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Testingmodifiedgravityat
cosmologicaldistanceswithLISA
standardsirens

EnisBelgacema1,GianlucaCalcagnib, MarcoCrisostomic,d,e,CharlesDalanga,
YvesDiriana,f,Jose MaŕıaEzquiagag, MatteoFasielloh,StefanoFoffaa,
AlexanderGanzi,JuanGarćıa-Bellidog,LucasLombrisera, Michele Maggiorea,
NicolaTamaninij,GianmassimoTasinatok2, MiguelZumalaćarreguil,c,Enrico
Baraussem,n,NicolaBartoloi,o,DanieleBertaccai,AntoineKleinm,r,Sabino
Matarresei,o,p, MairiSakellariadouq

Abstract.ModificationsofGeneralRelativityleavetheirimprintbothonthecosmicex-
pansionhistorythroughanon-trivialdarkenergyequationofstate,andontheevolutionof
cosmologicalperturbationsinthescalarandinthetensorsectors.Inparticular,themod-
ificationinthetensorsectorgivesrisetoanotionofgravitational-wave(GW)luminosity
distance,differentfromthestandardelectromagneticluminositydistance,thatcanbestud-
iedwithstandardsirensatGWdetectorssuchasLISAorthird-generationgroundbased
experiments. WediscussthepredictionsformodifiedGWpropagationfromsomeofthe
beststudiedtheoriesofmodifiedgravity,suchasHorndeskiorthemoregeneraldegenerate
higherorderscalar-tensor(DHOST)theories,non-localinfraredmodificationsofgravity,bi-
gravitytheoriesandthecorrespondingphenomenonofGWoscillation,aswellastheories
withextraorvaryingdimensions. WeshowthatmodifiedGWpropagationisacompletely
genericphenomenoninmodifiedgravity. Wethenuseasimpleparametrizationoftheeffect
intermsoftwoparameters(Ξ0,n),thatisshowntofitwelltheresultsfromalargeclass
ofmodels,tostudytheprospectsofobservingmodifiedGWpropagationusingsupermas-
siveblackholebinariesasstandardsirenswithLISA. Weconstructmocksourcecatalogs
andperformdetailed MarkovChain MonteCarlostudiesofthelikelihoodobtainedfrom
LISAstandardsirensalone,aswellasbycombiningthemwithCMB,BAOandSNedata
toreducethedegeneraciesbetweencosmologicalparameters. Wefindthatthecombination
ofLISAwiththeothercosmologicaldatasetsallowsonetomeasuretheparameterΞ0that
characterizesmodifiedGWpropagationtothepercentlevelaccuracy,sufficienttotestsev-
eralmodifiedgravitytheories. LISAstandardsirenscanalsoimproveconstraintsonGW
oscillationsinducedbyextrafieldcontentbyaboutthreeordersofmagnituderelativetothe
currentcapabilityofgrounddetectors. WealsoupdatetheforecastsontheaccuracyonH0
andonthedark-energyequationofstateusingmorerecentestimatesfortheLISAsensitivity.
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1 Introduction

Thephysicsofgravitationalwaves(GWs)providesimportantopportunitiestoimproveour
understandingofgravitationalinteractions,andtotesttheoriesofgravityalternativetoGen-
eralRelativity(GR).Forexample,therecentsimultaneousdetectionofagravitationaland
anelectromagneticsignalfromGW170817[1–4],andthefollow-upstudiesoftheelectromag-
neticcounterpart[5]imposesevereconstraintsontheoriespredictingadifferentspeedfor
gravitationalandelectromagneticwaves[6–10].

ThenextgenerationofGWexperiments,andinparticulartheLISAmission[11],has
thepotentialofperformingstringenttestsofotheraspectsof modifiedgravitytheories,
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bystudyingthepropagationof GWsacrosscosmologicaldistances.In GR,thelinearised
evolutionequationforGWstravelingonanFRWbackgroundinfourdimensionalspace-time
is

hA+2HhA+k2hA = ΠA, (1.1)

wheretheprimesindicatederivativeswithrespecttoconformaltimeη,relatedtothephysical
timethroughtheusualrelationdη=dt/a(t),witha(t)thescalefactor,A=+,×labelsthe
twopolarizations,andΠA isthesourceterm,relatedtotheanisotropicstresstensor.Ina
generic modifiedgravity modeltheaboveequationis modifiedinto

hA+2[1−δ(η)]HhA+ c2
T(η)k2+m2

T(η)hA = ΠA. (1.2)

Moregenerally, δ(η)couldbeafunctionalsoofwavenumberk,andtheexpression(c2
T(η)k2+

m2
T(η))couldbereplacedbyanexpressionwitha morecomplicatedkdependence,corre-

spondingtoanon-trivialdispersionrelation(parity-violatingtheoriescouldalsoapriori
introduceadependenceofthesequantitiesonthepolarizationindexA). Eachofthequan-
titiesδ(η),cT(η)andmT(η)appearingintheequation(1.2)caninprinciplebetestedwith
GWobservations. Withrespectto GR,the GWevolutionequation(1.2)containsseveral
newingredients:

1. ThecosmologicalhomogeneousbackgroundcontrollingtheHubbleparameterH isin
generaldistinctfromΛCDM,giventhedifferentbackgroundsolutionsinmodifiedgrav-
ity. This,as weshallsee, mustbetakenintodueaccount wheninvestigatingthe
dynamicsofgravitationalwavespropagatingthroughcosmologicaldistances.

2. Thefunctionδ(η) modifiesthefrictionterminthepropagationequation. Aswewill
recallbelow,thisaffectstheamplitudeofa GWpropagatingacrosscosmologicaldis-
tances,givingrisetoanotionof“gravitational-waveluminositydistance”[6,12–16].1

Inseveralmodifiedgravitytheoriesthefunctionδ(η)isrelatedtothetimedependence
oftheeffectivePlanckmassMeff(η)(thatcouldarisebecauseofnon-minimalcoupling
oftensor modeswithotherfields),viatherelation

δ(η)=−
dlnMeff

dlna
. (1.3)

In GR,δ=0. Noticehoweverthat(asdiscussedin[16]andaswewillrecallbelow),
therelation(1.3)isnotuniversallyvalidinmodifiedgravitytheories,andisnotobeyed
insomeinteresting models;thus,oneshouldnotaprioriidentifyanon-vanishingδ(η)
withatime-dependenteffectivePlanck mass.

3. ThetensorvelocitycT canbeingeneraltime(andscale)dependent.In GR,cT =c,
withcthelightspeed(thatwehavesettoone).

4. WhileinGRthetensor modesare massless,intheoriesof modifiedgravitythetensor
modecanbe massive,with mT its mass. Thiscanoccurintheoriessuchas massive
gravityorbigravity.

1Noticethat δisalsoindicated withothernamesintheliterature,suchasνandαM ,relatedtoδby
ν= αM = −2δ.Seeforexample[17].
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5.Inthepresenceofanisotropicstress,orintheorieswheretensorscouplewithaddi-
tionalfieldsalreadyatlinearisedlevel(asintheoriesbreakingspatialdiffeomorphisms),
thetensorevolutionequationcontainsa“sourceterm”ΠA intherighthandsideof
eq.(1.2).Inabsenceofanisotropicstress,andincosmologicalscenarioswherespatial
diffeomorphismsarepreserved,wehaveΠA=0.

Thephysicalconsequencesoftheseparametershavebeendiscussedatlengthintheliterature
(see[18]forareviewontheirimplicationsforGWastronomy).Inthispaperweinvestigate
howtheyaffectaspecificobservable,theGWluminositydistance,whichcanbeprobedby
LISAstandardsirens.

Thespace-basedinterferometerLISAcanqualitativelyandquantitativelyimproveour
testsonthepropagationofgravitationalwavesintheoriesofmodifiedgravity. LISAcan
probesignalsfromstandardsirensofsupermassiveblackholemergers(MBHs)atredshifts
z∼O(1−10),muchlargerthantheredshiftsz∼O(10−1)oftypicalsourcesdetectable
fromsecond-generationground-basedinterferometers. ThisimpliesthatLISAcantestthe
possibletimedependenceoftheparameterscontrollingdeviationsfromGRorthestandard
ΛCDMmodel,sinceGWstravellargecosmologicaldistancesbeforereachingtheobserver.
Moreover,aswewillreviewinsection4,LISAcanmeasuretheluminositydistancetoMBHs
withremarkableprecision,therebyreachinganaccuracynotpossibleforsecond-generation
ground-baseddetectors.

ItisalsointerestingtoobservethatLISAcanprobeGWsinthefrequencyrangein
themilli-Hzregime(moreprecisely,intheinterval10−4−100Hz),muchsmallerthanthe
typicalfrequencyintervalofground-baseddetectors,101−103Hz. Thisisatheoretically
interestingrangetoexploresinceseveraltheoriesofmodifiedgravitydesignedtoexplain
darkenergy,suchasHorndeski,degeneratehigherorderscalar-tensor(DHOST)theoriesor

massivegravity,havealowUVcutoff,typicallyoforderΛcutoff∼ H20MPl
1/3
∼ 102Hz.

ThiscutoffiswithinthefrequencyregimeprobedbyLIGO,makingacomparisonbetween
modifiedgravitypredictionsandGWobservationsdelicate[19].Thefrequencyrangetested
byLISA,instead,iswellbelowthiscutoff,henceitlieswithintherangeofvalidityofthe
theoriesunderconsideration.

Thepaperisorganizedasfollows.Insection2werecallthenotionofmodifiedGW
propagationandGWluminositydistance,thatemergesgenericallyinmodifiedtheoriesof
gravity.Insection3wediscussthepredictiononmodifiedGWpropagationofsomeofthe
beststudiedmodified-gravitytheories:scalar-tensortheories(withparticularemphasison
HorndeskiandDHOSTtheories),infrarednon-localmodificationsofgravity,bigravity,and
theorieswithextraandvaryingdimensions. Wethenturntothestudyofthecapabilityof
LISAtodetectmodifiedGWpropagationusingthecoalescenceofsupermassiveblackhole
binariesasstandardsirens.Insection4wediscusstheconstructionofmockcatalogsof
eventswithLISA,andinsection5wepresenttheresults,obtainedbyrunningaseriesof
MarkovChainMonteCarlo(MCMC). Wepresentourconclusionsinsection6.

2 Thegravitational-waveluminositydistance

2.1 LuminositydistanceandstandardsirensinGR

Thestandardluminositydistanceassociatedtoelectromagneticsignals,dL,isdefinedin
termsoftheenergyfluxFmeasuredintheobserverframe,andoftheintrinsicluminosityL
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measuredatthesourceframe,as

F ≡
L

4πd2
L

. (2.1)

Fromthepropagationofelectromagneticsignalsoveran(unperturbed)FRWbackground,
onefindsthestandardexpressionfordL asafunctionofredshift,

dL(z)=(1+z)
z

0

d̃z

H(̃z)
, (2.2)

where
H(z)=H0 ΩM (1+z)3+ΩR(1+z)4+ΩDE(z). (2.3)

HereΩM =ρM (t0)/ρ0isthepresentmatterdensityfraction(where,asusual,ρ0=3H2
0/(8πG)

isthecriticalenergydensityandt0 thepresentvalueofcosmictime), ΩR = ρR(t0)/ρ0

isthepresentradiationdensityfraction,and ΩDE(z) =ρDE(z)/ρ0, whereρDE(z)isthe
darkenergy(DE)densityinthecosmological modelunderconsideration. Inparticular,
inΛCDM, ΩDE(z) = ΩΛ isconstant. Weareassumingforsimplicityspatialflatness,so
ΩM +ΩR +ΩDE(z=0) =1. Theluminositydistancethereforeencodesimportantinfor-
mationaboutthecosmological model,andisaprimecosmologicalobservable,thatcanbe
measuredinparticularusingtypeIasupernovae.

InGR,theamplitudeofGWsproducedbyabinaryastrophysicalsystemprovidesyet
another measurementofdL(z).Indeed,introducingafieldχA(η,k)from

hA(η,k)=
1

a(η)
χA(η,k), (2.4)

eq.(1.1)becomes

χA+ k2−
a

a
χA =0. (2.5)

Formodeswellinsidethehorizona/aisnegligiblewithrespecttok2,2andwegetasolution
forχA oftheform

χA(η,k) AAsin(kη+ϕA), (2.6)

withAA theamplitudeandϕA aphase. Thisshowsthat,overall,hA scalesas1/ainthe
propagationovercosmologicaldistances.Foracoalescingbinary,combiningthisfactorwith
thestandardbehavior1/rinthenearregion,as wellas witharedshift-dependentfactor
thatarisesintransformingfrequenciesand massesfromtherest-frametotheobservedone,
weobtainthestandardresult hA ∝ 1/dL(z)(seee.g. section4.1.4of[20]foradetailed
derivation). Moreprecisely,intheso-calledrestrictedpost-Newtonian(PN)approximation,
whereonetakesintoaccountthePNcorrectionstothephasebutnottotheamplitude,one
finds

h+(t)=
2(1+cos2ι)

dL(z)
(GM c)

5/3[πf(t)]2/3cosΦ(t), (2.7)

h×(t)=
4cosι

dL(z)
(GM c)

5/3[πf(t)]2/3sinΦ(t), (2.8)

2Inprinciple,theeffectofthea/atermcouldbeincludedusea WKBapproximation,asin[14]. However,
therelativesizeofthea/aandk2termsisoforderofthesquareofthewavelengthλG W oftheGWoverthe
sizeofthehorizon,(λG W/H−1

0 )2,andthiscorrectionisthereforenotsignificantforLISAorforground-based
detectors.
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whereΦ(t)isthephase,thatingeneralneedstobecomputedtoahighPNorder,Mc=
(1+z)(m1m2)

3/5(m1+m2)
−1/5istheredshiftedchirp mass(i.e.thequantityactually

observedinthedetectorframe),f(t)istheobservedGWfrequency,thatsweepsupwardin
time,andιistheinclinationangleofthenormaltotheorbitwithrespecttothelineofsight.

Thechirpmassisaccuratelydeterminedfromthetimeevolutionoff(t)[e.g.,tolowest
orderinthePNexpansion,ḟ=(96/5)π8/3(GMc)

5/3f11/3].Then,asfirstobservedin[21],
theamplitudeofGWsfromacoalescingcompactbinaryprovidesanabsolutemeasurement
ofitsluminositydistanceandinthissensecoalescingcompactbinariesaretheGWanalogue
ofstandardcandles,orstandardsirens. Asweseefromeqs.(2.7)and(2.8),the main
uncertaintyonthestandardsirenmeasurementofdL(z)comesfromthepartialdegeneracy
withcosι.Thiscanbebrokeninparticularifbothpolarizationscanbemeasured,orifwe
haveinformationsontheinclinationangle,e.g.fromtheobservationofanelectromagnetic
jet. Muchworkasbeendevotedintheliteraturetostudyinghowstandardsirenscanbe
usedforcosmology[22–34];seeinparticular[35–37]forrecentworkspecificallyrelatedto
LISA.

2.2 GWluminositydistancein modifiedgravitytheories

2.2.1 GWluminositydistancefrom modifiedfrictionterm

Letusnowdiscusshowthesituationchangesinmodifiedgravity. Theexpressionforthe
luminositydistancethatenterseqs.(2.7)and(2.8)nowdependsontheequationforpropa-
gationofGWsinthetheoryunderconsideration.Inparticular,asrecognizedin[6,13–16]
(seealsoSect.19.6.3of[38]),thefunctionδ(η),thatmodifiesthe“frictionterm”ineq.(1.2)
affectstheluminositydistanceextractedfromtheobservationofGWsfromacoalescing
binary.Indeed,considertheequation

hA+2H[1−δ(η)]hA+k
2hA=0, (2.9)

where,forthemoment,wehaveonlyretainedthedeviationsfromGRinducedbythefunction
δ(η)ineq.(1.2).Inthiscase,toeliminatethefrictionterm,wemustintroduceχA(η,k)from

hA(η,k)=
1

ã(η)
χA(η,k), (2.10)

where
ã

ã
=H[1−δ(η)]. (2.11)

Thenweget

χA+ k2−
ã

ã
χA=0. (2.12)

Onceagain,insidethehorizonthetermã/̃aistotallynegligible,soGWspropagateatthe
speedoflight. However,nowtheamplitudeof̃hAisproportionalto1/̃aratherthan1/a.
Asaresult,theGWamplitudemeasuredbycoalescingbinariesisstillgivenbyeqs.(2.7)
and(2.8),wherenowthestandard“electromagnetic”luminositydistancedL(z)(thatwewill
henceforthdenotebydemL )isreplacedbya“GWluminositydistance”d

gw
L suchthat

dgwL (z)=
a(z)

ã(z)
demL (z). (2.13)

–5–



Byintegratingeq.(2.11)(andchoosing,withoutlossofgenerality,thenormalizations̃a(t0)=
a(t0)=1,wheret0isthepresentvalueofcosmictime),thiscanbenicelyrewritteninterms
ofδ(z)as[15,16]

dgwL (z)=d
em
L (z)exp −

z

0

dz

1+z
δ(z) . (2.14)

2.2.2 RelationtothetimevariationofthePlanck mass

Wenextdiscusstherelationbetweenthefunction δ(η)andthepossibilityofatime-varying
Planckmass.Inseveralexplicitmodels(seesection3),ithasbeenfoundthatthetwoare
relatedbyeq.(1.3).Uponintegration,usingdlna=−dz/(1+z),eq.(1.3)gives

ln
Meff(z)

Meff(0)
=

z

0

dz

1+z
δ(z), (2.15)

Comparingwitheq.(2.14)weseethat

dgwL (z)

demL (z)
=
Meff(0)

Meff(z)
. (2.16)

Equivalently,intermsoftheeffectiveNewtonconstantGeff(z)=1/M
2
eff(z),wehave

dgwL (z)

demL (z)
=

Geff(z)

Geff(0)
. (2.17)

Theoriginofthisrelationhasbeendiscussedin[16],whereithasbeenfoundthatitex-
pressestheconservationofthe(comoving)numberofgravitonsduringthepropagation.The
argumentrunsasfollows.RecallfirstofallhowtheusualscalingoftheGWenergydensity
ρgw∝a

−4isdeducedfromthecosmologicalevolutioninGR(wefollowSection19.5.1of
[38]).Fromeqs.(2.4)and(2.6)welearnthat,forthemodeswellinsidethehorizonthatwe
areconsidering,

h̃A(η,k)=
1

a(η)
AAsin(kη+ϕA). (2.18)

ThereforehA(η,k) AAkcos(kη+ϕA)/a(η),sincetheextratermobtainedwhenthetime
derivativeactson1/a(η)givesatermproportionaltoa/a2,which,formodeswellinsidethe
horizon,isnegligiblecomparedtok/a.UsinġhA=(1/a)hA,wherethedotisthederivative
withrespecttocosmictime,weget

ḣA
AAkcos(kη+ϕA)

a2
, (2.19)

sȯhAscalesas1/a
2.TheenergydensityoftheGWsisgivenbytheusualexpression

ρgw=
1

16πG
A=+,×

ḣ2A , (2.20)

wheretheangularbracketdenotesanaverageoverseveralperiods.Insertinghereeq.(2.19),
wefindthatthetermcos2(kη+ϕA),averagedoverseveralperiods,givesafactor1/2,and
itthenfollowsthatρgw∝a

−4.Thisexpressesthefactthatthephysicalnumberdensityof
gravitonsscalesas1/a3(i.e.thecomovingnumberdensityisconserved),andthattheenergy
ofeachgravitonredshiftsas1/a,leadingtotheoverall1/a4scaling.
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Ina modifiedgravitytheoryinwhichthecomovingnumberofgravitonsremainscon-
served,thephysicalnumberdensitystillscalesas1/a3.If,furthermore,thegravitondis-
persionrelationremainsE=k,itsenergystillscalesas1/a,sowehaveagainρgw∝a−4.
However,wehaveseenthat hA nowscalesas1/̃a,withãingeneraldifferentfromaand,
repeatingtheargumentineqs.(2.18)and(2.19),̇hA scalesas1/(ãa)(sincetheextrafactor
ofacomesfromthetransformationbetweencosmictimeandconformaltime). Ontheother
hand,Gineq.(2.20) mustbereplacedbyGeff(t).Inordertogetρgw∝a−4,we mustthen
have

1

Geff(z)

1

(ãa)2
=

1

Geff(z=0)

1

a4
, (2.21)

which,uponuseofeq.(2.13),isequivalenttoeq.(2.17). Thus,eq.(2.17)isvalidinany
modifiedgravitytheoryinwhichthegravitonnumberisconservedandthegravitondispersion
relationisnot modified,andthereforeinaverybroadclassof models.Inparticular,itcan
beshown[16]thatthisrelationholdsinany modifiedgravitytheorydescribedbyanaction
oftheform

S=
1

8πG
d4x

√
−gA(φ)R+..., (2.22)

whichis minimallycoupledto matter,whereAcanbeanontrivialfunctionalofextrafields
inthegravitationalsector,heredenotedcollectivelyasφ,andthedotsdenoteotherpossi-
blegravitationalinteractionterms,thatcandependonφbutdonotcontaintermspurely
quadraticinthegravitationalfieldhµν norinteractionswithordinary matter.

ItisimportanttoobservethatthetimevariationoftheeffectiveNewtonconstantgiven
ineq.(2.17)[or,equivalently,thetimevariationofthePlanck massgivenbyeq.(2.16)]can
onlyholdoncosmologicalscales. Atsuchscales,typicalcosmological modelspredictatime
dependencesuchthat,today,|̇G/G| H0, withacoefficientingeneraloforderone. A
scenarioinwhichthisresultholdsdowntosolarsystemorEarth-Moonscaleswouldberuled
outbyLunarLaserRangingexperiments,thatbynowimposeabound|̇G/G|<∼10−3H0[39].
Ifamodelpredictsanon-trivialvaluefortheratiodgw

L (z)/dem
L (z)then,tobeobservationally

viable,itmusteitherhaveascreeningmechanismatshortscales,sothatthetime-dependent
effectiveNewtonconstantpredictedbyeq.(2.17)cannotbeextrapolateddowntotheEarth-
Moonscale(thisisthecase,forinstance,forHordenskiandDHOSTtheories3,andbigravity)
orelse mustviolatetherelation(2.17)andpredictGeff= G forall modeswellinsidethe
horizon,evenifitstillpredictsanon-trivialresultfordgw

L (z)/dem
L (z). As we willseein

section3.2,thelatteroptionisrealizedintheso-calledRTnon-localgravity model.
Notealsothattherelationbetweentheeffective Newtonconstant Geff thatgoverns

thegravitationaldynamicsatcosmologicalscalesandthe NewtonconstantG observedat
laboratoryorsolar-systemscalescanbemodel-dependent.Intheabsenceofscreeningmech-
anisms,theeffectiveNewtonconstantatcosmologicalscalesisthesameasthatatlaboratory
orsolar-systemscales,andthenG=Geff(z=0).Inthepresenceofscreening mechanisms,
however,therelationcanbe morecomplex.

3Veryrecentlyithasbeenpointedout[40]that,forthespecialcaseofthecubicGalileon,thescreeningis
notsufficienttoguaranteeanobservableeffectinthe measurementof(2.17)fortheredshiftsprobedbyLISA
standardsirens. However,a moregeneralformforthecubic Horndeskiterm,orthescreeningprovidedby
DHOSTtheories,canstillprovidesizableeffectsof(2.17)withinthereachofLISAaswewillseeinSection
3.1.2.
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2.2.3 GWluminositydistancefromatime-dependentspeedofGWs

Wenowdiscusshowtheaboveresultsfortheluminositydistancechangeifwealsoinclude
anon-trivialfunctioncT(η)ineq.(1.2).Inthatcasewestilldefineχfromeq.(2.10),with̃a
givenbyeq.(2.11).Thenthe“frictionterm”ineq.(2.11)isagaineliminated,andχAnow
satisfiestheequation

χA+ k2c2T(η)−
ã

ã
χA=0. (2.23)

Formodesinsidethehorizon(definednowbythecondition|a/a| k2c2T)wecanneglect
thetermã/̃a. AssumingthatthefrequencyatwhichcT(η)changesismuchsmallerthan
thefrequencyf=k/(2π)oftheGW[whichisanextremelygoodapproximationforGWs
detectablewithLISAorwithgroundbasedinterferometers,giventhatthetypicalscaleof
changeofcT(η)isexpectedtobefixedbyH(η)],theresultingequationhasthe WKB-like
solution

χA(η,k) AA
cT(η0)

cT(η)
sink

η

dηcT(η)+ϕA , (2.24)

wherewehavenormalizedtheamplitudeAA sothat,forcT(η)constantandequaltothe
presentvaluecT(η0),werecovereq.(2.6).Thus,anon-trivialspeedofGWs,cT(η),affects
boththephaseandtheamplitudeofthesignalfromacoalescingbinary.Thereforeitalso
affectstheGWluminositydistance,sotheGRrelationdL(z)=(1+z)a(t0)rcom(z),where
rcomisthecomovingdistancetothesource,isnowmodifiedinto

dgwL(z)=
cT(z)

cT(0)

a(z)

ã(z)
(1+z)rcom(z), (2.25)

wherecT(0)≡cT(z=0)andweuseda(t0)=ã(t0)=1. Furthermore,theexpressionof
thecomovingdistancemeasuredwithGWsasafunctionofredshiftisalsoaffectedbya
non-trivialspeedofGWs,andisnowgivenby

rcom(z)=
z

0
d̃z
cT(̃z)

H(̃z)
. (2.26)

Thus,intheend,

dgwL (z)=
cT(z)

cT(0)
exp −

z

0

dz

1+z
δ(z) (1+z)

z

0
d̃z
cT(̃z)

H(̃z)
, (2.27)

tobecomparedwith

demL (z)=(1+z)
z

0
d̃z

1

H(̃z)
. (2.28)

InApp.AweshowthatthesamerelationemergesifwedefinetheGWluminositydistance
fromeq.(2.1),ratherthanfromthe1/dgwL behavioroftheGWamplitudefromalocalized
source,aswehavedonehere.AlsonotethattheeffectcanberelatedtoEq.(2.22)withthe
conformalfactorforscalar-tensortheoriescorrespondingtoM2effcT[6,41].

TheobservationofGW170817/GRB170817Aputsalimit|cT−c|/c<O(10
−15),but

thislimitonlyholdsforredshiftssmallerthantheredshiftofthatsource,i.e.forz<∼0.01.
LISAcanmeasurecT(z)tomuchhigherredshifts.Inparticular,thesimultaneousobservation
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ofaGWeventandofitselectromagneticcounterpartwouldputextremelystronglimitson
|cT(z)−c|/cuptotheredshiftofthesource,justasforGW170817/GRB170817A.

GiventhestrongobservationalconstraintfromGW170817/GRB170817A,andthelack
ofexplicitmodelswherecT(z)evolvesfromavalueequaltocwithin15digitsatz<0.01,to
asensiblydifferentvalueathigherredshift,inthefollowingwewilllimitouranalysistothe
casecT(z)=c.Notealsothat,ifathigherredshiftcT(z)shouldbesensiblydifferentfrom
c,withLISAonewouldsimplynotseeanelectromagneticcounterpartevenifitexisted,
sincethetimedelayoftheelectromagneticandgravitationalsignal,oversuchdistances,
wouldbehuge.Inthatcasetheanalysisofthepresentpaper,thatassumesstandardsirens
withelectromagneticcounterpart,wouldnotbeapplicable,andonewouldhavetoresortto
statisticalmethods.4

2.2.4 PhenomenologicalparametrizationofdgwL (z)/d
em
L (z)

Ingeneral,inmodifiedgravity,boththecosmologicalbackgroundevolutionandthecosmo-
logicalperturbationsaredifferentwithrespecttoGR.Itisobviouslyusefultohavephe-
nomenologicalparametrizationsoftheseeffects,thatencompassalargeclassoftheories.In
modifiedgravity,thedeviationofthebackgroundevolutionfromΛCDMisdeterminedby
theDEdensityρDE(z)or,equivalently,bytheDEequationofstatewDE(z).Inprinciple
onecouldtrytoreconstructthewholefunctionwDE(z)fromcosmologicalobservations,but
currentresultsareunavoidablynotveryaccurate(seee.g. fig.5of[46]). Thestandard
approachisrathertouseaparametrizationforthisfunction,thatcatchesthequalitative
featuresofalargeclassofmodels. ThemostcommonistheChevallier–Polarski–Linder
parametrization[47,48],whichmakesuseoftwoparameters(w0,wa),

wDE(a)=w0+wa(1−a), (2.29)

correspondingtothevalueandtheslopeofthefunctionatthepresenttime.Intermsof
redshift,

wDE(z)=w0+
z

1+z
wa. (2.30)

Onecanthenanalyzethecosmologicaldataadding(w0,wa)tothestandardsetofcosmo-
logicalparameters.Similarly,somestandardparametrizationsareusedfordescribingthe
modificationfromGRinthescalarperturbationsector,inordertocomparewithstructure
formationandweaklensing,seee.g.[49,50].Hereweareinterestedintensorperturbations,
wheretheeffectisencodedinthenon-trivialfunctiondgwL (z)/d

em
L (z). Again,ratherthan

tryingtoreconstructthiswholefunctionfromthedata,itismoreconvenienttolookfora
simpleparametrizationthatcatchesthemainfeaturesofalargeclassofmodelsintermsof
asmallnumberofparameters. Weshalladoptthe2-parameterparameterizationproposed
inRef.[16],

Ξ(z)≡
dgwL (z)

demL (z)
=Ξ0+

1−Ξ0
(1+z)n

, (2.31)

whichdependsontheparametersΞ0andn,bothtakentobepositive.Intermsofthescale
factora=1/(1+z)correspondingtotheredshiftofthesource,

dgwL (a)

demL (a)
=Ξ0+a

n(1−Ξ0). (2.32)

4Atlow-z,analternativewaytotestananomalousGWspeedatLISAfrequencies,cT(kLISA)=c,is
tomeasurethephaselagbetweenGWandEMsignalsofcontinuoussourcessuchastheLISAverification
binaries.Thistestcanconstrainthegravitonmass[42,43]aswellasthepropagationspeed[44,45].
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ThevalueΞ0 =1correspondstoGR.Thisparameterizationisdesignedtosmoothlyinter-
polatebetweenaunitvalue

Ξ(z 1) =1, (2.33)

atsmallredshifts–wherecumulativeeffectsof modifiedgravitywavepropagationhavenot
sufficienttimetoaccumulatedifferenceswithrespectto GR,seeeq.(2.14)–toaconstant
valueΞ0

Ξ(z 1) =Ξ0, (2.34)

atlargeredshift.Indeed,inthelargeredshiftregimeweexpectthattheeffectsof modified
gravity“turn-off”and|δ(z 1)| 1,since modifiedgravityshould mainlyaffectlate-
timeevolution(alsoforensuringcompatibilitywithCMBobservations),inwhichcasethe
quantityΞ(z)approachesaconstant. Thisparametrizationwasoriginallyproposedin[16],
inspiredbythefactthatitfitsextremelywellthepredictionforΞ(z)obtainedfromanonlocal
modificationofgravity(seesection3.2andref.[51]forreview),butitwasthenrealizedthat
itsfeaturesareverygeneral,sothatitisexpectedtofitthepredictionsfromalargeclassof
models.Indeed,insection 3wewillcomparethisfittingformulatotheexplicitpredictions
ofseveral modifiedgravity models,andconfirmthatitisappropriatein manysituations.5

Fortheoriesforwhicheqs.(2.16)and(2.17)hold(seethediscussioninsection2.2.2),
fromeq.(2.31)wecanobtainacorrespondingparametrizationforthetimevariationofthe
effectivePlanck massoroftheeffectiveNewtonconstant,

Meff(z)=MPlΞ−1(z), (2.35)

Geff(z)=GΞ2(z). (2.36)

Furthermore,fromeq.(2.14),wehave

δ(z)=−
dlnΞ(z)

dln(1+z)

=
n(1−Ξ0)

1−Ξ0+Ξ0(1+z)n
. (2.37)

Inthisparametrizationthequantityδ(z)indeedgoestozeroatlargeredshifts,asdesired:at
earlytimesgravitypropagatesasinGR.Atlatetimes,instead,δ(z 1) =n(1−Ξ0).Fig.1
showsΞ(z),δ(z),Meff(z)/Meff(0)andGeff(z)/Geff(0)asfunctionoftheredshift,settingfor
definitenessn=2.5andΞ0=0.97.

Itshouldalsobeobservedthattheparametrization(2.31)ofdgw
L (z)/dem

L (z)is more
robustthanthecorrespondingparametrization(2.37)ofδ(z).Indeed,evenifδ(z)should
havesomenon-trivialfeaturesasafunctionofredshift,suchasapeak,stillthesefeatures
willbesmoothedoutbytheintegralineq.(2.14).Sinceanyhowdgw

L (z)/dem
L (z) mustgoto

5Recently,ananalysisof modified GWpropagationforground-basedadvanceddetectors,includingET,
hasbeenpresentedin[52]. ThatworkusesaparametrizationformodifiedGWpropagationwhichcorresponds
tosettingthefunctionδ(z)ineq.(2.14)toaconstantvalue. Asdiscussedin[16],thisisaspecialcaseofthe
parametrization(2.31),withΞ0 =0and n=δ. Aswewillseeinsection3,typical modelsactuallypredict
variationofΞ0 ofonlyafewpercentfromthe GRvalueΞ0 =1.Inanycase,theconclusionof[52]that
modifiedGWpropagationcanbetestedatthe1%levelatfutureground-baseddetectorssuchasETbroadly
agreeswiththefindingin[16]. Ref.[53]recentlystudiedtheboundon modified GWpropagationfromthe
singleeventGW170817. Again,theparametrizationof modifiedGWpropagationisdifferent,withδ(z)taken
tobeproportionaltoΩDE(z),buttheresultsareconsistentwiththosepresentedearlierin[16], wherethe
limitfromGW170817wasalsocomputed.
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Figure1. PlotsofthequantitiesΞ(z),δ(z),Meff(z)/MPl andGeff(z)/Gasfunctionoftheredshift.
Here wechoosethevalues n=2.5, Ξ0 =0.97,correspondingtooneofthe modelsdiscussedin
section3.2.

oneasz→ 0andweexpectthatin most modelsitwillgoasymptoticallytoaconstantat
largez,ingeneralthefit(2.31)todgw

L (z)/dem
L (z)willworkreasonablywellevenincases

wherethecorrespondingfit(2.37)isnottoogood. Wewillseeanexplicitexampleofthis
behaviorinsection3.1.2.Since,forstandardsirens,theobservablequantityisdgw

L (z),rather
thanthefunctionδ(z)itself,this meansthattheparametrization(2.31)isquiterobustfor
observationalpurposes.

Ofcourse,ingeneral,overalargeintervalofredshiftsthesimpleparametrization(2.31)
mightnolongerbeaccurate,andinparticularthesameindexnmightnotfitwellthewhole
rangeofredshiftsofinterest. Anextremecasearethebigravitytheoriesthatweshalldiscuss
insection3.3,wheretheeffectsofgravitonoscillationsleadtopeculiarbehaviorsfortheGW
luminositydistanceasafunctionofredshift,seee.g.Fig.9.Similarlytowhatisusuallydone
fortheparametrizationoftheDEequationofstate,onecouldfurtherimprovetheaccuracy
oftheparametrization(2.31)byfixingnatapivotredshiftzpwheretheobservationalerrors
arethelowest,

n(zp)=
ln(1−Ξ0)−ln[Ξ(zp)−Ξ0]

ln(1+zp)
. (2.38)

AnotherpossibilityistospecifytheslopeoftheevolutionofΞ(z)atz=0,i.e.,

n≡n(0)=
δ(0)

1−Ξ0
. (2.39)

However,inconsideringLISAstandardsirensatsufficientlylargeredshift,whereΞ(z)ap-
proachesitsasymptoticvalue,theprecisevalueofnwillbeoflimitedimportance,andthe
crucialparameterintheparametrization(2.31)willratherbeΞ0.
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Analternativeparametrization where dgw
L (z)/dem

L (z)differsfromunitbyO(zm)at
smallredshifts,ratherthanbyO(z),canbeobtainedby modifying(2.31)into

Ξ(z)=Ξ0+
1−Ξ0

1+zm
. (2.40)

Inthelow-zlimit,theexpressionontheright-handsideapproaches1+(Ξ0−1)zm,andstill
goestoΞ0atlargez. Wewilldiscussinsections3.1.2and3.4examplesof modelswhere
a1+O(zm)behaviorcouldemerge,aswellasotherpossibleparametrizationsofthistype.
Notehoweverthat,fora modelinwhichatlowredshiftΞ(z)=1+O(zm),atwo-parameter
parametrization mightnotbeadequate,sinceitwouldconnecttheindexm thatdetermines
thebehavioratz 1totheindexdescribingthedecreaseatlargez,thatingeneralwill
begivenbyadifferentpower. Thus,inthesecases,it mightbenecessarytoratherusea
three-parameterexpressionsuchas

Ξ(z)=Ξ0+
1−Ξ0

(1+zm)n
, (2.41)

whichisobtainedbyreplacing z→ zm ineq.(2.31). Inthelow-zlimititapproaches
1+n(Ξ0−1)zm,whileatlargezitapproachesΞ0withadifferentpower-likebehavior.

Toconcludethissection,letusemphasizetheimportanceofmodifiedGWpropagation,
asencodedforinstanceintheparameters(Ξ0,n)definedbyeq.(2.31),forstudiesofdark
energyand modifiedgravityatadvanced GWdetectors. Thisstemsfromtwoimportant
considerations:

1. Wehaveseenthat,ingeneral,amodifiedgravitymodelinducesdeviationsfromΛCDM
atthebackgroundlevel(throughtheDEequationofstate),inthescalarperturbation
sector,andinthetensorperturbationsector.Concerningthebackgroundmodifications,
asencodedforinstanceinthe(w0,wa)parameters,severalstudies[16,27,28,35]have
shownthattheaccuracythatLISA,orthird-generationground-basedinterferometers
suchastheEinsteinTelescope,couldreachonw0isnotreallybetterthanthemeasure-
ment,atthelevelofafewpercent,thatwealreadyhavefrom Planckincombination
withothercosmologicalprobessuchasBaryonAcousticOscillations(BAO)andSuper-
novae(SNe). Ouranalysisinsection5willindeedconfirmthesefindings.Incontrast,
dgw

L (z)/dem
L (z)isanobservablethatisonlyaccessiblethankstoGWobservations.

2. Ontopofthis,itwasrealizedin[15,16]that,inageneric modifiedgravitytheory,
in whichthedeviationofdgw

L (z)/dem
L (z)from1isofthesameorderasthedevia-

tionofwDE(z)from−1,theeffectofdgw
L (z)/dem

L (z)onstandardsirensdominates
overtheeffectofwDE(z). Thiscanbeunderstoodfromtheexplicitexpressionofthe
standard(“electromagnetic”)luminositydistancegivenineqs.(2.2)and(2.3). From
thisexpressionone mightthink,naively,thatifonechangestheequationofstateof
DEby,say,10%,thiswillinduceacorrespondingrelativevariationofdL againofor-
der10%. However,thisisnottruebecausethecosmologicalparameters,suchasH0

andΩM ,thatentersineq.(2.3),arenotfixed,but mustthemselvesbedetermined
self-consistentlywithinthe model,bycomparingwithcosmologicalobservationsand
performingBayesianparameterestimation,andtheirbest-fitvalueschangeifwemod-
ifythe DEcontentofthe model. Thefittocosmologicaldatabasicallyamountsto
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requiringthatthemodelreproducessomefixeddistanceindicatorsatlargeredshifts,
suchasthescaledeterminedbythepeaksoftheCMBorthatfromtheBAO.Thus,
Bayesianparameterestimationhasacompensatingeffect,changingtheluminositydis-
tanceinadirectionoppositetothatinducedbyachangeinρDE(z),insuchawayto
keepassmallaspossiblethevariationofdemL (z)atlargeredshifts.Thus,afterperform-
ingBayesianparameterestimation,arelativechangeinwDEby,say,10%,wouldonly
inducearelativechangeoforder,say,1%indL(z).Incontrast,modifiedGWpropa-
gationisanextraeffect,thatisnotcompensatedbydegeneracieswithother(fitted)
cosmologicalparameters,andthereforedominatesovertheeffectofwDE.

Thisphysicalargumenthasbeenconfirmedwithanexplicit MCMCstudyforthe
EinsteinTelescopein[16]whereitwasfoundthat,assuming103standardsirenswith
anelectromagneticcounterpart,ET,incombinationwithothercosmologicalprobes,
couldmeasurew0withaprecisionof3.2%andΞ0withaprecision0.8%.Inthispaper
wewillsee,fromtheexplicitMCMCstudyinsection5,thatthesamepatternholds
forLISA,and,usingstandardsirensincombinationwithothercosmologicalprobes,
Ξ0canbemeasuredwithasignificantlybetteraccuracythanw0.

ThereforeΞ0,ormoregenerallymodifiedGWpropagation,isaprimeobservablefor
darkenergystudieswithadvancedGWdetectors.

3 Modelsof modifiedgravity

InthissectionwediscussthepredictionfortheratiodgwL (z)/d
em
L (z)invariousscenarios.

WewillseethatmodifiedGWpropagationisagenericphenomenoninmodifiedgravity
theories,andwewillassesshowwelltheparameterization(2.31)describesthepredictionsof
variousmodels. Weexaminescalar-tensortheories,non-localmodels,bigravityandtheories
withextradimensions.Inourdiscussionweshall makethesimplifyinghypothesisthat
modifiedgravityaffectsthepropagation,andnottheproduction,ofGWs.Thisisadelicate
assumption:ontheotherhanditisknowntoholdinspecific,interestingexamples.Forthe
cubicGalileonmodel,ascalar-tensortheoryofgravityequippedwithaVainshteinscreening
mechanism(seesection 3.1),[54]shownthatscalarcontributionstoGWradiationfrom
mergingbinariesisverysuppressed. Alsoforthenon-localRTmodeldiscussedinsection
3.2,anyeffectofmodifiedgravityisexpectedtobenegligibleatthe(cosmologically)small
scalescharacterizingastrophysicalmergingevents. Moreover,evenforsystemswhereour
assumptionisnotstrictlyvalid,wecanexpectthatmodifiedgravityeffectsoccurringwhen
GWsareproduceddonotinfluencetheredshiftdependenceoftheratiodgwL (z)/d

em
L (z),

andmightbereadsorbedintoappropriaterescalingsof(redshift-independent)parameters
enteringintotheexpressionfortheGWluminositydistance.

3.1 Scalar-tensortheoriesofgravity

Theclassofscalar-tensortheoriesofgravityincludessomeofthebest-studiedalternativesto
GRaimedatexplaininglate-timecosmicacceleration.Besidesamasslessspin-2mode,these
theoriescontainascalardegreeoffreedomwhosedynamicsplayanimportantroleforthe
evolutionoftheuniverse.Scalar-tensortheoriesincludethesimplestsystemsthatexhibit
thefollowing,cosmologicallyrelevant,phenomena:
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1.self-acceleration;itcanexplainthepresentdayaccelerationoftheuniversewithout
theneedtoinvokeasmallpositivecosmologicalconstant.See[55]foracomprehensive
review.

2.screeningmechanisms;theseavoidfifth-forceconstraintsassociatedwithlong-range
scalarforcesbysuppressingtheeffectofthescalarsectoronmatteratsmallerscales.
Dependingonwhichscreeningmechanismisinplay,thecorrespondingsuppression
reliesonspecificfeaturesofthescalaractionand/oritscouplings. See[56,57]for
reviews.

Intheorieswherethescalaracquiresanon-trivialprofileandisnon-minimallycoupled
togravity,thedynamicsofthetensormodesisnaturallyaffected:thismayleadtodeviations
fromGR.ThephysicsofGWpropagationisaparticularlycleanprobeofmodifiedgravity,the
reasonbeingthatthetensorsectoristypicallytheonelessaffectedbyscreeningmechanisms.
Intermsoftheevolutionequation(1.2),wecanexpectthatscalar-tensorsystemsleadtoa
cosmologicalexpansionhistorydifferentfromΛCDM,andthegravitationalwaveequation
(1.2)canhaveδ=0,andcT =1.Ontheotherhand,mT =0andΠij=0. Weexamine
someaspectsoftheevolutionoftensormodesovercosmologicaldistancesinthesesystems,
firstbybrieflyreviewingknownresultsfromtheperspectiveofGWphysics,thenbydelivering
newpredictionsforrecentdegeneratescalar-tensortheories.InlightoftheGW170817event,
wefocusonthecasewherecT =1.

3.1.1 Horndeskitheoriesofgravity

Themostwell-knownscalar-tensortheoriesofgravity(Brans–Dicke,f(R),covariantGalileon
models)belongtothewideclassofHorndeskitheories,themostgeneralcovariantscalar-
tensortheoriesofgravityleadingtosecond-orderequationsofmotion(seee.g.[58]fora
recentreview).Theyaredescribedbytheaction[59–61]

S= d4x
√
−g

5

i=2

Li+Lm(gµν,ψm) (3.1)

withtheLagrangiandensities

L2=G2(φ,X), (3.2)

L3=G3(φ,X)✷φ, (3.3)

L4=G4(φ,X)R−2G4X(φ,X)(✷φ)
2−(∇µ∇νφ)

2 , (3.4)

L5=G5(φ,X)Gµν∇
µ∇νφ+

1

3
G5X(φ,X)(✷φ)

3−3✷φ(∇µ∇νφ)
2+2(∇µ∇νφ)

3,(3.5)

whereX≡∂µφ∂
µφ;φisthescalar;RandGµνdenotetheRicciscalarandEinsteintensor

oftheJordanframemetricgµν;andthematterfieldsψminLmareminimallycoupledwith
gravity.TheGiarearbitraryfunctionsofφ,X,andwithGiXwedenotederivativesalong
X.Forconvenience,wehavesetthePlanckmassMPlandthespeedoflightinvacuumto
unity.

Inthesetheories,duetothenon-minimalcouplingsbetweengravityandthescalarφ,
tensorfluctuationstypicallypropagatewithaspeeddifferentfromlight,unlessthefunctions
Gisatisfysomeconstraints.ToensurecT=1,werequirethat[45,62,63]

G4X 0, G5 const., (3.6)
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where,withoutlossofgenerality,G5canbesettozeroasshouldbeclearafterperforming
anintegrationbyparts(seealsorefs.[7–10,64]fordiscussionsonfine-tunedsolutions,and
[65]forfurtheraspectsofGWpropagationinHorndeskitheoriesofgravity).Itfollowsthat
Eq.(3.1)cannolongerprovideanobservationallyviableaccelerationby meansofG4,G5
[6,66]. ThefunctionG4(φ)isassociatedwiththeeffectivePlanck mass,G4=M2

eff/2. Asa
result,therecanbeinterestingcosmologicalmodelswhereG4(φ)dependsontime,something
thatcanbetestedwithGWobservations.Inthisset-up,δisrelatedtotheeffectivePlanck
massaccordingtoeq.(1.3)(seeref.[17]):

αM ≡ −2δ=
dlnM2

eff

dlna
, (3.7)

asfollowsfromthediscussioninsection2.2.2.InthissectionweusethenotationαM [67],
usuallyemployedinanalyzingscalar-tensorsystems.TheuseofGWstandardsirensinorder
totestthetimeevolutionofG4wasalreadyproposedinRef.[13]andapreliminaryforecast
atthelevel|M2

eff(z=0)−1| 3.5×10−3wasestimatedinRef.[6]byadaptingforecasts
ontheaccuracythatLISAcanreachonH0. Wespecifythe mappingbetweenarangeof
Horndeski modelsandtheparametrisationinEq.(2.31),whichwillenableustointerpret
theconstraintsonΞ0 andnforgivenvaluesofthe modelparameters. The mappingfor
Horndeskiscalar-tensortheoriescanbegenerallyperformed6byspecifyingM2(0)andαM0

accordingto

Ξ0=lim
z→∞

Meff(0)

Meff(z)
, (3.8)

n
αM0

2(Ξ0−1)
. (3.9)

Thisoverall“dictionary”issummarisedin Table 1. Notethat weassumetheconstraint
|Ξ0−1| 1(andn∼1)andthatall modelsrecoverMeff(z→ ∞)=MPl,hence,Ξ0=M0,
andwesetMPl≡1forconvenience.InFig.2weillustratetheperformanceofthefitprovided
bytheparametrisation(2.31),withthevaluesofΞ0andngivenineqs.(3.8)and(3.9),for
twoexamplesembeddedinthe Horndeskiaction. Weseethattheparametrization(2.31)
workswell.

Thefirst modelweshallinspectisf(R)gravity[73],wheretheEinstein-Hilbertaction
isgeneralisedbyR → R+f(R).Itcanbe mappedontotheaction(3.1)bydefiningthe
scalarfield2G4(φ)≡ φ≡ 1+fR withfR ≡ df/dR andG2≡ −U(φ)≡ 1

2[f(R)−fRR].
Hence,onefinds

Ξ0=M0=(1+fR0)1/2 1+
1

2
fR0, (3.10)

[wherefR0≡(fR)0isthepresentvalueoffR]aswellas

n
fR

fR 0

. (3.11)

AdoptingtheparticularfunctionalformforfproposedbyHuandSawicki(HS)[68]

f(R) −2Λ−
fR0R̄ñ+1

0

ñR̃n
, (3.12)

6 Notethatone mayhavetospecifyM2(z→ ∞)wheneveritdoesnotreducetoM2
Pl atearlytimes. The

earlytime matchingisusuallynecessaryforthepurposeofrecovering GR.Inthecomplementarylate-time
regime, matching maybeduetoscreeningeffectsinthelaboratoryatz=0.
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Model Ξ0−1 n Refs.

HSf(R)gravity 1
2fR0

3(̃n+1)Ωm
4−3Ωm

[68]

Designerf(R)gravity −0.24Ω0.76m B0 3.1Ω0.24m [69]

Jordan–Brans–Dicke 1
2δφ0

3(̃n+1)Ωm
4−3Ωm

[70]

Galileoncosmology βφ0
2MPl

φ̇0
H0φ

[71]

αM =αM0ã
n αM0

2̃n ñ [67]

αM =αM0
ΩΛ(a)
ΩΛ

−αM06ΩΛ
lnΩm −3ΩΛlnΩm

[67,72]

Ω=1+Ω+ã
n 1

2Ω+ ñ [6]

Minimalself-acceleration λlnaacc+
C
2χacc

C/H0−2
lna2acc−Cχacc

[66]

Table1. MappingoftheparametrisationinEq.(2.31)toanumberoffrequentlystudied,rep-
resentativemodifiedgravitymodelsembeddedintheHorndeskiaction(3.1)withluminalspeedof
gravitationalwaves.Forsimplicity,wehaveemployedtheapproximationsαM0 1(andn∼
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Figure2. Luminositydistanceratiosfordesignerf(R)gravity(leftpanel)andapower-lawmod-
ificationinαM (rightpanel). WeadoptB0=0.34,0.22,0.11(bottomtotop)andαM0=0.01with
ñ=1,2,3(toptobottom).Solidanddashedcurvesillustratethemodelpredictionsandthecorre-
spondingparametrisation(2.31),respectively.ThedeviationsoftheparameterΞ0fromtheGRvalue
ofunityareoftheorderofpercentforthesescenarios.

oneobtains

n
3(̃n+1)Ωm
(4−3Ωm)

. (3.13)

TheserelationsremainunchangedinastraightforwardgeneralisationoftheHSf(R)model
toJordan-Brans–Dickegravity[70]withappropriatescalarfieldpotentialU(φ)(see,e.g.,
Refs.[74,75]).InthatcaseG4≡φ/2andG2=−U+Xω(φ)/φ,whereω(φ)istheBrans–
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Figure3.PlotoftheluminositydistanceratioforacoupledGalileongravitymodel,whichsaturates
atlowredshift;obtainedwithhiclass[77].Forsufficientlylargevaluesofβ,thedeviationsofthe
parameterΞ0fromtheGRvaluecanbeoforder5percent.

Dickefunction,andω=0reducestotheHSf(R)case. Wefurthermoredefineφ≡1+δφ.
AlternativelytotheHSf(R)function,onemay,forinstance,alsoconsiderthedesigner
f(R)model[69]thatexactlyreproducesthestandardcosmologicalexpansionhistory.It
canbeparametrisedbytheComptonwavelengthparameterB0≡[(H/H)fR/(1+fR)]|0.
Forsimplicity,wemakeuseoftheapproximationB0 −2.1Ω−0.76m fR0[76]toderivethe
expressionsinTable1(alsoseeFig.2).

NextweconsideracubicGalileonmodelconformallycoupledtotheRicciscalar.The
modelisdefinedbythefollowingchoiceoftheHorndeskifunctions

G4=
1

2
M2Plexp(βφ/MPl), G3=−

c3
MPlH

2
0

X, G2=−
c2
2
X, (3.14)

whereβregulatesthestrengthofthecoupling,withtheuncoupledcaseinthelimitβ=0.
Thecoefficientsc2,c3aredimensionless,andfixedbythescalarfieldnormalizationandthe
valueofGalileonenergyfractionΩgal(seerefs.[78,79]fordetails). Forconsistencywith
expansionprobesweconsidermodelswheretheGalileonisasub-dominantcontributionto
theenergydensityΩgal=0.05,withΩΛ=1−ΩM −Ωgal. Theinitialconditionforthe
scalarfieldisφ(tini)=0toensurethatM

2
eff≈1atearlytimes,andtheinitialvalueofthe

fieldderivativeφ̇(tini)isfixedbythetrackersolution.Thisleadstoauniquesolutionforφ0.
TogetherwithgivenΩgal,itfixeṡφ0.ItisthenstraightforwardtoexpressΞ0andninterms

ofφanditsderivativetoday. WehaveΞ0=exp
βφ0
2MPl

1+βφ02MPl
fromwhichn=H−10

φ̇0
φ0

usingEq.(3.9). Thecouplingβ=0introducesanon-zerovalueofαM andmodifiesthe
ratiooftheluminositydistances,asshowninFigure3. ThisisaminimalGalileonmodel
thatmodifiestheluminositydistancewhileremainingcompatiblewiththeGWspeed.

Duetothewealthofmodelsthatcanberealisedwithaction(3.1),insteadofstudying
specificmodelsonemayadoptaphenomenologicalparametrisationforthetimeevolution
ofG4. CommonoptionsincludeapowerlawforαM intermsofthescalefactoraor,
motivatedbyaconnectiontodarkenergy,aproportionalitytothefractionaldarkenergy
densityΩΛ(a)≡8πGΛ/(3H

2)aswellasageneralisationofthattoanevolvingeffectivedark
energycontribution[72].ForthepowerlawαM =αM0ã

n,onefindsM(z)=exp[αM0ã
n/(2̃n)]
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andΞ0=e
αM0/(2̃n) 1+αM0/(2̃n)aswellasn ñ(seeFig.2).Similarlyonemayalso

considerapowerlawfortheevolutionofthePlanckmassinstead. Forinstance,forthe
EFTfunctionΩ=1+Ω+ã

n,correspondingtoΩ=M2forcT=1,oneimmediatelyfinds
thatΞ0=M0 1+12Ω+ andn ñ. Adoptingñ=4,aconstraintof|Ω+|<1.4×10

−2

wasinferredfromLISAforecastsinRef.[6],whereforcosmicaccelerationtobeattributed
toarunningΩ,onerequiresΩ+ −0.1. ForascalingofthetimeevolutionasαM =
αM0ΩΛ(a)/ΩΛ=αM0H

2
0/H

2,oneobtainsM2=M20(a
3H2/H20)

αM0/(3ΩΛ)withΞ0=M0=

Ω
−αM0/(6ΩΛ)
m 1−αM0/(6ΩΛ)lnΩm suchthatM

2=Ω
−αM0/(3ΩΛ)
m andn −3ΩΛ/lnΩm.

Finally,tomoredirectlyaddressthequestionwhetheratimeevolutionofG4canbe
maderesponsibleforcosmicaccelerationatlatetimes,onecanformulatetheminimalevo-
lutionofthePlanckmassrequiredtoproduceapositiveacceleratedexpansionwithoutthe
contributionofdarkenergyoracosmologicalconstant[66].Theapproachdefinesathresh-
oldαM,min =C/(aH)−2,whereC=2H0aacc 3(1−Ωm)andaacc=(Ωm/(1−Ωm)/2]

1/3.
Thisthresholdis,however,in3σtensionwithcosmologicalobservations,particularlyofcross
correlationsoftheCMBtemperaturewithforegroundgalaxies[66]. Asimplerescalingof
αM =λαM,min assessesthefractionofcosmicaccelerationλthatcanbeattributedtoan
evolvingG4. Forλ 1,onefindsΞ0 (aacc)

λeλCχacc/2 1+λ(lnaacc+Cχacc/2)and
n (C/H0−2)/(lna

2
acc−Cχacc),whereχaccdenotesthecomovingdistanceattheacceler-

ationscaleaacc.
ThislistisfarfrombeingexhaustiveoftherangeofHorndeskimodelsthatwillbetested

withStandardSirens,anddoesinfactprovideonlyasmallsample.Ratherthanexpanding
Table1,however,weshalladdressnexttheconstraintsthatcanbeinferredontheoriesthat
generaliseaction(3.1)toincludehigherderivativesintheirequationsofmotion.

3.1.2 DHOSTtheoriesofgravity

TheHorndeskiactionisbuiltontherequirementofsecondorderfieldequations.However,
althoughsufficient,thisrequirementisnotnecessaryinordertoavoiddangerousOstrograd-
skyinstabilities[80,81].Thisaspect,noticedin[82]usingtransformationsofthemetric,led
initiallytothesocalledbeyondHorndeskitheories[83].Subsequently,itwasrealisedthat
higherorderfieldequationsareactuallyharmlessprovidedthattheLagrangianisdegener-
ate[84],i.e.thereexistsanextraprimaryconstraintthatremovestheOstrogradskymode.
Exploitingthisproperty,DegenerateHigherOrderScalar-Tensor(DHOST)theories(see[85]
forarecentreview)havebeenconstructed[86–88]andtheyrepresent(sofar)themostgen-
eralscalar-tensortheoriesthatpropagateasinglescalardegreeoffreedominadditiontothe
helicity-2modeofamasslessgraviton.

DHOSTtheorieshavebeenclassifieduptocubicorderinsecondderivativesofthescalar
field,andaredividedin41classeswhosegeneralLagrangianreads[88]

S[g,φ]= d4x
√
−gf2R+C

µνρσ
(2) φµνφρσ+f3Gµνφ

µν+Cµνρσαβ(3) φµνφρσφαβ ,(3.15)

wherethefunctionsf2andf3dependonlyonφandX≡∇µφ∇
µφandthetensorsC(2)and

C(3)arethemostgeneraltensorsconstructedwiththemetricgµνandthefirstderivative
ofthescalarfieldφµ≡∇µφ. Notallthe41classesarehealthyandmanyofthemfeature
pathologiessuchastheabsenceoftensor modesorgradientinstabilitiesatlinearorder
[89,90].

Amongthehealthyclassesafurtherrestrictioncanbeimposedifwerequirethattensor
modespropagatewithvelocitycT=1oncosmologicalbackground.TheresultingDHOST
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theoryis

S[g,φ]cT=1= d4x
√
−gf2R+A3(✷φ)φ

µφµνφ
ν+A4φ

µφµρφ
ρνφν+A5(φ

µφµνφ
ν)2 ,

(3.16)

whereA3,4,5arefunctionsofφandX,andthefollowingrelationshavetobeimposedto
satisfythedegeneracyconditionsthatremovetheOstrogradskyghost

A4=−
1

8f2
8A3f2−48(f2X)

2−8A3f2XX+A
2
3X
2 , A5=

A3
2f2
(4f2X +A3X).(3.17)

NoticethatwecanaddaK-essenceandacubicHorndeskitermtotheaboveaction(3.16),
i.e.K(φ,X)+G3(φ,X)✷φ,withoutalteringthedegeneracyconditions,toobtainthemost
generalscalar-tensortheorywithcT =1. Horndeskitheoriesdiscussedintheprevious
subsectionareaspecialsubclassof(3.16)givenbyA3,4,5=f2X =0.

InordertoconcretelystudythetimedependenceoftheeffectivetensorPlanckmass
MeffwithinDHOSTtheories,letusfocusonaspecificmodelthatadmitsatrackersolution
evolvingtowardadeSitterfixedpointresponsibleforthepresenttimecosmicacceleration[91]
(seealso[92]):

K=c2X, G3=
c3
Λ33
X, f2=

M2Pl
2
+
c4
Λ63
X2, A3=−

8c4
Λ63
−
β

Λ63
, (3.18)

whereMPlisthePlanckmass,c2,c3,c4,βarefreeconstantsandΛ3isastrongcouplingscale.
Thetrackersolutionischaracterisedbythepropertythatφ̇=ξ/H(ξ=const.)duringboth
matterdominationandthedSphase,eacherawithitsownvalueofξ.Ifβ=0in(3.18),
whichcorrespondstothecaseofbeyondHorndeskitheories[83],onerecoversauniquevalue
forξthroughouttheevolutionoftheuniverse[93]7.Trackersolutionsareimportantbecause
theyallowtoconstrainthemodelparametersindependentlyofinitialconditions(see[95]for
othertrackerandscalingsolutionsinDHOSTtheories).

Workingwithdimensionlessquantities,forthismodelwehave

M2eff=2f2=1+2c4X
2, (3.19)

andthereforetheratiobetweentheluminositydistances,seeeq(2.17),reads

Ξ(z)=
dgwL(z)

demL (z)
=

1+2c4X2(z=0)

1+2c4X2(z)
, (3.20)

andthefunctionδ(z)inequation(1.2)isgivenby

δ(z)=−
1

H

4c4φ̇
3̈φ

1+2c4φ̇4
. (3.21)

Thus,theGWluminositydistanceiscontrolledbythedynamicsofthescalarfieldandof
thescalefactoroverthetrackersolution.

7Wedonotconsiderthiscaseheresinceitisexcludedfromtheconstraintderivedin[94]toavoiddecay
ofGWsintoDarkEnergy. ThisconstraintgivesA3=0andthereforeβ=−8c4. Asaconsequence,β=0
wouldimplyalsoc4=0andthemodelwouldsimplyreducetoGR+K-essence+cubicGalileon,fallingin
theclassofscenarioswediscussedintheprevioussubsection.
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Figure4. TheratioΞ(z)ofthe GWandEMluminositydistance(leftpanel),andthefunction
δ(z)(rightpanel). Thered(dashed)lineisthebestfituptoz=5forthevanillaparametrization
(2.31)withthebest-fitvaluesΞ0 ≈ 1.025andn≈ 2.174,obtainedthroughanonlinearfitofthe
theoreticalpointswiththeparametrizationcurve(s)withtheleastsquares method.Inrepresenting
thetheoretical(bluethick)DHOSTcurve,wehavechosenthevaluesc2=3,c3=5,c4=1,β=−5.3
andrescaledunitssothatMPl =1=Λ3,asin[91]. Hence,inthisset-up,thedeviationsofΞ0from
theGRvaluecanbeoforderofpercentlevel.

InFig.4weshowthenumericalsolutionforthetwoquantitiesabove,eqs(3.20)and
(3.21),andthecorrespondingfit withthephenomenologicalparametrizations(2.31)and
(2.37).InagreementwiththediscussioninSection2.2.4weseethat,evenifinthiscase
thefittoδ(z)obtainedfromeq.(2.37)isquitepoor,and missesthepresenceofalocal
minimum,stillthefittothedirectlyobservedquantitydgw

L (z)/dem
L (z)providedbyeq.(2.31)

isqualitativelyacceptable,andcatcheswelltheoverallpropertiesoftheredshiftdependent
profilefordgw

L (z)/dem
L (z). Asageneralfeature,theratiooftheluminositydistancesreaches

aplateauinthe matterdominatedera wherethedeviation withrespectto GRvanishes;
insteadthefunctionδ(z)featuresalocal minimumandthengoestozeroatlargeredshifts
andinthefuturetimewheretheuniversereachesthedeSitterphase.Inordertoperform
aproperfitwiththeparametrisation(2.31),aprecisedeterminationofthetimetodayt0

isrequiredbyfittingcosmologicalparameters.Indeed,itiseasytorealisethatachange
int0canshiftthelocal minimumatsmallerornegativeredshiftsinordertogetabetter
agreementwith(2.31). Asimilardeterminationisbeyondthescopeofthisworkandthe
resultspresentedhereshouldonlybeseenasindicativeofpossiblebehaviorsofdgw

L (z)/dem
L (z)

andδ(z)forself-acceleratingcosmologiesinDHOSTtheories.

Additionalparameterisations

Forthesecosmologies,atthedeSitterfixedpointwehaveδ=0andtherefore,inorder
toimprovethefit,onecan modifytheparametrization(2.31)togetδ(z 1)∼0viathe
additionofsomeextraterms(withnonewparameters)toeq(2.37). Apossiblechoiceis

δ(z) =
n(1−Ξ0)

1−Ξ0+Ξ0(1+z)n
+

n(1−Ξ0)

(1+z)n
−

2n(1−Ξ0)

(1+z)2n
, (3.22)

whichhasthedesiredasymptoticvaluesatlargeandsmallredshift. Byreverseengineering
integratingeq.(2.37),wecananalyticallyreconstructaprofileforΞ(z)as

Ξ(z)=e
−(1−Ξ0)[1−(1+z)n]

(1+z)2n Ξ0+(1−Ξ0)(1+z)−n , (3.23)
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Figure5. TheratioΞ(z)oftheGWandEMluminositydistance(leftpanel),andthefunctionδ(z)
(rightpanel). ThebluethickcurveisthetheoreticalprofileoftheDHOST modelwithparameters
chosenasinFig.4. Theothercurvesarethevanillaparametrization(2.31)(dashedred,Ξ0≈1.025,
n≈2.174),thepolynomial-exponentialparametrization(3.23)(dot-dashedgreen,Ξ0≈1.025,n≈
3.156)andtheexponentialparametrization(3.24)(thinblack,Ξ0≈1.025,n≈1.322).Theparameter
valuesarethoseofthebestfitsofΞ(z)uptoz=5.

whichintroducesanoverallexponentialfactortotheparametrization(2.31). Thisprofile
maintainsthesamenumberoffreeparametersas(2.31)butwiththedisadvantageofbeing
morecomplicated. Anotheralternativeparametrizationis

Ξ(z)=Ξ0+(1−Ξ0)e−zn
, (3.24)

δ(z)=
n(1−Ξ0)(1+z)zn−1

1+Ξ0(ezn −1)
. (3.25)

Boththepolynomial-exponentialparametrization(3.23)andtheexponentialparametrization
(3.24)obeytheasymptoticrelations(2.33)and(2.34).Thethreeparametrizationsareshown
inFig.5.

Tocomparethethreeproposals(2.31),(3.23)and(3.24)andtoquantifywhichfitsthe
theoreticalcurveΞ(z)“better”,weperformasimpleBayesian modelselection,calculating
theBayesInformationCriterion(BIC)[96]ortheAkaikeInformationCriterion(AIC)[97]for
thebestfitsandtreatingthetheoreticalcurveasdata. Ourbestfitsareobtainedthrough
anonlinearfitofthetheoreticalpoints withtheparametrizationcurve(s) withtheleast
squaresmethod. AlthoughdifferencesinparametrizationsarenotespeciallyrelevantforLISA
standardsirensathighredshifts(e.g., MBH mergers)duetothelargeerrorbars,theissue
of modelreconstructionandtheuseofInformationCriteria maybeusefulwhenconsidering
low-zstandardsirens(forinstance,stellar-massblackholes),orifoneusesparametrizations
withadifferentnumberoffreeparameters.

TheparametrizationwithsmallerBICorAICistobepreferred.Inthepresentcase,
thedifference ∆:=|(IC model1)−(IC model2)|isthesamefortheBICandthe AIC,
sincethenumberofdatapointsandthenumberoffreeparametersareexactlythesame
forallparametrizations. Accordingtotheclassificationof[98,99],onefindsweakevidence
if ∆< 2,positiveevidenceif2 ∆ < 6,strongevidenceif6 ∆ < 10,andverystrong
evidenceif ∆ 10. Adifferentnumberofdatapointscangiverisetodifferentorderingsin
thistriplecomparison,afacttokeepin mindwhenusingrealdata. We makeitclearthat
wearecomparingparametrizationswithatheoreticalcurve,whichmaygivedifferentresults
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Figure6. TheratioΞ(z)oftheGWandEMluminositydistance(leftpanel),andthefunctionδ(z)
(rightpanel). ThebluethickcurveisthetheoreticalprofileoftheDHOST modelwithparameters
chosenasinFig.4. Theothercurvesarethevanillaparametrization(2.31)(dashedred,Ξ0≈4.872,
n≈0.007),thepolynomial-exponentialparametrization(3.23)(dot-dashedgreen,Ξ0≈1.027,n≈
2.592)andtheexponentialparametrization(3.24)(thinblack,Ξ0≈1.032,n≈1.206).Theparameter
valuesarethoseofthebestfitsofΞ(z)uptoz=0.8.

withrespecttowhenonewoulduseasparsesetofdatapoints,asitwillbethecasefor
standardsirens.

Havingsaidthat,withverystrongevidence(∆ 10)wefindthatfittingtheΞ(z)data
uptoz=5,thepolynomial-exponentialparametrization(3.23)ispreferredoverthevanilla
parametrization(2.31),whichinturnispreferredovertheexponentialparametrization(3.24).
WerepresentthissituationasPOL>VAN>EXP.FittingΞ(z)datauptoz=0.8,theordering
changesasEXP>POL>VAN.AsonecanseefromFig.6,theexponentialparametrization
(3.24)isconsiderably moreaccurate.

Noticethatonecouldcontemplatetousedifferentparametrizationsdependingon
whetherone wantstofit what we measuredirectly(thefunctionΞ(z))ortoreconstruct
thefunctionδ(z)fromdata.Inthesecondcase,ifwefitthereconstructedδ(z)uptoz=5,
thenEXP>POL>VANandtheexponentialparametrization(3.24)isthemosteconomicway
betweenthethreetoachievethatgoal. Ourconclusionisthat:

•ForΞ(z),thepolynomial-exponentialparametrization(3.23)isthesecondbestatsmall
redshiftandthebestasaglobalfit,whileforδ(z)itisthesecondbestbothatsmall
redshiftandasaglobalfit.

•ForΞ(z),theexponentialparametrization(3.24)isthebestatsmallredshiftbutthe
worstasaglobalfit,whileforδ(z)itisthebestbothatsmallredshiftandasaglobal
fit.

Whilethepolynomial-exponentialparametrization(3.23)is madeadhocforDHOSTandis
thebestglobalfitforΞ,theexponentialparametrization(3.24)worksasasmall-zfitfor
Ξnotonlyfor DHOST models,butalsofor modelswithextradimensionsand modelsof
quantumgravity,aswewillseeinsection3.4. Therefore,bothparametrizationshavetheir
ownadvantagesanddrawbacks.
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3.2 GWpropagationinnonlocalinfrared modificationsofgravity

“Nonlocalinfraredmodificationsofgravity”isagenericdenominationformodelsinwhich
thefundamentaltheoryislocal,accordingtothestandardloreofquantumfieldtheory,but
non-localterms,relevantintheinfrared(IR),emergeatsomeeffectivelevel. Asituation
wherethiscanhappeniswhenonetakesintoaccountquantumfluctuations.Inthatcase,
wheninthespectrumtherearemasslessparticles(suchasthegravitoninGR)or,more
generally,particlesthatarelightwithrespecttotherelevantenergyscales,thequantum
effectiveaction,whichisthequantitywhosevariationgivestheequationofmotionofthe
vacuumexpectationvalueofthefields,developsnonlocalterms.Termsthatinvolveinverse
powersofthed’Alembertianareparticularlyinterestingforcosmologicalapplications,since
theybecomeimportantintheIR.Theideathatquantumgravityatlargedistancescould
inducecosmologicaleffectsisquiteold,seee.g.[100],andseveralhintsonnon-trivialphysics
atlargedistancesemergeforinstancefromthestudyofIReffectsindeSitterspace[101–108].
However,afirst-principleunderstandingoftheIRlimitofquantumgravityisahighlynon-
trivialtask,anditmakessensetobeginwithaphenomenologicalapproach,whereonestudies
whatsortofnonlocaltermscouldgiveaviableandinterestingcosmology.Inthisspirit,a
nonlocalgravitymodelwasproposedbyDeserand Woodard(DW)[109,110](generalizing
earlierworkin[111]),basedonthequantumeffectiveaction

ΓDW=
m2Pl
2

d4x
√
−gR−Rf(✷−1R), (3.26)

withf(X)afunctionchosensotoobtainthedesiredbackgroundevolution[112](see[113]
forreview).IntheDWmodelthenonlocalterminvolvesadimensionlessfunctionf(X).
Anotherpossibilitythathasbeenmuchinvestigatedrecentlyisthatthenonlocaltermrather
involvesamassscale.AnexplicitexampleofamodelofthisclassisprovidedbytheDvali-
Gabadadze-Porrati(DGP)model[114]that,whenprojectedontothefour-dimensionalbrane
andlinearizedaroundMinkowskispace,isequivalenttoanonlocaltheoryforthefluctuations
hµνwhosecovariantization,atleasttolinearorderinhµν,reads[115,116]

1+
m
√
−✷

Gµν=8πGTµν, (3.27)

wherethemassscalem=2M35/M
2
4emergesfromacombinationofthe5-dimensionaland

4-dimensionalPlanckmasses. WhileDGPisnotcosmologicallyviableonitsself-accelerating
branch,severalothermodelswithnonlocalitiesassociatedtoamasstermhavebeenstudied
phenomenologically.Inparticular,amodelofthistypewasproposedin[117]tointroduce
thedegravitationidea,andisbasedonthemodifiedEinsteinequations

1−
m2

✷
Gµν=8πGTµν, (3.28)

wheremisamassscaleassociatedtothenonlocaloperator✷−1. However,adrawbackof
eq.(3.28)theenergy-momentumtensorisnotautomaticallyconserved,sinceincurvedspace
[∇µ,✷−1]=0andthereforetheBianchiidentity∇µGµν=0nolongerensures∇

µTµν=0.
Ontheotherhand,asymmetrictensorSµνcanalwaysbedecomposedas

Sµν=S
T
µν+

1

2
(∇µSν+∇νSµ), (3.29)
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whereST
µν isthetransversepartofSµν,∇µST

µν =0. Thisdecompositionwasusedin[118]
to modifyeq.(3.28)into

Gµν−m2 ✷−1Gµν
T

=8πGTµν, (3.30)

wherethesuperscript“T”denotestheextractionofthetransversepartfromofthetensor
✷−1Gµν ,sothatenergy–momentumconservationbecomesautomatic. Thecosmological

evolutionofthis modelturnedouttobeunstable,alreadyatthebackgroundlevel,sothis
modelisnotphenomenologicallyviable.Severalvariantsofthisideahavethenbeenexplored,
andithasbeenfoundthatitisquitedifficulttobuildamodelthatiscosmologicallyviable.
Aratherextensivestudyofthevariouspossibilities(see[51,119]forreviews)hasfinally
pinneddowntwoparticularlyinteresting models. Thefirst,proposedin[120],isavariant
ofeq.(3.30)wherethe✷−1operatoractsontheRicciscalarratherthanontheEinstein
tensor,andisdefinedbythenonlocalequationof motion

Gµν−
m2

3
gµν✷−1R

T
=8πGTµν, (3.31)

(wherethefactor1/3isausefulnormalizationforthe massscalem). Werefertoitasthe
“RT” model,whereRstandsfortheRicciscalarandTfortheextractionofthetransverse
part. Thesecond,proposedin[121],isinsteaddefinedintermsofaquantumeffectiveaction

ΓRR =
m2

Pl

2
d4x

√
−g R−

m2

6
R

1

✷2
R . (3.32)

Werefertoitasthe“RR”model,afterthetwooccurrencesoftheRicciscalarinthenonlocal
term.ItturnsoutthattheRTandRR modelsarerelatedbythefactthattheequationsof
motionderivedfromeq.(3.32),whenlinearizedover Minkowskispace,arethesameasthe
linearizationofeq.(3.31). However,ifonegoesbeyondlinearorder,orifonelinearizesover
adifferentbackgroundsuchasFRW,thetwo modelsaredifferent.

Detailedstudies[51,120–125]haveshownthatthe RRandthe RT modelshavea
viablecosmologicalbackgroundevolution, withthenonlocaltermdrivingacceleratedex-
pansion;theyhavestablecosmologicalperturbationsbothinthescalarandtensorsector;
tensorperturbationspropagateatthespeedoflight,thuscomplying withthelimitfrom
GW170817/GRB170817A;both modelsfitCMB,BAO,SNeandstructureformationdata
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atalevelstatisticallyequivalenttoΛCDM(withthesamenumberofparameters,sincem
replacesΛ).Veryrecently,however,ithasbeenfoundinref.[126](elaboratingonadiscus-
sionin[127])thattheRRmodelisruledoutbythelimitonthetimevariationofNewton’s
constantderivedfromLunarLaserRanging(LLR).ThisisduetothefactthattheRRmodel
predictsatime-varyingeffectiveNewton’sconstantGeff(z)oncosmologicalscales,anddoes
nothaveascreeningmechanismonshortscales.Theanalysisin[126]thenshowsthatthe
sametimedependencewouldappearatthescaleofsolarsystemandoftheEarth-Moonsys-
tem,andwouldthenviolatetheLLRbound.TheRTmodel,incontrast,predictsaconstant
Geff=Gformodeswellinsidethehorizon,andthereforepassestheLLRbound.In[126]it
isalsoshownthatascreeningmechanismthatwasproposedfortheDWmodelisactually
incorrect,andthattheDWmodelisalsoruledoutbytheLLRbound. Thus,itappears
that,inthisclassofnonlocalmodels,theRTmodelistheonlyviableone(seealso[128]
forananalysisofLLRconstraintsthatrulesoutothernonlocalgravitymodelsstudiedin
theliterature).Itisquiteremarkablethatthewholeensembleofconditionsthathavebeen
imposedissostrongtosingleoutasinglemodeloutofaratherbroadclass.8

ThesenonlocalgravitymodelspredictmodifiedGWpropagation,showingagainthat
thisphenomenoniscompletelygeneralinmodifiedgravity. TheRRmodelpredictionis
fittedextremelywellbytheparametrization(2.31),withΞ0 0.970andn 2.5;indeed,
thepredictionoftheRRmodelwastheoriginalmotivationforintroducingthisparametriza-
tion[16].TheRTmodelalsopredictsamodifiedGWluminositydistance.Theequationfor
thetensorperturbationsinthismodelwascomputedin[124]andhasagaintheform(2.9),
soGWspropagateatthespeedoflight,withafunctionδ(z)determinedbythebackground
evolutionofsomeauxiliaryfieldthatareintroducedtorewritethemodelinalocalform.
Insertingtheexpressionforthebackgroundevolutionoftheseauxiliaryfieldsfoundfromthe
numericalintegrationofthemodifiedEinsteinequation,wegettheresultsshowninFig.7for
dgwL (z)/d

em
L (z)andδ(z).Intheseplotsthebluesolidlinearethepredictionsofthemodel,

andthemagentadashedlinesarethefittotheparametrization(2.31)fordgwL (z)/d
em
L (z)

[andthecorrespondingparametrization(2.37)forδ(z)],withthebest-fitparameters

Ξ0 0.934, n 2.6. (3.33)

Weseethattheparametrizationworksextremelywell,andthemodelpredictsarelatively
largevalueofΞ0,whichdiffersfromtheGRvalueΞ0=1byabout6.6%.

Itshouldbeobservedthat,intheRTmodel,formodeswellinsidethehorizonGeff=
G[130,131].Thus,thisisanexampleofamodelwherethereisamodifiedGWpropagation
eveniftheeffectiveNewtonconstant,ortheeffectivePlanckmass,doesnotevolvewithtime,

8Recently,stimulatedbytheobservationin[126],anewvariantoftheDWmodelhasbeenproposedin
[129]. Thisnew modelsolvesapartoftheproblemraised,inthesensethatanonlocalquantityYused
initsconstructionindeedchangessignbetweenthestaticandthecosmologicalsolution,incontrasttothe
originalvariableX=✷−1R,allowingforascreeningmechanismbasedonsettingtozerothefunctionf(Y)
thatdefinesthenonlocalmodel,whenY <0.However,therathergeneralanalysisin[126,127]showsthat,
forboththeRRmodelandthe“old”DWmodel,onceonematchesthestaticsolutioninthenearregionto
thecosmologicalsolutionatlargedistances,onefindsXtot(t,r) Xstatic(r)+Xcosmo(t).SinceXcosmo(t)<0
andnumericallydominatesoverXstatic(r),itfollowsthatXtot(t,r)<0independentlyofthesignofXstatic(r)
(which,furthermore,inthiscaseisalsonegative),andthescreeningmechanismproposedforthe“old”DW
model,basedonsetting f(X)=0forX > 0,cannotberealized.Ingeneral,thesamecouldhappenin
thenewmodelforthefieldY=✷−1(gµν∂µX∂νX),sothatYtot(t,r) Ystatic(r)+Ycosmo(t)withYcosmo(t)
positiveandnumericallydominatingoverYstatic(r).Ifthisisthecase,againthemodelwouldneverbeinthe
regimeY <0wherethescreeningmechanismacts,andwouldthenberuledout.Furtherworkisthenneeded
toassesswhetherthismodelisindeedviable.
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andhencetherelation(2.17)doesnothold.

3.3 GWpropagationinbigravity

Thelinearisedequationscontrollingthepropagationofgravitationalwavesovercosmological
distancescancontaincouplingswithadditionalfields,forexampleinscenarioswithbroken
spatialdiffeomorphismsorwithanisotropicstress.Theextradynamicsistypicallytheresult
ofadarkenergyoradarkmattercomponent.Insuchcases,theevolutionoftensormodescan
becharacterisedbynewphenomena,suchastransitionsandoscillationsbetweendifferent
states,analogoustoneutrinooscillations. Oneoughttoexpectthatinthesescenariosa
minimalparametrizationfortheGWluminositydistance,astheonediscussedsofar,isnot
sufficienttofullydescribetheinterplaybetweendifferentfields. Amodel-specificanalysis
isthennecessary,andweshallconsideroneinthissubsection. Oneofthebest-developed
frameworksthatexhibitstheseextraeffectsisbigravity,whereamasslessspin-2fieldcouples
toamassivespin-2particleinaspecificallydevisedfashionsoastoavoidexcitingghostly
(i.e.unstable)degreesoffreedom. Wehenceforthconcentrateonthistheorybutstresshere
thatalternativescenariosexist(e.g.darkenergymodelswithvectorfieldsbreakingspace
diffeomorphisms[132,133])withsimilarphenomenologicalconsequencesforthepropagation
ofgravitationalwaves.

Aconsistenttheoryofbigravity,freeofOstrogradskyinstabilitiesatthefullynon-
linearlevel,hasbeenproposedbyHassanandRosen(HR)[134],addinganEinstein-Hilbert
termforthereferencemetricoftheso-calleddRGTtheoryofmassivegravity[135](see
[136–138]forreviews).BigravityadmitsFRWcosmologicalsolutionsdescribinglate-time
accelerationthatdifferfromΛCDMatthelevelofthebackgroundaswellasforthedynamics
ofcosmologicalfluctuations[139–150].Inthissectionwestudytheevolutionoftensormodes
aroundhomogeneousFRWconfigurations,developingtechniquesthatwillallowustogo
beyondexistingliterature. WewillbespecificallyconcernedwithGWspropagation(as
opposedtogeneration)andwillthereforebeallowedtoneglectthenon-linearitiescrucialin
thestrong-gravityGWsgenerationregime(seee.g.[54]forarecentanalysis).Ouranalysis
isfocussedonthetracelesssymmetricpartofthetwotensorsectors:itwillnotinclude
thescalarandthe(typicallydecaying)vectordegreesoffreedom.ForotherworksonGW
propagationinbigravity,seeforexample[151–155].

Wearegoingtoaddressthequestionofhowthecouplingbetweendifferentmodescan
affectthegravitonpropagationinaregimeoutsidealatetimedeSitterera,whichistheone
usuallyconsideredwhenstudyingoscillationeffectsinbigravity[156,157].Thisquestionis
particularlyrelevantforthepurposesofthiswork,sinceGWsemittedfromLISAstandard
sirensatlargeredshiftcanprobephasesofcosmologicalexpansionthatarenotcapturedby
apuredeSitterspaceapproximation. WeprovideinAppendixB.1abriefreviewofbigravity
theory,aswellastheequationsgoverningthehomogeneousbackgroundevolution. Tensor

fluctuationsh
(1,2)
ij aredefinedaroundtwoFRWlineelements,associatedtoeachoneofthe

metricsinvolved:

ds2=a2(τ)−dτ2+dx2 , (3.34)

d̃s2=ω2(τ)−c2(τ)dτ2+dx2 , (3.35)

wherec(τ)isthespeedofthesecondtensorfluctuation.Inwhatfollowstheratioofscale
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factorsisdenotedby

ξ(τ) =
ω(τ)

a(τ)
, (3.36)

whileH=a/aistheHubbleparametercorrespondingtothefirst metric. Theevolutionof
thetensorperturbationsinbigravityisdescribedbyacoupledsystemoflinearisedequations
forthetwotensor modesh1andh2[142]

d2

dτ2
+

2H 0

0 2 H+ξ
ξ −c

c

d

dτ
+

10
0c2 k2+m2a2f1

1 −1
− c

κξ2
c

κξ2

h1

h2
=0,(3.37)

where wehavedroppedthetensorialindicessincethepropagationisthesameforeach
transverse-tracelesspolarisation. Theconstantκcontrolstherelativesizeofthestrengthof
gravitationalinteractionsinthetwosectors,whilem setsthescaleofthebaregravitonmass.
Thequantityf1(τ)isacubicfunctioninξ(τ)thatdependsonthebigravityparametersai:

f1(τ) =2ξ2(τ)[3a3c(τ)ξ(τ)+a2(c(τ)+1)]+a1ξ(τ). (3.38)

Thetime-dependentcoefficientsin(3.37)arecontrolledbythebackgroundsolutions. We
willconsiderthebranchofsolutionswherescalarandvectormodesarenotstronglycoupled.
Inthisbranch,thepropagationspeedofthesecondtensorh2isdeterminedby[141]

c(τ)−1=
1

H(τ)

ξ(τ)

ξ(τ)
=

dlnξ

dlna
, (3.39)

andinwhatfollowsweassumethat matteronlycoupleswiththetensorperturbationh1.
Equation(3.37)impliesthatthecosmologicalpropagationofGWsinbigravityischaracter-
izedbythreedistinctiveeffects:

(i)thetwotensorperturbationsh1,2propagateatdifferentspeeds(c=1ifξ=0),

(ii)theyhavedifferentfrictionterms,

(iii)they mixduetothenon-diagonal mass matrix.

Ingeneral,giventhetimedependenceoftheparametersin(3.37),thepropagationofGWscan
notbesolvedanalytically,andthesystemoftwotensor modescannotbediagonalized. On
theotherhand,inourcasewecanexploitthefactthatthefrequencyoftheGW(f∼10−2Hz
intheLISAband)is muchlargerthantheuniverseexpansionrate,H0∼10−18Hz. Thus,
thetimevariationoftheparametersissmallcomparedtothefrequencyoftheGWandwe
canmakeuseofa WKBexpansiontoobtainapproximateanalyticalsolutionsforthetensor
dynamics. Thatsaid,weneverthelessemphasizethatfortherangeofredshiftsprobedwith
LISAstandardsirens,z∼1−5,thereisalwayssometimedependenceleftintheparameters
introducedbythescalefactora(z). ThisisincontradistinctiontoLIGOsourcesatz 1,
forwhichtheapproximationa 1canbeconsistentlyadopted,asdoneinpreviousanalysis
[156,157].

The WKBsolutionforthesystemofequations(3.37)isdescribedinAppendixB.2,and
issummarisedbythefollowingexpression

a(τ)h1(τ)=c1̄Φ1(τ)+c2Ê12(τ)̄Φ2(τ)ei δθ(τ)dτ ei θ1(τ)dτ, (3.40)

a(τ)h2(τ)=c1Ê21(τ)̄Φ1(τ)e−i δθ(τ)dτ+c2̄Φ2(τ)ei θ2(τ)dτ. (3.41)
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Thequantitiesθ1,2andÊ correspondrespectivelytotheeigenvaluesandtothe matrixof
eigenvectorsthatwoulddiagonalisethesystemintheapproximationinwhichtheparam-
etersineq(3.37)areconstant.Φ̄1,2denotecomponentsofavectorcontrollingthe mode
amplitudes. Thequantitiesc1,2areconstantfixedbyinitialconditionswhileδθ≡θ2−θ1.
Werelegatetechnicaldetailsonthesequantitiesandhowtoderiveeqs.(3.40)–(3.41)toAp-
pendixB.2. Hereweemphasizethatthepossible mixingbetweenh1andh2iscontrolledby
thenon-diagonalelementsofthe matrixofeigenvectors,i.e.Ê12andÊ21. Theseentriesare
non-vanishingwheneverthe mass matrixin(3.37)isnon-diagonal. Ontheotherhand,we
findthatthesizeofthemixingiscontrolledbytherelativedifferenceofthevelocitiesofeach
mode.Inparticular,forthe mixingnottobesuppressedintheregimeoflarge k,oneneeds
torequire

c2−1 k2 m2a2, (3.42)

whichfollowsdirectlyfromtheanalyticexpressionofÊthatcanbefoundinAppendixB.2.
Ifthisinequalityissatisfiedonecanhavelarge mixingsamong modeswithinterestingphe-
nomenologicalconsequences,suchasgravitonoscillations.InAppendixB.2weshowthatin
thesmall massregime,m ∼ H0,thisinequalitycannotbesatisfiedforviablecosmological
scenarios. Hence,fortherestofthisSectionwefocusonalargemasslimitm H0.Inthis
regimeξisapproximatelyconstantand,asaconsequence,c 1(recall(3.39)).Inparticular,
wefind

(c2−1) (H2−H2
0ΩΛ)/(m2a2), (3.43)

whereΩΛ isthedensityof DE. Asaconsistencycheck, weseethatinthepuredeSitter
limit,thespeedisexactlyluminal,cdS=1. Theconditiontohave mode mixing,eq(3.42),
issatisfiedfor

m4a4 k2(H2−H2
0ΩΛ). (3.44)

ForLISAfrequenciesthisleadstoaboundm 108H0,whichimprovesbyacoupleoforders
of magnitudetheLIGOdetectabilityrangem 1011H0[157](recallthatH0∼10−33eV).
Westressherethatinthelarge massregimetheevolutionoftheuniversecannotreproduce
theobservedacceleratedexpansionunlessweincludeaneffectivecosmologicalconstantterm
compensatingthelarge massintheFriedmannequation(see AppendixB.1). This means
that,byrestrictingtheanalysistothelarge massregime,thepresentworkdoesnotfully
probebigravity:itdoesnotcapturetheregionofparameterspacewherem ∼H0,whichis
themostpropitiousforself-acceleration. Ontheotherhand,ouranalysiscanalsoserveasa
proxyforotherscenariossupportingoscillationsintheluminositydistanceatlatetime. A
caseinpointare modelswithvectorgaugefields[132,133].

Wehenceforthrestricttheanalysistotheregimeof(3.44)andinvestigateitsphe-
nomenologicalconsequences.Itisconvenienttodefineaneffective massmganda mixing
angleθg:

m2
g≡m2f1

1

κξ2
+1 and θg≡tan−1 κξ2 . (3.45)

Whenever c2−1 k2< m2
ga2,onecanexpandthephasesassociatedtoeachtensormodeas

θ2
1=k2 1+

c2−1κξ2

1+κξ2
−H2+O

c2−1
2

k4

m4
ga4

, (3.46)

θ2
2=k2 1+

c2−1

1+κξ2
+m2

ga2 1+
c2−1

2(1+κξ2)
−H2+O

c2−1
2

k4

m4
ga4

. (3.47)
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Figure8. Amplitudeofthetensorperturbationsh1andh2foraGWemittedwithfrequency
ν
GW
=5mHz. Theleftandrightpanelscorrespondtodifferentmixinganglesforthesamemass

mg=2·10
24eVandwehavenormalisedtheinitialamplitudeofh1to1.Seeeq(3.45)forthe

definitionsofmgandθg.

Analogously,theeigenvectorssimplifyto

Ê=






1 −κξ2 1−
(c2−1)k2

m2ga
2 +

(c2−1)
2

1−
(c2−1)k2

m2ga
2 1




+O

c2−1
2
k4

m4ga
4

. (3.48)

InordertoestimatehowlargeisthecorrectiontotheGWamplitudew.r.t.thec=1case,we
canparametrizetheeffectivemasswithadimensionlessconstantβvia(mga)∼β·(kH0)

1/2,
whichcontrolsourcomplyingwiththelargemassregimedefinedin(3.44).Itfollowsthatthe
largestcorrectiontothematrixofeigenvectors(3.48)scaleswithβ−4.Therefore,provided
thatβ 5,wecanneglectthiscorrectionintheamplitude.

Themixingamongmodesaffectthetensorspeedandtheluminositydistance. The
modificationinthepropagationspeedofthelightesttensorh1,definedasαT ≡c

2
T−1,is

givenby

αT=
c2−1κξ2

(1+κξ2)
, (3.49)

andscalesasαT∼β
−2(k/H0)

−2.ForLISA,αTissmallerthan10
−16inthelargemasslimit.

However,itmightstillbeobservablegiventhatthisisacumulativeeffectoverlongtravel
distances.ApromptEMcounterpartcangiveconstraintsoftheorderof

αT 2×10−17
10Gpc

D

∆t

10s
, (3.50)

where∆tisthedifferenceinthetimeofarrivalandDthedistancetothesource.
Next,westudyhowthemixingofthetensormodesh1,2canleaveanimprintintheGW

luminositydistance.Focussingontheregime(mga) 5·(kH0)
1/2,theonlytimedependence

intheamplitudeisintroducedbythescalefactora(τ). Usingthedefinitions(3.45)ofthe
effectivemassmgandthemixingangleθg,theamplitudeofthetensorcomponenth1is

|ah1|
2=h20cos

4θg 1+
tan4θg
θ2/θ2(τe)

+
2tan2θg

θ2/θ2(τe)
cos

τ

τe

δθdτ , (3.51)
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Figure9. GWluminositydistanceinthelarge masslimitofbigravityfordifferentvaluesofmg

andθg. Tovisualizetherangeof massesand mixinganglesthatcouldbeprobed withLISA, we
haveincludedtheerrorsofarepresentativecatalogusedintheanalysis(withoutbeingscattered).In
particular,weusethecataloghQ3ofthescenario1tobediscussedinSection4.

whereh0istheamplitudeintheθg=0case,quantitiesdependonthetimeτ,andτeisthe
timeofemission. Also,θ2

1=k2−H2,θ2
2=k2+m2

ga2−H2,δθ=m2
ga2/(2k)+O(k−3). As

aresult,ifm2
ga2∼kH0,theoscillationfrequencyisoforderH0. Asimilarexpressioncan

beobtainedfor|ah2|. Oneshouldnotethatwhile|ah1|isneverlargerthantheinitialvalue
h0,forθg<π/4,h2

2canexceedh2
0(upto4h2

0).Intheoppositelimit,θg>π/4,h2
2isalways

lessthanh2
0. ThiscouldbeobservedbycomparingtheleftandrightpanelsofFig.8,where

the massisfixedbutthe mixinganglesvary.
WecannowcomparetheluminositydistanceofGWsinbigravitywiththeoneofEM

radiation,dgw
L /dem

L . Wefocusontheamplitudeofthelightesttensor mode,h1,whichisthe
oneweassumetobecoupledto matter.From(3.51),weobtain

dgw
L

dem
L

1

cos2θg
1+

tan4θg

θ2/θ2(τe)
+

2tan2θg

θ2/θ2(τe)
cos

τ

τe

m2
ga2

2k
dτ

−1/2

. (3.52)

Weseethatthisratiocanbecomelargerthanoneanddisplayoscillatorypatterns.Possible
configurationsrangeinprinciple9betweenθg=0(correspondingtoκξ2=0)andθg=π/2
(correspondingtoκξ2 → ∞),andthe maximum mixingoccursatθg = π/4(κξ2 =1).
Moreover,inthelimitinwhich θ2/θ2(te)=1(whichisagoodapproximationinthehighk
limit),dgw

L /dem
L issymmetricaroundπ/4,i.e.h2

1(π/4−ϕ)=h2
1(π/4+ϕ).

Giventhattheratio(3.52)oscillatesasafunctionofredshift,thetwo-parameterphe-
nomenologicalparametrisationofSection1isnotexpectedtoperformwellinthiscase,and
ananalysisspecificforthis modelisnecessary. WeplottheoscillatorybehavioroftheGW
luminositydistancefordifferent massesand mixinganglesinFig.9.Foraqualitativeanal-
ysis,weincludeerrorbarsinthe measurementsofluminositydistancesforarepresentative
LISAcatalogue(whichwewilldiscussanduseinSections4and5).

Figure10showstheprojectedconstraintson GWoscillationsinbigravitytheorieson
theparametersmgandθg. Theexcludedregionshavebeenobtainedcomparingthehigh-
masspredictionfortheluminositydistanceratio(3.52)withseveralLISAcatalogs,assuming

9Itisactuallynotpossibletopushthetheorytotheasymptoticregionsforthefollowingreasons:(i)κ→ 0
correspondstoavanishingkinetictermforthesecond metricsothatitbecomesinfinitelystronglycoupled;
(ii)takingthelimitκ→ ∞,thesecond metricdecouplesandgetseffectivelyfrozentoafixedbackground
value.
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Figure10.ExpectedconstraintsonGWoscillations(massandmixingangle)inbigravityforthe
threedifferentLISAcataloguesinscenario1(seeSection4). Theboundsassumethehigh-mass
prediction(3.52),fixedcosmologyandafiducialobservationfrequency.Thecontoursshowthebest
casescenario(blue:heavyseednodelay,optimisticerrors)andtheworstcasescenario(yellow:Pop3
seed,pessimisticerrors),seeSection4fordetails.

fixedcosmology,andperformingaχ2analysis.Oscillationeffectscanbeobservedformasses
mg 2·10−25eV.Theamplitudeoftheoscillation,andthusitsdetectability,increasesasθg
approachestoπ/4fromaboveorbelow.Themixinganglerangewhereoscillationscanbe
detectedis0.05π θg 0.45π.LISAwillprovidea∼3orderofmagnitudeimprovement
inmasssensitivityoverthecurrentLIGOlimit,whichprobesmg 10−22eV[157],dueto
thelargeroscillationbaselineandthelowerdetectionfrequency. Weconcludethattheuse
ofstandardsirenswillstrengthenexistingboundstowardssmallervaluesforthemass.

However,oneshouldnotethattheseboundsarebasedonstandardsirenswithasingle
fiducialfrequency,i.e.amonochromaticGW.SinceGWoscillationeffectsdependstrongly
onthefrequency,acoallescingbinarywouldexperienceatime-dependent modulationof
theamplitudeastheorbitalfrequencyincreases,leadingtoadistinctsignal. Remarkably,
noelectromagneticcounterpartsarenecessarytostudysucheffects. Asarepresentative
example,weplotinFig.11thestrainofaGWsignalfromamassiveBHbinaryasafunction
offrequencyanditsmodificationinbigravity. TheGWoscillationsleadtoadistinctive
frequencyprofile,whichwouldbeinterestingtofurthercharacteriseinordertoestablishto
whatextentitcanbeprobedwithLISA. Moreover,theinitialwavepacketemittedmight
decoherewhiletraveling.Inthatcasetheeventwouldbefollowedbyan“echo”signal,which
maybedetectableifthemixingissufficientlylarge[158].Theinclusionofdecoherenceeffects
andfrequencydependencewouldprovidefurthermeanstotestGWoscillations. Weleave
thistofuturework.

3.4 Modelswithextraandvaryingdimensions

Variousmodelsofmodifiedgravitypredictthatgravitationalwavespropagateinmorethan
fourdimensions,whilephotonsandtheotherStandardModelfieldsarelocalizedonafour-
dimensionalbrane.Similarconsiderationsapplytomodelsofquantumgravity,wherespace-
timeswithdimensionsdifferentfromfouroftenenterintheoreticalattemptstofindquantum
theoriesofgravitationalinteractions.

–31–



10−4 10−3 10−2 10−1

f[Hz]

10−21

10−20

10−19

C
h
ar

ac
te

ri
st

ic
St

r
ai

n

MBHB:105M ,z=3

GeneralRelativity

mg=7·10−25eV,θg=π/8

mg=5·10−25eV,θg=π/4

Figure11. GWstrainversusfrequencyinbigravityforasignalfromamassiveBHbinary(MBHB)
mergereventdetectablewithLISA(ingreytheLISAsensitivitycurve). Wecomparethesignalstrain
fortwobigravitysetsofparameters(fixed mass,changing mixingangle)withrespecttoGR.Notice
thecharacteristicoscillationsinfrequencyoftheGWstrainforthistheory.

Examplesof modifiedgravityscenariosare modelsintheDGPclass[114],wheregrav-
itationalleakageintoanextrafifthdimensionhasbeenproposedasawaytoexplaindark
energy,sincegravitybecomesweakeratverylargecosmologicalscales.Intheoriesinvolving
dimensionsdifferentfromfour,theGWpropagationandtheluminositydistancerelationcan
differfromGR,anditisinterestingtoestimatewhetherGWobservationscanconstrainsuch
systems.

In[14,159,160],constraintshavebeenimposedontheparametersenteringthefollowing
phenomenologicalexpressionfortheluminositydistance[12],suitablefor modifiedgravity
modelswithextradimensions:

dgw
L

dem
L

= 1+
dem

L

Rc

nc
D−4
2nc

, (3.53)

withRcisthecharacteristiclengthscalebeyondwhichpropagatingGWsstarttoleakinto
theextradimensionsandnc>0isasteepnessparameterdenotingthetransitionbetween
GRandtheonsetofgravitationalleakage. Forsourcesemitting GWsaccompaniedbyan
electromagneticcounterpart,onecanconstrainlargeextradimensionsbycomparingthe
distanceinferredfromthe GWsignalwiththeoneinferredfromtheelectromagneticone
[14,159,160].Inparticular,usingtheGW170817detection,theLIGO-Virgocollaboration
[160]hasrecentlyset90%upperboundsonthespacetimetopologicaldimensionD,assuming
fixedtransitionsteepnessanddistancescale. ForRcbetween1and20 Mpc,4 D< 4.5.
Conversely,fixingD =5,6,7,atransitionsteepnessnc 10−1isruledout,whilethe10%
lowerlimitonRcisabout20 Mpcfornc>10andbetween20and104Mpcfor0.5<nc<10.

Analogousconstraintsforquantumgravity(QG)canalsobeinvestigated. Quantization
ofthegravitationalforceintimatelyaffectsthedimensionalityofspacetime.Infact,inQG
approachestheeffectivedimensionofspacetimeisnotafixedexternalparameter,buta
dynamicalandscale-dependentone,whichcanchangetoavaluetypicallysmaller(insome
theories,larger)thanfouratverysmalldistancesorveryhighenergies[161,162]. This
dimensionalflow[163]smoothlyspansallscalesofthetheory,fromultra-shorttolarge
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scales whereasemi-classical,near-GRlimitisreached. Ataneffectivelevel,inaregime
wherespacetimeemergesasacontinuum,thedimensionalflowisdeterminedbytheway
volumesscaleinpositionand momentumspacesandbythedispersionrelationsassociated
witheffectivekineticoperators. Inturn,thesefeaturesareencodedintothetopological
dimensionD ofspacetime(D =4inphysical models)andthreeeffective,scale-dependent
“dimensions,”namelytheHausdorff(calledalsofractal)dimensiondH ofpositionspace,the
Hausdorffdimensiondk

H of momentumspaceandthespectraldimensiondS.Inaclassical
spacetime,dH =dk

H =dS=D. Ageneralargumentbasedonthescalingoffieldsandtheir
kinetictermsindicatesthatcorrelationfunctionsanddistancesdependonthesedimensions
throughageometricparameterΓ:=dH/2−dk

H/dSthatcombinesthemtogether[164]. The
relationbetweenΓandtheparameterδthatexpressesthe modificationofGWpropagation
(andthat,aswehaveseeninsection2.2.2,insometheoriesisrelatedtothetimevariation
oftheeffectivePlanck mass)is

Γ=−δ+
D−2

2
, (3.54)

whilethecorrectiontotheGWluminositydistanceinaspacetimecharacterizedbydimen-
sionalflowis

dgw
L

dem
L

=1+ε
dem

L

∗

γ−1

, (3.55)

whereγ=0isthevalueoftheparameterΓatsmallscales, ∗denotesalengthscaleatwhich
quantumgravityeffectscannolongerbeneglected(henceitisoforderofthePlanckscale

Pl)and,dependingonthe model,εiseitheranumberO(γ−1)orarandomvariablewith
zeroaverageandunitvariancesimulatinganintrinsicspacetimeuncertainty,i.e.,ageometry
with microscopicfuzziness. Notethat(3.55)onlyreliesupontwoassumptions. First,that
thereexistsacontinuumspacetimelimitwheretheposition-spacemeasure,themomentum-
space measureandthekinetictermofthetensor modearedeformedinafairlygeneric
way. Second,thatthesedeformationsaresuchthatdS =0. Theorieswherethespectral
dimensionvanishesinthe UV,suchasquantumgravity withnon-local UV modifications
andthelow-energylimitofstringfieldtheory, mustbetreatedseparately(anddonotgive
risetoobservablecorrections)[165].

Thepower-lawcorrectionin(3.55)ofquantum-gravityoriginhasastrongresemblance
withthesimilarexpression(3.53)wediscussedabovefor modifiedgravityscenarios. Com-
paring(3.55)with(3.53),wecanmatchtheparametersasfollows. Whenthescales∗andRc

areconsideredasfreeparameters,theyplaythesamerole. However,inquantumgravity ∗

isexpectedtobeverysmallorevenPlanckian,whichimpliesthatthepower-lawcorrection
willbesmallwhenγ−1<0,largewhenγ−1>0andO(1)whenγ−1isasmallpositive
number. Dependingonthetheoryandthescalesat which(3.55)holds,γcantakevery
differentvalues,beingeithernegative,zero,orpositive.

In mostscenarios,suchasstringtheoryinthelow-energylimit,groupfieldtheory,
spinfoams,loopquantumgravity,causaldynamicaltriangulations,asymptoticsafety,Stelle
gravity,Horava–Lifshitzgravityandvariousrealizationsofκ-Minkowskispacetime,γ<1in
thedeepUVandthecorrectionin(3.55)isPlanck-suppressedandnegligible,asonewould
expectfromagenericreasoningbasedonperturbativeeffectivefieldtheory. However,in
someQGproposalsbasedondiscretepre-geometries(suchasgroupfieldtheory,spinfoams
andloopquantumgravity),thereisapossibilitythatγ−1isasmallpositivenumberat
mesoscopic(farfromtheUV-regime)ornear-IRscalesforspacetimesdescribedbycertain
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semi-classicalstates. Hence,inthesecasesthecorrectionin(3.55) maybenon-negligible,
evenif ∗issmallerby manyordersof magnitudethananycosmologicaldistance.

Inanalogywiththeextra-dimensionalcase(3.53)studiedin[160],onecanexpectthat
LIGO-Virgodata,andlaterLISAdata,constrainthefreeparameters(∗,γ)of(3.55),pro-
vidingatestforQGproposals. Thisisindeedthecase. The model-independentanalysisof
[164]showsthattheorieswith∗=O(Pl)and

γ−1 0.02 (3.56)

canfallintothedetectabilityrangeofinterferometers.Suchsmallnon-zerovaluesofγ−1
canbeobtainedonlyinanear-IRregime. Most QG modelsdonotachievethis(because,
inthisregime,eitherγ−1<0orγ−1ispositivebuttooclosetozero)anddonotaffect
theluminositydistance. However, QGproposalswherespacetimeemergesfromadiscrete
structure(groupfieldtheory,spinfoamsandloopquantumgravity),where0<γ−1 1(γ
closeto1), mayleaveanobservableimprintdependingontheconsideredquantumstateof
geometry(whichcanbedescribedintermsofgeometricindicators,suchastheHausdorffand
spectraldimensions).InthislatterclassofQG models,thespacetimedimensionturnsout
tobehighlystate-dependent,andhencetheeffectivelengthscalecharacterisingIRnearly-
classicalgeometries maybeseveralordersof magnitudeabovethePlancklength. Whether
suchquantumstatesarerealisticandviablewithinthecorrespondingtheoreticalframework
remainsanopenquestionandapotentialsubjectoffuturestudy.

Itisworthnotingthatthequantumcorrectionin(3.55)isnotthesameasonecouldfind,
forinstance,inparticle-physicsoratomicobservables,whereconstraintsonnewphysicsare
tighttoanextreme.In mosttheoriesofquantumgravity,thesecorrectionsareactuallynot
present,sinceonlythegravitationalsectorofthedynamicsisaffectedbynon-perturbative
phenomenasuchasthedimensionalflow. Thisisindeedthecasefortwoofthethree QG
proposalsthatsupporttheparameterspace(3.56),namelyspinfoamsandloopquantum
gravity. Inthesetwo modelsthereisno modificationintheStandard Modelofparticle
physics,norinanyfundamentalconstantofnature. Forgroupfieldtheorythough,this
islessobvious. However,fortheorieswhereparticleandatomicphysicsarealsoaffected,
correctionsarestillofapower-lawtype(/∗)α but,typically, withapowerαdifferent
fromthespecialcombinationofdimensions(3.54)[164]. Therefore,GWandparticle-physics
boundsare(atleastpartially)independent,leadingtocomplementaryconstraintstothe
fundamentaltheories. Ontheotherhand,solar-systemtestscanyieldstrongerboundsonγ
inQGscenarioswherealsothescalarsectorisaffected[164]. However,inmanyQGsmodels
thecorrectiontotheNewtonpotentialisnotknown,whilethespin-2sectorisunderbetter
controland GWscanbearobustand,forthetimebeing,unique waytoconstrainsuch
models[164].

Toconclude,wecommentontheparametrization(2.31)forthesystemsconsideredin
thissubsection.Formodelsthatpredictrelationssuchas(3.53)and(3.55),theparametriza-
tion(2.31)isnolongerappropriate.Indeed,(2.31)yieldsdgw

L (z)/dem
L (z) 1+O(z)atsmall

redshift,while(3.53),forD>4anddem
L Rc,gives

dgw
L (z)

dem
L (z)

1+
D−4

2nc

z

H0Rc

nc

, (3.57)

whichisoftheform1+O(z)onlyfornc =1. Ontheotherhand,assumingthatthe
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electromagneticsectorisnot modified,(3.55)gives

dgw
L (z)

dem
L (z)

1+ε
z

H0 ∗

γ−1

, (3.58)

whichisoftheform1+O(z)onlyforγ=2,validonlyintwospecific modelswhichleave
noimprintontheluminositydistance[164]. Moreover,quiteimportantly,theratiodgw

L /dem
L

in(3.53)and(3.55)doesnottendtoaconstantatlargeredshifts–whichistheinteresting
rangefortheLISAStandardSirensthat weconsiderinthis work–henceitcannotbe
reproducedwellwiththeparametrization(2.31)inthehigh-zregime.

Apossibleparametrizationinspiredbythelow-zbehaviour(3.57)and(3.58),butsuch
thatdgw

L /dem
L constatlargeredshift,isgivenby(3.24). Atlargez,thistendstothe

constantvalueΞ0,whileinthelow-zlimititgoesto

dgw
L (z)

dem
L (z)

1+(Ξ0−1)zn, (3.59)

reproducing(3.57)whenΞ0=1+(D−4)(H0Rc)
−nc/(2nc)andn=nc,and(3.55)whenΞ0=

1+ε(H0 ∗)1−γandn=γ−1. Asimilarbehaviorcanbeobtainedwiththeparametrization
(2.40).

4 ConstructionofcatalogsofLISAstandardsirens

LISAwilldetectthreeclassesofbinaryblackholes(BHBs)atcosmologicaldistances[11],
namely, massive BHBs(MBHB),extreme massratioinspirals(EMRIs)andstellar mass
BHBs. These GWsourceshavedifferentpropertiesandtheyareexpectedtobeobserved
indifferentredshiftranges. Inparticular,stellar mass BHBs will mainlybedetectedat
0.01 z 0.1[166],EMRIsat0.1 z 2−3[167]and MBHBsatz 1[168],implying
thatLISAwillconstituteacosmologicalprobeableto maptheexpansionoftheuniverse
fromlocaltoverylargedistances[169]. Neverthelessonly MBHBsareexpectedtoproduce
powerfulEMcounterparts,sincetheyarebelievedto mergeinagasrichenvironmentthat
maypowerEMemissionthroughjets,disk windsoraccretion:thisfact willallowusto
determinepreciselytheobjectpositionsinthesky. MBHBs willthuslikelybethe main
standardsirensourcesforLISA,thoughthenumberofEMcounterpartdetectionsmightnot
exceedfewtensofevents[35]. Theywillalsoprovideusefuldatatotest modifiedtheories
ofgravitythrougha modifiedcosmologicalpropagationof GWs.Inthissectionweoutline
ourstrategytobuildsimulatedcatalogsofLISA MBHBswithEMcounterparts, whilein
section5wewillusethesecatalogstoconstrainmodifiedgravitytheories.Toproducecatalogs
of MBHBstandardsirenswithEMcounterpart,weemployasimilarapproachtotheone
adoptedin[35].Inwhatfollows,wesummarizetheproceduretoconstructsuchcatalogs,
highlightingthedifferenceswithrespecttotheanalysisof[35].

Todescribethecosmologicalevolutionofmassiveblackholes,andspecifically MBHBs,
weusethesemi-analyticgalaxyformation modelof[170](withlaterincrementalimprove-
mentsdescribedin[171,172]). This modelwasextensivelyusedtopredict massiveblack
hole mergerrates/stochasticbackgroundlevelsforvariousLISA/pulsartimingarrayconfig-
urations,respectivelyin[168,173]and[174,175];tostudyLISAstandardsirensin[35];to
investigateLISAeventratesforextrememass-ratioinspiralsin[167];andtostudyprojected
LISAringdownconstraintsontheno-hairtheoremin[176].
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Weadoptherethesamescenariousedin[168,172].In moredetail,the modelfollows
theevolutionofbaryonicstructuresontopofaDark Matter mergertreeproducedwithan
extendedPress–Schechterformalism[177],modifiedtoreproducetheresultsofnumericalN-
bodysimulations[178].Thebaryonicstructuresthatareevolvedincludeachemicallypristine
diffuseinter-galacticmedium,whichiseithershockheatedtothevirialtemperatureofDark
Matterhalos,orflowsintothehalosalongcoldfilaments[179];acold,chemicallyenriched
inter-stellar medium(inbothadiskandbulgecomponent);stellardisksandbulges,form-
ingfromtheinter-stellar medium(withsupernovafeedbackincludedinthestarformation
description);nuclearstarclusters,formingfrominsitustarformationandfromthe migra-
tionofglobularclusterstothenuclearregion[172,180];and massiveblackholes,accreting
fromnucleargasreservoirs(which,inturn,formafter majorgalactic mergersorgalactic
diskinstabilities,whichtriggerburstsofstarformationinthebulgeandinflowsofgasto
thenuclearregion). Theblackholesaffecttheoverallevolutionviathefeedbackoftheir
activegalacticnucleus(AGN)phases,whichensuresalsothattheobservedlocalcorrelations
betweenthepropertiesof massiveblackholesandthoseoftheirgalactichostsarecorrectly
reproduced[170,171,181].

Mostrelevantforourpurposesaretwoingredientsofthemodel,namelytheprescriptions
fortheinitial massfunctionofthe massiveblackholeseeds,andforthe“delays”between
galaxyandmassiveblackholemergers. Whilewereferto[172]foracompletedescriptionof
thesetwoaspectsofour model,letusherebrieflyrecalltheir mainfeatures.

Regardingtheseeding model, weadopttwodistinctscenarios: alightseedscenario
in whichthe massiveblackholepopulationevolvesfromtheremnantsofpopulationIII
(popIII)stars(withremnant masses∼100M )athighredshiftsz 15[182];andaheavy
seedscenarioinwhichtheblackholeseedsform,againathighredshiftsz 15,frombar
instabilitiesofprotogalacticdisks,withrelativelylargeseedmasses∼105M [183]. Asforthe
delaytimes,ourmodeltrackstheevolutionofDarkMatterhalosdrivenbydynamicalfriction,
fromthe moment whentheyfirsttouchtothefinalhalo/galaxy merger[184],including
alsoenvironmentaleffectssuchastidaldisruptionandevaporation[185]. Nevertheless,the
evolutionof MBHBsthatformintheaftermathofagalaxymergerisstillpoorlyunderstood.
Indeed,while MBHBsaregenerallythoughttosinkquiteefficientlydowntoseparationsof
afewpc,undertheeffectofdynamicalfrictionfromthebackgroundstarsandgas,their
evolutionfrompc-separationdowntocoalescencedependssensitivelyonthedistribution
andvelocitiesofstarsandgasinthenuclearregion(seee.g.[186]forareview). Asaresult,
MBHBs mayevenstallatpcseparations(theso-calledfinalpcproblem),atleastinthe
absenceoftriple massiveblackholesystems(which,however,naturallyformasaresultof
thehierarchicalnatureofgalaxyevolution[173,175,187]).Toaccountfortheseuncertainties,
weadoptamodelinwhichthefinalpcproblemissolvedefficiently,i.e. weassumenodelays
betweenthe mergerofgalaxies/halosandblackholecoalescence;anda modelin which
weemploya morephysicaldescriptionoftheevolutionof MBHBs.In moredetail,inthe
latterscenarioweaccountfortheinteractionofthe MBHBwiththenucleargas(ifthatis
present),which maytrigger mergersontimescalesasshortas107yr,andwiththestellar
background(“stellarhardening”),whichtypicallyinducesblackhole mergersontimescales
ofafewGyr(seee.g.[186]forareviewofthephysicsoftheseprocesses). Wealsoaccountfor
theformationoftriple massiveblackholesystems,whichtriggercoalescencesontimescales
againofafewGyr,usingthesimplified modeldescribedin[172](see[173,175,187–190]for
moreworkontriple massiveblackholeinteractions).

Theresultsofthesesemi-analyticalsimulationsarecatalogsof MBHB mergersacross
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thewholecosmicevolution,specificallyfromz 20toz=0. Usingthedataofthese
simulations,inparticularthe(luminosity)distanceandmassesof MBHBmergers,weare
abletocharacterizetheGWemissionofallmergereventswithinthecatalogs,andthusto
computetheexpectedGWsignalwhenitreachesthedetector. Wefollowtheapproachused
in[35,168]toassesstheparameterestimationcapabilitiesofLISAforsuchcatalogs.

WeuseFourier-domaininspiral-onlyprecessingwaveformsusing3.5post-Newtonian
(PN)phaseevolutionwith2PNspin-spinand3.5PNspin-orbitcouplings[191],andspin
precessionequationsat2PNspin-spinand3.5PNspin-orbitorders.Usingasetofprecessing
inpiral-merger-ringdownwaveforms,in[168]wasshownthattheerrorontheluminosity
distancedecreasedbyafactoroftheSNRratiowhencomparedtoaninspiral-onlyanalysis,
whiletheerrorsontheskylocationareadecreasedbyafactoroftheSNRsquared.

Inthisanalysis,wecomputeFishermatricestoassessthedetectorparameterestimation
capabilities. Wefirstdefinethenoise-weightedinnerproductinthespaceofsignalsby(see
e.g.[192,193])

(h1|h2)=4Re
h̃1(f)̃h

∗
2(f)

Sn(f)
df, (4.1)

whereh̃(f)istheFouriertransformofthewaveformh(t)whichfoldsinthedetectorresponse,
astardenotescomplexconjugation,andSn(f)istheone-sidedpowerspectraldensityofthe
detectornoise.ForthedetectornoiseweusetheLISAnoisecurve10givenby[194]

Sn(f)=
4Sacc(f)+Sother

L2
1+

2fL

0.41c

2

+Sconf(f), (4.2)

wheretheaccelerationnoiseisgivenby

Sacc(f)=
9×10−30m2Hz3

(2πf)4
1+

6×10−4Hz

f

2

1+
2.22×10−5Hz

f

8

. (4.3)

Theothernoisesourcescombineto

Sother=8.899×10
−23m2Hz−1, (4.4)

andtheconfusionnoisefromunresolvedbinariesisapproximatedby

Sconf(f)=
A

2
e−s1f

α
f−7/3{1−tanh[s2(f−κ)]}, (4.5)

withA=(3/20)3.2665×10−44Hz4/3,s1=3014.3Hz
−α,α=1.183,s2=2957.7Hz

−1,and
κ=2.0928×10−3Hz.

10InordertoobtainourEq(4.2),wesquareEq(3)of[194]andweremoveits20/3factor(thatcomesfrom
sky-averaging,whichwedonotperform).Eq.(1)of[194]resultsthenequivalenttoourEq.(4.3). Notice
alsothattherequirementsreportedinthepublicLISAproposaldocument[11]aresimplifiedcomparedto
theformulasin[194].InSection4.2of[11]itisproposedtosetrequirementsabove0.1 mHz,forwhich
low-frequencycontributionsarenottoorelevant. Thereareextrafactorsthataffectthehigh-frequency
accelerationnoiseandthelow-frequencydisplacementnoise,butingeneraltheaccelerationnoisedominates
atlowfrequenciesandthedisplacementnoiseathighfrequencies.Itwouldbeinteresting,infutureworks,
toanalysehowourresultschangewhenchangingsensitivitycurves,whosefeatureswillbemodifiedwitha
betterdefinitionoftheinstrumentproperties,andofastrophysicalbackgrounds.
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Wefollow[35,168]andusealow-frequencyapproximationofthesignalinLISA[195],
in whichtheinstrumentisequivalenttotwoindependent Michelsoninterferometers. We
referto[168]fordetailsoftheimplementation.

TheSNRofasignalinoneinterfermometercanbeestimatedwithρ=(h|h)1/2,and
thesignalsfromthetwointerferometerscombineasρ2= ρ2

I+ρ2
II. TheFisher matrixis

definedas

Γij=
∂h

∂θi

∂h

∂θj
, (4.6)

where∂h/∂θiisthederivativeofthewavesignalhwithrespecttoparameterθi.Thediagonal
elementsofitsinverseΣ =Γ−1provideestimatesofstatisticalerrorsduetothedetector
noise,as ∆θi≈

√
Σii. TheFisher matricesinthetwodetectorscombineasΓ=ΓI+ΓII.

Foreachsysteminourcatalogs,weestimatetheerrorontheluminositydistanceusing
theFishermatrixmethoddescribedaboveusinganinspiral-onlysignal,andrescaleitbythe
ratioofinspiral-merger-ringdowntoinspiral-onlySNRcomputedestimatedusingaphenomC
waveform[196],as ∆dL =(ρinsp/ρIMR)

√
ΣdLdL. Tothisexperimentalerrorone mustadd

theuncertaintiesduetoweaklensingandpeculiarvelocities,andwefollowtheprescriptions
outlinedin[35]forestimatingandincorporatingtheerrorbudgeton ∆dL oftheseeffects.

AmongalltheLISAdetectionswithSNR>8weselecttheeventswithaskylocalization
∆Ω < 10deg2. Asin[35] wecharacterizethe EMemissionat mergerbyassumingthe
productionofanopticalaccretion-poweredluminosityflareandofradioflaresandjets,based
onresultsfromgeneral-relativisticsimulationsof merging MBHBsinanexternal magnetic
field[197,198]. Thesemi-analyticalsimulationsof MBHBcatalogsdescribedabovecontain
allthenecessarydata(massinstars,nucleargas,etc.)neededtocomputethemagnitudeof
theEMemissionofeach MBHBmergerinboththeopticalandradiobands.Following[35]we
canthusdeterminethenumberofcounterpartsdetectedbyfutureEMfacilities,specifically
LSST[199],SKA[200]andELT[201]. Notehoweverthatovertheskylocationregionof
thesourcethere mightappearseveralEMtransientsthatcouldlikelybeidentifiedwiththe
EMcounterpartofthe MBHB merger. Asin[35]wewillhoweverassumethatthetrueEM
counterpartcanbeefficientlyidentified(e.g.throughtiming,EMspectrumcharacterization
andevolution,orinformationonthehostgalaxy),andleavea morethoroughinvestigation
ofthisissuetofutureanalyses.SpottingtheEMcounterparthelpslocalizethesourceinthe
sky,thusallowingonetodeterminethehostgalaxyandtoimprovetheerrorsonthe GW
parametersbyfixingthetwoskylocalizationangles.

Theidentificationofthehostgalaxyinprincipleallowsonetoobtaintheredshiftof
the MBHBeventusingeitherspectroscopicorphotometrictechniques.Inwhatfollowswe
distinguishtwoscenariosdependingontheerrorestimatesfortheseredshift measurements:

•Scenario1(realistic): Photometric measurementshavearelative1σerroronz
givenby ∆zphoto=0.05(1+z)atbest,accordingtoEuclid[202],whilespectroscopic
measurementshavearelativeerrorgivenby ∆zspect=0.01(1+z)2,assumingwecan
defineavolume-completespectroscopicsample. However,thefluxlimitforthatsample
evolves withredshift. This mayexplaintheredshiftdependence,sinceluminosity
distanceevolvesasapproximatelythesquareof(1+z)atz >1[203]. Although
extrapolatingthoseexpressionsbeyondz∼ 3 mightseemunrealistic[204],theyare
theonlyguesseswecanuseatthe momenttoestimatefutureredshift measurements
athighredshift.
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Figure12. GWluminositydistanceasafunctionofredshiftforthedifferentsourcesinthethree
catalogs: heavyseedsandnodelay(“hnd”),heavyseeds withadelayincludedandthe Toomre
parametersettoQ=3(“hQ3”)andlightseedsduetopopIIIstars(“popIII”),andthetwoscenarios
forestimateoftheerrorontheredshift:scenario1(realistic,left)andscenario2(optimistic,right).
ThebottomsubpanelsshowtherelativeerrorindL.

•Scenario2(optimistic): Photometric measurementshavearelative1σerroronz
givenby∆zphoto=0.03(1+z),whilespectroscopicmeasurementshaveafixedrelative
errorgivenby ∆zspect=0.01. Moreoverhereweassumeadelensingprocedureableto
reduceby50%theluminositydistanceuncertaintyduetoweaklensing. Thisscenario
isequivalenttothe“optimisticscenario”consideredin[35].

Forbothscenariostheredshifterrorsarepropagatedtotheerrorbudgetoftheluminosity
distanceusingthefiducialcosmology,i.e.ΛCDMwithPlanckvaluesforthecosmological
parameters.

ThetotalresultofthewholeproceduredescribedabovearethusmockcatalogsofMBHB
standardsirens,specifiedbyvaluesoftheluminositydistance,redshiftandtotalerroronthe
luminositydistance. Wesimulate224-yearcatalogs11foreach MBHBastrophysical model
(popIII,heavyseedswithandwithoutdelays),foratotalof66catalogsand264yearsof
data.ForeachcatalogwethenperformaquickFishermatrixcosmologicalanalysisassuming
ΛCDM. Werankedthe22catalogsofeach MBHBastrophysicalmodelaccordingtothearea
ofthe1σcontourellipsesinthe(Ωm,H0)parameterspaceofΛCDM.Thisquantityprovides
us witharough measureofthecosmologicalconstrainingpowerofeachcatalog. Finally
weselectthe mediancatalogamongallranked22catalogsastherepresentativecatalogfor
each MBHBastrophysicalmodel,similarlytotherecipeemployedin[205]. Weperformthis
procedureforScenario1andthenusethesameselectedcatalogsforScenario2,butusing
differentassumptionsfortheredshifterrorsasexplainedabove. Thisallowsustodirectly
compareresultsbetweenthetwodifferentscenarios. Thefinalproductarethussixcatalogs
(correspondingtothethreedifferent MBHBastrophysical models,eachonecombinedwith
thetwoscenariosfortheredshiftmeasurementaccuracy)touseasmockdataforthe MCMC
analysispresentedinthefollowingsection. Thesixselected MBHBcatalogsareplottedin
Fig.12.

11Noticethatalthoughthenominal missionlifetimeis4years(withpossibleextensions),thedutycycle
isonly75%ofthetotalnominaltime.Itwouldbeinterestingtoadjustouranalysistoproperlytakeinto
accounthowfrequentlydatagapsoccur: weleaveadedicatedstudyofthispointtoafuturework.
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5 Cosmologicalparametersanddarkenergy withLISA

Wenowusethe mockcatalogsdiscussedintheprevioussectiontostudytheeffectofLISA
standardsirensontheestimateofthecosmologicalparameters, withparticularemphasis
onthe DEsector,asdescribedbytheparameters(w0,wa)forthe DEequationofstate,
eq.(2.30),andbytheparameters(Ξ0,n)thatentereq.(2.31)formodifiedGWpropagation.
WeadapttoLISAasimilaranalysisperformedin[16]fortheEinsteinTelescope.

Asdiscussedinsection 4, weprovideourresultsforthree modelsfortheformation
of MBHbinaries: heavyseedsandnodelays(“hnd”forshort),heavyseedswithadelay
includedandtheToomreparameter(see[35])settoQ =3(“hQ3”),andlightseedsdue
topopIIIstars(“popIII”).Foreachformation model,weusethetwoscenarios(1)and(2)
ofsection4forestimatingtheerrorinthe measurementoftheredshift:thus,overall, we
considersixdifferentpossibilities.

Fromthepointofviewofthecosmological model,weconsiderdifferentcases. Wewill
startwithΛCDM,toinvestigatehowLISAstandardsirenshelptoconstrainitsparameters.
Wewillthenstudytheextensionofthe DEsectorobtainedintroducinganon-trivial DE
equationofstate,parametrizedbyw0only(without modifiedGWpropagation,i.e.setting
Ξ0 =1);finally, we willintroduce modified GWpropagation,extendingthe DEsector
throughtheparameters(w0,Ξ0)andfixingwa=0andntoareferencevalue.12 Foreachof
thesethreecosmologicalmodelswerun MCMCsforthesixscenariosdescribingtheformation
modelandtheestimateoftheredshifterror,asdiscussedabove.

Furthermore,foreachofthese3×6caseswerunseparate MCMCstocomputethe
constraintsthatcanbeobtainedwithstandardsirensonly,andthoseobtainedbycombining
themwithCMB,BAOandSNedata.InthatcaseweusethePlancktemperatureandpolar-
izationpowerspectra[46],theJLASNedataset[206]andasetofisotropicandanisotropic
BAOdata(seeSection3.3.1of[51]fordetails).

Togeneratethecatalogsdiscussedinsection4weassumeafiducialcosmologicalmodel,
thatwealwaystaketobeΛCDMwithH0=67.64andΩM =0.3087,whicharethefiducial
valuesobtainedfromtheCMB+BAO+SNedatasetthatweuse.So,inparticular,ourfiducial
valuesfortheextraparametersintheDEsectorarew0=−1andΞ0=1,andweuseΛCDM
andstandardperturbationtheorywithin GRasfiducialtheoreticalframeworkfortreating
andanalyzingourdataset. Ouraimistoevaluateto whataccuracyLISA,aloneorin
combinationwithotherdatasets,canreconstructthesefiducialvalues. Wethengenerateour
simulatedcatalogofeventsbyassumingthat,forasourceatredshiftzi,theactualluminosity
distancewillbedΛCDM

L (zi;H0,ΩM ),withtheabovevaluesofH0andΩM . The“measured”
valueoftheluminositydistanceisthenrandomlyextractedfroma Gaussiandistribution
centeredonthisfiducialvalue,andwithawidthobtainedfromtheestimateoftheerroron
theluminositydistancediscussedinsection4.

Therelevantcosmologicalparametersforevaluatingthetheoreticalvaluesofthe GW
luminositydistancedgw

L (z)areΩM andH0intheΛCDMcase,withtheadditionofw0in
wCDMandthefurtheradditionofΞ0inthe(Ξ0,w0)case. Apartfromaconstantaddend
comingfromnormalization,thelogarithmofthelikelihoodassignedtoagivensetofvalues

12Wedonotintroduce morethantwoextraparametersatthesametimeinthe DEsector,sincethe
constrainingpowerwoulddecreaseandtheconvergencetimeofthe MCMCchainswouldbecomeverylong.
Indeed,alreadywiththetwoparameters(w0,wa),wefoundthat,becauseofthelimitednumberofsources
intheLISAcatalogs,the MCMCchainsdonotresolvethedegeneracybetweentheseparametersanddonot
reachagoodconvergence.
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(H0,ΩM ,w0,Ξ0)isgivenby

ln(L(H0,ΩM ,w0,Ξ0))=−
1

2

Ns

i=1

dgw
L (zi;H0,ΩM ,w0,Ξ0)−di

2

σ2
i

, (5.1)

whereNsisthenumberof mocksourcesinthecatalog,dgw
L (zi;H0,ΩM ,w0,Ξ0)isthetheo-

reticalvalueoftheGWluminositydistanceforthei-thsourceanddiisthe“measured”value
ofitsluminositydistancecontainedinthecatalog.Thequantityσiistheerroronluminosity
distanceanditalsotakesintoaccounttheerroronredshiftdetermination,whichissimply
propagatedtotheluminositydistanceusingthefiducialΛCDMcosmology.Theused MCMC
codeexploresthecosmologicalparametersspace,acceptingorrejectingthepointsaccording
toa Metropolis-Hastingsalgorithmbasedonthelikelihoodspecifiedabove. Thepriorsas-
sumedoncosmologicalparametersareGaussian(ortruncatedGaussian)distributionswith
meanandstandarddeviation,inthisorder,givenby:67.8and1.2forH0(inkms−1Mpc−1),
0.02225and0.00028forωb=Ωbh

2(baryondensityfraction),0.1192and0.0027forωc=Ωch
2

(colddark matterdensityfraction),−1.0and1.0forw0(restrictedfrom−3.0to−0.3),1.0
and0.5forΞ0(restrictedtopositivevalues).

AsweseefromFig. 12,thenumberoftotalavailablestandardsirensinoursample
isquitelimited. Forinstance,inthespecificrealizationofthecatalogsthatweusethere
are32,12and9sourcesinthe“hnd”,“hQ3”and“popIII”scenarios,respectively.Itis
importanttorealizethat,sincethesenumbersarerelativelysmall,thescatterofthe mock
dataaroundtheirfiducialvaluesunavoidablyinducesfluctuationsinthereconstructionof
the meanvalueofthecosmologicalparametersinferredfromstandardsirensalone,sothat
thereconstructed meanvaluesingeneralwillnotcoincidewiththoseobtainedfromother
cosmologicalobservationssuchas CMB,BAOandSNe. Thus,dependingonthespecific
realizationofthecatalog,thecontoursinparameterspaceofthelikelihoodobtainedfrom
standardsirenscouldshow mildtensionswiththoseobtainedfromotherdatasets. Thisis
unavoidable,andwillalsohappenintheactualexperimentalsituation. Thus,intheplots
shownbelow,theoverlap(orlackofit)betweendifferentcontourshaslittle meaning,as
itdependsonthespecificrandomrealizationofthecatalog. Whatcarriestheimportant
informationistherelativesizeofthecontours,thatwilltellustowhatextenttheadditionof
standardsirenstootherdatasetscanimproveourknowledgeofthecosmologicalparameters.
However, whencombiningcontoursfromdifferentdatasetstoobtainacombinedestimate
ontheerroronaparameter,one mustbecarefulnottouseaspecificrealizationwherethe
separatecontoursarein mildtensionamongeachother.

5.1 ΛCDM

Webeginbystudyingtheeffectofstandardsirensoncosmologicalparameterestimation
in ΛCDM,asabenchmarkforoursubsequentgeneralizations,and we willthenintro-
ducedifferentextensionsofthedarkenergysector. Asbaseline ΛCDM model weuse
thestandardsetofsixindependentcosmologicalparameters:the Hubbleparameterto-
dayH0=100hkms−1Mpc−1,thebaryondensityfractiontodayωb=Ωbh

2,thecolddark
matterdensityfractiontoday ωc=Ωch

2,theamplitudeAsandtiltnsofthespectrumof
primordialscalarperturbations,andthereionizationopticaldepthτre. Wekeepthesumof
neutrinomassesfixed,atthevalue νmν=0.06eV,asinthePlanckbaselineanalysis[207].
Wethenrunaseriesof MCMC,usingtheCLASSBoltzmanncode[208](orourmodification
ofit,inthecaseofnon-trivialGWpropagation).
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Figure13. The1σand2σcontoursofthetwo-dimensionallikelihoodinthe(ΩM ,H0)planein
ΛCDM,withthecontributionfromCMB+BAO+SNe(red),thecontributionfromLISAstandard
sirens(gray)andtheoverallcombinedcontours(blue),inthescenario(1)(“realistic”)fortheerror
ontheluminositydistance. Upperleft:heavyno-delay(“hnd”)scenario;Upperright:“hQ3”scenario;
lowerpanel:“popIII”scenario.H0 isgivenintheusualunitskms1Mpc 1. Noticethatthered
contoursarealmostsuperimposedtotheblueones.

InΛCDM,assumingflatness,dL(z)dependsonlyonH0andΩM ,sothesearethepa-
rametersforwhichtheinclusionofstandardsirenshasthe mostsignificantimpact.Fig.13
showsthetwo-dimensionallikelihoodinthe(ΩM ,H0)planeinΛCDM,comparingthecontri-
butionfromCMB+BAO+SNe(red)tothecontributionfromLISAstandardsirens(gray),
andtheoverallcombinedcontours,forthethreeformationscenariosandthescenario(1)for
thedeterminationoftheerrorontheluminositydistance,whileFig.14showstheresultsfor
thescenario(2).

Inparticularinthe mostfavorablescenario(“hnd”seedsandoptimisticerrorsondL),
fromthecorrespondingone-dimensionalmarginalizedlikelihoodwefindthat,withstandard
sirensonly,therelativeerroronH0is

∆H0

H0
=3.8%, (5.2)

(whichraisesto7.7%inthe“realistic”scenariowith“hnd”seeds)andtheoneonΩM is
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Figure14. AsinFig.13,forthescenario(2)(“optimistic”)fortheerrorontheluminositydistance.

∆ΩM /ΩM =14.7%;usingourCMB+BAO+SNedatasetwegetinstead ∆H0/H0=0.7%
and ∆ΩM /ΩM =2.1%;combiningCMB+BAO+SNe+standardsirensweget

∆H0

H0
=0.7%,

∆ΩM

ΩM
=2.0%. (5.3)

Therefore,from MBHbinariesatLISA, wedonotfindasignificantimprovementonthe
accuracyonH0,comparedtocurrentresultsfromCMB+BAO+SNe.Itshouldhoweverbe
observedthatthemeasurementfromstandardsirensisstillusefulbecauseithascompletely
differentsystematicerrorsfromthatobtainedwithCMB,BAOandSNe.

Theseresultsshouldbecomparedwiththosefoundin[35].Toperformthecomparison,
weshouldhowevernotethatthebestresultsquotedin[35]referredtoaLISAconfiguration
with5 Gmarms,andwithallotherdesignspecificationstotheir mostoptimisticpossible
choices,whileourresultsusethecurrentLISAconfigurationwith2.5Gmarms,givenin[11].
ThecorrespondingLISAsensitivitycurveusedinourstudyisquitedifferentandgenerally
givesworseresults.Forexamplethenumberofstandardsirensusedinouranalysisisroughly
halfthenumberusedinthe2016paper[35].

Furthermore,atthemethodologicalleveltherearesomedifferencesbetweenouranalysis
andthatin[35]. First,asdiscussedabove,togenerateourcatalogswehavescatteredthe
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valuesdΛCDM
L (zi;H0,ΩM ),extractingthe“measured”valuesoftheluminositydistancefrom

aGaussiandistributioncenteredonthisfiducialvalue,andwithawidth∆dL determinedby
theprojectederrorestimate. Ref.[35]didnotconsiderscattereddata,thusthestatistical
errorduetoscatterwasnotincludedintheanalysis. TheFisher matrixanalysisperformed
in[35]wasperformedonnon-scattereddata,butthe MCMCanalysisofthepresentpaper
takesalsointoaccountthestatisticaluncertaintyduetothescatteringandthusgives more
realisticresults.13 Second,inthepresentanalysisthedegeneraciesbetweenthecosmological
parametersarefullytakenintoaccountbyour MCMCbyfreelyvaryingallcosmological
parametersof ΛCDM(and,inthefollowingsubsections,ofitsextensions), whileinthe
Fisher matrixanalysisof[35]the moststringentresults(thateventually,togetherwithall
otherassumptionsmentionedabove,ledtotheestimatethatH0couldbemeasuredto0.5%
withstandardsirensonly)whereobtainedbyvaryingonlyH0andassumingafixedprioron
ΩM . Theprocedureofthepresentpaperthereforegivesalargerestimateoftheerroronthe
cosmologicalparametersthatcanbeobtainedwithLISAstandardsirens.

Ontheotherhand,oneshouldalsobeawareofthefactthat,beforedrawingfinal
conclusionsonthesensitivityofLISAtoH0,aswellastotheDEparametersthatwillbe
discussedbelow,muchmoreworkisneeded.Forinstance,thecounterpartmodelusedin[35]
makesanumberofassumptions,whichwillonlybevalidatedwhen(if)LISAelectromagnetic
counterpartsareactuallyobserved. Anothercaveatisthattheerroronthelocalizationused
inthispaperisbasedontheuseoftheinspiralwaveformonly,withcorrectionsbasedon
phenomenologicalwaveforms,anditisstillanopenissuehowthiswillchangewhenincluding
afulldescriptionofthemergerandringdownphases. Theestimateoftheredshifterroralso
involvesotherfactors, withrespecttothosethatwehavediscussed,suchastheexposure
time,thatwilldependontheavailabilityoftelescopetimeandthepointingaccuracy,which
arecurrentlydifficulttoestimate,aswellasonthedurationoftheelectromagnetictran-
sient,whoseestimationinturninvolvesthe modelingofthecounterpart.Itshouldalsobe
observedthatthenumberofsourcesobserveddependsstronglyonthesensitivitycurveat
lowfrequency,wherethereispotentialroomforimprovementwithrespecttothesensitivity
curvethatwehaveadopted. Finally,inthispaperweareonlyusing MBHbinarieswith
counterpartasstandardsirens,and wearenotconsideringstellar mass BHbinariesand
EMRIs,thatarenotexpectedtohaveacounterpartandmustbetreatedwiththestatistical
methods. TheseissuesarecurrentlyunderactiveinvestigationsintheLISAConsortium,
andarewellbeyondthescopeofthispaper. Theresultsofthispapershouldthereforebe
understoodastheforecastthatcanbeobtainedunderthespecificsetofassumptionsthat
wehave made.

5.2 wCDM

Wenextaddtheparameter w0,correspondingtotheso-calledwCDMmodel,wheretheDE
equationofstateistakentobeconstant,orwa=0ineq.(2.30).14 Sincethe modelusedto
generatethecatalogofsourcesisstillΛCDM,weareactuallyaskingtowhataccuracywecan
findbackthefiducialvaluew0=−1.Figs.15and16showthetwo-dimensionallikelihoodin

13Ontheotherhand,the MCMCanalysisisbasedonlyononerealizationofthedataset,incontrasttothe
Fisher matrixanalysiswhichcanbeaveragedover manyrealizations. However,asdiscussedinsection4,the
catalogusedischosenasatypical“average”catalog,between manydifferentrealizations.

14Afurthernaturalextensionwouldbetothe(w0,wa)setofparameters. Howeverwehavefoundthat,with
thelimitednumberofsourcesintheLISAcatalogs,itisnotpossibletodisentanglethedegeneracybetween
thesetwoparameters,andthe MCMCchainsdonotreachagoodconvergence.
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Figure15. The1σand2σcontoursofthetwo-dimensionallikelihoodinthe(ΩM ,w0)planein
wCDM,withthecontributionfromCMB+BAO+SNe(red),thecontributionfromLISAstandard
sirens(gray)andtheoverallcombinedcontours(blue),inthescenario(1)(“realistic”)fortheerror
ontheluminositydistance. Upperleft:heavyno-delay(“hnd”)scenario;Upperright:“hQ3”scenario;
lowerpanel:“popIII”scenario.

the(ΩM ,w0)plane,displayingthecombinedcontributionfromCMB+BAO+SNe(red),
andthetotalcombinedresult(blue),forthe3×2scenariosconsidered.

Eveninthe mostoptimisticscenariothatwehaveconsidered,welearnfromtheplots
thatLISAstandardsirensalonedonotgiveanysignificantconstraintonw0,and, when
combinedtoCMB+BAO+SNedata,theyonlyinduceavery marginalimprovement. From
thecorrespondingone-dimensionallikelihoods,fromCMB+BAO+SNeonly,wefindthatw0

canbereconstructedwiththeaccuracy ∆w0=0.045. CombiningCMB+BAO+SNewith
standardsirens,inthe“optimistichnd”scenarioweget

∆w0=0.044, (5.4)

sotheimprovementduetoSMBHstandardsirensisquitenegligible. Basicallythesame
resultsareobtainedinallotherscenariosconsidered.

Theseresultssignificantlydegradetheestimatespresentedin[35]. Asdiscussedin
section5.1,thedifferenceisduetotheuseoftheupdatedsensitivitycurveofLISA,the
morerealisticassumptionsintheconstructionofthecatalogsandestimatesoftheerrors,
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Figure16. AsinFig.15,forthescenario(2)(“optimistic”)fortheerrorontheluminositydistance.

andthefactthatthedegeneraciesbetweencosmologicalparametersarenowfullytaken
intoaccountthroughafull MCMC. However,asforH0,oneshouldbeawareofallthe
assumptionsanduncertaintiesthatenteredintheconstructionofthesourcecatalogs,and
thatcouldsignificantlyaltertheresults.Inparticulartheseestimatescaneitherbeimproved
bycombiningthecosmologicaldatacollectedwithSMBHBswiththeonescollectedfrom
otherLISAsources,suchasEMRIsandSOBHBs,orbyextendingtheobservationalperiod
ofLISA.InthefirstcasethedifferentredshiftrangeswhereEMRIsandSOBHBsareexpected
tobeobserved,willhelpbreakingsomedegeneraciesinthecosmologicalparameters,such
asforexamplethedegeneracybetweenH0andΩM inΛCDM.Inthesecondcaseinstead
theestimatederrorsareexpectedtoimproveroughlyas∼

√
N orbetter,whereN isthe

numberofSMBHB mergerwithEMcounterpartobservedbyLISA,whichlinearlydepends
ontheobservationalperiod. Boththeseimprovementsshouldreducetheerrorassociated
withthestatisticalscatteroftheSMBHBdata,whichwasnotconsideredin[35]andinthe
newanalysisperformedhere, whichtakesintoaccount morerealisticSBHBcatalogsand
anupdatedLISAnoisesensitivitycurve,appearstobethe mostrelevantsourceoferror.
Otherimprovementscanbeachievedbyamorerealisticanddetailedcharacterizationofthe
emissionanddetectionoftheEMcounterpartsofSMBHBmergers,whichhereasin[35]has
been modeledonlywithopticalandradioEMemissions,buttheconsiderationofotherEM
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Figure17. The1σand2σcontoursofthetwo-dimensionallikelihoodinthe(Ξ0,w0)plane,
withthecombinedcontributionfromCMB+BAO+SNe(red)andthecombinedcontoursfrom
CMB+BAO+SNe+LISAstandardsirens(blue),inthescenario(1)(“realistic”)fortheerroron
theluminositydistance.Upperleft:heavyno-delay(“hnd”)scenario;Upperright:“hQ3”scenario;
lowerpanel:“popIII”scenario.

signatures(X-rays,γ-rays,...)couldleadtoahighernumberofcosmologicallyusefulevents.

5.3 (Ξ0,w0)

WenextextendtheDEsectorbyintroducingtheparameterΞ0.Inordertokeepunder
controlthenumberofnewparameters,whichisnecessarytoensuretheconvergenceofthe
MCMCchains,weonlytake(Ξ0,w0)astheparametersthatdescribetheDEsectorofthe
theory,fixingwa=0andn=2.5;thelattervalueisoftheorderofthatsuggestedbythe
RRandRTnonlocalmodels,seesection3.2. However,theprecisevalueofnisnotvery
importantfortheforecaststhatwepresent,sincetheuncertaintyonthisquantityislargefor
|Ξ0−1| 1[16].Again,weassumeΛCDMasthefiducialmodelusedtogeneratethecatalog
ofsources,sothefiducialvaluesfortheparametersΞ0andw0areΞ0=1andw0=−1.

Fig.17showsthetwo-dimensionallikelihoodin(Ξ0,w0)plane,fortherealisticscenario
fortheerrorontheluminositydistance,andthethreeseedscenarios,whileFig.18showsthe
resultsobtainedusingtheoptimisticscenariofortheerrorontheluminositydistance. We
plotthelimitfromCMB+BAO+SNeandthecombinedlimitfromCMB+BAO+SNe+LISA
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Figure18.AsinFig.17,forthescenario(2)(“optimistic”)fortheerrorontheluminositydistance.

seeds ∆Ξ0 ∆w0
hnd 0.023 0.045

hQ3 0.036 0.046

popIII 0.044 0.045

seeds ∆Ξ0 ∆w0
hnd 0.011 0.045

hQ3 0.017 0.044

popIII 0.022 0.044

Table2. Forecastsforthe1σerrorsonΞ0andw0fromCMB+BAO+SNe+LISAstandardsirens,
forthethreeseedscenarios.Left:realisticscenariofortheerrorontheluminositydistance.Right:
optimisticscenario.

standardsirenswhile,asbefore,usingonlystandardsirens,withtheadditionofthesenew
parameterswithrespecttoΛCDM,theMCMCchainsfailtoconvergebecauseofthelimited
numberofsources.NotethatCMB,BAOandSNe,asanyotherelectromagneticprobe,are
blindtoΞ0,andthereforethecorrespondingcontourfromCMB+BAO+SNeareflatinthe
Ξ0direction.Standardsirens,however,liftthisflatdirection.TheerrorsonΞ0andw0from
thecorrespondingone-dimensionallikelihoodsareshowninTables2.

ExactlyasinthecaseofwCDMdiscussedabove,weseethattheaccuracythatLISA,
combinedwithCMB+BAO+SNe,canreachonw0isonlyofabout4.4%(atleastusingonly
MBHbinarieswithcounterpartasstandardsirens),whichisbasicallyentirelydetermined
bythecurrentCMB+BAO+SNeobservations.
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Incontrast,evenunderthecurrentsetofassumptions(seethediscussioninsect.5.1),
thathaveledtorelativelylargeerrorsonH0 andonw0 fromLISAstandardsirens, Ξ0
stillturnsouttobeanextremelyinterestingobservableforLISA.Firstofallitcanbe
observedonlywithGWexperiments,andsecond,aswealreadyanticipatedinthediscussion
insection2.2.4,Ξ0canbemeasuredmoreaccuratelythanw0.Thisisconfirmedbytheresults
ofour MCMC,whichshowsthat,inthebestcase,Ξ0canbe measuredto1%accuracy,and
evenintheworstcasewestillhavea4.4%accuracy,seeTable2.Bycomparison,forinstance,
theRTnonlocalmodeldiscussedinsection3.2predictsadeviationfromtheGRvalueΞ0=1
atthelevelof6.6%.Similarvaluescanbeobtainedforthescalar-tensortheoriesdiscussed
inSection3.1:thef(R)andthecoupledGalileon modelsofSection3.1.1andtheDHOST
systemofSection3.1.2canreachdeviationsoftheΞ0parameteroforderrespectively5%
and2%,seeFigures,2,3and4.15 Thus,theaccuracythatLISAcanreachon modified
GWpropagationisextremelyinterestingfortesting modifiedgravityanddarkenergy.

ItisinterestingtocomparetheresultsthatwehaveobtainedforLISAwiththeex-
pectationsforathird-generationgroundbasedinterferometersuchastheEinsteinTelescope
(ET).TheEinsteinTelescopeisexpectedtodetectoforder105−106binaryneutronstars
peryear,uptoredshiftz∼ 2. Forstandardsirenswithelectromagneticcounterpart,the
mainuncertaintyintheanalysiscomesfromtheestimateofthefractionofcoalescencesthat
willhaveanobservedelectromagneticcounterpart. Thisdependsnotonlyondetailsofthe
electromagneticemission,thatcaninprinciplebe modeled,but,giventhisveryhighevent
rate,alsoonissuesthatarecurrentlydifficulttopredict,suchaswhatwillbethenetwork
of GRBdetectorsandofground-basedtelescopesthatwillbeavailableatthetimeofET,
andwhatfractionoftelescopetimewillbedevotedtotheelectromagneticfollowupofgrav-
itationalevents. Arathercommonworkinghypothesisisthat,outofthese105−106events
peryears,inafewyearsofrunningonecouldcollectoforder103eventswithelectromag-
neticcounterpart. Underthishypothesis,itwasfoundin[16]that,bycombiningETwith
thesameCMB+BAO+SNedatasetthatweareusinginthispaper,andextendingthedark
energysectorthroughtheparametersΞ0andw0(andfixingn=2.5,asinthispaper),at
ETonecangettheaccuracy ∆Ξ0=0.008and ∆w0=0.032. Comparingwiththeresults
forLISAinTable2weseethattheaccuracyatETwouldbeslightlybetterthanthatinthe
‘hnd’scenarioforLISA,althoughquitecomparable. However,thiscomparisonreliesheavily
ontheassumptionofhaving103sourceswithcounterpart,whichatthepresentstageisonly
areasonableworkinghypothesis.16 OneshouldalsoobservethatETandLISAobservations
arecomplementarybecause mostoftheETeventsareatredshiftz<∼1, while,as wesee
fromFig.12,LISAhaseventsdistributeduptoz∼ 6. This willallowustostudythe
ratiodgw

L (z)/dem
L (z)indifferentredshiftranges.Intermsofthe(Ξ0,n)parametrization,this

meansthatLISAwillbeabletodeterminetheasymptoticvalueΞ0,withoutmuchcontami-
nationfromthevalueofn(and,inturn,itwillnotbeabletodeterminenveryaccurately),
whilethelowerredshifteventsofETwillratherbesensitivetoacombinationofΞ0andn,
sothejointLISAandETdatawouldliftthisdegeneracy.

15Insections2.2.4,3.1.2wealsodiscussed morecomplexparametrizationsforthequantityΞ(z),designed
toaccommodatethefeaturesofspecific models:itshouldbestraightforwardtoapplythe methodsusedso
faralsotothosecases,butweleavethisforfutureworks.

16Amoredetailedstudyoftheaccuracyon(Ξ0,w0)obtainedwitharealisticmodelingofthejointGW-GRB
observationsbetweenETandtheproposedTHESEUS missionwillbepresentedin[209].
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6 Conclusions

InthispaperwehaveexaminedthepotentialofLISA MBHbinaries(withelectromagnetic
counterparts)forconstrainingcosmology,andinparticularthedarkenergysectorassociated
with modifiedgravitytheories. Asin[35],wehavegeneratedapopulationof MBHBsusing
semi-analyticmodelsfortheformationandevolutionofgalaxies,andwehaveexaminedthree
differentscenariosfor massiveblackholeformationathighredshifts,namelypopIIIseeds,
andheavyseeds withand withoutadelaybetweengalaxy mergerandthe mergerofthe
central MBHs.

ComparedtoearlierworkspecificallyrelatedtoLISA,inparticularref.[35],wehave
usedupdatedestimatesfortheLISAconfigurationandsensitivitycurve, weexamineda
scenariowithamorerealisticerrorfortheredshiftdeterminationofthesourceanddelensing,
weproduced morerealistic mockcatalogsbyincludingthescatteringofthe mockdata
accordingtotheobservationalerror,andwetookfullyintoaccountthedegeneraciesbetween
cosmologicalparametersbyperformingaseriesof MCMCs,bothwithstandardsirensonly
andwithstandardsirenscombinedwithcurrentCMB+BAO+SNedata. Ontheotherhand,
wehaveemphasized(seethediscussionattheendofsect.5.1)that many moreissues must
beaddressedbeforegivingafinalwordofthesensitivityofLISAtocosmologicalparameters,
andthispapershouldbeconsideredasacontributiontowardthatgoal,underthegiven
assumptionsthatwehavediscussedindetail.

Oneresultofthisanalysisisthat,undertheassumptionsthatwehaveused,theestimate
fortheaccuracythatcanbeobtainedfortheHubbleparameterusingLISA MBHisrevised
towardhighervalues.Inparticular,inthe mostfavorableformationscenario,whichturns
outtobetheheavy-seedno-delayone,fortherelativeerroronH0fromstandardsirenswe
find3.8%assumingthe“optimistic”scenariofortheaccuracyofredshift measurementand
delensing,and7.7%withpossiblymore“realistic”assumptionsonredshiftdeterminationand
delensing. WehavepresentedsimilarresultsfortheDEequationofstate,wherewefound
that,undertheassumptions we made,theinclusionof MBHLISAstandardsirensdoes
notimprovesignificantlythedeterminationofw0 comparedtocurrent CMB+BAO+SNe
observations. Apartfromtheroleoftheassumptionsthatwehaveused,itisalsoimportant
tostressthatLISAwillalsoseeotherpotentialGWstandardsirens,inparticularstellarmass
BHbinaries,andextreme massratioinspirals(EMRIs). Thesesourcesarenotexpectedto
haveanelectromagneticcounterpart,butcanstillbeusedasstandardsirensbyusingthe
statisticalmethod. WorkonthisiscurrentlyinprogresswithinourLISACosmology Working
Group,andcouldleadtoasignificantlybettererroronH0andw0.

The mostinterestingresultsconcerningthepotentialofLISAforcosmologystudies
comehoweverfrom modifiedGWpropagation,whichrepresentsthecoreofthispaper. The
factthata modifiedfrictionterminthepropagationequationoftensorperturbationsover
FRWcangiverisetoa modificationoftheluminositydistanceofstandardsirenshasbeen
recognizedinrecentyearsthroughthestudyofexplicitmodelssuchasscalar-tensortheories
andnonlocalgravity[6,13–16](althoughthepossibilityofa modificationoftheluminosity
distanceduetogravitonsleakinginthebulkwasalreadyobservedinthecontextoftheDGP
model[12]).Inthispaperweanalyzedtheexplicitpredictionsofsomeofthebest-motivated
and moststudied modificationsofgravity,suchasscalar-tensorsystems(Horndeskiand
the moregeneralDHOSTfamilyofscalar-tensortheories),nonlocalgravity,bigravity,and
theorieswithextraandvaryingdimensions. WehavefoundthatmodifiedGWpropagationis
anabsolutelygenericphenomenon,thattakesplaceinallthetheoriesthatwehaveconsidered
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(inspiteofthefactthatallthesetheoriescomplywiththelimitfrom GW170817onthe
deviationofthespeedofGWsfromthespeedoflight).

Wehaveseenthat,in mostcases,asimpleandaccuratedescriptionoftheeffectis
capturedbythe(Ξ0,n)parametrizationofEq.(2.31)originallyintroducedin[16]. This
parametrizationtakesintoaccountthefactthattheratioofgravitationaltoelectromagnetic
luminositydistancesmustgotooneastheredshiftz→ 0,andinmostmodelitsaturatestoa
constant,Ξ0,atlargeredshift(becauseintypicalmodelsdarkenergyisarecentphenomenon
oncosmologicalscales),andsmoothlyinterpolatesbetweentheseasymptoticvalueswitha
power-lawdeterminedbytheindexn. Ofcourse,deviationsfromthissimplebehaviorcan
occurinsomecasesbecauseofspecificphysicalreasons. Mostnotably,inbigravitywehave
foundaseriesofoscillationsduetothe“beatings”betweenthetwometrics.Itfollowsthatin
somespecificcasesalternativeanalyticformulascanbeuseful,andwehavepresentedsome
alternativeparametrizations.

Wehaverunaseriesof MCMCstodeterminetheaccuracythatLISAcanreachon
theparameter Ξ0 inthe(Ξ0,n)parametrizationofeq.(2.31).17 Therearetworeasons
that makethisobservableespeciallyimportantforadvanced GWdetectors. Firstofall,
modifiedGWpropagationisanobservableaccessibleonlytoGWobservations,andtowhich
electromagneticobservationsareblind.18 Second,asdiscussedinsection2.2.4,inageneric
modifiedgravitytheory,inwhichthedeviationofdgw

L (z)/dem
L (z)from1isofthesameorder

asthedeviationofwDE(z)from−1,theeffectofdgw
L (z)/dem

L (z)onstandardsirensdominates
overtheeffectofthe DEequationofstate,becausethelatterispartiallycompensatedby
degeneracieswithother(fitted)cosmologicalparameters. Asaconsequence,theaccuracy
expectedonΞ0isbetterthanthatonw0. Thisargumenthasbeenconfirmedbyourexplicit
MCMCcomputations. CombiningLISAwithCMB+BAO+SNetoreducethedegeneracies
withtheotherparameters,inthebestcase(heavy-seedno-delayformationscenarioand
“optimistic”scenariofortheaccuracyofredshiftmeasurementanddelensing)wehavefound
thatΞ0canbe measuredtoanaccuracythatreaches1.1%(tobecomparedwith4.5%for
w0)andevenintheworstscenariostillis4.4%(seeTable2).Lastbutnotleast,inseveral
instancestheexplicit modelsthatwehaveconsideredgivepredictionsforΞ0largerorequal
thanthesevalues.ForinstancetheRTmodelofSection3.2predictsforΞ0adeviationfrom
theGRvalueoforder6.6%.Similarvaluescanbeobtainedforthescalar-tensortheories:the
f(R)andcoupledGalileon modelsofSection3.1.1andtheDHOSTsystemofSection3.1.2
canreachdeviationsoftheΞ0parameteroforder3%,5%and2%respectively. Duetotheir
complexdynamics,thebigravityset-upstudiedinsection3.3andthedimensionallychanging
systemsofsection3.4cannotbefaithfullydescribedintermsofthe(Ξ0,n)parameterization
ofEq.(2.31). Weneverthelessquantitativelyderivedprojectedconstrainsontheirparameter
spacesfromstandardsirencatalogs.

Atthetheoreticallevel,wehaveexaminedthepredictionsonmodifiedGWpropagation
ofalargenumberofthebeststudied modifiedgravitytheories.Inparticular,wedemon-
stratedtheimprovedcapabilityofLISAtoprobe GWoscillations,ananalogtoneutrino

17Theparameternislessimportantifthesourcesareatlargeredshifts,wheretheexpressionfortheratio
ofgravitationalandelectromagneticluminositydistancessaturatestoitsasymptoticvalueΞ0.Inanycase,
theaccuracythatcanbereachedonitcanbeestimatedanalyticallyas ∆n=[∆Ξ0/|1−Ξ0|]×[(1+z)n −
1]/[log(1+z)] wherezisthetypicalredshiftofthesources[16].Inthelow-redshiftlimitthisreducesto
∆n/n=∆Ξ0/|1−Ξ0|.

18Moreprecisely,wehaveseenthatinsomemodels(butnotingeneral),modifiedGWpropagationisrelated
toatimedependenceoftheeffective Newtonconstant,andinthese modelsonecouldaccessΞ0 indirectly
throughtheeffectofthe modifiedNewton’sconstantonstructureformation.
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flavouroscillations,presentin modelswithextratensorinteractionssuchasbigravity,po-
tentiallyconstrainingtheparameterspaceofspecifictheories. Wecomputepredictionsfor
bigravityusingahighfrequencyexpansion,focusingonthehigh massregimemg H0.In
thisregionofparameterspaceGWoscillationsoccurinthemHzrange,butthetheoryisnot
genericallyabletoaccountforcosmicacceleration.Standardsirensatcosmologicaldistances,
aswillbeobservedbyLISA,havethepotentialtoconstrainthemassrangemg 10−25eVfor
most mixingangles,whichwouldimprovebythreeordersof magnitudestheresultobtained
fromthecurrentLIGO-Virgodetectionof GW170817. Thisisaconservativeestimate:in-
cludingfrequency-dependenteffectsonthewaveformwillimprovethesebounds. Noticealso
thattheimprovementinconstrainingpowerinGWoscillations(e.g.mg)overLIGO/Virgo
willnotbe matchedbystandard-sirenanalyseswiththird-generationgrounddetectors,as
theextendedreachofLISAisdriven mainlybythelowerfrequencyrange(whichincreases
thesensitivitysincethesignalissuppressedby(mg/f)2),inadditiontoalongeroscillation
baseline(highersourceredshift).

ThebroadconclusionisthatmodifiedGWpropagationisaprimeobservableforcosmo-
logicalstudieswithadvancedGWdetectors,and MBHbinariesdetectablewithLISAcanbe
apowerfulprobeof modifiedgravityanddarkenergy.Furthersignificantimprovementsare
expectedbythestudyofLISAstandardsirenswithoutelectromagneticcounterpart,such
asstellar massBHbinariesandEMRIs,thatcanbeusedasstandardsirensthroughthe
statistical method. Weleavethisforfuturework.
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A G Wluminositydistanceandtheflux-luminosityrelation

Inthis Appendix weshowthatthe GWluminositydistancein modifiedgravitytheories
stillobeysthestandardrelation(2.1)betweentheenergyfluxF measuredintheobserver
frameandtheintrinsicluminosityLmeasuredatthesourceframe. Usingpurelykinematic
considerationdiscussedforexamplein[20],Section4.1.4, wederiveanexpressionforthe
gravitywaveluminositydistanceinacasewherethegravitonis massless,mT =0,andthe
non-minimalcouplingwithotherfieldsaresuchthat Πij=0. GWarethenproducedby
eventsathighredshiftassociatedwithstandardsirens,andthencanpropagatefreelythrough
space-time.(Weexaminetheeffectofagraviton massandcouplingswithadditionalspin-2
fieldsinSection3.3.)

Inthiscase,theevolutionequation(1.2)canbeobtainedbyvaryingtheeffective
quadraticactionfortensor modes

S
(2)
T = M̄2 dηd3xa2(η)

M2
eff(η)

M̄2

1

2
h2

ij−
1

2
c2
T(η) ∇hij

2
. (A.1)

Here M̄ isareference massscale, whosevalue we willdiscusslater. Studyingthe GW
dynamicsgovernedbythisactionisequivalenttostudyingthepropagationoffree massless
modesonahomogeneousFRWgeometrycharacterisedbythelineelement

ds2 = a2(η)
M2

eff(η)

M̄2
cT(η) −c2

T(η)dη2+dx2 . (A.2)

Thisexpressionforthehomogeneousbackground metricleadstothefollowingformulafor
thecomovingdistancebetweenasourceandtheobserver,computedintermsofthetensor
nullgeodesicsds=0(weusetherelationdη= dt/a(t)connectingphysicalandconformal
time):

rcom(t) =|∆x|=
t

ts

cT(̃t)d̃t

a(̃t)
, (A.3)

withtanarbitrarytime. WedenotebytsthetimeofemissionofGWatthesource,while
t0theobservationtime,whichweassumebeingtoday. Thecomovingdistancedependson
thespeedoftheGW.Thephysicaldistanceresults:

rphys(t) =a(t)
Meff(t)

M̄
c
1/2
T (t)rcom(t). (A.4)

Wenow chooseourreferencenormalizationscaleM̄ sothatinthelimitt→ tstheratio
betweenphysicalandcomovingdistanceacquiresthestandardexpression

lim
t→ts

rphys(t)

rcom(t)
= a(ts) (A.5)

atthetimeoftheemissionfromthesource. This mightbe motivatedbyrequiringthat
nearbythesourcetheeffectsofmodifiedgravityhadnotyethavetimetodevelop.Condition
(A.5)leadstothedefinition

M̄ ≡ Meff(ts)c
1/2
T (ts) (A.6)
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thatwewilluseinwhatfollows.
SupposenowthattheobservermeasuresGWsignalscorrespondingtowavecrestsemit-

tedatdifferenttimesfromthesource.(Theytravelthroughthesamecomovingdistance.)
Usingexpression(A.3)forrcom(t0),atlinearorderin ∆tswecanwritetherelation

∆t0 =
cT(ts)

cT(t0)

a(t0)

a(ts)
∆ts (A.7)

betweenthetimedifferenceoftwoGWwavecrestsas measuredatemissionandobservation
times. Formula(A.7),whichwe moreconvenientlyexpressintermsofredshift,statesthat
sourceandobserverclockstickwithdifferentrates. Weassumethattheobserver makesits
measuretodayatredshiftequaltozero,whiletheemissionoccursatresdshiftz. Then,from
eq.(A.7),wecanwrite

dt0 =
cT(z)

cT(0)
(1+z)dts, (A.8)

implyingthatfrequencies measuredinthesourceandobserverframesarerelatedby

f(0)=
f(s)

cT(z)
cT(0)(1+z)

. (A.9)

Wenowdefinetheluminositydistance,following[20]. WecallF the GWenergyflux
measuredbytheobserver,correspondingtotheamountofGWenergyperunittimeperunit
area.Listheluminosityofthesource,definedasthepoweritradiates

L=
dEs

dts
. (A.10)

Thenwedefinetheluminositydistancedgw
L as

F ≡
L

Area
≡

L

4π(dgw
L )2

. (A.11)

Sincewe measuretheenergyfluxattheobserverposition,weneedtoconvertdEs/dtsinto
theobserverframe. Theenergyscalesasthefrequency,eq.(A.9), whiledtsanddt0 are
relatedbyeq.(A.8). Hence

dE0

dt0
=

L
c2

T(z)

c2
T(0)

(1+z)2
. (A.12)

Theareacrossedbythefluxof GWwhichpropagateradiallyfromthesourceis[usingeq.
(A.6)]

Area=4πr2
phys (A.13)

=4π
M2

eff(t0)

M2
eff(ts)

a2(t0)
cT(t0)

cT(ts)
r2

com. (A.14)

Wenowcollectthevariouspiecesofinformation,andobtainthefollowingexpressionforthe
luminositydistance[a(0)=a(z=0)isthevalueofscalefactortoday]

dgw
L =a(0)

cT(z)

cT(0)

Meff(0)

Meff(z)
(1+z)rcom (A.15)

=
cT(z)

cT(0)
exp−

z

0

δ(̃z)

1+̃z
d̃z (1+z)a(0)rcom. (A.16)
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Usingthefactthat
dt

a(t)
=−

1

a(0)

dz

H(z)
, (A.17)

andeq.(A.3),wecanwritethefollowingrelationforthecomovingdistancefortheGWs:

a(0)rcom=
z

0

cT(̃z)d̃z

H(̃z)
. (A.18)

TheluminositydistanceforGWdefinedfromeq.(A.11)canthenbewrittenas

dgwL =
cT(z)

cT(0)
exp−

z

0

δ(̃z)

1+̃z
d̃z (1+z)

z

0

cT(̃z)d̃z

H(̃z)
, (A.19)

andthereforeagreeswitheq.(2.27).

B Technicaldetailsonbigravity

B.1 Hassan–Rosentheoryofbigravity

Thetheoryknownasbigravity[134]istheonlyknowntheoryoftwointeractivespin-2fields
thatisfreeofghostsatthefullynon-linearlevel.See[136–138]forreviews.Itisdescribed
bytheaction

S= d4x κM2Pl −̃gR̃+
√
−gM2Pl R−2m

2V +Lmatt , (B.1)

withgµνand̃gµνthetwometrictensors,M
2
PlandκM

2
PlthecorrespondingsquaresofPlanck

massesandmthegravitonmass. Matteriscoupledonlytothefirstmetric.Theinteraction
potentialbetweenthetwometricsisindicatedbyV,andittakestheform

V=

4

n=0

anVn, (B.2)

withandimensionlessparameters,and

V0=1, (B.3)

V1=τ1, (B.4)

V2=τ
2
1−τ2, (B.5)

V3=τ
3
1−3τ1τ2+2τ3, (B.6)

V4=τ
4
1−6τ

2
1τ2+8τ1τ33τ

2
2−6τ4, (B.7)

whereτi=tr Y
i withYνµ =[

√
X]νµ.

ThistheoryadmitshomogeneousFRWconfigurationsdescribedbytwoindependent
metrics

ds2=a2(τ)−dτ2+dx2 , (B.8)

d̃s2=ω2(τ)−c2(τ)dτ2+dx2 . (B.9)
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Theratioofscalefactorsisdenotedwith

ξ(τ)=
ω(τ)

a(τ)
, (B.10)

andfromnowonH=a/aistheHubbleparametercorrespondingtothefirstmetric.The
Friedmannequationforthefirstmetricreads

H2

a2
=
8πG

3
ρ+m2 2a3ξ

3+2a2ξ
2+a1ξ+

a0
3
. (B.11)

Thetheoryadmittwobranchesofsolutions,butonlyonedescribesphysicallyinteresting
cosmologicalconfigurations[142].InthisbranchtheBianchiidentitiesarerealisedinthe
form

c(τ)−1=
1

H(τ)

ξ(τ)

ξ(τ)
, (B.12)

andtogetherwithFriedmannequationsleadtoanalgebraicequationforξ:

8a4
κ
ξ2+

6a3
κ
ξ+
2a2
κ
+
a1
3κ

1

ξ
=
H2

m2a2
, (B.13)

wherethecoefficientsaiaretheparametersofthebigravitypotential(B.2).Thisinformation
abouthomogeneousconfigurationsissufficientforthescopeofthiswork,moredetailscan
befoundin[139–142].

B.2 Detailsonthe WKBapproximationforbigravity

InthisAppendixwespelloutdetailsonthecalculationsusingaWKBapproximationleading
tothesolution(3.40–3.41)forthesystemofequations(3.37)weuseinthemaintext.In
ordertoobtain WKBsolutions,itisconvenienttoworkinmatrixnotation.Afterabsorbing
thecosmicfrictiontermanddefiningavectorcontainingthetwotensormodes,

Φ=
ah1
ah2

, (B.14)

wecanexpresstheevolutionequation(3.37)forh1andh2inbigravityas

d2

dτ2
+̂ν
d

dτ
+Mk2+M̂ −(H2+H)̂I−ĤνΦ=0, (B.15)

wherewehavedefined

ν̂=
0 0
02ξ/ξ−c/c

, M =
10
0c2

, M̂ =m2a2f1
1 −1

−c/(κξ2)c/(κξ2)
. (B.16)

Next,weintroduceadimensionlessexpansionparameter ,rescalingtimeasdτ→dτ/,and
controllingdifferentordersinahighfrequency WKBapproximation. Wemakethefollowing
AnsatzforthesolutionΦfortensormodes,

Φ=Êei
θ̂dτ(Φ0+ Φ1+···), (B.17)
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andaimtosolveorderbyorderintheexpansionparameter .Ineq.(B.17)weexpandover
abasisofeigenvectorscontrolledbythe matrixÊ,associatedwiththe matrixofeigenfre-
quenciesθ̂,whichappearsattheexponentof(B.17)andisdiagonalbydefinition. Atleading
order 0ofourexpansionparameter,weobtaintheeigenfrequencies

θ2
1,2=

1

2
(1+c2)k2+m2a2f1 1+

c

κξ2
−2H2

∓ 4m4a4f2
1

c

κξ2
+ (1−c2)k2+m2a2f1 1−

c

κξ2

2

,

(B.18)

andthe matrixofeigenvectors

Ê=




1 m2a2f1

k2+m2a2f1−H2−θ2
2

m2a2f1c/(κξ2)
c2k2+m2a2f1c/(κξ2)−H2−θ2

1
1



 . (B.19)

Atnexttoleadingorder, 1,theamplitudeΦ0canbeobtainedsolving

2̂Eθ̂̂GΦ0+ Êθ̂+2Êθ̂+iHÊ+iHν̂̂E+̂ν̂Eθ̂ ĜΦ0=0, (B.20)

wherewedefinedforconveniencethe matrixĜ ≡ ei θ̂dτ. Forgeneraltimedependentco-
efficients,this matrixequationcannotbesolvedanalytically(becausethe matricesinthe
parenthesisshouldcommuteatanygiventime). However,withintheregimeofthe WKB,a
matrixexponentialsolutionisaverygoodapproximation(thatwehavecheckednumerically)

Φ0=θ̂−1/2exp−
1

2
dτĜ−1̂θ−1/2Ê−1 2̂E +iHÊθ̂−1+iHν̂̂Eθ̂−1+̂ν̂E θ̂1/2Ĝ C̄0,

(B.21)
whereC0isavectorofconstantcoefficientstobefixedwiththeinitialconditions. Recall
that̂θisadiagonal matrixandthustheterm̂θ−1/2in(B.21)istheusual WKBscaling.If
thereistimedependence,therecanbecorrectionstothisscaling,whichcorrespondstothe
matrixexponential. Thefactthatthe matrixexponentialworksasasolutionisbecausethe
matrixintheexponentissmallinthisregimeand,asaconsequence,correctionsarisingfrom
commutatorsofthismatrixarefurthersuppressed.Forhigherordercorrectionsinthe WKB
expansion,onecanproceediterativelyandsolveΦ1atorder 2usingthesolutionofΦ0.

Havinganapproximateanalyticalsolutionallowsustounderstandtheroleofeach
parameter.Inparticular,wenotethatthespeedofthe massive modehasakeyroleinthe
mixing. Thisisbetterseeninthehigh-klimitwherethephasestendto

θ2
1=k2+m2a2f1−H2+O(k−2), (B.22)

θ2
2=c2k2+

m2a2f1c

κξ2
−H2+O(k−2). (B.23)

Focusingonthenon-diagonaltermsofthe matrixofeigenvectors,

Ê12=
m2a2f1

(c2−1)k2+(1−c/(κξ2))m2a2f1+O(k−2)
, (B.24)

Ê21=
m2a2f1c/(κξ2)

(c2−1)k2+(1−c/(κξ2))m2a2f1+O(k−2)
, (B.25)
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wenoticethatinthehigh-klimitthemodemixingissuppressed,i.e.Ê12 1andÊ21 1,
ifeachtensorpropagateatadifferentspeed,c=1,andthereisalargehierarchybetween
the masstermm andthewavevectork.

Whileinthemaintextwefocussedonalargemassregime,weconcludethisAppendix
consideringasmallmassregime,withamassparameteroftheorderoftheHubbleconstant
m ∼ H0,andshowthatinthiscasethereisnodistinctiveobservationaleffectofbigravity
intheGWpropagation.Inthisregime,theenergydensityproportionaltom2intheright
handsideoftheFriedmannequation(B.11)isofthesameorderofmagnitudeoftheobserved
vacuumenergy.Then,theviablebranchofsolutionssatisfiesξ 1,whichgivesthefollowing
valueforthespeedofthesecondtensor modes[141]

c−1=3(w+1)+O
m2

Gρ

2

. (B.26)

Thisimpliesthatduring matterdomination c2 ∼ 16,andduringradiationdomination
c2 ∼ 25. Therefore,giventhatLISAfrequencyof GWsis muchlargerthantherateof
expansion,kLISA ∼ 1016H0,inequality(3.42)isnotsatisfiedand mixingamongdifferent
modesisnegligibleinthesmall massregime.

Moreover,this massrangeisalsostillfarfrombeingconstrainedthroughthe modified

dispersionrelationwithLISA.Inparticular,theboundonaneffective masstermmf
1/2
1 in

thiscaseis[210]

mf
1/2
1 10−26eV

c2

10Gpc

D

f

10−2Hz

100

SNR

1/2

, (B.27)

wherewehaveintroducedtheexpecteddistance,frequencyandsignal-to-noiseratio(SNR∼
1/(f∆t))ofamassiveBHbinaryintheLISAband. Thisissevenordersofmagnitudelarger
thanH0,thusfarfromthesmall massregime.
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28049 Madrid,Spain
hInstituteofCosmologyandGravitation,UniversityofPortsmouth,
DennisSciamaBuilding,Portsmouth,PO13FX,UnitedKingdom
iDipartimentodiFisicaeAstronomia“G.Galilei”,Universit̀adegliStudidiPadova,
andINFN,SezionediPadova,via Marzolo8,I-35131Padova,Italy
jMax-Planck-Institutf̈ur Gravitationsphysik, Albert-Einstein-Institut, Am M̈uhlenberg1,
14476Potsdam-Golm,Germany
kDepartmentofPhysics,SwanseaUniversity,Swansea,SA28PP,UK
lBerkeleyCenterforCosmologicalPhysics,LBNLandUniversityofCaliforniaatBerkeley,
Berkeley,California94720,USA
m Institutd’AstrophysiquedeParis,CNRSandSorbonneUniversit́es,UMR7095,98bisbd
Arago,75014Paris,France
n ScuolaInternazionalediStudiSuperioriAvanzati(SISSA),viaBonomea265,34136Tri-
este,ItalyandINFNSezionediTrieste
oINAF- OsservatorioAstronomicodiPadova,Vicolodell’Osservatorio5,I-35122Padova,
Italy
pGranSassoScienceInstitute,VialeF.Crispi7,I-67100L’Aquila,Italy
qTheoreticalParticlePhysicsandCosmology Group,Physics Department, King’sCollege
London,UniversityofLondon,Strand,London WC2R2LS,UnitedKingdom
rInstitutefor Gravitational WaveAstronomyandSchoolofPhysicsandAstronomy, Uni-
versityofBirmingham,Edgbaston,BirminghamB152TT,UnitedKingdom

–70–


