u, f)) A equiv(X*(u, f))
A equiv (Fyy (u, f)(v)) A equiv(W*(u, f, o))
A equiv(+*(u,v)) A equiv(i*(u, s,t))).
Lemma 7.5 Assumer,s,t,r’,s',t' € Term, x,2" € Varyy, b, f,u sets.

(a) (¢(r,z,s,7", 2,5, b, fu) A Cor(u)) —
(b ead(u) AIf € ad(u).V(t,t') € b.f(t)= f(t') = f'(t) = f'(t)).
(b) i(r,s,7, 8 b c,u) = b,c € ad(u).
(¢) bi(r,s,t,r' st bu) = b e ad(u).
(d) Cor(u) — U(u) € ad(ad(u)).
(¢) Yy € OrdNL.UY € Ady.

Proof:

(a) b€ TC(u) € ad(u).

Let f':={(t,c) € Term¢ey x TC(u)|(t,t) € b A (s[z/t],c,s[z/t]) € u}.

f" € ad(u). Furthermore, if (t,t') € b, it follows (s[x/t], f(t), s'[z/t']) € u, by Cor(u)
(slx/t], f(t), s[z/t]) € u, f(t) = f'(t), and, since

(s'[z/t], f(t),slx/t]) € u N (s'[x/t], f(t'), s[x/t']) € u, it follows f(t) = f(t').

(b), (c),(d): easy.

(e): Induction on 7, using (d) and 5.3 (b).

Lemma 7.6 Assumer,s,t,r', s t',r" " t" € Term, x,2', 2" € Varyy,

b, v, f, f',u,u" sets.

(a) ¢(r,z,s,r", 2,8, b, f,u) A Cor(u) — ¢(r', 2", s',r,x,s,b, f,u).

(b) (¢(T7 Zz,s, 7,,/’ Il? 8/7 b7 f7 ’LL) A QS(T/? 'rla 8/7 7”//7 IJ,? 8”7 bl? f/7 U/) N COI‘(U U ul)) -
o(r,x, s, 2" " b, fuUu) ANb=0bA
V{t,t") € b.f(t) = f'(t) = f(t') = f(t)

(c) i(r,s,r' s bc,u) ACor(u) = y(r', s, r s,bcu).

(d) (Yy(r,s, 7,8 bye,u) Ny (r', ', ", "0, ¢ u') A Cor(uUu) —
(Wi (r, s, 8" b cuUu) Ab =V Ae=C))

(e) i(r,s, t,r' st/ b,u) A Cor(u) — (r', s, ', r, st b u).
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(f) (’l/}i(ra S, tu Tlu 8/7 t,7 bu U) A wi(r,, Sl, t/, TH, S”, t”, b,, u') A COI‘(U U U/> —
(Gl 50,17, &7, b D) A = )

Lemma 7.7 (a) (Cor(u) A ~(u) C Termys x Termy¢) — Cor(Comply(u)).
(b) Cor(u) — Cor(U(u)),
(¢) uCu ACor(v) — Uu) C Uu),

(d) Cor(U).
Lemma 7.8 If A g-type, then KPIT - Vsy,...,s, € Termg.equiv(A*[Z7/s])
Proof: Induction on the definition of types.
Definition 7.9 Let A, B g-types, s,t g-terms, FV(A), FV(B), FV(s), FV(t) C
{z1,..., 2}, 71, 0, S1,,..., S, be extended g-terms.

(a) : type)* @/ 8] & (A = B : type)*[x1/r1;81, .o Tn/ T Sn] &

*[w/f] B*[Z/3]).

(A

(A

(b) (t=1t:A)[Z/r;s] = (t=1t:A)x1/ri;s1,. .., 2/ Th; Sn] &
{tlz/r, v'[z/s)) e A*[Z/r].

We will not mention the variables xq,...,z, explicitly, if they are the variables,
mentioned in the context, writing (A = B : type)*[r; 5] and (¢t = t' : A)*[; 3].

Note that s: A, A : type abbreviate s = s : A, A = A : type, therefore (s : A)*[7; 3],
(A : type)*[r; 5] are defined as well.

Lemma 7.10 (Substitution Lemma).

Let C, D be g-types, r,s,t;,t. g-terms, x;,y; € Varyy,. Then:

(a) If r[Z/t] is an allowed substitution, FV (r[Z/t]) C {y1,...,yn}, then

KPI+ + V7 € Termey.r[Z/t)[i/7] = r[xl/tl[y/F] T [t Y/ T, ¥/ T).
(Note that, if variables occur more than once in [gj/ﬂ, only the first substitution
is relevant.)

(b) If C[Z/t] is an allowed substitution, FV(C[Z/t]) C {y1,...,yn}, then
KPI* 1= V7, ' € Termer.C[2/8* /7] = C*aa/u[g/7, ..., xa/talg/ T, 5/7).

(c) If AlZ/t], B[Z/t] are allowed substitutions,
AlZ/1), FV(BIZ/P]) C {y1,---,Yn}, then
KPI* I V7, § € Termey.(A = B : type)*[Z/(tl7/7); ([§/5), §/7: ) <
A[z/t] = BZ/?] : type)*[g/T; 3.
(d) If A[Z/t], r[Z/t] are allowed substitutions, FV (A[Z/t]), FV(r[Z/t]) € {y1,. ., Un},
then
KPIt V7, § € Termey. (1 : A)*[Z/(t]2/7); (tZ/3), Z/7 5] <=
(rfe/t] : Ale/t)) [77" «ﬂ
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(e) [fA[f/ﬂ, [Z/t], s[2/T] are allowed substitutions, FV(A[Z/t]), FV (r[Z/t]),

EV(s[Z/t]) C {y1,- -, yn}, then
KPIt FVr 5 e Terma (r=s: A [Z/(tz/7); (T]2/5), )7 5] <

(r[&/1] = sla/P) : Ale/D) @/ 3.
Proof by induction on the definition of the terms and types.
Lemma 7.11 For every g-type A FV(A) C {z1,...,z,}, it follows

(a) N7, r, ', s, 8" € Termey.(r—rear”’) = (S—1ea$’)
— (r,s) € A*[Z/r] — (', ') € A*[Z/T].

(b) V7, r,r" € Termey.(r, 1"y € A*[Z/7] — Ts, 8" € Termyps.r—r1048 A ' —1eas’

Proof: easy, since for each type, Compl was applied to some set.

Definition 7.12 (a) Stable(a) := Vr,s,r’,s’ € Termg.(r,s) € a — r=," —
s=o8" — (1", ¢) €a

(b) For every g-type A with FV(A) = {x1,...,z,} we define
Flex(A) :==Vry,..., 10,81, .., 5, € Terme.o(r1=a51 A -+ - ATp=aSn) —
A[Z)r) = A*[7/3)
Lemma 7.13 For every g-type C, D with FV(C) = {x1,...,z,} and C=,D we
have

(a) KPI* F Flex(C)
(b) KPT" = Vry, ..., r, € Termg.Stable(C*[Z/7])
(¢c) KPIT = Vry, ..., r, € Termq.C*[Z/F] = D*[Z/7].

Proof Easy, simultaneously by induction on the definition of g-types. In the case
C = U, T(t) we define

Stabley(u) := Vs, s’ t,t' € Termg,.Vb € TC(u).
§=a8 Nt=qt' A pair(s,b,t) € u
— (pair(s’,b,t") € u A Stable(b))

We conclude Stabley () — Stabley(U(u)) and therefore StableU(IAJ), from which we
obtain the assertion for C'= U and C' = T(t). The other cases are straightforward.

In order to state our Main Lemma, we need to express, that, if we assume elements
of the types of the context, the interpretation of the conclusion © of a judgement of
Martin-Lof is valid. Since we need, that this is independent of the choice of equal
elements of A;, we will introduce the following abbreviation:
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Definition 7.14 Let ' =x1: Ay, ...,z 0 A be a g-context.

VI=(78).0 :==Vry, ..., Tk, S1,. .., Sk € Termey.({r1, 1) € AJ[ ] A
<T2,SQ> - A;[ZL’l/Tl] VANRIIRNVAN <7“k,$k> - AZ[I‘l/Tl, A ,xk_l/rk_l]) — qb

“Assume I'=(7 8)” means:
“Assume r1,..., g, S1,. ..,k € Termey such that (ry,s1) € Aj[ |A
<7’2, 82> € A;[Q?l/Tl] VANCIVAN <Tk, Sk> € AZ[I’l/Tl, Ce ,:ck,l/rk.,l] 7,

8 Main Lemma

In this section we prove the Main Lemma, which expresses that if ML F r : A, then
KPI™ - (r,r) € A*. We have to go through all judgements.

Lemma 8.1 (Main Lemma)
Let ', A be g-context-pieces, x,x; € Varyy, A;, A, B g-types, t,t' g-terms, 0 a g-
judgement. Assume ' =x1: Ay,..., 2, A,.

(a) fMLET =t=1t:A, then
(i) KPIT EVI=(75).(t =t : A)*[Z/7;35].
(i) KPI*T F VI'=(75).(A : type)*[Z/T; 5].
(b) If ML+T = A= A": type, then
KPI* F YD=(7 5).(A = A’ : type)*[#/7 3.
(c) fMLFT,z: A A =0, then
KPIt + VI'=(7 5).(A : type)*[Z/7T; 5].

Proof of the Main Lemma:

We proof simultaneously (a) - (¢) by induction on the derivation. We write TH 3
for the Induction-hypothesis for the 3rd premise, etc. TH 3(c) for the Induction-
hypothesis (c) for the 3rd premise of the rule etc.

If there is more than one rule of one category (as in the case of (TRANS) ), we refer
to them by (TRANS);, (TRANS),, etc.

Let '=x1:Ay,...,2n Ap, TV =91 : By, ..., Ym : B,

If7=ry,...,r, ¢ <n,then 7, :=ry,... 1 (1 is empty).

IfOist=1t:Aor A= B :type, let 0 = (A : type) (the judgement treated in the
cases (i) of (a),(b), or which follows from the assertion in (c).

Distinction by the last rule applied.

Assume that lemma is proved for the premises of a rule, as stated in the definition,
weakened by the context I'.

We treat only some examples of the rules, covering the more complicated ones.
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Case (SYM);  Assume I'=(7535). From (r;,s;) € Af[r;] it follows (s;,7;) € Af[r]
and by IH (a,ii) (s;,r;) € Af[8;]. By IH (a,i) it follows (¢[s], t'[F]) € A*[S], and by IH
(a,ii) A*[F] = A*[s], and by 7.8 it follows (t' =t : A)*[r; 3].

(a,ii) follows from IH (a,ii).

Case (SYM)s  Assume I'=(755). As for (SYM); we have (s;,r;) € Af[s;], by IH
A*[5] = B*[r] and therefore the assertion.

Case (SUB)  Assume I'=(737"), (s;, s;) € Bi[x/t]*[F, $;]. Now by Lemma 7.10

Bz /t]*[F, 8] = Bf[x/t[F, 8], T, 8| = B[z /t[F], T, 5]
By IH 2 (a,i) (t[r],t'["]) € A*[r], therefore
o[/ ft[r); ), /5 5,

and by Lemma 7.10 0[z/t|*[Z/7; ", 5, §'], similarly for ¢'.

Proof for (¢): If ,,y : B” in I, the assertion follows by IH.

If .,y : B” in I'[z/t], it follows by IH B*[F, z/t[f], 5] = B*[", z/t[i"], ], and by 7.10
the assertion.

Case (REPL1)  Assume I'=(77), (s;, s}) € Bilx/t]*|r, 8:;]. We have (t[r],t'[7]) €
A*[r]. By 7.10, it follows B} [Z/7, x/t][F],9;/8:] = Bilx/t]*[F, 8;]. Therefore we have
(si,sh) € Bf[Z/7,x/t[F],9:/8:]. Then by IH 1

B*[Z/7,x/t[r),y/8) = B*[Z/, x/t'[i"], /5], and by 7.10 follows the assertion.
Proof for (c¢): From IH 2 it follows, arguing as for the rule (SYM), the assertion for
I'=t =t: A and further, arguing as for (TRANS) the assertion for ' =t =1¢: A,
which is the same as for I' = ¢ : A and now the proof follows as in (SUB).

Case (REPL2)  Assume I'S(7,7), (si,s)) € Bilx/t]*[r,8]. Then (t[r],t'[7"]) €
A*[r], and by IH 1(a,i)

(s =s: B)'[&/m o, /U] V' [7], 5/ 5 5]

and by 7.10 follows the assertion for (a,i). (a,ii) follows as in (REPL1), using that
we get the assertion for I' = ¢t =t : A, and (c) follows exactly as in (REPL1).

Case (ALPHA):  Immediate by the IH since if A= A", t=,t/, A[s] = A'[3],
tH )=t [I"] and (¢[7], 2[r"]) € A*[F] <= (t[7), '["]) € A"[7).

Case (II""=)  Assume I'=(7: 7). By IH (c) A*[f] = A*[7], and, if (r,s) € A*[f], it
follows (r,r), (s,s) € A*[r], therefore by IH B*[F',x/r] = B"[7",x/r], B*[F,z/s] =
B*[i",x/s], llx € A.B*[r] = (Ilx € A".B")*[i"].

Case (NI=)y:  Assume I'=(77"). By IH we have for some k € w [i]—..4S¥(0) and
t'[7"]—1aS¥(0), therefore S(t)[F]—1eaSF1(0), S(')[7]—reaS¥™1(0), and we have the
assertion.

Case (II"=):  Assume I'=(77), (r,r’) € A*[F]. Then by IH (a,i)
(tlx/r,7),t[x/r", 7)) € Bx/r,r] = B*[r,z/r], ((Ax.t)[Z/7], Ax.t")[Z/7]) € (Ilz €
A.B)*[r].

(a,ii) follows as in (IT] "), since from IH (a,ii) follows (b) for z : A = B : type.
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Case (Wh=):  Let n := max{lev(A),lev(B)}, Wz € A.B*.
Assume T'=(7 7). Let F := Fw(A*[Z/7)], (x)B*[£/F]). Then by IH (r[f],r'[F"]) €
A*[F), s[F]=rea e t, 8[| —ea N2’ ', B*[x/r[F], 7] = B*[x/r'[f"], ], and

V(u,u') € Bla/t]"[F/7)(= B*[x/t[r), £/r]) Ty < Lo (tx/ul, 'z /u]) € F7

By (Ag — coll) and Ad(Ly,) there exist a 6 < I,, such that the v can be chosen to be
< §. Then (sup(r, s)[F], sup(r, s)[7']) € F"™' € Wx € A.B*[r].

(a,ii) follows as in (WZ=).

Case(N®=):  Assume ['=(7;7"). Then by IH 1 (r[F],7'["]) € N*, therefore

T[] =1eaS™(0), r'[F]—=1eaS™(0) for some n < w. Furthermore, by IH 2 and 7.11 (b)
exist S, §' € Termyg such that s[F]—1eqS, t[F]—1eds’, (S,5) € Alz/0]*[F] = A*[z/u, 7).
Let /5] = /7] \ {=,y}, [7'/5"] := [7/T]\ {2, y}.

Let Py(r) := P(r, s, \e.\y.(¢t[77/5])). Pi(r) :=P(r, s, e \y.(t'[27/§'])). Then

P(Tv S, (l’, y)t>[ﬂ_>redpo(sn(0))7 P(rlv 8/7 (IL‘, y>t,)[7ﬂ]_>redpl(sn(0))
We have A[z/r]*[F] = A*[z/r[r], 7] = A*[2/S™(0), 7], and therefore assertion (a,i).
We show: Vm € w.(Py(S™(0)), P1(S™(0))) € A*[z/S™(0), 7.
If m =0, Py(S™(0))—reaS, P1(S™(0))—eas’, (5,5) € A*[2/0,7].
If m =k + 1, it follows by TH Py(S*(0))—reas, P1(S*(0))—1eas,
5,8 € Termyy, (5,5) € A*[2/S*(0),7] = Alz/x]*[x/S*(0), 7).
Po(S™(0))—reat[77/5, 2/S*(0), /3], Pi(S™(0)) = reat'[#'/5", 2/S*(0), /7.
Now (S¥(0),S*(0)) € N*, therefore by IH 3 it follows

(t[7/5,2/8%(0),y/3), ¢'[7'/5", ©/8%(0), y/3]) € Alz/S(x)]"[F] = A*[z/S™(0), 7,

and the side induction is finished.

(a,ii) is easy.

Case(IT¥=):  Assume I'=(7 7). By IH 1,2 there exist 7, 7" € Term,; such that
r[F)=redT1, T[] —rear (r1,7) € A*[r], and there are t,t’ € Term and Variables
x, 2’ € Varyy, such that

s[r]—=readz.r, 8'[5]=eada’.r’, Az, A2’ € (w € A.B)"™5[7].
Therefore
Ap(s,r)[F]—=red AD( AL, T) = eat|x /T, 7],
Ap(s', ) [ | =reat' |2 /7, 7]
(t[z/7, 7, O /7, 17]) € B[x/7, 7],
As before we conclude
(r[r],r[r]) € A™[r]
(r,r[r]) € A"[7]
B*[z/r,r] = Bz /rlr], 7] = Blz/r]"[7],
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and we have IH (a,i).
(a,ii) follows as before

Case(X57):  Assume I'=(77"). By IH 1 exist s, s, ¢, € Termy such that
P[P —=reap(s, ), 7'[F|=reap(s', 1), (s,8") € A*[F], (t,t') € B*[x/s,7].
Then po(7[7])—reas, Po(r'[7])—1eas’, and we are done for the first rule, and
p1(7[F]) = reat, p1(7'[F])—reat’, and since from (s, s’y € A[r], it follows
(s.s") € A[r], (po(r)[F],s) € Alr],
therefore by TH 2

B[z /s, = B"[z/po(r)[r], 7] = Bla/po(r)]"[7]

follows (a,i) for the second rule.

(a,ii) is in (3F7); trivial, in (X¥7), we use the proof of (X£7); and argue as before.
Case(WE=):  Assume I'=(7,7"), n := max{lev(A),lev(B)},

F = Fyw(A*[F, (x)B*[]). By IH r[f]—ea?, 7' []—rea?, (7,7') € F°(7,-). for some

0 < a. Let
[2/5] == [Z/m] \ {z,y, 2},
[7/8] = [#/7"]\ {=,y, 2},
Ro(r) := R(r, (z,y, 2)t)[F}(= R(r, Az Ay.Az.([3])))
Ry(r) :==R(r, (z,y, 2)t")[F'].
We show by induction on =,
(+) Vy < aV(5,5) € F7.(Ry(3), Ri(5)) € C*[u/s, 7]

Since Clu/t]*[r] = C*u/r[r],7] = C*u/7,7] = C*[u/7,7] (using arguments as
before), follows the assertion.
The case v = 0 is trivial, and if v € Lim follows the assertion by IH
Let now
y=q'+1,u = F" (3535) € Fu).
If 5=1edS, 8 —reas’, (s,8) € FP¥5(7 ) (Ro(s), Ri(s")) € C*[u/s, ], it follows
(Ro(3), Ri(5")) € C*[u/s, 7], further, like similar arguments before,

C*lu/s, 7] = C*[u/s, 7] = C*[u/5"].

We therefore assume (3, 8') € FP35(7 1),

Let (5,5") = (sup(a, Ax.s),sup(a’, \x'.s")), (a,a’y € A*[F]. Let (v", ") € B*[z/a,T].
Then r"—1e4b, 7" —reqb’ for (b,0') € B*[z /a,ﬂ b, b € Term,;, and we have
(slx/r"],s'[«'/r""]) € v’ and

(*) (slz/b], [ /V]) €
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Since ' C (Wx € A.B)*[r] it follows from the first of these assertions
(A\z.s,\2’.s") € (B — Wz € A.B)*[7]
Furthermore, for (b,b') € B*[z/r, 7],
(Ro(\-5)0) [0/1"]—ea Bol sl /W) (0 & FV (M)
(Ry((Az.s" )" [V 1" = rea R1 (8 [x/V]) (v € FV(Ax.s))
and by side IH, it follows

((Ro((Az.s)v

Nlv/r"), (Ri((Ax".s")0))[v'/r"]) € C*[u/(s[/b]), 7]
= Cu/(s

(/") 71

Now we have (r;,r;) € A;[7i], Ap(Az.s, 1" )—eas]x/b], and by (%),
u' C (Wzx € A.B)*[r], equiv((Wz € A.B)*[r]) and 7.11 it follows

(s[z/b], Ap(A\x.s,7")) € (Wx € A.B)*[F]

therefore

Clu/Ap(y, v)]"[v/1", y/Ax.s,&/r] = C*[u/Ap(Az.s,r"), 7] = C*[u/(s[x/b]), 7]
further

Clu/Ap(y, v)]"[v/1", y/Av.s,Z/7] = Clu/Ap(y, v)]"[v/r" y/Av.s, & /7],

and we have

(Av.Ro((Az.8)v), W' .Ri((Ax'.s")v")) € (v € B.Clu/Ap(y,v)])*[y/Ax.s, Z/T]
Now by IH 2 it follows

(tlx/r,y/ e.s, 2/ v.Ro((Az.s)v), 7], t'[z/r' y/ ' .8, 2/ A" Ry (Ax.s" )W), 7])

€ Clu/sup(z,y)|*[x/r,y/ x.s, F]
Since
Clu/sup(z, y)]*[z/r,y/ x.s,7] = C*[u/sup(r, Ax.s),r] = C*[u/s, s],

and

Ro(8)—=rea( Az Ay Nz t[Z'/3])r(Ax.s)(Av. Ro((Az.s)v))
—redt[T/T,y/ A28, 2/ (Av. Ry ((Ax.5)v))]

Ry (8" )=reat'[x/7 y/ Ax.s', 2 /(A Ry (A2’ .s")v))]

follows (4), and we are done. (a,ii) follows as in the case (N;"7).
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Case (+77):  Assume I'= (7 7). By IH [/ =reai(F) € Termyy,
[ ]—=1eal(T") € Termys and (7,77) € A*[7] or r[]—=reaj(T) € Termyy,
r [F’]—> (M) € Term,s and

)

B[

/\

r]. Let [27/5] := [/7] \ {«}. In the first case we have

D(r, (x)s, W)t)[F]—rea(Ax.(s[8])) T reas[2/T, Z/7],
D(r', (2)s", (Y)t)[F]—=reas'[z/7", Z/7],
(sl /7,7, 8'[z/7",7"]) € Clz/i(x)]"[x/7,7] = C*[2/i(F), 7]
and using arguments as before
C*[z/i(r), 7] = C*[z/r[r], 7] = Clz/r]"[F]

and we are done. The second assertion follows in the same way.

(a,ii) follows as before.

Case (I”):  Assume I'=(77"). By IH 1 follows (I(4, s,t))*[7] # 0, (s[7], t[F]) € A*[F].
Furthermore, by TH 3 (¢[7], t[7"]) € A*[F], and by equiv(A*[F]) follows (a,i). (a,ii) is
trivial.

Case (II7), (X7), (X7): By using the proof for the elimination rules we see, that if
the conclusion is r = s : C', we conclude assuming I'=(7;7"), that (r = r : C)[7; 7],
further (r[r"]—eat € Termy) — (s[i7]—reat), therefore follows (r = s : C)[r; 7].
Case (II7):Assume I'=(7, ") By IH we have

(t[7],t[r"]) € (Ilz € A.B)"[],
therefore t[F]—1eq A2.8, t[I7]—reaAt’.8,
(A\r.s,\2’.s") € (TIlx € A.B)P*5[7],
Assume (r,7') € A*[F]. Then r—eq?, 7' —eal”, (7, 7) € A*[F], 7,77 € Termy;.

Ap(t, ) [F][x/r] = Ap(t[F], )= rea AD( A28, T)—reas|x /7],

and since
(slx/7),8'[a'[7]) € B*[x/7,7] = B*[z/r, 7,
follows
(Ap(t, 2)[r][x/r], s'[2/7]) € B[x/r, 7,
therefore

(Az.Ap(t, x)[r], \2'.s") € (Ilx € A.B)*[],
(Az.Ap(t, x)[r], t[r]) € (Ilz € A.B)*[].
Case (23 ): Assume I'=(7;7"). By IH t[r]—=ear, t[r"] —rear” for some (r,r') € Xz €
A.B*[F] N (Termys X Termyy), p(po(t), p1(t))[F]—rear and we are done.
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Case (I7): Assume I'=(7 7). By IH we conclude (to[7], to[r"]) € I(A, t1,t2)*[r], there-
fore to[F]—rear, (r,1) € I(A, t1,t2)*[F], (to[F], 1) € I(A, t1,t2)*[F]. (a,ii) is trivial.
Case other equality rules: Let ¥ = 5 : A be the conclusion of the rules. By us-
ing several times the general rules, elimination rules and in case W~ the intro-
duction rules we can conclude 7 = 7 : A, and 5§ = 5 : A. (For (W) we ar-
gue that T, v : Blz/t)] = Ap(ty,v) : Wz € A.B, by (WE=) T,v : Blz/ty] =
R(Ap(s',v), (z,y,2)t') : Clu/Ap(s’,v)], by II'= T' = M.R(Ap(s,v), (x,y,2)t') :
IIv € B.Clu/Ap(s',v)], by (ALPHA) for the z;, that we need, and it follows
I' = Az, R(Ap(s', z;), (z,y,2)t') : v € B.Clu/Ap(s’,v)], and now by (SUB) fol-
lows the assertion). Now, assuming I'=(7,7), and using the proofs above we can
conclude (r[r],r[7]) € A*[] and A*[F] = A*[7], so (a,i). In all the cases, we have,
if the right side is written as t[x1/r1,..., 2, /t,], if 2; corresponds to the type B;
(read off from the rule) follows easily by IH and using the proofs of several rules
handled before the assertion for I' = r; : B;, therefore r;[if]—q7; € Termyy for some
Ti, (ri,7:[7]) € Bi[r], further T[] —=yeat[®1/71, - - - ®pTy, 7). We conclude

(tlx1 /71,y [Tn, Tty Jra [T o frn[T), 7)) € AF[F).

Now using equiv(A*[7]) and Lemma 7.11 we conclude

(1, 8[rl) € A*[r), (8], sT]) € A7[f],

and have (a,i).
Case (U): trivial.
(T"=) we have by IH, assuming I'= (),

(a[r], d'[]) € U
therefore, R
(a[F],b,d'[F]) € U

~

for some b, by Cory(U),
(al1, b, alf) € U, {al7],b,al7]) € U,

and
T(a)*[r] = b=T(a")"[]

Case (ﬁL:): Assume I'=(7;7"). By IH a[r]—eqa, d'[7"]—1edd,
Iy <13 e TCU)((a,V,a), @, b,a) e U7),

and B
V{t,t'y €t — 35 < L3ce TC(U).

(bl /t, 7, e,V [z /', 7)) € UY).
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Since Ad(Ly) (here is the central point where we need (Ag — coll) and an admissible
a which is closed under the step to the next admissible), and TC(U?) € Ly (8 < 1),
there is a p < I, such that v < p and § can be chosen < p. There are now b, f

such that ([#'/3] := [#/7]\{«}, [#/5] := [#/7)\ {z}) 6(@, @, b[3], @, x,b[5],b, f, U”),
(note that the ¢ we used above is correct by Cor(U)) and by 7.5 (a) follows

(Ilz € a.b,IT*(b, f), Iz € ' ') € U,

Case (II7): Assume I'=(77) and chose ¥/, f, p as in (II*=). Then T(a)*[7'] = ¥/, and

if (t,¢') € b, T(b)*[x/t,7] = f(t) = f(t') = T(b)*[x/t',7]. Since we have Cor(U) (by
Lemma 7.5 (d)) it follows

T((fle € a.))*[7] = I (T(a) 7, () TB)[F) = (I € T(a).T())" [

—~

In the case of (W) we conclude as before, that

Fy(T(a)*[7], ()T (0)"[]) = Fw(T(a)"[], (z)T(b)"[])

and, since

at(UP) <1, (p chosen as in (ﬁI:)) it follows by 7.1

T(Wx € ab)'[f] = Fy 7 (T(a)* [/, () (T(0))[71) = Fyy(T(a)* [, (2)(T(1))*[) =
(Wz € T(a). T(b))*[7]

Case (SB): Assume I'=(7 ). By IH exists ¢, & < I such that

(Sz € a.b)[f],c, (Sx € a.b)[]) € U,

Let a be chosen minimal. Then, a = o' + 1, and with u := U? there exist r,r €
Termys, ¢, f, ' such that a[r]—ear, a[i']—rear’, (r,c,7’) € w and (with [77/5] :=
[Z/f\{x}, [#7/5] = [Z/T|\{x}) V(t,t') € c.(s[8][x/t], f(t), s[5][x/t]) € u. Therefore
T(a[r])* = ¢ = T(a[f"))*, and for (¢,t') € T(a[r])*, (s[x/t,7],s[z/t',§]) € U]
(TI%), (/WE), (—T—E) are checked in the same way. For (IF) we observe, that a[f]— e,
a[r | =read, S[F]=1edS, [T =reas t[F]—nedf, t[f”]—nedf’, and (a,c,a’) € u, for some
u as before, T(a)*[F] = ¢, (5,5) € ¢, (t,t) € ¢, and since ¢ is closed under —eq
follows the assertion.

9 IIi-Soundness of the Interpretation of Martin-
Lof Type Theory into KPI*

In this section we want to evaluate the results we have found out to get the proof
theoretic strength of Martin-Lof’s type theory. We will interpret the language of
analysis (Lanalysis; introduced in 9.1) in £y, and L p (definition9.6) and prove that
it permutes with the interpretation of Martin-Lof’s type theory in KPIT (Lemmata
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9.8 and 9.9). Next we observe that every proof of ML can be interpreted in KPI*
(Lemma 9.10). This preserves IT}-sentences, where second order quantifiers in Kripke
Platek set theory refer to elements of Ad,. In the next section we will analyse
the strength of KPI™ and obtain the desired upper bound for the type theories in
question.

Definition 9.1 Definition of the language of Peano Arithmetic Lanaiysis: we have
first order variables v; (i € w, Valaaysis ‘= {Vili € w}); second order variables
Vi (1 € w, VARunaysis := {Vili € w}); further we have symbols for each primitive
recursive function, =, A\, V, —, ¥, 3, L, and .,,,(,).
Terms are first-order variables and f(t1,...,t,) if t; are terms and f is a symbol for
a n-ary primitive recursive function.
Prime formulas are L, equations r = s, and r € X for r,s terms, X € VARanalysis-
Formulas are prime formulas and A — B, ANB, AV B, Vz.A, dz. A, if A,B
formulas, x € varaparysis U VARanalysis-
A A} formula is a formula, not containing bounded second-order quantifiers, and a
1} -formula is VX.¢, where ¢ is a A}-formula.
Remark 9.2 We could omit that AN B, AV B, 3x.A are formulas in the above
definition and simplify the correctness theorem below. We keep those sets since the
proof of Lemma 9.9 gives some insights about how the interpretation works.
Assumption 9.3 After renaming all variables, we assume, we have additional new
variables U; of KPIT (i € w) and Z; of ML (i € w), s.t. in the step from a g-type to
A*, Z; becomes U; and in 6.7 (a), if x; = Z;, then on the right side we put Uj.
Definition 9.4 (a) Let C;* be new Godelnumbers for new constructors Constrcset
(for which we write as before for simplicity C:).

(b) Let for a set b, Embsetyy(f) == {(n,No)|n € w\ b} U {(n,Ny)|n € w N b}.

(c) If CES(b), the Gidel numbers of the constructors in b are # ijet (G=1,....,m),
bi,...,bm € Ady, bs Cw, Zs, # Zy,, (j # k), then
CES™(b, Zi, /b1, - - -, Zi,, [bm) == DU{(CE",0, fi), ... ([C301,0, fn) },
where f; := Embsetyy,(b;).
Definition 9.5 Let P(N):=N — U, MLIWt - N — U : type.
Definition 9.6 (a) For each primitive recursive g : N* — N we define a closed
g-term intpa v, (g), (we abbreviate this as § := intpa m(g)) such that

MLFg:N—---N—= N,

k times

and we define a set intpa xp(g) short g in Lxp

such that KPTT + fun(g) A dom(g) = N* AVz € N*.g(x) € N.

Case g =S: §g:= \x.S(x), g := {(x,z + 1)|z € N}.

Case g = Proj!’ g := Axq, ..., xn.2, g = {{(z1,...,2,), x)|21, ..., 2, € N}
Case g = Cons; :

38



(b)

(¢)

G :=Ar1,...,2,.590), g :={{{z1,...,20),0)|21,..., 2, € N}.
Case g(w1,...,7,) = hM(gi(@1, ..., %0), - o, G (@1, -+, @0)):
G =Ary, T h (Gr ) o (G T T),
g:={{z1,.. ., zn), h(g1(z1, ... xn)y ooy g1y o T0)))
|z, ..., 2, € N}.
Case g(x1,...,2,,0) = h(z1,...,2,),
9wy, .y + 1) = k(o 20, Y, 9(T1, 0 T, )
g =Av1, T,y Py, hay -, (w,0)k 2y, w o),
define l(z1, ..., %y, O)N:: h(zy,...,x,),
l(ajla <oy T, S(y)) = k(xlv <oy Tny Y, l<x1 o 'xnay»;
then
g ={{z1,...,xn,y), l(x1, ..., 2n, Y)Y |21, .., 20,y € N}

For each term t of analysis we define a g-term intpa my (%), short t and a term
of Lxp intpa kp(t), short t, such that, ifEV() =4{viy, .0} (1< - <ip)
(vi as in definition 9.1 of Varanalysm) then FV(1 £ C {ziy,-..,2,}, FV() C
{wiy, . u, } andMLl—z“:N,.. :N=1:N, and

KPI*I—Vu“,..., w.(t € w).

Caset =v;: t ==z, ,{:: ;.

Caset =0: f::O,?—O

Caset = g(ty, ... tp)): t:= gty - b, t :=G(t1,... ,tn).

For each formula A of analysis we define a g-type intpa mr(A) (short ﬁ); and
a formula of Lxp intpa kp(A), short JZL such that in KPI+ A is equivalent to
a Ao-formula, and if FV(A) = {viy, ..., v, Vi Vi b ik # 4, gk # 51 for
k41, then FV(A) C {z,, ..., 2,, Ziyo s Zj t,

FV(A) € {ui,... u,, Uj,,....U;.} and for all versions ML of Martin-Lof
Type Theory consider@d i this article we get

MLF 2z, :N,...,z, : N, Z; : PN),...,Z;, : P(N) = A : type.
CaseA:(s—t) A=1(N,5,4), A= (5=1).

Case A = (t € V;): A= T( #) for the Tarski-version A := Z; t for the
Russell-version, A= t € U;.

Case A=(BNC): A:==(BxC), A=BAC.

Case A= (BVC): A:= (B+C’) A:=(BVQ).

Case A= (B—C): A (B—>C)A (B—>C’)

Case A =Vv;.B: 21\ :HZZENB A —VuZGwB

Case A = Jv;.B: A —EzzENB A —EIUZEwB

Case A=VV;.B: A := HZEP(N)BA—VUGAdQUCw%B

Case A=3V;.B: A =XZ; € P(N )B, A:=3U;, € Ady.U; C wA B.

Case A=1:A:=Ny, A:=(0+0).

Definition 9.7 (a) We define emb : w — w, emb(n) := S™(0)(=: 1) (or more

precisely [S™(0)]), a function definable in KPIT.
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(b) (a,-) = (a,a).
Lemma 9.8 (a) If g : N* — N is primitive recursive, then

KPItT - Vti,...,t; € Terme.Vna, ..., ng.
(T1_>redﬁ1 VANKIIRIVAN Tk%redﬁk) — g o m—>redemb(§(n1, . ,nk))

(b) Ift is a term of analysis, FV(t) C {v1,...,v,}, then

KPI" |- Vri, ..., r, € Terme.Vng, ... ,nk.(r1—>red'fz1 VANKIERIVAN rk%redﬁk) —

f[zl/rl, ey Zn)Tn]=reaemb(tuy /nq, . .. Uy /1))

Proof: (a) Case g = S: § 11—rea(A2.S()) ﬁl—nedS(ﬁl) = emb(S(ny)).
Case g = Proj': gry --- = red i = emb(g(nq,...,ng)).

Case g = Cons,: trivial.

Case ¢(Z) = h(g1(Z), ..., gm(Z)), l; := gi(n1, ..., ny):

i1+ Tn—rreaemb(gi(ny, ..., ny,)) =: emb(l;),
therefore
g 1 T
= @gglrl Arn))(gmrlﬁz))
—rred h ll e ln

—red  emb(h(ly, ..., 1y))
= emb(g(ny,...,ny,))

Qase g(x1, ..., Ty, 0)~: Mz, ... xn), 9(Z, 2011) = k(Z,y, 9(Z, 2441))). Let
hry - rp—eaemb(h(ny, ..., n,)) =: lp. We show by induction on I,

P(i, lo, (\u, vk T .. T U 0))—egemb(g(ny, ..., np, 1))

Then follows the assertion, since

g(rlw"atnurrﬂrl) .
—red  P(Mng1,lo, Au,vkry - 1 ww))
—red  €mb(g(ny, ..., Ny, Npg1))

Proof of the statement: If [ =0,
P(l,ly, Mu,v.kry - Ty u))

—red ZO
= emb(ﬁ(n1,--.,nnal))
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Ifl=m-+1,

P, 1y, M, vk, -+ rpuv))

= P(S(m), lo, Mu,v.k 1y -+ 7w v))

—red ()\U,U.]% Ty TR W) ﬁzP(ﬁz,lo,()\u,v.lAf Tl ... TR UD))
—red ()\u,'u.l% Ty TR W) m emb(g(ni,...,n,,m))

red kT T Tﬁnemb(g(nl,...,nn,m))

—red 12:7211, ey emb(g(ny,...,n,,m)))

—red emb(%(nl,...,nn,m,g(nl,...,nn,m)))

= emb(g(n,...,n,, 1))

(b): If t = vy, 0, this is trivial,
and if t = g(t4,...,t,) it follows by IH

£3[7 = reacb(£;[1]),
by (a) therefore

i =g 4l - ta[f]=reag(emb(ti[]), . . ., emb(t,[il])) = #[7i]

Next task would now be to prove, that, when we first interpret a formula of L,naiysis
in L/ and then use the interpretation, as we have done in section 6, we get an
equivalent formula to the one, we get by directly interpreting Lanaiysis in Lxp. But
in this formulation, this is not correct, here is the place, where we need to extend
the set of term constructors by non constructive constructors. In order to interpret
a true II9 formula A = Vz.3y.¢ in such a way, that for the false formula —A we have
(mA)* = () we need an element of A*, which gives for the  a witness y of ¢. But
this might be non constructive, so we add here a (possibly) non constructive new
constructor. So for every formula we need certain new constructors. Furthermore,
we want that IT}-formulas are interpreted correctly as well, that is, we want, that
if we have a free set variable V;, we can replace it in the KPIT-interpretation by
arbitrary subsets U; C w, U; € Ady. We achieve this by allowing here arbitrary
interpretations for the constructor C5¢.

Lemma 9.9 For every Aj-formula A with
FV(A) C {Ui“ < Vg, ‘/jﬂ N V;m}

with iy # 4, Jjx # Ji, (k # 1) there is a CES ¢ not referring to the construc-
tors C** (i € w) and a g-term h € Termcg s.t. FV(h) C {z,,...,2,}, and

with zZ = Ziyy -y Ry Z = Zj17"'7ij7 U = Uy, U, U = Ujl?"'7Ujm7
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CZ :=(Cst .., C fi=mny,...,n, we have

J1 0 Im?’?

KPIt - Vn,,.

coong €EwNry, ... 1 € Termgy.
Vb, ..

. ,bm c Adg.vao S Ad2

(b CwA+ - Abyp Cw

/\CES(CL()) A\ CES+(C, Zi1 /b17 ey sz/bm) C ag
/\(rl—>red/ﬁ'1 N A rl%redﬁl))

— ((Ir € Termyps.h[Z/7]—rear)

NAL/7, T /6] <= (h[Z/7,-) € A*[Z/Ta,)
NA[G/7,T 8] <= A2/, #0)

Proof: by induction on the definition of the formulas.
Note that by Remark 9.2 we could have omitted the formulas A A B, AV B, and

Jx.A and the corresponding

cases in the current proof. We kept them because the

proofs give some interesting insights how this method works.
As before we will not mention explicitly Variables, that occur in subterms, or do

not occur at all.

Case A =_1: Choose ¢ := 0, h := 0. We have ﬂg[ﬁ], A (7] = 0.
Case A = (s = t): Choose as ¢ := (), h := r € Term,;. We have, using that for

r—eas € Termy; s is unique,

Aln]
=
=
=
=

Case A = (s € V;): Let ¢ :=
Then $§[Z/7]—reqaemb(s[i/ 1))

and by Lemma 9.8

s[] = 7]

sli| = t[i

(In € w.8[F]—1aS™(0) A £[]—1eaS™(0))
([, i) € N*

(r,r) € A*[f]

A #0

0, h:= Al. Assume 7, 7, b;, ay as in the assumption.

= S*(0) for some k.

AlZ/F, Z)C7)s, = T(C(S12/))ag

T(Ny) if k & b,
T(N,) ifk €b;

_J0 if k &b
N Compl({A}}) ifkel;

Ali/ii, U /b| = §]ii/i] € b;. This implies the assertion.

Case A = (A1 A Ay): Let ¢;, h; for A; chosen, ¢ := ¢; Uy, h := p(hy, he). Then for
n,7, 5, agp as in the assumption of the assertion there exist si, so € Term,, such that
Ti[F1—1edSi, h[F]1—redD (81, 52) € Termy.
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B[] A B[]

(s1,-) € BI[A] A (s,-) € Bi[ft
([, ) € A*[7]

Bir) # 0 A B3] #0

AR £ 0

Case A = (By V By): Let ¢;, h; for B; chosen. Let

%

[

F={Uny,...,n), )G =0AB[fi]) V(i = 1 A=Bylii])}

(note that By is a Ag-formula).

Let [C] be a Godel-number for a new constructor, different from all [C**], ¢ :=
U U{{[C],l+1,£)}, h:=P(C Z, hy, (u,v)h2) (u,v new variables). Assume 7i,
T, 5, ap as in the assumption. Then there exist s; such that h;[F]—1eqs; € Termyy

Clry, ... ) =eaC(R, - . . ) —rreaSH(0)
for i = f(7) € {0,1}.

We get, if i =0,
h["?]_ﬂ"edP(O? 51, (U, U)h'2 [7?])_>red31 S Termnfa
and if 1 = 1,
h/[?:]—>red82.
We have
Alf] = Emv@EmA@@) .

= () =0A{s1,) € BV (F(7) = 1A (52,7} € By
> (h[r],) € A"[F]
= Bi[fl #0V B[ £0
— A0

Case A = (By — Bs). Let ¢;, h; for B; chosen, ¢ := ¢; U ¢y, h := Az.hy. Assume 7,
1, g, ap as in the assumption. Then hs[r]—1eas2 for some so € Termy.
Subcase A[ni]. If By[n] is false, then by IH Bj[r] = (), therefore

Y(r,1') € Bi[F-(ha[x/r, 7], holz /v, 7) € B3[F)

therefore (h[r],-) € ﬁ*iﬂ
If B[] is true, then B[] is true, therefore (sq,-) € Bj[r],

~

V(r,r'y € Bi[F].halx/r, Fl—sreass A holz /1!, 7] —reas2 A (s2,-) € B[,
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h[r] € A*[i).

Subcase —u?{v[ i7]. Then by TH exists s; such that hl[ﬂ—>redsl € Term,; and we have
(s1,-) € Bi[f] and, if we had (s, s') € A*[F], then (s,-) € A*[7], s—rreaAz.t for some
t, {t[x/s1],-) € B[] = 0, a contradiction, therefore A*[7] = 0.

Case A = Vv;.B: Let ¢, hy for B be chosen, ¢ := ¢;, h := Av;.hy. Assume 7, T, l;, ao
as in the assertion, h[r] € Termy;.

Assume (r,7') € A*[7], then (r,7) € A*[7], r—req\z.t and

Vk € w(tlz/k,7,-). € B*[z/k, 7],

by IH it follows Yk € w.Blu; /k , 71, therefore Alf).

Assume A[ ). Then forall k € w B[Uz/k 7], therefore by IH (h[v;/r,7],-) € E*[zi/r, 7,
whenever r—.q$*(0), therefore (h[7],-) € A[f].

Case A = ;. B, ¢y, hy be chosen for B,

f={Ua. k) (Blui/k, 7] ANVK < k(Blu;/k, i) V
(k =0 AVEk € w(Buw/k, 7))

Let [C] be a new name for a constructor # Ci ¢ := c; U{{[C],l+ 1,f)}. h:=

1 Y

p(C(2), h[z/C(Z)]) Assume 7, 7 b, ag as in the assertion, k := f (7).
C(7)=1eaC (N1, - - -, Tt ) —r1eaSF(0).

By IH we have hy[z;/C(2)][F] = hi[z:/C(T), T]—reat1 for some t; € Termy;, therefore
A1 rea(3°(0), ). §

Assume (r,1') € A*[7]. Then (r,r) € A*[f], r—eap(SY(0),7") € Termy:. Then
(r",-) € B*[2/S'(0),7], by IH Blu, /1,7, therefore Af].

Assume A[f]. Then by definition Blu;/k, 7] and by IH

(th, ) € B[zi/k, 7] = B[/ C(2)[F, 7] = Blai/C(2)[2/7,

therefore (h[7],-) € A*[F.

Lemma 9.10 If ¢ is a I} -formula, ML I s : o, then KPI* - 6.

Proof: Let ¢ =VV;.B. ML |- s: qg By Lemma 8.1 it follows

KPI*  VCES(b).(3},-) € ¢}

o[ = H*(N/—>\U*,)\<7’,-> € N/—>\U*.§[F, r]). Assume b; € Ady, x a variable, ¢
the CES chosen for B as in Lemma 9.9, ag := by U {(C:*, 0, Embset(b;))}. We have
C; € (N — U): . Therefore, under the assumption b; € Ady, b C w, KPI*

(8 Ci,) € By,[Vi/Ci"], by Lemma 9.9 KPT* = B[U/bj], and we have KPT* +
VVEAdgVCLd—)BWhlchlsqb
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10 Main Theorem

In this final section we will prove the result about the proof theoretic strength of
the type theories used in this article (Theorem 10.5). We will show that the result
about the embedding is sufficient to show that we have an upper bound for the proof-
theoretic strength. We have to overcome the fact, that we did only prove, that if
ML F TI(<) (TI(<) for transfinite induction over a primitive recursive relation
<), we get KPI* F TI*2(<), where TI*% means transfinite induction, with the
quantifier over subsets of w, which are elements of Ad,. But we will see, that this
will be sufficient to obtain the result.

Definition 10.1 We define some formulas in Lxp:

(a) In the following, (a,=<) will be a pair where a is a set, and <C a X a. In
this context s < t := (s,t) €<, Vo < t.¢ == Vx € ax <t — ¢, and
Jr <t.¢:=dx € ax <t A¢. Furthermore, s Xt :=s<tVs==1.

(b) Wfl(a,<) :=<CaxaAVercdarCa—2#0—IycaVe<yzda (<
is a relation on a which is well-founded, restricted to d).

(¢) Collaps(a, <, f) := Fun(f) Adom(f) = aAVz € a.f(x) = {f(y)|ly < z}. (f

is a collapsing function on (a, <).

Lemma 10.2 If ¢(y,y1, ..., Yn) is a Ag-formula with only the free variables men-
tioned, then

KPIt F Wf(a, <) — Ad(c) = Yu1,...,yn € c.(Vo € a.(Vy < .0y, Y1, ..., Yn) —
Oz, Y1,y Yn))) = Vo € a.d(z,y1,...,Yn). The formula after the second arrow is
called principle of restricted induction over (a,<).

Proof: Immediate.

Lemma 10.3 KPI* F Ad(c) — Ad(d) — ¢ € d — Wf%(a,<) = ¢,;d € a — 3f €
c.Collaps(a, <, f).
Proof:
As in [J&g86], Theorem 4.6, but replacing Ag-induction by d-induction.
Lemma 10.4 If KPIT F Vz.Ad(z) — ¢(x) for a Xi-formula ¢*, then L, = o,
where ¢° is the restriction of all unrestricted quantifiers to x, and v := g, (Qiw)-
Proof:
We follow the lines of [Buc92|. First observe, that we can prove as in Theorem 2.9
there, using several applications of 3, (/\), and F* Ad(L,) for k € R, and if we
have A € Lim, (k;)ic, a sequence, s.t. kg € R, Va € k.3p € k.o € p € R and
Ki € Kiv1 € RN A (I € w), and if we extend X* by including as well x; (i € w) it
follows

1 (KPTH)A,

(Fy ¢* for every axiom ¢ of KPIT). We can adjust Theorem 3.12 of [Buc92] to
obtain, if we have in this situation, if A € H, k; € H (i € w) and H closed under
£ R then:

45



For each theorem ¢ of KPIT exists k¥ € N such that H l—“/{f,;k .
Now observe, that H, in [Buc92] has the desired properties (with A := Q4 K; ==
Q14;) and we conclude that if KPIT F Vz.Ad(z) — ¢*, where ¢ is a Y-sentence, then
L, = ¢ for v := ¢q, (Qr1o).-
Theorem 10.5 |[MLWo g, [MLEW|, [MLSWr u|, [MLSWr|, [MLLWr ],
IMLiWr|, IMLIWR|, IMLIWR y| = g, (Qu4.), where the ordinal denotation is as
in [Buc92).
Remark 10.6 Since intensional type theory using the formulation of [TD88] which
was used in [Set93] is a proper subtheory of [IML{Wr|, ¥q, (Q4y) is an upper bound
for the proof theoretic strength of the Tarski and Russell formulations of intensional
type theory used in [Set93].

Proof of Theorem 10.5: Let v := 9q, (Q11.). By [Set98b] we have ML Wr| >= v.
Since the Russell formulatio/\ns embed trivially into the Tarski Formulations (replace
well [MLIWg| > v. Since ML} Wy y is an extension of ML Wr, which both embed
into ML{Wr v and ML{Wr, respectively, and MLﬁWR,U is an extension of ML} Wg,
which both embed into ML{Wg v and ML{Wg, respectively, v is a lower bound for
all theories in question.

Regarding the upper bound, we show |ML| < wv. Since all the theories can be
embedded into ML := ML{Wry in such a way, that the principle of transfinite
induction remains unchanged (except, that T(U;(t)) becomes U;(t) in the version a
la Russell), we obtain that v is an upper bound for the proof theoretic strength of
all other theories in the theorem as well.

Proof of [ML| < v: Assume < is a primitive recursive linear ordering on the primitive
recursive subset T of w, ¢ :=VX.(WVyy €T — (Vzz <y—z2€ X)) >ye X) —
Vyy € T"— y € X and ML F qAﬁ Then by Lemma 9.10 KPI* gg We follow
the proof of [Rat91] Theorem 7.14. Let a := {z € w|z € T}, <= {{z,y) €
w x wlz < y}. Then KPI* F Ad(Ad;) A Ad(Ady) A Ad; € Ady A WA (q, <
) A a,<'€ Ady, therefore by 10.3 KPIT™ + 3f € Ad;.Collaps(a, </, f), KPIT F
Va.Ad(z) — 3f € x.Collaps(a, <, f). Therefore L, = 3f.Collaps(a, <’ o, f). Since
< is linear ordering, it follows that Image(f) is an ordinal, and, because v € Lim
we have Image(f) € L, ordertype(<) = Image(f) < v.
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