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ABSTRACT: We show that the geometric interpretation of D-branes in WZW models as
twisted conjugacy classes persists in the A-deformed theory. We obtain such configurations
by demanding that a monodromy matrix constructed from the Lax connection of the A-
deformed theory continues to produce conserved charges in the presence of boundaries. In
this way the D-brane configurations obtained correspond to “integrable” boundary config-
urations. We illustrate this with examples based on SU(2) and SL(2,R), and comment on
the relation of these D-branes to both non-Abelian T-duality and Poisson-Lie T-duality.
We show that the D2 supported by DO charge in the A-deformed theory map, under ana-
lytic continuation together with Poisson-Lie T-duality, to D3 branes in the n-deformation
of the principal chiral model.
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1 Introduction

The study of two-dimensional quantum field theories with boundaries has rich physical and
mathematical significance. In the context of open string theory, the boundary conditions
describe D-branes, an essential non-perturbative ingredient of string theory. More generally
2d conformal field theories with boundaries have applications in condensed matter systems
including boundary critical behaviour, percolation models and quantum impurity problems
(see e.g. [1-3]). When the correct CFT description is available the application of boundary
conformal field theory (BCFT) can render the physics tractable [4, 5]. Another interesting
class of theories comes from integrable systems;' here one is lead to ask (both classically
and quantum mechanically) what boundary conditions can be implemented such that the
integrability of the system is preserved. The present paper will in some way consider both
contexts; we aim to study boundary effects in field theories that are integrable and at some
point in the parameter space are connected to conformal field theories.

!See [6] or for a recent set of useful lecture notes [7].



Our primary motivation will be that of string theory; i.e. we are interested in under-
standing the D-branes admitted by a given curved closed string background. In general
this is a very demanding problem since one would like to have a precise CFT formula-
tion, see e.g. [8, 9]. A simple example is provided by the Wess-Zumino-Witten (WZW)
model [10] describing closed strings propagating in a group manifold supported by Neveu-
Schwarz flux. Whilst BCFT can be employed here to give an algebraic description of the
D-brane [11] our interest will lie in the elegant geometric picture developed through a
number of works [12-15]. By identifying possible gluing conditions at the boundary it is
determined that D-branes are described by (twisted) conjugacy classes. For example in
the SU(2)r; WZW model one finds two DO-branes and a further £ — 1 D2-branes that are
blown up to wrap the conjugacy classes described by S2? C S5.

When an explicit CF'T description is unknown and one has just a non-linear sigma-
model describing strings in a curved background, giving a precise description of D-branes is
challenging. However in a special circumstance, namely when the sigma-model is integrable,
progress can be made. One can seek boundary conditions that preserve integrability and
hope that they are amenable to a simple interpretation as D-branes. What is meant by
preserve integrability? At a classical level it is natural to demand that the boundary
condition preserves a large number of conserved charges. There are typically two sorts
of conserved charges at play, higher spin local charges and non-local charges (e.g. for the
principal chiral model (PCM) see [16] for local charges and the construction of a non-local
Yangian x Yangian structure starts with [17-19]). In this work we will focus our attention
on the boundary conditions that preserve some portion of the tower of non-local charges
obtained from a monodromy matrix. We anticipate that the same boundary conditions will
also preserve higher spin local charges. We shall see that this quite naturally generalises
the gluing conditions used in the case of the WZW model. This approach has its origins
in [20, 21] and has been used in a variety of contexts including the identification of integrable
boundary conditions for strings in bosonic sigma models [22], in Green-Schwarz sigma
models [23],2 for the O(N) sigma model [25, 26], the principal chiral model [27, 28], open
spin chains (e.g. [29, 30] although the literature is vast) and affine Toda field theories [31].
For methods based on the conservation of local spin charges see e.g. [32-35].

The present manuscript will seek to make a bridge between the two above ways of de-
termining boundary conditions. The A\-deformed WZW model introduced by Sfetsos in [36]
provides an ideal arena to do this. At a classical level the A-deformation is an integrable
141 dimensional field theory that depends on a parameter A € [0,1]. At A = 0 the WZW
model is recovered while in a scaling limit as A — 1 one find the non-Abelian T-dual to the
principal chiral model. For generic values of A the dynamics can be encoded by means of a
Lax connection and so a natural question to ask is what boundary conditions can be placed
on a A-model that preserve integrability. Should one wish, once such boundary conditions
are established, the limit A — 0 can be taken providing an alternative route to the D-brane
configurations of the WZW model. It is tricky to apply integrability techniques directly to
the WZW model due to the chiral nature of the current, so one can think of A as providing

?In the context of the AdS/CFT correspondence see also [24] and references therein.



a convenient alleviation of this. What we shall see in this paper is that, through a number
of pleasing algebraic cancelations, the twisted conjugacy classes define integrable bound-
ary conditions even in the deformed model.? Moreover, when a quantisation condition is
required on the worldvolume flux of D-branes the cancellations are such that the result is in-
dependent of the (continuous) deformation parameter A as it must indeed be for consistency.

A further motivation for the present study comes from duality. To fully establish a du-
ality one would like to have access to its action on both perturbative and non-perturbative
degrees of freedom. Consider conventional Abelian target space duality in the absence of
any NS two-form potential: here the interpretation is quite simple, a T-duality transverse
to a Dp brane produces a D(p 4+ 1) brane whilst when performed along a direction of the
worldvolume a D(p—1) is produced. This can be seen rather simply by considering the open
string boundary conditions; since T-duality acts as a reflection on right-movers, Neumann
N and Dirichlet D boundary conditions are interchanged. For more exotic notions of target
space duality, e.g. non-Abelian [45, 46] or Poisson-Lie [47, 48], such an understanding is
less refined (although see [49-55] and recent work in [56-58]) one reason being that the
geometries concerned are not flat making it harder to identify the appropriate boundary
conditions. Here however we will have access to an elegant description of D-brane bound-
ary conditions in the A-model whose interplay with duality can be readily studied. For
instance by taking the A\ — 1 limit on our D-brane configurations we will gain information
about the brane spectrum of the non-Abelian T-dual theory. It is also known that after
appropriate analytic continuations the A-model produces a geometry that is Poisson-Lie
T-dual to the integrable n-deformed principal chiral model [59-62]. By examining this an-
alytic continuation on our D-brane configurations we will too gain information about the
brane spectrum of the Poisson-Lie T-dual theory. We study this interplay of duality with
D-brane configurations in the case of the SU(2) theory. Here we find that under either the
“\X — 1 + non-Abelian T-duality” or “analytic continuation + PL T-duality” procedures,
the D2 branes discovered in the A-model are transformed to space-filling D3 branes.

The structure of the paper is as follows. We will briefly review in section 2 the saliant
features of integrable A-deformations of WZW models, in section 3 we will explain the
strategy used to derive integrable boundary conditions and then apply it directly to the
A-deformed WZW. We illustrate this in section 4 in the context of examples based on both
SU(2) and SL(2,RR) theories, where in the latter case we see the possibility of twisting
conjugacy classes by an algebra outer automorphism. In section 5 we explore the relation
of these D-brane configurations to both non-Abelian and Poisson-Lie T-duality. In the
appendices we establish our conventions and the necessary ingredients of the general sigma
model and the WZW model.

3When taken in isolation the A-deformation is actually a marginally relevant deformation of the WZW
and is not a CFT [37]. However we continue to use the terminology of D-branes to describe boundary
conditions. It is expected that when applied to super-cosets the A-deformation becomes a true marginal
integrable deformation [37-39] which hopefully makes this usage somewhat acceptable to a string theorist.
Moreover, they provide genuine supergravity solutions when a suitable ansatz is made for the RR fluxes
and the dilaton [40-44].



2 A-deformations

First, we will briefly review the construction of [36] in order to set up the sigma model
action from which the background fields can be read off and a Lax connection representing
the equations of motion can be found. The isotropic A deformation from group manifolds
is obtained by starting with a sum of a PCM on G for a group element g € G.,*

2
Secn(@ = "= [ dodr 50,5510, (2.1)

and a WZW model on G for a different group element g € G as in eq. (B.1). Altogether,
this action has a global G x Gr symmetry for the PCM and a G,(z) x Gg(Z) symmetry
group for the WZW. One continues by gauging simultaneously the left symmetry action of
the PCM and the diagonal action of the WZW acting as,

Gr: G—h'g, Gawg:9—h'gh, (2.2)
with h € G, using a common gauge field A = AAT) transforming as,
A—h7'Ah —h7ldh. (2.3)

The total model is made gauge invariant by replacing the derivatives in the PCM by a
covariant derivative D1 g = 0+g— A1g (i.e. by minimal substitution), and by replacing the
WZW model (B.1) with the G/G gauged WZW model,

k - - -
Sgwzw k(9, A) = Swaw (9) + — / dodr (A_0199 ' —Ayg '0_g+A_gArg ' —A_AL).

(2.4)
Finally, we can fix the gauge to ¢ = 1 to find,
k _
Sk)\(g, A) = Swzw,k(g) - /deT<A+O _11A_>
AT g
i (2.5)
+- /dUdT (A0rgg~' = Arg o g),
where we introduced the useful operator,
Oy,=(1-AD)"", (2.6)

given in terms of the adjoint action D(T4) = adyTa = gTag™" = TDPB 4(g). For the
isotropic A-model, which is the model we consider throughout this paper, we have,

k

Aap = NTa,Tp) = A A= —.
A8 = MTa, Tp) = Anas, -

(2.7)

The gauge fields are now auxiliary and can be integrated out. Varying the action Sy \(g)
with respect to A4 we find the constraints,

Ay =X0404997", A_=-X0, 19 '0_g, (2.8)

4See appendix B for conventions.



Substituting these constraints into eq. (2.5) gives,

kA
Sealg) = Swzw.k(g) + - /dUdT Ré (09*1>AB Lt

k A B kA A B
=5 EdUdTL—i—nABL— + — /dUdTR+ (Og’l)AB L”

LS FapcLA NLB ALY, (2.9)
247 Jar,
in which Lie algebra indices out of position are raised and lowered with the metric n = (-, -)
and we work in term of the Maurer-Cartan forms L = g~ 'dg = —iLAT4 and R = dgg~' =
—iRAT4. From the above \ action it is straightforward to read off the target space data
which can be expressed in terms of the left-invariant forms LA as:

ds3 =k (Oy-1 + 0y — 1), z, L @ L7,
k " 5 (2.10)
B)\:BWZW+§(OQ_1 —O0g) g L' NL7,

where we have used that R4 = DA (g)L? and in which dBwzw = %FABCLA ANLEBANLB.
Equivalently we can use the identity (and this will proof useful later),

Op-1+05—1n=(1=X2)0gn0y—1 = (1—21)0y-110y, (2.11)
to express the target space metric as,
dsi =knap EA@EP,  E=\1-X0,.L, (2.12)

with E the vielbein bringing us to the flat frame. In addition the Gaussian elimination
of the gauge fields, when performed in a path integral, results in a non-constant dilaton
profile,

1
=Py + 5 logdetOy-1, (2.13)

in which constants are absorbed into ®(y. Finally, one can derive the classical energy
momentum tensor of the A-model to find,

Tis =k(1— M) (As, Ay). (2.14)

There are two interesting limits at play here [36]; for A — 0 we see from eq. (2.8)
that the fields A4 will freeze out and, hence, one will reproduce the well-understood WZW
model (see appendix B), allowing consistency checks of analyses of the deformation. For
small A the WZW is deformed by a current-current bilinear. In the A — 1 limit one
reproduces the non-Abelian T-dual of the principal chiral model. This limit is more subtle
and should be taken by k& — oo in eq. (2.7) and expanding group elements around the
identity (but see section 5 for more details).

To establish the classical integrability of the A model it is convenient to work with
eq. (2.5) but where we take the gauge fields on-shell eq. (2.8) (although see [36] for the
proof of integrability starting from eq. (2.9)). In this way any variation of the action with



respect to A4 vanishes and calculations simplify. From eq. (2.5) we then find the equation
of motion for the group element g to be,

Dy (¢7'D_g) = Fy_, (2.15)

where we introduced the derivative Dy- = 04 - —[A4, ] and the field strength F,_ =
0+A_ —0_A; — [A4, A_]. Using the on-shell expression for Ay, eq. (2.8), this can be
rewritten as,

1

Hence, effectively we have recast one second order equation for the field g, by the con-
straints, as two first order equations for AL. It is now straightforward to show that the
following Lax connection,

2 Aq
1+X1F2’

Li(z)= zeC, (2.17)

satisfying the flatness condition dL + £ A L = 0 is equivalent to the equations of mo-
tion (2.16) thereby ensuring its classical integrability [63] (see also the next section).

3 Integrable boundary conditions

3.1 General methodology

This section closely follows [22, 23] for obtaining open string boundary conditions that
preserve integrability based on a method first introduced by Cherdnik and Sklyanin [20, 21]
in the context of two-dimensional integrable systems. We add here a slightly more general
procedure applicable to integrable sigma models which has not been clearly spelled out yet
in the literature (however, see [28] for a recent usage hereof in the case of the PCM) but
which can lead to distinct integrable D-brane configurations.

Consider first a general (14 1)-dimensional field theory in a spacetime (or worldsheet)
Y. parametrised by (7,0) on a periodic or infinite line with a global symmetry group G.
The model is said to be classically integrable when its equations of motion can be recast
in a zero curvature condition of a gC-valued Lax connection one-form £(z) depending on
a spectral parameter z € C [63],

dL(z) + L(2) NL(z) =0. (3.1)

The Lax £(z) is defined up to a local gauge transformation by a Lie group element g(7,0) €
G given by,
L(z) = L9(2) = gL(z)g"" —dgg™', (3:2)

leaving the zero curvature condition (3.1) invariant. In this case, an infinite set of conserved
charges can be obtained from the usual transport matrix 7'(b, a; z) defined by,

T(b,a;2) = Poxp <— /ab do Lo (r,0; z)) , (3.3)



where we included the explicit dependence on the (worldsheet) coordinates and the arrow
specifies the ordering of the integral as per [6]. The transport matrix satisfies the following
useful properties,

b
0T (b,a;z) = —/ doT'(b,0;2)0Ly(T,0;2)T(0,a;2), (3.4)
0oT(0,a;2) = —Ly(1,0;2)T(0,a; 2), (3.5)
T (b,052) =T(b,052)Ls(T,072),
T(a,a;2z) =1, (3.7)

and under the gauge transformation (3.2) it transforms as,
T(b,a:2) — T9(b,a;2) = g(r, )T (b,a; 2)g~ () (3.8)

Using the flatness of the Lax £(z) together with the above properties, one can now show
that,
0:-T(b,a;z) =T(b,a;2)Lr(T,a;2) — Lo (7,0;2)T (b, a;2) . (3.9)

Therefore, under periodic boundary conditions o ~ o + 27 (for e.g. the closed string) we
find that the trace of the monodromy matriz T(27,0; 2) is conserved,’

o-TrT(2m,0;2)" =0 VneN. (3.10)

Different sets of conserved charges (local or non-local) can then be obtained from expanding
the monodromy matrix or its gauge transformed form around suitable values of the spectral
parameter leading typically to Yangian algebra’s or quantum groups for the non-local sets
of charges, see e.g. [64].

For later convenience, we define here also a generalised transport matrix,

b
Tb, a; 2) = %exp </ do QL (T, 0; z)]> , (3.11)
where 2 is a constant Lie algebra automorphism. This generalised transport matrix behaves
under time derivation as,

0-T (b, a; 2) = T(b, a; 2)Q[Lr (T, a5 2)] — QLo (7,b; 2)]| T(b, a; 2), (3.12)

such that 0, TrT’ Q(27r, 0;2)™ =0 for all n € Z, and under gauge transformations as,

Tb,a;2) — w(g(b) T(b,a; z)w (g_l(a)) , (3.13)

where the map w : G — G is defined as w (etX ) = "X for t small and X € g. Here we
assumed the corresponding Lie group G to be connected to the identity (in this case w is

a constant Lie group automorphism also).

5 Alternatively, on the infinite line with suitable asymptotic fall-off conditions we find immediately that
0;T (400, —00;2) = 0.



When the model is considered on a finite line, e.g. o € [0, 7] in the context of sigma
models describing open strings, the charges obtained from the above procedure are gener-
ically not conserved. Similarly to the loss of conservation of momentum along the spatial
direction, integrability might be spoiled. However, with the appropriate boundary condi-
tions one can still obtain an infinite set of conserved charges from the so called boundary
monodromy object Ty(z) that involves the transport matrix 7" from the o = 0 end of the
open string to the o = 7 end glued to the generalised transport matrix 7 in the reflected
region, i.e. going in the other direction. At the boundaries we include the possibility of
non-trivial effects incorporated by the so-called reflection matrices Uy and U, that are in
the Lie group G. Hence we define,’

Ty(z) = UpTS (27, m; 2) U T (x, 0; 2) (3.14)

where the allowed boundary conditions are encoded in conditions on the reflection matrices
and the automorphism Q. As discussed in [22, 23] the reflection matrices are taken to
be constant in time and independent of the spectral parameter.” The transport matrix
Tr(27, 7; ) in the reflected region is constructed from the transformation o — op = 27 —0
when o € [r, 27]. We will assume in the following the reflected generalised transport matrix
to have the form,

TH(2m, 7 2) = T(0, 75 —2), (3.15)

which will indeed be the case for the A model.

In general this strongly depends on the specific form of the Lax connection £(z) but
the following procedure can be easily adapted to other cases. Similar to the bulk model,
we impose integrability by requiring that the time derivative of the boundary monodromy
matrix is given by a commutator,

0;Ty(2) = [Tp(2), N(2)] , (3.16)

for some matrix N(z), such that TrT,(z)" is conserved for any n € N. Explicitly we find
using the formulae (3.9) and (3.12) that,
0:Ty(z) = Uy [TQ(O,TF; —2) Ly —2) — L2(0; —2)T(0, 73 —2z)] U (7,0; 2)
+ UpT(0, 73 —2)U L [T(7,0;2) £,(0; 2) — Lo (75 2)T (7, 0; 2)] (3.17)
discarding here the 7-dependence and using the notation £%(z) = Q[£(z)]. One can show

that the integrability condition (3.16) sufficiently holds for N(z) = £.(0; z) when we require
the following boundary conditions on both the open string ends:

L (7,0;2) = UoQ L (7,0; =2)]U; ', (3.18)

“When the Lie algebra automorphism Q is taken to be inner we recover the discussion of [22] up to a
suitable redefinition of the reflection matrices. The possibility of €2 to be outer, however, leads to interesting
non-trivial boundary conditions.

"These conditions are preferred for the interpretation of the boundary conditions as physical D-brane
configurations. However the spectral parameter independence e.g. might be relaxed as in [28] where the
objective is to map the boundary conditions to known boundary scattering matrices of the quantum theory
containing a free parameter.



and similarly on o = 7 (but where in principal the reflection matrix U, can be different
allowing the open string to connect different D-branes). Substituting the Lax connection
of the considered model in eq. (3.18) imposes integrable boundary conditions on the field
variables, together with consistency conditions on the automorphism €2 and the reflection
matrix U as will be clear in the coming subsection.

However this is not the end of the story: the above procedure leads to sufficient
conditions for integrability of the boundary model but they are not necessary. We can
cook up any exotic boundary monodromy matrix 73(2); as long as it satisfies 0;7T}(z) =
[Ty(2), N(2)] for some N(z) an infinite set of conserved charges can be constructed. It is
e.g. an interesting possibility to consider also a gauge transformation in the reflected region,

Ty(z,0) = UOTQ% (27r,7r; 5~R; w) U T(7,0;6;2)

= Upw(g(0))T* (O, 70 —w) w(g(m)) U T (7, 0;6;2), (3.19)

where we used eq. (3.13) and eq. (3.15) and we included in the transport matrix® the pos-
sible dependence on § representing (multiple) deformation parameters. Moreover, in the
reflected region there is the possibility that the spectral parameter and the deformation
parameters change, meaning w = F(z) and 6 = G(8) for some suitable functions F and
G. Although we will not consider this for the A-deformed model, we are convinced that a
detailed investigation of this possibility in other integrable models will lead to interesting
results and we hope to return to this point in the future.

3.2 Applied to A-deformations

Having the Lax connection of the isotropic A-deformation on group manifolds at hand
one can now derive the integrable boundary conditions corresponding to the boundary
monodromy matrix T(z) given in eq. (3.14). One can check that eq. (3.15) indeed holds
for the Lax (2.17). Using now the constraints (2.8) we can write the Lax in a convenient

form in terms of the Maurer-Cartan forms L_ = ¢~ '0_g and Ry = d,gg~ ",

2\ 1

LD = 517 (og,1 L] = Og[Ry] — 2 (0y-1[L_] + Oy[Ry]) ) : (3.20)

where recall Oy = (1 — AD)™!. Plugging the above into the result (3.18) and requiring the

reflection matrices to be z-independent leads to the following boundary conditions,”

Og-1[L-]los = =2 - Oy[R]|ox, (3.21)

where, for consistency, €2 should be a constant involutive Lie algebra automorphism. A
further restriction comes from demanding the (classical) conformal boundary condition (see
eq. (A.7)) which requires the energy-momentum tensor to satisfy 7' | = 7__|. Using the

8The cumbersome notation T9% represents the gauge transformed transport, acted on by the automor-
phism  and reflected.

9Here we absorbed the reflection matrices Uy /= (which are essentially an additional inner automorphism
action) into the definition of the automorphism Q and discarded the indication of the open string end.
However one should keep in mind that in principle {2 can be different on each end.



form of the stress tensor of the A model (2.14) we require that € preserves the inner product
(+,+). This is important for the boundary conditions to preserve conformal invariance in the
WZW limit A — 0 [4, 5, 11-15]. Summarising, €2 is a constant Lie algebra metric-preserving
involutive automorphism:

QeAut(g), =1, Qna=q. (3.22)

The integrable boundary conditions thus obtained reduce in the A — 0 limit exactly to
chiral-algebra preserving symmetric D-branes of the WZW model [4, 5, 11-14] (in the
terminology of [14] the type D conditions (B.8)).

3.3 Interpretation as twisted conjugacy classes

Like in the WZW case, we desire a geometrical interpretation of the (integrable) boundary
conditions (3.21) as Dirichlet and Neumann conditions on g : 0¥ — N defining a D-brane
N. In this regard it is important to realise that eq. (3.21) takes values in the tangent space
of G at the identity T.G ~ g. To interpret the geometry of the D-brane configurations one
needs local conditions on an arbitrary point g € G obtained by translating eq. (3.21) to
T,G (which is non-trivial for non-Abelian group manifolds). However, as A deformations
of WZW theories deform only the target space data while the tangent space TG is inde-
pendent of the choice of metric, it is clear that only the size of the classical D-branes can
change while their topology must be unaffected compared to the well-known WZW branes.
We will show here that this is indeed the case leading to (integrable) boundary conditions
corresponding to D-brane configurations that are (twisted) conjugacy classes [12-14].
First, we should split the tangent space T,G at g € G orthogonally to the D-brane
N with respect to the A-deformed metric (2.12) (assuming the metric restricts non-
degenerately to V),
T,G = TyN & T,N*. (3.23)

Important here is that the object (NZg = Og__l1 -Q- 0y gluing left to right currents in eq. (3.21)
is easily shown to preserve the deformed metric (2.12) at g provided that € preserves the
inner product 7 = (-,-). Indeed, writing the metric as

Gr=kE"nE =k(1 = )L"0y-1nOyL = k(1= X*)L"Oyn O, L, (3.24)

we have (ZZ;G )\ﬁg = (. Moreover, it is straightforward to show that the deformed metric
at g is invariant under an adjoint action by g, i.e. DTG\D = G,.

With these properties of the deformed metric at hand we can now exactly follow the
procedure used in the WZW case of [14, 15] for finding the tangent space T,N to the
D-brane when treating ﬁg as the gluing matrix. This leads to,

T,N = {u—0.1-Q-0,lg " ulg | Vu € T,G}. (3.25)

Using the transitivity property of left and right translations on group manifolds, together
with © being an automorphism (and thus bijective), there exists for every u € T4G a Lie
algebra element X such that,

u=—g0 L Q[X]. (3.26)
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Hence, Ty N is equivalently given by,

T,N = {0, [X]g - 9O, Q[X] | VX € g}
={1+XY[X]g—g(N+Q)[X]|VX €g}. (3.27)
Contrary to the WZW case, we have here the extra property on the Lie algebra automor-

phism Q that it is involutive, Q? = 1, and thus defines a symmetric space decomposition
of the Lie algebra g:

g=hot, (3.28)
where Q[h] = b, Q[¢] = —¢ and,
[b,b]ch, [hEcCE, [EECH. (3.29)
Hence, also T, N splits accordingly,
TyN ={(1+\) (Hg—gH) |VH e b} @ {(1-\) (Kg+gK) | VK €}, (3.30)

It is now possible to rescale (1 4+ A\)H — H and (1 — \)K — K such that,

TyN ={Hg—gH |VH € b} ® {Kg+ gK | VK € ¢}
={Xg—9gQ[X]|VX €g}. (3.31)

As expected, this is exactly the tangent space to the twisted conjugacy class Cy,(g) defined
by’10

Cu(g) = {hgw(h™")| Vh € G}, (3.32)

shown explicitly in [14, 15]. Hence, the worldvolumes N of the integrable D-brane config-
urations lie on twisted conjugacy classes C,,(g) of the group G on which the deformation
is based. In the A-deformed background only the size of the branes (determined by the
induced deformed metric) change, as also illustrated in the following section. The twisted
conjugacy classes are classified by the quotient Outg(G) = Auto(G)/Inng(G) of metric-
preserving outer automorphisms of G since two automorphisms that are related by an
inner automorphism in Inng(G) lead to twisted conjugacy classes that differ simply by a
group translation [15]. However, the involution condition w? = 1 from integrability does
not allow these group translation to be arbitrary and in practice there will only be a small
number of them, depending on the dimensionality of G. When the group automorphism
w is taken to be the identity element of Outy(G), the twisted conjugacy classes reduce to
regular conjugacy classes [12].

Note finally that, using Frobenius’ integrability theorem and €2 being an automorphism,
the D-brane N is a submanifold of GG eliminating the possibility of intersecting integrable
D-brane configurations [14, 15] using the methodology outlined in section 3.1.

1%Recall the definition of the map w : G — G under eq. eq. (3.13).
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4 Examples

In this section we will apply the above observations explicitly in two simple examples: the
A deformation based on the SU(2) and SL(2,R) Lie groups. In the compact SU(2) case
only regular conjugacy classes exist and we will derive the boundary equations explicitly for
them (necessary for section 5). Moreover we will show that the flux quantisation condition
remains independent of \. We will perform a semi-classical analysis of the spectrum of
quadratic fluctuations and demonstrate that turning on A will lift the zero modes of the
WZW branes. In the non-compact SL(2, R) the study of both regular and twisted conjugacy
classes is possible. Here we will focus on the classical aspects showing only the twisted
conjugacy classes to be (classically) physical in contrary to the regular conjugacy classes.
Moreover we find again the flux quantisation to remain independent of A.

4.1 The S® deformation

For su(2) the metric-preserving algebra automorphisms form the group of rotations SO(3)
while Out(SU(2)) is known to be trivial. The D-branes in the S3 manifold therefore lie
on regular conjugacy classes. In light of this we choose the following convenient parametri-
sation for the SU(2) group element,

(cosoH—iCOSﬂ sina e sina sin g ) (4.1)

—esina sinf8 cosa —icosf sina

such that the S is given by an S? parametrised by 8 € [0, 7] and v € [0, 27] fibred over an
interval a € [0, w]. Regular conjugacy classes are distinguished by Tr(g) = 2 cos a constant
and so correspond to this S2. Note that integrability only allows group translations from
involutive inner automorphisms that correspond here to rotations over an angle 7. For the
WZW analysis of these D2-branes see we refer to [65, 67-69).

We first recall the target space geometry of the A-deformed theory [36],

1 1— )2
ds? = 2k LR I St ey a(dB? + sin? Bd~?) |,
1—)\ A
2AA + (1 — \2)? 4.2
Hy = 4k +22 ) sin? aesin Bdov A dfB A dry, (42)

672‘13 _ efQ@OA’

where A = 14+ A2 — 2\ cos 2a. Here we note that in performing the Gaussian integration
to arrive at the A model a dilaton (2.13) is produced. In the metric observe that, and this
will be important, that the deformation leaves the S? intact changing only the radius of
this sphere as it is fibred over «.

The integrable boundary condition obtained from (3.21) with Q = 1 reads,

0_al =—-01a],
(14X —2Xcos2a)d_B| = (2A — (1 + A?*) cos2a) 9.8 — (1 — A?) sin Bsin 20, 4|, (4.3)
(14 A% = 2Xcos2a)d_y| = (2A — (1 + A?) cos 2a) D4y + (1 — A?) esc Bsin 2004 5] .
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It is immediately clear that a obeys a Dirichlet boundary condition and X* = {3,~} obey
(generalised) Neumann boundary conditions (A.4) which should take the standard form,

Gap(X)0, X0 = Fop0- X", (4.4)

in which F,, = éab + 47 F!t (see also appendix A). We first re-express the Neumann
boundary condition as,

-1 -1
OsB| = 1 cotacsin B0ry|, 07| = 1 cot avese 0,5, (4.5)
and making use of the metric restricted to a = const we extract the two-form,
k
F = E(l — \)?sin 2arsin BdB A dy . (4.6)

We can now evaluate the DBI action (A.10),

SpBI = Tg/ e ®\ G+ F=drkThe ®sina. (4.7)

where we absorbed a factor of 1 — \ into the constant dilaton e~ %0

. Naively this would
suggest that the only stable D-branes are the ones for which this quantity is minimised
i.e. the DO branes located at @« = 0 and o« = w. However the flux quantisation stabilises
the branes in other locations in a slightly subtle way. There are two well defined forms
at play; the NS three form H and a two-form on the D-brane submanifold w which is,
by virtue of the construction, equal to the two-form F locally. The quantisation is now a
statement that the relative cohomology class [(H,w)]/27 be integral [51, 70-72] demanded
by consistency for the definition of the WZ term in the action (2.5) (see also appendix B).
Put plainly, the difference in periods of w over the D2-brane worldvolume N and H on an

extension B whose boundary is the D2-brane 0B = N should be integral i.e.
w—/HE 2 Z. (4.8)

For the case at hand, let us locate the D2 brane at &« = a, and integrate H over an
extension « € [0, a,]. This yields

1 k(1 — X\)%sin 20y
il H —_9 . 4.
47 ks + A, (4.9)
At the same time we have
1 k(1 — A\)%sin 20y
- — 4.10
= /N w — (4.10)

so that in the combination entering the quantisation condition eq. (4.8) all dependence on
the deformation parameter A drops out and one recovers the conventional result for the
WZW model; there are, in addition to the DO-branes, stabilised D2’s located at!?

nmw

=, n=1...k—1. (4.11)

"¥or the level k to obey the conventional quantisation we have used units in which o/ = 2.

12We are assuming throughout that we are in the semi-classical regime and so ignore any consequences
of the shift k — k + 2 [1].
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Let us now evaluate the dynamics of fluctuations of this D-brane. For that we need
to consider dependence on the target space time coordinate; i.e. we need to introduce an
extra time-like dimension to the target space. We will choose a synchronous gauge and let
the coordinates of the worldvolume of the D2 be X* = (¢, 3, ). Following [65] we examine
fluctuations of the transverse scalar and worldvolume gauge field in the DBI action,

S—Ty / e~/ —det(Gup + Fu), (4.12)

where,
Far = Bap + 27Ta/(8aAb — 81,Aa) . (4.13)

For direct comparison to [65] we reinstate explicit factors of o’. It should be emphasised
that the metric G needs to be pulled back to the worldvolume according to,

~

Gap = G0 X" 0, X", (4.14)

which induces derivatives for fluctuations in the transverse scalar. To perform this analysis
it is helpful to pick a gauge for the antisymmetric field [36],

(1-N)?

g _
B = k:oz<oz A

cos asin a) sin Bdp N dry . (4.15)

Then we make the ansatz for fluctuations,

k

:%a

(X), Av:ﬁoz*(cosﬁ—l)—kﬁ (X). (4.16)

a=o0,+6X), A =0, Ag o 5.0

Now the procedure is to expand the DBI action to quadratic order in the fluctuation
and to extract classical equations of motion.!® The intermediate steps of this calculation
are extremely unedifying and made algebraically complicated by the appearance of the
function A(«) in various places. However, somewhat remarkably to a large extent all
of the complications cancel out to leave a very simple result. In terms of the covariant
fluctuation g(t, 8,v) = —ﬁ (Ogay — Oyag) we find equations of motion,

5\ vien oo 2\ (s (417
a2 \ g T ka1 — N2 20 (1+>\)QD g’ '

1+22

in which O is the Laplacian on the S2. This operator can be diagonalised in terms of an
expansion in spherical harmonics. In the I** sector (i.e. where O = I(I 4 1)) we find that
the eigenvalues are,

1

(L+D) (T+ N2 +2(14+ A7), W)

M LI +0)2— (1= N3).  (4.18)

These are all positive, hence stable fluctuations of positive mass. Since g carries no s-wave
as a consequence of flux-quantisation and that the s-wave of § has a frequency squared of

B As in [65] in the expansion there is a linear term proportional to the fluctuation of the quantised D0
charge which must necessarily vanish and so we neglect it in what follows.
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2 1+)2
ka 1-)\2
acquires a positive mass for A # 0; this lifting of zero modes is a reflection of the fact that

— it is not a moduli. It is interesting to notice that the p-wave triplet (i.e. [ = 1)

one of the SU(2) symmetries is broken in the target space metric and so we are not longer
free to move the S? of the D-brane about the S2. Put another way, in the undeformed
theory these zero modes on the worldvolume are associated Goldstone modes from breaking
the SU(2) global symmetry of the target space by the D-brane; in the deformed theory there
is no longer such an SU(2) symmetry to be broken and hence no corresponding Goldstone.
A further feature of the spectrum is that it inherits a Zs invariance A — A7 %, k — —k
displayed by the A-deformed worldsheet theory [66].

4.2 The AdS3 deformation

For the s[(2,R) algebra it can be shown that the metric-preserving automorphisms form the
group SO(1,2) = SO(1,2)T USO(1,2)~ where SO(1,2)" correspond to the usual rotations
and boosts, while SO(1,2)~ transformations are obtained from an additional reflection and
time-reversal. The metric-preserving outer automorphism group Outg(SL(2,R)) descends
from the latter and can be shown to have, besides the identity, one non-trivial element
given in convenient representation by the conjugation w(g) = wigw; U with

wi = <é _01> ¢ SL(2, R). (4.19)

The corresponding Lie algebra automorphism 2 defined by Q[T4] = OB T = wiTawy Lis
readily shown to be an involution and therefore defining with (3.21) consistent integrable
boundary conditions. Note that we might as well represent the non-trivial Outo(SL(2,R))
element by a conjugation with,

s = (? é) ¢ SL(2,R), (4.20)

which is connected to w; with an involutive inner automorphism that corresponds in

SO(1,2) with a rotation over m. Moreover, it is important to emphasise that this inner

automorphism is the only allowed group translation leading to integrable D-brane config-

urations in AdSs. We are thus allowed to make two distinguished cases in the analysis of

D-branes in the A-deformed AdSj3 corresponding to regular and twisted conjugacy classes.
First, let us parametrise the SL(2,R) in a general way as,

Xy — X3 Xo— X3

with X;, i = {0,1,2,3}, real and with the defining relation —Xg + X7 + X2 — X3 = —1,
making apparent the AdSs embedding.

The regular conjugacy classes (obtained by taking w the identity) are distinguished
by Tr(g) = 2Xy constant and substituting this into the defining relation one finds the
geometry of the corresponding D-branes (see also [68, 69, 73]). The geometry will depend
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on the values of Xy; for Xg > 1 the conjugacy classes correspond to de Sitter D1-strings,
for Xg < 1 they correspond to H instantons and for Xy = 1 to the future- and past
light-cone. In the next, we will consider only the former de Sitter D1-strings since the
study of instantons is beyond the goal of this paper and for the latter case the metric will
be degenerate. However, as shown by [73], the de Sitter WZW-branes are tachyonic and,
as we will shortly touch upon, they will stay so when turning on the deformation.

The twisted conjugacy classes (3.32) are obtained by conjugation with wy,

Cu(g) = {hgwi h | Vh € G}uwit, (4.22)

and are thus distinguished by Tr (gw;) = 2X; constant. The corresponding D-brane con-
figurations are, for any X; € R, two-dimensional Anti de Sitter D1-strings (see also [73]).
Equivalently, when conjugating with ws, twisted conjugacy classes will be distinguished by
Tr (gws) = 2X5 constant corresponding again to AdS D1-strings. The choice of representa-
tion depends on how one wants to analyse these D-brane configurations together with the
choice of parametrisation of the SL(2.R) group element. In both cases, however, one sees
from the defining AdSs relation that the integrable AdSy branes are static configurations.
In the WZW case, these D-branes configurations are shown to be physical in [73].

dS D1-strings. A convenient parametrisation to describe the dS D1-strings is one where
we replace in (4.21) the elements by,

Xy = cosh), X3 =sinhe¢sinh7, X; + iXy = sinh ) cosh re’® (4.23)

with ¢ € [0,00[, 7 €] — 00,00[ and ¢ € [0,27] (although, they are not good global coor-
dinates). Here the AdSs is build up out of fixed 1-slices of dSs spacetimes parametrised
by 7 and ¢ corresponding to the dS D1-strings. Note that in this coordinate system we
describe D1-strings that are static configurations in AdSs.

The target space geometry of the A\-deformed AdSs is,

14+ A 1— )2
ds? = 2k (1 j 3 dy? + 3 sinh?¢ (—dt* + coshztd¢2))
2AA + (1 — A2)2 4.24
o, = 422 é . )" Ginh? 4 coshrdip A dr A d (4.24)

672(1) — 672<I>0A

with A = 14 A2 — 2\ cosh 2¢). In these coordinates it is obvious that the deformation leaves

the dSo D1-strings intact but changing the radius with a squashing factor 1_£>‘2.

Comparing the integrable boundary conditions obtained from (3.21) with Q = 1 with
the boundary conditions from the sigma model approach, i.e. Dirichlet (A.3) and (gener-
alised) Neumann (A.4), one can extraxt the two-form F on the dS D1-brane to find,

(1-2)?
F= kT sinh 2¢) cosh 7d7 A d¢. (4.25)
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See also [12, 70, 71] for a general formula in terms of the gluing matrix. The induced metric
G on the D1-brane is obtained simply by enforcing ¢ = constant in eq. (4.24). The DBI
action now evaluates to (absorbing a factor 1 — A into the constant dilaton),

Sper = T4 / e_(b\/—det(aab + Fup) = 4Ank T e~ %o /dT\/— sinh? ¢ cosh? 7 (4.26)

and, hence, is supercritical.

One could equally perform this analysis in the global cylindrical coordinates along the
lines of [73] to describe dynamical configurations of a circular D1-string and argue that
these are unphysical trajectories. We expect however no new information to be gained.

Anti de Sitter D1-strings. At first sight a logical coordinate system to describe the
AdS D1-strings seems to be the global AdS coordinates where the elements of (4.21) are
replaced by,

X+ iX5 = coshtp coshwe,  X; =sinh1), Xy = coshisinhw (4.27)

with {1, 7,w} € R3. The twisted conjugacy class (4.22) (obtained by conjugation with w;
of eq. (4.19)) lie along fixed 1-slices which correspond to AdSs spacetimes parametrised
by 7 and w.

In this coordinate system the target space geometry of the A-deformed theory is,

sin 27 cosh? w sinh 2¢)

14X [ A+ 4X(cos® T cosh®w — 1)
ds3 = 2k ~ dip? +2X ~ dipd
E5Y T ( X P+ X pdr
2 7 sinh 2w sinh 2 14+ )% — 4Xcos?
_ )08 T WS ¢d1/}dw+cosh2w (—( + ) = AcosTT cosh? wdr?
A A
+2)\51112T%inh2w drdw 4+ (1—N)? —4)\£coszrsinh2wdw2>>

2AA + (1 — A2)2
Hy =4k + (E ) cosh? ¢ coshwdip A dr A dw (4.28)

e—2% _ 2007

with A = (1 + A2) — 4\ cos? 7 cosh? w cosh? ¥. One can readily verify that in the WZW
A — 0 limit the metric reduces to the obvious slicing of AdS3 by AdSs spacetimes along .
However, when turning on the deformation this slicing becomes obscure and one can not
read of a “squashing” factor of the AdS D1-strings in contrary to the dS case of above. An
explicit analysis of the integrable boundary conditions (3.21) with the conjugation by w;
teaches us however that it is indeed the 1) direction that is Dirichlet. The induced metric
G on the brane is thus obtained by enforcing 1) constant in (4.28). Comparing again the
integrable boundary conditions to the ones obtained from the general sigma model, we can
extract the gauge invariant two-form F on the AdS D1-string,

2
F= k(lg)\) sinh 2¢) cosh wdr A do. (4.29)
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The DBI action simply gives,

Sper = T /e‘é\/—det(@ab + Fap) = 2kT e~ o /dew cosh 1) cosh w, (4.30)

where we absorbed a factor of 1+ )\ into the constant e~®0. The action is readily minimised
when ¢y = 0 where the D1-string is still of finite size. However, when making appropriate
gauge choices for the induced antisymmetric field B and the U(1) field strength F, in
particular one where A, = 0, one can identify the usual quantisation condition from the
Gauss constraint of QEDy (following [73]) given by,

AFy,
\/ —~Adet(Gap + Fup)

AnTye~ %o = 4nTie”®sinhep =g € Z (4.31)

with the integer ¢ known to be the number of fundamental strings bound to the D1-
string [74]. Similar to the SU(2) example we thus have again, due to a flux quantisation
condition, additional locations where the D1-strings are stabilised, independent of the value
of A. However, contrary to the SU(2) case, this does not descend from topological conditions
of the boundary WZW (see also appendix B) as AdSs is topologically trivial.

One could instead also consider the twisted conjugacy class obtained from conju-
gation by wy of eq. (4.20). The corresponding worldvolume is then characterised by
Xy = cosh¢sinhw constant and is obtained from the previous fixed i-slices by a rota-
tion over 7 in the spatial directions. The analysis of these worldvolumes are easily done in
the Poincaré coordinates (t,x,u) € R? that are obtained by,

1
Xo+ X1 =u, Xo— X1 = <+u(x+t)(:v—t)> R XQ:l:XgZU(l‘:tt). (432)
u

Eliminating then the coordinate u by ux = C with C a constant one can identify the
gauge-invariant two-form F to be,

(1+ )2 C?
Ao o dt A dz, (4.33)

F =2k
with the dilaton factor Ap in Poincaré coordinates. The Gauss constraint similarly quan-
tises the constant C' as,

drTy e ®C =q e Z, (4.34)

where again a factor of 1 + A was absorbed in the constant e~®0.

We conclude that from a classical point of view the AdS D1-strings in the A background
are still physical. Moreover they are stablised in the same manner as in the WZW case,
i.e. due to flux quantisation. Semi-classically it would be interesting to perform a stability
analysis of the quadratic fluctuations as was done for SU(2) in section 4.1. In the A case
we expect the same stability conclusion as the WZW case (see e.g. [75, 76]) accompanied
with a lifting of zero modes. However, we will not pursue this interesting point here.
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5 Relation to generalised T-dualities

5.1 The non-Abelian T-dual limit

In a scaling limit A — 1 the A-deformation recovers the non-Abelian T-dual of the principal
chiral model [36]. To achieve this limit one expands the group element around the identity,

1 1

and takes kK — oo to find,

o_vA 1 O v 1 Fap©uv
4= = +(’)<]€2>, Ri= -2 +O<k2), Dap =nap+ = (52)

In this limit the A-deformed action (2.9) becomes the non-Abelian T-dual with respect to
the G action of the PCM (2.1),

1 1
g — W/a“’A (Mfl)AB O v+ O (k> ., with M =r®nap + Fapvoc.  (5.3)

For the case of SU(2) in the parametrisation used in eq. (4.1) this limit is achieved by
taking o = 5 with

r r r
v = ——=sinfBsiny, vy = —=sinfBcosy, v3= —=cosf. (5.4)

V2 V2 V2

The metric becomes 5 4

1 K
ds% ayr = = <dr2 + o ﬁ4d52(52)> . (5.5)

where ds?(S?) = dB? +sin? Bdy2. The first point to note is that in the limit the two-sphere
remains intact so one anticipates that the D-branes described previously are preserved.
Performing the A — 1 limit procedure on the boundary conditions of eq. (4.3) yields,

o_r| = —=04r|,
(r2 + kM0_B| = (r? — K10, B — 2rk*sin B0, | (5.6)
(r2 + kMO_~| = 2rk2csc 04 B + (r? — k1) D]

To understand these conditions it is useful to work instead with the following combi-

nation of worldsheet derivatives
Li=-MTov, L_=+M"'0_v, (5.7)

which can be used to construct a Lax connection for the dynamics of the non-Abelian
T-dual theory eq. (5.3):

1

1:{:2Li, [8++L+,87+£7] =0. (58)

Lilz] =

In terms of these the boundary conditions of eq. (5.6) take a remarkably simple form

Li|=1_]. (5.9)
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This property of the boundary conditions holds in general, at least in the case where we
set the extra automorphism 2 = 1, and follows due to the limit

—— 0, > M, (5.10)

from eq. (3.21).
Now for the punchline. The non-Abelian T-dual theory described by eq. (5.3) is clas-
sically equivalent to the principal chiral theory

K2 1A e
Spem = —ﬂ_/deT (77 '0,99 '0_g). (5.11)

The T-duality transformation rules are non-local in terms of the coordinates of the sigma-
models but in terms of world sheet derivatives are a canonical transformation of the form

[ =Ly, §'0wg=—iliT,. (5.12)

Thus we can immediately conclude that under non-Abelian T-duality the D2-brane de-
scribed by the boundary condition (5.6) results in

90,91 =0, (5.13)

i.e. a space-filling D3-brane.

This analysis agrees exactly with the integrable boundary conditions that we would ob-
tain for the principal chiral model by substituting the Lax (5.8) into the result (3.18) (note
that this holds as the Lax (5.8) satisfies eq. (3.15)) which leads to the boundary conditions,

Ls| = Q(Ly)| = Q- DT (R). (5.14)

Interestingly, these have the form of type N gluing conditions. In the context of the WZW,
these type N gluings eq. (B.9) preserve conformal invariance but break the chiral-algebra
(and for which a good understanding is still lacking to our knowledge). It would be
interesting to relate these observations to the recently appeared [56].

5.2 The pseudo-dual limit

A second interesting limit described in [77] is a scaling limit as A — —1 which results in
the pseudo-dual [78] of the principal chiral model. The pseudo-dual theory is obtained by
replacing the currents of the PCM with scalars according to

glorg=e"0,0, (5.15)

such that the conservation of the currents becomes a trivial consequence of the commutation
of partial derivatives. The Bianchi identities and equations of motion written in terms of ¢
can be obtained from a “dual” action. However this is not a true dualisation [78] — even
at the classical level the two theories are not related by a canonical transformation and at
the quantum level they have striking differences. The PCM is asymptotically free where as
the pseudo-dual is not. The PCM is quantum integrable whereas the pseudo-dual displays
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particle production. Nonetheless it is intriguing that the pseudo-dual action follows from
the A-theory upon the scaling

2 .
A= 1+ g=14 L MUt ..., k—oo. (5.16)
k3 k3
Evidently in taking this limit one needs to relax the requirement that A € [0, 1] required of
the original construction of the A-model.

Let us see the effect of this on the boundary conditions in the context of the SU(2)

theory. The scaling is quite similar; we define o = 2’; and
3
(bl:—LsinBsin'y ¢2:Lsinﬁcos7 ¢2:LCOSB. (5.17)
) \/5 ) \/i

V2

The limit & — oo can then be taken in the boundary conditions of eq. (4.3) resulting
simply in

;4" =0. (5.18)

In terms of the PCM variables we recover, as with the non-Abelian T limit, a D3-brane
described by
g 0,91 =0. (5.19)

5.3 Poisson-Lie dual interpretation

The A-deformed theory is closely connected to a class of integrable deformations of the
principal chiral model known as 7n-deformation (also known as Yang-Baxter deforma-
tions) [79, 80]. To establish the relation between the A and 7 theories one first performs
an analytic continuation of the coordinates parameterising the A-theory and also of the
deformation parameter itself. Performing this analytic continuation in the A-deformed ac-
tion of (2.9) results in a new (real) sigma-model that is the Poisson-Lie T-dual to the
n-deformation [59-62]. Our goal here is to track this connection through with the bound-
ary conditions considered here. To make this rather technical procedure accessible we first
introduce the rudiments of Poisson-Lie technology.

Poisson-Lie T-duality [47, 48] is a generalised notion of T-duality between a pair of
o-models on group manifolds G and G (with corresponding algebras g and g) that do not
enjoy isometries but instead posses a set of currents that are non-commutatively conserved
with respect to the dual algebra g (g). For this construction to be consistent 0 = g @ g
must define a Drinfeld double [81]. The two Poisson-Lie dual sigma-models defined in this
way are of the form,

3[g] = ;/dzafz(Eo_l _ i)y

_ 1 5 L (5.20)

S[g) = m/d%LI(EO — 1) 'L_,
in which L (L) are pullbacks of left-invariant one-forms for G(G), E is a constant matrix
of freely chosen moduli, and ﬁ(ﬁ) is a matrix formed by the combination of the adjoint
action of G(G) on itself and G(G) according to,

G\ =alTy, G 'T°G=0"T,+ (¢ 1)1, % =0l (5.21)
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where fa and T resp. are the generators of g and g resp. The overall tension of the
sigma-models has been introduced for later convenience. What will be useful in our con-
sideration is that the two PL models are canonically equivalent [82, 83] with the canonical
transformation defined by,

~ v tnw « i~
P— 1P+ E”LU . P—_IiP+ gLU : (5.22)
in which, if we let X* be local coordinates on @, we define the momentum P = Lg 6‘?;‘ 14

In the context of the A-n connection the relevant Drinfeld double is @ = g€ and § is
identified with a Borel sub-algebra coming from the Iwasawa decomposition g€ = g+a+n.
The action S is defined on the group manifold G = AN and is the one obtained by analytic
continuation of the A-deformation. The dual action, i.e. the first of eq. (5.20), is defined
on the group manifold G and can be recast as,

o~

1 ~ o
§=- /d%Riu —ngR)'R_, (5.23)

in which }Aﬁi are right-invariant one forms (pulled back) and R solves the modified classical
Yang-Baxter equation. For the isotropic single parameter deformations considered here
Ejl = %1 + R. This is the integrable n-deformation [79, 80].

For didactic purpose we consider the case of the SU(2) A-deformation. In the
parametrisation used in eq. (4.1) this analytic continuation amounts to a mapping between
coordinates («, 8,7) — (y1,y2, x) and parameters (k,\) — (¢,1) given by,

Y1+ iys = isinasin fe’’,  eX =cosa+isinacosf, k= L, A= Z,_ . (5.24)
4in 1+

In this case the g = su(2) and § = e3 (Bianchi II) and we will work with group elements
parametrised by,

v 3 e 2 (y1 — iy) G 621(¢+w cos () 2™ sin (5 (5.25)
9=\ o e 3 I —e # OV sin (§) e 3O cos (§) |

Applying the analytic continuation eq. (5.24) to the boundary conditions eq. (4.3) yields a
result that is real (as required to be a consistent boundary condition) and rather elegant
when written in terms of the momentum P:

- 4 e2x o

Bl=—— T,

1l tn1+e2x + 722 |

- 4 e o (5.26)
Pl=——" L ‘
2l = Ty g el

Pl =0.

Notice that in these conditions all the complicated dependence on the deformation param-
eter n (notwithstanding the factors of tn) is subsumed into the momenta P. In this form

“We adapt the results of the [36] to our conventions and restore the overall normalisation of the sigma
models.

— 922 —



we can now immediately apply the canonical transformation of eq. (5.22) to deduce the
corresponding boundary condition for the n-deformed theory. Actually something rather
special happens; the canoncial transformation eq. (5.22) depends explicitly not only on the
momenta I—Y’, P and the left-invariant forms IVLU, Eg but also on all the coordinates through
the matrices II and II in a rather complicated fashion. It is then by no means guaranteed
that when the canonical transformation is applied to the boundary conditions of eq. (5.26)
that what results will depend only on the coordinates (6, ¢, 1) that parametrise G. Reas-
suringly, however, this does indeed transpire to be the case!

We are now in a position to present the boundary conditions of the n-deformed principal
chiral model obtained in this fashion. In terms of the coordinates themselves the boundary
condition takes a rather simple form,

s +sec00,¢| =0,

100 + tan 00,¢| =0, (5.27)
norp —sec 00,0 = 0.

For reference the geometry corresponding to the n-deformed theory reads
ds? = (d¢ + cos dy)” + b (d6* + sin® 0dy?)
t 1+n?2 ’

i 77 3 e =
B—t(1+n2)sm9d9/\dw, H=dB=0.

(5.28)

Since all the coordinates enjoy (generalised) Neumann boundary condition we are describ-
ing here a space-filling brane supported by a worldvolume two-form F = B + 2wd/F.
Making use of the above metric we can readily extract this two-form,

F=—"T__«nodoAdiy, (5.29)

t(1+n?)

showing that F' = dA = 0.

It is also illuminating to express the results in terms of right invariant forms,
R' = — cos ¢ sin Ody+sin pd R? = sin ¢ sin Ody+cos pdb | R} = dp+cosOdy . (5.30)
such that the boundary conditions take the conventional form of a gluing,
R |=R,R |, (5.31)
with
1
1+9R°

It is easily verified that R so defined is an algebra automorphism. It is worth emphasising

R=0;'0_, O4=

(5.32)

that here the gluing between currents after the generalised duality is again with an overall
plus sign (it is of the form of a WZW N-type boundary condition eq. (B.9)) whereas in the
original A-deformed WZW the gluing between currents was with an overall minus sign (i.e.
of WZW D-type eq. (B.8)).
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To close the circle we can again relate these boundary conditions to the general inte-
grable boundary condition construction. First we recall that the Lax for the n-deformed
PCM eq. (5.23) is given by [79, 80],

1472

ﬁ:l:(,rhz) = 1:‘:2

ads;1-O4 - Ry . (5.33)
Using this we can readily see that boundary condition above is obtained from,

ﬁ.,.(’l’}, Z)’ = ﬁ.,-(’l’}, _Z)|a (5'34)

and hence is of the form of the integrable boundary condition that one would obtain from
eq. (3.14) in which the extra automorphism © = 1 and when would choose the freedom
to change the deformation parameter conveniently (see also the discussion at the end of
section 3.1). Actually there is a second possibility,

['7—(77? Z)| = ﬁ’r(_nv _Z)’7 (5'35)

which also gives an integrable condition; this is just §+] = §_|.15

6 Conclusions

We have seen that integrable boundary conditions of the A-deformed theory can be obtained
by demanding that the monodromy matrix of the Lax connection generates conserved
charges even in the presence of a boundary. Rather elegantly these boundary conditions
can be described by (twisted) conjugacy classes, independent of the deformation parameter
and indeed as the deformation is turned off the known D-brane configurations in WZW
models are recovered. For the SU(2) theory the picture is nice; viewing S® as a two-sphere
fibred over an interval the conjugacy classes correspond to D2-branes wrapping the two-
sphere (that shrink at the end points of the interval to DO-branes), and the effect of the
A-deformation is in essence to determine the size of the two-spheres. The quantisation of
the world-volume flux remains consistent in the deformed theory — all occurrences of the
deformation parameter cancel — and enforce that the D-branes sit at localised positions
along the interval.

Armed with the integrable D-branes of the A-model we were then able to show their
connection to D-branes in the PCM and its n-deformation. First we could track the D-brane
boundary condition through to the non-Abelian T-dual point (A = 1) and dualise them to
an N-type boundary condition of the PCM, which is also integrable. Alternatively we could
perform analytical continuation to ascertain boundary conditions for a Poisson-Lie sigma
model on the group manifold AN appearing in the Iwasawa decomposition G¢ = GAN.
The boundary conditions produced in this fashion were then Poisson-Lie T-dualisable and
produced N-type boundary conditions of the n-deformed PCM. Again we saw explicitly

15This later choice however appears incompatible with PL T-duality, this is easily seen since the boundary
condition is equivalent to L, = 0 and making use of the canonical transformation eq. (5.22) this leads to a
PL dual condition 0 = (1 —1IIII) P +1IIL, which still depends on the coordinates of g and is thus non-local.
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that these D-branes of the n-deformed PCM are integrable. The exchange of N-type and
D-type boundary conditions in this approach is a phenomenon that seems generic in the
context of non-Abelian and Poisson-Lie theories.

Let us comment on a few interesting open problems triggered by this study.

The concerns and analysis of this paper have been predominantly classical. An im-
portant next direction is to make more precise the quantum description corresponding to
the boundary conditions considered here. Assuming no Goldschmidt-Witten anomaly is
encountered one might anticipate that the integrability transfers to the quantum theory.
Here the situation is rather intriguing. A bulk S-matrix is conjectured — and to a certain
extent derived via quantum inverse scattering — for the A\-deformation and has a factorised
product form S(#) = X (0)SSV?)(9) @ SEIO%% (9) (for the SU(2) theory), in which the first
factor is the SU(2) rational solution of the Yang-Baxter equation and the second is a inter-
action round a face type block that is thought of as describing kink degrees of freedom [84].
A quantum integrable boundary should supplement this bulk S-matrix with a boundary
‘K-matrix’ that obeys a boundary version of the Yang-Baxter equation [20, 21]. It will be
interesting, and the subject of further investigation, to establish the boundary K-matrix
corresponding to integrable boundary conditions found within. Developing this line further,
the quantum inverse scattering construction shows how the A-theory can be quantised on a
lattice as a spin k& XXX Heisenberg chain with impurities [84]. It is appealing to establish
a match between integrable boundary conditions of such spin chains (studied e.g. in [30])
and the boundary conditions of the continuum theory we constructed here.

Here we have considered just bosonic A-theory on a group manifold. These M-
deformations have an analogue in the context of symmetric spaces [38] (i.e. deformations
of gauged WZW models) which will be of interest to study, with the anticipation that the
geometric description of D-branes of [85-88] persists in the deformed theory. Going further
one can consider A-deformations of theories based on supercosets with applications to the
AdSs x S° superstring [37, 39]. Here the deformation is expected to be truly marginal and
conjectured to correspond to a root-of-unity deformation of the holographic dual gauge
theory. The study of the integrable D-branes in this arena also seems profitable.

One way to introduce fermionic degrees of freedom is by considering supergroups or
supercosets as target manifolds as outlined in the previous paragraph. Another way is
through the supersymmetrization of the deformed o-model thereby introducing worldsheet
fermions. We expect that the results obtained in this paper carry over unchanged to the
N = (1,1) supersymmetric version of the isotropically A-deformed theory. However as is
well known, going to N = (2,1) or N = (2,2) supersymmetry, which is needed when one
has string theoretical applications in mind, requires additional geometrical structure(s)
thereby strongly restricting the allowed target manifolds and the choices of metric and
torsion on it. For example, on the integrable Yang-Baxter deformation of the PCM with a
Wess-Zumino term (which is a generalization of the n-deformed PCM) it is highly unlikely
that one can go beyond N = (1, 1) supersymmetry [89]. As far as we know, the question
whether A-deformed theories allow for extended supersymmetry, even in the absence of
boundaries, has not been addressed yet and forms an interesting open question.
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A General sigma models with boundaries

To establish our sigma model conventions we briefly review the necessary basics of bosonic
open strings in general curved backgrounds (see for instance [8, 9]). We discard the dilaton
in this brief discussion and adapt throughout this paper the open string picture.

The string sigma model is a theory of maps X#(7,0) from the worldsheet X
parametrised by (7,0) to a target space manifold M parametrised by X* with u €
{0,---,D — 1}. Considering open strings, the worldsheet ¥ has a boundary 0% that
is mapped in the target space to a p + 1-dimensional submanifold'® N C M known as a
Dp-brane. For a target space with metric G, (X) and anti-symmetric 2-form B, (X) the

sigma model action is

1
 Axod

So

dxe
/ oy =90 X" (7 G (X) + € B (X)) 95X7 + / dr Aa(X) =,
ox
(A1)
with A,(X) the U(1) gauge field coupling to the end-points of the open string and a €

{0, -- - p} denoting the tangent directions to the worldvolume of the Dp-brane. In conformal

+

gauge, gop = diag(+1, —1), and lightcone coordinates, 0™ = 7 + o, we have

dxe
dr -~

S0 = o7 [ dodr 0. X¥ (G (X) + Bu(0)0-X"+ [ drAu(x) (A-2)
ox

T
Varying the action with respect to the fields X* (to obtain the equations of motion) one
encounters a boundary term leading to Dirichlet and (generalised) Neumann directions
provided the metric splits orthogonally:

Dirichlet: X% gx =0 = 8, X%sx =0, (A.3)
Neumann:  Gop(X)95 X9 = (Bap(X) + 210/ Fip (X)) 0- X5 (A.4)
witha=p+1,...,D — 1 the directions normal to the Dp-brane and where we introduced

the Abelian field strength Fu,(X) = 9, Ap(X) — OpAa(X). The classical energy momentum
tensor of the sigma model is given by

1
Top = 0o X"G (X)X — iga,gg'y‘s&yX“Gﬂy(X)&;Xy . (A.5)

We do not consider the possibility of intersecting D-branes nor a stack of D-branes here.
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and in light cone coordinates we have,
Thy = 0+ XMGu(X)0+ X", T, =0. (A.6)

It is straightforward to see that on the boundary, imposing either Dirichlet conditions (A.3)
or generalised Neumann conditions (A.4), the energy-momentum tensor satisfies

Tiilos =T——_lox  — Tiolox =0. (A.7)

which we will call the (classical) conformal boundary condition. Hence, there is no mo-
mentum flow through the boundary (although A and B charge can be interchanged). If we
now summarise the Dirichlet and Neumann conditions (A.3), (A.4) using a map W that
combines them as,

Dy X5, = WH,O_X"|,_, (A.8)

then the Dirichlet conditions correspond to —1 eigenvalues of W while the generalised Neu-
mann conditions are described by all other eigenvalues. The classical conformal boundary
condition eq. (A.7) then requires that W preserves the target space metric G,

wiaw =aG. (A.9)

The dynamics of the Dp-brane with tension 7}, is governed by the DBI action (through-
out this paper we ignore the scalar fields parameterizing the fluctuations transversal to the
brane),

SpBI = Tp / ef(b\/det(éab(X) + ./_"ab(X)), (A.lO)

where @ab(X ) is the induced metric on the worldvolume and Fu,(X) is the gauge-invariant
worldvolume flux given by

Far(X) = Bup(X) + 2ma/ Fyp (X)) , (A.11)

with Bgy(X) the induced anti-symmetric 2-form.

B WZW models and conventions

In this appendix we collect a number of conventions together with a short review concerning
(boundary) WZW models. The WZW model is a non-linear sigma model of maps ¢(7, o)
from a 1+1 dimensional Riemann surface ¥ (with or without boundary) to a Lie group
G. The model is exact conformal invariant and hence simple enough to describe strings
propagating in curved backgrounds.

Before writing down the action let us make our conventions clear. We pick for the
Lie algebra a basis of hermitian generators {74}, with A = 1,...,Dim(G), that satisfy
[T, T] = iFsp“Tc. The ad-invariant metric on the Lie algebra is given by (T4, Tg) =
i Tr(T4Tp) = nap with x, the index of the representation r. The left and right-invariant
Maurer-Cartan one-forms are expanded in the Lie algebra as L = g~ 'dg = —iLAT4 and
R = dgg~' = —iRAT}, respectively. They are related by an adjoint action D(g)[Ta] =
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DB 4(g)Tg = gTag™" so that Dap(g) = Tr (g_lTAgTB) and D?;B(g) = Dap(g~'). Hence,
R4 = DAg(g)L5.
The WZW action [10] is

k _ _ k
Swowala) = 5= [ dodrlg™0s0.070-0) = - [ 1. (B.1)
3

where H is the closed torsion 3-form (locally satisfying H = dB) given by

Lo
H = (g "dg,[g""dg. g~ dg)), (B.2)

with g the extension of g into M3 C G such that M3z = g(3). There are two topological
obstructions for the consistency of the definition of the WZW action and its quantum
theory.!” First, the existence of M3 is guaranteed only when the second homology group
H5 (@) is empty. Second, the path integral based on this action is insensitive to the choice
of extension provided that the third cohomology class [H]/2r € H?(G) is integral. For
SU(2) we have H3(SU(2)) & Z requiring the level k to be integer quantised while on the
other hand for SL(2,R) we have H3(SL(2,R)) empty which allows the level k to be free.
We want to emphasise here that comparing the WZW action, which in terms of vielbeins is,

k k
Swzwk(g) = / dO’dTLﬁ?]ABLlj + / FABCLA A LB A LC, (B.3)
’ 2 » 24w Ms
to a worldsheet model (A.2) we have units in which o/ = 2, crucial for k € Z when

G =SU(2).

The WZW model is invariant under a global G(z) x G(Zz) action leading to an infinite-
dimensional symmetry group described by the chirally conserved holomorphic Kac-Moody
currents'®

J(z)=—kogg™t,  J(z)=kg '0g, (B.4)

0 1

in the conventions z = 2%+ix! = icT and z = 2% —iz! = ioc— with the Euclidean worldsheet

coordinates (z°,z') = (i7, o) and lightcone coordinates o= = 7 & . At the quantum level

the current algebra takes the form,
'FAB JC k AB
JA(2)TB(w) = 5—C (w) ,_kn S+ reg. (B.5)

z—w (z —w)

and analogous for the JJ OPE (hence the sign difference in the definition (B.4)). The
exact conformal invariance is established through the energy-momentum tensor obtained
via the Sugawara construction based on the current algebra [1],

T(2) = Tea(2) = 5 nap(J4IP)(2), (B.6)

1
(k+hY)

"By construction it is obvious that these obstructions still apply for the A\ model (2.5).
8Note that whether the left current is holomorphic or anti-holomorphic depends on the sign of the WZ
term.
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where 1" is the dual Coxeter number of G (here we assumed for simplicity G to be semi-
simple). The central charge of the theory can then be found to be,

. kdim(G)

= TR hY (B.7)

and all analogous for T'(2).

When considering a boundary in the WZW model one will seek boundary conditions
that preserve its exact conformal invariance. Since the CFT is easily described in terms of
the chiral currents (B.4) it is convenient to express these boundary conditions as a class of
gluing conditions'? for the currents at z = z,

J(z)| = QJ(2)], (B.8)

with © : g — g. To preserve the exact conformal invariance the gluing condition should
satisfy the conformal boundary condition T'(z)| = T'(z)|. This translates into the condition
that the gluing map €2 should be an isometry of the ad-invariant Lie algebra metric. One
could further require €2 to be an algebra automorphism and, hence, the gluing condition
to preserve also the infinite-dimensional current algebra (B.5). The corresponding D-brane
configurations are well-understood and geometrically wrap the twisted conjugacy classes of
the group [12-14]. They are known as symmetric D-branes or of ‘type D’ [14], a terminology
that we will adapt. Another possibility analysed in [14, 68], where it was dubbed ‘type N’
is to consider,

J(2)| = —QJ(2)]. (B.9)

with €2 a metric-preserving automorphism. They preserve the conformal invariance but do
not preserve the current algebra which makes them somewhat more difficult to analyse.
However, as suggested in section 5 they seem to be related to the type D by generalised
T-dualities in the context of the A deformation of the WZW model.

From the sigma model point of view the WZW action (B.1) is necessarily modified
when the Riemann surface 3 has a boundary 9% [51, 70-72]. The image of g(9%) is a (D-
brane) submanifold N of G on which a two-form w lives such that the restriction of H on
N coincides with dw. Locally the two-form coincides with the gauge-invariant worldvolume
flux F, i.e. w = B + 47dA [72]. The action of the boundary WZW model is,

k

K - - K
SWZW,k(g):_%/EdUdT@ 19.g,9 1a_g>_/M H+
3

— B.1
e B0

4
where M3 C G with boundary M3 = g(X) + Do and Dy C N. Note that only the bound-
ary equations of motion will depend on the two-form w. Demanding that the boundary
conditions obtained from the gluing conditions that preserve conformal invariance (B.8)
coincides with the boundary conditions from the sigma model approach (A.3) and (A.4)
will completely determine the two-form w on the D-brane in terms of the gluing map 2 as
in [12, 70, 71].

19T compare these gluing conditions (which take value in T.G) to sigma model boundary conditions of
the form (A.9) one should still translate them to TyG.
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Again, there are two topological obstructions for the consistency of the definition of
the boundary WZW action and its quantum theory (for a detailed exposition see [51, 70,
72]). The existence of M3 and Dj is guaranteed only when the second relative homology
Hy(G, N) vanishes. The path integral is insensitive to the choice of M3 and w provided that
the third relative cohomology class [(H,w)] /27 € H?(G, N) is integral. As seen in section 4
this condition enforces for G = SU(2) the position of D2-branes to sit on only a discrete
number of values. Locally this quantisation condition coincides with the quantisation of
the worldvolume flux of the U(1) gauge-field A on the brane [65, 72]. For G = SL(2,R) the
position of the D1-strings will not be constrained by this particular topological obstruction;
however, the D1-strings carry a natural quantisation descending from the Gauss constraint
of two-dimensional gauge theory on the brane [73, 74].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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