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ABSTRACT: We study the vacuum structure of Ny flavour two-dimensional QED with an
arbitrary integer charge k. We find that the axial symmetry is spontaneously broken from
ZgN, to Zn, due to the non-vanishing condensate of a flavour singlet operator, result-
ing in k degenerate vacua. An explicit construction of the k vacua is given by using a
non-commutative algebra obtained as a central extension of the Zyy, discrete axial sym-
metry and Zj 1-form (center) symmetry, which represents the mixed 't Hooft anomaly
between them.

We then give a string theory realization of such a system with k = 2 and Ny = 8 by
putting an anti D-string in the vicinity of an orientifold O1~-plane and study its dynamics
using the two-dimensional gauge theory realized on it. We calculate the potential between
the anti D-string and the O1~-plane and find repulsion in both weak and strong coupling
regimes of the two-dimensional gauge theory, corresponding to long and short distances,
respectively. We also calculate the potential for the (@, —1)-string (the bound state of an
anti D-string and @ fundamental strings) located close to the O1~-plane. The result is
non-perturbative in the string coupling.
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1 Introduction

The study of the dynamics of string theory at strong coupling is hard. Both string per-

turbation theory and non-perturbative string phenomenon are difficult to calculate. Field

theory calculations are often easier especially in the case of two-dimensional gauge theories.

The purpose of this paper is twofold. In its first part we study a variant of two-
dimensional QED (from now on abbreviated “2 dim QED”) with Ny flavours of Dirac
fermion fields of charge k, where k is an arbitrary integer. (In the following, we assume

k to be positive without loss of generality.) This is a generalization of the well-known



multi flavour Schwinger model.! Although the k dependence in the action of 2 dim QED
can be eliminated by rescaling the gauge field and the gauge coupling, it enters in the
flux quantization condition and the charge k is actually physically relevant. In fact, the k
dependence appears in the symmetry of the system. When the fermions are massless, it
has Zyn, anomaly free discrete axial symmetry and Zj 1-form (center) symmetry, which
play crucial roles in our analysis. We argue that the Zgy, discrete axial symmetry is
spontaneously broken to Zy, and, as a result, there are k distinct vacua, generalizing the
result for Ny =1 given in [1]. Interestingly, when Ny > 1, the chiral condensate <¥z’¢j >
vanishes, because the chiral SU(Ny) xSU(Ny) g symmetry cannot be spontaneously broken
due to the Coleman-Mermin-Wagner theorem [2-4], but nonetheless the axial symmetry
is spontaneously broken because the vacuum expectation value of the determinant of the
fermion bilinear operator det(w}r%jwi) is non-vanishing.? The spontaneous break down of
the axial symmetry is also characterized by the mixed 't Hooft anomaly between the Zy,
axial symmetry and the Zj 1-form symmetry as discussed in [1] for Ny = 1 case. The
existence of the mixed 't Hooft anomaly is understood as the fact that the axial Zgy,
symmetry and the Zj 1-form symmetry are centrally extended in the quantum theory. [9]
The centrally extended algebra is non-commutative and gives a stringent constraint on
the vacuum structure. We give an explicit construction of the k vacua by utilizing this
non-commutative algebra.

We mainly work in a bosonized description of 2 dim QED. We check that all the global
symmetry as well as the mixed 't Hooft anomaly are realized in the bosonized description
and the results for Ny = 1 given in [1] are reproduced in a simplified way. It turns out to be
very efficient in the generalization to Ny > 1. We also discuss how the vacuum degeneracy
is lifted when a small mass (with respect to the gauge coupling) is given to the fermion.

In the second part of the paper we use the results obtained in the first part to study
the dynamics of a non-supersymmetric brane configuration. We will focus on a system that
consists of an orientifold O1~-plane and a D1-brane. Here, the D1-brane is the anti D-string
obtained by flipping the orientation of the D1-brane in the maximally supersymmetric
0O17-D1 system. The Op-Dp system is a non-supersymmetric system with no tree level
tachyon fields. It has been studied as a mechanism to break supersymmetry in a controlled
way [10-13] and provides interesting playgrounds to study non-supersymmetric quantum
field theories [14-18]. We show that the O17-D1 system contains a sector that is described
by 2 dim QED with £ =2 and Ny = 8.

As an application of the analysis in the first part, we calculate the potential between
the Ol17-plane and the DI1-brane. The distance between them is parametrized by the
value of scalar fields that correspond to fermion mass in 2 dim QED. Using the standard
relations between gauge theory and string theory parameters, the potential is calculated by
evaluating the vacuum expectation value of the Hamiltonian of 2 dim QED as a function
of the fermion mass. Since the gauge theory is super-renormalizable, the short distance
potential is controlled by strong coupling and the long distance potential is controlled by

!The Ny = 1 case is recently analyzed in [1].
2This scenario was also suggested in [5]. See [6-8] for analogous phenomena in 4 dim gauge theory.



weak coupling dynamics. At short distances the potential is calculated by using the strong
coupling analysis in 2 dim QED. The result contains fractional powers of string coupling
gs, which clearly shows that the result is non-perturbative. In the weak coupling regime,
we use the 1-loop Coleman-Weinberg potential to calculate the potential.

We find that the DI-brane is repelled from the O1~-plane at both short and long
distance, which suggests that there is a run away potential. We also calculate the potential
for D1-brane with @ unit of electric flux on it, which corresponds to the bound state of
the D1-brane and @ fundamental strings.

The paper is divided into two main parts and it is organized as follows: in section 2,
we discuss the vacuum structure of the charge k& multi flavour 2 dim QED. In section 3,
we discuss the O17-D1 system and its dynamics. Section 4 is devoted to an outlook and
a discussion about future directions.

2 Vacuum structure of charge k multi flavour QED

In this section, we wish to find the vacuum structure of 2 dim QED with massless Ny
flavours of charge k fermions. The model is exactly solvable using bosonization. We also
consider the massive case in section 2.4.

2.1 Symmetry and anomaly

The action of the system we consider is given by
1 — . ;
SqED = /d2x (_MF’E” + ip;y" (0, + ik A,) 1/1’) , (2.1)

where A, (1 =0,1) is the U(1) gauge field, ¢; (i =1,--- , N¢) are complex Dirac fermions
of charge k € Z-o. We take the representation 7° = o', 4! = i0? and write ¢ =
(w}é, wi)T, where wi and d)}é denote the left- and right-handed components of the fermions,

respectively. The U(1) gauge transformation acts on A = A,dz" and " as
A— A+dr, ' — e Py (2.2)

where A is a 27 periodic (i.e. A is identified with A 4 27) real scalar field. The gauge field
is normalized such that it satisfies the usual flux quantization condition:

1
— | FeZ 2.3
- , (23)

where F' = dA = %Fwdx“dx” . Because of this quantization condition, we are not allowed
to rescale the gauge field and the gauge coupling e to eliminate the U(1) charge k. In
fact, as we will shortly see, vacuum structure of the 2 dim QED with charge &k fermions is
completely different from that with charge 1 fermions.

The classical global symmetry of the theory is®

SU(Ny¢)L X SU(Ny)r X U(1)a/Zo
(Zn, ) % (Zn, )R ’

3There are other symmetries such as Poincaré symmetry, parity, time reversal and charge conjugation,

(2.4)

Gclassical =

which will not be considered in this paper.



where SU(Ny), and SU(Ny)g are the chiral symmetry that act on ¢} and v%, respec-
tively, as

WL = (gr) i 0h . Wk — (9r) Uk (2.5)

with (g, gr) € SU(Ny)r x SU(Ny)r, and U(1) 4 is the classical axial symmetry that acts
on the fermions as

Ui — e, R — e, (2.6)

with e € U(1)a. Note that U(1)4 is divided by Zs in (2.4) with the identification

i@~ —e@ because the axial transformation (2.6) with o = 7 corresponds to ¢ — —1°

e
which is an element of the U(1) gauge transformation. The denominator (Zn,)r % (Zn,)r

in (2.4) acts on (gr, gr, €"*) € SU(N)r, x SU(Nf)g x U(1)4 as

4 o 1/2 —1/2
(91, 9R,€"*) — (ngL,WRgRaemwi/ wp /2 (2.7)

with (wr,wr) € (Zn,)r X (Zn;)r. Though there is a sign ambiguity in the square root
wzl/ Qw}{/ ?_ it is well-defined as an element of U(1)a/Zs.
Quantum mechanically, U(1)4 is broken by the anomaly. In fact the path integral

measure of the fermions DyYDv is transformed by e/ € U(1)4 as
DDty — DDy exp <—¢0‘ka / F) , (2.8)
™

and hence, the partition function is invariant only when a = Wﬁ with [ =1,2,---2kNy.
Therefore, U(1) 4 is broken explicitly to (Zaxn,)a by anomaly and the global symmetry G
is given by replacing U(1)a/Zy in (2.4) with (Zogn,)a/Z2 = Zml%
SU(Ny)L x SU(Nf)r x Zii!

“= (Zng)L x (Zn; )R

(2.9)

axial 5

Below, we will argue that Zj; N is spontaneously broken to Zy,, resulting in k vacua.
In addition, the system admits a global Zj; 1-form symmetry, denoted by Z}C‘f‘)rm. To

be explicit, we compactify the spatial direction to S' of radius R. Then, the elements of

Z,lc‘form is represented by the transformation

1 , L
A A pde, g = ey (2.10)
with a 27 periodic real scalar field ¢ satisfying

a0zt +27R) = £,z ) + 271, (1=1,2,--- k) (2.11)

4See [19] for similar consideration in 4 dim massless QCD.

®The case with N; = 1 is studied in [1], in which case the vacuum structure is similar to that of 4 dim
N =1 SU(N) SYM, where U(1)4 is broken to Zsn by anomaly and further broken spontaneously to Zo,
resulting in N vacua.



up to the gauge transformation (2.2). When we choose ¢ = [z /R, it gives a constant shift
of Ay as

l
A — A+ —. 2.12
1 1+ R ( )
Note that this transformation should not be considered as a part of the gauge transfor-
mation (2.2) with A = £/k, unless | € kZ, because (2.11) is not compatible with the 27
periodicity of A in (2.2). Under this transformation, the Wilson loop operator that winds
around the spatial circle W = exp (z f s A) transforms as

- 27l
W — et W (2.13)

As discussed in [1] for the Ny = 1 case, this Z,lf‘form and the discrete axial symmetry

Zaxial

kN, have a mixed 't Hooft anomaly. Indeed, gauging Z,lc‘form

is equivalent to introducing

a background gauge configuration with fractional flux quantization condition®

1 1
— | Fe 7. 2.14
27‘(’/ < k ( )

and this makes (Zzrn,)a anomalous, because the fermion path integral measure (2.8) is
not invariant under generic (Zay Nf) A transformations. The anomaly free part of (Zoy Nf) A
in such backgrounds is a Zgn, subgroup, whose elements are given by e'® € U(1)4 with
a = WNLf with [ = 1,2,--- ,2Ny. Therefore, Zz’]‘\}?l(: (Zakn,)a/Z2) is broken to Zy, by
the mixed anomaly. Note that the unbroken subgroup Zy, of ZZ’R}? is equivalent, under
the identification (2.7), to the center Zy, of SU(Ny)r, (or SU(Ny)R).

2.2 Bosonization and ’t Hooft anomaly matching
2.21 Ny=1

Let us start with the one flavour theory. We analyze the system by using bosonization.
For a direct and rigorous argument in terms of the original fermionic description, see [1].
It is known that the one flavour 2 dim QED can be mapped to a theory with a 27

periodic real scalar field ¢ with the action”®

1 1 k
S = /dgx (—4€2F3,, + 878“(’0(%@ + 27Tg0F01> . (2.15)

1-form

SFollowing [9], one can gauge Zj as follows. Suppose we have a theory with a U(1) gauge field A,
which has a global U(1) 1-form symmetry given by A — A + a with « being a closed 1-form. One can
gauge this 1-form symmetry by promoting « to be a 1-form gauge field and introducing a 2-form gauge
field B that transforms as B — B + da. This U(1) 1-form symmetry can be broken to Zi by introducing
an additional 1-form gauge field C that transform as C' — C + ka and satisfy a constraint dC = kB, which
is an analogue of a would-be Nambu-Goldstone mode of a charge k Higgs field. An action that is invariant
under the Zj 1-form gauge symmetry can be obtained by replacing A with A=A- %C. Then, the flux
quantization condition for Ais given by (2.14).

"See e.g. [20] for a review.

8The action (2.15) is identical to the dual description of the Stiickelberg action studied in [21] and we
can borrow some of the arguments given there.



The correspondence is roughly given by”
. — 1 — 1
Uhor ~ed®, Ty~ dVp, Uy~ 0, (2.16)

where ¢ is a non-zero constant, €,, is the anti-symmetric tensor (Levi-Civita symbol in 2
dim) with €”! = —€g; = 1, and 7 = 02 is the chirality operator in 2 dim.

As discussed in section 2.1, the U(1)4/Zy symmetry is broken by anomaly to Z.
This is manifest in the bosonized language, where the classical action (2.15) captures the
anomaly. The correspondence (2.16) suggests that ¢® € U(1)4 acts on ¢ as

= —20. (2.17)

With the generic fluxes with (2.3), the action (2.15) is invariant (up to 27 shifts) under
this transformation only when 2a = 2#% with [ =1,2,--- |k, which gives szial.

The 1-form symmetry Z} ™ is less obvious.!? At first sight, the action (2.15) looks
invariant under any constant shift of the gauge field. In fact, one can construct the Noether
current associated with this 1-form symmetry

1 k
Jl“/ = ?FMV - EQDEMV . (218)

It satisfies the conservation law
0"Juw =0, (2.19)

and formally generate the phase shift of the Wilson loop operator W introduced in sec-
tion 2.1 as

eia]m We—ia-]m — 6if’<W . (220)

(See below for the canonical quantization of the system to show this explicitly.) However,
this current is well-defined only modulo k, because ¢ is 27 periodic, and Jy; should be iden-
tified with Jy; + k. This means ¢’*/0! is well-defined only when a = 277% (l=1,2,--- k),
reproducing (2.13). Thus, the generator of Z,lc'form is

. i
U = exp (ZZJM) . (2.21)

Note that U* corresponds to a large gauge transformation ((2.12) with [ = k) and the
group generated by U is Zj up to gauge transformations.
Alternatively, one could start from the action

1 1 k
_ 2 . 2 oo ng
S = /d x ( 462FW + 87r8#g08 e OupAy |, (2.22)
9More precisely, the first relation is given as 1/1};1/114 = —%/L/\/'uei", where N, denotes the normal ordering

with scale u. See, e.g., [22].
108ee [21] for another explanation of the 1-form symmetry in the bosonized theory.



which is obtained from (2.15) by integrating by parts. In this case, the 1-from Z}c‘form
symmetry given by A — A + %df with d¢ being a closed one-form with 27 periods is
manifest,!! while the axial Z{¥1a! symmetry is less obvious. The action (2.22) is invariant
under any constant shift of ¢ and one can construct the Noether current associated to this
symmetry:

1 k

A _ _
J = —0up 5

e . (2.23)
The conservation law 9*.J ;:‘ = 0 follows from the equations of motions and reproduces the
anomaly equation in the fermionic theory via the correspondence (2.16). However, this

current is not gauge invariant. The conserved charge

1 k
= dle—/dl —dop — A 2.24
Q g1 0 g1 v 47 0% 2w ! ( )
is well-defined only modulo k, because a large gauge transformation ((2.12) with [ = k)
induces
Q—Q—k. (2.25)
A well-defined operator can be constructed as
=~ 2mi
V =exp ——Q (2.26)
This operator gives (2.17) with 2o = =%, and hence generates the axial Za’“al symmetry. 2

It is now straightforward to check that the mixed 't Hooft anomaly of Zz"lal and
Z}C‘form matches with that in the fermionic theory. If one considers a generic background
with the fractional flux quantization condition (2.14), the transformation (2.17) leaves the
action (2.15) invariant (up to 27 shifts) only when 2a € 27Z. This breaks Z2a! to nothing,
reproducing the mixed 't Hooft anomaly discussed in section 2.1.

Another way of checking the mixed ’t Hooft anomaly is to use the commutation relation
of the generators of Zz’dal and Z,lﬁ‘form. In the Ay = 0 gauge the action (2.15) becomes

1 k
d*x A — Hp + — @Ay | . 2.2
S = / < (0A1)? + g Onpd" o+ oo 1> (2.27)
The canonical momenta conjugate to A; and ¢ are
M= L 00dy+ 2= Jor, T, =4 (2.28)
A—GQO 1 27T<P— 01, ¢ = ar 0¥ » .

respectively, and the Hamiltonian is

e2 k 2 1
H= /dxl (2 (HA ~ 27Tg0> +2nTI2 + 8?(8190)2 : (2.29)

"L [dp A dE is an element of 277Z.
12Vk induces ¢ — ¢ — 27, which is a trivial transformation under the identification ¢ ~ ¢ 4 27. In fact,

the 27 shift of ¢ can be understood as a large gauge transformation of the 0-form gauge field . We regard
the transformation by V* as a gauge transformation.



Note that the Gauss law equation (equation of motion for Ag) implies
O1l4 =0, (2.30)

which will be imposed on the physical states.
By using the canonical commutation relations,

[Al(x()?xl)vHA(xoa yl)] = z(;(xl - yl) ) [go(aro,a?l), Hw(xovyl)] = Zd(l‘l - yl) ) (2‘31)

we can explicitly check that Jy; and @ introduced in (2.18) and (2.24) above commute with
the Hamiltonian, and Z} ™ and Z*! generated by V and U defined in (2.26) and (2.21),
respectively, are the symmetry of the system. The important point is that U and V do not
commute with each other, but satisfy the following non-commutative relation:

A~ ~ -~ 2mi
OV =VUer . (2.32)

This relation follows from the commutation relation'3
[Jo1, @] = |4 /dﬂﬁl I, — ﬁ141 — i (2.33)
’ ’ v on 2 '

Therefore, if one promotes the transformation by U to a gauge symmetry, the operator

V is no longer gauge invariant, which means that when leﬁ'form is gauged, ZZXial is not a
symmetry of the system any more. This is consistent with the mixed 't Hooft anomaly

discussed above.

2.2.2 Nj>1

Let us next discuss the generalization to the multi flavour theory. The multi flavour theory
can be bosonized by using the non-Abelian bosonization rules [23]. (See e.g. [20] for a
review.)

A A . i e A i .
¢}sz¢2 ~eu'y, Jh~ %(ua,u 1)Zj, Jij~ %(u 16+u)zj, (2.34)

where u is a U(Ny) valued scalar field, (J_,Jy) are the U(Ny)r x U(Ny)g currents, and
0y = %(80 +0).

We parametrize u as
u=e%g, (2.35)

where ¢ is a 27 periodic real scalar field and g is an SU(NNy) valued scalar field. Since w is
invariant under the following Zy, transformation

27 2mi
SD—>SO_Ff7 g—>€fgv (236)

13See [1] for the derivation without using bosonization. See also [5] for the realization of this algebra in
a TQFT describing the IR physics of the system.



the fields (¢, g) € U(1) x SU(Ny) related by this transformation are identified. We regard
this Zy, symmetry as a gauge symmetry.
The bosonization rules (2.34) imply that the U(1)y current JX = trJ, is given by

N v
JX ~ 27;5;11/8 ® (237)

and hence only ¢ couples with the gauge field. The action is given by
kN
S= /d% <—42F3u iauso@“w + 27TfsoF01> + Swzw(9) . (2.38)

where Swzw(g) is the action of the SU(Ny) WZW theory at level 1.

It is not difficult to check that the global symmetry of the system agrees with that
of 2 dim QED discussed in section 2.1. From the correspondence (2.34), we find that
(91,9r) € SU(Ny)r x SU(Ny)g acts on g as

9= 91997 (2.39)

and the generator of ZZ’]‘\if;l acts on ¢ as

™
©—p— k—Nf . (2.40)
One can also check that the denominator (Zn, )L X (Zn,)r in (2.9) acts trivially on ¢ and g
under the identification by (2.36). Repeating the same argument as in section 2.2.1 for the
Ny =1 case with the identification (2.36), we find that the one form symmetry is Z,lg‘form
as expected.

The 't Hooft anomaly matching for the mixed anomaly of Zz’]‘\i,?l and Z,lg'form works
as well. When we allow the fractional flux (2.14), the unbroken part of the Zz’]‘\i,?l shift
symmetry (2.40) becomes Z N, generated by ¢ — ¢ — ]2\,—7; This precisely agrees with the
mixed 't Hooft anomaly discussed in section 2.1.

The discussion below (2.27) can also be applied to the Ny > 1 cases. Generaliz-

ing (2.21) and (2.26), the operators that generate Zi ™ and Z,ﬁ’]‘\ifil are obtained as

~ 2 2
U = exp (ITJ(H) = exp (ZZHA> , (2.41)
V =ex —@Q = ex —m/dxlﬂ —|—i/dm1A (2.42)
- p ]f - p ka 2 1 9 .
respectively, where
1 kENy Ny
Iy = —=0)A —_— 11, = 2.4
A= 550041+ 5 S0, Il = 80%0 (2.43)

are the canonical momenta conjugate to A; and ¢, respectlvely They also satisfy (2.32).
As discussed in section 2.2.1, when the transformation by U is gauged V is no longer a

gauge invariant operator. But, in this case, V* commutes with U and hence it is well-

Zaxlal

defined. Since V* generates the Zy, subgroup of Zj NG We conclude that 752!

kN, is broken

1-form
Zk

to Zn, when is gauged. This is again consistent with the mixed 't Hooft anomaly

discussed above.



2.3 Spontaneous symmetry breaking and the vacuum structure

The existence of the 't Hooft anomaly already predicts that the vacuum has to be non-
trivial. In fact, because the space of ground states has to be a representation of the
algebra generated by U and V satisfying (2.32), the vacua have to be at least k-fold
degenerate. In this subsection, we construct the ground states explicitly and argue that
ZZ’;@?I is spontaneously broken down to Zy, via the condensate

(det (vh,u1)) #0, (2.44)

which suggests that there are indeed k degenerate vacua (apart from the 6 vacua) in 2 dim
massless QED with Ny flavours.

2.3.1 N;y=1

In order to see the vacuum structure more explicitly, it is again useful to start with the
Ny =1 case. For the one flavour 2 dim QED, as it is well-known in the k = 1 case [24]
and recently shown for general k in [1], the fermion bilinear operator w;wL has a non-
zero vacuum expectation value. As a result, ZZXial is spontaneously broken to nothing and
there are k vacua associated with this breaking. The axial symmetry Z%Xial acts as a cyclic
rotation of these k vacua. From the anomaly relation (2.8), this fact implies that the i-th
vacuum is mapped to the (i + 1)-th vacuum (mod k) when the 6 angle is shifted by 2.

Let us explain how the spontaneous breakdown of Zz"ial can be understood in terms
of the bosonized theory (2.15).!* To this end, let us parametrize the ground states |0 ) by
the eigenvalue @ € R of the operator 27I14.'% This is possible because I14 commutes with
the Hamiltonian. Note also that € is a constant because of the Gauss law equation (2.30).
The operator U defined in (2.41) acts on |6) as'6

U[60)=c't|0) . (2.45)

The normalization of § has been chosen such that the eigenvalue of the operator (7’“, which
corresponds to the large gauge transformation, is €??.17 This is compatible with the phase
factor induced by the 8 term % J F and this parameter 6 is identified as the § angle in 2 dim
QED. Because V (defined in (2.42) with Ny = 1) satisfies the relation VIV =114 — 1,
we find

VI06)=1|6+2r). (2.46)

It is easy to see that (2.45) and (2.46) are compatible with the relation (2.32).

14See [21] for another closely related derivation of the k-fold degeneracy of the ground state in the
bosonized theory (2.15).

5Here we assume that |6 ) is the unique vacuum with 27T14 |6) = 6|0) and see that this assumption is
consistent with (2.32).

169 used in [1] is 8/k in our notation.

17 Although we have regarded U as the generator of ZL©™ it doesn’t satisfy U* = 1 on |6). Tt is easy
to fix this by defining an operator U’ = e~"% U that satisfies U’* = 1 on the subspace of the Hilbert space

we are interested in without affecting the non-commutative relation (2.32). See (2.50).

~10 -



On the ground state | 0 ), the Hamiltonian (2.29) looks like that of a free massive scalar

field with a potential

62

V(p) = — (ko — 0)% . 2.47
(9) = o (ko — 0) (2.47)
However, one should be aware that ¢ is a 27 periodic scalar field. In other words, VF is
regarded as a gauge symmetry. Therefore, we should mod out the system by the transfor-

mation
o—=e—2mn, |0)—|0+21kn), (nelZ). (2.48)

One way to achieve this is to pick |#) as a representative of the equivalence class
{10+ 2mkn)|n € Z} and regard ¢ as a non-compact scalar field that takes values in

R without any identifications. With this understanding, we can regard the system as the
0

theory of a free massive real scalar field with the Hamiltonian given by setting I14 = 5~

in (2.29):
2

1 2 1 2 € 2
H = /d:v <27TH§0 + 87(31@ + 8772(]“'0 —-0)° ), (2.49)

when we only consider the vacuum |6) and gauge invariant local operators acting on it,
i.e. the superselection sector constructed on |6).

In fact, in various literature on 2 dim QED (with Ny = 1 and k = 1), this Hamil-
tonian (2.49) is used as the starting point of the bosonized description. One new feature
that appears in the k > 1 case is that there are k sectors, { |0+ 2n(kn+j))|n € Z}
labeled by j = 0,1,--- ,k — 1 (mod k), that are not gauge equivalent. These k sectors are
related to each other by the action of ZZXial generated by V. This means that the ZZXial
is spontaneously broken down and there are k vacua related by Zz’dal, or, equivalently, 27
shifts of the parameter . The theory is invariant under the 27 shift of 8, but in order to
come back to the original vacuum, 6 has to be shifted by 27k. These properties cannot be
seen if one starts with the system defined by (2.49).

Note also that the Hamiltonian (2.49) cannot be used if one wants to consider operators
that do not commute with U , because such operators change the eigenvalue of U and map
a state to a different sector. The Wilson loop operator W' that winds once around the
spatial circle is such an example. It changes the eigenvalue of U by a factor of . In
general, there is no gauge invariant operator that changes the eigenvalue of U by a factor
other than e+ ™ with n € Z, because the gauge invariant operator should commute with
the generator of the large gauge transformation U*. Therefore, we may restrict the whole
Hilbert space to the subspace that is constructed by acting gauge invariant operators on the
k vacua represented by |0 + 275 ) (j =0,1,--- ,k — 1) with fixed 0. The operators U and
V are represented on the k dimensional vacuum space by the clock and shift matrices as

1 1

~ o~ w - 1
U=eU = ) , V= ) , (2.50)

2mi
where w = e *
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We can also argue the spontaneous breakdown of Zz"ial by using order parameters
characterizing it. (2.32) implies that the operator U transforms as

~ A~~~ 2mi A~

U-VUVi=e5U (2.51)

by the generator of Zi*al. Therefore, the fact that (0 | Ule) = €'t is non-zero implies the
breaking of Zi’dal. Another natural order parameter is the vacuum expectation value of
e'?, which is related to @Z);r{wL by the bosonization rule (2.16). Since the minimum of the
potential in (2.49) is ¢ = 0/k, the classical value is

Eal)

(0|e¥]0) =¢ (2.52)
Quantum mechanically, the operator ¢ should be defined by taking the normal ordering.
Because ¢ in (2.49) is a massive free scalar field, this can be easily done and the result (2.52)
is unchanged, which again shows the breaking of ZZXial.

2.3.2 Nf>1

Since the non-Abelian part involving the SU(Ny) valued field g in (2.38) decouples from
o and the gauge field, most of the arguments in section 2.3.1 go through with a little
modification. The main difference is that (¢, g) is identified by the transformation (2.36)
rather than a simple 27 shift of ¢. The transformation (2.36) is induced by the operator

27

VkoAJL, where @y, is the operator that induces the transformation (2.39) with g, = e™r.
Therefore, this operator VFG L is the generator of the Zy, gauge symmetry (2.36) and plays
the same role as V¥ in the Ny =1 case in section 2.3.1.

A crucial point is that, because of the Coleman-Mermin-Wagner theorem, [2-4]
the continuous chiral symmetry SU(Ny)r, x SU(Ng)r cannot be spontaneously bro-
ken. This means that the ground states are the singlet state as a representation of
SU(N¢)r x SU(Ny¢)g and vacuum expectation values of any operators that are not in-
variant under SU(Ny)r, x SU(N¢)r have to vanish. Therefore, we can basically forget
about the field g for the consideration of the vacuum structure. Then, as in the Ny =1
case discussed in section 2.3.1, the vacuum is parametrized by 6 satisfying (2.45) and (2.46).
This also implies that the action of the operator VEG £ on the ground states is equivalent to
the action of 17’“, which is the generator of the Zy, subgroup of the discrete axial symmetry
ZZ’]‘\}?I. Then, we should identify the system by the transformation

<p—>g0—N—n, |10) — |0 +27kn), (nelZ). (2.53)
f

that generalizes (2.48) to the cases with Ny > 1. Therefore, under this identification,
ZZ’]‘\}?I is spontaneously broken to Zy,, because the vacuum [¢) is not invariant under

the action of V (the generator of ZZ’J‘S,?I), but it is invariant under V* (the generator of

Zn, C ZZ’]‘\}?) Just as in the Ny = 1 case, there are k vacua represented by |6 + 275 ) with
j=0,1,2,--- ,k—1 (mod k), which are related by the 27 shift of the parameter 6. Then,
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generalizing (2.49), Hamiltonian for the superselection sector constructed on |6) with ¢
regarded as a non-compact scalar field is obtained as
Ny

2 e2
i [ (anz O + g Ny = 0P ) + Hwvw, (250

where Hwzw is the Hamiltonian for the SU(Ny) valued field g induced from Swzw/(g)
in (2.38).

As mentioned above, the Coleman-Mermin-Wagner theorem implies that SU(Nf)r x
SU(N¢)r non-singlet operators have vanishing vacuum expectation values and hence an
order parameter that characterizes the vacuum structure has to be the vacuum expectation
value of an SU(Nyf)r x SU(Ny¢)g singlet operator. In addition, such an operator has to
be invariant under (2.36). As discussed in section 2.3.1, the vacuum expectation value of
the operator U is one of the order parameters that shows the breaking of ZZ’]‘\}E;I to Zn;,-
iNgp

Another natural operator is e The argument around (2.52) implies

(0]eNre|0) = 'k, (2.55)

which again shows the breaking of ZZ’]‘\}?I to Zy,. Since e!Nr¢ = detu, this operator is

related by the bosonization rules (2.34) to det(i/JTiji). Therefore, (2.55) suggests (2.44),

even though the vacuum expectation value of w;r%jwi vanishes for Ny > 1.

2.4 Mass deformation

In this subsection, we consider adding a fermion mass term Mo@jwj to the action (2.1) and
study the chiral condensate, vacuum energy and string tension for the cases with general
Ny and k. As we will see, the effect of non-zero M drastically alters the qualitative features
of the vacuum structure for Ny > 1 considered in section 2.3. In the bosonized description,
an interaction term proportional to M tr(u + u'), which corresponds to the fermion mass
term via the bosonization rule (2.34), is added and the system is no longer exactly solvable.
However, we are able to get quite non-trivial results thanks to various powerful techniques
developed in 2 dim QFT. The results in this subsection will be used in section 3 to give
non-perturbative predictions in string theory. In this subsection, we focus on the small
mass (strong coupling) regime My < e and the large volume limit MyR — oco. We also
assume My > 0 throughout this paper.

2.4.1 Chiral condensate and vacuum energy

As mentioned in section 2.3.2, the chiral condensate <@Z~¢j > vanishes for Ny > 1 due to the
Coleman-Mermin-Wagner theorem in the massless limit. When the mass term Mg@jwj is
added, however, the continuous chiral symmetry SU(Ny)r, x SU(Ny)rg is explicitly broken
to the diagonal SU(Ny) subgroup and there is no reason for the chiral condensate to vanish.
In fact, it was shown in [22, 25, 26] that the trace part of the chiral condensate is non-zero

and behaves as
Nf—l
Ny+1

(T o MM,

(2.56)

This is clearly a non-perturbative effect, since it has fractional powers of e and Mj.
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Let us first outline the derivation of (2.56) using the bosonized Hamiltonian (2.54). It
is convenient to redefine the scalar field ¢ as

3 ;\/?( _kQNf> (2.57)

so that the kinetic term is canonically normalized and the mass term for A is simplified.

The Hamiltonian is given by

H= / dz' N, [; I3 + % (O1h)? + nj’hQ] + Hwzw + Hmass » (2.58)
where
mj, = e2ijf : (2.59)
and

™ 2]

il 2, /Th+—=—
Hipass = /dﬂfl,MNM léM() e ( Ny ka) tr(g) + h.c. (260)

Here, we have regularized the system by taking the normal ordering at scale y,'® denoted

by the symbol NV,. The last term Hpass in (2.58) comes from the fermion mass term via

the bosonization relation?

Yhtl = EpNu'y = EpNefg', (2.61)

where ¢ is a numerical constant. In this section, we are interested in the small mass (strong
coupling) regime My < e and treat Hy,ss as a small deformation of the Hamiltonian for
the My = 0 case used in the previous subsections. In this case, as we can see from (2.58)
and (2.60), the scalar field h is much heavier than g, and we first try to integrate it out.
Using the formula [27]:

2

N [eP9] = (:;) " N, [eP?], (2.62)

where ¢ denotes a canonically normalized free scalar field, and the fact that if the mass of
¢ is m, vacuum expectation value of the left hand side is 1, we obtain

s [eiQMh] 10) = <mh>N1f . (2.63)

I

2. /-2—h
Replacing the operator N, [ez Ny ] with its vacuum expectation value (2.63), we obtain
the low energy effective Hamiltonian for the light field g:

-1 <= 6
Hlow  — /d:):l,u Nt m;:f/\/# {6MO e FN7 tr(g) —i—h.c.] . (2.64)

18See [27] for the normal-ordering prescription.
9Gee, e.g., [20] for a review.
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We find that the mass scale of the light field g is given by

1

2 _ N N 2.65
ml—,u mh 0- ( )

Choosing the normal ordering scale as u = m;, we get

2 2Nf
m?=m, " M (2.66)
and
_0
Hlov  — /d:clml/\/ml [ "By tr(g) + h.c.| . (2.67)

From this expression, we find that m; is the only mass scale of the low energy effective
Hamiltonian in the R — oo limit. Then, a simple dimensional analysis implies

5 2N
Nye+1 Nf+1

M0<‘9|$j¢j"9>:f(g)m%:f(e)mhf M, (2.68)

with some function of § denoted by f(6), reproducing (2.56).

The function f(6) in (2.68) was calculated in [25, 26] for the & = 1 case. (See ap-
pendix B.2.) Since k always appears in the combination 6/k or my in the Hamilto-
nian (2.58), the k£ dependence of the function f(f) can be included simply by rescaling
6 — 0/k in the expression for k£ = 1 and we obtain

2Nf
Ny 1 ——\\ M+t
0)=——(2 —(0/k 2.69
6) = =32 (2o oos (070 )7 (2:69)
where v ~ 0.577 is the Euler’s constant and
T=x—27 [ZE;TW] (2.70)

with [z] being the floor function that gives the greatest integer less than or equal to x. Note
that (2.70) implies T =  for —m < x < 7 and x + 27 = 7. Therefore, the expression (2.69)
is manifestly invariant under the 27k shift of , though it has cusp singularities at 8/k = 7
(mod 27) for Ny > 1.2Y The 2rk periodicity of 6§ follows from the fact that 27k shift of 6

2mi

can be absorbed by the redefinition of g as g — e /g in (2.67).

So far, we have implicitly assumed that |6 ) is the vacuum state of the system. However,
this is not always true. As we have seen in section 2.3, there are k degenerate ground states
|0 +275) with j =0,1,2,--- ,k—1 (mod k) for the My = 0 case. When the fermion mass

My is turned on, the degeneracy is lifted, because the discrete axial symmetry ZZ’J‘\}";l is

20These cusp singularities exist even for k = 1. The existence of the cusps can be understood from the
mixed anomaly between the vector-like flavour symmetry SU(Ny)v/(Zn,)v and the charge conjugation
symmetry discussed in [21]. We thank the anonymous referee for pointing this out to us.
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2. F

—10ﬂ—éﬁ —érr —4‘7T —érr 2;1 4‘rr 6‘7T 8;1 107 9 —10rr—érr —én —4‘rr —irr 2;7 4‘77 6‘rr 8;T 107 9
Figure 1. A plot of the function f() for k =5 and Ny = 4 in the range —2nk < 0 < 2rk. The
dots in the left and right panels are the points at § = 2wn and 8 = 2mn + 7 (n € Z), respectively.
These dots are proportional to the expectation value of the energy density £ (6 + 2wn) for the states
|6 +27n) (n € Z) with 8 = 0 (left) and § = 7 (right). The Q-string tension ¢(Q) (with Q =n € Z)
is proportional to the height of the dots measured from the lowest one.

explicitly broken by Hyass. In fact, it can be shown that the energy density (expectation
value of the Hamiltonian density H) is proportional to the chiral condensate (2.68) as

2 2Nf
Nf+1 Nf+1

fO)m,” My, (2.71)

Ny+1

EO)=(0|H|0) = o,

up to some irrelevant terms that are independent of # and My.2! (See appendix B.2.) Note
that comparing (2.68) and (2.71), we get a relation

DE(0)
aM,

— (615,07 16) . (2.72)

The expression for the energy density (2.71) implies that |6 ) (up to the identification
‘§> ~ ‘54— 2rkj ) (j € Z)) is the lowest energy state among the k states | + 27 ) with

j=0,1,---  k—1 for generic §. For § = 7 (mod 27), the lowest energy states are two-fold
degenerate and given by | +m). (See figure 1.) Then, the vacuum energy density Eyac(0) is
given by
Evac(0) = min £(0 + 2mj) = £(0) , (2.73)
j€

which is a 27 periodic function with cusps at § = 7 (mod 27).2?

2.4.2 String tension

The formula (2.71) can be used to obtain the string tension as it was done in [28] for k = 1.
Let us consider an electric flux created by a pair of external point particles of charge +@)

*'The overall factor in (2.71) is different from the expression for the energy density given in [28]. In [28],
only the contribution from the fermion mass term is taken into account. We found that the kinetic term
also has a contribution of the same order and included in (2.71). See appendix B.2 for details.

22These cusps can be understood from the mixed anomaly between the 1-form symmetry and the charge
conjugation symmetry.
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placed at z' = Foo. We call it a Q-string, though it fills up the 2 dim space-time. This
amounts to adding

St = Q [ da®olie o= Q [de®Aolisio =@ [ F (2.74)

in the action, which is equivalent to shifting 6 to 6 + 2w Q. Therefore, the tension o(Q) of
the @Q-string is estimated as

7(Q) = £(0 + 27Q) — £(9) (2.75)

where we have assumed —7 < 6 < 7 so that |0 ) is the vacuum state. Though (2.75) can
be formally used for Q) ¢ Z, since the last expression in (2.74) is manifestly gauge invariant
for any @@ € R, we impose Q € Z so that the external point particles are also consistent
with the U(1) gauge symmetry. For k = 1, this restriction is too strong and one always
gets 0(Q) = 0, because of the 27 periodicity of the function £(#). For k > 1, however,
the periodicity of £(0) becomes 27k and we get non-trivial results for Q@ = 1,2,--- |k — 1
(mod k). (See figure 1.) The @Q-strings with Q = nk (n € Z) are tensionless, i.e. 0(Q =
nk) = 0, which is a consequence of the screening by the dynamical charge k fermions.

There are some interesting special cases worth mentioning. First, consider the case
with § = 7. Then, because |6) and |0 F 27 ) are degenerate, we have o(Q = F1) = 0,
which means that strings with the unit flux can become tensionless. This is probably
not too surprising. From (2.74), we see that § = +m can be interpreted as a flux with
@ = £1/2. By adding Q = F1, we end up with a flux with @ = F1/2, which is obtained
by the charge conjugation from the original configuration.

A possibly more surprising case is the My — 0 limit. The formula (2.71) implies that
the tension o(Q) vanishes for any @ in the My — 0 limit. [29-32] This is a consequence
of the fact that the #-dependence of the energy density disappears in the massless limit
because of the anomaly relation (2.8). However, if one tries to understand the vanishing of
the @-string tension intuitively as a screening phenomenon, this looks very strange, because
the charge of any combination of the charge k fermions belongs to £Z and it doesn’t look
possible to completely screen a charge that doesn’t belong to kZ. In our case, the @-string
state |6 + 2wQ ) becomes one of the ground states in the My — 0 limit. As discussed in
section 2.3, this state is an eigenstate of the operator Il 4, which contains the electric flux.
The energy contribution from the eigenvalue of I14 is diminished (in the My = 0 case) by
a constant shift of the scalar field, as the operator 114 appears in the Hamiltonian in the
combination (27114 — kNsp)? (see (2.29) for the Ny = 1 case). However, unlike the usual
screening phenomenon, the @-string state does not loose the information of the flux @ in
the process of making My — 0, although it becomes completely tensionless. There is a
conserved Zj charge associated with the operator U’ defined in (2.50) that characterizes
the @Q-string state.

3 Application to string theory

In this section, we propose a way to realize 2 dim QED with k& = 2 in string theory.?* Many
of the properties of 2 dim QED studied in section 2 have natural interpretations in string

23 A\ string theory realization of 2 dim QED with k = 1 using a D1-D9-D9 system was studied in [33].
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theory and the results in section 2.4 are applied to give a new non-perturbative calculation
on the brane dynamics.

3.1 O1~-D1 system

Consider a system of n coincident D1-branes (anti-D1-branes) on top of an O1~-plane (a
negative tension orientifold 1-plane). The low energy effective theory realized on the D1-
brane world-sheet is a 2 dim non-supersymmetric SO(2n) gauge theory with the following
massless fields:

SO(2n) SO(1,1) SO(8)
Ayl adj 2 1
Q7| adj 1 8y (3.1)
Z;F sym 14 8+
AL | sym 1_ 8_

Here, A, (#=10,1), @7 (I =1,---,8) and M (i=1,---,8) are the gauge field, scalar fields
and fermions, respectively. SO(2n) is the gauge group, SO(1, 1) is the 2 dim Lorentz group
and SO(8) is the global symmetry associated to the rotation in the transverse 8 dim space.
The labels “adj” and “sym” refer to the adjoint and rank 2 symmetric tensor representations
of the gauge group, respectively.?* 11 denotes the positive/negative chirality Majorana
Weyl spinor of SO(1,1). 8, and 81 are the vector and positive/negative chirality spinor
representations of SO(8), respectively. The field content (3.1) is obtained by replacing the
adjoint fermions with that of the rank 2 symmetric tensor representation in the 2 dim
supersymmetric gauge theory realized in the O17-D1 system, [10] which is given by the
dimensional reduction of the 10 dim N = 1 supersymmetric SO(2n) Yang-Mills theory.

The gauge coupling e of this 2 dim gauge theory is related to the string coupling g
and the string length I, = V&' by

2 Js
= . 3.2
c 2mad (3:2)
We take the field theory limit o/ — 0 and g5 — 0 with e kept fixed, so that stringy massive
excitations become infinitely heavy and interactions with closed string fields including the
gravitational interaction decouple.?

2Here, “sym” representation is a n(2n+1) dimensional reducible representation and it can be decomposed
to a singlet and rank 2 traceless symmetric tensor representations.

Z5This limit may cause some divergences in the effective field theory. For example, the one-loop analysis
suggests that a tachyonic mass term for the scalar fields ®; will be generated and the mass scale will
diverge in the field theory limit. In renormalizable quantum field theory, such divergences can be canceled
by introducing counter terms and setting the renormalization conditions to make physical quantities finite.
However, it is not clear whether such counter terms can always be introduced in string theory. To avoid
this problem, we actually keep I, finite, though we assume e? < 1/a’, and consider the system as a theory
with the cut-off scale 1/I; regularized by string theory. (See sections 3.3 and 3.4.)
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Let us focus on n = 1. In this case, since SO(2) is equivalent to U(1), the theory (3.1)
becomes a U(1) gauge theory. The massless fields can be written as

Y — e} (AT
Ap = B = » A= @i i i | 33
ay or A AL AL

Then, a, is the U(1) gauge field, ¢; are neutral real scalar fields, )\i))i are the neutral

Majorana-Weyl fermions and the complex Weyl fermions defined by

o = AT @ g = A @ (3.4)
are the charge 2 fermions. The neutral fermions )\(io ' do not interact with other fields in
the low energy effective action (in the o/ — 0 limit) and will be neglected in what follows.

Then, the table (3.1) for n = 1 becomes

U(1) charge SO(1,1) SO(8)
y 0 2 1
o1 0 1 8 (3.5)
Uk 2 L 8
W 2 s

This is almost like a 2 dim QED with Ny = 8 and k = 2,26 but couples with 8 massless
scalar fields ¢;. Though ¢; do not have gauge interaction, they couple with the fermions
through the Yukawa interaction

SYukawa = /de (szI] ¢I¢2¢JL + hC) ) (36)

where y is a constant and (F{J) is the invariant tensor of the 8, ® 8 ® 8_ representation
of SO(8). (See appendix A for an explicit form.) Because of this Yukawa interaction, the
SU(Ny)r x SU(Ny)rg chiral symmetry of 2 dim massless QED is explicitly broken and only
the SO(8) symmetry is manifest. In the string theory construction, the Yukawa coupling
y is not an independent parameter. When the scalar fields ¢; are canonically normalized,
y is given as the gauge coupling e times some numerical constant.

The partition function of the full system is given as

Zpu = /D¢€ifd2xé(6”¢I)QZQED[¢I],
ZQED (6] = /DapwpweiSQED[auvwi]+iSYukawa[¢I7wi]_ (3.7)

In the following, we will focus only on Zqgp [¢1] and treat ¢ as parameters of the system.
Furthermore, we assume that ¢; are all constant, in which case

Vir(é1) = —Vé log Zamnlé1] (3.8)

26Tt is possible to introduce an external (infinitely heavy) charge by putting one end point of a fundamental

string on the DI-brane, which has the unit charge. Since 1% have twice of this charge, we obtain k = 2.
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where Vo = [ d?z is the volume of 2 dim space-time, is interpreted as the effective potential
for the scalar fields ¢ that correspond to the position of the D1-brane in the transverse 8
dim space. Using the SO(8) symmetry, we can set ¢ =0 (I = 1,---,7) and assume that
only ¢g = ¢ can take a non-zero value without loss of generality. According to (A.2), I'® is
the 8 x 8 unit matrix and (3.6) is simplified as

Syukawa = / &z (yqsw}%wg —i—h.c.) . (3.9)

This is nothing but the mass term for the fermions considered in section 2.4 with the
identification My = y¢. When ¢ is non-zero, the D1-brane is separated from the O1~-
plane. Since the fermions WL and %é are created by the open strings that hung on O17~-
plane with end points attached on the D1-brane, this mass M is interpreted as twice the
string tension 1/(27a’) times the distance Y between the D1-brane and the O1~-plane:

My = = . 3.10
0=yo o (3.10)

We can also introduce a non-trivial  angle in our system. The parameter 6 is identified
as the value of RR O-form field Cp, which is normalized to be a 27 periodic scalar field.
However, because the Zsg orientifold action maps Cy to —Cj (mod 27), the allowed value
on top of the O17-plane is either Cy = 0 or Cy = 7 (mod 2).

3.2 (Q,—1)-strings and the short distance potential

Since the electric flux on the D1-brane is interpreted as the fundamental string, Q-strings
considered in section 2.4.2 should be interpreted as a bound state of () fundamental strings
and the DI-brane, which is called a (Q, —1)-string.?” Note that the Zy orientifold action
flips the orientation of the fundamental strings, i.e. it maps a fundamental string (F-string)
to an anti-fundamental string (F-string) in the covering space (the space before modding
out the space by the Zj orientifold action). Therefore, in the covering space, we have a
pair of (@, —1)-string and (—@Q, —1)-string that are mapped to each other by the orientifold
action, and hence there is no net F-string charge.

As we have seen in section 2.4.2, Q-string and (Q + k)-string are identified, because k
unit of electric flux can be screened by the charge k fermions. In our £ = 2 case, it implies
that the only non-trivial one is the (1, —1)-string. In terms of the pair of (@, —1)-string
and (—@Q, —1)-string in the covering space, this can be understood from the fact that an
even number of F-string—F-string pairs can be annihilated by reconnection. (See figure 2.)

On the other hand, a single F-string-F-string pair cannot be annihilated. In order
for the single F-string-F-string pair to be reconnected, the F-string has to go through the
orientifold plane to be consistent with the orientifold action. However, the Op~-plane does
not allow such configurations.?®

The Q-string tension (2.75) corresponds to the difference between the (@, —1)-string
tension, denoted as T{q, 1y, and the D1-brane tension Ty _yy. Using (2.69), (2.71), (3.2)

2TIn general, a bound state of p fundamental strings and g D1-branes is called a (p, q)-string.

281t is possible to have such configurations for the @7—plane, on which F-strings can end.
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F-string
<
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Figure 2. Reconnection of two F-string—F-string pairs.

and (3.10), the (@, —1)-string tension is obtained as

gs (Y2 \?
Tig-1=To~Cqy <gsa,> , (3.11)

where T is a constant that does not depend on 6, ) and Y, and Cg is given by

Co=28 <eXp D) o <é(0/2+77@)>> o (3.12)

T a3 2

This expression is valid when My < e, which is equivalent to Y? < g,a’. Note that the
1

second term in (3.11) contains the string coupling with a fractional power as ¢gJ. This is a
non-perturbative prediction at short distances.
When 6 = £, (3.12) implies

16
18 (exp (7) TN\ °
Cq = 3 ( 5 CoS (E) , (3.13)

which is independent of ). Note that T{x;, 1) = T(g,1) for § = +7 follows from the fact

that o(Q = F1) vanishes when § = +7 as discussed in section 2.4.2. This is true even
when the D1-brane is far away from the O1~-plane, in which case the well-known formula
for the (p, ¢)-string tension

1 0\? ¢2
T(Z’:Q) = 271_&/\/(]) - q271-> + E (314)

with # = 47 implies the same conclusion.
For # =0, (3.12) implies

Co=2 (eXp('Y)> 7 {Coswl (@ ::even) . (3.15)

3 2

In particular, we obtain

Y2 \o
Ta,-1) —Tio,-1y =C 95 < > ; (3.16)

where

C= % (eXp2(7)>9 (1 — cos® (%)) (3.17)
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is a positive constant. This result is in contrast to the behavior at long distances (o < Y?2)
obtained from (3.14):

T(1,-1) — Tio,-1)

(ViT@-1) =2 (3.18)

- 2mal g Y e

where we have used g, < 1.

As noted in the last paragraph of section 2.4.2, the right hand side of (3.16) vanishes
in the Y — 0 limit. Therefore, when the (1, —1)-string is placed on top of the O1~-plane,
the energy contribution from the fundamental string completely disappears and the tension
become the same as the D1-brane without the electric flux. This phenomenon should not be
interpreted as the annihilation of the F-string-F-string pair, as emphasized in section 2.4.2.

The short distance potential between the (@, —1)-string and the O1™-plane is given
by (3.11). This formula is obtained by evaluating the energy density £ in (2.71) as a
function of Y related to the fermion mass My by (3.10). Note that this agrees with the
effective potential Veg(Y') defined in (3.8) up to Y independent constant terms, as

WVer(Y) _ i ModmyZqep
oYy Voo Zqep

= Mo Bty = v 2200 (3.19)

Y Y

where we have used (2.72) in the last step.
The expression (3.11) shows that there is a repulsive force between the (Q, —1)-string

and the Ol -plane. It is interesting to note that this force is proportional to the chiral
condensate in 2 dim QED as (2.72) and (3.10) implies

DE(Y)

(Pj07) = ma/ = (3.20)

3.3 Coleman-Weinberg potential

Within the field theory limit, the long distance potential between the O1~-plane and
the D1-brane can be calculated using a Coleman-Weinberg potential [34]. Indeed, in our
system, perturbation theory (with respect to the gauge coupling e) can be trusted when
the vacuum expectation value of the scalar field ¢ is large and satisfies e < My = y¢, which
corresponds to gsa/ < Y2. In order for the field theory description to be valid, e? < 1/’
and MZ < 1/a’ have to be satisfied, which is equivalent to gs < 1 and Y? < «'.

The one-loop Coleman-Weinberg potential in 2 dim is written in general as

2 21,2 k2 4m2
v;ﬂw):mree(ab)%/(gﬂ’; > 10g<’f+k2b<¢>>_ T log <+k2f<¢>> |

b:boson f:fermion

(3.21)

where Viyee() is the tree level potential, k is the momentum in the Euclidean space, and
myp and my are the mass for the bosonic field b and the fermionic field f, respectively.
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The integral can be evaluated as follows:

1 d?k kE2+m? 1 A k24-m?2
- 1 = — | dkklog (T
2 /(27r)2 Og( 2 ) 47r/0 Og( 52 )

1, A? 9 .9 m? m? A?
=& {m log <m2>+(m +A%)log 1+F ~ e log o +11,
(3.22)
where A is the cut-off scale. In the last step, we neglected the terms that vanishes in the

A — oo limit.
In our system (3.5), only the fermions 9’ have ¢ dependent mass via the Yukawa

term (3.6) and hence we obtain

Mg A2 Y2 7720/2[\2

which again shows a repulsive force.

3.4 The potential from the Mobius strip amplitude

For completeness, let us review the calculation of the potential between an orientifold plane
and an anti D-brane using string theory. This calculation takes into account the stringy
tower and it is valid at long distances, where Y?2 is of order o or larger and the effective
field theory description breaks down.

Consider a system with an Op*-plane and a Dp-brane placed in parallel with distance
Y. The potential between the Op*-plane and Dp-brane is given by an open string vacuum
amplitude corresponding to the world-sheet with topology of the Mdbius strip at one-loop
level. The open string one-loop amplitude can be interpreted as a closed string tree level
amplitude and the potential is generated by the exchange of graviton, RR fields and so on.
The explicit calculation of the Mdbius strip amplitude for a system with parallel Op®-plane
and Dp-brane was carried out in [14], and the result is

o oo dt 2
VoY) = HF/O 5(8”20“)‘%6"5 o Fo(t), (3.24)
where
Z9(2it)* z} (2it)*
Fo(t) = = 0 : 3.25
o(t) n(2it)8 20 (2it)? (3:25)
The functions 7(it) and Z§(it) are defined as
n(it) = ¢/ T[ (1= g™, (3.26)
m=1
Z0(it) = ¢ VP [ (1 + ¢ 122, (3.27)
m=1
Z2it) = ¢ V2 (- g2, (3.28)
m=1
Zy(it) = 2¢"2 T (1 + ™), (3.29)
m=1
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Figure 3. Potential for the O17-D1 system: V(Z) = fo‘x’ 2thze—tZZFo(t).

where ¢ = e?™. They satisfy
nit) =t 2/t ZgGit)" = 28/, (3.30)
and
Z3(it)* — Zo(it) — Zy (i)t = 0. (3.31)

One can check that Fp(t) is a positive monotonically increasing function that interpolates
Fo(t =0) = 0 and Fp(t = 0o) = 16. For small ¢, it behaves as Fp(t) ~ 28¢* and hence
the integral over ¢ in (3.24) is convergent when p < 7. The potential is positive (negative)
monotonically decreasing (increasing) function of Y for Op~-Dp system (Op™-Dp system,
respectively). In particular, for the O17-D1 system we find a repulsion. See figure 3 for its
shape for the O17-D1 system.

A few comments are in order. The function Fp can be written as

Fo(t) = Z e~ t(@mal)mi _ Z eit(zml)m?‘, (3.32)

b:boson f:fermion

and the expression (3.24) is interpreted as a sum of the contributions from all the fields in
the spectrum with

2 2
mi(9) = m3 + (2273;) . m3() =m+ (;’;) (3.33)
in the Coleman-Weinberg potential ((3.21) for the p = 1 case).

In particular, Fp(t = oo) = 16 corresponds to the contribution from the 16 complex
massless Weyl fermions (4% and 9% in our case). The contributions from these massless
modes are dominant at short distances and the potential smoothly approaches the Coleman-
Weinberg potential ((3.23) for p = 1) obtained in field theory.

One can easily show that the potential (3.24) behaves as

7—p
_ '\ 2 _
VO (Y) ~ 327 (8n%0) T (2;2‘ ) T (77)) (3.34)
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for o/ <« Y2. This is interpreted as the potential generated by the exchange of supergravity
fields. It is known that there is no force between an Op*-plane and a Dp-brane due
to supersymmetry. When we replace the Dp-brane with the Dp-brane, the sign of the
RR charge is flipped from positive to negative and the force balance is broken. Because
Op~-plane (OpT-plane) has negative (positive) RR-charge, the Dp-brane is repelled from
(attracted to) the Op~-plane (Op™*-plane, respectively).

4 Summary and discussion

In this paper, we first considered an interesting variant of 2 dim QED with Ny flavours of
fermions with charge k. We found a rich vacuum structure of k vacua, parametrized by
the vacuum expectation value of det(i/Jqu/)j—J) as an order parameter. We also studied the
@-string tension including the quark mass.

In section 3, we used the results of the first part to learn about non-perturbative
string dynamics. The vacuum energy as a function of the quark mass can be interpreted
as the potential between the Ol -plane and the DI-brane. In addition, we could also
use the energy density for the @-string to learn about the dynamics of the (@, —1)-string
placed near the Ol7-plane. We found that the (@, —1)-string tlension (3.11) admits a

non-perturbative dependence on the string coupling of the form gJ.

One might think that the existence of k£ vacua would imply domain walls that inter-
polate between these vacua. If such an object exists, it would make the @-string states
unstable by the creation of domain wall-anti domain wall pairs. However, it is not allowed
in our case. As we have seen in section 2.3, the vacuum is parametrized by 6, which is an
eigenvalue of the operator 2711 4. Because of the Gauss law equation (2.30), we cannot have
an object that interpolates different values of § in 2! — —oo and 2! — 4+00.? In terms of
string theory, if one wants to consider a configuration with a (Q, —1)-string at ! — —oo
and (Q + 1, —1)-string at 2! — 400, there must be a fundamental string attached on it.
Since the other end point of the fundamental string should escape to spatial infinity, it is
infinitely heavy.

Part of the discussion of the previous sections could be used in higher dimensional cases.
Consider a system of Op~-plane and a Dp-brane. Similar to our 2 dim case, the low energy
theory of this system is described by a (p+1) dim QED with charge 2 fermions coupled with
neutral scalar fields via Yukawa coupling. The expressions analogous to (3.20) would also
hold in higher dimensional cases. In general, we expect that the vacuum expectation value
of the fermion bilinear operator is non-zero when the fermion mass is turned on and hence
the relation (3.20) implies a force between them. This is a typical relation that connects
a vacuum expectation value of an operator in quantum field theory and a quantity that
characterizes the brane dynamics. It would be interesting to explore the generalization of

291t is possible to set a boundary condition that the scalar field ¢ in the bosonized description (2.38)
approaches different values at the boundaries ' — —oo0 and &' — 4o00. However, in that case, the electric
flux Fp1 will be inevitably induced (at least) at one of the boundaries, due to the Gauss law equation (2.30).
Therefore, it does not describe a domain wall that connects two vacua related by the discrete axial symmetry.
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such relations and find more fruitful interplay between quantum field theory and string
theory.
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A The explicit form of I‘fj

In this section, we list an explicit form of Fifj used in (3.6). The 8 x 8 matrices '/ = (I‘Z-Ij)

are related to the SO(8) gamma matrices I'! as
o~ !
I
o= ("), (A,U

F1:e®e®e, F2:12®7'1®e, F3:12®7'3®6, F4:7'1®e®12,
F5:T3®6®12, F6:6®12®T1, F7:6®12®T3, F8:12®12®12,

and an explicit form is given as

(A.2)

where € = ity and 7; (j = 1,2,3) are the Pauli matrices.?

B Abelian bosonization, chiral condensate and energy density

In this section, we outline the calculation of the chiral condensate and the vacuum energy
density in the strong coupling regime for the k = 1 case, using the Abelian bosonization.

B.1 Abelian bosonization

Here, we briefly review the Abelian bosonization.?! The idea is to bosonize the N ¢ flavours
of fermions one by one and map the system to a theory with Ny real scalar fields. This
description has a disadvantage that the SU(Ny)r x SU(Ny)r symmetry is not manifest.
But, it is often used because it is simpler and useful for calculations.

30See p.288 of [35].
31See, e.g., [20] for a review.
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Let us consider 2 dim QED with Ny massive Dirac fermions of charge k = 1. The
bosonization rules are [27]

_ 4 1
Yyt = ﬁﬁwau%‘a (B.1)
' = —cpN,, cos(2v/Tp;) (B.2)
where the index 7 = 1,2,--- , Ny in the left hand side is not summed over, ¢; are canonically
normalized real scalar fields and ¢ is a constant
exp(7)
= . B.3
c=— (B.3)

N, denotes the normal ordering with respect to an arbitrary scale p. Useful identities
(see [27]) are

1 1 1
N[5 0+ 0% = N[5 02+ @) + 02— B

1 1 m2 ,UI2
NH |:2 m2§02:| = N/J'/ |:2 m2<,02] — g IOg <’LL2> s (B5)

where II is the canonical momentum operator conjugate to ¢, and

' i B2 [Am ,
Nuelﬂ“” = () N“/ezw. (B.6)
1
(B.6) implies

pNy, cos(2y/mp) = W Ny cos(2v/T) . (B.7)

Then, after integrating out the gauge field, the bosonized Hamiltonian (density) for
the Ny flavour massive Schwinger model is

2

Ny o [ Ny Ny
1 e 0
= -5 D) 4= [ S| —enhpd NTP; +
H =N, 7 2 (I + (814)%) + o | 2 i c My 2 cos ( Ve + Nf)
Ny [ 5 €2 9
+—(p"— —logpu |, (B.8)
8w T

where My is the fermion mass. Note that the Hamiltonian (B.8) does not depend on the
renormalization scale p because of the relations (B.4), (B.5) and (B.7). This is the reason
that we put the constant term in (B.8).

In the Hamiltonian (B.8), the 27 periodicity of 6 is not manifest. But, it is easy to see
that the Hamiltonian is invariant under 27 shift of 8 together with the transformation

2
2oL — 2T — Fﬂ tor,
1

2
2/ — 2v/mp; — NT; (i=2,3,---,Ny). (B.9)

Therefore, physics is invariant under the 27 shift of 6.
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B.2 Chiral condensate and energy density

We are interested in the cases with e? > uMy and try to integrate out the heavy combi-
nation Zf\;fl @; first. To do this, it will be convenient to introduce a matrix notation:

(I)Ediag((,ﬁl,wg,"' ﬂpr)’ (BlO)

and
h = tr(T°®), (B.11)
L=t (T'®), (i=1,2,---,N;—1), (B.12)

where T° = lef, and T* (i = 1,2,---,Ny — 1) are the generators of the Cartan
u(N,

subalgebra of su(/Ny) (diagonal traceless Hermitian matrices) normalized as

tr(TPT7) = 6% (B.13)
Then, ® can be expanded as
Nj—1
o=nT"+ > LT, (B.14)
i=1
and the Hamiltonian becomes
2 0
H =N, [ tr (115 + (019)%) + — (tr D)2 — ¢ My tr (cos <2f<1> + N))]
™ f
N 2
L <u2 - logu2>
8T
| p m? , Ny ¢?
= N, |5 (I + (&1h)*) + I + (1ls)%) + —h? + £ | p® — —log °
Nu| 5 (I + (20)) + 5 ;( L (01)%) + k4 o (= —logp
. 4 - 0 Np— .
—%ezv Ny N by (eiQﬁZi—fl 1W> The |, (B.15)
where we have defined the mass scale of the heavy component h as
2
N
m2 = ° - ! (B.16)

For e? >> My, the heavy field h can be treated as a free massive scalar field of mass

my, and the operator N e \/%h in the Hamiltonian (B.15) can be replaced with its vacuum
expectation value in the low energy effective theory for the light fields [;. To evaluate the
vacuum expectation value, it is convenient to choose the scale of the normal ordering to be
my, using the formula

1
47fh Ny PELNN
Ne = (mh) Nimpe VI (B.17)
1
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which follows from (B.6). Using (B.17), we obtain
. 4 NL
<N,iel th> — <mh> " (B.18)
W
Similarly, using (B.4), (B.5) and (N, [3 (II7 + (01h)% + m3h?)]) = 0, we get

(N[5 @3+ @uv i) ) = L (mi =2 =g () . (Bag

Then, the effective Hamiltonian for the light fields I; is

Ne—1 1
H = Ny % i (Hi+(81li)2)—cﬂ2jwo (TZh) " eiNif tr <ei2ﬁzi\]—f1_1liTi>+h.c.

i=1

+% <u2—ilogu2>+817T (m,%—;ﬁ—m,% log <TZ§>) (B.20)

, N m N#f 0 Np—1
=N, !2 (II7 +(n1i)?) —c nMo <M> cos (Nf) Ny—2m Z 17 +o)
=1 =1
;=1 o mi 2
—i—T,u +§ (1-logmy) . (B.21)

In the last expression in (B.21), we expanded H; with respect to [; to extract the mass
term for [;. Here, we have assumed that [; = 0 is the vacuum configuration. This is true
for —m < 0 < m, but not for general 6. To see the vacuum configuration for general 8, let
us assume that the vacuum configuration of I; satisfies

Ny—1

exp | i2y/m Y LT | =ely,, (B.22)
=1

where @ € R and 1y, is the unit matrix of size Ny, so that the flavour symmetry is not
broken. Because the left hand side of (B.22) is a diagonal element of SU(Ny), a has to be
of the form a = 2”1\% (n =1,---,Ny). Then, the potential term for /; in the first line
of (B.20) is given by a positive constant times — cos((f + 27n)/Ny), which is minimized
when n is chosen so that it satisfies —7m < 0 + 27n < w. Then, expanding the fields I;
around this configuration is equivalent to (B.21) with 6 replaced by

(B.23)

f=6—-2r [Q—HT] ,

27
where [z] is the floor function that gives the greatest integer less than or equal to x. By

definition, the value of @ is restricted to be in the interval —7 < 6 < 7 and ensures the 27
periodicity of the 6 parameter. Then, the mass scale of the light fields [; is given by

1 —
Ny 0
mi = 4me uMy <7Zh> " cos <Nf> : (B.24)
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In order to find the ground state, we employ the variational method used in [27]. We
first assume that the ground state is given as |0; 1), which is the state annihilated by the
annihilation operators defined by the fields [; with the mass scale p in the Schrédinger
picture (see [27]) and then find the value of p that minimizes the expectation value of the
Hamiltonian. Although we will not try to prove that there is no state with lower energy,
it gives a candidate for the ground state. In fact, we will show that the expectation value
of the fermion bilinear operator with respect to the state |0, ), denoted as <Eiwi>u =
(0, 1]t | 0, ), reproduces the results in [25, 26].

The expectation value of the Hamiltonian (B.20) with respect to the state |0, u) is
evaluated as

Nj—1
1 Ny—1 Ny —1
<NM 3 > (17 + (0i)?) +fu2> =20 (B.25)

— 8T 8
= p
1
M, Ny o0 . Ne—1, N
<Ny [—CMO <mh> T <e’2ﬁ2i—f1 “T> +he. > =—"Lmf,  (B.26)
2 n 47
o
and
Ny—1, Ny , mj 2
(M), = g M T M + S (1 —logmj) . (B.27)

Then, it is easy to see that the value of u that minimizes this expression satisfies

p?=mj, (B.28)
which implies
5\ \N
; 1
m; = (4770 cos (Nf) M0> m:f“ ’ (B.29)
and
. 2N
Ny+1 0 T s oml 5
(H1) e, = — S (4710 cos <Nf> Ma) m,’ + B (1 —logmy) . (B.30)

The last term of (B.30) can be omitted because it doesn’t depend on 6 and Mj. Therefore,
the energy density £ is obtained as

2N

_ f
Ny+1 0 N N
E=— f87—: (4770 cos <Nf> M0> ! m;:’f“ ) (B.31)

(B.26) with the condition (B.28) corresponds to the vacuum expectation value of the

fermion mass term and therefore we conclude

2Nf

o Ny 9 e
My () = ——L [ 4 — | M, d B.32
0<¢Zzp> = < mC Ccos <Nf> 0> my, , (B.32)

which agrees with [25, 26].
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