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THE ISOPERIMETRIC PROBLEM FOR A CLASS OF NON-RADIAL
WEIGHTS AND APPLICATIONS

A. ALVINO!, F. BROCK?, F. CHIACCHIO!, A. MERCALDO!, AND M.R. POSTERARO!

ABSTRACT. We study a class of isoperimetric problems on Rf where the densities of the
weighted volume and weighted perimeter are given by two different non-radial functions of
the type |x|kx?\, Our results imply some sharp functional inequalities, like for instance,
Caffarelli-Kohn-Nirenberg type inequalities.
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1. INTRODUCTION

The last decades have seen an increasing interest in the study of “Manifolds with Density”,
which is a manifold where both perimeter and volume carry the same weight. To have an
idea of the possible applications of that subject one can consult, for instance [36], [37] and
the references therein. In particular, much attention has been devoted to find, for a given
manifold with density, its isoperimetric set (see, e.g., [3], [5-11], [14], [15], [17], [21], [32],
[34], [37], [38]). On the other hand, many authors have studied isoperimetric problems when
volume and perimeter carry two different weights. A remarkable example is obtained when
the manifold is RY and the two weights are two different powers of the distance from the
origin. More precisely, given two real numbers k£ and [, the problem is to find the set G in

RY which minimizes the weighted perimeter / |z|* H v _1(dr) once the weighted volume
oG

/ |a:\l dx is prescribed. Such a problem is far from being artificial since its solution allows

tc? compute, for instance, the best constants in the well-known Caffarelli-Kohn-Nirenberg
inequalities as well as to establish the radiality of the corresponding minimizers. Several
partial results have been obtained on such an issue (see, e.g., [1], [2], [4], [13], [16], [19], [20],
22), (23], [24], [30), [35], [36]).

Let RY := {# € RV : 2y > 0}. The problem that we address here is the following:
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Given k,l € R, a > 0,
Minimize / 2| 2% H—1(dz) among all smooth sets Q C RY satisfying/ 2|z do = 1.
o0 Q

Let Bp denote the ball of R of radius R centered at the origin and let B and I" denote
the Beta and the Gamma function, respectively. Our main result, contained in Section 6,
is the following.

Theorem 1.1. Let N e N, N > 2, k.l € R, a >0 andl+ N + « > 0. Further, assume
that one of the following conditions holds:

(1) I+1<k;

(ii) k <141 and I <k <0;

(iii) N > 2, O§k§l+1 and

(k+N+a-1)>°

(N+a—1)2
(k’"‘N‘I’OZ—]_)Q—N—_‘_a

(1.1) [ <li(k,N,a) = —N—a.

Then
(k+N+a—1)/(I+N+a)
(1.2) /a 2l v (da) > ;;f;dNa< / 2]l ) ,
19}

for all smooth sets € in R , where

k, .«
_1(d
rad . /BBmkf m xNHN 1( 1:)
(1.3) klLNa = > (k+N+a—1)/(I+N+a)

/ |z|'z% da
BlﬂRﬁ

N1 I+N+a
Nta-1 N—-1 a+1 T2
o N)HNEE (B .

Equality in (1.2) holds if @ = BR NRY.

Note that if N+« > 3, then (iii) covers the important range
I=0<k<1

However, we emphasize that this is not true when 2 < N + a < 3.

Note also that the weights we consider are not radial and it seems not trivial to use
spherical symmetrization. So that we did not try to adapt the techniques contained in [17],
and, depending on the regions where the three parameters lie, we use different methods.
The proof in the case (i) is given in [2]. It is based on Gauss’s Divergence Theorem. In the
case (ii) (see Theorem 6.1) the proof uses an appropriate change of variables, which has
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been introduced in [28] and [29], together with the isoperimetric inequality with respect to
the weight 3. The case (iii) (see Theorem 6.2) is the most delicate and it requires several
different arguments: again a suitable change of variables, then an interpolation argument,
introduced for the first time in our previous paper [1] and, finally, the so-called starshaped
rearrangement.

In Section 4 we provide some necessary conditions on k, [ and « such that the half-ball
centered at the origin is an isoperimetric set. In the proof we firstly evaluate the second
variation of the perimeter functional. The claim is achieved using the fact that such a
variation at a minimizing set must be nonnegative, together with a nontrivial weighted
Poincaré inequality on the sphere derived in [8].

Part of these results have been announced in [2].

2. NOTATION AND PRELIMINARY RESULTS

Throughout this article N will denote a natural number with N > 2, k£ and [ are real
numbers, while « is a nonnegative number and

(2.1) [+ N+a>0.
Let us introduce some notation.
RY = {zeR":zy >0},
Sf’l = {xeSN’l CIN >O},
Br(zo) = {z €RY:|v—ao| <R}, (zo€RY),
Br = Bg(0), (R>0),
B = BpnRY.

Furthermore, £™ will denote the m-dimensional Lebesgue measure, (1 < m < N), and
wWN = ,CN(Bl),
K(N,a) = / z Hy-1(dx).
st

Note that

(2.2) H(N,a) = B (

N—-1a+1 T
20 2 ) (%)
where B and IT" are the Beta function and the Gamma function, respectively, (see [9]).
We will use frequently N-dimensional spherical coordinates (r,6) in RY:
RY 52 =70, wherer = |z|, and § = z|z|~' € SV

If M is any set in RY, then y, will denote its characteristic function.
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Next, let k and [ be real numbers satisfying (2.1). We define a measure p;, by
(2.3) diy o () = |z|'2% da.

If M C Rﬂ\r’ is a measurable set with finite ji; ,-measure, then we define M*, the
[, o-symmetrization of M, as follows:

(2.4) M* = BE with R : j14 (BE) = o (M) = / dpu ().
M

Ifu: ]Rf — R is a measurable function such that
o ({Ju(@)] > 1)) <00 VE>0,

then let u* denote the weighted Schwarz symmetrization of u, or, in short, the
[, —symmetrization of u, which is given by

(2.5) u*(z) = sup {t >0 o ({Ju(@)] > £}) > ptia (B@)} .
Note that u* is radial and radially non-increasing, and if M is a measurable set with finite
[-measure, then
(Xar)" = Xas+-
The py, o —perimeter of a measurable set M is given by

(26) P

Mk,

(M) := sup {/ div (z%|z|*v) dz: v € Cy(RY,RY), |[v| < 1in M}
M
It is well-known that if M is a smooth set, then

2.7) P, (M) = /  afel* Ha (o)

where, here and throughout, Hy_; will denote the (N — 1)-dimensional Hausdorff-measure.
We will call a set 2 C RY smooth, if for every z, € 9Q NRY, there is a number r > 0
such that B,(zo) C RY, B,(z9) N has exactly one connected component and B, (zy) NI
is the graph of a C'-function on an open set in RV,
Let Q C RY and p € [1,+00). We will denote by LP(€2,dp,.) the space of all Lebesgue
measurable real valued functions u such that

1/p
23) il = ([ 1 o)) < oo

By W'?(Q,du,; ) we denote the weighted Sobolev space consisting of all functions which
together with their weak derivatives u,,, (i = 1,..., N), belong to LP(2, d ). This space
will be equipped with the norm

(2.9) ||U||W1,p(9,dm,a) = ”UHLP(Q,dm,a) + HVUHLP(Q,dm,a) :



Finally, D'?(Q, du; o) will stand for the closure of C5°(RY) under the norm

(/Q |VulP dul,a(a:))l/p.

We will often use the following well-known Hardy-Littlewood inequality
(2.10) / wv dpy o (z) < / W dpy o (),
RY RY
which holds for any couple of functions u,v € L*(RY, djy o).
Now let us recall the so-called starshaped rearrangement (see [31]) which we will use in
Section 5. For later convenience, we will write y for points in RY and (z, #) for corresponding

N-dimensional spherical coordinates (z = |y|, € = yly| ™).
We call a measurable set M C ]R_]X starshaped if the set

Mn{z0: z>0}

is either empty or a segment {z60 : 0 < z < m(#)} for some number m(f) > 0, for almost
every § € SNV-1,
If M is a bounded measurable set in Rﬂ\: ,and 0 € Sf ~1 then let

M) :=MnN{z0: z>0}.
There is a unique number m(#) € [0, +00) such that

m(0)
/ AN ldy = / N1z,
0 M(6)

M(0):={20: 0<=<m(0)}, (0™,

We define

and . .
M:={z0: 2¢€ M(0),0eSY '}

We call the set M the starshaped rearrangement of M.
Note that M is Lebesgue measurable and starshaped, and we have

(2.11) LYN(M) = LN(M).

If v: Rf — R is a measurable function with compact support, and ¢t > 0, then let E; be
the super-level set {y : |v(y)| > t}. We define

u(y) :=sup{t >0: y € E}

We call v the starshaped rearrangement of v . It is easy to verify that v is equimeasurable
with v, that is, the following properties hold:

(2.12) B ={y: o(y) > t},
(2.13) LN(E) = LN(E) Vt>0.
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This also implies Cavalieri’s principle: If F' € C([0,4+00)) with F(0) = 0 and if F(v) €
LY(RM), then
(2.14) / F(v)dy :/ F(v)dy
RN RN
and if F' is non-decreasing, then
(2.15) F(v) = F(v).
Note that the mapping

z+—0(z0), (z>0),
is non-increasing for all # € SV-1.
Ifowe LQ(Rf ) are functions with compact support, then there holds Hardy-Littlewood’s

inequality:

(2.16) /R

If f:(0,400) — R is a measurable function with compact support, then its (equimea-

~

vwdyg/ vw dy.
RY

N
+

surable) non-increasing rearrangement , f : (0,4+00) — [0,+00), is the monotone non-
increasing function such that

~

LMt € [0,+00): |f(t)] >c} =LYt €[0,400): f(t) >c} Ve>0,

see [31], Chapter 2. A general Pdlya-Szeg6 principle for non-increasing rearrangement has
been given in [33], Theorem 2.1. For later reference we will only need a special case:

Lemma 2.1. Let § > 0, and let f : (0,+00) — R be a bounded, locally Lipschitz continuous
function with bounded support, such that

+oo
/ 1f(t)] dt < +oo.
0
Then ]? 15 locally Lipschitz continuous and

“+00 - “+00
(2.17) /0 ﬁ\f’(t)ydtg/o 18] dt.

3. THE FUNCTIONALS Ry N.a AND Qpina

Throughout this section we assume (2.1), i.e.

E+N+a—-1>0 and [+ N +a>0.
If M is any measurable subset of RY, with 0 < p,(M) < +00, we set
Bora (M)

(,ul a<M))(k+N+a—1)/(l+N+a) :

(31) Rk;,l,N,a(M) =



Note that

/ xmxlkHN_l(dx)
oM

(k+N+a—1)/(I+N+a)
(/ % |z dx)
M

(32) Rk,l,N,a(M) ==

if the set M is smooth.
If u e CHRY)\ {0}, we set

/ % |z)* | V| dz
RN
(33) le,N’a(u) = +

(/ $%|l‘|l|u|(l+N+a)/(k+N+a_1) dr
RN

+

) (k+N+a—1)/(+N+a)

Note that the integrals in (3.3) converge due to assumption (2.1).
Finally, we define

(34) Cl:,%iiN,a = Rk,l,N,a<Bl N Rf)

We study the following isoperimetric problem:

Find the constant Cy; n o € [0,400), such that

(3.5) Crina =If{Rrina(M): M is measurable with 0 < (M) < +00.}
Moreover, we are interested in conditions on k, [ and « such that

(3.6) Riina(M) > Riina(M¥)

holds for all measurable sets M C RY with 0 < py (M) < 4o0.

Let us begin with some immediate observations.
If M is a measurable subset of ]R_]X with finite 1 o-measure and p o-perimeter, then there
exists a sequence of smooth sets {M,,} such that

lim pyo(M,AM)=0 and lim P, (M,)=P,
n—00 n—o0 ’

Mk,

(M).

This property is well-known for Lebesgue measure (see for instance [27], Theorem 1.24) and
its proof carries over to the weighted case. This implies that we also have

(37) Ck,l,N,a = inf{Rk,l7N,a(Q) :QC Rf, Q smooth}.

The functionals R v« and Qv have the following homogeneity properties,
(3.8) Rigna(M) = Rigna(tM),

(3.9) Qrinalu) = Qpinalu),



8 A. ALVINO, F. BROCK, F. CHIACCHIO, A. MERCALDO, AND M.R. POSTERARO

where ¢ > 0, M is a measurable set with 0 < py,(M) < 400, u € C§(RY) \ {0},
tM := {tz: x € M} and u'(z) := u(tz), (x € RY), and there holds

(3.10) Cri% o = Riuna(BY).
Hence we have that
(3.11) Crina < Criy.an
and (3.6) holds if and only if

CriNa = ;:ffl]v,a-

Finally, we recall the following weighted isoperimetric inequality proved, for example, in [8]
(see also [11] and [34]).

Proposition 3.1. For all measurable sets M C RY, with 0 < pg (M) < 400, the following
inequality holds true

PMO,Q(M) rad PNO,Q(M*)
(312) RO,O,N,CM(M) T (/JJOOC(M))(NJ,»a*l)/(N«Fa) Z CO,O,N,O[ T (IU/OOC(M*))(]\LFa*l)/(NJra) )

where M* = B, with R such that poo(M) = g (M*)

We recall that the isoperimetric constant Ciéy ,, is explicitly computed in [8], see also [34]
for the case N = 2.

Lemma 3.1. Letl >1' > —N — «. Then
G0N g (0)) V)
(/Ll/ a(M)>l/(l’+N+Oé) 2 (,ul/ a(M*))l/(l/+N+a)

for all measurable sets M C Rﬂ\: with 0 < po(M) < +oo. Equality holds only for half-balls
B, (R>0).

(3.13)

Proof:  Let M* be the p,-symmetrization of M. Then we obtain, using the Hardy-
Littlewood inequality,

(M) = / el de = / 2l xar () dptal)
M RY

L () ) @ o)

IN

- / 2l xare () ditra(2)
Y

- / 2l de = o (M),

This implies (3.13).



Next assume that equality holds in (3.13). Then we must have

/ 2 () = / 2l g (@),
M M*

that is,

/ 2" dpy () = / el ().
M\M* M*\M

Since " — [ < 0, this means that p(MAM?*) = 0. The Lemma is proved. O

Lemma 3.2. Let k[, a satisfy (2.1). Assume that | >1' > —N —a and Cryna = Ciiy -
Then we also have Cyp no = Cp y o Moreover, if Ry no(M) = Ci4ly , for some mea-
surable set M C RY, with 0 < puy o (M) < +o00, then M = B}, for some R > 0.

Proof: By our assumptions and Lemma 3.1 we have for every measurable set M with
0< :ul,Oé(M) < +00,

k+N+a—1
(p1,0 (M)
RiyNa(M) = Riina(M)- [(m/ (M) TN
> Ol N
with equality only if M = B}, for some R > 0. O

Lemma 3.3. Assume that k <[+ 1. Then

(314) Ok,l,N,a = inf {Qk,l,N,a(u) LU e C&(Rf) \ {0}} .

Proof: The proof uses classical arguments (see, e.g. [25]). We may restrict ourselves to
nonnegative functions u. By (3.5) and the coarea formula we obtain,

(3.15) /x?v|x|k|vu|dx = / /x?‘v|x|kHN_1(dx)dt
RY 0
u=t

N
0 (k+N+a—1)/(I+N+a)
> C'k,l,N,a/ </ :C?‘V|:C]lda:> dt.
0 u>t

Further, Cavalieri’s principle gives

(3.16) u(z) = /000 Xiusty(T)dt,  (z € RY).
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Hence (3.16) and Minkowski’s inequality for integrals (see [40]) lead to
(3.17)

/ ZE?‘V|ZE|Z|u|(l+N+a)/(k+N+a_1) dx
N

RY

= [ aslal

+

/ ( [ aslel' v (@) do
0

+

00 (k+N+a—1)/(I+N+a)
= / </ %z dx) dt
0 u>t

Now (3.15) and (3.17) yield

(I+N+a)/(k+N+a—1)
dz

/ X{u>t}(x) dt
0

(I+N+a)/(k+N+a—1)

IN

(k+N+a—1)/(I+N+a)
) i

) (I+N+a)/(k+N+a—1)

(3.18) Qrinal(t) > Crinva Vu e Cy\ {0HRY).
To show (3.14), let € > 0, and choose a smooth set €2 such that
(3.19) R Na(R) < Cryna + e
It is well-known that there exists a sequence {u,} C C5°(RY)\ {0} such that
(3.20) im [ 2|l Vi,| de = / e ]F Hy 1 (de),
n—00 Rf a0
(3.21) lim / 25|z |, | TN/ (RN g — / % |z|' da.

To do this, one may choose mollifiers of xq as u, (see e.g. [41]). Hence, for large enough n
we have

(3.22) Qi Nal(tn) < Crina + 2¢.
Since € was arbitrary, (3.14) now follows from (3.18) and (3.22). O

4. NECESSARY CONDITIONS
In this section we assume that
Ek+N+a—-—1>0 and [+ N +a>0.

The main result is Theorem 4.1 which highlights the phenomenon of symmetry breaking.
The following result holds true.
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Lemma 4.1. A necessary condition for

(4.1) CriNa >0
18

N+a—-1
4.2 [——— <k
(4.2) N+4+ao —

Proof: Assume that k < (N +a —1)/(N + «), and let te; = (£,0,...,0), (¢ > 2). Since
for any x € By(tey), it results t — 1 < |z| <t + 1, we have
(t+1)"

Riina(Bi(ter)) < D(t — 1)ik+N+a-1)/(+N+a)"

where the positive constant D = D(k, [, N, «) is given by

/ ry Hy_1(dz)
OB (ter )ﬂRf

(k+N+a—1)/(I+N+a)
/ xy dx
Bj (ter )OR_’IY

Since k —l(k+ N +a—1)/(l+ N + «) <0, it follows that
tllglo R Na(Bi(ter)) = 0.

Theorem 4.1. A necessary condition for

(4.3) Crina = Cii'va
18

N+a-1
4.4 [+1<Ek .
(4.4) R T

Remark 4.1. Theorem 4.1 means that if [ +1 < k + %, then symmetry breaking
occurs, that is Cyyna < Cff%y,. Our proof relies on the fact that the second variation of
the perimeter for smooth volume-preserving perturbations from the ball B; is non-negative
if and only if (4.4) holds. Note that this also follows from a general second variation formula

with volume and perimeter densities, see [38].

Proof: First we assume N > 2. Let (r,6) denote N—dimensional spherical coordinates,
such that .
0, = arccos ﬁ, 6, € [0,7/2],
x
and u € C*(SY71), s € C*(R) with 5(0) = 0, and define

Ut)={z=reRY: 0<r<1+tul®d)+st)}, (teR).
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Note that U(0) = B;". By the Implicit Function Theorem, we may choose s in such a way
that

(4.5) / % || do :/ o5 |z dr for |t < to,
U(t) Bf

1

for some number 5 > 0. We set s; := §/(0) and s, := s”(0). Let dO© be the surface element
on the sphere and

(4.6) hi= () = cos® §; = (x—N) "

||

1-Htu(0)+5(t)
/ 2% x| de = /N h/ PNl dp de,
U(t) st 0

a differentiation at ¢ = 0 of (4.5) leads to

Since

(4.7) 0 = / (u+ s1) hd® and
si—t
(4.8) 0 = (l+N+a—1)/ (U+81)2hd@+82/ hd®.
SN71 SN71

+ +

Next we consider the perimeter functional

49)  Jt) = /(9U(t)x?‘v|x|kHN_1(dx)

— /N (I +tu+ s(1)FFNFOT2 /(1 tu + 5(1))2 4 12| Voul2 hdO,
sy

where Vy denotes the gradient on the sphere. Differentiation at ¢t = 0 of (4.9) leads to

J(0) = (k+N+a—1)/ (u+s1)hdO, and
st

J'(0) = (k+N+a—2)(k+N+a—1)/ (1 + 51)2 1 dO +
st

—i—(k’—l—N—i-a—l)sQ/

N—
S+

hdo + / Voul2 hdO.
1 Sffl

By (4.7) and (4.8) this implies
(4.10) J'(0) = 0,

and

(4.11) J”(O) :(k+N+a_1)(k_l_1) /Nl

(u+51)2hd@+/ Voul2 hdO.

N-1
S+
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Now assume that (4.3) holds. Then we have Ry na(U(t)) > Riina(Bf) for all ¢ with
|t| < to. In view of (4.5) this means that J(t) > J(0) for |t| < t¢, that is,

(4.12) J"(0) > 0 = J'(0).

The second condition is (4.10), and the first condition implies, in view of (4.7) and (4.11),
that

(4.13) 0 < (k+N+a—1)(k—l—1)/
syt

Uzhd@—i—/ |V9v]2hd@
syt

Vo e C*(SYY) with / vhdO =
st

Applying Proposition 2.1 in [8], we get

/ |V.gv|2hd@2(N+oz—l)/ o b dO
SN71 SN71

+ +

for any v € C2(SY ') with / hvd© = 0. The conclusion follows. O

N—-1
Sy

5. THE CASE OF NEGATIVE «

In this section we firstly show that the relative isoperimetric problem in REL for a € (—1,0)
and k£ = [ = 0 has no solution. Nevertheless, in Theorem 5.2, we prove that, the second
variation of the perimeter w.r.t. volume-preserving smooth perturbations at the half circle
is nonnegative for such values of the parameters.

Throughout this section the points in R? will be simply denoted by (z,y).

Theorem 5.1. Let
(5.1) N=2 ae(-1,0) and k=1=0.
Then there is no constant C' € (0,400) such that

a+1
a+2

/89\{y:o} ydl > C Q/yad:zdy , for any set ) C ]Ri.
Proof: Let 0 < a < b and
Qopi={(z,y) ERT:0<2 <1, a<y<b}.
We have

b potl _ ot
Ay (Qap) = /yadxdy :/ tdt =

Qa,b

a+1
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while

b
2
Py (Qap) ::/ yadl:2/tadt+aa+b“:—(b““ a®th) +a® +b°.
s a a+1

Setting
U:=a*", Vi=p*t - (U,V >0)
we have
2
Ay (Qap) = 1 and P, (Qq) = ?V + U + (U4 V)ait,

In order to conclude to proof we claim that Ve > 0 3 0 < a < b such that

(b)

First choose V' small enough to have
2(a+ 1) a1 Van <§

and then U large enough to have
Uatt + (U + V)ah

atl a+1

() v

DO | ™

Then
1 Usm 4 (U+V)ar
Ry (Qp) =2(a+ 1) o+ Vatz 4 s (a+1+ a+)1 - %

(orlkl ) o Vet

+

€
— =€
2

a

Now let @ € (—1,0) and consider the measure dv = cos®tdt. We introduce the weighted

Sobolev space H* ((—g, 5) du) which is made of functions ¢ : (—5, 5) — R such that

Mgy = 19lza( g zyian) 16 (55700

— [P ewrdv+ [T g2 dv < .

(ME

-2

:{¢6H1« gg>d4:§mw:o}

In the following Lemma we prove that V is compactly embedded in L? ((—%, g) ; dl/).

Finally let
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Lemma 5.1. If {wy}, .y CV is such that

VB

/ w(t)?dv < C VYn €N

™

2

then there exists w € V' such that there holds

™

lim [ Jwn(t) — w(t)]® dv = 0.

n—oo [

(VB

Proof: Note that

/_’5

By the definition of V' we can infer that for each n € N, there exists ¢, € (=7, 5) such that,
up to a subsequence, w,(t,) = 0. So we have

wy(t) = /t: w, (o)do

w! (t)?dt < /2 w!,(t)? cos®tdt < C Vn € N,

™

INIE]

and therefore

(12 < (/ |w;(a)|do—) < W/Q (o) do < C ¥n e N.

us
2

]
Bl

us
2

So wy, is bounded in H' (—%,%) and, therefore, there exists w € C° ([-%,2])NH* (-5, %)
such that, up to a subsequence,

wy,(t) = w(t) uniformly in [—g, g} :
The assertion easily follows, since

cos®t € L (—g, g) Va € (—1,0).

Now define the Rayleigh quotient

2

V' (t)? cos® tdt

INEINIE]

, with v e V.
v(t)? cos™ tdt

Q(v) = /
j

[VE]

Lemma 5.2. There holds

= mi =1 .
= min Q(v) +a
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Proof: Note that sint € V. An integration by parts gives

2 a+2 2. 2 e’
cos® e tdt (a+1) sin® ¢ cos™ tdt

(5.2) Q(sint) = —x2 = —— =a+1,
2 2
sin’ t cos™ tdt / sin’ t cos™ tdt
-3 —3
and, therefore
w<a+l.
Now, by contradiction, assume that
w<l+a.

By Lemma 5.1 there exists a function u € V such that Q(u) = p which satisfies the Euler
equation

(5.3) — (u cos®(t))" = pucos®(t) on (—g, g) :
We set

R(v) = /_ V(1) dv — u/_g v(t) dy, vev,

VB
[VE]

and
u(t) — u(—t)

w(t) = ———, w(t) =

u(t) + u(—t)‘
2

2
We have

R(u) = R(uy) + R(ug) = 0.
Hence at least one of the following statements must be true

(i) R(up) <0,
(ii) Rl(us) < 0.

Our aim is to reach a contradiction by showing that (i) and (ii) are both false.

Case (i): Assume R(u;) < 0.
Since uq is odd we have

2 2
R(uy) = / (v} sint 4 vy cost)” cos® tdt — u/ v? sin® t cos® tdt =

_
2

and

™

2
= / 2uvy sin t cos® ! tdt + / (v})? sin® ¢ cos®™ tdt+
-3 —3
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: 2 RN
+ / v cos® P2 tdt + —pu / vy sin® t cos® tdt

L L 2
= (a—i—l)/ vy sin tcosatdt—/ vy cos® T tdt +

s ™ s

2 b} 5
/ (2/1)2 sin? t cos® tdt + / v% cos® T2 tdt — u/ Uf sin? t cos® tdt

Wl
m\:\

vl
[NIE]

-2 T2 2
Recalling the assumption o + 1 — p > 0, we have

3 2 1.2 a 2 N2 s 2 « H 2 2 «
R(uy) = (a+1)/ vy sin® t cos tdt—i—/ (vy)”sin” ¢ cos tdt—u/ vy sin” t cos® tdt

-2

(NE]
VB

_ _ 2 2 1.2 a 2 N2 . 2 a
= (a+1—p) vy sin” ¢ cos® tdt + (v])”sin” t cos® tdt > 0,

] 2

where equality holds if and only if g = a + 1 and v, is a constant. This contradicts our
assumption.

Case (ii): Assume R(uz) < 0.
Since uy is even function belonging to V', we have

™

7 3
0= / U9 cOs® tdt = 2/ ug cos® tdt.
_T 0

Then there exists ¢ € (0, g) such that

[N

[V

From (5.3) we deduce that

(5.4) / (u))? cos® tdt = — / ug (uhy cos®t) dt = u/ u3 cos™ tdt.

On the other hand, setting
Vg 1= Ug cos? t,
we obtain from (5.4)

c 2
(5.5) / (uh)? cos® tdt = / vh cos™ 2t+%U2COS 27 tsint) cos™ tdt

—C

= / vh) dt—l—a/ Vol tantdt+— 1)2 tan? tdt.

—C
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Since vy (+¢) = 0 and vy € C' [—¢, ¢], the classical one-dimensional Wirtinger inequality
implies that

(5.6) /_ W) dt > (210)2 /_ o,

Cc c

t
where equality holds if and only if vy is proportional to sin <72T—)
c

Inequalities (5.4) and (5.6) ensure

C N T 2 c
(5.7) /(ug)ZCOS tdt > (5) / vadt

a [©, 2 ol [T,
—3 vy (1 + tan t) dt + Z/ vy tan” tdt
™« ‘o o« C o,
= @ — 5 » ’Uth + Z - E . Uy tan® tdt
2 c
> (f-3) [ e
T a\ (¢,
= (4_02 — 5) / uy cos™ tdt.

Finally equation (5.3) implies
1—|—oz>,u>7r—2—g>1—g
4¢2 2 T 2
and therefore %a > 0, a contradiction. O

Theorem 5.2. Let N =2, o € (—1,0) and k =1 = 0. Then the functional J defined in
(4.9), satisfies J"(0) > 0.

Proof: The assertion follows from Lemma 5.2 and taking into account (4.11). O

6. MAIN RESULTS

This section is devoted to the proof of Theorem 1.1, that is, we obtain sufficient conditions
on k,l and N such that Cy;n o = C,:f}le”a holds, or equivalently,
(6.1) Rpina(M)> C’,:fllijN’a for all measurable sets M C RY with 0 < yy4(M) < +o0.

Proofs of Theorem 1.1, cases (ii), (iii), are given in the following two subsections 6.1 and
6.2.
First let us recall that the proof of case (i) of Theorem 1.1 has been given in [2].
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Remark 6.1. Condition (4.2), i.e. ZNN*'—j‘fa_l < k s a necessary and sufficient condition for

Ck,l,N,a > 0.

Proof: The necessity follows from Lemma 4.1, and the sufficiency in the case [ +1 < k
follows from case (i) in Theorem 1.1. Finally, assume that & < [+1. Then (3.5) is equivalent
to (3.14), by Lemma 3.3. Now the main Theorem of [12] tells us that condition (4.2) is also
sufficient for Cj; n o > 0. O

6.1. Proof of Theorem 1.1, case (ii). The case £ < 0 and a = 0 has been addressed
in [18], Theorem 1.3. We significantly extend such a result by considering all nonnegative
values of o and treating, at least for some values of the parameters, the equality case in

(4.3).

Theorem 6.1. Let k,l satisfy

N —1
(6.2) z;—i‘a <k <min{0,1 + 1}.
Then (4.3) holds. Moreover ileJJVrjgl <k and

(6.3) Riina(M) = ,:f‘lle’a for some measurable set M with 0 < p(M) < +o0,
then M = By}, for some R > 0.
Proof : Let u € Cg°(RY) \ {0}. We set

Y= Ill’|ﬁ , uly) =u(r), si= rkfvlizcifl ‘

Using N-dimensional spherical coordinates, denoting with Vy the tangential part of the
gradient on SV~!, we obtain

(6.4) / J;?‘V|x|l|u’(l+N+a)/(k+N+a—1) dr
RY

_ / /OO rl+N+a—1|u|(l+N+a)/(k+N+a—1) hdr d©
s¥=tJo

_ N+ta-1 / / i sFrNFact (Va1 =11 (N +a)/(k+N+a=1) g 4O
k+N4a—=1Jw- )

_ Nta-1 / ya|y|%(Nm—l)—zv|U|(l+N+a)/(k+N+a—1) dy
k + N + o — 1 Rﬁ n

_ N+a-1 / ’y|(l(N+af1)—k(N+a))/(k+N+afl)|U|(l+N+a)/(k+N+afl) d
RN

kK+N+aoa-—1 Y-
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Further we calculate

(6.5) / 2% 2|V pu| do
1/2
= / / k+N+a 1 ( r |VQ;J/|2> hdrd@
N—1 r
- o\ 1/2
_ N+a-—1 2 ’V9U|2 N+a—1 hdsdO
/SN_l/O ° (U$+ 52 (k+N+a—1 °
o) 2\ 1/2

/ / gN ot (vg gl ) hdsd©
SN—l 0 S

= / ynIVyoldy,
RN

+

where we have used (6.2). By (6.4) and (6.5) we deduce,
(6.6) Qpt,nalu)

Y

Yy | Vvl dy
/M 2,0 v

2 (k+N+a—1)/(l+N+a) ( N+a-—1
(/ y |y| |’U| (I+N+a)/(k+N+a—1) dy)
RY

+

1 ) (k+N+a—1)/(I+N+a)

EL+N+a-—1 (k+N+a—1)/(+N+a)
B ( N + o — 1 ) Q07ll7N7a(U) 9
where we have set /' := {2 Note that we have —1 < I’ < 0 by the assumptions

k+Nta—1
(6.2).
Hence we may apply Lemma 3.3 to both sides of (6.6). This yields

L+ N _ 1\ (kN +a=1)/(+N+a)
(6.7) CriNa = < ;JFZT ] ) Cov.Na-
Furthermore, Lemma 3.2 tells us that
(6.8) CorrNa = ¥ na
Since also

rad o rad
CO,l’,N,a - Ykl N,a "

E+N+a—1 (k+N+a—1)/(I+N+a)
< N+a-—-1 )

From this, (6.7) and (6.8), we deduce that Cyyna > Cii% 4 Since Crina < Cri% o by

definition, (4.3) follows.

Next assume that Ry no(M) = C,:f‘;fiN’a for some measurable set M C Rf with 0 < (M) <
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to00. If N+ a—1)/(N+a) < k, then Lemma 3.2 tells us that we must have M = B}, for
some R > 0. O

Remark 6.2.

(a) A well-known special case of Theorem 6.1 is k = 0 = [, see [34], [7] and [11].

(b) The idea to use spherical coordinates, and in particular the inequality (6.5) in our last
proof, appeared already in some work of T. Horiuchi, see [28] and [29].

6.2. Proof of Theorem 1.1, case (iii). Now we treat the case when k assumes non-
negative values. Throughout this subsection we assume k£ < [ + 1. The main result is
Theorem 6.2. Its proof is long and requires some auxiliary results. But the crucial idea is an

interpolation argument that occurs in the proof of the following Lemma 6.1, formula (6.11).

Lemma 6.1. Assume (N +a—1)/(N+a) <k and k> 0. Let u € CH(RY)\ {0}, u >0,
and define y, z and v by

(6.9) Y= :):|a:|N+IZt71, z:=y| and v(y) = u(x), z e RY.

Then for every A € [0, M] ,

(k+N+a—1)2
(6.10)
A 1-A
b Nsa1 (/N yn|Vyol dy) : (/N yf"vlvzldy>
0 (u) > E+N+4+a—1Y\ HN+e _ RY RY
klN,all) = Nitoa_1 iy ol
I(N+a—1)—k(N+a) I+ N+«
/ y?v\y! E+N+a—1 VFFNFa—1 dy
=y

Proof: We calculate as in the proof of Theorem 6.1 ,

1/2
00 2 N -1 2
/ x?‘v|x|k|vxu|dx:/ / sN+a-1 v§+W92”| ( ra ) hds dO
RY sv-1 Jo s E+N+a-1

Since the mapping

400 2
t — log GNTa=ly fy2 4 tM hdzd©
sy~ Jo : 2?
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is concave, we deduce that for every A € [O, %} ,

(6.11)/ 222 F|Vu| do

+oo YE A +oo 1-4
> / / Nrasly 42 |9“ hdzd© / / Ny | hdz dO
N-1 S_{J\f*l 0
A 1-A
= ([ wiveldy) ([ Rleddr)
RY RY

+
Finally, we have

I+N+o N+4+a-1 UN+a-D)—k(N+a) _I+N+a
6.12 x|z luk+N+a—1 dxr = & EFNfa—1 VEFNFa—1 (
(6.12) /RN Ed k+N—|—a—1/RNyN|y| Y-

+

Now (6.10) follows from (6.11) and (6.12). O
Next we want to estimate the right-hand-side of (6.10) from below. We will need a few more
properties of the starshaped rearrangement.

Lemma 6.2. Assume (N +«a —1)/(N + «) < k. Then we have for any function v €
Co(RY)\ {0} with v > 0,

(613) / yj.\([|y| l(N+;+_J\17)JrTxk£1£]+a) v kiJJFV]YFDLa 1 dy < / y% |y| Z(N+ka+]\2rak(]1v+a) v ki}l\wt;a 1 dy’
RY RY
Vv Ov

614) L0 LYRY)  and

|y 0z

o |0V o |0V
019 [ |5z [
+ +

— | dy.
9z Y
Proof: Let us prove (6.13). Set

I(N+a—1)—k(N+a)
w(y) = |y|  wvEe

Since I(N +a — 1) — k(N + a) < 0, we have w = w. Hence (6.13) follows from (2.16) and
(2.15).

Next let ¢ := 2V and define V and V by V(, 0) := v(26), and V (¢, §) := 7(z6). Observe that
for each § € SY~', V(-,0) is the equimeasurable non-increasing rearrangement of V' (-, ).
Further we have
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Since % € L*(RY), Lemma 2.1 tells us that for every § € S¥=1,

too L low 0 i |OV
[T Gen) e = [T | | ac
+oo N+a—1 8‘7
()| d
> [ G| @
_ oo N+4+a—1 87[}/
= /o 2N a(zﬁ)‘dz

Integrating this over S, we obtain (6.15). O
A final ingredient is

Lemma 6.3. Assume that (N +a —1)/(N +«a) < k, and let M C RY be a bounded
starshaped set. Then

k-lQ»N]\-}—a—l
I((N+a—1)—k(N+a) +N+a
©010) ([ o )
M
(Nt+a—1)(I—k+1) k(N+o)—I(N+a=1)
o I+N+« o 1 I+N+a
< d (/ YN dy) : (/ yn |yl dy) . where
M M
k+N+a—1\ e N+ B
o — +N+a o +N+ao
(6.17) dy = .
[+ N+« N+a-1

Moreover, if k <1+ 1 and (N +a —1)/(N + «) < k, then equality in (6.16) holds only if
M = B}, for some R > 0.

Proof: Since M is starshaped, there is a bounded measurable function m : Sf_l —
[0, +00), such that

(6.18) M={20:0<z<m(), 0S¥ '}.
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Using Holder’s inequality we obtain

©19) [ Rl EEE
M
krNta-1 / 0) N b dO
m a—
(l+N+a)(N+a-1) s

_ kA Nra-l / () A (Va1 ) SR (V) g g
si=!

(l+N+a)(N+a-1)
e
E+N+a—-1 N o
< )Nt hd
= (I+N+a)(N+a—1) (/Smm() ©

E(N+a)—I(N+a—1)
E+Nta—1

% / m(0)N 1 O
SN—I

N
(N+a—1)(I—k+1)

k+N+a—1 N+ )/ wo)
= (6%

(+N+a)(N+a-1) e
k(N4+a)—l(N+a—1)

_1 k+N+a—1
x (<N+a—1>/|y\ ym) |
M

and (6.16) follows. If k < 1+ 1 and (N + o —1)/(N + ) < k, then (6.19) holds with
equality only if m(#) = const . O

Now we are ready to prove our main result.
Theorem 6.2. Assume 0 <k <[+ 1 and
k+ N —1)3
(6.20) I < (k+N+a—1)

— N+a—1)2
(k+ N +a — 1)z — Sa-ls

— N — .

Then (4.3) holds. Furthermore, if inequality (6.20) is strict, then (6.3) holds only if M = By,
for some R > 0.

Proof: First observe that the conditions k£ > 0 and (6.20) also imply (N +a —1)/(N +
@) < k. Let u € C°(RY) \ {0}, u > 0, and let v be given by (6.9). In view of (6.20), we
may choose

(N+a)(l—k+1)
[+ N+«

to obtain
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k4+N+a—-1

k+N+a—1) R

(6.21) Qrinalu) > ( N+a—1

(N+a)(i—k+1) k(N+a)—l(N+a—1)

I FNTa I+N+a
([, miwlan) [ wslesday
RN RY

k+N+a—-1

I+N
I(N+a—1)—k(N+«w) I+ N+ e
y%+y| E+N+to—1 Uk+N+a—1dy
RN

+

X

Further, (6.15) and Hardy’s inequality yield

(03 o |7 av
(6.22) / ylvsldy > / yalTldy > (N +a—1) / ys - dy,
RN RY RY ||

where ¥ denotes the starshaped rearrangement of v. Together with (6.21) and (6.13) this
leads to

k+N+a-—1
k(N+o)—IiN+a-1) [ k+ N +a—1 I+N+a
6.23 o > (N — 1) &N ra
(623) Quivalw) = (N+a—1) ()
(Nta)(i=k+1) k(N+a)—I(N+a=1)
I+N+a '17 I+ N+a
[ sI¥.0ldy A\ [ i
RY RY |yl

k+N+a—1

I+Nta
a I((N4+a—=1)—k(N+a) _ I4+N+4a
yN‘y’ FNFa-1  pRFN+a-1 dy
RN

+

Now let M be a bounded measurable subset of RY. Then combining (3.20), (3.21) and the
argument leading to (3.7) we deduce that there exists a sequence of non-negative functions
{u,} C C§(RY) such that

(6.24) Jim [ 2% |2 Vu,| dx = P, o(M)
+
and
(6.25) u, — xm  in LP(RY) for every p > 1.

We define M" := {y = x|x|N+z71 s x € M} and v,(y) := un(x).
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Let &, and M’ be the starshaped rearrangements of v, and M’ respectively. Then (6.24)
and (6.25) also imply

(6.26) nlggo N Yn|Vyvnl dy = Pua(M'), and
+
(6.27) U, — xzp in LP(RY) for every p > 1.

Choosing u = u,, in (6.23) and passing to the limit n — oo, we obtain, using (6.24), (6.25),
(6.26), (6.27) and Proposition 3.1

(6.28) Riina(M)

E+N+a-—-1

k+N+a—1) HN+a

k(N+a)—l(N+a—1)

> (N+04_1)z+zv+a(

N+a-1

k(N+a)—l(N4+a—1)

(N4a)(l—k+1)
. —= (e} d I+N+a
(i) 5 ([ )

w Yl
k+N+a-—1
UN+a—1)—k(N+a) N Fo
( / Yyl FevEesT dy>
i
k+ N 1 SENTa (N+a)(1—k+1)
k(N+a)—U(N+a-1) +a— +N+a o) (1=
> (Vo - e (M) i)
(N+a—1)(1—k+1) o k(N+o)—UN+a—1)
~\" FN+a ySdy I+N+a
(MO,a(M/)> : </~ ]l\?;| )
M
X k+N+a-—1
UN+a-1)—k(N-+a) HN+a
( / YnlylFENTe dy)
i
In view of (6.16) and since pio(M’) = po(M’) we finally get from this
(6.29)  ReswvalM)
k+ N 1 “Nta (N+a)(I=k+1) ]
k(N+a)—l(N+a—1) =+ + o — +N+a o) (=
> N a—1)  +N+ta rad I+ Nto el
- ( + ) < N +a— 1 ) ( 0707N70¢) dl
l—k+1
e k+N+a-—1
- / hd® (4 N+ a) T = oy
Sﬁfl ’by ’

and (4.3) follows by (3.7).
Now assume that (6.3) holds. If inequality (6.20) is strict, then Lemma 3.2 tells us that we
must have M = B, for some R > 0. O
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7. APPLICATIONS

In this section we provide some applications of our results.

7.1. Pélya-Szego principle. First we obtain a Pélya-Szego principle related to our isoperi-
metric inequality (4.3) (cf. [42]) Assume that the numbers £, and « satisfy (2.1) and one
of the conditions (i)-(iii) of Theorem 1.1. Then (1.2) implies

(7.1) / e FaS My (da) > / @ [F 2% Hy o (da)
o0 o0N*

for every smooth set @ C RY, where Q* is the 1y o-symmetrization of Q2. We will use (7.1)
to prove the following

Theorem 7.1. (Pdélya-Szegé principle) Let the numbers k,l and « satisfy one of the condi-
tions (1)-(iii) of Theorem 1.1. Further, let p € [1,+00) and m := pk + (1 —p)l. Then there
holds

(7.2) / IVul? dppm.o(x) > / VU dpigo(z)  Vu € DYP(RY, dptn.q),
RY N

RY

where u* denotes the ju o-symmetrization of .

Proof: A proof of this result would follow from the same arguments used in [42]. Here
we give a different proof which holds true under the additional assumption that u* is a
Lipschitz continuous function. It is sufficient to consider the case that u is non-negative.
Further, by an approximation argument we may assume that u € C5°(RY). Let

I = / |VulP|z[PFH =Pl dr and
RY

I = / |V |P|[PEH P .
+

The coarea formula yields

(7.3) I = / / V[P~ z|PFH Ol Hy i (dx) dt and
(7.4) Ir = / / \Vu*\p’1|x\pk+l Pl N Hy-1(dz) dt.
0 u*=t
Further, Holder’s inequality gives
(7.5)

% l,.« =
[ttt < ([ abrre et s ) ([ 5 )
u=t u=t u=t
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for a.e. t € [0,4+00). Hence (7.3) together with (7.5) tells us that

e’} p ‘.’L”lﬂfa 1-p
(77) I* :/ (/ |q}|kx% HN_l(d:E)) . (/ );N HN_l(d:E)) dt.
0 u*=t u*=t |VU |

Observing that

(7.8) / |z|'2% da :/ lz'2% dv Vt € [0, +00),
u>t u* >t

Fleming-Rishel’s formula yields

xllxd x|lxd
(7.9) / |||Vuj|v HN_l(dl’) = / ||—uN HN—I(dI)
u=t

for a.e. t € [0,4+00). Hence (7.9) and (7.1) give

/OO (/ lz[Fa% H (dx))p- (/ 2%, H (dw))l_p dt

0 u=t N wet VU] TN
00 p l.a I-p

> / ( / 2] a HNl(dx)) . ( / i ”HNl(dx)> dt.
0 u*=t u*=t |VU |

Now (7.2) follows from this, (7.6) and (7.7). O
An important particular case of Theorem 7.1 is

Corollary 7.1. Letp € [1,400), N+a >3, a >0, u € D"*(RY, dpapa), and let u* be the
Lo, -symmetrization of u. Then

(7.10 [0 @)= [ (90 dpaa(o).
Ri’ RY

+

Proof: ~ We choose k := a and [ := 0. If a € [0,1] then k,[ satisfy either one of the
conditions (ii) or (iii), see also Remark 5.2. If @ > 1, then k,[ satisfy condition (i) of
Theorem 1.1. Hence (7.10) follows from Theorem 7.1. O

7.2. Caffarelli-Kohn-Nirenberg-type inequalities. Next we will use Theorem 7.1 to
obtain best constants in some inequalities of Caffarelli-Kohn-Nirenberg-type.
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Let p, q, a, b be real numbers such that

(N+a)p :
< 400 it p> N+«

N
a>1-— —i—a’ and

p

1 1
b="b(a,p,q, N,a) = (N + «) <———) +a—1.
b q

We define

(N+a) .
(7.12) pro= N+a—£ ifp<N+a :
+00 ifp>N+a

/N || *P|VoulPz$ dx

R

(113)  Bupgwalt) = —— o v e GERY)\ {0),

/ ||| v|92S; da

=y
(7.14) Sapanae = If{E,,,nav): vE CSO(RN) \ {0}}, and
(7.15) Sr e = If{Eu,qna(v): ve C(RY)\ {0}, v radial }.
Note that with this new notation we have
(7.16) By ivse o) = Quinalv) Woe CE@Y)\ {0},
(717) Skvlejvj\jrzil’]v’a(U) = Ck,l,N,a and

rad _ rad

(7.18) Sk,l,kﬁvjit‘il’f\’va = Ck,l,N,a'

We are interested in the range of values a (depending on p, ¢, N and «) for which

(7.19) SapaNa =S

a,p,q, N,

holds.

First observe that the case 1 < p = ¢ (which is equivalent to a — b = 1) corresponds to
a weighted Hardy-Sobolev-type inequality. Note that inequality (7.20) below was already
known when o = 0 (see, for example [29] and references therein). We have:

Theorem 7.2. Letp>1, a >0 and k € R be such that N —p+a+k > 0. Then we have

(7.20) /RN V()P dpo(z) > (N_““O‘)p/M @ (@)

N p =[P
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for all w € DYP(RY, duy, ) and

(7.21) e = Sopava = (

N—p—l—k‘—i—a)p
5 :

Moreover there is no function u € D"P(RY, duy, o) satisfying equality in (7.20) and such that
fRﬁ |Vul|Pdpy o # 0.

Proof: The first two steps follow the line of proof of [26], Lemma 2.1.
Step 1. Assume first that u € C§°(R"). Then we have for every z € RY,

lu(z)lP = — /100 %\u(tx)\p dt = — /loop]u(tx)]p_Qu(t.r)<m, Vu(tx)) dt.

Multiplying this with 2% |z|*? and integrating over RY we find

/ () Prglelrde = —p /1 N [ /R ) |u(tx)|p2u(m)<x,vu(m»xwykdx] dt

R+
1 [u(y)[”*uly) o o[k
= —p/l N praTh [/RN {y, Vu(y))yxlyl” dy| dt
+

ly[?
p |u(z)[Pu(z) K
22 = — v <Nz l* de.
(7:22) N—p+a+k:/M |z|P (v, Vu(@))zlel" do

Note that by a density argument (7.22) still holds for functions u € D*F(RY, dp o). In view
of the inequality

(7.23) —u(z)(z, Vu(z)) < [u(@)||z]|Vu(z)|

this leads to

(7.24) / ()P |2l de < P / @ G ) o e
RN T N-pthk+alpy |zpt N

Using Hélder’s inequality, with p’ being the conjugate exponent of p, we obtain that (this
step is not necessary if p = 1)

= [ AT et (v ] ) e

/v 1/p
(7.25) < ( / |u(:c)|px?{,|x]kpda:) ( / \vu(x)mmxykdx) |
RY RY

+
Plugging this estimate into (7.24) concludes the first statement of the theorem.
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Step 2. Next we show (7.21). Let € > 0 and define

N—-p+k+a+e (2) 1 ifjz| <1
= uE'I = _ .
p ’ ||~ M if |z| > 1.

M.

Note that
/RN |V [Pz |z|F de = Mep/ 2% | FmMeADP g

+ Rﬁ\Bl

Hence, by Lemma 7.1 (ii) below we obtain for any € > 0 that u, € D'"?(RY, djy, ). On the
other hand, we have that

/ lue(2) [P |z P do = / S| |F Mt P gy 1 .
RN

+ RY\B
where, by Lemma 7.1 (i),
g :/ % |z|F P < 0.
B
Now set
ng \Vu [Pz |x|* de fRf\Bl 2| [F~Met1p gy

o = dz.
Joy luclrasylalt=rdz — 5+ [on g, |2t 01t

€

Note also that (M, + 1)p = N + k + o + €. Therefore we obtain from Lemma 7.1 (iii) that
N—-p+k+ a)p

1 p— p pu—
lg% Qe (M 0) < p
This proves the second equality in (7.21). The first equality in (7.21) follows from the fact
that the approximating functions u. are radial.

Step 3. Let us now show that there is no nontrivial function satisfying equality in (7.20).
Assume that equality holds in (7.20). Then there holds equality in (7.24) and (7.25). Hence

we must have

(7.26) —u(x)(z,u(r)) = u(z)||z] [Vu(z)| and

w@l
|| N—-p+k+a

(7.27) |Vu(z)| for a.e. z € RY.

An integration of this leads to
(7.28) ule) = e VRO (o]0 )

with a measurable function h : S} ' — R. Since |z|~'u € LP(RY, dpuy.), this implies that
h =0 a.e. on Sﬂ‘l. The claim is proved. O
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Lemma 7.1. Let § > 0. Then

(i) /+ |z N dr < 0o, and
Bl

(i1) / a5z 7N 0 da < oo.
RV\B

Further, there holds

lim % |z V70 da = oo.

Proof: We use N-dimensional spherical coordinates to show that

1 «
/ $%|$|—N—a+6 :/ (/ (i) T_1+5d7’) d,HN_l(ﬁ)
Bf st \Jo |z
z\° !
:/ <—) dHN () (/ r_1+5dr> :
s¥—1 || 0

From this (i) follows. (ii) and (iii) follow similarly. O

From now on let us assume that
(7.29) l<p<yqg {

We begin with the following

< p* if p<N+a«
<400 if p>N+a -’

Lemma 7.2. Assume that a,b,p,q, N and « satisfy the conditions (7.11) and (7.29). Fur-
ther, assume that there exist real numbers k and | which satisfy | + N + « > 0 and one of
the conditions (1)-(iii) of Theorem 1.1, and such that

(7.30) ap =kp+1(1—p) and
(7.31) b < 1.
Then (7.19) holds.

Proof: Let u € D"(RY, dptapa) \ {0}, and let u* be the yy -symmetrization of u. Then
we have by Theorem 7.1 and (7.30),

(7.32) / |z| | VulPzy dx 2/ || *P|Vu*|Pasy du.
RY RY
Further, it follows from (2.10) and (7.31) that
(7.33) / 2| u|2% do < / ||| |92, dax.
RY RN

Finally, (7.32) together with (7.33) yield
(734> Ea7p7Q1N7a<u> 2 Ea1p7Q7N7a(u*>’
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and the assertion follows. O

Now we define

N+a-1 N
(7.35) o = T 2T
q—,+1 p
N+a-1 N
(7.36) 0 = ta —+1- Ry
(4= 2+1) /(N +a)(3 =) p

Observe that the conditions (7.29) imply that
(7.37) az > ap > 0,

and equality in the two inequalities holds iff p < N + a and ¢ = p*.
Moreover, an elementary calculation shows that

1
(7.38) a, = max{a:a:k+l<——1),bq§l,

p

N+«
_N — < f— <
N oz<l_k:N+a_1_O} and

1
(7.39) ag = max{a:azk—i—l(——l),bqﬁl,k‘ZO,

p

(k+N+a-1)>3 }

(N+a—1)2
(k+N+a—-1)? - =

O<l+N+a<

The main result of this section is the following

Theorem 7.3. Assume that (7.29) holds. Then we have

N
(740) Sa,p,q,N,a = ngg,lq,N,Ol Va € <1 — ;_a, a9 | .
Proof: Let a € (1 — %, CL2i|. We define
N
(7.41) [ = q(a+ +O[—l)—N—oz, and
p

N
(7.42) ko= <1+q—g) (a+ +O‘—1)—N—a+1.
p p
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This implies

bg = | and
k+ N -1
[+N+a = °° ‘fo‘l > 0.
R
Now we split into two cases:
1. Let a < a;.
Then
k<0,
and since ¢ < p* if p < N + « and ¢ < +00 otherwise, we have
1 1,1
N+a-—-1 ~Nta ot
| —— -k = (k+ N —1 S T
N+« (k+N+a-1) 1141
a P
< 0.

Hence we are in case (ii) of Theorem 1.1, so that the assertion follows by Lemma 7.2, for
a<a.
2. Next let a; < a < as.
This implies
k

(7.43) E+N+a—-1 <

\%
o
©
=
o

Now, from (7.43) we deduce

l+N+a-—
(k+N+a-1)2 - &’
2 (1 1 (N+a—1)2
<k+N+OC—1) <(k+N+Oé—1> <5_E)_N—+a)

a—1)2
(§—§+1> ((k+N+a—1)Q—%)

< 0.
Hence we are in case (iii) of Theorem 1.1, so that the assertion follows again by Lemma 7.2
d

Remark 6.1: The characterizations (7.38) and (7.39) and the inequalities (7.37) show that
the bound ay cannot be improved using our method.



Finally we evaluate the constants S;% and the corresponding radial minimizers.

For any radial function v € Cg°(RY) \ {0}, it is easy to check the following equality

N 1-2 —1q—p / |x|ap+oz|vv|p dx

—1 a+1\| ¢ m2 4 RY

Ea7p7q7N7a(v> = |:B < ? ):| qa—p . ’
2 2 (F [ -1

P p/q
2 )] (/ ’$|bq+a|v|q dx)
RN

+

Therefore by Theorem 1.4 in [39], we deduce that the function

(N—p+ap+a)(a—p) ) P

U(ZL‘) = (1 + |x‘ p(p—1)

achieves the infimum of E, ;g n.a, that is S7% = Eqpqn.a(0U).
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7.3. Problems in an orthant. Among the possible extensions of our isoperimetric results
we would like to address a problem in an orthant with monomial weights. Let O, denote

the orthant
Op ={zeRY:2;,>0i=1,...,N},

and let aq,...,ay be positive numbers. Using multi-index notation we have
a = (a,...,an),
|a| = a1+...+aN,
2 = Py, (zeRY).

Following the lines of proof of Theorem 1.1 we obtain the following isoperimetric result. We

leave the details to the reader.

Theorem 7.4. Let Ne N, N > 2, k,l € R, a=(ay,...,ay) wherea; >0, (i=1,...,N),

and |+ N + |a| > 0. Further, assume that one of the following conditions holds:
(1) I1+1<k;

o N+la|—1
(i) k<141 and 155 <k <0;

(i) N>2,0<k<I+1 and

(7.44) [ < (k+ N +]a] — 1)

— N+|a|—1)2
(k+N+]a]—1)2—%

— N —|al.

Then

(k+N-+l|a|-1)/(I+N+lal)
(7.45) |lz|F2® Hy_1(dz) > D (/ |z|'z? dx)
o0 Q
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for all smooth sets €2 in O, where

/ |x|k’xa Hy_1(dx)
0B

(k+N+]al—1)/(+N+Ja]) "
(/ |z|'z? dx)
BiNO+

Equality in (7.45) holds if Q = BN O4.

(7.46) D =D(kI N,a) =
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