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ON A CLASS OF NONLINEAR SCHRODINGER-POISSON SYSTEMS

INVOLVING A NONRADIAL CHARGE DENSITY

CARLO MERCURI AND TERESA MEGAN TYLER

ABSTRACT. In the spirit of the classical work of P. H. Rabinowitz on nonlinear Schrédinger equa-
tions, we prove existence of mountain-pass solutions and least energy solutions to the nonlinear
Schrodinger-Poisson system
—Au+u+ p(z)pu = |ulP~tu, z € R?,
—A¢:p(x)u2, T €R37

under different assumptions on p : R®* — R, at infinity. Our results cover the range p € (2,3)
where the lack of compactness phenomena may be due to the combined effect of the invariance by
translations of a ‘limiting problem’ at infinity and of the possible unboundedness of the Palais-
Smale sequences. Moreover, we find necessary conditions for concentration at points to occur for
solutions to the singularly perturbed problem

—2Au+u+ p(x)pu = |uP ", z € R,

—A¢ = p(z)u?, r € R?,

in various functional settings which are suitable for both variational and perturbation methods.
MSC: 35J20, 35B65, 35J60, 35Q55
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1. INTRODUCTION

We study existence of positive solutions to the following nonlinear Schrédinger-Poisson system

(1.1) “A¢ = pla)?, v RS,

{ —Au+u + p(z)pu = |u[P~tu, r € R3,

with p € (2,5) and p : R — R a nonnegative measurable function which represents a non-constant
‘charge’ corrector to the density u?. In the context of the so-called Density Functional Theory,
variants of system (1.1) appear as mean field approximations of quantum many-body systems,
see [6], [18], [37]. The positive Coulombic potential, ¢, represents a repulsive interaction between
particles, whereas the local nonlinearity |u[P~!u generalises the u5/3 term introduced by Slater
[46] as local approximation of the exchange potential in Hartree-Fock type models, see e.g. [12],
[38].

Within a min-max setting and in the spirit of Rabinowitz [43], we study existence and qualitative
properties of the solutions to (1.1), highlighting those phenomena which are driven by p. The
system (1.1) ‘interpolates’ the classical equation

(1.2) —Au+u=uP, r € R

whose positive solutions have been classified by Kwong [33], with

(1.3) —A¢ = u?, x € R3,

{ —Au+ u+ ou = |ulPtu, z € R3,

studied by several authors in relation to existence, nonexistence, multiplicity and behaviour of
the solutions in the semi-classical limit; see e.g. [2], [10], [18], and references therein. In the
case p(z) — 0 as |z|] — +oo, (1.2) has been exploited as limiting equation to tackle exis-
tence/compactness questions related to certain classes of systems similar to (1.1), see e.g. [20]
and [21]. In the present paper we consider instances where the convergence of approximating
solutions to (1.1) is not characterised by means of (1.2), namely the cases where, as |z| — +o0,
it holds either that p — 400 (‘coercive case’), or that p — pos > 0 (‘non-coercive case’). The
latter corresponds to the case where nontrivial solutions of (1.3) (up to coefficients) cause lack of
compactness phenomena to occur. The main difficulty in this context is that, despite the extensive
literature, a full understanding of the set of positive solutions to (1.3) has not yet been achieved
(symmetry, non-degeneracy, etc.).

The autonomous system (1.3), as well as (1.1), presents various mathematical features which
are not shared with nonlinear Schrédinger type equations, mostly related to lack of compactness
phenomena. In a pioneering work [45], radial functions and constrained minimisation techniques
have been used, over a certain natural constraint manifold defined combining the Pohozaev and
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Nehari identities, yielding existence results of positive radial solutions to (1.3) for all p € (2,5).
Again in a radial setting, a variant of system (1.3) has been studied more recently in [32]. When
p < 2 the change in geometry of the associated energy functional causes differing phenomena
to occur. In [45] existence, nonexistence and multiplicity results have been shown to be sen-
sitive to a multiplicative factor for the Poisson term. Nonexistence results for (1.3) have also
been obtained in R? in the range p > 5 (see e.g. [22]). In the presence of potentials, however,
existence may occur when p = 5, as it has been recently shown in [19]. Ambrosetti and Ruiz
[5] improved upon these early results by using the so-called ‘monotonicity trick’ introduced by
Struwe [47] and formulated in the context of the nonlinear Schrédinger equations by Jeanjean [30]
and Jeanjean-Tanaka [31], in order to show the existence of multiple bound state solutions to (1.3).

Related problems involving a non-constant charge density p, and in the presence of potentials,
have been studied. The vast majority of works involve the range p > 3 since, when p < 3, one has
to face two major obstacles in applying the minimax methods: constructing bounded Palais-Smale
sequences and proving that the Palais-Smale condition holds, see e.g [45], and [5], [39]. Cerami
and Molle [20] and Cerami and Vaira [21] studied the system
(1.4) { —Au+ V(z)u + Ap(x)pu = K (x)|ulP~tu, T € R3,

’ ~A¢ = p(x)u?, x € R3,

where A > 0 and V (), p(r) and K (x) are nonnegative functions in R3 such that

(1.5) lim p(z) =0, lim V(z)=Vew >0, lim K(z)= K >0,

|z| =400 |z| =400 |z| =400

and, under suitable assumptions on the potentials, proved the existence of positive ground state
and bound state solutions for p € (3,5). In [15] existence of positive solutions to (1.4) in the
range p € [3,5) has been proved under suitable assumptions on the potentials that guarantee
some compact embeddings of weighted Sobolev spaces into weighted LP*! spaces. Vaira [50] also
studied system (1.4), in the case that

(1.6) lim p(z) =pee >0, V(z)=1, lim K(z)= Ky >0,

|z| =400 |x| =400

and, assuming A > 0 and K (x) # 1, proved the existence of positive ground state solutions for
p € (3,5). In a recent and interesting paper, Sun, Wu and Feng (see Theorem 1.4 of [49]) have
shown the existence of a solution to (1.4) for p € (1, 3], assuming (1.6) and K (z) = 1, provided
A is sufficiently small and [gs p(@)@puw, W3 < [ps Poc®@pee.wy Wi, Where (W, @y w,) is & positive
solution to

—Au+ U+ Apoodu = |ulP"tu, z € R3,
—A¢ = paoti?, r € R3.

Their results are obtained using the fact that all nontrivial solutions to (1.4) lie in a certain
manifold M, (see Lemma 6.1 in [49]) to show that the energy functional J) is bounded from
below on the set of nontrivial solutions to (1.4). We believe that this is necessary to prove
Corollary 4.3 in [49], and, ultimately, to prove Theorem 1.4 in [49], and thus the existence result
is only viable in the reduced range 2.18 ~ _2%\/% < p < 3 and provided the additional assumption
3p2+4p—23
2(5—p)
observed in [49], solutions are ground states.

p(x) + p—gl(Vp(x), x) > 0 also holds. In this range of p and under these assumptions, as



4 CARLO MERCURI AND TERESA MEGAN TYLER

1.1. Main results. In light of the above results, we aim to study existence and qualitative
properties of the solutions to (1.1), in the various functional settings corresponding to different
hypotheses on the behaviour of p at infinity. Throughout the paper we set DY?(R3) = D12 as
the space defined as

DY2(R3) = {u € LS(R3) : Vu € L*(R3)},
and equipped with norm

lullpre(rs) = [IVulL2®s).-

It is well-known that if u?p € L{ (R3) is such that

(1.7) /RS /RS A y)rly) dzdy < +o0,

Iw—yl

then,

Pu(T) ::/]R Md e DY2(RY)

s wlz — Y

is the unique weak solution in DV2(R3) of the Poisson equation
—A¢ = p(x)u®

and it holds that

(1.8) /R3 |V o, |* 2/ poyu’ d = /]R3 /]R3 w’x — ;g’;)p(y) dz dy.

Here, w = 4m. Using the explicit representation of ¢, the system (1.1) reduces to solving the
problem

(1.9) — Au+u+ p(a)pyu = |ufP~

whose positive solutions are critical points of the functional

(1.10) I(u) = 1/ (IVul® +u?) + 3/ pouu? — L/ uh
’ 2 R3 4 R3 “ p+ 1 R3 o

which is natural to define in F(R?) C H!(R3)

E(R?) == {u € DY*R®) : |ju||g < +oo},

fulfy = [ (vt oo ([ [ SOADC0) g, ) -

where
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Variants of this space have been studied since the work of P.L. Lions [35], see e.g. [44], and
[8],[15], [40]. We recall that by the classical Hardy-Littlewood-Sobolev inequality, it holds that

u2 x T u2
(1'11) /RS /I‘QS ( ),0( ) (y)p(y) dxdy < CHIOU?Hig(RS

wlz — y|

)7

for some C' > 0. Thus, if v € H'(R?), we see that, depending on the assumptions on p, we
may not be able to control the Coulomb integral (1.8) using the natural bound provided by HLS
inequality. This may be the case if e. g. p(x) — +o00 as |x| — +oo. For these reasons, in all of
the results of the present paper we also analyse those instances where E(R3) and H'(R?) do not
coincide.

As a warm-up observation we have the following theorem regarding existence in the coercive
case for p > 3.

Theorem 1. [Coercive case: existence of mountain pass solution for p > 3/ Suppose
p € C(R3) is nonnegative and p(x) — +o00 as |x| — +oo. Then, for any p € [3,5), there exists
a solution, (u,¢,) € E(R?) x DV2(R3), of (1.1), whose components are positive functions. In
particular, u is a mountain pass critical point of I at level ¢, where ¢ is the min-mazx level defined
in (3.7).

Proof. Since p(x) — +00 as |z| — +oo, then E is compactly embedded in LP*!(R?) by Lemma
4.1 below, and therefore the existence of a Mountain Pass solution u to (1.1) is provided by
Theorem 1 of [15]. Both u, ¢, are positive by the strong maximum principle, and this concludes
the proof. O

It is also worth finding conditions such that the term pu? goes to zero at infinity, since the
whole right hand side of the Poisson equation is classically interpreted as a ‘charge density’. This
is provided by the following.

Proposition 1. Decay of u and pu?] Let p : R?* — R be continuous and nonnegative, p € [1, 5],
and (u,¢,) € E(R?) x DY2(R3) be solution to (1.1). Assume that u is nonnegative. Then, for
every v € (0,1), there exists C' > 0 such that

u(z) < Ce 70+ (L*-decay).
If, in addition, p is such that

(i) liminf |, o0 p(z)]z| 72 > A

(”) lim SUP || o0 p(x)e—ﬁ(l—l—\x\)a <B
for some a, B, A, B > 0, with 8 < 2/ A, then, for some constant C > 0, it holds that

(a) u(z) < CeVAQ+))®
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and therefore

(b) p(z)u(x) = O(eP=2V DU+ as |x| — +o0.

Proof. The conclusion easily follows by Theorem 6 in [15] (see also [16]). More precisely, setting
Wi(z) =1+ £@) the L2-decay follows as W(x) > 1 and therefore

|z

lim inf W (z) > ~*

|z| =400

is automatically satisfied for every v € (0,1). Moreover, note that by (i) it follows that

liminf W (z)|2z[*>72* > liminf p(z)|z|' 72> > A
|z[ =00 || —+o00

which yields (a) again by Theorem 6 in [15]. This concludes the proof. O

With these preliminary results in place, we first study the case of coercive p, namely p(x) — 400
as |z| — 400, and work in the natural setting for this problem, F(R?). When p € (2,3), we make
use of the aforementioned ‘monotonicity trick” exploiting the structure of our functional, in order
to construct bounded Palais-Smale sequences for small perturbations of (1.1). We are able to
prove that these sequences converge using a compact embedding established in Lemma 4.1. We
finally show that these results extend to the original problem and obtain the following theorem.

Theorem 2. [Coercive case: existence of mountain pass solution for p € (2,3)/ Sup-
pose p € C(R3) N WENR3) is nonnegative and p(x) — 400 as || — +o0o0. Suppose further

loc

that kp(z) < (x,Vp) for some k > _(21)({;)2). Then, for any p € (2,3), there exists a solution,

(u, ¢y) € E(R3) x DY2(R3), of (1.1), whose components are positive functions. In particular, u
is a mountain pass critical point of I at level ¢, where ¢ is the min-mazx level defined in (3.7).

After establishing these results, we prove the existence of least energy solutions for all p € (2,5).
It is important to note that for p € (3,5) the solutions provided by the following corollary coincide
with those provided by Theorem 1. For p € (2, 3], we make use of a minimising sequence in order
to obtain the result, however we do not know whether the least energy solutions provided by what
follows are the same as those provided by Theorem 1 (p = 3) and Theorem 2.

Corollary 1. [Coercive case: existence of a least energy solution for p € (2,5)/ Suppose
p € C(R3) is nonnegative and p(x) — +o0 as |z| — +oo. If p € (2,3), suppose, in addition, that

pE Wli’cl(R?’) and kp(z) < (x,Vp) for some k > _(21)(3;)2). Then, for all p € (2,5), there exists

a solution, (u,d,) € E(R3) x DV2(R3), of (1.1), whose components are positive functions, such
that u is a least energy critical point of I.

Remark 1. If we define

1 1 1
1.12 Z(u) == | (|Vul]® +u? —/ W — —— P,
(112) =g [ (9t [ pol - [
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then, under the same assumptions on p as in Corollary 1, we can prove the existence of a least
energy critical point for Z for all p € (2,5) by following similar techniques to those used in the
proof of Corollary 1. Since for p > 3 the mountain pass level is equal to the infimum on the Nehari
manifold, in this range it is possible to select a positive groundstate critical point for Z. It is not
clear whether this is also the case for p € (2, 3].

We then focus on the case of non-coercive p, namely when p(x) — poo > 0 as |z| — +o0.
For this problem, E(R?) coincides with the larger space H'(R3), and so we look for solutions
(u, ) € HY(R3) x DV2(R3) of (1.1). Our method relies on an a posteriori compactness analysis
of bounded Palais-Smale sequences (in the spirit of the classical book of M. Willem [52]), in which
we find that any possible lack of compactness is related to the invariance by translations of the
subcritical ‘problem at infinity’ associated to (3.1), namely

(1.13) — AU+ U+ pooduu = |ulP u,

where ¢, (z) = [ps %i(yy') dy € DY?(R3). Positive solutions of (1.13) are critical points of the
corresponding functional, I : H'(R?) — R, defined as

1 1 _ 1
1.14 1) == = Vul? + u? —/ 2__— P+l
(1.14) (w) Q/RSG i) g [ g = o [

When p € (2,3), we define perturbations of I and I°°, namely [, and I;° (see Section 3), as
follows

1 1 i 1
I N \V/ 2 2 _/ 2 p+
() 2/}}@3(! )+ g [ ot = 2 [,
and

1 1 - 2 1
T N \V/ 2 2 _/ 2~ p+'
F=g [ VP )+ g [ bt - [

The aforementioned a posteriori compactness analysis is provided by the following proposition.
There are several compactness results of similar flavour since the pioneering works of P.L. Lions
[36] and Benci-Cerami [9], which include more recent contributions in the context of Schrédinger-
Poisson systems, see e.g. [21], [50], [19]. We point out that these recent results are mostly in
the range p > 3, for Palais-Smale sequences constrained on Nehari manifolds, and for functionals
without positive parts, unlike our result.

Proposition 2. /Global compactness for bounded PS sequences/ Suppose p € C(R?) is
nonnegative and p(x) — pos > 0 as |x| — 4oo. Let p € (2,5) and p € [3,1] and assume
(un)nen C HY(R?) is a bounded Palais-Smale sequence for I,,. Then, there exists | € N, a finite
sequence (vg, ...,v;) C H'(R?), and | sequences of points (y%)neN C R3, 1< j <, satisfying, up
to a subsequence of (un)neN,

(i) vo is a nonnegative solution of (3.1),
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(i1) v; are nonnegative, and possibly nontrivial, solutions of (3.8) for 1 < j <1,
(iii) || = +00, yh = yh| = +00 as n = +o00 if j # 1,

(iv) [Jun —v0 — 35— 05(- — Y|l () — 0 as n — +o,

() lunl 37 gy = o [0l 31 sy as n = +oo,

(1) Tu(uwn) = L(v0) + X4, 1505 + 0(1).
Remark 2. In the case po = 0, the limiting equation (3.8) reduces to coincide with (1.2).

Roughly speaking, the presence of u in the functional I, and Sobolev’s inequality imply that
(un)— — 0in LP*T!. It is therefore possible to use an observation to the classical Brezis-Lieb lemma
[17] made in [42] to show that it also holds that (u, —vp)_ — 0 in LP*1. In the proof we also take
advantage of recent nonlocal versions of the Brezis-Lieb lemma, see [7] and [40].

Remark 3. Dropping the + subscript in the definition of I,, and simply observing that for every
continuous path v : [0,1] — H' it holds that I,(y(t)) = I.(|7(t)]), a quantitative deformation
argument (see e.g. Lemma 2.3 and Theorem 2.8 in [52]) would allow us, for almost every u € [%, 1] ,
to construct a bounded Palais-Smale sequence (u, n)nen for I, at the level ¢, (defined in (3.5))
such that

dist(uyn,P) =0, P ={uec H(R®)|u_ =0}
We have opted for a less abstract approach to positivity.

In the case p € (2,3), we use Proposition 2 together with Pohozaev’s and Nehari’s identities to
show that a sequence of approximated critical points, constructed by means of the ‘monotonicity
trick’, is relatively compact. This enables us to obtain the following result.

Theorem 3. /Non-coercive case: existence of mountain pass solution for p € (2,3)/
Suppose p € C(R?’)HW;’S(]R?’) is nonnegative, p(x) — poo > 0 as |x| — 400, and kp(x) < (z,Vp)
—2(p—2)

(r=1)

for some k > . Suppose further that either
(1) ¢ < ™
or
(ii) p(z) < poo for all x € R3, with strict inequality, p(x) < poo, on some ball B C R3,
where ¢ and (resp.) ¢ are min-mazx levels defined in (3.7) and (resp.) (3.11). Then, for any

p € (2,3), there exists a solution, (u,$,) € H'(R?) x DV2(R3), of (1.1), whose components are
positive functions. In particular, u is a mountain pass critical point of I at level c.
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The non-coercive case turns out to be more ‘regular’ with respect to compactness issues when
p > 3. In fact, we can show that the Palais-Smale condition holds at the mountain pass level ¢
and as a consequence we have the following

Theorem 4. [Non-coercive case: existence of mountain pass solution for p > 3/ Suppose
p € C(R3) is nonnegative and p(x) — ps > 0 as |x| — +oo. Let either of the following conditions
hold:

(1) ¢ < ™
or
(ii) p(x) < poo for all x € R, with strict inequality, p(x) < pso, on some ball B C R3,

where ¢ and (resp.) ¢ are minimaz levels defined in (3.7) and (resp.) (3.11). Then, for any
p € [3,5) there exists a solution, (u,¢,) € H'Y(R3) x DV2(R3), of (1.1), whose components are
positive functions. In particular, u is a mountain pass critical point of I at level c.

We follow up the previous two theorems with a result giving the existence of least energy solu-
tions in the non-coercive case. When p € (3,5) the existence follows relatively straightforwardly
using the Nehari characterisation of the mountain pass level, and when p € (2, 3] we use a min-
imising sequence together with Proposition 2 to obtain the result.

Corollary 2. /Non-coercive case: existence of least energy solution for p € (2,5)/ Sup-
pose p € C(R?) is nonnegative, p(x) — poo > 0 as |z| — +00, and one of the following conditions
hold:

(i) c < ™
or
(ii) p(x) < poo for all x € R, with strict inequality, p(x) < peo, on some ball B C R3,

where ¢ and (resp.) ¢ are minimaz levels defined in (3.7) and (resp.) (3.11). If p € (2,3),

suppose in addition that p € Wli’cl(R?’) and kp(z) < (z,Vp) for some k > %. Then, for all
p € (2,5), there exists a solution, (u,d,) € H'(R?) x DV2(R3), of (1.1), whose components are

positive functions, such that u is a least energy critical point of I.

Remark 4. By following similar techniques to those used in the proof of Corollary 2, we can show
that under the same assumptions as this corollary (with obvious modifications to the minimax
levels), there exists a least energy solution for Z, defined in (1.12), for all p € (2,5). As in the
coercive case, it is not clear if we can select a positive groundstate for p € (2, 3].

After establishing these existence results, it is natural to ask if the non-locality of the equation
allows us to find localised solutions. Moreover, we are interested in removing any compactness
condition. For these reasons we focus on the equation
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_e2 — |y |p—1 3
(1.15) { e“Au~+ Au + p(x)pu = |ulP~ u, reR

_A¢:p($)u27 X GRgv

with p : R?® — R a nonnegative measurable function, A € R, and A\ > 0, taking advantage
of a shrinking parameter ¢ ~ A < 1 which behaves like the Planck constant in the so-called
‘semiclassical limit’. In this direction, Ianni and Vaira [29] notably showed that concentration of
semiclassical solutions to

—EAu+V(z)u+ p(z)pu = [uPlu, 1<p<b, xRS
—A¢:p(w)u2, T e ng

occurs at stationary points of the external potential V' using a Lyapunov-Schmidt approach (in
the spirit of the Ambrosetti-Malchiodi monograph [3] on perturbation methods), whereas in [14]
concentration results have been obtained using a variational /penalisation approach in the spirit
of del Pino and Felmer [24]. In particular, in [14] the question of studying concentration phe-
nomena which are purely driven by p has been raised. None of the aforementioned contributions
have dealt with necessary conditions for concentration at points in the case V' = constant and in
the presence of a variable charge density function p. We manage to fill this gap, by obtaining a
necessary condition, related to p, for the concentration at points for solutions to (1.15) both in
H'(R3?) and in E(R?), which are the suitable settings for the study of concentration phenomena
with perturbative and variational techniques, respectively.

Theorem 5. /Necessary conditions in E] Suppose that p € C'(R?) is nonnegative and
|Vo(x)] = O(Jz|*"*) as |z| — +oo for some a > 0 and some b € R. Let p € [2,5) and let
(te, du,) € E(R3) x DVY2(R3) be a sequence of positive solutions of (1.15). Assume that ue con-
centrate at a point xo for sufficiently small €, meaning that ¥6 > 0, 3¢ > 0, IR > 0 such that
ue(x) <9 for |z — x| > €R, € < 9. Then, Vp(xy) = 0.

The above result is obtained in the spirit of [51] using classical blow-up analysis, uniform decay
estimates, and Pohozaev type identities.

Remark 5. Since we deal with concentrating solutions, we use the mean value theorem to control
the growth of p with the assumption on Vp in order to apply the dominated convergence theorem
in the proof of the theorem (see Claim 5). We note that this assumption is not needed in Theorem 6
as we work with a bounded p and therefore the application of the dominated convergence theorem
is more immediate.

Remark 6. When b > 0 the proof of Theorem 5 Claim 5 is sensitive to € being smaller than
the ratio ‘/TX. This ratio arises as the proof consists of balancing the aforementioned growth of p
and Vp with the a priori exponential decay of the concentrating solutions in order to apply the

dominated convergence theorem.

Theorem 6. [Necessary conditions in H'/ Suppose that p € C'(R3) is nonnegative and that
p,Vp are bounded. Let p € [2,5) and let (ue, ¢y, ) € H'(R3) x DV2(R?) be a sequence of positive
solutions of (1.15). Assume that u. concentrate at a point xg, meaning that Y6 > 0, Jeg > 0,
dR > 0 such that ue(x) < 6 for |v — xo| > €R, € < €. Then, Vp(z) = 0.
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Remark 7. It is possible to relax the global boundedness assumption on p and/or on Vp when
working in H!(R3), if we make a growth assumption on Vp. Namely, if we work in H'(R?) and

have adequate local integrability on p to ensure fRS ng W dzr dy < +o0, typically

identified using the Hardy-Littlewood-Sobolev inequality, the statement of the theorem and the
proof is identical to that of Theorem 5.

Remark 8. In the proof of both Theorem 5 and Theorem 6, one actually finds the condition
p(x0)Vp(zg) = 0. We believe that this may be a necessary condition in the case p is allowed to
change sign on a small region.

1.2. Related questions. In our opinion, there are a number of interesting questions related to
our work which are worth studying in future projects.

A. Radial versus non-radial solutions. In the case p is a radial function one can restrict
on functions having the same symmetry to find radial solutions, using Palais criticality principle,
in all the above scenarios (coercive/non-coercive cases, for low/large p). It is not clear how to
compare the energy levels nor the symmetry of the solutions with those that one finds using the
above non-radial approaches.

B. Variational characterisation. As mentioned above, when p € (2,3], it is not obvious
whether the mountain pass critical points for I, are least energy solutions. Namely, for p € (2, 3],
there is no clear relation between the solutions found in Theorem 1 (for p = 3) and Theorem 2
with those found in Corollary 1, as well as between the solutions found in Theorem 4 (for p = 3)
and Theorem 3 with those found in Corollary 2.

C. Multiplicity. For p > 3, we believe that the existence of infinitely many solutions can be
proved following Ambrosetti-Ruiz paper [5], for instance in the case of (possibly non-radial) co-
ercive p. We suspect that the constrained minimisation approach in [49] may help refining the
approach in [5], to obtain a multiplicity result for p < 3.

D. ‘Sharp’ necessary conditions for point concentration. Is it possible to allow a faster
growth for p in the necessary conditions for point concentration? The proof we provide is based
on the uniform exponential decay of solutions, which is essentially due to the L? setting.

E. Sufficient conditions for point concentration. Following a personal communication of
Denis Bonheure [13] setting

1 1 1
I _t 2 2 2 _/ 2 L prl
(u) 2/]1@3(6 [Vul” + %) + 7 Rgp%u P R3|u|
and
1 1
I = — Vul? o — pHl
o =5 [ (V0P +0) = — [,

taking u € C}(R?) and using the scaling

._xo
Ue = U ,
€

one finds the expansion

5 B 200 \02
€ [e(ue)2 IO(U) ~ p2(330)/ / M dy dfll', e 1.
€ r3 Jrs 4mlz —y|
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Inspired by this formal calculation, in a forthcoming paper, we will prove concentration at strict
local minima of p?.

1.3. Outline. The paper is organised as follows. In Section 2, we recall some properties of the
space E(R?), prove regularity and positivity results for solutions to the nonlinear Schrodinger-
Poisson system, and establish a useful Pohozaev identity for these solutions, the proof of which
can be found in the appendix. In Section 3, we outline the min-max setting and define the
levels ¢, and ¢, ¢, and ¢*, which are relevant for both the coercive and non-coercive cases.
We then find lower bounds on the functions [, and I7°, when restricted to the set of nontrivial
solutions which are fundamental in relation to compactness properties of Palais-Smale sequences.
In Section 4, we study the case of a coercive p and establish that this coercivity is a sufficient
condition for the compactness of the embedding F(R3) <+ LPT1(R3). This enables us, using the
min-max setting of Section 3, to prove existence of mountain pass solutions in the coercive case
for p € (2,3) (Theorem 1). We then use a minimisation argument to prove the existence of least
energy solutions (Corollary 1). In Section 5, we focus on a non-coercive p and we first establish
a representation result for bounded Palais-Smale sequence for I, in Proposition 2. Using the
min-max setting of Section 3 and the lower bounds found in this section, we prove existence of
mountain pass solutions for p € (2,3) (Theorem 3). We then show that for p > 3 the Palais-
Smale condition holds for I at the level ¢, following which the proof of Theorem 4 easily follows.
We finally prove the existence of least energy solutions in the non-coercive case for p € (2,5)
(Corollary 2). In Section 6, we obtain necessary conditions for the concentration at points in both
E (Theorem 5) and H! (Theorem 6).

1.4. Notation. We use the following notation throughout:
o LP(Q), with Q C R? and p > 1, is the usual Lebesgue space. LP(R?) = LP.
e The Holder space C*<(), with Q C R? and a € (0, 1], is the set of functions on © that
are k-fold differentiable and whose k-fold derivatives are Holder continuous of order «.
o H' W™P are classical Sobolev spaces.
e H '(R3) = H~! denotes the dual space of H'(R?).
e DL2(R3) = D12 is the space defined as
DY2(R3) = {u € LS(R3) : Vu € L*(R3)},
and equipped with norm
hll sy = 11Vl 2y

e E(R3) = E is the space defined as

ER?) = {ue DY*(R?) : |ju||p < +oo},
where

ull = /RB(|Vu|2 ) de + < /R /R w(@)pl@)w (W)oly) dy>”2‘

|z — y|

u2
bu(z) = /R ry)u(y) 4

s dwle —y| 7

o We set

and

o peetP(y)
Ou(x) == /R3 7477[3: i dy.
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e For any n > 0 and any z € R3, B, (z) is the ball of radius 1 centered at z. For any n > 0,
B,, is the ball of radius 1 centered at 0.
[lull?
o Spi1 = inf,cpimsyqo) H;ﬁzﬂ is the best Sobolev constant for the embedding of
LPT1(R3)

HY(R3) into LPTL(R3).
Let A C R3. Then, we define

1, x € A,
xa(@) =1 z ¢ A

C,C4, ", etc., denote generic positive constants.
Asymptotic Notation: For real valued functions f(t), g(t) > 0, we write:

— f(t) < g(t) if there exists C' > 0 independent of ¢ such that f(t) < Cg(t).
— f(t) =o0(g(t)) as t — +o0 if and only if g(t) # 0 and lim;— 4o % = 0.
— f(t) = 0O(g(t)) as t — 400 if and only if there exists C; > 0 such that f(t) < Cig(t)

for t large.
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2. PRELIMINARIES

2.1. The space E(R?). Let us assume that p is continuous and nonnegative. It is easy to see
that F(R?) is a uniformly convex Banach space. As a consequence it is reflexive and, in particular,
the unit ball is weakly compact. Reasoning as in Proposition 2.4 in [44] and Proposition 2.10 in
[40] a sequence (up)nen C E(R3) is weakly convergent to u € E if and only if is bounded and
converges in Ll (R?). In particular, ¢,, — ¢, in D"?(R3). The following nonlocal Brezis-Lieb
lemma is very useful to study the compactness of Palais-Smale sequences.

Lemma 2.1 ([7], [40]). /Nonlocal Brezis-Lieb lemma] Let (u,)nen C E(R?) be a bounded
sequence such that u, — u almost everywhere in R3. Then it holds that

Tim | [V, B2y = V60, -ul 2| = 170l o)
2.2. Regularity and positivity.

Proposition 3. [Regularity and positivity/ Let p € [1,5], p € L (R?) \ {0} be nonnegative
and (u, ¢,) € E(R3) x DV2(R3) be a weak solution of the problem

(2.1) { —Au + bu + cp(z)pu = djuP~u, T € R3,

—A¢:p(w)u2, T e Rsy

with b, c,ai € Ry. Assume that u is nonnegative. Then, u, ¢, € Wi’cq(R?’), for every g > 1, and so
u, ¢y € C N (R3). If, in addition, u # 0, then u, ¢, > 0 everywhere.

loc
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Proof. Under the hypotheses of the proposition, both u and ¢, have weak second derivatives in
Ll for all ¢ < co. In fact, note that from the first equation in (2.1), we have that —Au = g(z, u),
where

|9z, )| = |[(—bu — cp(x)du + dluP "'yl
C(1+\p¢u!+wp D+ Jul)
= h(@)(1 + [u]).

Using our assumptlons on p, ¢, and u, we can show that h € L3/ 2(]R?’), which implies that
u € LI (R3) for all ¢ < 400 (see e.g. [48, p. 270]). Note that since u?p € L{ (R?) for all
q < 400, then by the second equation in (2.1) and the Calderén-Zygmund estimates, we have
that ¢, € W, ’q(R3) (see e.g. [27]). This then enables us to show that g € L] (R3) for all ¢ < 400,
which implies, by Calderén-Zygmund estimates, that u € VVli’Cq(R?’) (see e.g. [27]). The Cl JHR?)
regularity of both u, ¢, is a consequence of Morrey’s embedding theorem. Finally, the strict
positivity is a consequence of the strong maximum principle, and this concludes the proof. ]

Remark 9. If, in addition, p € Cl?)f
holds that u, ¢, € C c? X (RN,

loc

(R3), then, by Schauder’s estimates on both equations, it

2.3. Pohozaev identity. We can now establish a useful Pohozaev type identity for solutions to
the nonlinear Schrodinger-Poisson system that will be used on numerous occasions. Although
these kind of identities are standard, since we do not find a precise reference, we give a proof in
the appendix for the reader convenience.

Lemma 2.2. [Pohozaev identity/ Assume p € LZOC(]R?))ﬁVVlic1 (R3) is nonnegative and p € [1,5].

Let (u,¢,) € E(R3) x DM2(R3) be a weak solution of the problem (2.1). Then, it holds that

E/ puu?(x,Vp)dr| < +ook,
2 Jps
and
1 3b 5¢ c 3d
22) = 242 o 2 —/ . - P — .
I T I B R IO DR T

3. THE MIN-MAX SETTING: DEFINITION OF ¢, ¢;°, ¢, AND ¢

In what is to come, we will first examine the existence of solutions of (1.1) in the case of

a coercive potential p (see Section 4). The appropriate setting for this problem will be the
space E(R3) ¢ H'(R3). We begin by recalling that solving (1.1) reduces to solving (1.9) with

Hn the case (z, Vp) changes sign, we set

nguu z,Vp)dz = lim qbuu (z,Vp)dzx

n—o00 BR

for a suitable sequence of radii R, — oo. As part of the proof we can select a sequence (Rn)nen such that this
limit exists and is finite.
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bu(x) = [ps = w‘x p(‘l‘/) dy € DY2(R3). It will also be useful to introduce a perturbation of (1.9),
namely

1
(3.1) — Au+u+ p(x)pyu = pluP~ u, e [5, 1] ,

and to note that the positive solutions of this perturbed problem are critical points of the corre-
sponding functional I, : E(R?) — R, defined as

1 1 M . 1
3.2 I(u) = = Vul? + u? —/ e p* ~, 1.
62 L= [ (Ve eg [ et - Eo [t el

We will now show that I,, has the mountain pass geometry in E for each p € [%, 1].

Lemma 3.1. Mountain-Pass Geometry for I,/ Suppose p € C(R3) is nonnegative and p €
(2,5]. Then, for each p € [1,1], it holds:

(i) 1,(0) = 0 and there exists constants r,a > 0 such that I,,(u) > a if ||u||g = r.

(ii) There exists v € E with ||v||g > r, such that I,(v) < 0.

Proof. We follow Lemma 14 in [15]. To prove (i) note that since H'(R3) < LPTY(R3) then for
some constant C' > 0, it holds that

1
Tw) = gl + 7 [ | pou® = Cplulf!

Now, from the definition of the norm in E we can see that 47 [os poyu® = (|[ul|3 — HUH%nf
Therefore, we have that

1 1 .
1,(w) = gllulln + o (lulld — Illl)? — ol
= Il 2 (Sl = S Bl 2 2l ) - cull
o WHHHS Ty \ g g WENEITE S g T H

For some « # 0, using the elementary inequality

1 o? 1
sllulllfullin < Sl + 5 lullb

we have

1) > Sl + 2 (it = ity — 2l + it ) - Callu 2
AT, = g WHHY T yr \ 4 4 "WUHY 402 4" H

L, 1o 1 (a1 1 [(a?—-1 1
B =gl - (St + g (St )l —
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We now assume ||u||z < d for some & > 0, which also implies that ||u[|3,, < 6%, and we take a > 1.
Then, from (3.3), we see that

11 [(a?2-1)\ , 1 (a?—-1
> |- _ p—1 2 | —

1 [(a®?—1 4 .
> el e ||u||7, for § sufficiently small.

Hence, we have shown that the origin is a strict local minimum for I, in E if p € [2,5].
To show (i), pick u € C*(R3), supported in the unit ball, B;y. Setting v;(z) := t>u(tx) we find
that

r t W ()p(§) ptr? 1
3.4) I = — Vul? - L2 dy dx — / Pl
(3.4) Lu(vr) 2/Rs‘ ul +2/ u’ o+ /Rs/Rs w|:13—y| yax p+1 R3u+

Since the Poisson term is uniformly bounded, namely for ¢t > 1

(53)10(2) u?(y)u?(x
/ / 2 dy do < HPH%oo(BI)/ / vyl (@) dy dz < 400,
R3 JR3 w\x—y\ 3 Jrs w|z — Y|

the fact that 2p —1 > 3 in (3.4) yields I,,(v;) = —o0 as t — +o0, and this is enough to prove (ii).
This concludes the proof. ]

The previous lemma, as well as the monotonicity of I, with respect to p, imply that there exists
v € E\ {0} such that

L(v) <1

=

(0) <0, Vpe [%1]

Thus, we can define, in the spirit of Ambrosetti-Rabinowitz [4], the min-max level associated with
1, as
"

(3.5) Cu —;g%tgl[gﬁf n(v(1)),

where I' is the family of paths
['i= {7 € C([0,1], E) : 7(0) = 0, (1) = v}.

It is worth emphasising that to apply the monotonicity trick [30] and [31] it is essential that the
above class I' does not depend on pu.

Lemma 3.2. Suppose p € C(R3) is nonnegative and p € (2,5). Then:

(i) The mapping [%, 1] S [+ ¢y 18 non-increasing and left-continuous.
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(ii) For almost every p € [%,1], there exists a bounded Palais-Smale sequence for I, at the

level ¢,,. That is, there exists a bounded sequence (un)nen C E such that I,,(u,) — ¢, and
IL(un) — 0.

Proof. The proof of (i) follows from Lemma 2.2 in [5]. To prove (ii), we notice that by Lemma
3.1, it holds that

_ 1
= iréfw?[%’i L ((#)) > 0 = max{1,(0), L.(0)}, Ve [5, 1] :

Thus, the result follows by Theorem 1.1 in [30]. O

With the previous result in place, we can define the set

1
(3.6) M = {,u € [5, 1} : d bounded Palais-Smale sequence for I, at the level Cu} .

Since I has the mountain pass geometry by Lemma 3.1, using (¢) of Lemma 3.2, we can now define
the min-max level associated with I as

C1, pe (27 3)7
3.7 =9 .
( ) ¢ { lnf'yef‘ maXse(o,1] I(V(ﬂ)) pe [37 5)7

where I is the family of paths
L= {y € C([0,1], E(R®)) : 7(0) = 0, I((1)) < 0}.
This finalises the preliminary min-max scheme for the case of a coercive p.

In Section 5, we will then focus on the case of non-coercive p, namely p(z) — poo as |z] = o0,
and the appropriate setting for this problem will be the space H'(R?). It will once again be useful
to introduce a perturbation of (1.9), namely, (3.1), and to recall that the positive solutions of this
perturbed problem are critical points of the corresponding functional, I, : H L(R3) — R, defined

n (3.2). We note that Lemma 3.1 and Lemma 3.2 hold with E(R3) = H'(R?), and thus M can
be defined as in (3.6). We now introduce the problem at infinity related to (3.1) in this case,
namely

- 1
(3.8) — Au+ U+ pooPuu = ,u|u|p_1u, me |:§’1:| )
where ¢, (z) = [pa 25— (yy‘ dy € DY2(R3). Positive solutions of (3.8) are critical points of the
correspondmg functional, 1;°: H L(R3) — R, defined as
1 1 _ " . 1
3.9 () == | (|[Vu* +u? —/ Sl Vi SAEN
B9 IR =g [V g [ et - [ el

It can be shown that I satisfies the geometric conditions of the mountain-pass theorem, using
similar arguments as those used in the proof of Lemma 3.1. We therefore define the min-max level
associated with I° as
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(3.10) Cu = nf e L2 (1)),

where
P = {y € C([0, 1], H' () : 5(0) = 0, I¥(5(1)) < 0},

Moreover, we define the min-max level associated with I as

~ pe(2,3),
3.11 o) .
(3:11) ¢ {mf,yemmaxte[o,uf (), pe35)

where '™ is the family of paths

[ = {y € O([0,1], E(R®)) : 4(0) = 0, I(7(1)) < 0}.

3.1. Lower bounds for I and I*°. In the next two lemmas, we establish lower bounds on I,
and I;°, when restricted to nonnegative and nontrivial solutions of (3.1) and (3.8), respectively.
These bounds will be used on numerous occasions.

Lemma 3.3. Suppose p € C(R3) is nonnegative and p € [3,1]. Define A= {u € H'(R?)\ {0} :
u 1s a nonnegative solution to (3.1)}. Then, if p € [3,5), it holds that

-1 p+l
inf 1,,(u) > P (Sp+1)§i > 0.

ucA 2(p + 1)

If p € (2,3), suppose, in addition, p € VVlicl(]R?’) and kp(z) < (x,Vp) for some k > _(215’;;)2).
Then, it holds that

with

Clh,p) = (2<p—2> +h(p 1>> 500

Gromprn ) ) >0

Proof. Let u € H'(R?)\ {0} be an arbitrary nonnegative solution of (3.1) such that I,(a) = .
Using the Sobolev embedding theorem and the fact that I L(ﬂ) (u) =0, we see that

— — — — — 1
Speallalfpos < 1l < Nl + [ poi = ulalfh.
Since pu < 1 it follows that
2+l 12
(3.12) (Sp1) 7T < |[al[3-

If p € [3,5), using the definition of ¢ and Nehari’s condition, we can see that
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1 1 _ _
(5- )l <,

and so the bound on ¢ immediately follows from (3.12). If p € (2,3), we first note that since
I,(u) =¢, I (u)(u) = 0, and @ = (@), then u satisfies

1 1
(3.13) : /R (IvaP +a) + | / pout’ — 1 [ w1~
and
(3.14) / (IVal* + a?) +/ P> —u/ 't = 0.
R3 R3 R3

Moreover, since @ solves (3.1) then, by Lemma 2.2, & must also satisfy the Pohozaev equality:

) 3
val? 4+ a2 4 _/ i / . Vp) — —p+1:0‘
3 Lowal el [ @l [ psart g [ ourteve) - 2

We now recall that, by assumption, kp(z) < (x, Vp) for some k > (2 ( )2) Using this in the above

equality, we see that

1 _ _ 5+ 2k _ 3 _
3.15 - | (va] +a? / 00— —— [ @t <o.
(3.15) 5 [Lvap ey + (S [ g M [ o<
For case, we now set a = |[u]|3,1, v = [ps poati®, and § = p [ps uPT1. From (3.13), (3.14), and

(3.15), we can see that a, 7, and 0 satisfy

I+ - ot =6
o + vy - 0 =0,
1 542k 3
2o + (5F)y - Fad <0,
and so, it holds that
5o B2+
T 2p—2)+k(p-1)
and
a=9—17.
Since 7 is nonnegative, we find
C 2k 1
a<at+y=0< c(3+42k)(p+1)

20 —2)+k(p—1)

This and (3.12) implies the statement, since k > (p( I)z ) > =3 for p € (2,3). This concludes the

proof. O
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Lemma 3.4. If p € (2,5), p € [4,1] and u € H'(R?) \ {0} is a nonnegative solution of (3.8),
then, it holds that

I7°(u) > ¢ > 0.
Moreover, if p € (2,5) and u € HY(R3)\ {0} is a nonnegative solution of (1.13), then
I°(u) > ¢ > 0.

In both cases, u > 0.

Proof. The lower bounds follow easily by similar arguments to those used in the proof of Propo-
sition 3.4 in [28]. Since u is nonnegative and nontrivial, then it is strictly positive by the strong
maximum principle, and this concludes the proof. O

4. EXISTENCE: THE CASE OF COERCIVE p(x)

In this section we will examine the existence of solutions of (1.1) in the case of a coercive
potential p, namely p(z) — +oo as |x| — 4o0o. In the following lemma, we establish that this
coercivity is indeed a sufficient condition for the compactness of the embedding E < LPT1(R3).

Lemma 4.1. Assume p(x) — 4o as |z| — +oo. Then, E is compactly embedded in LP*1(R3)
for all p € (1,5).

Proof. We first recall that for any u € F, it holds that

_A¢u = pu27

()

where ¢, (z fR3 Wdy € DY2(R3). Testing this equation with u, and u_ and using the

Cauchy—Schwarz inequality, it follows that

[ plal? = [ Viulvo,
<(/. |V|u||2>%(/ |v¢u|2)%
- (/. W) (L L=y
g(ﬁ) -

Thus, if p > 0, this implies the continuous embedding F < Li(R?’) where L3(R3) ={u: ,oau €

L3(R®)}, equipped with norm |ul[13 = [[p3ul| 2.

Without loss of generality, assume u,, — 0 in E. Since p(x) — +00 as |z| — +00, then for any
€ > 0, there exists an R > 0 such that
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(4.1) / | |2 = / B|un|3 < e/ plun|® < €C,
R3\Bg R3\Bp P R3\Bp

for some C > 0. This and the classical Rellich theorem implies that, passing if necessary to a
subsequence,

(4.2) / un[? = 0.
RB

Therefore, we have proved the lemma for p = 2. Now, if p € (1,2), then, by interpolation, for
some « € (0,1), it holds that

||un||LP+1(R3) < ||un||%2(R3)||un||i§(o[‘R3) — 0,

as the L?(R3) norm is bounded. The case p € (2,5) is similar using Sobolev’s inequality, and this
concludes the proof. O

4.1. Proof of Theorem 2. We are now in position to prove the existence of mountain pass
solutions.

Proof of Theorem 2. We first note that by Lemma 3.2, the set M, defined in (3.6), is nonempty.

Claim 1. The values c,, are critical levels of 1, for all € M. Namely, there exists u € E such
that 1,,(u) = ¢, and I}, (u) = 0.

By definition, for each p € M, there exists a bounded sequence (up)neny C E such that
I(un) — ¢, and I (up) — 0. Since (up)nen is bounded, there exists u € E such that, up to a
subsequence, u, — v in E. Using this and the fact that E is compactly embedded in LPT(R3)
by Lemma 4.1, arguing as in Lemma 16 in [15], with V(z) = 1 and K (x) = u, we see that for all
§ > 0, there exists a ball B C R? such that

(4.3) lim Sup/ pbu, u> < 6,
n—+oo JR3\B
and
(4.4) lim sup / PPu, Unu| < 9.
n——+oo RS\B

We then note that since (uy, )nen is bounded in F, we also have that, up to a subsequence, u,, — u
in H'. Now, using this and the fact that (u,)ney is a bounded Palais Smale sequence for I, s AS
well as (4.3), (4.4), and Lemma 4.1, we can reason as in Lemma 18 in [15], with V(z) = 1 and
K(z) = p, to see that

(4.5) /RS(]Vunlz +u?) — /RS(]VU\2 + u?).

Thus, using (4.3) and the boundedness of (u,),en, We can argue as in the proof of Theorem 1 in
[15], to see that
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R3 R3
which, when combined with (4.5) and Lemma 4.1, implies that
Tu(un) = I(u).
Therefore, we have shown
I,(u) = cy.
Moreover, by standard arguments, using the weak convergence u,, — u in E, we can show
I,(u) = 0.

We finally note that, by putting (4.5) and (4.6) together, we have that ||u,||% — ||ul|%, and so
by Lemma 2.1, it follows that u,, — w in . This concludes the proof of Claim 1.

Claim 2. Let (pn)nen be an increasing sequence in M such that pu, — 1 and assume (uy)peny C E
is such that 1,,, (un) = cp,, and I}, (u,) =0 for each n. Then, there exists u € E such that, up to
a subsequence, u, — u in E, I(u) = ¢, and I'(u) = 0.

We first note that testing the equation ;’m (un) = 0 with (u,)_, one sees that u, > 0 for each
n. Therefore, it holds that w,, satisfies

(4.7) — Aty + Uy + p(T) Pu, Un = pnuth
(1.9 3 [0vu iy g [ oot - Lo [ =

) 2 R3 " " 4 R3 tnn p—|—1 R3 n i
and
(19 [0l )+ [ o= [zt =o

R3 R3 R3
Moreover, since u, solves (4.7) then, using Lemma 2.2 and the assumption kp(z) < (z,Vp) for
some k > _(217(’; I)2 ), and arguing as in Lemma 3.3, we see that
1 5+ 2k 3p

4.10 — | (|[Vun* +u? / 2——"/ P < 0.
(1.10) s [0Tul sy (B2 [ gz - B [ et <

Setting o, = fR3(|VUTL|2 +u2), v = fRS pbu,u2, and &, = i, ng uﬁ“, we can see, from (4.8),
(4.9), and (4.10), that a,, 75, and J,, satisfy

%an + %’Yn - ﬁén = Cup,
(4.11) an  + Yn - o0 = 0
fon + (5E)y - b < 0
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Solving the system, we find that

(34 2K)(p+1)
on = 2€p—2)+k(p—1)’

—2¢y, (p—5)
p—2)+k(p-1)

<
Tn > 2(
and

On, :5n — In-

Since ¢, is bounded, k > _2(3 =2 5 =3 and 0,,, 7, and o, are all nonnegative, we can deduce
Hn ) (p l) 2 i &

that d,, 7, and «,, are all bounded. Hence, the sequence (u,)nen is bounded in E and so there
exists u € E such that, up to a subsequence, u, — u in E.

We now follow a similar procedure to that of Claim 1. Using the facts that I ;’m (up) = 0, up
is bounded in E, E is compactly embedded in LP*!(R3) by Lemma 4.1, and y,, — 1, by an easy
argument similar to the proof of Lemma 16 in [15], with V(z) = 1 and K(x) = p,, we have that
for all 6 > 0, there exists a ball B C R? such that

(4.12) lim Sup/ PPu, U2 < 6,
n—+oo JR3\B
and
(4.13) lim sup / POu, Unu| < 0.
n—+oo [JR3\B

Now, using the facts that I, (u,) =0 and p, — 1, as well as (4.12), (4.13), and Lemma 4.1, we
can adapt the proof of Lemma 18 in [15], with V(z) = 1 and K (z) = u,, to see that

(4.14) L vl )= [ (vl +2),

Finally, using (4.12), (4.14), the boundedness of u,, Lemma 4.1, and the fact that u, — 1, we
can easily adapt the proof of Theorem 1 in [15], to see that

(4.15) [ o [ oo
R3 R3

(4.16) Cp = Ly, (un) — I(u),

and

0=1, (un) = I'(u).
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As in Claim 1, we see that (4.14) and (4.15) imply that ||u,||% — ||u||%, and so by Lemma 2.1, it
follows that u, — u in E. We now recall that, for p € (2,3), it holds that ¢, — ¢ as u, /1 by
definition (3.7). Thus, from (4.16) it follows that I(u) = c.

Conclusion. Let (p,)nen be an increasing sequence in M such that p, — 1. By Claim 1, we
can choose (up)nen C E such that I, (un) = ¢y, and I, (u,) = 0 for each n. By Claim 2, it
follows that that there exists u € E such that, up to a subsequence, u, — u in E, I(u) = ¢,
and I'(u) = 0. Namely, we have shown (u,¢,) € E(R?) x DV2(R3) is a solution of (1.1). By the
strong maximum principle ¢,, is strictly positive. Testing the equation I’(u) = 0 with u_ one sees
that » > 0 and, in fact, strictly positive as a consequence of the strong maximum principle. This
concludes the proof. O

4.2. Proof of Corollary 1. In the next proof, we show the existence of least energy solutions.

Proof of Corollary 1. When p > 3 it is standard to see that the Mountain Pass level ¢ has the
following characterisation

(4.17) c= ulélj{/[(u), N ={ue E\{0} | I'(u)u = 0},

see e.g. Theorem 5 in [15]. It follows that the mountain pass solution u found in Theorem 1 is a
least energy solutions of I in this case. If p € (2, 3], define

= ini[(u), where A := {u € E(R?)\ {0} : u is a nonnegative solution to (1.9)}.
ue

When p = 3, we notice that the mountain pass critical point, u, that we found in Theorem 1
is such that v € A. Similarly, when p € (2,3), the mountain pass critical point that we found
in Theorem 2 is in A. Therefore, in both cases, A is nonempty and c¢* is well-defined. Now,
let (wp)neny C A be a minimising sequence for I on A, namely I(w,) — ¢* as n — +oo and
I'(w,) = 0. If p =3, it holds that

c+ 1> (p+ DI(wn) = I'(wp)wn > [[wnl|7 gs);

and so it follows that (wy)nen is bounded. If p € (2,3), setting «,, = ng(|an|2 +w2), v, =
Jgs POw, w3, and 6, = [ps wh, and arguing as in Theorem 2 Claim 2, we see that ay,, Vn, and
d, satisfy the system (4.11) with d,, := I(w,) in the place of c,,. Thus, solving this system and
arguing as in Theorem 2 Claim 2, we can obtain that o, v,, and §, are all bounded since (d,, )nen
is uniformly bounded. It follows that (w;)nen is also bounded in this case. Therefore, for all
p € (2,3], there exists wy € E such that, up to a subsequence, w, — wp in E. Arguing as in
the proof of Theorem 2 Claim 1, we can show w, — wg in E, I(wg) = ¢*, and I'(wg) = 0. We
note that by Lemma 3.3, it holds that ¢* > C' > 0 for some uniform constant C' > 0, and so wq
is nontrivial. Finally, reasoning as in the conclusion of Theorem 2, we see that both wy, ¢y, are
positive, and this concludes the proof. ]
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5. EXISTENCE: THE CASE OF NON-COERCIVE p(z)

We now turn our attention to the problem of finding solutions when p is non-coercive, namely
when p(r) — peo > 0 as |z| — +oo. In this setting, E(R?) coincides with the larger space H*(R3),
and so we look for solutions (u, ¢,) € HY(R3) x DM?(R3) of (1.1).

5.1. Bounded PS sequences: proof of Proposition 2. Before moving forward, we will need
some useful preliminary lemmas.

Lemma 5.1 ([42]). Let p > 0 and (un)neny C LPTH(R3) be such that u, — u almost everywhere
on R3, sup,, ||un||re1 < +00, and (u,)— — 0 in LPTY(R3). Then, u € LPT(R3), u > 0,

(Up —u)_ —0  in LPTH(RY),
and

+1 +1 +1
1t = w155 = 1)+ 155 = s |EEL + o(L).

Lemma 5.2. Let p > 0 and set

1

— —+ 1 p+1 F_|_(u) 1 p+1.
p R3

u = — u
|| ’ p—i—l R3+

F(u)

Assume (up)neny C HY(R3) is such that u, — u almost everywhere on R? and sup,, ||un || < +oc.
Then, it holds that

F'(up) — F'(uy —u) — F'(u) = o(1), in H71(R3).
If, in addition, (u,)— — 0 in LPTY(R3), then

F (up) — F (uy —u) — F(u) = o(1), in H™1(R3).

Proof. The result follows as a consequence of Lemma 3.2 in [42], Lemma 5.1, and Holder’s in-
equality. O

The final preliminary result that we need is a splitting lemma for the nonlocal part of the deriv-
ative of the energy functional along bounded sequences. The proof follows by convexity estimates
and Fatou’s lemma, adapting similar arguments of Section 3 in [41] and Lemma 4.2 in [23] to a
nonlocal context.

Lemma 5.3. [Nonlocal splitting lemma/ Assume (u,)neny C HY(R?) is bounded and u, — vg
almost everywhere. Suppose further p € C(R3) is nonnegative and p(x) — poo > 0 as |z| — +o0.
Then, the following hold:

(Z) p¢(un—v0)(un - UO) - poo(l_s(un—vo)(un - UO) = 0(1) in H_l(Rg)

(i) PPy tin — PPy, —vp) (Un — V0) — pPuovo = o(1) in H~H(R?).
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Proof. For the proof of (i), we set

0= [y

3 dm|x — y

Take any h € H', and note that

‘ / (p¢(un—vo)(un - UO) - poo(g(un—vo)(un - UO))h' < / (P - poo)(b(un—vo)(un - UO)h'
R3 R3

+

/]R3 pm(¢(un—vo) - (Z;(un—vg))(un - Uo)h‘
(5'1) =: 11 + Is.

Now, by assumption, for every e > 0, there exists R, > 0 such that |p — poo| < € for all |z]| > R,.
So, using Holder’s and Sobolev’s inequalities, we can see that

L < / (P = Poo) Plup—vo) (Un — vo)h| + / (P = Poo) D —vo) (Un — v0) I
BRE ‘ZB‘>R€
< ol Lo | un—vo) | 1L8 [1un — voll 2B 1Rl L3 + €llD(up —vo) |26 [tn — vollL211A][ s
(5.2) S (ol zee IV @ un—vo) 122 l1un — vollz2(BR,) + €IV B(un—vo) |22 |[tn = vollL2) |2l 1 -

Moreover, by using Holder’s and Sobolev’s inequalities once again, we have

Iy < ool D (un—vo) = Plun—vo) |8 |[un — voll 2| IRl |3
(53) 5 p00||¢(un—vo) - ¢(un—v0)||L6||un - U0||L2||h||H17

and, by Minkowski’s, Sobolev’s, and Hardy-Littlewood-Sobolev inequalities, for every € > 0, it

holds
1
6 3
da:)

"¢(un_v0) - Qg(un—vo)HLfS = <\/RS
6 g
[p(y) = pool (tn — v0)*(y)
/RS </BR5 dr|r —y| dy) "
6
|0(y) — Pool(tn — v0)*(y)
d d
* /]RS </I:c|>Rs dmlz —y| y) ’

1
(wn =) (W)x%, ) \° '
ol / / 4y da
r3 \ JR3 Arlz — y|

/ (p(y) = poo) (tn — v0)*(y) dy
RS

dr|z — y|

IN

o=

IN
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e () ) )

e[| P
<Nl l196, oy, llz2 + el Vi, gl
(5.4) < lpllzoe l (m = v0) x5, P 12 + ell V07, ool 2-

So, putting together (5.1), (5.2), (5.3), and (5.4), we obtain, for every e > 0,

/l‘@ (p¢(un—vo)(un - UO) - poo(g(un—vo)(un - UO))h

< C(llpll oIV S un—vo) 22 l1un = vollL2(Bg,) + €IV Sun—vo)ll L2 [[un = vol| L2

+ poollpl] oo 1 (un — v0)x 8, |I7 12 [[tm = v0ll2 + Pocel V(o g ll22 |l = vol|z2) IRl

for some C' > 0. Since p € L, ¢(Un—UO)’¢>{un—vg) are uniformly bounded in D2, u, — vy is

2

12
? .
ivc and L;° , then we have proven (i).

uniformly bounded in L?, and u,, — vy — 0 in L

To prove (ii), we first take any h € H', and note that by Hélder’s and Sobolev’s inequalities,
it holds that

‘ /1%3 (IOQSUnun - qu(un—vo)(un - UO) - p¢v0U0)h

< ol zoo [l @untin = G(u,—vo) (Un = v0) = Pugvoll 5 |IAl|Ls
(5.5) < Cllpll Lo || duntin = Duy—vo) (un = v0) = dugvoll 3 [1hll a1,

for some C' > 0. Now, by convexity, iterating the inequality
la+b/% < V2 (Jaf? + pl?),

we can obtain

3
F, = |¢unun - ¢(un—vo)(un — ) — (bUOUO‘ ’

(5.6) <2 (| (60— Gun—v)) tn]? + [ B2yt

N

3
+[duol?)

Then, using the Cauchy-Schwarz inequality, we notice that

p|2up, — vol|vo

[ (Dun = Plun—vo)| < /Rg Am|z — y|

9 2 3 2 3
S / p| un—'U(]| dy / p|'U(]| dy
re 4wz —y| R3 47|z — y|
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1 1
— 42 2
= ¢(2un_v0)¢voy

and so, using this and applying Young’s inequality twice, we see that, for every € > 0,

Auslw

3 8
wn v0)¢30‘un‘2

|(¢un ¢(un—v0 un‘ 2 < ¢

\I\m

12 -8 /6
(2un—wo) ‘un‘ T te ¢UO

<Z5
2 —8 .6
( 2un UO +‘un’ ) +e v

IA
\l\oc

(5.7)
Moreover, again using Young’s inequality, it holds, for every ¢ > 0,
3 4 16 )
(5.8) ‘é(un—vo)vo‘ <e€ ¢(uvl—vo) + € 30;.
Combining (5.6), (5.7), and (5.8), we see that, for all € > 0,

8 _4 3
F”S ( 7 (¢(2un Vo) +|un|) +64¢ul Vo) +6 3U8+|¢UOUO|2> = Gny

and so G,, — F,, > 0. We recall that by assumption u,, — vy almost everywhere, and so it follows
that @y, —v) = 0, Pu, = Gugs and (24, —vy) — Pu, almost everywhere. Thus, applying Fatou’s
Lemma to G, — F;,, we obtain

8 _4 3
2 [ (F68, + o) + 5, + g + o)
8 _ _4
§2< 7sup/ (¢?2un—vo —i—\un\ +e 8/ (ﬁvo—i-e sup ¢un w) € 3/ va
n>1 n>1 R3

3
—l—/ |¢Uov0|5> —limsup/ F,.
R3 n—+oo JRR3

Therefore, after cancelations and using Sobolev’s inequality, we see that

. 8 8
hmsup/ F, < 2(67 sup/ <¢?QUn_v0) + |un| +e sup/ ¢<u” o) €7 / (65, + |v0|2)>
R3 n>1JRr3 n>1 3

n—-+o0o

8
_ 2(e7 b (1162 ooy 1% + |22 + € 5D [d, o 155
n>1 n>1
8
& (l6ullSs + HvoHLz>)
8
< o<e7 sup (11V Bz, —uny %2 + [t Z) + €4 5D |V o 15
n>1 n>1

— &3 (llgwo 80 + HvoHLz>)
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for some C > 0 and for all € > 0. We note that u,,vg are uniformly bounded in L? and
B(un—v0)» P(2up —vo) are uniformly bounded in D2 since u,, — vg, 2u,, — vy are uniformly bounded in
H'. Moreover, since vg € H', it follows that ||¢y,||%s is bounded by Sobolev’s inequality. Hence,
since € > 0 is arbitrary, it holds that

lim F, =0,
n——+0o00 R3
which combined with (5.5) yields (éi), and this concludes the proof. O

With these preliminaries in place, we now prove a useful ‘splitting’ proposition for bounded
Palais-Smale sequences for I,,, that highlights the connection to the problem at infinity.

Proof of Proposition 2. Since (uy)nen is bounded in H', we may assume u, — vg in H' and
Uy, — vy a.e. in R3. We set u%z = u, — Vo, and we first note that

(5.9) llunl 3 = [lun = vol 3 = [lunl3p — llvoll3 + o(1).
We now prove three claims involving the sequence (u}),en.
Claim 1. I3°(up) = I,(un) — I(vo) + o(1).

Testing I}, (upn) with (u,)- we have

VT (())  taen)) + [ pin ) = [ () )

R R3

I n)- = |

R

_ 2 2
= )= s+ [ pa)?.

Since (un)nen is bounded, I}, (up)(uy, )~ = o(1), which implies
(un)_ — 0in H',
and by Sobolev’s embedding
(un)— — 0in LPT V¥p € [1,5].
Now, using this and the boundedness of (u,)nen in LPT!, it holds, by Lemma 5.1, that
)+ 1170 = W)+ oy = [ (wo)+ e + o(1).
Therefore, using this and (5.9), we can see that

o 1 1 -
(5.10) IM (ui) = 5(”71%”%{1 - HUOH%H) + 1 /]RS poo(b(un—vo)(un - Uo)z
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H 1 1
= ()l = o) L) + o0,

We now notice that since, by symmetry,

/ poo(un - U0)2¢(un—vo) - / P(Un - U0)2¢(un—vo)7
R3 R3

then it holds that

‘/I‘@ p¢(un—vg)(un - U0)2 - /]R3 poo(g(un—vo)(un - U0)2 < /]R3 ¢(un—vo)(un - 00)2]/)(3:) - poo’

+ / Bt o) (1t — 00)2|0(z) — pis]
RS
=11+ Is.

We note that for all € > 0 there exists R, > 0 such that |p(x) — po| < € for all |x| > R.. Thus, we
can see,

L < ¢(un—v0)(un - U0)2|p(:17) — Pool + / ¢(un—v0)(un - U0)2|,0(33) — poo
Br, |z|>Re

< (Mol 119600,z = 0l 3+ €190,y lazlln = ).

(Bre)

where C' > 0 is a constant. Since p € L™, ¢(,,, _y,) is uniformly bounded in D2 and u,, —vg — 0

in L12/°

o> the above shows that Iy — 0 as n — +o0. Similarly, we can see that

L<C <||p||L°°|| IV D u,, o)l 22 tn — Uollig + €|V (up—uo)ll 2 [Jun — Uoll2172> :
5 (Br.) L3

and so I, — 0 as n — +oo. Therefore, we have shown that

/ poo(zg(un—vo)(un - U0)2 = / p(b(un—vo)(un - U0)2 + 0(1)7
R3 R3

and thus, by the nonlocal Brezis-Lieb Lemma 2.1, it holds that

/ PP o (1 — 10)% = / P’ — / PR + o(1).
R3 R3 R3

Putting this together with (5.10), we see that 13°(u,,) = I,(un) — I.(vo) + o(1), and the claim is
proved.

Claim 2. I}, (vo) = 0 and vy > 0.

We notice that for all ¢» € C°(IR?), it holds that
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@) = [

R

S(Vunvw + Unl/}) + /RS P(Zﬁununlb — K /RS (Un)ﬁw

Using the fact that u, — vy in H' and a local compactness argument, we have I ,;(Un)(ﬂ)) =
I (vo) () + o(1). So, since I},(u,) — 0 by the definition of a Palais-Smale sequence, it holds that
I/,(vo) = 0 by density. We note that by testing this equation with (vg)—, we obtain that vg > 0.

Claim 3. (I7°)'(u),) — 0.
We first note that by Lemma 5.3, it holds that
p(bunun - pooﬁg(un—vo)(un - UO) - p¢voU0

(5'11) = PPu, Un — p(b(un—vo)(un - UO) - P%gvo + 0(1)
=o(1) in H~Y(R?).

Moreover, since we have showed in Claim 1 that (u,)_ — 0 in LP*! then, by Lemma 5.2, it
follows that

(5.12) (un)t. — (un —vo) — (v0)? = o(1), in HY(R?).

Therefore, using (5.11) and (5.12), we can conclude that
(15°) (up) = I}, (un) — I, (v0) + o(1),

and so
(13°) (ug,) = o(1)

since I L(un) — 0 by the definition of Palais-Smale sequence and I /;(UO) = 0 by Claim 2. This
completes the proof of the claim.

Partial conclusions. With these results in place, we now define

0 = limsup Sup/ lul P .
n—too \yeR? J Bi(y)

We can see that § > 0. If § = 0, the P. L. Lions Lemma [36] implies u. — 0 in LP*l. Since it
holds that

(1) (ub)(uid) = [Jud |2 + / poous (uh)? = g / (b
R3 R3

and (15°)(up) — 0 by Claim 3, then, if u), — 0 in LP*1, it follows that u;, — 0 in H'. In this
case, we are done since we have u,, — vg in H'. Therefore, we assume ¢ > 0. This implies that
there exists (y.)nen C R3 such that

[ s
Bi(yd) 2
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We now define v! == u!(- +yl). We my assume v} — v; in H! and v} — v; a.e. in R3. Then
n n yn y n n )

since

/ it > 2,
B1(0) 2

it follows from Rellich Theorem that v; # 0. Since u} — 0in H!, then (y}),en must be unbounded
and so we assume, up to a subsequence, |y| — +oo. We set u2 = ul —vi(- — y}), and, using
(5.9), we note that

(5.13) lunl 7 = llunllzn = [loill3n +0(1) = [lunllz — [lvol 7 — |lorllzn + o(1).
We now prove three claims regarding the sequence (u2),en.

Claim 4. I7°(up) = I,(un) — I(vo) — I5°(v1) + o(1).

Arguing similarly as in Claim 1, namely testing I5°(uy,) with (uy,)—, we can show that (uj,)— — 0
in LP* and so (ul(- +y}))- — 0in LP*L. Thus, once again using Lemma 5.1, we can see that

+1 +1 +1
(g ) 5 5es = [ (- 4 y) — v1) |5 res + (1) 4 1[5 + o(1)
+1 +1
= [[(up, = 01(- =y )+ 17 pes + [ (01) 4[5 + o(1)
2
n

+1 +1
= [[(up)+ 1o + 11(01) 4754 + o(1),

and so
1)+ ot = 1)+ s = [1(wn) 4 s + o(1).
Therefore, using this and (5.13), we have that
132 2) = s = Nl + 5 [ poeup o (0 = w1 = 98
— L (M) Il = )+ ek ) + 0(1).

p+1

We can show, by changing variables and using Lemma 2.1, that
/ poo(zg(u,ll—m(_y}l))(uiz - Ul(x - yrlz))z - / poo(gu,lI (U%L)2 - / pooém”% + 0(1)'
R3 R3 R3

Thus, by combining the last two equations and using Claim 1, we see that I7°(u3) = I7°(u,,) —
I5°(v1) +o(1) = Ly(un) — Lu(vo) — I°(v1) + o(1), and so the claim is proved.

Claim 5. (I°)'(v1) = 0 and v; > 0.
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Let h € HY(R3) and set h,, :== h(- — y}). By a change of variables, we can see that
(152) (up (& + ) (B) = (1) (un) (),
and so, since (I5°)'(u,,) = 0 by Claim 3, we have that
(5.14) (I72) (up, (x + yp)) — 0.
We now note, for any ¢ € C2°(R?), it holds that

‘ / PooBu (T + yp) g (4 yp )b — / ,oooqz_bmvlw‘
R3 R3

<

/ pocPut, (& + yp) (g (T + ) — 01)1/1' + / poo(Pu (T + yn) — buy Jo19)
R3 R3

< pooH(Eu}l( + yrlz)HLGHUiL( + yrlL) - UlHLZ(suppw)HwHL3
+ pOOH(bu}l( + yrlL) - ¢v1HLZ(suppw)HleLGHwHL37

and so since uy (- +y5) —v1 — 0 in L and ¢y (- + y,,) — dv, = 0in Lf ., and all of the other

loc loc»
terms in the final equation are bounded, then we have shown that

[ by @ uhubla+uiyo > [ o
R3 R3
Using this and the fact that ul(- + ) — v in H!, it follows by standard arguments that

(I;jo)’(u,ll(m +yN) = (Iﬁo)’(vl)(q/}) + o(1). This implies that (Iﬁo)’(vl) = 0, by (5.14) and
density. Testing this equation with (v;)_, shows that v; > 0.

Claim 6. (I5°)'(u2) — 0.

We take any h € H'(R?) and set h,, = h(- +y.). We note that, by a change of variables, it
holds that

(5.15) (13°) (uin) (h) = (I2) (un (- + yp) = v1) (hn)-
Now, arguing as we did in the proof of (ii) of Lemma 5.3, we can show that

(5.16) poc®ut (+yn)tn (-+Un) = PocB(ul (-+y1)—vn) (Un (-+Yn) —01) = pochu,v1 = 0(1), in H™'(R?).

Moreover, since we showed (ul(- +y1))_ — 0 in LP*! in Claim 4, we can once again use Lemma
5.2 to conclude that

(n(+yn)i = (un( +yp) —v)f = (1) =o0(1),  in H'(R?).

It follows from this and (5.16) that
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(5.17) (I3 (un (- 4 ) —v1) = (L) (un (- + ) = (1) (01) +o(1)  in HH(R?).
Since, by Claim 5 and a change of variables, it holds that
(L) (- 4 y)) () — (L) (01) () = (1) (g ) (R),
then combining this, (5.15) and (5.17), we see that
(1) (up) = (1) (up) +0(1)  in HH(R?).

It therefore follows that (Iﬁo)’(u%) — 0 since (Iﬁo)’(u%) — 0 by Claim 3, and we are done.

Conclusions. With these results in place we can now see that if u2 — 0 in H', then we

are done. Otherwise, u2 — 0 in H!, but not strongly, and so we repeat the argument By
1terat1ng the procedure, we obtain sequences of points (yn)neN C R3 such that \yn] — o0,
\yn Yh ] — +ooasn — +oo if j # j' and a sequence of functions (uf,)nen with ul = u, — vy and

u%:u% 1_1)] (- — )forj>2suchthat

u(z +yh) = vj(e) in HY,
-1
l
(5.18) 31 sy = D 11031170 oy + [l [+ 0(1),
=0
l
||, —vo — Zvj(' — Y 3y — 0 as n — 400,

j=1
-1

Lu(un) = Lu(vo) + D 1 (07) + L (up) + o(1),
j=1

(1:°) (vj) = 0 and v; > 0 for j > 1,

We notice from the last equation that it holds that (13°)'(v;)(v;) = 0 for each j > 1. Using this,
the Sobolev embedding theorem and the fact that p < 1, we have that

T +1 +1
Sp+lljl[7oer < vl < [vsllEn +/RS pootu; ()% = pll (W) + 1751 < lloglfp,

and therefore, we can conclude that, for each j > 1,

p+1
lvsl13 > (Spy1) 72

Combining this and the fact (u,)nen is bounded in H', we see from (5.18) that the iteration must
stop at some finite index [ € N. O
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5.2. Proof of Theorem 3. We are finally in position to establish two sufficient conditions that
guarantee the existence of a mountain pass solution to (1.1) in the case of non-coercive p, if
p € (2,3).

Proof of Theorem 3. We first note that by Lemma 3.2 with £ = H', the set M, defined in (3.6),
is nonempty.

Claim 1. Under assumptions (i), the values ¢, are critical levels of 1,, for all p € (1 —¢€,1]NM,
with € > 0 sufficiently small. Namely, there exists a nonnegative v € H' such that I,(u) = ¢,
and I),(u) = 0 for all p € (1 —¢€,1] N M. Under assumptions (ii), the same statement holds for
all p e M.

We recall that for all ;1 € M, by definition, there exists a bounded sequence (uy,)neny C H' such
that I,,(u,) — ¢, and I),(u,) — 0. We note that by Proposition 2 and the definition of (un)nen,
it holds that

l
(519) Cp = I,LL(UO) + Z Iﬁo(l}j)v
j=1

where v is a nonnegative solution of (3.1) and v; are nonnegative solutions of (3.8) for 1 < j <.

Assume that (i) holds. For e > 0 small enough, it holds that ¢, < ¢ for all u € (1—¢,1]NM,
by continuity. Pick p on this set. If v; is nontrivial for some 1 < j < [, it would follow that
I7°(vj) > ¢ > ¢, by Lemma 3.4. This is in contradiction with (5.19) since I,,(vo) > 0, by
Lemma 3.3, and so, v; = 0 for all 1 < j <. Therefore, u,, — vy in H' by (iv) of Proposition 2,
I,.(vo) = ¢, by (5.19), and I} (vg) = 0 since v is a nonnegative solution of (3.1). Thus, we have

shown ¢, is a critical level of I, in this case.

Now, assume that (77) holds. We note that this implies that I,,(v(t)) < I5°(v(t)) for each fixed
v €I, pe (3,1 and t € [0,1]. It therefore follows that I% (v(1)) < I(y(1)) <0 forall y € I'*™°,
2

and so I'*° C T". Using this and Lemma 3.4, we can see that for each nontrivial v; in (5.19), it
holds

I (vj) > ¢

= inf I (~(t
Jnf, max I, (v(1)),

5.20 > inf L(~(t
(5.20) (i, mae n(y(t))

> inf I t
2 Inf max u(v(1))

= Cu-

We now assume, by contradiction, vg = 0 in (5.19), which would imply I,(vg) = 0. Using this
and (5.20), we see from (5.19) that there exists one nontrivial vj, call it v;, such that vy is a
nonnegative solution of (3.8) and
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(5.21) I (v) = ¢ = ey

Define v (z) = t?vy (tz) and v : R — H'(R3), y(t) = ©;. By Lemma 3.3 in [45, p. 663], the function
f(t) = I°(v¢) has a unique critical point corresponding to its maximum, and it can be shown
that f/(1) = 0 by Nehari’s and Pohozaev’s identities for v;. We deduce that

max I2%(v(t)) = [, (v1),

and that there exists M > 0 such that

i (v(M)) <0,

2
and

max [7 (7)) = max L7 (7(2)-

We then define 7q : [0,1] — HY(R3), vo(t) = v(Mt), and see from the above work that vy € T'™°.
Therefore, we have that

I (v) = Igle%fﬁ"(v(t))

= I
nax 1 (v(?))

= (0 (1))
e I, (70(t))

Since we have v; > 0 on B where p(z) < poo by Lemma 3.4, it follows that

cff’ = Iﬁo(vl)

— T°° (ot
e I (70(1))

> max I, (y0(t
e Tu(0(t))

> inf L(y(t
> nf max L,(y())

> inf I,(~(t
Int max L(v(1)

Cus

which contradicts (5.21). Therefore, we have shown that vy # 0. Now, since vy is a nontrivial and
nonnegative solution of (3.1), then I, (vg) > 0 by Lemma 3.3. Putting this and (5.20) together in
(5.19), it follows that v; = 0 for all 1 < j <. Therefore, u, — v in H' by (iv) of Proposition 2,
I,(vo) = ¢, by (5.19), and I},(vg) = 0 since v is a nonnegative solution of (3.1). This concludes
the proof of Claim 1.

Claim 2. Let p,, — 1 be an increasing sequence in (1—e, 1]NM and (resp.) M under assumptions
(i) and (resp.) (ii). Assume (up)neny C H' is such that u, is nonnegative, I, (u,) = c,, and
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I/’M (upn) = 0 for each n. Then, there exists a nonnegative u € H' such that, up to a subsequence,
Up — u in HY, I(u) = ¢, and I'(u) = 0.

Since u,, is nonnegative, (uy)4+ = u,, and so we can see that

1
I(up) = I, (un) + 2 /RS Ut

p+1
Nn_l 1
5.22 = P
( ) c!/«n—i_p_’_l/RBun ’

and, for all v € H'(R3),

T (un) () = T, () (0) + (i — 1) / Wy
RS
< it — 1] ] s ol s

_1
(5.23) < Sy Ailin = U lunl (7o lv] e

Set a,, = fR3(]Vun\2 +ul), v, = fR3 pbu,uz, and 8, = i ng w2 As in Theorem 2 Claim 2,
we see that oy, v,, and d, satisfy (4.11), and thus we can obtain that a,, v,, and 6, are all
bounded. Therefore, using this, (5.22), (5.23), and the fact that c,, — c as p,, /1 by definition
(3.7), we can deduce that ||u,||z is bounded, I(u,) — ¢ and I'(u,) — 0 as n — +oo. That is,
we have shown that (u,)nen is a bounded Palais-Smale sequence for I = I; at the level ¢ = ¢y,
and so, 1 € M. By Claim 1, it follows that there exists a nonnegative u € H' such that, up to a
subsequence, u,, — u in H', I(u) = ¢, and I’(u) = 0.

Conclusion. Let p, — 1 be an increasing sequence in (1 —€,1] N M and (resp.) M under
assumptions (i) and (resp.) (i4). By Claim 1, we can choose (un)neny C H' such that w, is
nonnegative, I, (u,) = ¢y, and I, (up) = 0 for each n. By Claim 2, it follows that there exists
a nonnegative v € H' such that, up to a subsequence, u,, — u in H', I(u) = ¢, and I'(u) = 0.
That is, we have shown (u, ¢,) € H'(R3) x DV?(R3) solves (1.1). Since u and ¢,, are nonnegative
by construction, by regularity and the strong maximum principle, it follows that they are, in fact,
strictly positive. This concludes the proof. O

5.3. Proof of Theorem 4.

Proposition 4. [Palais-Smale condition for p > 3] Let p € C(R3) be nonnegative such that
p(x) = poo > 0 as |x| — 400 and suppose either of the following conditions hold:

(1) ¢ < ™
or
(i1) p(z) < poo for all x € R3, with strict inequality, p(x) < pso, on some ball B C R3,
where ¢ and (resp.) ¢ are defined in (3.7) and (resp.) (3.11). Then, for any p € [3,5), every

Palais-Smale sequence (up)neny C HY(R3) for I, at the level ¢, is relatively compact. In particular,
c is a critical level for I.
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Proof. Since, for p > 3, we have
c+1+o()|lun sy = (p+ 1)1 (up) — I'(up)uy > ||unH%{1(R3),

it follows that (uy)nen is bounded. By the definition of u,, and Proposition 2 with u = 1, it holds
that

l
(5.24) c=1I(vo) + Y T(vj),
j=1

where vy is a nonnegative solution of (1.9) and v; are nonnegative solutions of (1.13) for 1 < j <.
Reasoning as in Claim 1 of Theorem 3, setting ;» = 1 and replacing ¢, ¢y, I, and I'°° with ¢, ¢,
I, and I'*°, respectively, throughout, the statement follows. This concludes the proof. O

Proof of Theorem /4. The regularity and the strong maximum principle imply that the nontrivial
and nonnegative critical point, u, of I, found in Proposition 4, is strictly positive. For the same
reason, ¢, > 0 everywhere. ]

5.4. Proof of Corollary 2.

Proof of Corollary 2. If p € (3,5), we can use the Nehari characterisation of the mountain pass
level (4.17) with E = H'! to see that the mountain pass solution u found in Theorem 4 is a least
energy solution for I. If p € (2, 3], we set

= ianAI(u), where A = {u € H'(R?)\ {0} : u is a nonnegative solution to (1.9)},
ue

and can show that A is nonempty and ¢* is well-defined using the mountain pass critical points
that we found in Theorem 4 and Theorem 3 when p = 3 and p € (2, 3), respectively. It is important
to note that when p = 3, the critical point, u € A, that we found in Theorem 4 satisfies I(u) = c,
which implies ¢* < ¢. Similarly, when p € (2,3), we can show ¢* < ¢ using the critical point that
we found in Theorem 3. Now, for any p € (2,3), arguing as in the proof of Corollary 1, we can
show that there exists a bounded sequence (wy,)neny C A such that I(w,) — ¢* as n — 400 and
I'(wy,) = 0. By applying Proposition 2 with g =1 to (wy,)nen, we can see that

l
c¢>c" = 1I(v) +ZI°°(1)]-),
j=1

where vy is a nonnegative solution of (1.9) and v; are nonnegative solutions of (1.13) for 1 < j <.
Reasoning as in Claim 1 of Theorem 3 with p = 1 and replacing ¢, ¢, I', and I'™® with ¢, ¢>,
I', and T'>°, respectively, throughout, we can show I(vg) = ¢* and I’(vg) = 0. We note that by
Lemma 3.3, it holds that ¢* > C > 0 for some uniform constant C' > 0, and so it follows that
vp is a nontrivial least energy critical point of I. The strict positivity of vy and ¢,, follows by
regularity and the strong maximum principle since they are nonnegative by construction. This
concludes the proof. O
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6. NECESSARY CONDITIONS FOR CONCENTRATION OF SEMICLASSICAL STATES

6.1. Proof of Theorem 5. We first prove a necessary condition for the concentration of positive
solutions in the semiclassical limit, e — 07, in E.

Proof of Theorem 5. We will break the proof into five claims.
Claim 1. sup,. ||ue||ge(ms) < +00

We will argue by contradiction. Assume, to the contrary, that there exists a sequence (€,,)men
such that e,, — 0 as m — 400, Uy, = u,,, solves (1.15) for each m, and it holds

[t || oo 3y — +00 as m — +oo0.

Let
Oy, = MAX Upy,, (Q — +00 as m — +00),
Bm = a P7V/2, (Bm — 0 as m — +00).
Define
1
'Um($) = _um($m + Emﬁmx)v
Qm

where x,, is a global maximum point of u,,,. We note that such a point exists because, by regularity
theory, u,, are solutions in the classical sense and, moreover, by the concentration assumption,

2
Uy, decays to zero uniformly with respect to m. Now, multiplying (1.15) by g—z, we obtain

62 52 52
- mAum(xm + 6m/Bm‘T) + _m)\um(xm + 6mﬂmx)
Oy Qm
1 32
+ 572np(517m + €m5m$)¢um (:Em + Emﬁmx) o um(xm + Emﬁm$) = am ulr)n(xm + Emﬁm$)
m m

Noting that Avy,(z) = €2, 8% At (T + €mBm®) /am and 52, /au, = 1/ak,, we see that v, satisfies
— Ay + B Mo+ B (T + €mBin) bun, (T + €mBn)vm = V8.

We further note that

2

b (5 + EmBons) = / u;n, (y)p(y) dy

r3 AT T + €mBma — Y|
_ / u%n(xm + Emﬂmy)p(xm + em/Bmy)
R3 AT\ T + €mBm® — Tiy — €mBmY|

2 52 o2 / 02, ()P + €mBmy) q
3 47|z — y|

-e2, B3 dy

m=m—m Y
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where we have used the change of variables y — x,, + €,,8,y in going from the first to second
line. Therefore, v, satisfies

2

—Av + B2 v + B2 p(2m + €mBm) efnﬂfnoﬁm/ Vin ()P (Zm + €mBmy) dy | vy, = 0P,
R3 dr|z — y|

Namely, since 81 a2, = a2 _1)042m = apm P (by the definition of ), we have that v,, satisfies

2

(6.1) —Av, = _572n)\vm _ Egnoéfn_%p(xm + emBmi) / Vi (V) p(Zm + €mBmy) dy | v + o7,
R3 4|z — y|

It is worth noting here that since a,,, — +00 as m — 400, then ai‘n_2p — 0 asm — 4oo for p > 2
andozf{2p—>1asm—>—|—ooforp:22.

We now fix some compact set K. We notice that, by construction, [[vm||zemrs) =1 for all m,
and, by assumption, p is continuous. We also highlight that due to the concentration assumption,
we have that the sequence of global maximum points x,, is uniformly bounded with respect to m.

So, since v2, p is uniformly bounded in L>°(K), then fRS Ug"(y)’;f:|”;j;rﬁ my) dy is uniformly bounded

in C%%(K) and consequently, is uniformly bounded in L>®°(K) (see e.g. [34, p. 260]; [1, p. 11]).
Thus, the entire right-hand side of (6.1) is uniformly bounded in L°°(K) which implies vy, is
uniformly bounded in C1¥(K) (see e.g. [27]). It then follows that the right-hand side of (6.1) is
uniformly bounded in C%%(K), and therefore vy, is uniformly bounded in C*%(K) by Schauder
estimates (see e.g. [27]). Namely, for z,y € K, x # y, and for every m, it holds that

070 () — v ()| < Okl —yl*, 18] <2,

for some constant C'x which depends on K but does not depend on m. It follows that uniformly
on compact sets and for some vy € C%(R?),

Pvy — 0Pug as m — 400, || < 2.

Therefore, taking the limit m — +oo in (6.1) we get

—Avg = v, z € R3
’UQ(O) = 1,

where the second equality has come from the fact that v,,(0) = wp(Tm)/am = am/am = 1 for
all m. On the other hand from the equation, by a celebrated result of Gidas-Spruck [26] we infer
vp = 0. So, we have reached a contradiction, and thus sup.. ||ue|[ oo ®s) < +oo.

Claim 2. Assume there ezists a sequence (€x)ren such that e — 0 as k — 400 and uy = u,,
solves (1.15) for each k. Let wi(x) = up(xo + €xx), where xg is a concentration point for u.
Then,

(i) up to a subsequence, wy, — some wy in Cy (R3),

2This is the only point in which we use the restriction p > 2.
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(ii) wy > 0.

We begin by proving (i). We first notice that wy solves

(6.2) { —Awy, + Awg + p(20 + €62)du, (0 + exz)wy = wy,  w ER?

—Adu, (z0 + exz) = pl(wo + 42wy, z € R3.

We note that

2
Guy, (0 + €xx) = / ug(y)p(y) dy

g3 47|70 + €xx — Y|

up(zo + exy)p(wo + exy) 5
= - €pdy
r3 4m|zo + €pr — T — €Y

:Ez/ w;%(y)p(onreky)d
" s dxle —y] ’

where we have used the change of variables y — xg + €,y in going from the first to second line.
So, wy, solves

w,%(y),o(xo + €ry)
Ar|x — y|

(6.3) — Awy, = —Awy, — p(zo + €xx) <ei /3 dy> wy, + wh.

R
We now once again fix some compact set K. We notice that, by Claim 1, sup |[wg||pe®s) <
400, and, by assumption, p is continuous. So, since wzp is uniformly bounded in L*°(K), then

Jgs w dy is uniformly bounded in C%%(K) and thus, is uniformly bounded in L>°(K)
(see e.g. [34, p. 260]; [1, p. 11]). Therefore, the right-hand side of (6.3) is uniformly bounded
in L°°(K) which implies wy, is uniformly bounded in C1%(K) (see e.g. [27]). It follows that the
right-hand side of (6.3) is uniformly bounded in C%®(K), and thus, by Schauder estimates, we
have that wy, is uniformly bounded in C%%(K) (see e.g. [27]). Since this holds for every compact
set contained in R3, arguing the same way as in Claim 1, it follows that uniformly on compact

sets and for some wy € C?(R3),

OPwy, — 0%wp as k — +oo, |68 < 2.

Therefore, taking the limit & — 400 in (6.3), we have

(6.4) — Awg + Mg = wh), =R

We now aim to prove (i7). Let 2 be a maximum point of uy. Since uy is a solution to (1.15),
we have that

— g Aug () + Mug(xr) + per) Pu,, (@ )ur(zr) = uf ().

Noting that Aug(zy) < 0 since xy is a maximum point of uy, we see that
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A+ p(wr) Pu,, (21)]ur(2r) < up(zr),

and so
(6.5) ur(2r) > [N+ pla)bu, (2)] 77 > A7T > 0.

1
Therefore, the local maximum values of u;, and hence of wy, are greater than or equal to Ar—1,
and since wy — wg in C2_(R3), then wy # 0. In particular, this and (6.4), imply that wg > 0 by

loc
the strong maximum principle.

Claim 3. For large k, it holds that [4s [s wg(y)p(wo+E’Z?7JT)|:§(;|WP($0+EM) dy dz = 0.

We first recall that wy, as defined in Claim 2, solves (6.2). Multiplying the first equation in
(6.2) by Vwy, and integrating on Br(0), we get

Vuw} 1

0= AwiVwy dz — ATk gy 2 V(p(xo + e12)du, (zo + epr)wi) da
Br Br 2 2 Br

+ p(x0 + €12) Vo, (20 + epr)wi do +

2 /By 2 /By

pr-i-l
+/ k__ dx.
B Pt1

By using the divergence theorem and rearranging terms, this becomes

€k
— V(o + e12)bu, (vo + epr)wi do

€
i Vp(xo + €xx) Py, (xo + epz)wi da
2 Br
2 W' 1
(6.6) = /8312 (x\%l/ 5 'j_ TV + §p(:170 + e3) Pu, (T0 + ep)wiy | do
% p(xo + €xx)Vy, (20 + ekzn)w,% dr — / Aw,Vuwy, dr,
2 Bpr Br

where v is the exterior normal field on Br. We now focus on the second integral on the right-
hand side of this equality. We begin by noting that if we multiply the second equation in (6.2) by
Vou, (o + €xz) and integrate on Br(0), we get

(6.7) - / plzo + exx)V ey, (w0 + epr)wi dz = / Ay, (70 + €,2)V by (T0 + €x) da.
Br Br

Moreover, using the divergence theorem, we see that
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0 1
k Aoy, (20 + €x2) =Py, (o + €x)dr = 3 /

0
div <V¢uk (o + €,x) 5—pu, (o + ekzzt)) dz
2 BR axz BR

al'i
1

0
) - Vou, (zo + €;x) oz, (Vu, (xo + exx)) dz

1 Oy, (xo + €ez) 0
(6.8) -5/ N <—81/ s @0+ €42)

1
— §’V¢uk (xo + Ekx)’2Vi> do.

Therefore, combining (6.7) and (6.8), we obtain

_k / p(xo + €x2)Vy, (o + ekzn)w,% dz
Br

1 a(buk (‘TO + Ekx)

1
(69) = 5 \/63 <V¢uk (1170 + Ekﬂl‘)T - §|V¢uk ($(] + €k$)|2l/> do.

Turning our attention to the third integral on the right-hand side of (6.6) and by arguing in a
similar way as above, we can show that

(6.10) AwpVwy de = /

0 1
<Vwkﬂ - —|Vwk|21/> do.
Br 0Bp 2

ov

Therefore, using (6.9) and (6.10), we see that (6.6) becomes

& Vp(zo + e12)bu, (v + exr)wi dz
2 /By
2 p+1
1
(6.11) = /83R <)\%1/ - ;Ui vt 5,0(%0 + ex) Pu, (10 + exx)Whv
1 Obu, (xo +epr) 1 9
+ §V¢uk (zo + Ekx)T - Z|V¢uk (zo + exx)|"v
1
— Vwk% + §‘Vwk’2V> do.

Call the integral on the right-hand side of this equation I. Then,

w2 w1 , 1 )
[Ir| < / (ATk + -k 7+ 5P(@0 + ez)u (20 + ez )wp + 5[V ou, (2o + )]
OBp D+

1 1
+ Z!V(buk(xo + &) |2 + | Vg |? + §\Vwk]2> do

3
< 3 / <)\fwfC + wi“ + p(zo + €xT) Py, (To + ekaz)w,% + |Vou, (o + eka:)]2 + ]Vwk\2> do.
OBR
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So,

+o00 +oo 3
/ [Ig| < / = / </\w,% + wi""l + p(xo + €,2)du, (zo + ekm)w,%
0 o 2 JoBg
+ |Vou, (z0 + exw)|* + !Vka) dodR

3
= 5 /3 ()\w;% + wz+1 + P(l‘o + Ekx)¢uk (3;0 + Ekl‘)’wi
R

+ |V(J5uk (:E() + Ekib)|2 + |Vwk|2> dx
< +oo for each k,

since wy, is a solution to (6.2). Thus, for each fixed k, there exists a sequence R,, — 400 as
m — o0 such that Ir,, — 0 as m — +oo. Letting R = R,;, — +00 in (6.11) yields

ek

0= Vp(xo + e3) u,, (20 + epx)wi d

/ / ekwk p(xo + eky)wk(:n)v,o(xo + €xx) dy dz.
RS JR3 |z —y|

Since this holds for each fixed k, we have

2 2
(6.12) / / wi(y)p(wo + ery)wi,(v)Vp(wo + exx) dy dz = 0.
r3 JR3 4|z — y

Claim 4. There exists Ry > 0 and C > 0 such that, for k sufficiently large, wi(x) < C]a:\_le_g‘x‘
for all |x| > Ry.

We first note that, by the concentration assumption, it holds that wy — 0 as |z| — +oo.
Namely, there exists Ry > 0, K > 0 such that

1
=1
(6.13) wy < @) . Vl|z| > Ro, Vk > K,

It follows that

>

P < Zwy, Vx| > Ry, Vk > K,

\)

and therefore, since wy, solves (6.2), we have, for all |x| > Ry and for all £ > K,

(6.14) — Awy, + Awg, < —Awy + (A + p(xo + €,2) Py, (T0 + €x2))wy, = w

3
IN
| >
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Namely, it holds that
A
(6.15) — Awk < —Ewk, Wx! > RQ, Vk > K.
Now, define

oN A\ p—1 NoN
UJ(:E) = C|x|_16_TAIx|’ Where O = <§> i RO ETARO’

Then, using this definition and (6.13), we see that

1
A\ -1
(6.16) wi(x) < <§> - w(x), for |z| = Ry, Vk > K.
It can also be checked that,
A
(6.17) Aw < v for |z| # 0.

We then define wy(x) = wi(x) — w(z). By (6.16) it holds that
(6.18) wr(z) <0, for |z| = Ry, Vk > K.

Moreover, using (6.15) and (6.17), it holds that

A
(6.19) —Awy + Ewk <0, Vl|z|> Ry, Vk > K.
and
(6.20) lim  wg(x) =0.
|z| =400

Thus, by the maximum principle on unbounded domains (see e.g. [11]), it follows that,

Plal,

wy () < Olz| te™ Vx| > Ry,

for k sufficiently large.
Claim 5. p(zo)Vp(xo) = 0.

We first pick a uniform large constant C' > 0 such that for all z € R? and large k it holds that

(6.21) win(z) < @(z) == C(1 + |a) e T W,
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We now highlight the fact that due to the concentration assumption, from now on, we can take k
large enough and a suitable ¢; > 0 such that

6k<61<min{60,\/TX}, ifb>0,

and simply
€r <€, ifb<O0,
where ¢y > 0 is defined in the statement of the theorem. We assume that b > 0 as the case b < 0
is easier and requires only obvious modifications. By the growth assumption on p, there exists a
uniform constant C'; > 0 such that for all z € R3,
IVp(zo 4 er)| < C1(1 + |z])?ebr =l =: g(x).
By the mean value theorem we have

lp(wo + exy)| < lexyl|Vo(zo + 0(ery))| + [p(z0)l,

for some 6 € [0,1]. Combining this with the estimate on |V p(zo+6(exy))|, it follows that for some
uniform constant Cy > 0 and for all y € R3,

Ip(x0 + ery)| < Calyl(1 +[y)*e" M + |p(z0)| =: f(y)-

Therefore, putting everything together, we have that, for k£ sufficiently large,

wi(y)p(zo + exy)wi(z)Vp(xo + exx)

- P )a*(@)g(x)
(z —y)

- |z — |

(6.22)

The right hand side is a uniform L!(R®) bound. In fact, using for instance the Hardy-Littlewood-
Sobolev inequality, we have

/RS /RS |$_ |($)9(w) dy dz

(6.23) < 400,

S @ f] poss oy 109l pors sy

as the choice of €; implies that @?f, w?g € L5/°(R?). We now let k — 400 in (6.12), and note
that by (6.22), (6.23), Claim 2, and the assumption that p € C'(R3), we can use the dominated
convergence theorem to obtain

/ / wO ':UO w(]( )VP(CU(]) dy dx — O
R3 JR3 47T|$ —yl

Then, since wg > 0 by Claim 2, we have that
p(x0)Vp(zo) = 0.
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Since p is nonnegative, any zero is global minimum, and therefore we have Vp(zo) = 0. g

6.2. Proof of Theorem 6. We follow up Theorem 5 with a similar result on necessary conditions
for concentration of solutions in H!(R3) x DL2(R3).

Proof of Theorem 6. The proof closely follows that of Theorem 5. We assert that the same five
claims as were made in the proof of Theorem 5 hold, and will only highlight the differences in
the proofs of these claims. The proof of Claim 1 and Claim 2 follow similarly as in Theorem
5, however since p is both continuous and globally bounded in this case, we do not need to fix
a specific compact set K in the regularity arguments, but instead it follows directly that v, is
uniformly bounded in CEO’S‘(R?’) and wy, is uniformly bounded in 0120’?(]1%3). The proof of Claim
3 and Claim 4 follow exactly as in Theorem 5. To prove Claim 5, we define the exponentially
decaying function @ as in (6.21) and since p and Vp are bounded, we have, for k sufficiently large,

wi(y)p(zo + exy)wi(2)Vp(zo + epz) | _ @ (y)a* (x)

(x —y) Yz -yl

This is enough to conclude the proof as in Theorem 5 using the dominated convergence theorem.
O

APPENDIX: PROOF OF LEMMA 2.2

Proof of Lemma 2.2. With the regularity remarks of Section 2.2 in place, we now multiply the
first equation in (2.1) by (z, Vu) and integrate on Bg(0) for some R > 0. We will compute each
integral separately. We first note that by Lemma 3.1 in [22] it holds that

1 1 R
(6.24) / —Au(z,Vu)de = ——/ \Vul? dz — — |(z, Vu)[* do + —/ |Vul? do.
Br 2 /By R Jopg 2 JoBg
Fixing ¢ = 1, 2, 3, integrating by parts and using the divergence theorem, we then see that,

/ bu(z;0;u)dx = b [—1/ uw? dz + L 0y (u*a;) dﬂ?]
BR 2 BR 2

Br
1 1 2
:b[——/ u2dx+—/ uQﬁda].
2 JBg 2 Jop, |7l

So, summing over 7, we get
3 2 R 2
(6.25) bu(z, Vu)dz =b|—= u de + — u do| .
Bpr 2 Br 2 OBRr
Again, fixing ¢ = 1,2, 3, integrating by parts and using the divergence theorem, we find that,
1 2 1 2 1 2
cppuuzi(Oiu) dr = c| — 3 poyu” dr — 3 duuzi(Oip) dr — 3 pu”z;(0;py) dx
BR BR BR BR

+ 1 &-(pgbuu%i) dx}
2 Br
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1 1
= C[ - l/ ppyu’ do — = pu*z;(0;p) dx — = / putz;(0;py,) da
2 Br 2 Br 2 Br

1 2
+ = / quuuzx—l da} .
2 JoBg |z|

Thus, summing over i, we get

1
(6.26) / cpppu(z, Vu) de = c[ _3 / ppuu* da — = put® (2, Vp) da
Br 2 /Bg 2 /Bg

1
- —/ pu2($,V¢u)d$+§/ pbyu’ do}
2 /Bg 2 JoBg

Finally, once more fixing i = 1,2, 3, integrating by parts and using the divergence theorem, we
find that,

-1 1 2
/ dlulP~ u(z;0;u) dz = d [—/ luPT dz + —— |u|p+1x—Z da} ,
B p+1/p, p+1Jopy |z|
and so, summing over ¢, we see that
—1 —3 p+1 R p+1
(6.27) dulP" u(z, Vu)de = d | —— |ulP™ doe + —— |ulP™ do| .
Br p+1/B, P+1 JoBg

Putting (6.24), (6.25), (6.26) and (6.27) together, we see that

1 1 3
——/ |Vul? dz — — ](m,Vu)\zda—i—E ]Vu\2da+b[——/ u? dx

2 /By R JoBy 2 JoBg 2 /By
R 2 3 2 1 2 1 2

+ = udo| +c| — = pou”der — = pyu(z,Vp)de — = pu”(xz, Vo) dx
2 JoBg 2 /Bg 2 /Bg 2 /Bg

(6.28)
+ al pouu’ da] —d [_—3 / Ju[PT! dz + AR [Pt da] =0.
2 JoBg p+1/p, p+1 Jom,

We now multiply the second equation in (2.1) by (z, V¢, ) and integrate on Br(0) for some R > 0.
Using Lemma 3.1 in [22] we see that

/pu2(x,v¢u)dx:/ ~A¢y (1, Vy,)dx
Br

Bpr
1 1 R

:——/ |V¢u|2dx——/ |(:c,v¢u)|2da+—/ |Vou|* do.
2 /By R Jog, 2 JoBg

Substituting this into (6.28) and rearranging, we get
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1
——/ |Vu|2d:17—3—b/ u2dx—%/ phyu’ dz
2 /By 2 /By 2 /By

c 9 c 9 3d 41
-5 wu” (z, Vp)de + — wl” do + —— Prd
5 BR(bu(pr) x+4/BR\V¢\ x+ P |ul T
1 b
(6.29) == (2, Vu) > do — 5/ |Vul? do — —R/ u? do — —R/ pouu? do
R Jog, 2 JoBg 2 JoBg 2 JoBg
d
@ vePdo+ B[ 1vsurdo T 1 u[P+! do.
2R JaBp 4 Jogg OBg

We now call the right hand side of this equality Ir. We note that |[(x,Vu)| < R|Vu| and
|(z,Vou)| < R|V¢,| on OBg, so it holds that

3R bR

g < = |Vu|? do + = 5 u?do
OBR OBR
cR 3cR dR
+ 5 pduu’ do + - |Vou|* do + 1 lulPT do.
OBg OBg OBg

Now, since |Vul?, u? € L'(R?) because u € E(R?) ¢ H'(R?), ppyu?, |Vou|> € L'(R3) because
Jgs pOuu? dz = [ [V |? dz and ¢, € DV2(R3), and |uP™ € L'(R?) because E(R?) < LI(R?)
for all ¢ € [2,6], then it holds that Ir, — 0 as n — 400 for a suitable sequence R,, — +00 (see
e.g. [22]). Thus, considering (6.29) with R = R,,, we see that

1 3b 3
= lim (— / |Vu|? da + —/ u? dx + —C/ pouu dz — = / V| da
n=too \2 /g, 2 JBg, 2 /B, 4 /B

1
- lu[P da + o /83 |(z, Vu)|* do — == - |Vu|* do
n R Rn

cR c
T u'do — =5 pou’ 2R
8BRn 8BR7L n 8BRn

dR
+ — Ve, |* do - |u|PH da)
4 JoBg, p+1JoBy,

1 b
:—/ |Vu|2dx+3—/ u2dx+§/ pouu? dz
2 R3 2 R3 2 R3
d
—f/ ywuy?dx—?’—/ P+ dz
4 R3

1 d
630 =5 [ wePars D [ laes T [ poatae- 20 [t
2 R3 2 +1 ]R3

|(x, Vo )|* do




50

CARLO MERCURI AND TERESA MEGAN TYLER

where the final equality holds because fR3 Vo,|?dx = ng pdyu? dz. Therefore, since (u,¢,) €
E(R?) x D2(R3) solves (2.1), we have shown that

< +00.

s [ ouie. Vo ds
2 Jps

Moreover, (6.30) also proves that

(1
(2]
B3]

(19]
20]
(21]

(22]

1 30 5c c 3d
- \V/ 2 oY 2 _/ 2 _/ \v4 2 _—/ P+1:0.
2/RSr uf? + 2/Rgu + 2 [ ot g [ @ Vonio, - 25 [
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