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Doubly nonlocal Fisher-KPP equation:
Front propagation

Dmitri Finkelshtein®  Yuri Kondratiev?  Pasha Tkachov?

June 19, 2019

Abstract

We study propagation over R? of the solution to a doubly nonlocal
reaction-diffusion equation of the Fisher—-KPP-type with anisotropic ker-
nels. We present both necessary and sufficient conditions which ensure
linear in time propagation of the solution in a direction. For kernels with
a finite exponential moment over R? we prove front propagation in all
directions for a general class of initial conditions decaying in all directions
faster than any exponential function (that includes, for the first time in
the literature about the considered type of equations, compactly suppor-
ted initial conditions).

Keywords: nonlocal diffusion, Fisher—-KPP equation, nonlocal non-
linearity, long-time behavior, front propagation, anisotropic kernels, inte-
gral equation
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1 Introduction

We will study front propagation of solutions to the equation

%(m, t) = 3" /]Rd at(z — y)uly, t)dy — mu(x,t) — u(x,t) G(u(x, t)), "

G(u(x, ) == squ(x, t) + s /]Rd a” (z — y)u(y, t)dy.

Here d € N; »",m > 0 and 2, »,, > 0 are constants, such that
n =+ e > 0;

the kernels 0 < a* € L'(R?) are probability densities, i.e. [, a®(y)dy = 1.
In order to exclude a trivial long-time behavior of the solution to (1.1),
we assume

xt >m. (A1)
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The solution u = u(z,t) describes the local density of a species at the point
z € R at the moment of time ¢ > 0. The individuals of the species spread
over the space R? according to the dispersion kernel at and the fecundity rate
»T. The individuals may die according to both constant mortality rate m and
density dependent competition, described by the rate »»—. The competition may
be local, when the density u(x,t) at a point z is influenced by itself only, with the
rate sz, or nonlocal, when the density u(zx,t) is influenced by all values u(y, t),
y € R?, averaged over R? according to the competition kernel a~ with the rate
sp¢. For further motivations and derivation of (1.1) see [3,7,9,10,16,22,23,26]

One can rewrite then the equation (1.1) in the reaction-diffusion form

G0 = [ o= luln) - o)y

(1.2)
+ u(z, t) (,8 — G (u(w, t))),

where 8 = st —m > 0.

The first summand here describes a non-local diffusion generator, see e.g. [2]
(also known as the generator of a continuous time random walk in R? or of a
compound Poisson process on R?). As a result, the solution u to (1.2) may
be interpreted as a density of a species which invades according to a nonlocal
diffusion within the space R? meeting a reaction Fu := u(8 — Gu); see e.g.
[8,24,28]. We treat then (1.1) as a doubly nonlocal Fisher—-KPP equation, see
the introduction to [12] for details.

From (A1) it follows, that the equation (1.1) has two constant stationary
solutions: u =0 and u = 6, where

Under (A1) the following assumption ensures the comparison principle for the
equation (1.1), see Proposition 2.2 below:

sxtat(z) > »pba (x), a.a. xeRL (A2)

In particular, (A1)—(A2) imply that the inequality 0 < u(z,t) < 6 ae. in x
holds for all ¢ > 0 provided that it holds for ¢ = 0. Note that (A2) is evidently
fulfilled if, say, .,y =0 or a= = a™.

Let S9~! denote the unit sphere in R? centered at the origin. For an arbitrary
direction ¢ € S9!, we define

ag(A) == / at(2)er™C dr € (0,00], X >0. (1.3)
Rd
Henceforth, by z - ¢ we denote the scalar product in R?. To ensure finite speed
of the propagation in a given direction, we assume that, for the fixed £ € S¢~1,
there exists g = p(§) > 0 such that ae(p) < oo. (A3¢)
For each ¢ € S9!, we denote

%J"Clg()\) —m

inf if (A3¢) hold
c.(€) = { 320 N (A3 olds (1.4)
0, otherwise.



Consider the set
T,:={zeR |z -£< (), £€8 (1.5)

Clearly, Y. is a closed convex subset of R%. In particular, if (A3;) fails for all
€€ 8?1 then T, = R%,

In the sequel, we denote tA := {tz | z € A} for a measurable set A C R?,
and int(A) means the interior of a closed set A C RY. Let also B,(y) denote the
ball in R? of the radius p > 0 centered at the point y € R%.

The following theorem is the main result of the paper; it states, informally,
that, for a solution u(z,t) to (1.1) and for any ¢ > 0, the function wu(tx,t)
converges (as t — 00) to 0 locally uniformly on the set (1 —¢)T, and converges
to 0 locally uniformly out of the set (14¢)Y.. Moreover, if T, is bounded, then
both convergences hold uniformly.

Theorem 1.1. Let the conditions (A1)—(A2) hold. Suppose also that
at € L®(RY), (A4)
|z|a™ (x) dz < oo, (A5)

Rd
there exists p,d > 0, such that

stat(x) — xpeba™ (x) > p for a.a. v € Bs(0). (46)

Let 0 < up(z) < 0 for a.a. x € R, and let u = u(x,t) be the solution to (1.1)
on Ry :=[0,00) such that u(x,0) = ug(z) (see Subsection 2.1 below for details).

1. Let there exist £ € St such that (A3¢) holds. Let ug be such that, for
all A >0,

esssup ug(x)er™ < 0o (1.6)
z€R4

for all those ¢ € S9=1 where c.(£) < oco. Then, for any compact set
¢ C R\ T,,

lim esssup u(x,t) = 0. 1.7
Jim esssu (z,1) (1.7)

If, additionally, the set Y, is bounded (e.g. if (A7) below holds), then
(1.7) holds for any (unbounded) closed set € C R4\ T,.

2. Let ug(z) > n for a.a. x € B,(xo) with some xo € R and n,r > 0. Then,
for any compact set € C int(Y,),

lim essinf u(z,t) = 6. (1.8)
t—o00 TEtE
Remark 1.2. 1. Besides equation (1.1) is a straightforward nonlocal analo-

gue to the classical Fisher—KPP equation (see a discussion in [12, Intro-
duction]), it can’t be covered by the existing in the literature methods and
results even for more simple case of the local reaction (when s,, = 0).
For example, it seems to be a nontrivial problem to check whether the flow
generated by the equation (1.1) (see Subsection 2.1 below for details) is



compact, and hence numerous corresponding techniques, see e.g. [20,21],
can’t be applied (cf. also similar discussion in [27, Introduction]). On the
other hand, the results obtained in [27] for a non-homogeneous generali-
zation of the local (1.1), having in the background Weinberger’s techni-
que [32], had crucial restriction on the initial condition ug. In particular,
a compactly supported ug was not allowed at all (even for the considered
in [27] a compactly supported kernel a™). In the present paper the remove
this limitation of Weinberger’s approach for initial conditions to the so-
called monostable reaction-diffusion equations. Note also that compactly
supported initial conditions were allowed in [37], however, the technique
proposed there worked for the so-called degenerate reaction only, which
corresponds to G(u) = suP with p > 1in (1.1).

. Informally, front for (1.1) is a set which separates 4 C R?, where u(tz,t) —
0,z € €,t— oo, and & C R, where u(tx,t) — 0, z € O, t — oo,
cf. e.g. [25,34]. The results of Theorem 1.1 show that any e-neighborhood
of the boundary of T, can be considered as a front set.

. By Proposition 4.2 below, a sufficient condition that T, is a bounded (and
hence compact) set is that

there exists ug > 0 such that / at(z)er il dg < oo, (A7)
Rd
Evidently, (A7) implies (A5). We will show in Remark 4.4, that (A7) is
equivalent to that (A3¢) holds for all £ € S¢~1 or just for all € € {e;, —e; |
1 <4 < d} with an arbitrary orthonormal basic {e; | 1 <14 < d} in R%.

. Note also that, for the first item of Theorem 1.1, it is enough to assume
instead of (A6), that

there exists p,d > 0 such that a*(z) > p for a.a. x € Bs(0).  (A8)

Moreover, in Proposition 4.7 below we will enhance (1.7) by proving that
there exist v = v(%¢) > 0 and D = D(ug, %) > 0, such that

esssupu(z,t) < De”™ ¢ >0. (1.9)
z€tE

. By [15], if ug is continuous on R%, then u(-,t) is also continuous on R¢ for
all t > 0, and one can replace esssup/essinf in (1.7), (1.8) by max/min,
correspondingly (note that in the second item of Theorem 1.1 we shall
assume then that ug # 0).

. Note that the assumption (A2) is redundant for the case of the local
nonlinear part in (1.1), i.e. where 5,0 = 0. In contrast, if 5,0 > 0 and (A2)
fails, the bifurcation of the constant solution u = 6 is possible, developing
an infinite family of spatially periodic stationary solutions (see [18] for
more details).

. Recall that if (A3) fails for all £ € S?71, i.e. if
/ at(x)e?dr =00, X>0, £€ ST (1.10)
Rd

then T, = R i.e. the convergence (1.8) holds for any compact & C R9.



8. Stress that we actually allow that the initial condition ug has exponential
decaying, i.e. that (1.6) holds for some appropriate A = A(£) > 0 only, see
below Remark 1.4 and Subsection 4.1 for details. Up to our knowledge,
this kind of results is new for reaction-diffusion equations.

Theorem 1.1 describes the propagation to all directions. It is based on
the properties of the propagation to each direction, that naturally require less
restrictive assumptions. Namely, one can weaken the assumptions (A5) and
(A8) by assuming that, for a fixed £ € 971,

/d|x~§\a+(x)dac < o0, (A9¢)
and ’
there exist r, p,0 > 0 (depending on &) such that (A10¢)
at(z) > p for a.a. z € Bs(r€).
We set
T.(&) ={zeR!|z-£<c(§)}, €S, (1.11)
then, in particular, cf. (1.5),
T.= () Y.
gesi—1
Under assumption (A3¢), we define, see [13] for details,
oe(a™) :=sup{A >0 ac(\) < oo} € (0, 00].
Under the assumption (A9¢), we define also
me := st /]Rd x-€at(x)dz. (1.12)

Theorem 1.3. Let (A1), (A2), (A4) hold. Let ¢ € S~ be fized, and suppose
that (A3¢), (A9¢), (A10¢) hold. Then the following statements hold.

1. (Cf. [13, Theorem 1.2]) There exists a unique
Ae=X(§) €(0,00),  Au(§) < oelah),
such that

. %Jrag()\) —m %Jrag()\*) —m
A

> me. (1.13)

2. Let 0 < ug < 0 be such that (1.6) holds true for all 0 < A < A\ (&). Let
u be the corresponding solution to (1.1) on Ry. Let O C R be an open
set, such that Y.(£) C O¢ and & = dist (Y.(£),RY\ O¢) > 0. Then the
following estimate holds

esssupu(x,t) < [Jugllx, ce %, > 0. (1.14)
$¢tﬁ§



Remark 1.4. 1. In other words, the function u(tx,t) converges (when ¢ — co)
to 0 uniformly on the hyperspace {2 - & > (1 +¢)c.(§)} for each € > 0.

2. We will show in Subsection 4.1, that, similarly to the assumptions of
Theorem 1.3, the first item of Theorem 1.1 remains true if (1.6) holds for
0 < XA < A (§) only (for all those £ where (A3¢) holds).

Corollary 1.5 (cf. also [4,14,17]). Let (Al) and (A2) hold. Let 0 < ug < 0
be such that (1.6) holds for all X > 0. Then the assumption (A3¢) is necessary
and sufficient to obtain a constant speed of propagation for the corresponding
solution to (1.1) in the direction & € S7~1,

Under (A5), we define, cf. (1.12),
m:= %+/ za™ (z)dr € R%. (1.15)
Rd

By Proposition 4.1 below, if (A1), (A2), (A4)-(A6) hold and if, for some £ €
S4=1 (A3¢) holds, then
m € int(T,).

On Figure 1, we sketched a relation between the sets T, (¢) and T,. The
arrows describe the ‘motion’ of the sets tY.(£) and ¢Y,, correspondingly. Note
that the origin may be out of T, ¢, for some £ € S4=1 and hence out of Y,.
However, by Remark 4.5 below, for each £ € S9!, the origin must belong to at
least one of the sets T.(§) and YT.(—¢&). A sufficient condition for the inclusion
0 cintY, is e.g. at(—z) = a*(z), x € R? (then m = 0).

Figures 2, 3 describe two ‘projections’ of the three-dimensional graph for
u = u(zx,t).

| | front propagation
™\

in a direction &

front propagation

@

Figure 1: Relationship between the sets T.(£) and Y., see [30]



Figure 2: Space-value diagram, see [30]

Sd—l 5 €

t(c«(€) +¢)
t(cs(§) —¢)

t(es(—€) +¢)
t(es (=€) —¢)

Figure 3: Space-time diagram, see [30]

As it was mentioned above, the front propagation in a direction & € S9! is
deeply related to the minimal speed of traveling wave solutions in the direction &.
By a (monotone) traveling wave solution to (1.1) in the fixed direction & € S471,
we will understand a solution of the form

u(z,t) =Pz -€—ct), t>0, aa. xR
’(/}(_OO) = 97 ¢(+OO) =0,

where ¢ € R s called the speed of the wave and a decreasing and right-continuous
function v is called the profile of the wave.

(1.16)



Theorem 1.6 (cf. [13, Theorems 1.1-1.3]). In conditions and notations of The-
orem 1.3, the following statements hold.

1. For any ¢ > c.(§), there exists a profile 1) = 1), such that (1.16) defines
a solution to (1.1); and for any ¢ < c.(§) a monotone traveling wave
solution to (1.1) of the form (1.16) does not exist.

2. The abscissa of a profile V. ¢ corresponding to the traveling wave with the
minimal speed c.(€) coincides with M\.(€), cf. (1.13), namely,

sup{)\ >0 ‘ / Ve g(s)eM ds < oo} = A (9).
R

Note also that, under some additional technical assumptions, see [13, Theo-
rem 1.3], the profile 9. corresponding to a speed ¢ > ¢, (§), ¢ # 0 is unique (up
to a shift). The traveling wave with speed c,(§) is asymptitically stable (see
examples in [31]).

On the other hand, if the condition (A3¢) fails for all ¢ € S¢~1, then traveling
waves do not exist at all.

Proposition 1.7. Let the conditions (A1), (A2), (A4)—(AG6) hold. Suppose that
(1.10) also holds. Then there does not ezist a traveling wave solution of the form
(1.16) to the equation (1.1).

The present paper is a continuation of [12,13]. They all are based on our
unpublished preprint and thesis [30].

For the case of the local nonlinearity in (1.1), when s, = 0, the equation
(1.1) was considered, in particular, in [1,5,6,17,19, 26, 27,29, 35,37]. For a
nonlocal nonlinearity and, especially, for the case », = 0 in (1.1), see e.g.
[7,9-11, 14, 16,25,36]. For details, see the introduction to [12] and also the
comments above.

For the case »p = 0, %7 = 3~ = 3,, at(x) = a~(v) for z € R?, the
result similar to Theorem 1.1 can be found in [25], where the viscosity solution
technique has been used. If, additionally, d = 1 and the kernels a* decay faster
than any exponential function, one can refer also to [33]. For the case s, = 0,
see also [27].

The paper is organised as follows. In Section 2, we describe the properies of
the semi-flow generated by the equation (1.1) and connect Weinberger’s scheme
[32] with Theorem 1.6. In Section 3, we study the propagation of a solution
to (1.1) in a fixed direction and prove the second item of Theorem 1.3. In
Subsection 4.1, we find sufficient conditions that Y, is a compact and has a non-
empty interior, and we prove the first item of Theorem 1.1. In Subsection 4.2,
we extend Weinberger’s scheme from discrete to continuous time and prove
(Proposition 4.12) the convergence (1.8) under additional assumption on the
initial condition. Finally, using the hair-trigger effect proved early in [15], we
get rid on the latter restriction and prove the second item of Theorem 1.1.

2 Technical tools

2.1 Properties of semi-flow

By asolution to (1.1) on [0,T), T' < oo, we will understand the so-called classical
solution, that is a continuous mapping from [0,7) to the space E := L>(R?)



which is continuously differentiable (in the sense of the esssup-norm in E) in ¢ €
(0,T), and satisfies (1.1). We denote by X, the vector space of all continuous
mappings from R, to F.

By [15, Theorem 2.2], for any 0 < ug € F and for any T > 0, there exists a
unique classical solution w to (1.1) on [0,7). In particular, u € X, is a unique
classical solution to (1.1) on Ry := [0, 00).

Moreover, by [15], if uo belongs to either of spaces Cy(R?) or Cyp(R?) of
bounded continuous or, respectively, bounded uniformly continuous functions
on R? with sup-norm, then wu(-,¢) belongs to the same space for all ¢t > 0;
cf. (Q1) in Theorem 2.1 below.

For any ¢t > 0 and 0 < f € E = L>°(R?), we define the continuous semi-flow
(see [12] for details) as follows

(Qcf) () :=u(z, ), a.a. € R, (2.1)

where u(x,t) is the solution to (1.1) with the initial condition u(z,0) = f(z).
We denote,
Ef ={ueE|0<u<b}.

Here and in the sequel, we will understand all inequalities between functions
from F almost everywhere only.

Theorem 2.1 ([12, Theorem 1.5]; see also [15, Proposition 5.4]). Let (A1)—(A2)
hold. Let (Q.)i>0 be the semi-flow (2.1) on the cone {0 < f € E}. Then, for
each t > 0, Q = Q; satisfies the following properties:

(Ql) @ maps each of sets E , B N Cy(RY), Ef N Cyup(RY) into itself;

(Q2) let T,, y € RY, be a translation operator, given by

(T, f)(@) = flz—y), =R,

then
(QT, f)(x) = (T,Qf)(x), z,yeR?, feEf;

(Q3) Q0 =0, Q8 =6, and Qr > r, for any constant r € (0,0);
(Q4) if f,g€ Ef, f <g, then Qf < Qg;

(Q5) if fur f € Eyf, fn == [, then (Qfn)(z) = (Qf)(x) for (a.0.) = € RY;
(Q6) if d=1, then Q : My(R) — My(R).

Here and below =5 denotes the locally uniform convergence of functions
on R? (in other words, f,1s converge to fll5 in E, for each compact A C R9),
and My(R) denotes the set of all decreasing and right-continuous functions
f:R—10,0].

For each 0 < 77 < Ty < oo, let Xp, 1, denote the Banach space of all
continuous mappings from [T7,T»] to E with the norm

[ullry, 7, == sup  [Ju(, )| &
te[T,Ts]



For any T > 0, we set also X7 := X r and consider the subset Uy C X of all
mappings which are continuously differentiable on (0,7]. Here and below, we
consider the left derivative at ¢ =T only.

The property (Q4) gives the comparison principle for solutions to (1.1). To
formulate a more general result needed for the sequel, consider, for each T' > 0
and u € U,

(Fu)(z,t) :== %(x,t) — s (at *u)(x,t) + mu(z,t) + u(z,t) (Gu) (z,t)

for all t € (0,7] and a.a. z € R

Proposition 2.2 ([12, Proposition 2.8], cf. [15, Theorem 2.3]). Let (A1)—(A2)
hold. Let T > 0 be fired and uy,us € Uy be such that, for all t € (0,T), z € R,

(Fup)(z,t) < (Fug)(x,t),
0 <wuy(z,t) <0, 0 <wug(z,t) <0,
0 <wuy(zx,0) < wusg(x,0) < 6.

Then, for allt € [0,T], z € R,
0 <wy(z,t) <wug(x,t) <0.

We will need also a weaker form of (Q5) under weaker assumptions.

Proposition 2.3. Let (Al), (A2) hold. Let (Qi)i>0 be the semi-flow (2.1) on
the cone {0 < f € E}. Let T > 0 be fized. Consider a sequence of functions
Up, € Xp which are solutions to (1.1) with uniformly bounded initial conditions:
un(+,0) € Ef, n € N. Let u € Xr be a solution to (1.1) with initial condition
u(-,0) such that u,(z,0) = u(x,0), for a.a. x € R Then u,(x,t) — u(x,t),
for a.a. x € R, uniformly in t € [0,T).

Proof. Clearly, u,(-,0) € E; implies u(+,0) € E(j. By (Q1), un(-,t),u(-,t) €
Ej, n € N, for any t > 0. We define, for any n € N,

Up (2,0) := max {u,(z,0),u(z,0)}, u,, (2,0) := min {u,(z,0),u(z,0)}.

Then, clearly, 0 < u, (z,0) < u(z,0) < U,(z,0) <0, n €N, a.a. v € R?. Hence
the corresponding solutions , (z,t), u,(z,t) to (1.1) belongs to E, as well.
By (Q4), one has u, (7,t) < u(z,t) < u,(z,t), n € N, t € [0,T], a.a. z € R4,
In the same way, one gets u, (7,t) < u,(z,t) < U,(x,t) a.e. on RY x [0,T).
Therefore, it is enough to prove that u, and u, converge a.e. to u

Prove that %, (z,t) — u(x,t) for a.a. z € R? uniformly in ¢ € [0, T]. For any
n € N, the function h,,(+,t) = U (-, t) —u(-,t) € E, , t > 0, satisfies the equation
%hn = P,hy, with hy, o(z) = hy(2,0) = Uy (2,0) — u(z,0) > 0, a.a. v € RY,
where, for any 0 < h € X,

Poh = —mh+ »"(at x h) — sepeh(a™ *0y) — seu(a™ * h) — sgh(u +y).

For any w, and u, P, is a bounded linear operator on E, therefore, h,(z,t) =
(etPrh,0)(x), aa. z € RY ¢t € [0,T]. Since u > 0, one has that, for any
0 < h € Xr, (Puh)(z,t) < (Ph)(2,t), a.a. z € R, ¢ € [0,T], where a bounded
linear operator P is given on F by

Ph =t (a™ % h) — sepeu(a™ * h) — squh.

10



Next, the series expansions for e’ and e'”’ converge in the topology of norms
of operator on the space E. Then, for any n € N, t € [0,7] and a.a. x € R?,

1) = (P 0)(2) < (7P hno) (@) = 3 %thw(m), (2.2)
m=0 '

and, moreover, for any ¢ > 0 and a.a. * € R?, one can find M = M(e,z) € N,
such that we get from (2.2) that, for t € [0,7] and a.a. z € R,

M ™
h(z,t) <> P () + 6, (2.3)
m=0 :

as hpo € E(j , n € N. Finally, the assumptions of the statement yield that
hpo(x) — 0 for a.a. € RY. Then, by (2.3) and [12, Lemma 2.2], h,(z,t) — 0
for a.a. € R? uniformly in ¢ € [0,7]. Hence, u,(z,t) — u(x,t) for a.a. x €
R? uniformly on [0,7]. The convergence for u, (x,t) may be proved by an
analogy. O

2.2 Around Weinberger’s scheme

We will follow the abstract scheme proposed in [32]. Let (A1)—(A2) hold. We
introduce the following notation, cf. (Q1) of Theorem 2.1,

Co := Ef N Cy(RY). (2.4)

Consider the set Ny of all non-increasing functions ¢ € C(R), such that
»(s) =0, s >0, and
p(—o0) ;= lim ¢(s) € (0,0).

S§——00

It is easily seen that Ny C Cp.
For arbitrary s € R, ¢ € R, ¢ € S9!, we define the mapping Vi .¢ :
L>*(R) — FE as follows

(Veegf)(@) = flz-E+s+c), zeR™ (2.5)

Fix an arbitrary ¢ € Ny. For T > 0, c € R, £ € §4-1 consider the mapping
Rpce: L>®(R) — L*(R), given by

(Rr.cef)(s) = max{p(s), (Qr(Vscef))(0)}, s€ER, (2.6)
where Qr is given by (2.1). Consider now the following sequence of functions
fr1(s) = (Rreefn)(s),  fols):=w(s), seRneNU{0}.  (2.7)

By Theorem 2.1 and [32, Lemma 5.1], ¢ € Cp implies f,, € Cp and f,,11(s) >
fn(s), s € R, n € N; hence one can define the following limit

free(s) = lim fu(s), seR. (2.8)

Also, by [32, Lemma 5.1], for fixed £ € S?~!, T > 0, n € N, the functions
fn(s) and fr c¢(s) are nonincreasing in s and in ¢; moreover, fr . ¢(s) is a lower
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semicontinuous function of s, ¢, &, as a result, this function is continuous from
the right in s and in c. Note also, that 0 < fr.¢ < 6. Then, for any c, &, one
can define the limiting value

freg(00) i= lim free(s).

Next, for any T' > 0, £ € S47!, we define

cp(§) == sup{c| free(o0) =0} € RU{—o0, 00}, (2.9)
where, as usual, sup ) := —oo. By [32, Propositions 5.1, 5.2], one has
0, c<cr(f),
. = 2.10
Free(s) {O’ ) (210

cf. also [32, Lemma 5.5]; moreover, c¢-(£) is a lower semicontinuous function
of £ € S41. It is crucial that, by [32, Lemma 5.4], neither fr . ¢(co) nor ci(€)
depends on the choice of ¢ € Ny. Note that the monotonicity of fr.¢(s) in s
and (2.10) imply that, for ¢ < c5(§), free(s) =6, s € R.

Define now the following set, cf. (2.9),

Tre={reR|z-¢<cp(9)}, €eSTL,T>0. (2.11)

Clearly, the set Y7 ¢ is convex and closed.
Recall that, under (A1)—(A2), c.(€), € € S971, is given by (1.4).

Proposition 2.4. Let (A1)-(A2) hold. Then, for any & € ST, ¢, (€) < oo if
and only if ¢k (&) < oo for all T > 0, and

(&) =Teu(), T>0. (2.12)
As a result, cf. (1.11), (2.11),
TTé = TTLE = TT*(f), T>0. (213)

Proof. Let T > 0 and ¢4-(§) < oo. Take any ¢ € R with ¢I' > ¢(£). Then, by
(2.10), fr.cre 6. By (2.6), (2.7), one has

) (
fr41(8) 2 (Qr(Viere fn))(0), seR. (2.14)

Since f,(s) is nonincreasing in s, one gets, by (2.5), that, for a fixed z € R9,
the function (Vi .1 ¢ fn)(x) is also nonincreasing in s. Next, by (2.5), (2.8) and
Propositions 2.3,

(Qr(Vaerefn) (@) = (Qr(Vserefrere))(x), aa z€R (2.15)
Note that, by (2.5) and [12, Proposition 3.3],
(Qr(Vserefrere))(x) = ¢z - T), (2.16)
where ¢(7,t), 7 € R, t € Ry solves
0¢

E(S’t) =@’ * ¢)(s,t) — me(s,t) — rp*(s, 1)
— seed(s, )@ * 9)(s,t), t>0, aa. s€ER, (2.17)
¢(s,0) = ¢(s), a.a. s € R.
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with ¥(7) = frere(T+s+cT) (note that s is a parameter now, cf. (2.17)), and
at(s) = / at(s€ +n)dn, seR,
{&3+

where {¢}1 = {z e R? | x- £ = 0}.
On the other hand, the evident equality

(Vserefrere)@ +78) = frere(x-E+7+s+cT), TER

shows that the function Vj .1 ¢ frcr¢ is a decreasing function on R? along the
£e S84 as fr,ere is a decreasing function on R. Then, by [12, Proposition 2.7]
and (2.16), the function R? > x + ¢(x - £,T) € [0,0] is decreasing along the &
as well, i.e.

As a result, the function ¢(s,T) is monotone (almost everywhere) in s. Since
fr.er,e(s) was continuous from the right in s, one gets from (2.14), (2.15), that

fr.ere(s) > (Qrfrere)(s + ),

where Q; : L®(R) — L*®(R) is defined as follows: Q,¥(s) = ¢(s,t), s € R,
where ¢ : R x Ry — [0, 6] solves (2.17) with 0 < € L(R). Since fr.r¢ # 0,
one has that, by [35, Theorem 5| (cf. the proof of [12, Theorem 1.1]), there
exists a traveling wave profile with the speed c. By Theorem 1.6, we have that
¢ > ¢, (€), and hence T'c,(§) < ¢ (§) < 0.

Let now T" > 0 and ¢,(§) < oo. Take any ¢ > c¢.(§) and consider, by
Theorem 1.6, a traveling wave in a direction £ € S9~1, with a profile 1) € My (R)
and the speed c¢. Then, by (2.5) and (1.16),

(Qr(Vs,ere¥))(@) =¢((z-§ = cT) + s +cT) =¢(x-§ +5).

Choose ¢ € Ny such that ¢(s) < 1(s), s € R (recall that all constructions
are independent on the choice of ¢). Then, one gets from (2.6) and (Q4) of
Theorem 2.1, that

(Br.crep)(s) < (Rrerg)(s) = ¢(s), seR

Then, by (2.7) and (2.8), frere(s) < ¥(s), s € R, and thus (2.10) implies
T > ch(€); as a result, ch (&) < Te(§) < oo, that fulfills the statement. O

A developement of Weinberger’s scheme crucial for the sequel is the so-called
hair-trigger effect. We have proved it for a generalisation of (1.1) in [15]. It is
straightforward to check, cf. [12, Subsection 2.1], that, in our settings, the result
can be read as follows.

Theorem 2.5 (cf. [15, Theorem 2.5]). Let the conditions (Al), (A2), (A4)-
(A6) hold. Let uy € E;’ be such that there exist xo € R%, n > 0, r > 0, with
ug > 1, for a.a. x € B.(xg). Let u € X be the corresponding classical solution
to (1.1) on Ry. Then, for m defined by (1.15) and any compact set K C R?,
lim essinf u(z + tm,t) = 6.
t—oo z€K
In particular, if m = 0 € R%, then the solution to (1.1) converges to 6 locally
uniformly. Our main aim in the rest of the paper is to show that the zone where
the solution to (1.1) becomes arbitrary close to 6 (as time grows to occo) can be
chosen expanding to R linearly in time, cf. (4.7) below.
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3 Long-time behavior in a direction

In this Section, we are going to prove the second item of Theorem 1.3. We start
with the following simple observation. Let 0 < ug € E be an initial condition to
(1.1) and u = u(z,t) > 0 be the corresponding solution. Then, by Duhamel’s
principle, u(z,t) < w(x,t), x € RY t > 0, where w(z,t) is the solution to the
linear equation

ow

E(% t) = 3" /Rd at(z — y)w(y, t)dy — mw(z,t) (3.1)

with the same initial condition w(z,0) = ug(x), * € R%. We will find now an
appropriate upper estimate for the solution to (3.1).

To this end, for any ¢ € S?! and A > 0, consider the following set of
bounded functions on R:

Exe®RY) = {f € E||flre:= eSSSRup|f($)\emg < co}. (3:2)
z€R?

Evidently, for f € F,

esssup | f(x)][e’¢ < oo if and only if esssup | f(z)[e*”¢ < oo,
z€R4 z-£>0

therefore,
EyeRY) C Exve(RY, A>N >0, €S9t

Proposition 3.1. Let £ € S ! and A > 0 be fizred and suppose that (A3)
holds with 1 = X. Let 0 < ug € Ey ¢(RY) and let w = w(x,t) be the solution to
(3.1) with the initial condition w(x,0) = ug(z), * € RY. Then

[w(-, t)lIne < lluollxee?, t>0, (3.3)
where
p=p& N = %+/ at(z)e’ S de —m e R. (3.4)
Rd

Proof. First, we note that, for any a € L*(R?), f € E, ¢(R?)
e D] < [ lale = ple e e dy
Rd
<[fllne [ o)l ay (35)

Applying (3.5) to a = at € LY (RY) and f = up € E)¢(R?), and using the
notation (1.3), we will get

lla® * uollxe < ag(N)[uollxe-

Tteratively applying (3.5) to a = at and f = at*("=1 sy € EA,E(Rd), n > 2,
where at*("=1) := g x...xat (the convolution is taken n —2 times), we obtain

+xn ne < (ae(N) " [luollae-

la * U]
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Since the operator in the right hand side of (3.1) is bounded in E, we have an
explicit representation for the solution to (3.1), namely,

w(z,t) = e ™ug(x) + e ™ Z Q(a**" xug)(z), z€RY t>0.
n!
n=1

As a result, we obtain

o0

—m S )"
[w(-,t)lIne < e ™ lluollae +e ™ o (ae(N)" llwollx.e

n=1 ’

that is just equivalent to (3.3)—(3.4). O

Remark 3.2. It is straightforward to check, cf. [13, Lemma 2.1], that the state-
ment of Proposition 3.1 remains true if (A3¢) holds for some p > A, provided
that we assume, additionally, (A4).

We can prove now the second item of Theorem 1.3.

Proof. Let p, := p(&, \) be given by (3.4). Let w = w(x,t) be the solution to
(3.1) with the initial condition w(z,0) = ug(z), x € R% By (3.3), (3.2), one has

0 <wu(z,t) <w(z,t) < ||lug

aeexp{pidt — A &}, aa xe R (3.6)

Next, by (2.11) and Proposition 2.4, for any ¢ > 0 and for all z € R\ t&, one
has z - & > tcf(€) + td = te.(§) 4+ td. Then, by (1.13),

inf (M- &) > thec(§) + A0
1¢tﬁ§

= t(%Jr / aJr(x)e)‘*"”'£ dx — m) + A0 = tpy + A0
Rd'

Therefore, (3.6) implies the statement. O

Remark 3.3. The assumption ug € Ej, ¢(R?) is close, in some sense, to the
weakest possible assumption on an initial condition ug € E; for the equation
(1.1) to have

lim esssup u(z,t) =0, (3.7)
t—o00 xétﬁ’g

for an arbitrary open set 0 D Y; ¢, where T ¢ is defined by (2.11). Indeed,
take any A1, A with 0 < A\; < A < A, = A (€). By Theorem 1.6, there exists a
traveling wave solution to (1.1) with a profile ¥; € My(R) such that A\g(v1) =
A1. By [13, Theorem 1.3] (with j = 1 as A\; < \.) we have that 1 () ~ De~*1,
t — oo. It is easily seen that one can choose a function p € My(R)NC(R) such
that there exist p > 0, T > 0, such that () > 11 (t), t € R and ¢(t) = pe™,
t > T. Take now ug(z) = ¢(x - £), z € R%. We have ug € E) ¢(RY) \ Ey, ¢(R?).
Then, by [12, Proposition 3.3], the corresponding solution has the form u(z,t) =
¢(x-&£,t). By Proposition 2.2 applied to the equation (2.17), ¢(s,t) > 1 (s—c1t),
s € R, t >0, where ¢; = A7 (T ag(A\1) — m) > c.(€), of. [13, formula (1.13)].
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Take ¢ € (c.(€),c1) and consider an open set O¢ := {x € R? | - £ < ¢}, then
YieC O C{zeR |z &<} =t A;1. One has

wp u(@ > swp o E.0)
w%tﬁg CEEtAl\tﬁ{

> sup  P1(s — eit) = i(et — ert) > 11(0),
ct<s<cit

as ¢ < ¢1 and 11 is decreasing. As a result, (3.7) does not hold.

On the other hand, if ¥, € My(R) is a profile with the minimal speed
c(§) # 0 and if j = 2, cf. |13, Proposition 3.1, then ug(z) := ¢« (x - &) does
not belong to the space Ey, ¢(R?), and the arguments above do not contradict
(3.7) anymore. In the next remark, we consider this case in more details.

Remark 3.4. In connection with the previous remark, it is worth noting also
that one can easily generalize the second item of Theorem 1.3 in the following
way. Let ug € Ey¢(R?) N E,, for some A € (0,).], and let u € X be the
corresponding solution to (1.1). Consider the set A.¢ := {z € R | z- & < ¢},
where ¢ = A7 (3T ag(A) — m) cf. [13, formula (1.12)]. Then, for any open set
B.e D Ace with §. := dist (Ac,g,Rd \ Be¢) > 0, one gets

essstup u(a, £) < [ollyce=". 59
w%thyg

Therefore, if up(z) = V. (x - §), where ¢, is as in Remark 3.3 above, then,
evidently, ug € E) ¢(R?), for any A € (0, A). Then, for any open 0t D T; ¢ with
§ :=dist (Y1,¢,R?\ O¢) > 0 one can choose, for any ¢ € (0,1), ¢; = c.(£) + de.
By Theorems 1.3 and 1.6, there exists a unique A\; = A1(¢) € (0, A,) such that
c1 = A\ (setag(A) — m). Then ug € Ey, ¢(RY) and A., ¢ C O, i.e. O may
be considered as a set B, ¢, cf. above. As a result, (3.8) gives (1.14), with the
constant ||ug|[x,.e < ||uollx, e, and with A,é replaced by A16(1 —€). Note that,
Clearl% ||u0||>\1,f / HUO A€ A1 /l >‘*7 e — 0.

4 Long-time behavior in different directions

4.1 Convergence to 0

Through this section we will assume that the conditions (A1), (A2), (A4)—(A6)
hold. Let the convex closed set T, be given by (1.5). Define, cf. (2.11),

Tr={zeRYz -£<cp(é), €S}, T>o.
By (2.11)-(2.13),

Yr= (] YTre= (] TTie=TY1=TY., T>0; (4.1)
gesd—l 565‘{1—1

in particular, T, = 1;.

Proposition 4.1. Let (Al), (A2), (A4)—(A6) hold. Then, cf. (1.15), m is an
interior point of T ,.
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Proof. Firstly, if (A3¢) fails for all £ € S9! then T, = R? and the statement
is trivial. Next, for an arbitrary £ € S9! such that (A3¢) holds, we have, by
(1.12) and the inequality in (1.13), that

m-§= %*/ z-&at(z)dr = me < c.(€).
Rd

Therefore, cf. (1.11), m € T.(¢), € € S9!, Next, as it was already mentioned,
by [32, Proposition 5.1], the function ¢} () is lower-semicontinuous in ¢ € S9~1.
Therefore, by (2.12), the function ¢, (§) —mg¢ > 0 is lower-semicontinuous on the
compact S¢!, and hence attains its minimum, which we denote by dy > 0. As
a result, m - & < ¢, (€) — dp for all ¢ € S971, and therefore, an open ball with
center at m and radius do belongs to the interior of Y, (&), for each ¢ € S971,
From this, by (1.5), one gets the statement. O

Proposition 4.2. Let (A1), (A2), (A4)—(AT) hold. Then, T, =1 is a com-
pact.

Proof. First, (A7) implies that (A3¢) holds for all ¢ € S9~!. Then, by Theo-
rem 1.6, c,(§) < oo for all £ € S9~1. Next, by (1.12) and Proposition 4.1, for
d

any orthonormal basis {e; | 1 <i < d} € S% !, m = Y m.e; € int(Y,). By

=1
Theorem 1.6, = € Y, implies that, for any fixed £ € S9!, z- ¢ < c.(€) and
z - (=€) < e(=§), Le.

—ci(—6) <z-£< (b)), TET,, €8T (4.2)
Then (4.2) implies
@ €] < max{le. (O] [e(—E)]}, z €Ty, £€897H

in particular, for an orthonormal basis {e; | 1 <14 < d} of R?, one gets

d d
ol < - el <> max{lea(ei)], |eu(—ei) |} = R < o0, xz€T,,
=1 i=1

that fulfills the statement. O

Remark 4.3. Here and in Propositions 4.6, 4.7, the condition (A6) can be weaken
to (A8). As a matter of fact, it is enough to assume that (A10¢) holds for all
£ e 8L,

Remark 4.4. Since [ ., at(z)er€dr € [0,1], ¢ € S X\ > 0, we have
the following observation. If, for some ¢ € S? ! there exist u* > 0, such
that, cf. (1.3), ase(u®) < oo, i.e. if (A3¢) holds for both ¢ and —¢, then, for

p=min{p", p~},
/ at (z)e!® € dy = / at(x)erE dr + / at(z)e "¢ da
R4 z-£>0 z-£<0

< / at(z)e = do +/ at(z)et * 89 dr < . (4.3)
z-£20 z-(—=£)>0
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Let now {e; | 1 <i < d} be an orthonormal basis in R?. Let (A3¢) holds for 2d
directions {+e; | 1 < i <d} C S91and let p; = min{u(e;), p(—e;)}, 1 <i < d,
cf. (4.3). Set p = Smin{y; | 1 <i < d}. Then, by the triangle and Jensen’s
inequalities and (4. 3) one has

d
1
+(p)ehlel g </ 1
/Rda (x)e x < Rda exp(gz gH il - e,)
1
< ;:1 p /]Rd a+(x)e“"“"”‘ell dr < oo.

Therefore, (A7) is equivalent to that (A3¢) holds for all ¢ € S92

Remark 4.5. Tt is worth noting that, by (1.13), (1.12), the following inequality
holds, cf. (4.2),
(&) +ce(=€) >me+m_g =0.

The following two Propositions prove the first item of Theorem 1.1.

Proposition 4.6. Let the conditions (Al), (A2), (A4)—(A6) hold and there
exists € € S, such that (A3¢) holds. Let ug € E; be such that (1.6) holds for
all those &€ € S1 where c,(€) < co. Let u € X, be the corresponding classical
solution to (1.1) on Ry. Then, for any compact set € C R%\ Y., there exist
v=v(€)>0 and D = D(ugp, %) > 0, such that

esssupu(z,t) < De™ "', ¢ > 0.
TELE

Proof. Since there exists £ € S?71, such that (A3¢) holds, we will get from (1.5),
that T, # R%. Therefore,

T, = ﬂ {xéRd|x'§§c*(§)}.

cesi-1,
¢ (§)<oo

Then a closed set ¥ C R\ T, satisfies

€ C U {zeR|c.(6) <z-€}.
cesd—1.
cx(§)<oo

Since € is a compact, there exist K € N and &;,...,6x € S9!, such that
c:(&) < 00,1 <i< K and

¢c |J {zeR2-& > (&)}

1<i<K

Therefore,
0:=RN\NE> () Tul&)
1<i<K
Clearly, ¢ is an open subset of RY and ¢ D Y.(&) for 1 < i < K. By the

assumption on wup and the condition ¢, (§;) < 0o, 1 <14 < K, the inequality (1.6)
holds for all § =¢;, 1 <i< K.
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Since T, (&;) is a closed set and % is a compact, we have that

The inequality c.(&) < oo implies that the condition (A3¢) holds for £ = &,
1 < i < K. Therefore, by the second item of Theorem 1.3, one gets, for any
1<i<K,

esssup u(w,t) = esssupu(z,t) < |lugl|x. g6 < De™™, >0,
TELE z¢to

where v := min{y; | 1 <i < K}, D := max{||uo

A | 1<i < KF O

Proposition 4.7. In conditions and notations of Proposition 4.6, we assume,
additionally, that the set T is bounded (and hence compact). Then (1.9) holds
for any closed set € C R\ T,.

Proof. Consider the set M of all subsets from R? of the following form:
M=M kg, e ={o€R 2 & <) +e i=1... K}, (44)

forsomee >0, K €N, &,...,&x € S1. By (4.1) and Proposition 4.1, the set
T; = T, is bounded and nonempty. Take an arbitrary closed set 4 C R\ T,,
and consider the open set & := R\ ¢ D Y, = Y. Then, by [32, Lemma 7.2],
there exist ¢ > 0, K € N, &1,...,6x € S9! and aset M € M of the form (4.4),
such that

YT.=T,CcMcCO. (4.5)
Choose now
d * € ;
ﬁgi:{l'ER )Z"fi<01(fi)+§}3'r1,§i, 1<:<K.

Then, by (4.5),

K K
T.=Ti= () TieC [T C[)OCMCO,

cegd-1 i=1 i=1
and, therefore,
K
R\ 0 C [ R\ O,). (4.6)
=1

Denote
Vi = A (&) dist (Tie,, RY\ O,) = /\*(gi)%, 1<i<K.
Then, by the second item of Theorem 1.3 and (4.6), one gets, for any ¢ > 0,

esssup u(z,t) = esssupu(r,t) < max esssupu(z,t) < De ",
TELE z¢to 1<i<K z¢tO¢,

with v := min{y; | 1 <i < K}, D := max{][uo

X (€i),€i I<i< K} O
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4.2 Convergence to

We proof, at first, the second item of Theorem 1.1 for uniformly continuous
functions. Namely, we assume that ug € Cp N Cyup(RY), ug # 0, cf. (2.4), and we
will prove, under assumptions (A1), (A2), (A4)-(A6) that, for any compact set
€ C int(Y,) = int(Ty),

tlirgo min u(z,t) = 0. (4.7)
To do this, in Proposition 4.12, we apply results of [32] for discrete time, to
prove (4.7) for continuous time, provided that ug is separated from 0 on a large
enough set. Then we will use the hair-trigger effect (Theorem 2.5), which implies
that u(x,7) is separated from 0 on an arbitrary large set (shifted by 7m) for
big enough 7 > 0. Combining these results, we will get (4.7) for an arbitrary
ug € Cp N Cup(RY), ug # 0. Finally, by the comparison principle, we will get
the second item of Theorem 1.1 for ug € E .

We start with the following Weinberger’s result (rephrased in our settings).
Note that, under (A1)—(A6), Tr # 0, T > 0. Indeed, if there exists & € S9!,
such that (A3¢) holds, then the result above follows from Proposition 4.1 and
(2.13). Otherwise, T, = R? and (2.13) yields the statement.

Lemma 4.8 (cf. [32, Theorem 6.2]). Let (Al), (A2), (A4)—(A6) hold. Let
ug € Cy and T > 0 be arbitrary, and QT be given by (2.1) (in particular, Qr
satisfies the properties (Q1)—(Q5) of Theorem 2.1). Define

Unt1(z) == (Qrun)(x), n>0. (4.8)

Then, for any compact set ¢r C int(Yr) and for any o € (0,0), one can choose
a radius v, = ro(Qr,6r), such that

uo(x) > o0, x € B, (0), (4.9)
implies

lim min u,(z) =6. (4.10)

n—oo xEnér

Remark 4.9. By the proof of [32, Theorem 6.2], the radius r,(Qr,%7) is not
defined uniquely. In the sequel, r,(Qr,%r) means just a radius which fulfills
the assertion of Lemma 4.8 for the chosen Q7 and %7, rather than a function
of QT and %T-

Remark 4.10. It is worth noting, that, by (2.1) and the uniqueness of the solution
o (1.1), the iteration (4.8) is just given by

un () = u(x,nT), zcR%necNU{0}. (4.11)
Therefore, (4.10) with T' =1 yields (4.7), for N 5 ¢ — oo, namely,

lim min u(z,n) =6, (4.12)

n—o00 ren%

provided that (4.9) holds with r, = r;(Q1,%), € C int(T1).
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Lemma 4.11. Let (Al), (A2), (A4)-(A6) hold. Fiz a o € (0,6) and a compact
set € C int(Y1). Let ug € Cyp be such that uo(x) > o, v € B, (g,,%)(0). Then,
for any k € N,

lim min u(m, %) =0. (4.13)

n—oo xELE
Proof. Since € C int(Y1), one can choose a compact set € C int(Y;) such that

% C int(4). (4.14)

By (4.11) and Lemma 4.8 (with 7" = 1), the assumption ug(z) > o, = €
B, (q,,%)(0) implies (4.12). Fix k£ € N, take p = %; then choose and fix the

radius 7, (Qp,p‘f). By (4.12), there exists an N = N(k) € N, such that

u(z,N) >0, x€NF,
B, (q,¢)(0) C N¥.

Apply now Lemma 4.8, with ug(z) = u(x, N), z € R%, T = p, and
Cr =6, = p€ C pint(Ty) = int(YT}),
as, by (4.1), pY1 = T,. We will get then

lim min_u(z, N +np) = 0. (4.15)

N—=0 zcnp?

By (4.14), there exists M € N such that one has
N ~
(g +p)<g cpé, n>M. (4.16)

Therefore, by (4.16), one gets, for n > M,

min_w(z, N +np) < min  u(z, N +np)

TENPE wen(%-ﬁ-p)(g
1
= min u(a:,(Nk—!—n)f) <é6. (4.17)
z€(Nk+n)+€ k
By (4.15) and (4.17), one gets the statement. O

Now, one can prove (4.7), under an assumption on the initial condition.

Proposition 4.12. Let (Al), (A2), (A4)—(A6) hold. Fiz a o € (0,0) and a
compact set € C int(Y1). Let ug € Cp N Cup(RY) be such that ug(z) > o,
r € B, (g,,4)(0), and u € X be the corresponding solution to (1.1). Then
(4.7) holds.

Proof. Suppose (4.7) were false. Then, there exist ¢ > 0 and a sequence ty —

oo, such that min(/u(x,tN) < 6 —¢,n € N. Since t§y% is a compact set and,
TEINGC

by (Q1) in Theorem 2.1,

u(-,t) € Cy N Cyp(RY), t>0, (4.18)
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there exists xy € ty%, such that
U(LZJN,tN) <f—¢, neN. (419)

Next, by (4.18) and [15, Proposition 5.1], there exists a 6 = §(¢) > 0 such that,
for all 2/, 2" € R? and for all #/,¢” > 0, with |2’ — 2”| + [t/ — | < §, one has
€

u(@’, 1) —u(”,t")] < 5

- (4.20)

Since ¢ is a compact, p(%) := supl|z|| < co. Choose k € N, such that ¢ <
TEC

ﬁ(%). By (4.13), there exists M (k) € N, such that, for all n > M (k),

n € n

Choose N > N big enough to ensure tn > % Then, there exists n > M(k),

such that ty € [%, "TH) Hence

4]

5@ (4.22)

‘t n‘ < 1 <
MRk
Next, for the chosen N, there exists yy € &, such that zny = tyyn. Set t/ = ty,
t" =%, 2" =xNy =tyyn, and 2" = Zyn. Then, by (4.22),

n
it — |+ |2 — 2| = ‘tN - E’(l + |yND < 4.
Therefore, one can apply (4.20). Combining this with (4.19), one gets

(E ﬁ)f (E E), (tnyn,tn) +u(zn,ty) < o +0—e=0— =
u kvak =u kyN7k u NyN7 N '(,LxN7 N 2 €= 27

that contradicts (4.21), as Zyn € 7% . Hence the statement is proved. O
Now, we are ready to prove the second item of Theorem 1.1.

Proposition 4.13. Let the conditions (A1), (A2), (A4)—(A6) hold. Let ug €
E; be such that there exist xg € R%, 7 >0, r > 0, with uo(z) > n for a.a. x €
B, (z9); and let u € X be the corresponding classical solution to (1.1) on Ry.
Then, for any compact set € C int(Y.), the convergence (1.8) holds.

Proof. At first, we suppose that ug € Cp N Cyp(R?). For ug = 6, the statement
is trivial. Hence let ug # 0, ug # 0. Recall that, (A6) implies (AS8).

Let ¢ C int(Y;) be an arbitrary compact set. It is well-known, that the
distance between disjoint compact and closed sets is positive; in particular, one
can consider the compact % and the closure of R?\ Y. Therefore, there exists
a compact set £ C int(Y;), such that € C int(.#"). Let §p > 0 be the distance
between ¢ and the closure of R\ %

Choose any o € (0,0) and consider a radius r, = 7,(Q1,-#") which fulfills
Proposition 4.12; cf. Remark 4.9. By Theorem 2.5, there exists t; > 0, such
that

u(x +tim,ty) >0, |z|<7,.
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We apply now Proposition 4.12 (with & replaced by %) to the equation (1.1)
with
uo(x) == u(x +tym,ty), z€R?

By (4.7) and the uniqueness arguments, we will have then

lim min u(z+tm,t+t) =6. (4.23)

t—oo xet A

By (4.23), for any ¢ > 0, there exists t5 > 0 such that, for all t > ¢; + t5 =:
tz3 > 0 and for all y € 7,

u((t —t1)y +tim,t) >0 —¢ (4.24)
Without loss of generality we can assume that ¢5 is big enough to ensure

tq ma{g |.’L'| + tl\m| < dota. (425)
e

Then, for any x € € and for any ¢ > t3, the vector

trx — tlm
t p—
y(=,?) t—t
is such that } |
tix —tim
ly(z,t) —a| = ———— < do,
t—1t1

where we used (4.25). Therefore, y(z,t) € , for all z € € and ¢t > t3, and
hence (4.24), being applied for any such y(z,t), yields

u(te,t) >0 —¢, x€E, t>ts,

that fulfills the proof of (4.7) for ug € Cy N Cyp(RY).

Let now uy € E, satisfy the assumptions. Then there exists a function
vg € Cp N Cyup(RY) C Ey, vy # 0, such that ug(z) > vo(z), for a.a. z € R
Next, by Proposition 2.2, u(z,t) > v(z,t), for a.a. x € RY, and for all t > 0,
where v € X, is the corresponding to vy solution to (1.1). Then, by the proved
above, we will get (4.7) for v, with the same Yy, cf. (Q1) of Theorem 2.1. As a
result, the evident inequality

min v(z,t) < essinf u(z,t) < 0
TELE TELE

implies (1.8). The statement is fully proved now. O
Now one can prove Proposition 1.7.

Proof of Proposition 1.7. Suppose that, in contrast, for some ¢ € S%1, ¢ € R,

and ¢ € My(R), (1.16) holds. Then ug(z) = (z-£) satisfies the assumptions of

the first statement. Take a compact set .7 C R, such that ¢; := maxy - E>c.
ye

Then (1.8) implies
= lim essinfip(z - & — ct) = lim essinf o (t(y - € —
0 Jim essinf Y(x - &€ —ct) Jim eysggil/ Y(t(y- € —c))

= tlgglo Y(t(cr — ) =0,

where we used that v is decreasing. One gets a contradiction which proves the
second statement. O
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Another important application of the second item in Theorem 1.1 is that
there are not stationary solutions u > 0 to (1.1) (i.e. solutions with %u =0),
except u = 0 and u = 6, provided that the origin belongs to int(Y.).

Proposition 4.14. Let (A1)—(A6) hold. If > = 0 in (1.1), we assume, addi-
tionally, that there exists ro > 0 such that
a:= inf a (z)>0. (4.26)
lz|<ro

Let also the origin belong to int(Y,). Then there exist only two non-negative
stationary solutions to (1.1) in E, namely, u =0 and u = 6.

Proof. Since %u = 0, one gets from (1.1) that

u(z) = £VD@) — (m+ B(:E))7 z € RY (4.27)

<

where
A(z) = s (at xu)(z), B(x) = sp(a™ xu)(x),
D(z) = (m+ B(z))2 + 43¢0 A(z) > m > 0.

Then, by [12, Lemma 2.1], one easily gets that u € Cy;(R9).

Denote M := |lu]| = sup u(z). We are going to prove now that M < 6. On
zeRd
the contrary, suppose that M > . One can rewrite (4.27) as follows:

mu(z) + su®(z) + sene(a™ * uw)(z) (u(z) — 6)
= (Jpxu)(x) < M(%Jr—%ng@), (4.28)

where
Jo(z) := ctat (z) — Oxppa™ () >0,

and hence [, Jo(z) dz = 2T —56,0.

Choose a sequence x, € RY n € N, such that u(z,) — M, n — oo.
Substitute x, to the inequality (4.28) and pass n — oo. Since M > 6 and
u > 0, one gets then that (e~ % u)(z,) — 0, n — oo. Passing to a subsequence
of {z,} and keeping the same notation, for simplicity, one gets that

(a” *u)(zn) < —, n>1.

1
n

For all n > 7‘0_2‘1, set 1, = n-3a < ro; then the inequality (4.26) holds, for

any z € B,._(0), and hence
1

- > (a” *xu)(xn) > a(lp, (o) *u)(®n) > aVa(r,) min  u(z),  (4.29)

QfeBrn (xn)

where V4(R) is a volume of a sphere with the radius R > 0 in R Since
V(rn) = r3V4(1) = n=2V4(1), we have from (4.29), that, for any n > ry 2,
there exists y,, € By (x,), such that

1
M= S
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Thus u(y,) — 0, n — oco. Recall that u(z,) - M > 0, n — oo, however,
| — yn| <1 = n’ﬁ, that may be arbitrary small. This contradicts the fact
that u € Cyp(RY).

As aresult, 0 < u(z) < 0 = M, x € R%. Let u # 0. By the third item
in Theorem 1.1, for any compact set € C int(T), ;Ieli%u(l‘) — 0, t = oo,

as u(x,t) = u(z) now. Since 0 € int(Yy), the latter convergence is obviously
possible for u = 6 only. O

Remark 4.15. Tt is worth noting that, by (2.11), (2.13), and (2.12), the assump-
tion 0 € int(Y;) implies that c.(¢) > 0, for all £ € S?1. It means that all
traveling waves in all directions have nonnegative speeds only.
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