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A mixed variational framework for the design of energy-momentum
integration schemes based on convex multi-variable
electro-elastodynamics

M. Franke!, R. Ortigosa?, A. Janz, A. J. Gil3, P. Betsch

Abstract

In [34], the authors presented a new family of time integrators for large deformation elec-
tromechanics. In that paper, definition of appropriate algorithmic expressions for the discrete
derivatives of the internal energy and consideration of multi-variable convexity of the internal en-
ergy was made. These two ingredients were essential for the definition of a new energy-momentum
(EM) time integrator in the context of large deformation electromechanics relying on materially
stable (ellipticity compliant) constitutive models. In [§8], the authors introduced a family of EM
time integrators making use of mixed variational principles for large strain mechanics. In addi-
tion to the displacement field, the right Cauchy-Green deformation tensor, its co-factor and its
Jacobian were introduced as unknown fields in the formulation. An elegant cascade system of
kinematic constraints was introduced in this paper, crucial for the satisfaction of the required con-
servation properties of the new family of EM time integrators. The objective of the present paper
is the introduction of new mixed variational principles for EM time integrators in electromechan-
ics, hence bridging the gap between the previous work presented by the authors in References
[34] and [8], opening up the possibility to a variety of new Finite Element implementations. The
following characteristics of the proposed EM time integrator make it very appealing: (i) the new
family of time integrators can be shown to be thermodynamically consistent and second order
accurate; (ii) piecewise discontinuous interpolation of the unknown fields (except displacements
and electric potential) has been carried out, in order to yield a computational cost comparable
to that of standard displacement-potential formulations. Finally, a series of numerical examples
are included in order to demonstrate the robustness and conservation properties of the proposed
scheme, specifically in the case of long-term simulations.

Keywords: Mixed variational framework, electroactive polymer, electro-elastodynamics,
multi-variable convexity, energy-momentum scheme.

1. Introduction

Dielectric elastomers, [27, 39-41] represent an important family of Electro Active Polymers
(EAPs) which are well-known for their outstanding actuation capabilities and low stiffness prop-
erties, which makes them ideal for their use as soft robots [28, 33]. Other important applications
for dielectric elastomers include braille displays, deformable lenses, haptic devices and energy
generators, to name but a few [12].

The finite element simulation of these materials [15, 26, 50-53] relies on the definition of
a suitable constitutive model. It is customary to propose an invariant-based representation of
the Helmholtz energy functional (depending upon the deformation and the electric field). Other
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authors prefer to propose a constitutive model based on the invariant representation of the internal
energy (depending upon the deformation and the electric displacement field). Motivated by the
possible loss of ellipticity [5, 30, 46, 47] of the Helmholtz functional, Gil and Ortigosa [19, 35, 36]
advocated for the use of the internal energy functional for the definition of constitutive models in
nonlinear electro-mechanics. In essence, the authors postulated a definition of the internal energy
convex with respect to an extended set of arguments, namely the deformation gradient tensor F',
its co-factor H, its Jacobian J, the Lagrangian electric displacement field Dy and d, defined as
d = F D, and proved that this definition satisfies the ellipticity condition unconditionally. In the
absence of electric effects, where the two last arguments vanish, the proposed definition coincides
with the well established concept of polyconvexity [2, 3].

Very recently, the authors in [34] proposed a new energy-momentum (EM in the sequel) pre-
serving time integrator [6, 20, 48] for reversible electro-elastodynamics building upon the works
[18, 22, 24, 25]. As shown in [34], the new EM time integrator proved to be very robust and accu-
rate for the long-term simulation of EAPs. The consistent implicit EM time integration scheme
developed inherits the conservation laws of total energy, linear momentum, angular momentum
and electric charge.

In the purely mechanical case [22, 24], the thermodynamical consistency of these methods is
ensured by virtue of replacing the (exact) derivative of the strain energy with respect to the right
Cauchy-Green deformation tensor (i.e. the consistent second Piola-Kirchhoff stress tensor) with
its algorithmic counterpart. The latter, denoted as discrete derivative [7, 18, 20, 43] must be
defined in compliance with the so-called directionality property. Specially relevant for the work
carried out in this manuscript is the recent work by Betsch et al. [8], where a new consistent EM
time integration scheme has been developed in the context of polyconvex elasticity. Essentially,
these authors proposed the consideration of three discrete derivatives of the strain energy. Each
discrete derivative represents the algorithmic counterpart of the work conjugates of the right
Cauchy-Green deformation tensor, its co-factor and its determinant. In comparison to previously
proposed discrete derivative expressions (see e.g. [20, 23]), the new stress formula in [8, 18] assumes
a remarkably simple form. A key factor for that simplification is the use of a tensor cross product
pioneered by the Boer [13] and employed for the first time by Bonet et al. [9, 10] in the case of
nonlinear electromechanics [19, 35-37].

Building upon the work presented in References [34] and [8], the objective of this paper is
to develop a new EM time integrator in the context of electro-elastodynamics based on a mixed
variational formulation where the right Cauchy-Green deformation tensor, its co-factor and its
determinant are parts of the unknown fields. The resulting new formulation opens up several
possibilities in terms of its spatial discretisation and subsequent computational finite element
implementation.

The outline of this paper is as follows: in Section 2, some basic principles of kinematics are
presented. The governing equations in nonlinear electro-elastodynamics are also presented in this
section. The concept of multi-variable convexity and its importance from the material stability
point of view is presented in Section 3. Section 4 starts with the three-field mixed formulation
presented in [19] in the context of static electromechanics. Its extension to electro-elastodynamics
is then carried out by defining the appropriate action integral. After derivation of the stationary
conditions of the action integral, Section 5 introduces a new one-step implicit EM time integration
scheme for electro-elastodynamics. Section 6 briefly describes the finite element implementation
of the new time integration scheme and Section 7 presents eight numerical examples in order to
validate the conservation properties and robustness of the new scheme. Finally, Section 8 provides
some concluding remarks. For completeness, Appendix A outlines the definitions of the discrete
derivatives featuring in the proposed time integrator in Section 5.



2. Nonlinear continuum electromechanics

A brief introduction into nonlinear continuum electromechanics and the relevant governing
equations will be presented in this section.

2.1. Kinematics: motion and deformation

Let us consider the motion of an EAP with reference configuration By € R3 and its boundary
0By with unit outward normal N (refer to Fig. 1). During its motion, the EAP occupies a
deformed configuration B € R?® with boundary OB and unit outward normal . The motion of
the EAP is defined by the mapping ¢ (X, t), which links a material particle from the reference
configuration X € By to the deformed configuration & € B according to x = ¢ (X, t). Associated
with ¢ (X, t) it is possible to define the deformation gradient tensor F'y [4, 11, 14, 21] as

9¢i

Fy,=Vop(X,t); F¢if:6—)(1'

(1)

The deformation gradient tensor F'y* relates a fibre of differential length from the material
configuration dX to the deformed configuration de = F¢dX . In addition, differential area vector
and volume elements in the reference configuration, dA (colinear with IN') and dV respectively,
are mapped to the deformed configuration da (colinear with n) and dv, respectively, by means
of the co-factor or adjoint tensor Hy as da = H,dA and the Jacobian Jy as dv = JgdV,
respectively. Both H 4 and Jy can be related to F'y as

Hy = (detFg) F " Jy =detFy. (2)

A.l?g,Xg

0B,

xlaXl

Figure 1: Deformation mapping ¢ (X, t) and kinematic variables {F ¢, Hg, Jp}.

4Subscript ¢ is included throughout the paper in order to emphasise the geometrically exact deformation term.



Equivalent expressions to those in (2) can be obtained by making use of the tensor cross
product operation introduced by de Boer [13] and defined as

1 1
Ho =5 FoxFy: Houp = 58unEricko; Foprc (3a)
1 1
Jp = §H¢, : Fy; Jp = 3 f/)uFmp (3b)

where & (or £ryk) symbolises the third order alternating tensor components® and the use of
repeated indices implies summation, unless otherwise stated.

2.2. Governing equations in nonlinear electromechanics: conservation of linear momentum and
angular momentum

The local form of the balance of linear momentum [21] can be written as

pov — DIV (FyS) — fo = 0; in Bo;
(FpS)N = ty; on OyBy;
¢ = ¢; on 9y Bo; (4)
@(t =0) = ¢y; in By;
v(t =0) = vg; in By,

where py : By — RT represents the mass density of the EAP in the reference configuration, v
the velocity field and (e) denotes differentiation with respect to time. f represents a body force
per unit undeformed volume By and %, the traction force per unit undeformed area applied on
0By C 0By, where 0:8y U 048y = 0By and 9:By N JpBy = 0. Furthermore, ¢, and vy denote the
initial configuration and velocity, respectively. Finally, S represents the second Piola-Kirchhoff
stress tensor and the local balance of angular momentum leads to the well-known tensor condition
S = ST. Note that S depends on the displacement and the electrical field and is comprised of
unsymmetrical mechanical and an electrical contributions.

2.3. Governing equations in non-linear electromechanics: Gauss’s and Faraday’s laws
In the absence of magnetic and time dependent effects, Maxwell equations reduce to Gauss’s
and Faraday’s laws. The local form of the Gauss law [31, 32, 49] can be written in a Lagrangian
setting as
DIVD, — pj = 0; in By; .
D, - N = —uwy; on 0,8y, (5)

where D is the Lagrangian electric displacement vector, pj represents an electric volume charge
per unit of undeformed volume By and w§, an electric surface charge per unit of undeformed area
0,By C 0By. Alternatively, the spatial electric displacement vector D can be obtained through
the area push forward relationship Dy = H gD, [15, 16]. The local form of the static Faraday’s
law can be written in a Lagrangian setting as

E, = —-Vyp; in By;

6
= g; on 9,8, (6)

where E is the Lagrangian electric field vector and ¢, the scalar electric potential. In (6), 0,80
represents the part of the boundary 0B, where essential electric potential boundary conditions
are applied, where 0,8y U 0,8y = 9B, and 9,8, N 0,8, = (). The spatial electric field vector E
can be obtained through the standard fibre transformation Ey = F' gE [15, 16].

SLower case indices {i,j,k} will be used to represent the spatial configuration whereas capital case indices
{I, J, K} will be used to represent the material description.
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3. Constitutive equations in nonlinear electro-elasticity

The governing equations presented in Section 2 are coupled by means of a suitable constitutive
law. The objective of the following section is to introduce some notions on constitutive laws in
nonlinear electro-elasticity.

3.1. Multi-variable convezity

In the case of reversible electro-elasticity, the internal energy density e per unit of undeformed
volume can be defined in terms of the deformation and the electric displacement field, namely
e = e(Voo, Dy) [32]. Motivated solely by considerations of material stability, Gil and Ortigosa
[19, 35, 36, 38] extended the concept of polyconvexity [1-3] to the context of electromechanics
and defined new convexity restrictions on the internal energy, postulating a convex multi-variable
definition as

6(V0¢7D0):W(F¢7H¢7J¢7D07d); d:F¢D07 (7)

where W must be a convex function with respect to the extended set V = {Fy, Hy, Jy, Dy, d}.
Crucially, the above convex multi-variable representation in (7) satisfies the concept of elliptic-
ity for the entire range of deformations and electric displacement fields. In addition, for the
requirement of objectivity, the convex multi-variable energy W (7) can be re-expressed as

€ <V0¢7 DO) = g<C¢7 DO) = /—W/obj <C¢7 G¢7 C¢7 D07 C(bDO) = W (C¢7 G(bu th DO) ) (8)
where € represents the internal energy in terms of the right Cauchy-Green strain tensor Cy and

D,. Moreover, W denotes the internal energy expressed in terms of the extended symmetric
mechanical kinematic set {Cy, G, Cy}, defined as

1

1
Cyp=FyFy;  Gy=5C,xCy=HyHy  Cy=g

G¢ : C¢ = Jé, (9)
and D.

3.2. The Helmholtz energy function

The convex multi-variable nature of the internal energy e (Vo¢, Dy) ensures convexity of
e(Vop, Dy), e(Cy, Dy) and W (Cy, Gy, Cy, Dy) with respect to Dy. Consequently, a one-to-
one and invertible relationship between variables Dy and E can always be established. Therefore,

it is possible to make use of a partial Legendre transform of the internal energy which leads to
the definition of the Helmholtz energy functional Wg(Cy, G, Cy, Ey) (refer to [19]) as

W¢<C¢, G¢, C¢, Eo) = —Ssup {Eo . Do — W (C¢, G¢, C¢, DO)} . (10)

Do

4. Electro-Elastodynamics

The objective of this section is to present the variational formulation that will be used in order
to develop an EM time integration scheme in Section 5.

4.1. Extension to electro-elastodynamics

A point of departure is the following action integral [34]

t . 1 —
Lip (0.6..D0) = | ( / (<z>— 5’0) o dV — [ W (Cy, Gy, Cy Dy) dV
to Bo Bo

(11)

[ Dy Vv + 1, (¢) + 115, (90)) i,
Bo



where to and ¢ represent any two instances of time with ¢ > t,. Furthermore, in (11) the external
contributions II7, and II , are defined as

1, ()= [ fo-ddv+ / t- $dA; T, (o) = — / spdV — / WipdA.  (12)
Bo 0tBo Bo 8 Bo

The objective of this section is to extend the above action integral Lg; in (11), with the
purpose of deriving a new mixed formulation where strain measures and stress fields are also part
of the unknown fields of the problems. Starting with the four field action integral Ly in (11),

originally introduced in [34], the following ten field action integral ﬁw is proposed,

. t o1
LW (’U,¢), ¥, D07D7A) :/ </B <¢_ 5,0) " Pov dV—HW (¢>80,D07'D7A)) dta

to

HW (¢7¢7D07D7A): /WV(C,G,C,Do) dv+ DOVOSOdV
Bo BO
1 (13)
+/Ac(C¢—C)dV—|—/ Ag<§CXC—G) dv
Bo BO

1
+ [ e (506 -c) av - @) - i o)

and with the sets D = {C,G,C} and A = {A¢, Ag, Ac}. It is worth emphasising that whilst
the action integral Ly (11) depends on the geometrically exact measures {Cy, G, Cy}, the new
action integral ﬁw in (13) depends on the set of independent unknown fields {C, G,C} which
are not in general geometrically compatible, i.e. C' # Cy, G # G4 and C # Cy in a point-wise
manner. Furthermore, in (13) {v, @, ¢, Do, D,A} € V® x V? x V¥ x VPo x VP x VP with
VP = V€ x V& x V¢, where

Vo ={¢:By =R ¢pecH (B | Jp>0, ¢=eondpBo};
Ve={p:By =R, @eH (By) | p=@ondBo};
VP ={Dy: By =R (Dy), €Ly(By)}; VC={C:By,—~S; CrjeLy(By)};

VG:{GIBQ—)S; G[JELQ(B())}; VC:{CZBQ—)R;CELQ(BQ)},
(14)
where H! denotes the Sobolev functional space of square integrable functions and derivatives, L,
the space of square integrable functions and S, the space of symmetric second order tensors. By
means of Hamilton’s principle, the stationary conditions of IA’W in (13) with respect to variations

{0v,0¢,0p,0Dy} are

W, = (v—d)) - podv dV = 0;
Bo
We :/ pov-5¢dv+/ Ac: DC¢[5¢]dV—/ fo-acpdV—/ to- 6 dA = 0:
Bo Bo Bo 0t Bo
(15)
W, = D, - VyopdV + / podp dV +/ widp dA = 0;
Bo Bo O Bo
WDO == 5D0 . (8DOW + VQ(,O) dV = 0,
Bo

with the admissible variations defined as {dv,d¢, dp, 0D} € VS’ x V¢ x VPo being

Vi ={¢:By =R ¢ecH (By) | ¢=0o0n0yBy};

16
VE={o: By R% o H (By) | ¢ =00nd,5}. 1o
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Note that integration by parts with respect to time has been used on the inertia term of (15),.
Equation (15), represents the weak form for the relationship between the velocity field v and
the time derivative of the mapping ¢ and equation (15), the balance of linear momentum (4).
Notice that in (15),, the Lagrange multiplier A¢ coincides in a weak sense with half of the second
Piola-Kirchhoff stress tensor S. Eventually, equations (15). and (15), represent the weak forms
of the Gauss (5) and Faraday (6) laws, respectively. The stationary conditions of ﬁw (13) with
respect to variations 6D yield,

~ 1
WC:/ oC : (acw—Ac+AGxC+§AcG) dV:O,
Bo
— 1
Wea :/ 0G : (8@W—Ag+ gACC) dV = 0; (17)
Bo

Wczflgoac(ac’W—Ac) dV =0,

with {6C,0G,6C} € V€ x V& € V¢, Notice that equation (17) represents the weak form of the
constitutive equations. Finally, the stationary conditions of Lg; (13) with respect to JA are

WAC = 5AC : (C¢ — C) dV = 0;
Bo

1
Wig = | 0Ag: (§C’x o G) v =0, (18)
Bo

WAc:/ 5AC<%C:G—C) dv =0,
Bo

with {0A¢,dAg,0Ac} € V€ x V& € VO Tt is worth emphasising that equation (18) rep-
resents the weak form of the kinematic constraints. This particular choice of kinematic con-
straints, taken from the EM time integrator presented by Betsch et. al. [8] in the context
of elastodynamics, is crucial for the design of the EM time integration scheme in Section 5.

Remark 1. As shown in [8], differentiation with respect to time of the kinematic constraints in
(18) yields the consistency conditions in the continuous setting

Wag = d(/ SAc - <C¢_C)dv):/5ACI<C'¢—C')dV:();
dt 5

\ d 1 . .
T dt 2 5,

: 1 1. 1 . :
Wae = ;;(/ 5AC(§C:G—C) dV):/lgéAc<§C:G+§C:G—C) dav =0.

4.2. Balance laws and integrals in electro-elastodynamics
Starting with the stationary conditions (15) the following sections derive the global conserva-
tion laws that govern the motion of the EAP.

4.2.1. Global form for conservation of linear momentum
For a displacement field d¢p = £, with R3 3 &€ = const., the stationary condition in (15), leads
to the global form of the conservation of linear momentum, namely

L o Fext — 07 L = / DoV dV, Fext — / tO dA + fO d‘/', (20)
Bo 0t Bo Bo

where L represents the total linear momentum and F**, the total external force. From (20) it is
possible to conclude that L is a constant of motion for the case of vanishing external forces F*.

7



4.2.2. Global form for conservation of angular momentum
For a rotational field d¢p = & x ¢, with R® > & = const., the stationary condition in (15),
leads to the global form of the conservation of angular momentum, namely

J — M** = 0; J=[ ¢xpvdV; M= P xtydA+ [ ¢ x fodV, (21)
Bo 0t Bo Bo

where J represents the total angular momentum and M®*, the total external torque. From (21),
it is clear that J is a constant of motion for vanishing external torques M.

4.2.3. Global form for Gauss’s law
Taking dp = £, with R 3 { = const., the stationary condition W, in (15). leads to the global

form of the Gauss’ law
/ podV + / wo dA = 0. (22)
Bo 9B

Then, for time independent volumetric and surface electrical charges pf and w§, equation (22)
dictates that the total electric charge of the system is conserved and equal to zero.

4.2.4. Global form for conservation of energy

Let us replace the test functions {6v,d¢,dp, Do} in (15) with {0, ¢, ¢, Dy} € V& x V¢ x
V§ x VPo. This yields

/(U—d))-poﬁdV:O;

Bo

/pob-tﬁdV—l—/Ac:Cd)dV— f0~gde—/ to- pdA =0;

Bo Bo Bo 0t Bo (23)

DO-VogdeJr/

pop AV + / wyp dA = 0;
Bo

Bo aw BO

/ Dy - (aDO’W + Vong) dV = 0.
Bo
Let us now replace {6C,6G,6CY} in (17) with {C, G,C} € V€ x VE x VC, namely
. . 1
/ C . <8CW—AC—|—AGxC—|—§AcG> dV = 0;
Bo
. —~ 1
/ G: (8(;W —Ag + gACC) dv = 0; (24)
Bo
/ ¢ (9cW = Ac) v =o.
Bo
Similarly, let us replace {6A¢, dAg, 5Ac} in (19) with {Ac, Ag, Ac} € VE X VE x VY namely
/ Ac: (Cy-C)av =0
Bo
/ AG;(CxC—G) dV = 0; (25)
Bo

/ AC<1C:G+EC:G—C) dV = 0.
5o 3 3



Addition of equations (23), (24) and subtraction of (25) leads, in the case of time independent
forces f, and t, and charges pf and wf to

m/ (9617 : € + 06W + G+ 2WC + 0, W - Do) v

B

" (26)

+ [ (Do Vup+ Do Vo) dV ~ T2 () - Ty () =0
Bo

where K = fBo %pofv -vdV in (26) represents the total kinetic energy of the system. Finally,
equation (26) can be re-written as

. ~ d . .
K+ | W(C,G,C,Dy) dV +/ 7 (Do - Vop) dV =115 (@) — g, () = 0. (27)
Bo BO

It is therefore clear that in the case of time independent forces and electric charges, the
following condition holds

Hyr = 0; Hy = K+ : W (C,G,C,Dy) dV + : Dy - VopdV —TI", (¢p) =TI, (¢), (28)

and obviously the scalar field H; is preserved throughout the motion of the EAP. Note that Hy;
can be regarded as the total Hamiltonian, defined through the following Legendre transformation

HW(pvd)aQOaDO)Zsup{/l; p"vdv_ifvﬁ(va¢7(paD0)}a (29)

v

where p = ppv denotes the linear momentum per unit undeformed volume B.

5. Energy-Momentum integration scheme for electro-elastodynamics

The objective of this section is to propose an EM preserving time discretisation scheme for
the set of weak forms given in (15), (17) and (18).

5.1. Design of the EM scheme

Let us consider a sequence of time steps {t1, 2, ..., tn, tn11}, where t,,1 denotes the endpoint
of the current time step. From the stationary conditions in (15), the following implicit one-step
time integrator is proposed

Ap
(W'U)algo = /Bo (vn+1/2 - E) : po(S’U dV = 0;

Av
Wo )atgo = /BO poyxy 0PdV + /BO Ac : (DCy[60)),, AV — /BO fo,.\p - 00dV

- / to,.., O dA =0 (30)
B0
W) aigo = /Bo Dy, .., VobpdV +/ 00,401,090 AV +/a . WG,y 500 dA = 0

Bo

(WDo)algo = /B 5D0 . (DDOW + VoQOn.H/Q) dVv = 0.
0

Note that (We)ia00 (Wé)aigor We)aige ad (Wpy )y, in (30) represent the algorithmic or
time discrete versions of the stationary conditions in (15) and (e),,,,, = 2 ((9),1 + (e),) and

A(e) = (o), — (e),. Furthermore the Lagrange multipliers A(,) are constant throughout the

9



timestep, such that Ay := A, .., In equation (30),, where the algorithmic or time discrete
directional derivative (DC[0¢])**° is defined as

(DCy[5¢]),00 = ((V05¢)T Fy..,+Fh V05¢>) . (31)

n+1/2

In addition, following [8], the algorithmic counterparts of the stationary conditions We, We
and We in (17) are

w 1
(WC)algo = / oC : (DCW - AC + AG X Cn+1/2 + gACGn+1/2) dV = 0;
Bo
=5 1
VG )argo = / 0G : <DGW —Ag + gAchl/z) dV =0; (32)
Bo
W) ago = / 5C (DC’W - AC> dV = 0.
Bo

Finally, following [8], the algorithmic counterpart of the stationary conditions W, Wa, and
Wh. (18) are

<WAC)alg0 - /B 0Ac (C¢n+1 - Cn+1) dV = 0;

1
(Wag)aigo = /B 0Ag : <§Cn+1 XChy1 — Gn+1) dVv = 0; (33)

1
(WAC)algo = / 5AC <§Cn+1 : Gn+1 - Cn+1) dV == 0
Bo

In (30) and (32), {DCW Dgw DcW, DDOW} represent the discrete derivatives (see next
sectlon) of the internal energy W with respect to {C,G,C, Dy}, respectively. In n particular
{DCW DgW DCW DDOW} are the algorithmic or time discrete counterparts of {8CW 8(;W 8CW 8D0
respectively.

5.1.1. Discretive derivatives of the internal energy

In this work, we make use of the same definition of the discrete derivative expressions DCW,
DeW, DcW and Dp,W of the internal energy proposed in [34]. These discrete derivatives were
derived for the EM time integrator proposed in [34], which stemmed from the four field action
integral Ly in (11) However, as it will be shown in Section 5.2, the expressions for the discrete
derivatives DCW DgW DCW and DDOW in [34] comply also with the required conservation
properties of the new time integrator in equations (30), (32) and (33).

For completeness, the expressions for the discrete derivatives have been included in Appendix A.
It was proven in [34] that the proposed expressions for the discrete derivatives satisfy the following
two crucial properties for the design of EM time integrators, namely:

- They fulfil the so called directionality property [18, 20],
DcW : AC + DeW : AG + DeWAC + Dp,W - ADy = AW. (34)

This property is critical for the algorithm in (30) to preserve energy under zero or time
invariant external forces and electric charges.

- They are well defined in the limit as ||[AC|| — 0, ||AG|| — 0, ||AC|| — 0 and ||ADy|| — 0.
Furthermore, the proposed EM time integrator is second order accurate, such that

DyW = DWW (17n+1/2) +0(A2);  V={C,G.C Dy} (35)

10



Remark 2. Although not pursued in this work (from the computational standpoint), it is possible
to derive a Helmholtz-based EM time integrator very similar to the internal energy-based EM time
integrator proposed in (30), (32) and (33). For the Helmholtz-based time integrator, depending

upon the Helmholtz’s energy functional W in (10), similar to equation (30) one may introduce

A¢
<W”>algo = /Bo (Un+1/2 - Tt) - poov dV = 0;

Av
(W¢>algo - /Bo Po At 5¢ dv + /BO AC : (DC¢>[5¢])algo av — /B’o f0n+1/2 5¢dv
—/ t0n+1/2'(5¢d14:0;
Ot Bo

(W‘p)algo - DEOW@ . VO&)O v _'_/ pg +1/2590 av +/ wg +1/2590 dA = 0.
Bo BO " awBO "

(36)

with (DC[6¢])™® defined as in (31) and with DEO/—WVQS representing the discretive derivative of

Wg with respect to Ey. The algorithmic stationary conditions {(We),1.0 » V) a0 » V) atgo t
for the Helmholtz-based time integrator are

T 1
(Ve )aigo = / °c (DCW@ ~ActAeXChpipp + gAcGnH/z) v = 0;
Bo
= 1
VG )atgo = / 0G : (DGW@ —Ag+ 5A00n+1/2) dV = 0; (37)
Bo
(Wc)algo = / oC (DCW@ — Ao) dV =0,
Bo

where {Dchs, DGW(p, DCqu} represent the discrete derivatives of W with respect to {C, G, C'}.
Finally, the algorithmic stationary conditions {(Wae)aigo s Wag)atgo + (Wac)aigo are identical to
those for the internal energy-based time integrator in (33), namely

(WAC)algo - / 0Ac : (C¢n+1 - Cn+1) dv = 0;
Bo
1
<WAG)algo - / 0Ag : <§Cn+1 XCpi1 — Gn+1) dVv = 0; (38)
Bo

1
Bo

It can be proven that identical expressions for the discrete derivatives {DCWQ, Dgw@, DCWQ, Dg, W@}

as those for {DcW, DWW, DcW, DDOW} in (30) (refer to Appendix A) guarantee the direction-
ality property of the Helmholtz-based EM time in (36)-(38) and hence, its required conservation
properties.

5.2. Discrete form of the balance laws and integrals in electro-dynamics

We next show that the proposed scheme is capable to satisfy important balance laws in analogy
to the continous formulation treated in Section 4.2.

11



5.2.1. Discrete form of the global form for conservation of linear momentum

Following a similar procedure to that in Section 4.2.1, taking d¢ = &, with R® > & = const.
in W, in (30), yields

AL ex ex
At N F"Jﬁl/2 =0; F"Jﬁlﬂ - / t0”+1/2 dA +/ f0n+1/2 v, (39)
8,:80 BO

From equation (39) and for vanishing external forces Fo, /2, 1t can be seen that the total
linear momentum L remains constant.

5.2.2. Discrete form of the global form for conservation of angular momentum
Taking 0¢ = & X ¢,,,1 9, With R? 5 & = const. in Wy in (30), yields

AJ ex ex
At - Mn—ﬁl/Q =Y Mn-ﬁl/Q = / ¢n+1/2 X t0n+1/2 dA +/ ¢n+1/2 x f0n+1/2 dv. (4())
8t50 BO

From equation (40) and for vanishing external torques MY, /2, 1t can be seen that the total
angular momentum J remains constant.

5.2.8. Discrete form of the global form for the Gauss law
Taking dp = £, with R 3 £ = const., the weak form W, in (30) leads to

/Bo P0,,41/2 av + /8wBo “o,11/2 dA = 0. (41)

For time independent volumetric and surface electrical charges p§ and w§, (41) shows that the
total electrical charge is zero.

5.2.4. Discrete form of the global form for conservation of energy

In this section, a similar analysis to that in Section 4.2.4 will be presented for the semi-discrete
weak forms in (30), (32) and (33). For this purpose, we replace the test functions {0v, ¢, dp, 6 Dg}
in (30) with {Av, A¢, Ap, ADy} € V& x V& x V¢ x VPo_ This yields

A(;’))
v, — — | - ppAv dV = 0;
/Bo ( +1/2 7 Ay 0

Av
/ pOEA¢dV+/ Ac: (DC¢[A¢])a1go dV — foA¢dV—/ tO'A¢dA:0;
Bo Bo Bo 9480

D0n+1/2 ’ VOASO v+ / p8n+1/2A(’0 v+ / w8n+1/2A90 dA = 0;
Bo Bo 9 Bo

/ AD, - (DDOW + V0<Pn+1/z> dv = 0.
B
° (42)
Furthermore, replace {§C,dG,6C} in (32) with {AC, AG,AC} € V€ x V¢ x V¢ namely
—~ 1
/ AC : <DOW —Ac+AgX Cn+1/2 + gAC’Gn-H/Q) dV = 0;
Bo
—~ 1
/ AG : (DGW —Ag + gACanrl/Q) dV = 0; (43)
Bo

/BO AC (DCW—AC) AV = 0.

12



Let us now replace {0A¢,0Aq, 5Ac} in (32) with {Ac, Ag, Ac} € V€ x V& x VO Noticing
that equation (32) is satisfied both at times t,.,1 and ¢, the following expression can be obtained

/ Ac:A(Cy—C) dV =0;
Bo
1
/AG:A(§CXC—G) dV = 0; (44)
Bo

1
/ ACA<—C:G—C) dV = 0.
Bo 3

Equations (44), and (44). can be conveniently written as

1
/AGZA<§CXC—G) dV:/ Ag: (ACXCpy1s — AG) dV = 0;
Bo BO

(45)
1 1 1
/ AcA (—C G — C) dV = / AC (—AC : Gn+1/2 + —Cn+1/2 : AG — AC) dV = 0.
Bo 3 Bo 3 3
where use of the two following two identities has been made
1
1 1 1 (46)
A (gc . G) = gAC . Gn+1/2 + §C’n+1/2 . AG
Addition of equation (42), (43) and substraction of (44), and (45), yields
AK + / (DC’W . AC + DgW : AG + DeWAC + Dp, W - ADO) dv
o (47)

4 / A(Dy- Vo) dV — AT, () — AITEy, () = 0.
Bo

in the case of time independent forces f, to and charges p, w§.

Comparison of (47) and the definition of the total Hamiltonian #Hg; in (28) enables to conclude
that conservation of energy for the implicit one-step time integrator in equation (30) requires the
directionality property in equation (34) to be satisfied. Four points have been crucial to arrive
at this conclusion: i) the consideration of the algorithmic derivative (DCy[d]),,, n (31); (ii)
the consideration of Dy, , (30). and of V@, 4172 in (30)4; (iii) the consideration of C'y1 /2 and
Gi1/2 in (32), and (32); (iv) the particular choice of kinematic constraints in (33) and their
evaluation at time n + 1. These four points led to the important implication that conservation of
energy is guaranteed if the discrete derivatives DeW, DgW, DcW and Dp,W comply with the
directionality property in (34).

6. Finite Element implementation

As standard in finite elements, the domain By described in Section 2.1 and representing the
EAP is sub-divided into a finite set of non-overlapping elements e € E such that

B(] =~ Bg = U BS (48)
ecE
The unknown fields {v, @, ¢, Dy, D, Ap} in the semi-discrete weak forms {W,,, Wy, W,,, Wp, }
n (30), Wp in (32) and W,,, in (33) are discretised employing the following functional spaces

13



Vo' x Vo' x V" x VD5 x YP" x V2" with V2" = {VC" VE" V"} defined as

[
Mhode

g = O NEG. | .= ¢" on 950}
a=1

@
node

B¢ = Z NfQOG | Pa = @h on QoBg}v

a=1

v ={peVt o

V= {p eV o

(49)

Do
Mhode

Bg = Z NaDODOa};

a=1

D
Mhode

> NPD.},

a=1

VP8 = {D, € VP°. D!

VP ={D e VP D},

0

where for any field Y € {¢, ¢, Dy, D, Ap}, nnyode denotes the number of nodes per element of

the discretisation associated with the field Y and NY : B — R, the a'* shape function used for

the interpolation of Y. In addition, Y, represents the value of the field ) at the a'* node of a

given finite element. Similarly, following a Bubnov-Galerkin approach, the functional spaces for

the virtual variations {dv,d¢, dp, 0Dy, 6V, 0Ap} € V(?h X Vg)h X Vgh x VP65 x YP" x YP" are
defined as

V"’h:{queV‘bh‘ é =0 on 0,8 }

0 ) d~0 (>

. , (50)

\%9 :{Vwe\”’ ; @zOonQaBo}.

Even though the relation between the time derivative of ¢ and the velocity field v is considered
in a weak manner (refer to the weak form W, in (30),), the consideration of equal functional
spaces for both fields, namely ¢ € V¢" and v € V¢" enables to conclude that equation (30),
holds strongly at the discrete level, namely®

Ad
Tt = Un+1/2- (51)

Consideration of the functional spaces for {v, ¢, ¢, Do, D, Ap} and {6v,0¢, 0, Dy, 6D, Ap}
in (49) and (50) enables the weak forms Wy, W,, and Wp, in (30), Wp in (32) and Wa,, in (33)
to be written in terms of their associated elemental residual contributions, namely

N N N

Wo=) 06, RS W, =3 6p.RE,; Wp, = 6Dy, - RP;
e=1 e=1 e=1
N N N

We =Y dC,: RS, We =Y 0G,:RS; We =Y 6C,RS.: (52)
e=1 e=1 e=1
N N N

Wao =D 0Acs: RIS Wag =D 0Ac,: RIS Wi, =Y 0Ac,R)S.

e=1 e=1 e=1

6Notice that in the discrete setting, (30), transforms into a mass matrix multiplied by the discrete vector
version of AA—‘f — V112 equaling zero. For this to hold, given the positive definite nature of the mass matrix, the

discrete vector version of % — Vp41/2 must be zero. Thus, equation (51) holds at the nodes of the discretisation
and thus, at the quadrature points.
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where N denotes the number of elements for the underlying discretisation. Each of the residual
contributions {R?,, R¥ RD} in (52) can be expressed as”

a,e’ *a,e’
¢ _
Ra,e _/
B,

Ag¢ v
N?(2— —2-")d
8'00 “(At? At) V+/B

Ri = [ Do voNzav+ [ Nevg
0

Bg
Dy _
Ra,e _/
B,

where use of equation (51) has been made of in the inertial term of the residual Rie in (53),.
The residual contributions {RS,, RS Rﬁe} in (52) can be expressed as

a,e’ " “a,er

(F%H/QAC) VN AV + / NE o, dV;
; 5;

e AV (53)
NPo (DDOW + V030n+1/2> v,

e
0

o 1

Rac,e = / Nf <DOW —Ac+Ag X Cn+1/2 + gACGn+1/2) d‘/7

Bo
G G 7 74 1

Ra,e = / Na <DGW - AG -+ gACCn+1/2) dV, (54)
Bo

RC, = / N¢ (DWW = Ac) av.
Bo

Finally, the residual contributions { R*¢, RA¢ RAcY in (52) can be expressed as

a,e ) " ta,e e

R2¢ = / NE (Cy, ., — Cni1) dV;
Bo

1
RaA,f = / NE (§Cn+1 XChp1— Gn+1) av’; (55)
Bo

1
Ré\’g :/ Nac (gC,H_l . Gn+1 — Cn+1) dV.
Bo

A consistent linearisation of the nonlinear residual contributions (53), (54) and (55) has been
used in this work. Finally, in order to reduce the computational cost of the proposed formulation,
a piecewise discontinuous interpolation of the fields {Dy, C, G, C, Ac, Ag, Ac} is followed. A
standard static condensation procedure [9, 36] is used to condense out the degrees of freedom of
the fields {D,,C, G, C, Ac, Ag, Ac}. Note that appropriate choices of functional spaces for the
different unknown fields are restricted by appropriate stability (or inf-sup) conditions (see [8]).

7. Numerical examples

In order to examine the proposed mixed formulation in the field of electro-elastodynamics,
a series of numerical examples are investigated. In particular, four quasi-static examples (see
Sec. 7.1-7.3) are presented in order to demonstrate the spatial convergence of the formulation
for two different finite elements. Subsequently, four dynamic examples (see Sec. 7.4-7.7) are
presented in order to investigate the performance of the proposed EM time integration scheme
when compared to the classical midpoint rule. In all the examples the internal energy is split into
a purely mechanical and a coupled electromechanical part:

W (C,G,C,Dy) =W, (C,G,C)+ Wen (C,C, D). (56)

"For simplicity, the external contributions on the boundary of the continuum and associated with to and w§
have not been included in (53).
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Herein we focus on ideal dielectric elastomers modelled by

Wem (Ca Ca DO) = DO : CD07 (57)

2e,60C1/2

where gy represents the permittivity of vacuum ey = 8.8541 x 1072NC~2m~2 and ¢, is the
relative permittivity (see [17] for more informations). An isotropic behaviour is considered for

the mechanical component W,, in the examples in Sec. 7.1-7.5 and 7.7. Specificially, a Mooney-
Rivlin strain energy functional is used, defined as

N A
WA (C,G,C) = B0 = 8) + (G = 3) = (m +2) OV +- 2 (C"? = 1)°, (58)

where p1, g2 and A\ are material parameters with units of stress related to the Lamé parameters
{10, Ao} in the origin as pg = py + p2 and \g = A + 2us. For the examples in Sec. 7.3 and 7.6,
anisotropic effects are taken into account. In particular, a transversely isotropic mechanical model
is employed for which the mechanical contribution of the internal energy is additively decomposed
into isotropic and anisotropic parts as

W, (C,G,C) =W (C,G,C)+ W (C,G,C). (59)

The isotropic contribution Wﬁso (C,G,C) is given in (58), whereas the anisotropic contribution
is chosen as in [45] as

117 aniso H3 +1 M3 +1 U3
W (O @, C) = (O M)t 4 @ Myyett 4 B2 o (60
(0.6,0)= L (e Mg+ (@ o, (o)

where
M = Ny ® Ny, (61)

and NN denotes the fibre direction in the reference configuration. In addition, us > 0, g > 0,

gc > 0 and go > 1 are suitable anisotropic material parameters (see [45] for more details).

€é3 €3 tes tes

€- €9 €9 €9

(a) € € (b) €1 e

Figure 2: (a) Ten node quadratic/four node linear tetrahedron (tet 10/4) elements; (b) Twenty node serendip-
ity /eight node tri-linear hexahedron (hexr 20/8) elements. Quadratic continuous interpolation spaces P2¢/Q2¢
and linear discontinuuous interpolation spaces P1P/Q1P are employed such that {¢, ®} € P2¢/Q2¢ (elements
with red nodes) and {Dg, D, A} € P17 /Q1P (elements with green nodes).

For all examples, either ten node quadratic/four node linear tetrahedron elements, in the
following referred to as tet 10/4, or twenty node serendipity/eight node tri-linear hexahedron
elements, in the following referred to as hex 20/8, are employed (see Fig. 2 for more details). A
standard static condensation procedure has been carried out in all examples in order to condense
out the discontinuous fields {Dy, D, A}.
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7.1. Patch test

The objective of this example is:

O1.I To test the consistency of the proposed element formulation by means of the well-known
three-dimensional patch test (see [29]), verifying that the element formulation is able to
recover homogeneous states of stress and electrical potential.

An initial domain €y in the form of a cube is considered with dimensions (0, 1)[m] x (0, 1)[m] x
(0,1)[m] (see Fig. 3). The cube is restricted to move such that only an expansion into the e;-
es-plane is permitted. Accordingly, Dirichlet boundary conditions are employed on the faces at
x; = 0 where 7 = 1,2, 3 and are fixed in the respective e;-directions. Further Dirichlet boundary
conditions are applied on the top face as depicted in Fig. 3 (left), i.e. the upper boundary (face
at x3 = 1) is displaced in the negative es-direction reducing the initial height by a factor of
two. Neither electrical Dirichlet nor Neumann boundary conditions are imposed. The material
and simulation parameters are provided by Tab. 1. A regular mesh comprised of 64 hex 20/8
elements and 1700 displacement and electrical potential unknowns and an initially distorted mesh
comprised of 7 hezx 20/8 elements and 192 (condensed) unknowns (see Fig. 3) are employed. The
final von Mises stress distribution® and the electrical potential distribution are shown in Fig. 4
for the regular mesh and for the initially distorted mesh, respectively. As can be observed, for
both meshes homogeneous states of stress and electrical potential are reproduced.

Mechanical parameters 1/2 x 10° Pa Geometry of the body
Lo 1 x 10° Pa
A 1 x 106 Pa

Electrical parameters ¢, 8.854 x 1072 A%s*kg ™ 'm™3

€ 4 — 1 [m]
Ref. potential Yo 0 \Y%
Newton tolerance € 1-10°6 -

Table 1: Patch test: Material and simulation parameters.

®

[N}

AR 4 \\X\
\V(\\VKV
\VARVANVANY,
)ﬁ—\V’\A\\I

\V

Figure 3: Patch test: Boundary conditions (left), initial regular mesh (middle) and initial distorted mesh (right).

8The von Mises stress is computed by g,ar = \/07, + 035 + 025 — 011 092 — 011 033 — 092033 + 3 (035 + 075 + 033),
where 05, ©,7 = 1,2, 3 denotes the components of the Cauchy stress tensor.
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Figure 4: Patch test: Von Mises stress distribution (left) and electrical potential distribution (right) for patch
tests with regular and initially distorted meshes.

7.2. Static convergence analysis

Mechanical parameters i 1/2 Pa Geometry of the body
[ho 1 Pa
A 1 Pa
Electrical parameters ¢, 8.854 x 1072 AZs*kg 'm™
‘. 4 ~ 1 [m]
Ref. potential Yo 0 \Y%
Newton tolerance € 1-1077 - .

Table 2: Static convergence analysis: Material and simulation parameters.

Al

Figure 5: Static convergence analysis: For all outer faces (patterned surfaces) Dirichlet boundary conditions are
imposed for ¢*°* and ™2 given in (62) (left). Typical tet 10/4 (Centred) and hex 20/8 (right) meshes are
shown.

The objectives of this example are:

0O2.1 To demonstrate the p-order of accuracy of the mixed formulation when using elements tet
10/4 and hex 20/8 (see [42] for more details).

A cube Qg (0,1)[m] x (0,1)[m] x (0,1)[m] is considered (see Fig. 5) where geometry, boundary
conditions and material parameters are provided in Tab. 2 and Fig. 5. The analysis of an ad
hoc manufactured problem is carried out following a similar procedure as that described in [42].
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exact

The following exact fields associated with the deformed configuration ¢ and the electrical

potential ™" are chosen,
@7 = X + 1 sin(X) ey + 79 cos(Y) ea + 73 (sin(Z) + cos(Z)) e3; o™ = g sin(X), (62)
where v; = %e-l, i=1,2,3 and ¢y = led (cf. [42]). Tt is now possible to derive:
e the deformation gradient

F(™") = (147, cos(X)) e1QE 1 +(1—, sin(Y)) ea®@Ey+ (1473 (cos(Z)—sin(Z2))) es@ Es,
e the Cauchy-Green tensor, its cofactor and its determinant

1 1
Cexact — FT( ¢exact) F ( ¢)exact); Gexact — 5 Cexact X Cexact; Cexact — g Gexact . Cexact’

e the electric displacement field is computed via (6); and (15)4

exac exac exac T1/exac 1 exac exac
EO b= —V(]QO t— —®o COS(X) El, EO t— aDOW t— WC’ tDO t

P Dgxact — ErEo(CexaCt)l/Q(CexaCt)_lngaCt = —£,€0%0 COS(X)(CexaCt)1/2(CexaCt)_1E1,

e the work-conjugates computed from (17)

ACexact — aCWexact (C, G, C, DO) :
— 1
AGexact — aGwexact (C, G, C, DO) + g Acexact Cexact;

—~ 1
Acexact — aCWexact (C, G, C, DO) + AGexact X Cexact + g ACexact Gexact’

where

1 H1 + 2'“ 2 1 exact\—3/2 exact exact exact .,
(Cexact)l/Z) - 9 (lexact o de, e (C ) / DO ) (C DO )a

T17ex M1 1 exact exact
Dot = KL Dg™ @ DY,
c 2 + 2€, € (Cexact)l/Q ( 0 ® 0 )’

aG/—W/exact — % I,

aCWexact =\ (1 _

e the second Piola-Kirchhoff stress tensor computed as

exact __ exact
gexact 9 A exact,

e volume load and charge densities

Bexact - _ DiV<Fexact Sexact); pgxact — DiV(DgxaCt).

Exact solutions provided by (62) are compared against the numerical solutions obtained by im-
posing the analytically computed volume load and charge density. The exact solution in (62) is
imposed as a Dirichlet boundary at all six surfaces of the cube (see Fig. 5). The h-convergence
rate for the different variables is studied where the L? norm of the error is employed, i.e.

”eo”L2 _ ”(’) — (.)exact”LQ’ (63)

[(@)exact]] 2
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where () denotes the numerically computed variable and (") its analytical counterpart. Fig. 7
shows the convergence results for the displacement and electrical potential. A typical numerical
solution with von Mises stress and electrical potential distribution is depicted in Fig. 6 for the tet
10/4 and the hex 20/8 elements.

0 2,000 4,000 6,000 8,000

HE

Figure 6: Static convergence analysis: Von Mises stress (left) and electrical potential distribution (right) for tet
10/4 and hex 20/8 meshes, respectively.

As expected p + 1 convergence is observed in all variables for the tetrahedral elements, since
the convergence is optimal for this element (see Fig. 7). For the primary fields ¢ and ¢ the
convergence observed for the hex 20/8 elements is even slightly better.

5
o
—13
—6 | —6
—— 14
-7 | | | | J _ | | | | J
-08 —-07v —-06 -05 —-04 -0.3 -08 -07 —-06 -05 —-04 -0.3
LOgm(h) LOglo(h)

Figure 7: Spatial convergence analysis for tet 10/4 (left) and hex 20/8 (right) meshes.
7.3. Static Cook’s membrane test
The objectives of the following two examples are:

03.1 To show the convergence behaviour for a nearly incompressible material model in different
loading scenarios (cf. [8]).

0O3.11 To compare the numerical robustness of the 9-field formulation proposed against the 3-field
formulation presented in [34] which is based on the three fields {¢, ¢, Dy}.
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The well-known Cook’s membrane problem is considered in what follows under two different
settings. First, an isotropic model with mechanical loading is presented followed by a mechanical
anisotropic model with electrical loading.

7.3.1. Cooks membrane test 1: Isotropic model with mechanical loading

The geometry of the Cook’s membrane, material and simulation parameters are provided in
Tab. 3. The material parameters {1, io, A} for the Mooney-Rivlin model in equation (58) can
be related to the Young’s modulus E and the Poisson’s ratio v in the origin as

181 +6X  dp 42X

E=3y M2 ,_*mTer
M on VT Tam 1 an

(64)
where for convenience pp = 2 1. In this specific example F = 8.9888 x 10° Pa and v = (0.4981.
The membrane is fixed in space at face 1 = 0 (see Fig. 8). A pressure load p e with magnitude
p = 20.000Pa is applied at face x; = 48 (see Fig. 8). Homogeneous electrical Neumann boundary
conditions are considered for all the boundaries. For this example, a series of progressively refined
tet 10/4 meshes is considered (see Fig. 9). A representation of the deformed configuration is shown
in Fig. 8. For the convergence study the displacement of node X = (48,60, 0) into es-direction is
investigated with respect to the number of degrees of freedom (DOFSs). The results are depicted
in Fig. 9, where the proposed 9-field formulation is compared against the 3-field formulation
presented in [34]. As can be observed, the 9-field formulation performs better than the 3-field
formulation especially in coarse mesh scenarios. In addition, fewer Newton iterations are required
by the 9-field formulation, allowing the use of larger loading steps. Overall, the 9-field formulation
exhibits superior numerical performance when compared to the 3-field formulation.

Mechanical parameters 1 x10° Pa Geometry of the body
Mo 2 X 105 Pa [ 1 16
A 4 x 107 Pa

Electrical parameters € 8.854x 10712 A?s*kg'm? [m]
e 4 N/V? 4

Ref. potential Yo 0 \Y%

Newton tolerance € 1074 J 18

Table 3: Cook’s membrane test 1: Material parameters, simulation parameters and geometry.
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Figure 8: Cook’s membrane test 1: Geometry and boundary conditions (left) and typical mesh in current config-

uration (right).
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Figure 9: Cook’s membrane test 1 using the proposed 9-field formulation and the 3-field formulation in [34]:
Convergence plot for a selection of coarse meshes (left), a complete set of progressively refined meshes (centre)

and typical Newton iteration convergence (right).

7.8.2. Cook’s membrane test 2: Transversally isotropic model with electrical loading

In this example we consider the transversely isotropic energy functional in equation (59). Now
electrical loading is applied. The geometry of the Cook’s membrane, material and simulation
parameters are displayed in Tab. 4. A fibre reinforcement with direction Ny = [1 0 0]T is
employed. The boundary conditions and a typical mesh in the current configuration are shown

in Fig. 10. The electrical Dirichlet boundary conditions are given by

DX, =0,X5,X3)=0V; DX, =2,X5,X3)=7x10"V. (65)
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By employing the above potentials the membrane starts to bend into the positive es-direction but
its performance is also influenced by the fibre direction. For this example a series of progressively
refined tet 10/4 meshes are considered (see Fig. 11). For the spatial convergence study the
displacement of node X = (48,60, 2) into e;-direction is investigated with respect to the number
of DOFs. The results are depicted in Fig. 11. Overall, the 9-field formulation exhibits superior
numerical performance when compared to the 3-field formulation.

Mechanical parameters i 5 x 104 Pa Geometry of the body
Lo 1 x 10° Pa
A 4 x 107 Pa
Anisotropic parameters  go 3 x 103 Pa
gc 4 / 16
9G 8
gc L 44 [m]
Electrical parameters € 8.854x 10712 A?s*kg'm?
€ 4 N/V?
Ref. potential ©o 0 \% 18
Newton tolerance € 1074 -

Table 4: Cook’s membrane test 2: Material parameters, simulation parameters and geometry.
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Figure 10: Cook’s membrane test 2: Geometry and boundary conditions (left) and typical mesh in current
configuration (right).
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Figure 11: Cook’s membrane test 2 using the proposed 9-field formulation and the 3-field formulation in [34]:
Convergence plot for a selection of coarse meshes (left), a complete set of progressively refined meshes (centre)
and typical Newton iteration convergence (right).

7.4. Dynamic analysis of a shell-like actuator

The objectives of this example are:

O4.1 To assess the conservation properties of the time integration scheme presented in (30), (32)
and (33) for the tet 10/4 finite element. In particular, the conservation properties of the
proposed EM time integration scheme will be analysed.

O4.IT To compare the stability and robustness of the proposed EM time integration scheme against
the midpoint-rule integrator.

Mechanical parameters —j; 5 x 10% Pa Geometry of the actuator
Lo 1 x 10° Pa
A 1x10° Pa ”

Electrical parameters ¢, 8.854 x 1072 A?s*kg 'm™3 ,\gg

€ 4 N/V?

G
Ref. potential ©o 0 vV 0.0333 \

Max. surface charge wo TH5x107%t  Q/m? T
Density 00 1000 kgm™3 €i 1 6
Timestep size At 0.1 s &

Simulation time T 20 S

Newton tolerance € 1076 - [m]

Table 5: Shell-like actuator: Material parameters, simulation parameters and geometry. Length in e3 direction of
the actuator is 2.5m, the four holes are placed at 0.8333m and 1.6666m in ez direction.
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0 ) 10 15 20

Figure 12: Shell-like actuator: Electrical boundary conditions are shown (left) and the mechanical Dirichlet
boundary conditions are as follows: Up(X1,Xo = 0,X3) = 0, Uz(X;7 = 0,X3,X3) = 0and U(X; = 1, X, =
0, X3) = 0. Applied surface electric charge w§ corresponding to (66) is shown (right).

A shell like actuator perforated with four holes is investigated next. The geometry, boundary
conditions, material and simulation parameters are provided in Tab. 5 and Fig. 12 and are chosen
similar to those of the example given in [42, Sect. 4.6.1.]. A constant value for the electric potential
of ¢ =0V is applied on the blue electrode, whereas a surface electric charge wg, with

057

i f <1
Wi = (75 x 101y x ST dor < Ls
1 fort > 1s

[Q/m?]. (66)
is applied on the purple electrode (see Fig. 12). A mesh comprised of 6090 tet 10/ elements
with a total of 50384 displacement and electrical potential unknowns (see Fig. 12) is employed.
Fig. 13 shows typical snapshots of the deformation of the actuator together with the electric
potential distribution, Fig. 14 shows the von Mises stress distribution and Fig. 15 shows the first
component of the electrical displacement Dy. Fig. 16 shows that the midpoint-rule time integrator
exhibits an energy blow-up and becomes unstable approximately in the interval 6.2 < ¢ < 6.4.
In contrast, the newly proposed EM time integrator conserves the total energy after the loading
phase and remains stable for the whole simulation for the same fixed time step size of At = 0.1 s.
Accordingly, the proposed scheme is more robust and stable than the midpoint-rule.

7.5. Dynamic analysis of H-shaped actuator

The objectives of this example are:
0O5.1 To verify the conservation of angular momentum by the time integrator proposed.

O5.IT To compare the conservation properties and robustness of the proposed time integrator to
those of the midpoint-rule time integrator.
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Figure 14: Shell-like actuator: Snapshots of von Mises stress for different configurations corresponding to (left to
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Figure 16: Shell-like actuator: Energy evolution for the proposed EM scheme. Left: Time evolution of Hy; for
proposed scheme. Right: Time evolution of A#H; in the time interval [1, 10].

Mechanical parameters iy

K2

A
Electrical parameters €0

€
Ref. potential Yo
Max. surface charge Wo
Density Po
Timestep size At
Simulation time T
Newton tolerance €

5 x 104
1 x 10°
5% 10°
8.854 x 10712
4
0
5x 1073
1000
0.05
10
107°

Pa

Pa

Pa

A2 S4 kgfl m—3
N/V?

Q/m?
kgm™3
s

s

Geometry of the H-shaped actuator

— [m] —

1.6

10.2 ¢t =0.08

0.8

Table 6: H-shaped actuator: Material parameters, simulation parameters and geometry.
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Figure 17: H-shaped actuator: Boundary conditions (left) and applied surface electric charge wf§ (right) corre-
sponding to (68).

The geometry, boundary conditions, material and simulation parameters of an H-shaped actu-
ator are depicted in Tab. 6 and Fig. 17. Note that this example is inspired by numerical example
3 in [34]. A mesh comprised of 15013 tet 10/4 elements with a total of 95776 displacement and
electrical potential unknowns (see Fig. 17) is employed. From a mechanically point of view the
actuator is free in space, i.e. no mechanical Dirichlet conditions are imposed. An initial velocity
v is prescribed and given by

vo=wxX;  w=1[0,0005"s" X =I[Xy,XsXs]", (67)

with {X7, X, X3} aligned with the orthonormal basis {ej, e, e3}, respectively (see Figure 17).
A constant value for the electric potential of ¢ = 0V is applied on the blue electrode. A surface
electric charge wf, with

sin (%52 ¢) fort <0.4s
~ 1 for 0.4s <t <3.0s
wi = (1x107?%) x 05 [Q/m?]. (68)
cos(z7:7555 (t—3s)) for 3.0s <t < 3.4s
0 fort > 3.4s

is applied (see Fig. 17) on the purple electrode (see detailed view in Fig. 17). Fig. 18, 19 and 20
show typical snapshots of the H-shaped actuator displaying the electric potential ¢, von Mises
stress o,y and third component of electrical displacement Dy, respectively, where extremely
large deformations can be observed. Results are smooth and do not show any spurious pressure
or electric field. Fig. 21 shows the energy evolution and Fig. 22 the evolution of the norm of
the total angular momentum J of the actuator for the proposed EM time integrator and the
midpoint-rule. In addition, Fig. 21 shows that the midpoint-rule time integrator exhibits an
energy blow-up and becomes unstable approximately in the interval 0.4 s < t < 1.8 s. In contrast,
the newly proposed EM time integrator perfectly conserves the energy after the loading phase.
Also the discrete balance of angular momentum is perfectly preserved. The EM time integrator
remains stable for the entire simulation time for the same fixed time step size of At = 0.05s.
Accordingly, the proposed scheme is more robust and stable than the midpoint-rule.
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Figure 18: H-shaped actuator: Snapshots of electric potential ¢ for different configurations corresponding to (left
to right-top to bottom): (a) t =0s; (b) t =0.4s;(c)t=0.8s;(d) t =1.2s; (e)t=1.6s; (f) t =2s; (g) t =2.45s;
(h)t=28s; (1))t =32s;(j)t=36s; (k) t=4s; (1) t =44s.
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Figure 19: H-shaped actuator: Snapshots of the von Mises stress o, for different configurations corresponding
to (left to right-top to bottom): (a) t =0s; (b) t =0.4s; (¢) t =0.8s; (d) t =1.2s; (e) t =1.65s; (f) t =255 (g)
t=24s;(h)t=28s; (1) t=32s;(j)t=36s;(k)t=4s; (1) t=44s.
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Figure 20: H-shaped actuator: Snapshots of third component of Dy for different configurations corresponding to
(left to right-top to bottom): (a) ¢t = 0s; (b) t =0.4s; (¢) t =0.8s; (d) t =1.25; (e) t = 1.6; (f) t = 25 (g)
t=24s;(h)t=28s; (1) t=32s;(j)t=3.6s; (k)t=4s; (1) t=44s.
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Figure 21: H-shaped actuator: Energy evolution for the proposed EM scheme. Left: Time evolution of Hy;; with
the proposed scheme. Right: Time evolution of A#H; in the time interval [0.4, 3] [3.4, 10].
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Figure 22: H-shaped actuator: Time evolution of the magnitude of the angular momentum ||J|| (left) with
proposed EM scheme and midpoint-rule. Time evolution of A[|J|| (right).
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7.6. Dynamic contractions of an artificial muscle model

The objective of this example is:

06.1I The consideration of more sophisticated constitutive models allowing for the inclusion of
anisotropic effects. A comparison of the stability and robustness between the proposed EM
time integrator and the midpoint-rule integrator will also be carried out in this example.

Mechanical parameters

Anisotropic parameters

Electrical parameters

Ref. potential
Density
Timestep size
Simulation time
Newton tolerance

Ha
M2

dc
gc
gc
€0
67"
%o

Po
At

5 x 10%
1 x 10°
1 x 109
3-103
4
8
1
8.854 x 10712
4

Pa
Pa
Pa
Pa

A2 S4 kg—l m—3
N/V?

kgm™3

Geometry of the body

Figure 23: Artificial muscle model: Boundary conditions (left) and electric potential ¢ (right) corresponding to

(69).

A technical realization of EAPs are artificial muscles which will be modelled in the following.
The geometry of the muscle model is depicted in Fig. 23 and is similar to an example given in [44].
The material parameters are given in Tab. 7. Boundary conditions are depicted in Fig. 23. A mesh
comprised of 5790 tet 10// elements with a total of 35076 displacement and electrical potential
unknowns (see Fig. 24) is employed. The example contains multiple electrodes perpendicular to
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the muscle’s longitudinal axis with alternating signs. These electrodes dictate a particular electric
potential, e.g. via electric voltages for

sin(0.5 7 (¢/t1)) Vitelt)t)
I b Ve [t th)
— GG MV, 69
PLZPTP ) cos(05m (t— 12)/0.25) Vi€ [2,6) MV (89)
0 Vieltdth,,)
where
- 0 Vteltht
¢ = o [MV] (70)
1 Vet 0 ]
and
~ 2 Vteltht
5= b MV, (71)
1Vttt il

Here, t) = (k—1)-1s, t} =) 4+ 0.2s, t7 =t + 0.6s, t} =t} +0.8s and k € Z>o = {1,2, ..., Ny},
where 1,y denotes the maximum number of periods. Potential ¢, is prescribed for electrodes
positioned at X.; € {0, 0.1m, 0.2m, 0.3m}. The temporal evolution of the potential ¢; is
depicted in Fig. 23 (n,x = 5). Potentials ¢y = 0 are applied for electrodes positioned at X, €
{0.05m, 0.15m, 0.25m}. The fibre reinforcement is chosen along the longitudinal axis of the
model in the reference configuration as Ny = [0 0 1]*. Mechanical Dirichlet boundary conditions
are applied as follows

Ul(Xl == 0) == 0,
u2<X2 = 0) = 0,

As can be seen in Fig. 23 the potential oscillates periodically between the prescribed values at
the electrodes. Typical snapshots of the motion together with the electrical potential distribution
are shown in Fig. 24. The von Mises stress and the third component of Dy are shown for some
time steps in Figs. 25 and 26, respectively. The energy evolution is given in Fig. 27. Again the
midpoint rule becomes unstable until it finally fails at 2.8s. In contrast to that the EM scheme
consistently approximates the energy and is stable for the entire simulation time.

7.7. Dynamic wrinkling in a dielectric plate

The objectives of this example are:

O7.1 Comparison of the robustness between the proposed EM time integrator and the midpoint
rule time integrator in scenarios with more sophisticated electrically induced configurations
which can represent a challenge from the robustness standpoint of the algorithm.
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1.5

0.5
0s; (b) t=0.2s;(c)t=04s;(d) t =0.6s; (e) t =0.8s; (f) t = 1.0s; (g)

t=12s;(h)t=14s; (1) t=1.6s; (j)t=18s; (k) t=20s; ()t =22s.

Figure 24: Artificial muscle model: Snapshots of electric potential ¢ for different configurations corresponding to

(left to right-top to bottom): (a) ¢
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Figure 25: Artificial muscle model: Snapshots of von Mises stress o, for different configurations corresponding
to (left to right-top to bottom): (a) ¢t =0s; (b) t =0.2s; (¢) t =0.4s; (d) t=0.6s; (e) t =0.8s; (f) t = 1.0s; (g)
t=12s;(h)t=14s; (1) t=1.6s; (j)t=18s; (k) t=2.0s; (1)t =22s.
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Figure 26: Artificial muscle model: Snapshots of third component of Dy for different configurations corresponding

0s; (b)t=0.2s;(c)t=04s;(d)t=0.6s; (e) t=0.8s; (f) t =1.0s; (g)

t=12s;(h)t=14s; (1) t=1.6s; (j)t=18s; (k) t=20s; ()t =22s.

to (left to right-top to bottom): (a) ¢
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Figure 27: Artificial muscle model: Energy evolution for the proposed EM scheme. Left: Time evolution of Hy;
with the proposed scheme. Right: Time evolution of AHg; in the time interval [0.4, 3] | [3.4, 10].

Mechanical parameters ju; 2 x 10° Pa Geometry of the body
Lo 2 x 10° Pa
A 2.5 x 10° Pa
Electrical parameters e 8.854 %1072 A’s*kg'm?
€r 4 N/V?
Ref. potential Yo 0 \Y% 100 [m]
Density 0o 1 kgm™3 P
Timestep size At 0.1 s
Simulation time T 3 s R
Newton tolerance € 1074 - 100

Table 8: Dielectric plate: Material parameters, simulation parameters and geometry.
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2 [V]

Figure 28: Dielectric plate: Mechanical boundary conditions (left) where u(X; = 0,X3, X5 = 0) = u(X; =
100, X2, X5 = 0) = u(X1, X2 = 0, X5 = 0) = u(X;1, X2 = 100, X5 = 0) = 0 and applied electric potentials ¢; and
2 (right) corresponding to (72).

The geometry, boundary conditions, material and simulation parameters of the dielectric plate
are depicted in Tab. 8 and Fig. 28. Note that this example is inspired by the numerical example
in [42, Sect. 4.6.4.]. A mesh comprised of 200 tet 10/4 elements with a total of 5060 displacement
and electrical potential unknowns (see Fig. 30) is employed. A constant value for the electric
potential ¢y is applied, whereas a time-varying value for s is applied according to (see Fig. 28)

sin(%27¢) for ¢t <1s

1 fort > 1s

o1 =0 [V 2= (5x107) x { V. (72)

Typical snapshots of the motion together with the electrical potential distribution are provided
in Fig. 30. The von Mises stress and the third component of Dg are shown for some time steps
in Figs. 31 and 32, respectively. Fig. 29 shows that the midpoint-rule time integrator exhibits an
energy blow-up and becomes unstable approximately in the interval 1.1 < ¢t < 1.3. In contrast,
the newly proposed EM time integrator conserves the total energy after the loading phase and
remains stable for the whole simulation for the same fixed time step size of At = 0.1s.

8. Conclusions

This paper introduces a family of new mixed variational principles for EM time integrators
in electro-elastodynamics. Building upon previous work in References [34] and [8], the following
ingredients are shown to be key for the successful design of these EM schemes: (i) appropriate def-
inition of the discrete derivatives of the strain energy, which coincide with those presented in [34];
(ii) use of the cascade system of kinematic constraints presented in [8] for the right Cauchy-Green
deformation tensor, its co-factor and its Jacobian; (iii) consideration of piecewise interpolation of
all the unknown fields except displacements and electric potential, making possible to carry out
a standard static condensation procedure of the discontinuous fields; (iv) consideration of convex
multi-variable constitutive models, hence guaranteeing material stability (or ellipticity) for the
entire range of deformations and electric displacement fields.
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Figure 29: Dielectric plate: Energy evolution for the proposed EM scheme. Left: Time evolution of Hg; for
proposed scheme. Right: Time evolution of AHy; in the time interval [1, 3].
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Figure 30: Dielectric plate: Snapshots of electric potential ¢ for different configurations corresponding to (left to
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Figure 31: Dielectric plate: Snapshots of von Mises stress o, for different configurations corresponding to (left
to right-top to bottom): (a) ¢ = 0.1s; (b) t = 0.3s; (¢) t =0.5s; (d) t =0.7s; (e) t =0.9s; (f) t = 1.1s; (g)
t=13s; (h)t=15s (1) t=17s; (j)t=19s; (k) t =21s; (1) t =23s; (m) t =2.5s; (n) t =2.7s; (0)
t=29s.
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Appendix A. Discrete derivatives of the internal energy

Appendiz A.1. Definition of the discrete derivatives

The expressions for discrete derivatives Dcw, DGW, DGW, DGW in (32) and DDOW in
(30)4 will be presented in this section. Although these expressions have been proposed in [34],
we present them in this appendix for completeness. Let us introduce the following notation,
Vi, Ve, Vs, Vut = {C,G,C, Dy}. This will facilitate the definition of the discrete derivatives

Dy W = DcW, Dy W = DGWandD W D(;WandD W DDOW

—~ 1 — —
Dg,W:§(D~ W+ Dy, W); ieY ={1,23,4};
i 1n+1 n n,n+1
Dy, W=Dy W (VW) VieY:ij<i VkeY:ik>i (A1)
ntlin ‘ VJ' +17vkn ’
Dy W= W(VM,VM) o ViEY:j<i VkeEY :k>i,
in,n+1 VM Yk 1
where the discrete operators Df,,va _ are defined as
’ Vins1:Ven & Vi Vi
D"',/-Wv - - - a~/—Wv (ﬁn ) ~ ~
Vi an+1 Vin, Vi e Jn41 Vien
/—W/ (ﬁnJrl) ~ U /—W/ (l,}n) - - szva (]7”4_1/2) _ _ . Ai}Z
in+1Ven an+1,73)kn ina1Ven A]}‘
AV
Dywl| . =oW (ﬁnﬂﬂ) o
LR IVVA i1 : Vin Ve
W (lf}n—i—l) ~ ~ - W (]7”> -~ - 69W (]7”4_1/2) _ . Aﬁl
+ Vin 7vkn+l Vin ’an+1 ’ an 7an+1 Av
[AV;][2
(A.2)

From above equations (A.1) and (A.2) , the directional derivative DeW can be computed as

—~ 1 — —
DcW = 3 (3CW (Cn+1/27 Gii1,Cnyts D0n+l) + 0cW (CHH/?7 G, Cn, DOn))
+ 1w (Cn-i-la Gri1, Coya, Donﬂ) -W (Cm Gri1, Coya, Donﬂ)

— A

2 IACTP ©

]-W(Cn+17Gn7Cn7D0n) W(Cn,Gn,Cn,DQn)

> IACTP ac (A-3)
_ 10cW (Chi1/2, Gus1, Cni1, Do, ) ACAC’

2 I|AC|[?
_ laCW (Cn+1/27Gn7Cn7D0n) : ACAC

2 |AC|[?
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Similarly, the directional derivative DGW can be computed as

—~ 1 —~ —~
DGW - 5 (aGW (Cn7 Gn+1/27 Cn+17 D0n+1) + aGVV (Cn+17 Gn+1/27 Cna Don)>

1W (Cn, Gri1, Cus1, Do) = W (C, G, Gy, Do, )

z AG

2 [AGI]?

IW(CTL-H?GH—H)CMDO )_ W(Cn-l—laGnaCnaDO )

z n A

2 IAGT? “ (A4)
. laGW (Cn7 Gn+1/27Cn+17 D0n+1) : AGAG

2 [AGI[]?
. laGW (Cn—l—h Gn+1/27Cna DOn) : AGAG

2 [AGI[]? '

Furthermore, the directional derivative DCW can be computed as

—  1W (Cy,Gn,Coy1, Do) —W (C,, Gy, Cy, Dy,
Dcw - =
|IAC]|
LW (Cri1, Gut1, Cnsr, Do) = W (Cngr, Gogr, Cpy Dy,
|AC] '

[\]

(A.5)

\)

Finally, the directional derivative DDOW can be computed as

—~ 1 — —

DDOW - 5 (8D0W (Cnv Gna Cna D0n+1/2) - 8D0W (Cn-H’ Gn+1’ Cn+1’ D0"+1/2>>
LW (Cw, G, Cu, Dy,,,) = W (Cy, G, C, Dy,)

|ADol[?

1w (Cn+17 G, Cnyns Donﬂ) W (Chi1, Gnyr, Crya, Dy,)
2 |AD||?

1 Op,W (C'n, G, C,, D0n+1/2) -AD,
2 [[ADy|[?

1 8DOW (Cn+17 Gri1, Cnga,s D0n+1/2> -AD,
2 |AD|[?

AD,

\)

ADo (A.6)

AD,

AD,.
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