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Abstract

Gene expression is regulated by a complex transcriptional network. It is of interest to quantify uncertainty
of not knowing accurately reaction rates of underlying biochemical reactions, and to understand how they
affect gene expression. Assuming a kinetic model of the lac circuit in Escherichia coli, regardless of how
many reactions are involved in transcription regulation, transcription rate is shown to be the most im-
portant parameter affecting steady state production of mMRNA and protein in the cell. In particular, dou-
bling the transcription rate approximately doubles the number of mMRNA synthesized at steady state for
any rates of transcription inhibition and activation. On the other hand, increasing the rate of transcription
inhibition by 10% reduces the average steady state count of mMRNA by about 7%, whereas changes in the
rate of transcription activation appear to have no such effect. Furthermore, for wide range of reaction rates
in the kinetic model of the lac genetic switch considered, protein production was observed to always
reach a maximum before the degradation reduces its count to zero, and this maximum was found to be
always at least 27 protein molecules. Such value appears to be a fundamental structural property of genet-
ic circuits making it very robust against changes in the internal and external conditions.

Keywords: Escherichia coli, lac genetic circuit, steady state synthesis, transcription.

1. Introduction

One of the main challenges in system biology is to elucidate design principles of gene regulation
networks [1]. It is therefore of interest to study properties of regulatory structures or motifs which
frequently compose regulatory networks [2]. Understanding the function of recurring regulatory motifs
can shed light on the design of biological systems in which they appear. One such common motif
implements a negative auto-regulation where transcription factors negatively regulate their own
transcription [1]. This motif is present in over 40% of transcription factors known in E. coli [3]. In
addition, understanding the relationship between the dynamics of mRNA and protein production and the
rates of biochemical reactions comprising genetic circuits is fundamental in explaining the biological
behavior of these circuits [4].

Synthesis of both mRNA and protein are outcomes of specific events, although their counts are only
observed at selected (discrete) time instances giving rise to time series data. At time scales of interest, it is
convenient to assume that mRNA and protein production is modeled by stochastic processes producing
correlated molecule counts which are determined by the considered probability distributions and the
functional model of gene expression. Moreover, for larger numbers of molecules, it is also convenient to
approximate discrete molecule counts by continuous random variables in order not to exclude probability
distributions for continuous random variables from the model. The probability distributions of molecule
counts are obtained from single-molecule experiments which can be carried out at each stage of gene
expression [5]. The frequency at which the bursts of mRNA and proteins are synthesized in the cell is
more informative than the mean alone. General mechanisms of gene expressions can be inferred from
mathematical models and the observed distributions. The models describing kinetic properties of genetic
circuits can be either deterministic or stochastic [5-8], and they can assume continuous approximations,
however, the kinetic mechanisms remain the same [9]. Stochasticity of gene expression emerges from
random events in transcription and translation processes. The stochasticity can be vital for cell survival
when the environmental conditions fluctuate [10]. Discovering protein interactions forming regulatory
networks is important to understand dynamics of gene expression [1].

Transcription of a DNA strand is carried out by a multi-subunit DNA-dependent RNA polymerase
(RNAP) [1] (Figure 1A). In the lac operon of E. coli, a separate regulatory gene (/acl) encodes the lac
repressor which plays a pivotal role in operon control [11, 12] (Figure 1B). Switching between active and
inactive state in gene circuits does not occur spontaneously [11]. In particular, repressor complexes bind
to the operator to prevent RNAP to initiate transcription. Therefore, repressor-operator complex switches
the lac circuit to inactive state whereas unbinding of the repressor from the operator switches the lac
circuit back to active state [13]. Although regulatory events can affect every step of macromolecular
synthesis within the cell, transcription initiation represents the most important control step which can be
exploited to switch the gene and subsequent protein production on and off. In-vivo single-molecule
measurements provided ample evidence that transcription initiation is a sequential process which plays a
key role in mRNA dynamics subsequent protein synthesis [22]. It is also crucial to know how switching
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production from a Poission process [17]. Transcription is one of the key steps governing dynamics of
gene expression [18, 19]. In general, studying mRNA and protein synthesis in the cell and how it is
affected by reaction rate values can (1) elucidate how the cell responds to internal and external stimuli, (2)
motivate lab experiments to more precisely determine rates of the most essential reactions, and (3) inform
techniques of synthetic biology how to effectively modify functions of gene circuits.
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Figure 1. Model of operon regulation in the lac circuit of E. coli. (A) Transcription activation by
binding of RNAP to the promoter. (B) Transcription inhibition by binding of activated repressor to the
operator.

Our aim is to elucidate how reaction rates influence dynamics of the lac circuit by quantifying mRNA
and protein synthesis. Ideally, insights from lab experiments, theory and computer simulations to study
biological systems are aligned and can inform each other [23]. Stochastic kinetic models of genetic
circuits are often assumed to provide more realistic insights than the models involving rate equations,
even though the former are computationally and analytically expensive even for biochemical networks of
moderate sizes [24]. Moreover, analytical solutions often require approximations, and they may become
intractable when there are multiple or multi-level feedback control loops. The biochemical model of lac
circuit considered in our work contains only a single feedback loop. However, the number of reaction
rates in this model is relatively large, so we resort to stochastic simulations to study its steady-state
dynamics. Specifically, we devise efficient sampling strategies of multi-dimensional space of reaction
rates by utilizing the structure of lac circuit model. Specifically, we observed that regulatory reactions
pertaining to gene activation and inactivation can be scaled jointly with no apparent loss of generality.
This greatly reduces dimension of the parameter space of reaction rates to be explored. The values of
reaction rates are uniformly sampled from specified intervals. In order to distinguish among different
sampling sub-spaces, each sampling strategy of reaction rates is labeled by a model number. Productions
of mRNA and protein are studied separately assuming different sampling strategies and numerical
experiments. Biochemical reactions comprising the kinetic model of lac genetic switch are given in [13].

In this paper, we investigate how transcription and regulatory reaction rates affect mRNA and protein
production in the lac circuit of E. coli. We explore how changes in transcription and translation rates
modulate both mRNA and protein synthesis. We determine conditions when steady state production of
mRNA and protein exist by measuring the mean molecule counts. This extends the results presented in
[21, 26-28] on factors affecting mRNA production in E. coli. In general, it is challenging to rigorously
define steady state of mRNA or protein production, especially for long-term dynamic processes or
processes occurring at multiple time scales such as continuous proliferation of cells. However, it is well-
known that mRNA levels at steady state determine steady-state protein levels [29].

2. Methods

2.1. Modeling and simulation framework

Kinetic model of the lac genetic switch considered in this paper is fully defined in [25] and [13], and,
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default values. We emphasize that all reaction rates in all simulations are kept constant. It is a different
problem than, for example, investigating a genetic switch in [31] where some reaction rates are allowed to
fluctuate during the cell lifetime. Moreover, we do not consider the problem how to estimate reaction
rates from observed output molecule counts, nor we search for optimum rate values, for example, to
maximize protein production under given conditions.

At steady state, time averages of species counts are equal to ensemble averages of random species
counts observed over independent system time evolution traces [30]. In order to map reaction rates to
steady state counts of mRNA and protein, we assume sampling strategies of reaction rates referred to as
Model R1, R2 and R3 for analysis of steady state mRNA production, and rate sampling strategies denoted
as Models P1, P2 and P3 for analysis of protein production. Models R1 and P1 represent baseline systems
with unconstrained stochastic switching between active and inactive states and with all reaction rates
having their default values. Model R2 explores the effects of gene inactivation rate on mRNA synthesis
by assuming the default gene activation rate while the rate of transcription inhibition is sampled from a
specified interval. Model R3 analyzes the effects of gene activation rate on mRNA synthesis by assuming
the default gene inactivation rate while sampling the rate of transcription activation. Motivated by
observation from [32] that the protein responsible for regulation of gene expression could be either locked
in active or inactive state, we assume rate sampling Model P2 which has all reactions of unbinding
repressor complexes from the operator removed, so the lac circuit is permanently locked in inactive state.
Similarly, Model P3 has reactions of binding repressor complexes to the operator removed, so the lac
circuit is always kept in active state. All other reactions in Models P2 and P3 otherwise remain
unchanged, and have their default values.

Numerical experiments were performed in Lattice Microbe software version 2.3 which was
downloaded and compiled with a GPU support on Fedora 25 Linux workstation. Time evolution traces of
molecular species counts in a biochemical network of the lac circuit were generated independently using
the Gillespie algorithm. The number of independent traces at each numerical experiment was set to be
100 unless stated otherwise. All simulations were performed over E. coli half lifetime which is 7=/ h
[10]. All simulations also have the same initial species counts which are specified in [13].

In order to identify steady state of mRNA and protein production when evaluating observed molecule
counts, we assume the definition provided in [33]. In particular, denote the observed time series of
molecule counts as, {x;}/—;, and the associated weights, {w;}'_,. The steady state production can be then
reliably detected by observing the weighted mean u:

T

> wx, (1)
Zwi i=1

i=1

ﬂ:

In our experiments, we observed that mRNA steady state occurs between 50 s and 1600 s from the initial
simulation time for all reaction rate values considered, we assumed that 1600 s is sufficient time to
consider production of both mRNA and protein to be in steady state.

In inactive state, the repressor can temporarily, for a short period of time, come off the operator before
it re-binds again. During such event, already bound RNAP may initiate the transcription [34]. Such so-
called basal synthesis is occurring at a rate of approximately one mRNA molecule over the cell half
lifetime. Furthermore, there exists a maximum transcription rate which can be supported by the lac circuit
in inactive state. Even for such maximum transcription rate, synthesized mRNA can be completely
degraded or reach steady state while the lac circuit is still in inactive state. However, when the lac circuit
switches to active state, transcription rate is significantly increased, and the minimum supported
transcription rate required to reach steady state for mRNA in active state must be greater than the
maximum supported transcription rate in inactive state [11, 35]. Moreover, previous experimental results
such as those in [7] and [36] reported that, in active state, steady state mRNA production in the lac circuit
can reach at most 50 mRNA molecules which can simultaneously exist in the cell.

2.2. Mapping regulatory reaction rates to mRNA synthesis

The mRNA steady state count is a function of kinetic rates K,, and K,y corresponding to repressor
binding to the operator (the lac circuit turns to inactive state) and unbinding of repressor from the operator
(the lac circuit switches to active state), respectively [37]. Thus, a regulatory state transition model of
gene expression is simply:

"On" —><_K°” "Off"

Koﬁ

In active state. transcription. translation and deeradation rates are kev parameters controlline mRNA and
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same regulatory effect on steady state synthesis can be achieved by jointly scaling their default values.
Hence, we consider the following two groups of regulatory reaction rates:

Kon = {kron, kiron, kinun} and Kujf = {krujf, kirq{f; kinq{f} .

The set K,, contains regulation reaction rates to switch the lac circuit to inactive state while the set
K,reontains reaction rates to switch the lac circuit to active state. Parameters kion, kiron, and kizon in Ko, are,
respectively, the rates of binding inducer-repressor species R», IR, and I>R: to the operator. Similarly,
parameters ko, kirog, and kizo in Ko represent rates of unbinding inducer-repressor species from the
operator. Default values of these rates are given in [13], and also summarized in Table 1 where they are
denoted as K,n-v and Kypzq. The default rates Ko,-« and Kop-s were obtained from single molecule in vivo
experiments [13]. For convenience, all rates and variables considered in our work are summarized in
Table S2 of Supporting Information.

Table 1. Regulation reactions in the lac circuit and their default rates [13].

Transcription inactivation Rate set K. (M's™)
R>+0 — RO kion = 2.4e+06

IR, + O — IR0 kiron=1.2¢1+06

LR, + 0 — LR,O kizron=2.4e+04
Transcription activation Rate set K, (s™)
R:O —R:+0 Ko = 6.3¢-04

IR0 - IR, +O ki = 6.3e-04

LR,O —- LR, +0 kizroﬁ'Z 3.1e-01

The grouping of parameters enables to scale them jointly as:
Kun(a) =a*xKopa = {akrom akirony akinon}, and
Kof(a) = a*Kora = { akrog, akire, akizrogr )

where a>0 is referred to as variation coefficient of the default sets K-« and K,pa. The parameters in these
sets can be then sampled jointly by sampling the value of a. The regulatory rate samples are selected
uniformly from a 3-dimensional hypercube:

Kon —Cﬂcon—min, kon—max)3 and Kaﬁ" —C(koﬁimin, koffimax)j (3)

where Kop-min and kon-max are the minimum and maximum rate values for transcription inhibition, and kopzmin
and Kopmax are the minimum and maximum rate values for transcription activation, respectively. Hence,
the same minimum and maximum values are assumed for all three repressor species:

Kon-min= {kron-min, kiron-miny kinon-min}

kon-max: krun-max; kirun-mwcy kinon-max}
koﬂimin: {kroﬂimin, kiroffimin, kinoffimin}
koﬂimax: {kroﬁimax, kiroffimax, kinoﬁimax} .

In order to evaluate the mRNA abundance dependence on regulatory rates, we consider sampling
Models R1, R2 and R3 in Experiment 1 as defined in Table 2. Specifically, Experiment 1 evaluates Model
R1 having default rates for gene inactivation and activation, Model R2 assumes 100 random samples of
gene inactivation rate, and Model R3 assumes 100 random samples of gene activation rate. Gene
activation and inactivation rates K,y and K,, were uniformly sampled assuming kon-min = 10" Kon-d, kon-max =
10°Kon-a, kofrmin = 107 Koga, and kogrmar = 10°K,a. For each set of sampled reaction rates, mRNA steady
state count was determined by simulations. Samples of transcription rate k; were obtained within the
range of supported transcription rates in active or inactive state, respectively.

Table 2. Sampling models to study steady state mRNA abundances.

Rate Model R1 Model R2 Model R3
Experiment 1 Kos default default 100 samples

Kon default 100 samples default

K 1,000 samples 1,000 samples 1,000 samples

N S 1 NN\N 10N NNN 10N NNN
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where ¥, 84, and &y represents, respectively, the cell volume, the average value synthesis for activated
gene circuit, and the average synthesis for repressed gene circuit. At steady state, mRNA production does

not vary, so that dmg(t)/dt =0, and Eq. (4 ) becomes:

K o6,+K .0
mss (t) :i on~A off ¥R (5)
7/m (Kon + Koff )V
for
Kn0a + K 6,
_A—H’and mss(t)zktr/ym (6)

(K, + KV

Eq. (5) defines a deterministic linear relationship between regulatory kinetics rates and mRNA abundance
at steady state. Eq. (6) presents a linear dependence between mRNA abundance at steady state and the
transcription rate. Consequently, Eq. (5) and (6) predict that mRNA steady state abundances increase
linearly with transcription rate.

2.4. Mapping rates of regulatory reactions to protein production

Understanding the relationship between regulatory reaction rates and protein production can reveal
how much the lac circuit is robust against changes in regulation mechanisms, for example, due to genetic
mutations, or due to changes in the intracellular and extracellular conditions. We designed numerical
experiments to study this relationship similar to the experiments for investigating mRNA. The
corresponding sampling strategies of reaction rates are denoted as Model P1, Model P2, and Model P3.
These models are defined in Table 3. Again, unless stated otherwise, all other parameters have their
default values given in [13]. Recall that the reactions considered and their rates are summarized in Table
S3 in Supporting Information.

In Experiment 2, samples of transcription rates were generated from the range of transcription rates
which are supported in inactive state (Model P2) or in active state (Model P3). These ranges of
transcription rates are reported in Results. Transcription rates for Model P1 are assumed to be the same as
for Model P3. Simulations were performed for each sample of transcription rate and all three sampling
models considered. Experiment 3 is similar to Experiment 1, except now both K,, and K,y are sampled in
given intervals. In particular, the sampling intervals defined in (3) assume kop-min = 10 kond, kon-max =
10%kondy kofrmin= 10"koga, and kogmax = 10%k,gs. Experiment 4 explores the dependency of protein production
on the protein degradation rate. The protein degradation rate was uniformly sampled from the interval
(2% degpar 10°kgegpa) Where kaegpa denotes the default value. In Experiment 5, we combined the samples of
protein degradation rate generated for Experiment 4 with a new set of 100 samples of transcription rates
as they were generated for Model P3 in Experiment 2. Finally, in order to assess the influence of
translation rate on protein steady state abundance by Model P1 in Experiment 6, we first selected 100
representative transcription rate values while translation rate was uniformly sampled from the interval
(102kina, 10%kma) where ki is the default translation rate.

Table 3. Sampling models to study steady state protein abundances.

Rate Model P1 Model P2 Model P3
Experiment 2 K,y default - default

Kon default default -

ki 1,000 samples 1,00 samples 1,000 samples

# simulations 1,000 1,00 1,000
Experiment3 K,y 100 samples - 100 samples

Kon 100 samples 100 samples -

# simulations 10,000 100 100
Experiment 4 kg, 100 samples 100 samples 100 samples

# simulations 100 100 100
Experiment 5 & - - 100 samples

Kdegp - - 100 samples

# simulations - - 10,000
Experiment 6 £ 100 samples - -

Kirans 1000 samples - -



inactive state corresponds to the observed limit of at most 2 mMRNA molecules generated by basal
synthesis. Both these molecules are completely degraded during the cell half lifetime, k{™° =0.021s™.

rmax
Therefore, in active state, the lac circuit must produce at least 2 mRNA molecules. We found that the
measured transcription rate in active state is independent of particular inducer-repressor species present in
the cell. Assuming that the maximum number of mRNA molecules synthesized in active state is about 50

[36], the corresponding maximum supported transcription rate is, k2° = 0.504s™. Figure 2 depicts

basal mRNA synthesis in inactive state and mRNA synthesis in active state of the lac circuit. The
corresponding measured ranges of transcription rates in both active and inactive states are also
highlighted in Figure 2. Additional simulation results are presented in Figures S1 and S2.

3.2. Transcription rate controls mRNA abundance at steady state

The effects of transcription rate and gene inactivation rate on steady state mRNA synthesis were
studied in Experiment 1. The 100 uniformly distributed samples of inactivation rates K,, were generated
while activation rates K,y were kept at their default values. For each of 100 rate samples of Ko, the
mRNA count synthesized at steady state was determined by simulation. For clarity of presentation, we
chose the following 4 representative samples of K,, to illustrate the main results:

Koni :Kon( 1 O_l), Konz :Kon( 1 ), Kons :Kon( 1 0), and Kon4:Kon( 1 02) .

inac

Since ki,

< k&, 100 uniformly distributed samples of transcription rates for inactive state were

. inac __ inac inac
generated from the interval K —[ rmin s Kirmax

, and 1000 uniformly distributed samples of

ac ac

rmit rmax] . For each sample

transcription rates for active state were generated from the interval K;° :I:

of K,n, simulations were used to measure the mean mRNA count synthesized at steady state. Figure 3A
shows the measured mRNA counts versus transcription rates for 4 selected values of transcription
inactivation rates K,,(a) defined in (1).

Considering deterministic model descripted in Eq. (5) and (6), we assume the E. coli cell volume
V = 1um?3 [40], and 8, = 50, and 8z = 5 [39]. Figure 3B shows the measured mRNA counts versus
transcription rate for 4 selected values of transcription inactivation rates.

7

Active state

|
e
|

4 Inactive state

mRNA count

0
0.01 0.02 0.03 0.04 0.05 0.06

Transcription rate (s)

Figure 2: Transcription rates attainable in active and inactive state of the lac circuit. The red
curve represents the number of mRNA molecules synthesized at given transcription rates (s'). The
transcription rates in the range (0.00787, 0.021) (s™') defines basal synthesis of mRNA in inactive state.
Active state experiences transcription rates at least 0.021 s whist their maximum is unbounded.
Graph origin: 7.87.10 on x-axis and 0 on y-axis

Due to very small number of mRNA molecules produced in inactive state (at most 2), the impact of
transcription and gene regulation rates on mRNA synthesis in inactive state cannot be perceived easily.
However, the results obtained in Experiment 1 can be summarized as follows. First, the number of mRNA
molecules synthesized at steady state grows approximately linearly with transcription rate. Thus, provided
that transcription rate &, produces N mRNA molecules at steady state, transcription rate 2xk; produces
about 2xN mRNA molecules at steady state. This behavior was observed over a wide range of samples
Kon. This result is somewhat intuitive (despite the presence of a positive feedback loop), and is also
confirmed by the deterministic model in Eq. (5) and (6).
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Figure 3. Steady state mRNA abundances for different transcription rates and gene inactivation
rates. Transcription rates are modulated by selected inactivation rates Koni, Konz, Kons, and Kous shown as
black, red, blue and purple lines, respectively. (A) Simulated stochastic model. (B) Deterministic model.
Graph origin: 7.87.10° on x-axis and 0 on y-axis

We can conclude that there is a linear relationship between transcription rate and the steady state
mRNA count. However, there is an inverse relationship between the number of mRNA synthesized at
steady state and the scaling of reaction rates K,,. More specifically, the mRNA count at steady state
slightly decreases when the rates K,, are scaled up by any factor greater than one. Additional simulation
results to illustrate this behavior are provided in Figure S3.

3.3. Rates of transcription activation do not affect mRNA synthesis

We now investigate sampling Model R3 defined in Table 2, assuming that rates K,, have their default
values while 100 random samples of rates K,; are uniformly generated from the interval (kopmin, Kofimar) =
(10',10%). In addition, for each sample K,y 1000 uniformly distributed samples of transcription rates were

generated from the interval K2 :[ ok ]where * =0.021s" and k* =0.504s". Overall, le5

r rmin ? “Mrmax rmin r max
simulations were performed in total in order to evaluate mRNA steady state abundances. For the sake of
presentation clarity, we report the results for the following 4 representative samples of transcription
activation rates:

Ko = Kop(1 0, Ko = Kop(1), Koz = Kop(10), and Koy = Kop(1 0%).

mRNA steady state count
mRNA steady state count

0.1 02 0.3 0.4 0.5

5 s Kl
Transcription rate (s™) Transcription rate (s”)

Figure 4. mRNA steady state abundances for varying transcription rates and 4 selected gene
activation rates. The black, red, green and blue lines are mRNA steady state counts corresponding to
rates Ko, Ko, Koz, and Kop, respectively, while rates K,, have their default values. (A) Simulated
stochastic model. (B) Deterministic model. Graph origin: 7.87.10° on x-axis and 0 on y-axis

The mRNA steady state counts for different transcription rates and 4 selected rates K, are shown in
Figure 4A. We can make two observations from Figure 4A. First, we found that the number of mRNA
molecules synthesized at steady state grows approximately linearly with transcription rate for all rate

o B 1 N1 Y NT A 1~
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Unlike Models R2 and R3 in Experiment 1, protein production is assessed while the lac circuit either
freely switches between active and inactive state (Model P1), or while it is locked in inactive state (Model
P2) or in active state (Model P3). Enforcing active or inactive state is achieved by removing
corresponding reactions from the model, or by setting their reaction rates to zero. In particular, in order to
keep the lac circuit in inactive state (Model P2), unbinding reactions of repressor complexes in Table 1
are removed. Similarly, the lac circuit is kept in active state (Model P3) by removing binding reactions of
repressor complexes in Table 1. Assuming Experiments 2 and 3 with default reaction rates, Figure 5
presents the measured protein counts synthesized the cell half lifetime of 1 hour for all three Models P1,
P2 and P3 considered. We found that, in full kinetic Model P1 as well as in Model P2, the protein counts
did not reach steady state, but they attained a maximum before their gradual degradation which came into
effect after some delay (Figure 5Aa and 5Ab). Model P3 shows similar behavior (Figure 5Ac). In order to
investigate when steady state of protein synthesis occurs, we varied protein degradation rate between
2.1e-4 s and 14.4e-3 s'! while all other parameters had their default value. Even though the protein
experiences a complete degradation in Model P1 (Figure 5Ba) and in Model P2 (Figure 5Bb), we found
that steady state protein production only occurs when the lac circuit is locked in active state (Model P3,
Figure 5Bc). Moreover, the maximum protein count produced in Model P3 is always larger than in Model
P1. For example, Figure 5Aa and Figure 5Ac show maxima of 160 proteins in Model P1 versus 190
proteins in Model P3, respectively.

We now investigate how the maximum protein count synthesized in the lac circuit evolves when
transcription rate is increased for all three models considered. Hence, we generated 1000 uniformly
distributed samples of transcription rates for Models P1 and P3 but only 100 of such samples for Model
P2 (Experiment 2 in Table 3). We found that whether the lac circuit is in active or inactive state, the
maximum protein count synthesized before degradation increases with transcription rate for all three
Models P1, P2 and P3. Additional simulation results are presented in Figure S5.

Aa
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Protein count
Protein count
Protein count
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Figure 5. Protein counts synthesized in Models P1, P2 and P3 with default reaction rates. (a)
Unconstrained Model P1, (b) Model P2 which remains in inactive state, and (c) Model P3 which is locked
in active state. (A) The default protein degradation rate 2.1e-4 s™!, and (B) the protein degradation rate is
changed to 14.4e-3 s!. All other parameters have their default values. Graph origin: 0 on x-axis and 0 on
y-axis

3.5. Steady state protein synthesis in active state

From the results presented so far, it is apparent that increasing protein degradation rate is an important
factor for the emergence of steady state protein synthesis. Assuming Model P3 when the lac circuit is
locked in active state, we investigate the relationship between protein degradation rate, transcription rate,
and steady state protein counts (Experiment 5 in Table 3). Transcription rates ki were selected from the
interval [kyo, 8kio] where kyo =kya/2°, and kyq represents the default transcription rate, i.e., k€ (0.0315,
0.504) s'. The 100 samples of protein degradation rates were generated uniformly from the interval
(2%degpas 10°kaegpa) Where kaegpa is the default protein degradation rate. For all pairs of transcription and
deoradation rates we found that steadv state nrotein count in Model PR3 varies between 1 and 70 Steadv
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ko(s™Y)
kigy(s™1)  0.0315 0.063 0.126 0.252  0.504

3.36e-3 69
6.72¢-3 36 68
13.44e-3 18 36 66
26.88e-3 9 18 36 67
53.76e-3 4 8 18 35 69
107.52e-3 2 4 8 17 37
215.04e-3 1 2 4 8 19
430.08e-3 1 2 4 9
860.16¢-3 1 2 5
1720.32¢-3 1 2
3440.64¢-3 1

3.6. Maximum protein counts synthesized before their degradation

We further investigated how the maximum protein count which is produced before their degradation
is affected by other reaction rates (Experiment 6 in Table 3). We assume full kinetic Model P1 to evaluate
the relationship between protein production and translation rate. We generated 100 transcription rate
samples from the interval (k;q, 8k ). For each transcription rate, 1000 uniformly sampled translation
rates were generated from the interval (kiyansa /100, 10kyansa) With the default rate kyansa = 4.44€-2 s, The
simulation results for all 100 samples of transcription rates are similar; therefore, we chose 4
representative samples of transcription rates as, ki(n) = 2"xkyqs where n={-2,-1,0,1}, so n=0 corresponds
to the default value of 0.126 s™!. We can make three important observations about protein production in
the lac circuit from these results. First, increasing transcription rate increases the maximum number of
proteins produced before their degradation (Figure 6A). Second, increasing translation rate increases
slightly the maximum number of proteins produced before degradation (Figure 6A). Third, regardless of
reduction in transcription and translation rates, the maximum number of proteins produced before the
degradation is always at least 27 molecules (Figure 6B and 6C). Additional simulation results are
provided in Figure S7.
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4, Discussion

Several recent studies point out that gene activity is normally bursty rather than Poissonian [41, 42].
The bursty nature of gene expression can be effectively modeled by a 2-stage or 3-stage model [42, 43].
Such models can be described by ordinary differential equations (Section 2.3) and solved analytically to
obtain mean mRNA and protein production at steady state. Dependency of deterministic and stochastic
models on reaction rates were compared in Figure 3 and Figure 4. Both models are showing good
agreement in predicting linear dependency of the mean mRNA steady state production on transcription
rate. The agreement between these two models is better when rates K,, are varied while rates K,y have
their default values. Stochastic model can be also used to obtain probabilistic distributions of molecule
counts in transition to and at steady state. The distribution of molecule counts is more informative than
the mean counts in cases when the distribution is asymmetrical and highly skewed.

Our objective is to investigate how mRNA synthesis is modulated at steady state by rates controlling
transcription activation and inhibition. Increasing rates K,, to improve the probability that the lac circuit is
in inactive state showed a slight decrease of steady state mRNA counts. On the other hand, varying rates
K,y affecting the probability of active state did not exhibit any noticeable effect on steady state mRNA
synthesis. We then also considered steady state protein production. We found that protein production
exhibits steady state only when the lac circuit is permanently locked in active state regardless whether the
protein degradation is considered or not. Furthermore, for all reaction rates considered in Models P2 and
P3, the protein counts produced at steady state are always at most 70 molecules. In full kinetic Model P1,
time evolution of protein always exhibits a maximum before the degradation comes into effect. This
maximum value appears to be never exceeded under any conditions or changes in reaction rate values.

Considering mRNA synthesis, we found that mRNA steady state abundances are strongly correlated
with the rate of gene expression in inactive state for all rates assumed in Model R2. In particular, mRNA
steady state abundance increases slightly when rates K,, are reduced. Provided that transcription is
modeled as a Poisson process, it was shown in [44] that the probability of a single transcription event
producing one mRNA molecule is proportional to the number of active genes. Thus, we can conclude that
increasing rates K,, slightly reduces the probability of mRNA transcription. Our numerical results
quantify how transcription regulation affects gene expression in the lac circuit. The rate at which the gene
is transcribed is controlled by RNAP which binds to a specific DNA site known as the promoter (Figure
1) [45]. The affinity of RNAP binding to the promoter determines the gene transcription rate. Specific
RNAP normally transcribes different genes. Binding affinity of RNAP to the promoter is crucially
affected by the presence of inducer-repressor species at the operator [46]. Even in inactive state, the
inducer-repressor may temporarily unbind from the operator which enables transcription to be initiated
before the repressor again rebinds the operator. In active state, the rate of unbinding repressor complex
from the operator does not affect transcription rate, as the rebinding of repressor complex to the operator
rarely occurs, so the probability of temporarily blocking transcription is very small.

A number of previous studies assumed that transcription rate is one of the main factors determining
mRNA abundance at steady state [21, 26-28]. We extended these studies by showing that, regardless of
the rates assumed in the lac operon regulation, increasing transcription rate increases steady state mRNA
synthesis. Specifically, doubling transcription rate approximately doubles steady state mRNA count over
wide range of regulatory reaction rate values. Additional results are shown in Figures S3 and S4.
Although there are multiple reactions involved in transcription regulation, a slight moderation of
transcription rates have a linear effect on mRNA count produced at steady state. Therefore, we can claim
that transcription rate represents the most important parameter affecting mRNA production at steady state.

Understanding why transcription rate is the most important parameter affecting gene expression is
fundamental to elucidating design structure of genetic circuits. In particular, a popular coarse-grained 3-
stage model of protein synthesis involves only these 6 reactions: switching of gene between active and
inactive states, transcription of mRNA, translation of protein, and independent degradation of mRNA and
protein. Such model is mainly motivated to mimic bursty production of mRNA and protein which has
been observed in many living cells. More importantly, 3-stage model can be considered universally as a
first order approximation of gene expression in all prokaryotic and eukaryotic cells. In other words, no
matter how complex gene regulatory network there is, it can always be approximated by a simple 3-stage
model. Typical modeling strategy in research papers appears to be to keep a given value of transcription
rate determined from some experiment from fitting observed data, regardless whether more regulatory
reactions are later added to the model. Our numerical results indicate that rate of transcription is more
important for gene expression dynamics than gene switching between active and inactive states. This
could be intuitively explained as follows. Occasional gene activation which is interrupted by relatively
long periods of inactivity must be exploited efficiently in order to produce enough mRNA for protein
svnthe<is Since one MRNA molecule can translate <everal nrotein molecules tran<erintion affects cene



regardless whether the protein degradation is assumed. Previous studies have shown that there is a
positive correlation between protein production rate and protein degradation rate [47-49]. We carried out
numerical experiments to obtain protein steady state counts in active state (Model P3) while protein
degradation rate varies and transcription rate remains constant. Selected results are presented in Table 4.

Measurements of mRNA and protein synthesized in the cell were performed in [26]. It was shown
that, generally, in both bacteria and eukaryotes, the cellular concentration of protein is positively
correlated with abundance of the corresponding mRNA, although not very strongly, and that molecular
abundances are affected by interplay between the rates of production and degradation. Similar
conclusions were reached in [50]. It was further shown that 40% of variations in protein production can
be explained by varying mRNA counts in the cell [51, 52]. Moreover, many proteins show production
changes during different cell growth phases, and these changes seem to be coordinated with the rate of
cell growth rather than the environmental conditions or protein function [50]. Our numerical experiments
again confirmed that transcription rate is one of the key factors affecting the maximum number of
proteins synthesized before their degradation (Figure 4A).

More importantly, regardless of the internal and environmental conditions which may modulate
reaction rates of the intracellular processes, we found that, under wide range of reaction rates, a certain
minimum number of protein molecules is guaranteed to be always synthesized in the cell. It indicates the
existence of a safety margin for the cell to be able to always rely on some minimum level of protein
production. This is shown in Figures 5B and 5C for several values of transcription rates. In case of the lac
switch model considered, we found that the minimum number of proteins produced is at least 27
irrespective of how much translation and transcription rates were reduced while the protein degradation
rate remained constant. Such observation can be used to understand the minimal guaranteed functionality
of essential systems in the cell during different phases of the cell cycle [53].

We need to also point out some limitations of our modeling methodology. The dependency of mRNA
and corresponding protein production is certainly more complex than assumed in our model (Figure 1).
For instance, the cellular resources (energy, molecular material) are shared by mRNA transcription and
protein translation processes, so reaction rates in models of genetic expression cannot be varied
independently [41]. Correlations between protein production statistics and mRNA statistics were obtained
in [54]. In our numerical experiments, we assumed constant mRNA and protein degradation rates while
sampling other reaction rates. We confirmed that a widely adopted two-state gene activity model [41, 55]
affects both mRNA synthesis at steady state as well as the maximum number of proteins produced in
active state before their degradation occur.

In some cases the rate sampling intervals are not symmetrical with respect to a default rate value. Our
reasoning was to bias rate sampling towards larger values if the default value was already rather small.
This does not affect accuracy or bias our analysis in any way. The number of reaction rates in the assumed
lac circuit model to be sampled was reduced by grouping some of reaction rates, and then scaling them
jointly. We verified that this does not bias the analysis, provided that grouping of reaction rates is done
properly. In particular, we claim that for any values of reaction rates in the group, there exists a scaling
factor of default reaction rate values which have the same effect on transcription and translation
dynamics. In case of the lac circuit, these groups of reaction rates were naturally identified as regulatory
reactions. However, for more complex biochemical models, how to group reaction rates, so that they can
be scaled jointly without biasing the analysis can be much more difficult problem to consider.

5. Conclusion

Transcription rate appears to be one of the key factors affecting steady state mRNA and protein
productions in the lac circuit of E. coli. In particular, we found that doubling transcription rate
approximately doubles mRNA count synthesized at steady state. In addition, varying reaction rates of
transcription inactivation in the lac circuit resulted in only small changes of steady state mRNA synthesis.
Thus, increasing the rate of transcription inactivation by 10% led to a 7% decrease of mRNA count at
steady state. On the other hand, varying the reaction rates controlling transcription activation has no effect
on mRNA production at steady state.

For all values of reaction rates considered, a two-state kinetic model of lac circuit always exhibits
time evolution of protein counts with a single maximum before the degradation comes into effect. Our
analysis of the maximum protein count revealed that, over a wide range of environmental and cellular
conditions, or equivalently, over a wide range of reaction rates, the lac circuit is guaranteed to always
synthesize a certain minimum number of protein molecules. For the model of lac circuit in E. coli
considered, we observed that no matter how much transcription and translation rates are reduced, the lac
circuit always produces at least 27 protein molecules.



AULHULY vuinudivuauuin. LosupolvistU Uulo stuldy. Iva plropdicld allld poelloniicad all fidiiciivdl CAPCLLUCLILS
including evaluation and visualization of the results, and drafted the initial manuscript. PR administered
the project, validated the results, provided valuable suggestions, and participated in writing the
manuscript. All authors gave final approval for publication.

Competing interests. The authors declare they have no competing interests.

Funding. KA is funded by the Zienkiewicz scholarship received from the College of Engineering at
Swansea University.

References

1. Rosenfeld N Elowitz MB, Alon U, (2002). Negative autoregulation speeds the response times of
transcription networks. Journal of Molecular Biology 323: 785-793.
2. Shen-Orr S, Milo R, Mangan S, Alon U, (2002). Network motifs in the transcriptional regulation
network of Escherichia coli. Nature genetics 31: 64-68.

. Thieffry D, Huerta A, Perez-Rueda E, Collado-Vides J, (1998). From specific gene regulation to
genomic networks: a global analysis of transcriptional regulation in Escherichia coli. GioEssays
20: 433-440.

. Ivanov [, Qian X, Pal R, (2016). Emerging Research in the Analysis and Modeling of Gene Regulatory
Networks. USA: Medical Information Science Reference.

5. Larson DR, Robert H, Zenklusen S, Zenklusen D, (2009). A single molecule view of gene expression.
Trends in Cell Biology. 19(11): 630-637.

. Munsky B, Fox Z, Neuert G, (2015). Integrating single-molecule experiments and discrete stochastic
models to understand heterogeneous gene transcription dynamics. Elsevier Methods. 85: 12-21.

7. So L, Ghos A, Zong C, Sepulveda LA, Segev R, Golding I, (2011). General properties of
transcriptional time series in Escherichia coli. Nature Genetics 43: 554-560.

8. Raj A, van Oudenaarden A, (2009). Single-Molecule Approaches to Stochastic Gene Expression.
Annual Review of Biophysics 38: 255-270.

9. van Kampen NG, (1981). Stochastic Processes in Physics and Chemistry. Third Edition. North
Holland: Elsevier.

10. Nagaraja V, (1993). Control of transcription initiation. Journal of Biosciences 18: 13-25.

11. Russell J, Hertz P, Starr C, McMillan B, (2008). Biology: the dynamic science, First Edition. USA:
Yolanda Cossio.

12. Ma H, Buer J, Zeng A, (2004). Hierarchical structure and modules in the Escherichia coli
transcriptional regulatory network revealed by a new top-down approach. BMC Bioinformatics.

13. Roberts E, Magis A, Ortiz J, Baumeister W, Luthey-Schulten Z, (2011). Noise Contributions in an
Inducible Genetic Switch: A Whole-Cell Simulation Study. plos computational biology 7.

14. Gardner TS, Cantor CR, Collins JJ, (2000). Construction of a genetic toggle switch in Escherichia
coli. Nature 403: 339- 342.

15. Michael B, Leibler E, Leibler S, (2000). A synthetic oscillatory network of transcriptional regulators.
Nature 403: 335:338.

16. Atkinson MR, Savageau MA, Myers JT, Ninfa AJ, (2003). Development of Genetic Circuitry
ExhibitingToggle Switch or Oscillatory Behavior in Escherichia coli. Cell 113: 597:607.

17. Murugan R, (2006). Stochastic transcription initiation: Time dependent transcription rates.
Biophysical Chemistry 121:51-56.

18. Buchler NE, Gerland U, Hwa T, (2005). Nonlinear protein degradation and the function of genetic
circuits. PNAS 102: 9559:9564.

19. Atitey K, Loscot P, Rees P, (2018). Determining the Transcription Rates Yielding Steady-State
Production of mRNA in the Lac Genetic Switch of Escherichia coli. Journal of Computational
Biology 29(9) 1023-1039.

20. Hayles B, Yellaboina S, Wang D, (2010). Comparing Transcription Rate and mRNA Abundance as
Parameters for Biochemical Pathway and Network Analysis. Plos One 5.

21. Neymotin B, Ettorre V, Gresham D, (2016). Multiple Transcript Properties Related to Translation
Affect mRNA Degradation Rates in Saccharomyces cerevisiae. Genes Genones Genetics 6: 3475-
3483.

22. Hakkinen A, Tran H, Yli-Harja O, Ribeiro AS, (2013). Effects of Rate-Limiting Steps in Transcription
Initiation on Genetic Filter Motifs. Plos one 8.

23. Broadland G, (2015). How computational models can help unlock biological systems. Seminars in
Cell & Developmental Biology 48: 62-73.

24. Hilborn R, Brrkshire B, Mattingly J, Purushotham A, Sharma A, (2012). The Transition between
Stochastic and Deterministic Behavior in an Excitable Gene Circuit. Plos one.

25. Roberts E, Stone J, Luthey-Schulten Z, (2012). Lattice microbes: High-performance stochastic

<imuilation method for the treaction-difAicion macter eaiiation Tonirnal of Comniitational

98]

N

=)}



28.

29.

30.

31.

32.

33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

wivstauvdauivili idtvo Vi pydesr vvidial gvytiv tvgtiviio. LT UVIVIV SAViVo Avbovdalivil er JUTTS S SJUSU.

Reimers JM, Schmidt KH, Longacre A, Reschke DK, Wright BE, (2004). Increased transcription rates
correlate with increased reversion rates in leuB and argH Escherichia coli auxotrophs. Journal of
Microbiology 150: 1457-1466.

Liu Y, Beyer A, Aebersold R, (2016). On the Dependency of Cellular Protein Levels on mRNA
Abundance. Cell 165: 535-550.

Erban R, Chapman J, Maini P, (2007). A practical guide to stochastic simulations of reaction-diffusion
processes. Quantitative Biology , Subcellular Processes 1.

Assaf M, Roberts E, Luthey-Schulten Z, (2011). Determining the Stability of Genetic Switches:
Explicitly Accounting for mRNA Noise. Physical Review Letters 106.

Demerdash O, Daily M, Mitchell J, (2009). Structure-Based Predictive Models for Allosteric Hot
Spots. Plos Computational Biology 5.

Maucha S, Stalzer M, (2010). An efficient method for computing steady state solutions with
Gillespie’s direct method. The Journal of Chemical Physics 133: 144108.

Solomon EP, Berg LR, Martin DW, (2005). Biology, seventh edition. USA: Thomson Brooks/Cole.

Abhyudai S, Vargas CA, Karmakar R, (2013). Stochastic analysis and inference of a two-state genetic
promoter model. American Control Conference (ACC). Washington, DC, USA IEEE.

Skinner SO, Sepulveda LA, Xu H, Golding I, (2013). Measuring mRNA copy-number in individual
Escherichia coli cells using single-molecule fluorescent in situ hybridization (smFISH). National
Institutes of Health 8: 1100-1113.

Vallania FL, Sherman M, Goodwin Z, Mogno I, Cohen BA, Mitra RD, (2014). Origin and
Consequences of the Relationship between Protein Mean and Variance. Plos one 9.

Abreua RS, Penalvaa LO, Marcotteb EM, Vogelb C, (2009). Global signatures of protein and mRNA
expression levels. Molecular Biosystem 5: 1512-1526.

Kaern M, Elston TC, Blake WJ, Collins JJ, (2005). Stochasticity in gene expression: from theories to
phenotypes. Nature 6: 451:464.

Milo R, (2013). What is the total number of protein molecules per cell volume? A call to rethink some
published values. Bioessays 35 (12): 1050-1055.

Golding I, Paulsson J, Scott M, Cox EC, (2005). Real-Time Kinetics of Gene Activity in Individual
Bacteria. Cell 123: 1025-1036.

Raj A, Peskin C, Tranchina D, Vargas DY, Tyagi S, (2006). Stochastic mRNA Synthesis in
Mammalian Cells. Plos Biology 4: 1707-1719.

Shahrezaei V, Swain P, (2008). Analytical distributions for stochastic gene expression. Proceedings of
National Academy of sciences 105: 17256—17261

Paulsson J, (2005). Models of stochastic gene expression. Physics of Life Reviews 2: 157-175.

Vecchio DD, Sontag EG (2007) Dynamics and Control of Synthetic Bio-molecular Networks. IEEE.

Locke J, Deyholos M, Harrington M, Canham L, Kang M, (2015). Open Genetics Lectures (OGL)
Fall 2015 - Full Text PDF. U of Alberta, Department of Biological Sciences.

Sekar K, Gentil A, Bostick JW, Tyo K, (2016). N-Terminal-Based Targeted, Inducible Protein
Degradation in Escherichia coli. PLOS One, 2016. 11(2): p. 1-17. PLOS One 11: 1-17.

Phillips R, Kondev J, Theriot J, Garcia H, (2012). Physical Biology of the Cell 2nd Edition: Garland
Sciences.

Costa S, Almeida A, Castro A, Domingues L, (2014). Fusion tags for protein solubility, purification
and immunogenicity in Escherichia coli: the novel Fh8 system. Frontiers in Microbiology.

Barenholz U, Keren L, Segal E, Milo R, (2016). A Minimalistic Resource Allocation Model to
Explain Ubiquitous Increase in Protein Expression with Growth Rate. PLOS One 11: 1-21.

Abreu R Penalva L, Marcotte EM, Vogel C, (2009). Global signatures of protein and mRNA
expression levels. Molecular BioSystems, 5: 1512-1526.

Maier T, Guell M, Serrano L, (2009). Correlation of mRNA and protein in complex biological
samples. Systems Biology, 583(24): p. 3966-3973.

Martos A, Jimenez M, Rivas G, Schwille P, (2012). Towards a bottom-up reconstitution of bacterial
cell division. Synthetic Cell Biology 22.

Taniguchi Y, Choi P, Li G, Chen H, Babu M, Hearn J, et al. (2010). Quantifying E. coli proteome and
transcriptome with single-molecule sensitivity in single cells. Science 329: 533-538.

Mitarai N, Dodd I, Crooks MT, Sneppen K, (2008). The Generation of Promoter-Mediated
Transcriptional Noise in Bacteria. PLOS Computational Biology, 4(7): p. 1-9



