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Abstract:

The discrete element modelling (DEM) of triaxial tests plays a critical role in
unveiling fundamental properties of particulate materials, but the numerical
implementation of a flexible membrane boundary for the testing still imposes
problems. In this study, a robust algorithm was proposed to reproduce a flexible
membrane boundary in triaxial testing. The equivalence of strain energy enables the
particle-scale parameters representing the flexible membrane to be directly
determined from the real geometric and material parameters of the membrane. Then
the proposed flexible membrane boundary was implemented in the context of discrete
element simulation of triaxial testing and was validated with laboratory experiments.
Furthermore, comparisons of triaxial tests with flexible and rigid boundaries were
performed from macro-scale to meso-scale. The results show that the boundary
condition has limited influences on the stress-strain behaviour but a relatively large
impact on the volumetric change, the failure mode, the distribution of contact forces,

and the fabric evolution of particles in the specimen during triaxial testing.

Keywords: DEM, Triaxial Tests, Flexible Membrane Boundary, Strain Energy, Shear

Band, Fabric Evolution
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1 Introduction

The triaxial test has long been one of the most fundamental methods for
geotechnical testing. It is commonly used to determine the strength and stiffness of
soil and rock for engineering design and construction. Furthermore, it also acts as the
calibration foundation for theoretical developments, such as the development of
constitutive relations for geotechnical materials. The extensive use of triaxial tests in
practice and research has encouraged a large body of work to fully understand the
mechanical behaviour of the specimen during triaxial testing.

The discrete element method (DEM) is a powerful numerical method for
reproducing the behaviour of granular materials and has exhibited particular
superiorities over conventional continuum mechanics based methods, such as finite
element methods (FEM) and finite difference methods (FDM). Numerical triaxial
tests have long been used for meso-scale parameters calibration for geotechnical
discrete element models. The details of triaxial cells vary from laboratory to
laboratory but the sides of testing samples are almost always covered with a flexible
rubber or latex membrane which allows implementation of hydrostatic confining
stress. It is the DEM simulation of the latex membrane boundary during triaxial
shearing that has suffered from unquantifiable errors.

Existing research has shown that the confining membrane can dramatically affect
the behaviour of tested triaxial samples [1, 2]. Henkel and Gilbert [3] found that the
measured clay strength bounded by the standard rubber membrane increased by 14%
compared with unconfined compressed tests. Vermeer [4] showed that the formation
and development of shear band are closely related to membrane properties,
particularly for larger-sized particles. Therefore, a critical issue for the accurate DEM

modelling of triaxial tests consists in realistically representing the latex/rubber
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membrane.

The most straightforward strategy is to assume a rigid wall boundary [5, 6]. By
using the servo control mechanism on a rigid wall, external forces will be imposed on
the outer layer of particles in the sample and a relatively uniform stress distribution
within the specimen can be iteratively obtained. However, this widely used boundary
treatment approach is fundamentally different from a flexible membrane boundary: 1)
The rigid boundary prohibits the development of strain localization within the
specimen during axial loading; 2) the rigid constraint leads to an oversized confining
pressure at the local failure zone and may mistakenly estimate a wrong strength of the
tested specimen, giving rise to different post-peak behaviours; 3) Particles close to the
rigid wall are inclined to align with the boundary, causing some regular particle
packing configurations and non-uniform stress distributions along the boundary [7].

In this paper, existing membrane treatment approaches for triaxial tests were first
critically reviewed within the DEM framework. Then a physically more realistic ball
representation method for flexible membranes was proposed in detail. To verify the
method, numerical results for triaxial tests simulated with the proposed flexible
membrane were compared with experimental results. In addition, to show the
influence of the boundary on the mechanical behaviour of the specimen during triaxial
loading, some critical features at both particle-scale and macro-scale in specimens

enclosed with rigid and flexible boundaries were investigated.

2 Overview of flexible membrane simulation
To accurately apply the hydrostatic confining stress but at the same time to allow
free deformation of the membrane boundary are two main difficulties imposed to the

DEM modelling of triaxial tests with latex/rubber membranes. Existing DEM models
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that consider flexible membrane can be classified into four categories: stacked walls
method [8-11], periodic boundary [12], equivalent force algorithms [7, 13-15], and

particle membrane method [5, 16-20].

2.1 Stacked walls

The main idea of the stacked walls method is that the membrane is constituted of a
number of stress-controlled rigid planar walls. These planar walls can deform
independently of one another and their velocities are determined by a numerical servo
algorithm to maintain the prescribed confining stresses. The method was initially
reported by Zhao and Evans [9, 11], and later Ergenzinger et al. [8] reported a similar
simulation method. Khoubani and Evans [10] improved the deformable ability of
stacked-wall boundary further. This method is conceptually simple and easy to be
implemented. Li et al. [21, 22] applied the method to the simulation of torsional shear
testing. However, this approach also has unavoidable disadvantages: 1) it is incapable
of characterising the “clamped effects” at the two ends of the triaxial sample (see the
illustration of the effect in Fig. 1), and thus affects stress distribution and shape
configurations during testing; and 2) the real deformation behaviour of the membrane
during triaxial testing is stretch-dominated, while the rigid-wall boundary is
equivalent to having an infinitely large stiffness and does not allow elastic

deformation, thus it cannot reproduce the influences of membrane properties.

2.2 Periodic boundary condition
The periodic boundary condition (PBC) is used to reduce the computation scale of
a large (or infinite) model or eliminate the boundary effects of simulations [23]. Its

application in DEM simulation of triaxial tests can be traced back to Cundall [24]. A
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periodic boundary always has an exact copy on the opposite side. Particles that move
out of a periodic boundary will re-appear back to the sample space with the same
velocity from the opposite boundary. Therefore, a numerical model with PBC is
assumed to be infinite in the direction normal to the boundaries [12]. The infinite
domain is approximated in the sense that it can be characterised by repeated
representative volume elements or RVEs. As the physical nature of a PBC differs
from a physical latex membrane, the PCB technique exhibits the following problems:
1) models with PBC may not be able to correctly characterise some boundary
deformation in triaxial samples (e.g. dilating boundary) [25], so that the volume strain
of the model with PBC may be different from a physical sample [24]; 2) it is hard to
capture localised shear bands accurately, as the periodic boundary eliminates the
effects of local boundary locations with concentrated deformation or stress [24]; and 3)

it is difficult to maintain a stable confining stress when a large shear strain occurs [12].

2.3 Equivalent force algorithms

The membrane works by applying forces on the outmost particles of the specimen
that are in touch with the membrane during triaxial testing. By calculating the
equivalent force arising from the membrane and imposing on the outmost particles,
the flexible boundary can be replaced numerically. This method contains two critical
procedures: 1) identification of the outmost particles; and 2) calculation of the
equivalent confining forces. Since introduced by Bardet and Proubet [26] in DEM
modelling of triaxial testing, different algorithms solving these two procedures are
proposed [7, 13-15, 19, 27-29]. Particularly, Cheung and O’Sullivan [13] extended
this method by using the Voronoi polygon projection technique. However, these

algorithms also have some disadvantages: 1) the effects of membrane properties, such
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as elastic modulus and thickness on the mechanical response of the test specimen
cannot be properly considered; and 2) the “clamped effects” at the two ends of the
triaxial sample cannot be reproduced, but the reinforcement arising from “clamped

effects” cannot be ignored.

2.4 Bonded-particle membrane

Membrane can be modelled by bonded particles in DEM, namely bonded-ball
membrane. This method applies confining forces on particles but is fundamentally
different from the equivalent force algorithms, as the membrane itself is modelled in
the former while the latter ignores the existence of latex membrane.

The practice of simulating a flexible boundary by bonded particles has long been
proposed [30]. Iwashita et al [31] applied this scheme to biaxial simulation. After the
implementation on triaxial modelling was reported by Bono and McDowell [16], the
bonded-ball method was later used in a few studies [32-34]. Furthermore, Lu et al
[17] improved the deformability of membrane by extending the size of the membrane.
Cil and Alshibli [18], and Li et al [20] improved the algorithms on applying the
hydrostatic confining pressure.

Although this ball membrane method has the potential to take account of properties
of a latex or rubber membrane, the current algorithms still suffer from problems, such
as a reliable numerical representation for the deformation properties of a real
membrane. In addition, it is not clear how the boundary condition will affect the

responses of the specimen under triaxial loading.

3 The proposed framework of improved membrane representation

3.1 Geometrical arrangement
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Membrane is a continuous material, but bonded particles are not. Thus a deficiency
of the ball membrane method is that the represented membrane surface is not
sufficiently smooth. There are two possible ways to partially resolve this issue: 1) to
use the closest particle arrangement pattern, i.e. one-layer hexagonal packing to
represent a membrane; and 2) to make the radius of the equal-sized membrane balls
less than those of particles for the specimen. Saussus and Frost [35] experimentally
obtained the sand-membrane contact patterns during triaxial testing, according to n-
nearest-neighbour analysis of sand-membrane contact points (The n-nearest-
neighbour distance of a point is defined as the average distance between the point and
the n nearest points). They found that the side length of the hexagonal contact pattern
(with the 6-nearest-neighbour distance) is approximately between 16% and 57%
greater than the dso of specimen particles (namely 1.16~1.57dso). Thus the size of
membrane particles has a limited effect on the sand-membrane contact pattern, if the
particle size constituting the membrane is properly selected. Considering the
computational costs, the size of membrane particles is selected to be around 1/3 of

sample particles based on existing empirical reports [16].

3.2 Boundary condition

One of essential features for triaxial cells is that the flexible membrane is attached
to a cap at the top and a pedestal at the bottom using either rubber o-rings, or a rubber
band that is wrapped around and thus is restrained at both ends. The constraint of the
membrane when the triaxial specimen is subject to the confining stress is called
“clamped effects”. To reproduce this feature, the radial horizontal displacements at the

two ends of the membrane have to be fixed.
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3.3 The determination of membrane parameters
3.3.1 Bond strength

As pointed by many researchers [36, 37], thin membranes are stretching-dominated
and the bending stiffness can be reasonably ignored. Therefore, the linear bonded
contact model was introduced for modelling a bonded-ball membrane, as it enables
particles to undergo tensile forces but do not transfer moment. This linear bonded
model allows tensile forces to develop until a critical force failure criterion is met in
the normal and/or shear directions. Assuming that the membrane is linearly elastic, the
tensile strength should be set sufficiently large to accommodate all possible
deformations of the membrane during triaxial shearing. In the presence of contact
bonds, no friction between bonded particles is present for the flexible boundaries, thus
avoiding unnecessary energy loss of the membrane. The deformation of the

membrane is completely controlled by the stretch strain.

3.3.2 The density

The density of a real membrane is trivial for triaxial testing, but the stiffness and
mass of a particle are two dominant parameters for determining the critical time step
used in DEM. As the contact stiffness is controlled by the elastic properties of the
equivalent continuum membrane, artificially determining the density of the simulated

membrane can be considered from the perspective of numerical efficiency.

3.3.3 The stiffness
The accurate characterisation of deformation for the membrane is critical for
establishing a successful model. Inspired by the work of Griffths and Mustoe [38], the

elastic parameters of a physical membrane can be used to determine the contact
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stiffness of numerical membrane particles based on the equivalence of strain energy.

The detailed derivation will be introduced in the next section.

4 Deformation parameters for bonded-ball membrane
In order to make a reasonable approximation, the stiffness parameters (K, Ks) for
bonded particles cannot be chosen arbitrarily, but must be determined according to the

elastic parameters (E and v) of the continuum membrane.

4.1 Representative unit cell for ball membrane
The fundamental idea of matching micro-particle parameters and macro membrane
parameters is the equivalence of strain energy stored in a unit cell and the

corresponding area of the membrane [39]:

U U

mem (1)

cell =

The criterion for choosing a unit cell is that it can repeat itself in space and restore
the original particle packing. This unit cell should be sufficiently large to contain
enough structural details (being able to represent the whole model), but should be
small enough to enable it to be easily analysed. With these considerations in mind, a
hexagonal cell was chosen as the unit cell (Fig. 2). A similar representative cell was
also used in [38, 40, 41]. Each particle has a corresponding unit cell and only contacts
with its 6 next neighbouring particles (or 6 unit cells).

Considering two bonded particles as shown in Fig. 3, a local (or rotated) coordinate
system X/, X,, X; is chosen where the X, is oriented along the link connecting the
geometry centres of the two particles. Each particle has six local degrees of freedom

(DOF): three translational DOFs (Uj,U;,U; ), representing the relative position change
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of the two particle centres; and three angular rotations around the centre (U;, U, ,Ug). It

should be noted that the topology of a particle assembly is independent of the rotation
of particles, and thus only displacements in both normal and tangential contact
directions are responsible for changes in strain energy of the equivalent continuum
[38]. Assuming that the energy stored in each contact is distributed equally to two

contacting particles, the total energy stored in a unit cell is:

6

cell — % Z ( I:n,.A urlw + FSI.A U; ) (2)

c=1

U

where 4u;, and 4u; denote the normal and tangential relative displacements of two

contacting particles, respectively, and will be derived in Section 4.2.

Under the small deformation assumption, the relationship between interaction
forces and relative displacements of two bonded particles can be written in the linear
form. Then Equation (2) can be re-written as:

6
1Z(KnAu;-Au; +K,4u]=4u)) (3)

c=1

U

cell —

4.2 Strain energy formulation based on the relative displacement of particles

The relationship between the relative displacement of particles Au (global
coordinate) and the equivalent strain & in continuum was determined by letting the
particle displacements of the lattice be equal to the displacements of the

corresponding points in the continuum when deformed

A= (7 = x") 4)
where XEA) and XEB) are the coordinates of particles A and B along the x; direction,
gifB is the equivalent strain between particles A and B.

As the local coordinate frame is chosen to make the local X, direction oriented

11
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along the link connecting particles A and B, it has:
XEB) - XEA)zLAslzj (5)

where L,g is the distance between the two particles, and I, is the cosine angle

between the X, direction in the local coordinate system and the X; direction in the
global coordinate system.

To link the relative displacement Au; in the global coordinate with the relative
displacement AU/ in the local system, the following coordinate transformation is
conducted:

AU = Aul; =i (XY =X = e3P Lgly (6)
where | is the cosine angle between the global and local coordinate axes:

I, =cos(e],e) )
in which €, is the basis vector along the x; direction in the global coordinate system,
and €] is the basis vector along the X]direction in the local coordinate system.

The normal relative displacement Au; can thus be easily derived as

A, = Auj = Auly = e (X =X, = 8Ll Ly (8)

While the tangential relative displacement Au; can be written as

AU, = AU - AU, = A+ Auy = Aul; + Auly = 238 (X =X (1 +1) = Ll (L +1) - (9)

Substituting Equations (9) and (10) into (3), the energy stored in a unit cell can be

rewritten as
U = ZUC Lc Z[Knéﬁlz] ai€ilaly + KSSI::IZJ (Ili +ly )glfllzl (Ilk +ly )] (10)

where L, &; and U ° are the contact distance, equivalent strain, and equivalent strain

12
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energy for each contact c (the contact that connects the central particle to each

surrounding particle in the unit cell as shown in Fig. 2), respectively.

4.3 Strain energy density
To determine the strain energy density, the volume of the unit cell V¢ must be
computed. In Fig. 2, any zone connecting two neighbouring nodes represents one

third of the equilateral triangle, so the area of each unit cell is

v =243r? (11)
where r is the radius of bonded membrane particles;
Assuming that the thickness of the membrane always equals to t, then the volume

Vcen Of the unit cell should be:
V., = 2:/3tr? (12)
If the distance between two particles equals two times of the ball radius (L, = 2r),
then the stain energy density is:

U J ¢ c
Ueen = cell Z[KngleZ] a€alaly + KSEIJIZj (Ili +ly )5k||2| (Ilk +1g, )] (13)

\Y

cell
4.4 Stress and elastic tensor in membrane

By assuming that the corresponding strain field in the unit cell is uniform, a local
strain equals to the overall strain in the unit cell (&; =¢&;). According to theory of

elasticity [6], the stress tensor of a continuum can be obtained by differentiating the

strain energy density with respect to the corresponding strain component as follows:

6
6[ZU°]
LUy, 1\4 1&0U°_1¢aU° 4B . 14
ij = agij“ :\7 0¢; =\720: @eij Z o, - Z[KHIZJIZIEHIZkIZl+KS|21(Ili+I3i)gk||2|(llk+|3k):|( )

The elastic stiffness tensor can be obtained by differentiating the stress component

13
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with respect to the corresponding strain component:

ooy  1& oU° 33
ijkl :gj :\7285°65° :§Z[Kn|2j|2i|2klzl + Ks|2j (Ili +I3i)|2I (Ilk +|3|< )] (15)
ki c iiYu c

4.5 Stiffness tensor for ball membrane
For the case that the radius of the cylindrical membrane for enclosing the triaxial
specimen far outweighs that of bonded particles constituting the membrane, the unit

cell involving 6 contacts can be viewed as a plane. In our model described in Fig. 3,

the local coordinate frame (X') is obtained by changing the coordinate axes in the

global coordinate frame (X;). Specifically, the x; axis remains unchanged, and x, and

X3 always rotate the same angle, so that the direction cosine I;; can be obtained as

ly 1, s 1 0 0 1 0 O
L, 1, Iz |=|0 cos(ej,e,) sin(e;e)|=|0 c s (16)
Ly L, s ] [0 —sin(e),e,) cos(e),e,)| [0-s ¢

For a general elastic material, considering the symmetry condition of elastic

component Cj,, a shorter matrix notation for the elastic matrix form is written as:

Cllll C1122 C1133 0 O 0
C2211 C2222 C2233
C3311 C3322 C3333 0 0
C _ 0 0 0 C:2332 + C2323 O 0 (17)
O O 0 0 C1313 ; C1331 0
0 0 0 0 C:1212 ; 01221

Substituting Equations (16) and (17) into (18) leads to

14
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0 0 0 0 0 0]
0 3K,+K, K,—K, 0 0 0
o _Y3[0 K=K, 3K, K, 0 0 0 (18)
400 0 0 K+K, 0 0
0 0 0 0 2K, 0
0o o0 0 0 0 2K|

Assuming that the response of the membrane in the plane x,-xs is isotropic, the
bonded-ball membrane can be regarded as a transversely isotropic material. It follows
that the constitutive relationship matrix can be expressed in terms of engineering

constants E, v, and G as follows:

L n g g o
El El El
ol vy 9 0 I
n E E E, Oy
Ep . i . ﬁ i 0 0 0 Oy
a3 | _ E, E, E O3 (19)
b 0o 0 0-L o o]
&3 2G, Oy
L 412 ] 0 0 0 0 1 0 |LOw
2G,
0 0 0 O 0 L
i 2G, |

For the proposed bonded-ball membrane, the thickness of the membrane is
assumed unchanged when subjected to potential stress conditions, namely E, =oo.

Therefore, Equation (20) can be expressed as:

15
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0 O 0 O 0 0
o é —é o 0o o0 |
& L1 Oy
€y 0 —E E 0 0 0 O,
€33 O33
_1Flo 0o 0o 0 o, (20)
23 2G2 23

& 1 Oy

0 O O 0 — 0
| €12 2G, | O12

0 O 0O O 0 L

i 2G, |

where E=E;=E, and v=v;=v, correspond to the elastic modulus and Poisson ratio in

the isotropic plane. Without involving &, and o, , the stiffness matrix can be

reduced to
- 2-1
1 1% - .
— —— 0 0 0 E Ev
0O 0 O
- E Ii 10 12 o
o |[-X Z 0 o0 o0 £ Ev E &2
E E > - 0 0 0
O33 1 &3 1-v 1-v €33
Onl=| 0 0 o= 0 0 | &= O 0 2G, 0 0 |[&, (21)
o 2 L &y 0 0 0 2G 0 |l&
| oy, 0 0 0 = 0| [g 0 0 0 0 2G| &,
1
0 0 O 0 i L i
| 261_

By comparing the stiffness matrixes of the elastic membrane between Equations (19)

and (22), we can derive:

V33K, +K,) E

4t T (22)
\/§(Kn_Ks) _ EVZ (23)
4t 1-v9)

Thus the relation between the contact stiffnesses of bonded balls in the hexagonal

pattern and its equivalent elastic continuum can be expressed as
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Et

K =—
" \B-v)

- Et0-3v) (24)
T VBE-v?)

The above derived formula can be applied to determine the contact stiffness in the

whole membrane.

4.6 Verification of bonded-ball membrane

Several uniaxial tension tests were conducted to validate the proposed bonded ball
membrane. The numerical results were compared with the analytic solution derived
from classical elastic mechanics.

Taking a triaxial specimen with a height of 98mm, a cylindrical radius of 25mm
and a membrane particle radius of 0.001mm as an example, the uniaxial tension cases
for membrane was performed. Consider the cylindrical membrane subject to a vertical
tensile force on the two ends of the numerical membrane, and assume that the
membrane is lineally elastic. From the perspective of elastic mechanics, the extension
subjected to an axial force F can be expressed as:

_FL

Al =—
EA

(25)

where E, L, A are the elastic modulus, length and sectional area of the membrane,
respectively.

The particle radius constituting the membrane bears resemblance with the element
size in FEM or FDM. A finer discretisation will achieve a more accurate solution. The
ball representation for a membrane, however, has another issue: the particle number
constituting each line or column must be an integer and thus a random radius probably
lead to some differences in membrane arrangement. Performing several sets of

uniaxial tension tests with increasing the ratio of the cylindrical radius to the radius of
17
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particles constituting the membrane, the analytical solution from Equation (24) was
compared with the DEM numerical solution based on the derived particle-scale
parameters from Equation (23), as shown in Fig. 5. The results show that the errors
are less than 5% when the radius ratio between the cylindrical membrane and the
membrane particles is larger than 35. The general agreement also demonstrates that
the bonded-ball membrane is a reliable approximation to the elastic behaviour of
membrane.

Although no clear pattern can be found, an empirical rule to determine a radius
range of membrane particles can still be proposed. When the radius ratio is less than
35, which leads to a coarse discretisation, the numerical error may be unsatisfactorily
large. When the radius ratio is over 100, the resulting particle system may have too
many elements, giving rise to practically unaffordable computation costs. Therefore,
the radius ratio ranging between 35 and 100 appears to strike a reasonable balance

between accuracy and computational cost.

5 Implementation of bonded-ball membrane on triaxial testing
5.1 The implementation steps of bonded-ball membrane

The triaxial specimen and ball membrane tend to be generated by two methods [32].
One generates the specimen and the membrane independently, and is called the “step-
by-step membrane forming method”. Another method is the “once membrane-forming
method”, which generates the specimen and the membrane at the same time. The
latter method develops the predefined confining stress by relocating positions of
membrane particles. The initial hexagonal packing configuration of membrane
particles probably becomes disordered and the accuracy of parameter equivalence

(macro and meso) can be compromised by the disordered packing configuration.

18
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Therefore, the first “step-by-step membrane forming method” is considered here.

The first step of the method is to generate a specimen within a cylindrical wall and
load the specimen to the predefined confining stress by using the conventional servo-
wall method.

Having prepared a specimen roughly within the predefined stress and geometric
condition, the bonded-ball membrane is then installed in the second step based on the
following sub-steps: 1) Set all linear and rotational velocities of the specimen particles
to 0; 2) Delete the original lateral wall boundary; 3) Install the hexagonal ball
membrane (Note the radius of the cylindrical membrane should be slightly larger than
the rigid wall boundary considering the volume of membrane particles. Empirically,
this gap may be 0.9-0.95 times of the radius of the membrane ball); and 4) Deactivate
the contact interaction between the membrane and the loading wall.

After the bonded-ball membrane has been installed, the loading of the confining
pressure is implemented based on the following sub-steps: 1) Fix the velocity of the
bonded particles; 2) Release the velocity of the specimen and iterate the whole system
to a rough state of equilibrium; 3) Assign external forces on the bonded ball
membrane (This step corresponds to the experimental step of loading hydrostatic
pressure on the membrane. The main idea of assigning external forces follows the
contribution of [20] and will be briefly introduced in Section 5.2); 4) Release the
velocity of the bonded-ball locating between the top and bottom loading plates and fix
the membrane particles outside the top and bottom loading plates to reproduce the
clamped effects as the experiment does; and 5) iterate the model to a state of
equilibrium.

The axial loading is simulated by giving an identical speed on both loading plates

and the membrane particles outside them. The loading rate should be slow enough to
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maintain a quasi-static condition.

5.2 The implementation of confining stress condition

The hydrostatic pressure is characterised by isotropic stress, so the critical point for
the implementation of confining stress consists in exerting static forces uniformly in
all orientations. With the hexagonal ball packing, the whole membrane can be viewed
as being discretised into a set of triangular networks, as illustrated in Fig. 2a. The
hydrostatic force exerted on each triangle can be assumed to be shared equally among
the three balls that constitute the triangle. Then the resultant force acting on each

particle can be computed from the 6 neighbouring particle triangles. For example, the

total force F° acting on particle 0, illustrated in Fig. 2b, is:
o . 6
FO — S:tgatlc Znisi (26)

where o, IS the confining stress; n; and S; are the normal direction and area of the
i triangle, respectively.

Both horizontal and vertical confining stresses can be considered in the above
formulation. As all the coordinates for membrane particles are known, the total force
shared by each particle can be determined. Furthermore, the directions of the
confining pressure can be updated after every few cycles to fit the possible
deformation of the triaxial specimen. This means that the confining pressure can be
accurately characterised even the shape of the specimen undergoes a large

deformation.

5.3 Volume calculation for sample with flexible boundary

Another problem arising from particle membrane is the determination of the

20
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specimen volume. The volume of a deformed specimen with a bonded-ball membrane
representation is not as straightforward as for the specimen with a rigid boundary.
Here several effective methods are provided.

The first method is based on the Gauss divergence theorem [20]. The idea is that
the specimen is bounded by the surface triangles (of the flexible membrane) and the
loading planes (both top and bottom), and thus it can be viewed as a closed space.
Then the volume calculation of the whole specimen can be simplified to the integrals
of the surface enclosing the specimen. For each surface triangle, their vertex
coordinates are the corresponding coordinates of membrane particles, and then their
outward normal can be easily determined by the known positions. By using the Gauss

theorem, the volume of specimen can be obtained:
V, = [[].av = ¢, x7enids zczv“xfan 27)

where Vs is the volume of the specimen; S is the surface of the closed specimen

space(including the top and bottom loading plates). For the i"" triangle (or element) ¢

on the membrane surface, the centroid coordinate x;= (X, X;, X;), the outward

normal nf=(nf, n, n3°), A° is the area of corresponding triangle or element c.

The second method is called the radial polyhedron. As the membrane can be fully
represented by a set of triangulated elements, a tetrahedron can always be generated
by connecting an arbitrary point inside the specimen and the three vertices of an
arbitrary surface triangle. The volume of each tetrahedron can be simply computed.

Then the volume of the specimen can be given as follows:

V, = %Sendh +Zw (28)

where Seqg IS the contact area between the top or bottom platen and the specimen; h is
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the height of the triaxial specimen; a;, b;, and c; are three vectors connecting a point
inside the specimen and the three vertices of the i"" surface triangle, respectively.

The last method is to use the Voronoi tessellation [42]. The Voronoi tessellation
enables each particle within specimen to be uniquely assigned a polyhedral volume.
The sum of all polyhedral volumes will be the volume of the specimen.

As the deformation of a triaxial specimen takes place incrementally during testing,
the logarithmic strain (also called true strain or Hencky strain) was adopted to
consider the influence of the strain path. In this study, the axial strain & and
volumetric strain &, are given as follows [43]:

elz—jégz—I:o%z—ln[Hijz|n[%j (29)

0

5= [, = - ;%z—n[\%}ln(\@ (30)

where H and V are their current height and volume of the specimen, respectively, and
Ho and V), are respectively the initial height and volume of the specimen before testing.

Note the compression is assigned a positive value.

6 Triaxial testing
6.1 Triaxial testing configuration for DEM simulation and experiment

To verify the effectiveness of the proposed bonded-ball membrane, two sets of
triaxial testing simulations were performed based on the reported laboratory
experiments [18]. Table 1 summarises the experiment data, and Table 2 lists the
corresponding membrane and specimen parameters. A set of common elastic
parameters for latex membrane were selected (the elastic modulus is 1.25 MPa, the

Poisson ratio is 0.2, and the membrane thickness is 0.3mm). The corresponding
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particle-scale parameters are determined based on Equation (25) and can be found in
Table 2.

The step-by-step procedures for making a specimen enclosed with a flexible
membrane can be referred to Section 5.1. After having prepared the triaxial specimen
with the predefined confining stress, the specimen was loaded by moving both the top
and bottom plates simultaneously towards each other at a rate of 0.05m/s, which has
been checked to be slow enough to ensure a quasi-static condition. When the axial

strain reaches 16%, the triaxial loading process terminates.

6.2 Stress-strain relation

The stress-strain relationship for soils is fundamental to understand their
mechanical behaviours such as the strength and stiffness. As particle packing
configurations in experiments cannot be perfectly reproduced in any DEM specimen,
some mechanical behaviour of granular assemblies therefore will inevitably be
influenced by some random factors. To obtain meaningful comparisons, numerical
tests with two different random seeds (R1 and R2) are performed to show the
sensitivity due to random packing.

Figure 6a compares stress-strain responses obtained from experimental data and
DEM simulations with the flexible membrane boundary (T1 and T2 represent
confining stresses of 50kPa and 100kPa, respectively). It shows that the proposed
membrane algorithm is generally reliable in reproducing the experimental outputs.
Fig6b shows comparison of stress-strain responses arising from triaxial testing with
both flexible membrane and rigid-wall boundary, respectively. To make the data
clearer, and to further understand the influence of confining stress, two groups of

additional tests (T3) with a higher confining stress (200 kPa) were added in Fig.6b.
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It is evident that the discrepancies of the results due to different boundary
conditions are comparable with those due to random variations in packing. Thus it can
be concluded that the boundary condition may have limited impacts on the stress-
strain responses of granular materials, especially in the initial elastic zone of stress-
strain curves. However, it is still observed that models with a rigid wall boundary
slightly underestimate the deviator stress in the post-elastic zone compared to the
simulations with a flexible membrane boundary. Similar conclusions are obtained in
[10, 18-19]. The mechanism responsible for this difference is that the end restraint in
our models with the flexible boundary acts as an additional confinement at the ends of
the specimen, preventing the soil from moving outwards freely. In the elastic zone, the
packing structure and particle stiffness play dominant roles in determining the initial
stress-strain curves, but in the post-elastic zone, the restraints of lateral deformation at
the two ends of the specimen (including end friction) may reinforce the strength of the
specimen. Thus discrete element models with flexible boundaries but without end
restraints generally show that the boundary condition has limited influences on the
stress-strain behaviour [13].

In the post-peak regime of the stress-strain curves, the specimen with the flexible
membrane under 50 kPa always match well with the experimental results, but its
counterparts under 100kPa exhibits a softening phenomenon, similar to the other two
sets of testing with the rigid boundary. The reason for the softening occurred in the
case of 100kPa may be related to the initial particle structure and will be further
discussed in Section 6.4. Overall, a generally satisfactory agreement between the
laboratory experiment and the numerical results with the flexible membrane boundary
demonstrates that the proposed membrane algorithm is reliable.

In addition to the friction and stiffness of a single particle, the density, pre-shear
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stress, and soil structure are also critical to determine the shearing resistance of soils
[44-46]. For the granular assembly, the homogenisation of density, stress distribution
and packing structure within the specimen may be compromised by particulate
jamming, where only several strong force chains along the compressional direction
bears most of the external load but the weak contacts out of the strong force chains
make a practically negligible contribution in terms of resisting the external load [47,
48]. In addition, the loading rate or strain rate also affects the stress-strain relations of
granular sand [49-51]. Although no clear explanation is reported, the widely used
method by matching the stress-strain curves of sheared granular assembly to calibrate
the parameter of a single particle is just a rough reflection for the macro responses.

A recognisable slip-stick phenomenon is experimentally observed, but both DEM
models show no such visibly related behaviour. The slip-stick phenomenon tends to
be viewed as the production of the evolution of force chains in granular assembly [52].
As the granular assembly transmits external forces in the form of force networks [53],
the strain-dominated compression method in triaxial testing will cause the continuous
break and reconstruction of force chains. The break or collapse of strong force
columns gives rise to a sudden reduction in the stress during compression, but newly
developed strong force chains occur as the compression continues, and then the
resistance to shear or stress within specimen comes back right away. The difference of
particle structures between experiments and numerical models may be another factor
that affects the evolution of force chains.

In addition, the mechanism responsible for the slip-stick phenomenon may be
related to the behaviour of frictional strength between two sliding interfaces. The
sliding of real interfaces between two bodies also tends to show a similar slip-stick

phenomenon [54]. The evolution of frictional strength is governed by the real contact
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area and the shear strength of contact [55]. Typically, the applied forces on the contact
interface are just supported by several micro-contacts comprising only a small part of
the apparent contact areas and the shear strength of contacts are rate-dependent.
However, the frictional motion is conceptually viewed as the motion in an ideal point
contact and is simply described by the Coulomb law in the numerical model.
Therefore, the simplified contact model may be another reason for the difference of

the slip-stick phenomenon.

6.3 Volume change

A significant feature of soils is that the shear deformation process is accompanied
by a change in volume, partly due to the rearrangement of soil particles when
subjected to external forces. As a macro index to characterise the whole behaviour of
soils, the shear-induced volume change of the specimen with both rigid and flexible
boundaries are investigated. The volume strain for the specimen with the membrane
boundary is calculated based on Equation (31).

As Fig. 7 shows, all the specimens exhibit the volume contract behavior during the
shearing as relatively loose specimens were used, but their stress-strain relations are
not necessarily stress hardening. In particular, the triaxial tests with the rigid boundary
tend to show softening in the post-peak regime of stress-strain relations.

Under the identical axial strain, the specimens with the membrane boundary show a
larger volumetric strain compared with the specimens with the rigid boundary in both
confining stress conditions. The volumetric strain of triaxial testing with a flexible
boundary is approximately the twice of its counterpart with a rigid boundary. In
addition, the volumetric strain in all of the tests show a similar trend and similar

values at the initial development stage of axial strain, because the initial axial strain of
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triaxial shearing is dominated by the elastic deformation, and the boundary conditions

play a lesser role in this stage.

6.4 Failure modes and shear band

The localisation of plastic deformation in the form of shear bands is a common
feature for the instability of ductile solid [56]. However, the faillure modes of
geological materials under triaxial shearing show not only the brittle failure with shear
planes but also the barrelling failure [57, 58]. Bono et al. [59] stated that the failure
mode of triaxial testing is related to the cementation strength of specimen particles and
the confining stress.

In this work, the failure model of triaxial testing is found to be related to the boundary
condition. Figure 7 depicts the deformation of the triaxial specimen with both flexible
and rigid boundaries after sheared to a final axial strain of 16%. The specimen with
the rigid boundary always keeps a cylindrical shape, as the particles within the
specimen are forced to adapt to the kinematics of the boundary walls. However, this
is not the case for the flexible boundary. Particles enclosed by the flexible boundary
are able to move freely at any position. The specimen shows a barrelling deformation
under the confining stress of 50 kPa, and the deformation of the specimen under the
confining stress of 100kPa cannot be easily concluded yet but it also shows free
movement characteristics clearly.

In a specimen undergoing triaxial loading, the strain near the loading plates is
significantly larger than the other parts within the specimen, as the specimen deforms
due to the strain-controlled loading. Therefore, the shear band of the triaxial specimen
tends to be recognised by non-strain indications such as the particle rotation, the

rotation of principal stress, the rotation of principal fabric tensor and displacement
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within the specimen subjected to triaxial testing [60, 61].

Figure 8 shows the displacement field of the triaxial specimen sheared to an axial
strain of 16%. A highly localised deformation pattern is captured. A slant and band-
like shear zone was clearly found in the specimen enclosed with a rigid boundary. The
specimens enclosed with a membrane boundary show a slant band-like zone under the
confining stress of 100 kPa and a horizontal ring-like zone under the confining stress
of 50 kPa. Although the similar slant band-like shear zone was captured in the
specimen enclosed with a flexible membrane under the confining stress of 100kPa,
the position and orientation of the shear band are different.

The generation of shear band in triaxial testing with a flexible boundary under the
confining stress of 100kPa can be explained with the Griffith flaw. As pointed by Rice
[56], the localised instability may be in situations that are dominated by some strong
local inhomogeneity. There are some local and initial flaws or relatively large voids
within the randomly distributed particulate assembly that may cause the initiation of a
localised zone and subsequently gives rise to concentrating deformation in its vicinity.
Particularly, a granular specimen with a relatively small number of particles is easier
to be affected by such initial inhomogeneity. As only 2303 particles in total were
considered in our current model in order to reduce the computational costs, the present
numerical results may not be difficult to match experiments, as actual packing
configurations in experiments cannot be perfectly reproduced in DEM specimens;
However, by performing the triaxial tests with the same packing configuration but with
different boundary conditions, it is shown that different boundary conditions can give rise

to different failure models for a specimen subjected to triaxial shearing.
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7 Micro explanation for macro responses with two different boundaries

The macro response tends to have some micro origins for granular assemblies. In
this section, the particle-scale quantities, including contact forces and contact fabric,
were investigated to understand how boundary conditions affect the micro behaviour

of granular materials.

7.1 The distribution of contact forces

Contact forces are the internal resistances or counterforces of a granular assembly
when subjected to external forces. The contact force distribution can reveal how the
external load is transferred within in a granular assembly. As a straightforward
characterisation of contact forces is difficult to achieve in a 3-dimensional model, a
statistical analysis is adopted here for estimation and quantitative comparisons [62,
63]. Define strong contacts as their normal contact force above the mean normal
force <f,> within a granular assembly and vice versa for weak contacts. Aze'ma and
Farhang Radja” [64] proposed a mathematical model to reflect the probability
distribution of strong and weak contact forces within a granular assembly subjected to
biaxial shearing and found that the probability distribution of strong contacts varies
exponentially, whereas the probability distribution of the weak contacts follows a
power law.

The logarithmic probability density function (pdf) of normal contact forces
normalised by the mean normal force of triaxial tests with a flexible membrane was
plotted in Fig. 10. It clearly shows that the boundary condition has a significant effect
on the distribution of contact forces. Particularly, the probability distribution of strong
contacts for triaxial shearing tests with a rigid boundary is evidently larger than those

with a flexible boundary. From the fitted curves of the probability distribution for all
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triaxial cases, strong and weak force networks are also dependent on the boundary
condition. Furthermore, the confining stresses seem to have very limited influences on
the probability density function of normal contact forces.

An interesting phenomenon observed from our simulations is worth mentioning.
The specimen with the flexible membrane boundary is much easier to reach the
predefined stress condition, while the specimen with the rigid boundary tends to
achieve an undesired stress state inside the specimen, even if the servo-stresses
condition on the boundary has been satisfied. This phenomenon can be well-explained
by the distribution of contact forces. The specimen with a flexible boundary tends to
develop well-distributed contact forces, but the one within a rigid boundary generally
develops a non-homogeneous distribution of contact forces where some contacts bear
excessive contact forces while some contacts share a very limited portion of overall
external forces (similar to the jamming phenomenon). This indicates that the

boundary condition is also a factor for leading to jamming of a granular assembly.

7.2 Fabric evolution

It is well-known that the spatial arrangement of particles and voids tends to exhibit
anisotropy and evolves to a specially preferred orientation during loading, namely the
stress-induced anisotropy, because the particle contacts tend to separate in the
directions that are approximately orthogonal to the direction of the major principal
stress during shear deformation [65, 66]. Fabric refers to the spatial arrangement of
particles and associated voids [67]. The initial fabric of granular specimen is an
important factor for determining its mechanical behaviour.

The commonly used second-order fabric tensor was characterised with the

distribution of contact normal and branch vectors. The mathematical definition of a
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second-order fabric tensor is proposed by Oda [68] as follows:

N, i

NC
é; :IninjE(n)dQ :iZni"n'j‘
Q

31)

where N is the number of contacts, n; is the i-direction component of the unit vector

along the normal direction of the contact plane, and E(n) is the contact normal

distribution function. As shown in Fig.11, Q is a unit sphere and dQ is the differential

surface representing the contact plane. The expansion of Equation (32) gives a three-

dimensional matrix as:
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For an arbitrary contact K, the normal orientation of the contact plane can be

expressed with the angles defined in Fig. 11 as:
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Then the fabric tensor can be expressed as:
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(34)

The preferred orientations and the magnitude of the structural anisotropy within a

granular specimen can indicate the contact intensity in the direction of principal
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stresses and can be expressed with the principal fabric components and its
corresponding orientations [69]. Similar to the stress tensor and principal stress
components, the eigenvalues and eigenvectors of the fabric tensor give the principal
fabric components and their orientations. To capture the effect of boundary conditions
on the structural evolution of granular assembly, the principal fabric tensors ¢i1, ¢22,
¢33 were calculated during the whole course of testing, as shown in Fig. 12.

Initially the fabric distributions of four triaxial specimens are roughly isotropic.
During the triaxial shearing, the contact orientations tend to be lined with the vertical
direction but gradually deviate from the minor principal fabric direction (horizontal
direction). The changes of the fabric tensors also show the irreversible plastic
deformation (sliding of particles) that develops throughout the shearing process of
specimen rather than after shear bands emerge. Furthermore, after the shear-band fully
develops, the major principal fabric tensor, at least from the perspective of overall
specimen, starts to decrease gradually.

By using the solid angle representation, the contact normal distribution function

E(n) can be expressed as E(y,f), and Equation (32) can be rewritten as follows:

4= [ nnEQ. Asinydydp (35)

The contact normal distribution function E(y,5) is determined by the packing
structure of the assembly and thus can be of any form. Kanatani [70] and Chang at al.
[71] derived a Fourier series representation of the distribution function for a particle
assembly statistically symmetric about the direction of the wvertical direction.
Practically, a simple truncated even-order Fourier series is widely used for the
approximation:

_3(1+acos2y)

E(r.p)= In(3-a) (36)
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where a is a parameter that is generally ranged from -1 to 1, and can be used as an
indication of fabric anisotropy. When a>0, the contact normals of particles within the
specimen tend to align with the vertical direction; when a<0, the contact normals tend
to concentrate along the horizontal direction. In addition, Equation (37) is
independent of £ and has the following property:
E(»)=E(r+n) (37)
Yimsir and Soga [66] derived the fabric tensor further by substituting Equation (35)
into Equation (36) and evaluating the integral. The resulting new fabric tensor can be

described with the single variable a as:

[ 3a-5 |
5(a-3)
_ 3a-5
= 5(a—3) (38)
0 —(5+a)
i 5(@a-3) |

By letting the above fabric tensor equal to the corresponding component calculated
from the numerical model based on Equation (35), a mathematically overdetermined
system of equations (three equations but only one unknown) is obtained. Here the least
squared method (LSM) is introduced to find the approximate solution of a. In this
method, the parameter a is required to minimise the sum of squares for error (SSE)

defined as

_ 3a-5 | 3a-5 | 5+a |
S(a)_|:¢xx_5(a_3):| +|: W_S(a—3):| +|:¢zz+5(a_3):| (39)

i.e. the derivative of S(a) with respect to the parameter a must be zero:

da
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By solving Equation (41), we obtain:

— 15(¢xx+¢yy_2¢zz)
(-8+54,,+54,,-104,,)

(41)

With the substitution of the fabric tensor calculated from the simulated results
based on Equation (35), an approximation value of the parameter a can be
quantitatively determined. In the present work, we term the parameter a as the
anisotropy degree, as this single parameter can effectively characterise the degree of
anisotropy within a three-dimensional granular assembly.

Figure 13 shows the evolution of a during the loading and demonstrates the
differences between different boundary and stress conditions. Basically, the specimen
with a rigid boundary undergoes stronger fabric anisotropy during triaxial shearing
under the identical confining stress. In addition, the anisotropy degree is also related
to the confining stress: a stronger degree of fabric anisotropy is captured with a higher
confining stress.

The evolution of fabric anisotropy is very similar to the changes of the major
principal fabric tensor. The position with the highest degree of anisotropy undergoes a
larger axial strain over the peak position of stress-strain curves. As the axial strain
further develops, the anisotropy appears to decrease gradually in all the triaxial testing
cases. The change of fabric anisotropy of triaxial testing shows that the boundary

condition has a significant influence on the microstructure of specimens.

8 The effect of membrane thickness
The thickness of membrane has some effects on the behaviour of triaxial specimen,
such as the membrane compliance [72], membrane penetration [73], and even

liquefaction tests [74]. The thickness of membrane can be simulated by our proposed
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numerical procedure. Particularly, the commonly used thicknesses of membrane are
0.3mm, 0.6mm, and 1mm, respectively. Assuming that the elastic modulus and
Poisson ratio are respectively 1.25MPa and 0.2 for the latex membrane, the
corresponding particle-scale stiffness parameters for the bonded-ball membrane are
obtained, according to our derived Equation (25) and are listed in Table 3.

The stress-strain relations for the triaxial tests with different membrane thicknesses
are depicted in Fig. 14. Small but recognisable differences can be observed. The
results show that vertical stresses tend to have a larger value when the thickness
increases. This means that an overestimated strength for the specimen may be
obtained for thick membrane boundaries. Henkel and Gilbert [3] also had
experimentally obtained a similar conclusion. The reason behind it is that a stronger
boundary constraint is provided from the membrane with a larger thickness. Under an
identical deformation (strain condition), a stronger constraint of thicker membrane
enables the triaxial specimen to bear a larger induced-stress.

In addition to the thickness, the stiffness parameters of the membrane can also be
directly determined and numerically considered. The increase in the membrane
stiffness has a similar effect as the increase in the thickness of membrane, as the both

increases will give rise to increases in particle-scale stiffness parameters of membrane.

9 Conclusion and Discussion

An algorithm has been proposed in the present work to simulate the flexible
boundary of triaxial testing in the DEM framework. The actual properties of a
physical membrane, such as elastic parameters and thickness can be represented by
numerical particle-scale parameters of flexible boundary. Furthermore, the specimen

can deform freely with the hydrostatic confining stress from arbitrary directions to be
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implemented accurately. The proposed algorithm has been validated with laboratory
experiments. Numerical triaxial tests with both flexible and rigid boundaries have also
been compared from the meso scale to the macro scale. The results show that the
boundary conditions of triaxial testing have limited influences on the stress-strain
behaviour but a relatively large impact on the volumetric change, the failure mode, the
distribution of contact forces, and the fabric evolution of particles in the specimen
during triaxial testing.

Nevertheless, the proposed algorithm deals with the triaxial testing with drained
conditions or with dry particles only. For undrained loading cases, one can couple a
DEM code with a CFD code to simulate undrained cases [75]. A possible solution is
to couple DEM with the lattice Boltzmann method (LBM) [76-78]. Alternatively, one
can also use DEM models involving only dry particles to simulate the undrained
condition approximately by performing constant-volume shearing [43,66,79]. By
adjusting the horizontal strain continuously with the vertical compression, a constant
value for the total assembly volume can be maintained during shearing. It is possible
to fit the assumption of constant volume during shearing in our model. Particularly, it
can be easily implemented if the boundary is assumed to move with a constant rate,
although this scheme will make the flexible particle membrane degenerate into a
method similar to the rigid wall method. Alternatively, to keep the membrane
deformed freely considering the “clamped effects” at the two ends of the triaxial
specimen when simulating the undrained condition, a possible solution is to assume a
deformation pattern for the membrane (such as barrelling), but it is necessary to verify

the approach with a number of laboratory experiments.
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Table

Tablel Experimental parameters

Exoeriment Confining stress Diameter Height Density
P (kPa) (mm) (mm) (glem®)
Testl 50 70.8 138.1 0.57

Test2 100 70.7 138.2 0.57




Table2 Numerical parameters used in DEM simulations

Simulation properties Specimen particles Membrane particles
Contact model Linear model Linear contact bond model
Radius (m) 0.035 0.035
Density (kg/m®) 920 2000
Friction coefficient 0.26 0
Normal stiffness (N/m) 2x10° 541.266
Tangential stiffness (N/m) 1x10° 180.422
Normal and tangential
Bond strength (Pa) 0 1e100
Critical damp ratio 0.5 0




Table3 Thicknesses and corresponding particle-scale stiffness values for membrane

Membrane Thickness (mm) Normal stiffness (Pa) Tangential stiffness(Pa)
M1 0.3 270.63 90.21
M2 0.6 541.27 180.42

M3 1 902.11 300.70




Figure

Specimen

Water preasure
N
rt+T 11

Fig. 1 lllustration of a triaxial test with a clamped membrane boundary
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Fig. 2 Bonded particle configuration for a flexible membrane: a) hexagonal

representative unit cell; b) the unit cell of a particle and its neighbouring contacts



Fig. 3 Diagram for kinematics of two contacting particles in local coordinate system



Fig. 4 llustration for shear and normal displacement
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Fig. 5 Deformation errors between the analytical elastic solution and the DEM
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Fig. 6 Stress-strain behaviour subjected to triaxial shearing
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Fig. 8 The shapes of the specimen after sheard to the axial strain of 16%: (a) Rigid

boundary; (b) T1_Membrane; (c) T2_Membrane
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Fig. 9 Shear bands after triaxial shearing
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