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Abstract

This thesis deals with two independent aspects of gauge/string duality: The in-
clusion of fundamental matter in string duals via backreaction and the study of
quark-gluon plasma physics using the duality. Concerning the flavoring proce-
dure, we focus on the role of source terms for D-branes. Here, we are especially
interested in various technical issues such as the construction of suitable source
densities, their relation to generalized calibrated geometry and the M-theory lift
of such sources in the special case where these appear as smeared KK-monopoles.

In this context we will study several examples of flavored supergravity du-
als, such as the flavored Maldacena-Nunez and Klebanov-Witten solutions, and
further examples based on D5-D5, D6-D6 and D3-D7 intersections in 2+1 and
3+1 dimensions, all of which preserve some supersymmetry.

The parts focussing on QGP physics will exhibit an attempt at construct-
ing a type ITA background based on D6-branes wrapped on three-cycles that is
dual to a super Yang-Mills theory with four supercharges at finite temperature.
Studying thermodynamic properties, deconfinement as well as parton energy
loss, we come to the puzzling conclusion that the standard approach to con-
structing such a solution does not provide the searched for dual. We are able to
give some explanation for this by comparing the eleven-dimensional background
with the Schwarzschild and Reissner-Nordstrom black holes in four dimensions.
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Chapter 1 |

Introduction

Gauge/string duality takes its origin in the celebrated AdS/CFT correspon-
dence [1)-[3] relating N = 4, SU(N,) super Yang-Mills to type IIB string theory
on AdSs x S5. Soon after its discovery, further dualities were postulated re-
lating various gauge theories to their respective string duals [4] - [8]. As the
duality provides an approach to both strongly coupled gauge theories as well
as quantum gravity, applications are numerous and range from black holes to
superconductors. In this thesis, we will focus on two issues: The gauge/string
duality for gauge theories with fundamental matter, as well as the study of

quark-gluon plasmas as observed in heavy ion collisions at RHIC or ALICE.

1.1 Flavors and D-brane sources

In order to study gauge theories with fundamental matter, one needs to in-
troduce additional modes to the string theory side that transform under the
fundamental representations of the gauge group and an additional, global flavor
symmetry group. These modes are provided by the addition of further D-branes
to the string theory background [9]. In a widespread abuse of terminology that
we will adopt as well, they are referred to as flavors or quarks, and so the
branes are known as flavor-branes. Of course there is a further gauge theory
living on the world volume of the flavor-branes and if one had solely added Ny
additional, space-time filling branes to the background, one would have simply
changed the gauge group, by adding an SU(Ny) factor or by enhancing it to
SU(N. + Ny) for example, with details depending on the embedding and back-

ground. Thus, the flavor-branes are embedded in the geometry in such a way



that they extend also along a non-compact cycle transverse to the color-branes.
The effective Yang-Mills coupling of the new gauge degrees of freedom depends
on the volume of the wrapped transverse cycle, and since this is infinite, the
gauge symmetry appears as a global one from the point of view of the original
gauge theory. Strings stretching between the color- and flavor-branes transform
both under the original gauge symmetry as well as the new global one and do
thus constitute the fundamental matter. It is customary to refer to these modes
as quarks, but one should keep in mind that their link to their namesakes in
QCD is rather tenuous.

The appearance of fundamental matter via additional D-branes in the string
theory links also nicely with considerations made using diagrammatic expansions
at large N, in the 't Hooft double line notation. Here, fundamental matter adds
boundaries to the diagrams, from which it follows that there has to be an open
string sector in the dual string theory. This open string sector is provided for
by the addition of the D-branes.

It is sufficient to study these additional D-branes in their probe limit, as long
as the number of flavors is small compared to that of colors. Or more precisely,

as long as the theory is in the 't Hooft limit
A=giyN,=const giy —0 N,— oo N;=-const (1.1)

For an application of flavor-branes in the probe limit, see the study of mesons
spectroscopy in [9], [10] and [11].

Of course, it is desirable to go beyond the probe limit. Not least of all
because Ny ~ N, in the case of QCD. Further problems of interest are charge
screening or Seiberg duality. The appropriate scaling limit here is the Veneziano

limit
2 2 Nc
A=gymNe=const gyyy =0 N,— o0 Ny— o0 N const (1.2)
f

Here it is not possible to ignore the backreaction of the flavor branes, and one

turns to studying the system

S = Sm,11a/B + Stavor (1.3)

where Sy 11a/B is the action of d = 11 or type IIA /B supergravity and the source

term Sqavor is essentially the standard brane action — we will comment on the



precise form of Spavor extensively in chapters 2 and 3. This line of research
originated in [12] and [13] and has been under continuous development since

then ([14] - [29]). For a recent review, see [30].

When constructing flavored supergravity duals, the standard approach is to
start with an existing gauge/gravity dual relating an unflavored gauge theory
with a certain supergravity background. While this is strictly speaking not
necessary, it makes the search for a solutions as well as their interpretation
in terms of a gauge dual considerably easier. Naturally, the additional flavor-
branes will deform the background, and so the first step towards a flavored dual
lies then in studying deformations of the unflavored dual. Following this, one
searches for probe embeddings that are stable! for all deformations considered.
The final step is to pick a physically suitable distribution of flavor branes and
then solve the equations of motion derived from (1.3).

While the process is conceptually straightforward, there are numerous tech-
nical difficulties. If the flavor-branes are taken to be coincident, they contribute
d-function terms to the equations of motion, making them in all but the simplest
cases intractable. Furthermore, one might argue that the action describing Ny
conincident D-branes should have g, corrections, which are not known, making
it impossible to find a suitable source term Sgavor. These issues are addressed
simultaneously by the smearing process. As the flavor-branes are space-time
filling and extend along a further non-compact cycle, the directions transverse
to them are usually compact. One then distributes the branes over this trans-
verse cycle and takes the large Ny limit. Since the transverse cycle is compact,
the separation between individual flavor branes shrinks until it is smaller than
the string scale v/o/ and it is possible to approximate the brane distribution by
a continuous function; the branes have been smeared over the compact cycle.
Note that smearing is by far not unique to gauge/string duality with flavor.
As a matter of fact, smeared branes appear in T-duality in the supergravity
limit. Performing a T-duality along an internal direction of a Dp-brane leads
to a Dp — 1-brane smeared along the T-dual coordinate. Hence it is not neces-

sary to be in the large Ny limit for smearing to be a sensible process. In any

1The most convenient way to ensure stability is to restrict the search to supersymmetric
backgrounds and embeddings. One then uses x-symmetry or a calibration condition as the
creterium for stability. See section 2.3.



case, after smearing, the d-function sources are replaced by continuous source
terms, so that the equations of motion are considerably easier to solve. In many
cases it is also possible to smear the branes in such a way that PDEs become
ODEs. Furthermore, as the flavor branes are still separated, the strings stretch-
ing between them are massive and we can ignore g, corrections. However, all
these simplifications come at a price. Upon smearing, the flavor group is broken
SU(Ng) — U(1)N1, and one has to keep in mind that one is studying a different
theory.

In this thesis, we will be not so much concerned with the physics of gauge-
and string-theories that can be gleaned from the duality, but with a series of
issues related to the construction of duals. Even with the procedure and simpli-
fications outlined above, the task is in general quite complicated and one does
often rely heavily on supersymmetry.

Supersymmetry features in the construction of unflavored backgrounds using
lower dimensional gauged supergravities (8], [31], in the study of brane embed-
dings via k-symmetry [32] or calibrations [33] - [36] and especially in the inte-
grability theorems [37] - [40] used to find explicit solutions. According to these
" it is sufficient to study the supersymmetry conditions as well as the equations
of motion and Bianchi identities for the p-form fields; the second order Einstein
and dilaton equations will then be implied. This of course further simplifies the
search for solutions, as one studies the first order BPS-equations opposed to the
second order Einstein or dilaton ones.

The role of the Ramond-Ramond equations of motion and Bianchi identities
in these theorems is of special interest to us. After all, one might wonder why
supersymmetry alone is not a sufficient condition for the equations of motion to
be satisfied. The answer lies in the close relation between the Bianchi identities
of the magnetic field strengths and the presence of sources. As we will discuss
in great detail later, a violation of the magnetic Bianchi identity goes hand in
hand? with the presence of D-brane sources. Hence these identities — as well as
their dual equations of motion — need to be part of the integrability theorems,

as the supersymmetry relations by themselves are not sensitive of the presence

2Recall that Chern-Simons terms in the supergravity actions do also modify the Bianchi
identities. However, in all the cases studied in this thesis these terms can be dropped, leading
to a one-to-one correspondence between source terms and Bianchi identities.

10



of additional source terms.3

The source-term violating the Bianchi identity should be thought of as a
distribution density for the new sources and its explicit construction had been
a problem in the early days of the flavoring program.- Due to its importance in
smearing, we will often refer to the source distribution as the smearing form. As
the sources are smeared, one is not only dealing with a singlé brane embedding —
and its associated source term - but with a family of mutually supersymmetric
embeddings, parametrized by the transverse coordinates. In some cases it is also
not possible to find global coordinates allowing for an explicit split of transverse
and world-volume coordinates, complicating the situation even further.

Today, the construction of the smearing form is approached via two com-
plementary macroscopic and microscopic approaches. We we will discuss the
macroscopic perspective in detail in chapter 3. Here we will see how, for super-
symmetric embeddings, the most generic form of the source term can be inferred
from the specific form of the Ansatz for the background, the crucial link being
the concept of the calibration form. The application of generalized calibrated
geometry to the problem of brane physics has its origin in [36] yet had up to [28]
not been applied to the flavoring procedure. Calibration forms are a property of
~ the background space-time and do not depend on the individual brane embed-
ding considered — hence the moniker “macroscopic”. Earlier work had focussed
on a specific family of embeddings, and in the context of this microscopic ap-
proach the construction of the source term was not necessarily straightforward
— see however [20] for quite sophisticated technology used in this microscopic
ansatz. Two two approaches have been linked in [41] and [42].

Let us now give a further outline of the chapters of this thesis dealing with
backreacting flavors. As we have seen, the problem focusses on finding solutions
to supergravity with sources, so section 2 reviews the standard 1/2-BPS flat p-
brane solutions of supergravity with their source terms. While the material

is purely a review, it is often ignored and so we present it in some detail.

3 One should be aware of the following distinction however: While the above holds in
the context of integrability, it changes once one makes a specific ansatz for the background.
As the sources modify all the fields in the background — especially the p-forms — they do
appear in the supersymmetry variations once one substitutes a given ansatz into the variations.
E.g. the backgrounds studied in [14] - [16] exhibit Seiberg duality, that is, invariance under
N, — N t — N¢, at the level of the supergravity variations once one has substituted the ansatz
into them.

11



The remainder of chapter 2 gives then a further introduction to the various
techniques and concepts encountered in flavoring that we have mentioned so
far. In chapter 3 we will then turn to the actual problem of flavoring using
the macroscopic perspective outlined before. Following this introduction of the
flavoring procedure, we will give some further comments on the role of the source
terms in chapter 4. Here we will especially focus on the distinction between
color- and flavor-branes and the fact that usually only the latter appear in the
action (1.3).

Chapter 5 deals with an issue inspired by some observations made when
adding flavor-branes to a D6-system in type IIA that has a simple M-theory
lift as pure gravity ona G2-holonomy manifold ([43], [44] and [45]). The prob-
lem concerns the duality between type IIA string theory and eleven-dimensional
supergravity — or other Kaluza-Klein setups in general. It can be easily sum-
marized in by asking the following questions: What is the eleven-dimensional
origin of the D6-brane’s source term? And: What is the Kaluza-Klein lift of a
monopole condensate? To illustrate the relation between these questions, one
should recall that D6-branes couple magnetically to the Ramond-Ramond two-
form F(3). While standard KK-formulas relate the associated one-form potential

A(1) to the higher dimensional metric
ds¥; = e 3%ds?, + e’g'}(A(l) +dz)? (1.4)

monopole condensation in the lower dimensional theory — captured by dF{z) # 0
- implies that the relation between F(;) and the higher dimensional metric
cannot be F(5) = dA(;). As the D6-branes couple to dF(3), the Bianchi identity
is violated by D6-sources, which is why we can compare the presence of such-
soures with monopole condensation. While a first, partial solution was given in
[46], the problem becomes truly apparent once the D6-branes are smeared, as
the Bianchi identity is now violated on an open set. In [29] it was suggested
studying the involved supersymmetries and G-structures, that one might resolve
the issue by adding torsion terms to the higher dimensional theory.

Of course, we will encounter a series of examples of flavored backgrounds. In
section 3.1.1 we will review some quite well known examples; flavored versions of
the Maldacena-Nufiez [8] and Klebanov-Witten [5] solutions as well asa N =1

example in d = 2 + 1 dimensions based on D5-branes. Following this we will

12



then turn to a further D5-D5 system dual to a d = 2 + 1 dimensional gauge
theory with /' = 2 supersymmetries and fundamental matter (section 3.2). The
discussion of color- vs. flavor-branes in chapter 4 is supplemented by the very
simple example of D3-D7 branes with eight supercharges; neither of the branes
are wrapped, making embeddings, the action and the smearing form very simple.
A further example in d = 3 4+ 1 is given by the case of the D6-D6 system in

section 5.1.

1.2 Quark-gluon plasma physics

In the final chapter of this thesis — chapter 6 — we will take a look at an en-
tirely different aspect of gauge/string duality: Its application to the study of
quark-gluon plasma physics. This is the domain of non-perturbative QCD at
finite temperature — an area where conventional methods such as Lattice-QCD
encounter their limitations, albeit being still the method of choice for making
predictions for real world physics. The highly fruitful relation between QGP
physics and string theory started with studies of the shear-viscosity to entropy
ratio g Previous experiments at the Relativistic Heavy Ion Collider (RHIC)
had shown that such plasmas behave as liquids of suprprisingly low viscosity,
rather than the predicted gas-like behavior. This was confirmed by string the-
ory calculations which introduced the bound -;l > ﬁ, showing considerably
better agreement with results from RHIC than estimates based on conventional
methods. See [47] - [49].

The field enjoys to this day a very high level of activity. We will not follow
most recent developments, but focus on an attempt to model QGP physics using
a finite temperature variant of the background presented in chapter 5, that‘ was
studied extensively in [31], [45], [50] and [51]; that is, D6-branes in type IIA
or equivalently eleven-dimensional supergravity on a manifold with G2 holon-
omy*. Studying thermodynamic properties as well as jet-quenching and various
Wilson lines, we will see that the finite temperature geometry exhibits physical
properties very much unlike those of QGP physics in d = 3+ 1. This realization
is slightly puzzling, as the possibilities of generalizing the G5 holonomy solution

to non-extremality are highly constrained as long as one wants to avoid the

4For a review of special holonomy manifolds in string- and M-theory see [52].

13



technical difficulties of adding further G4 flux or deforming the internal geom-
etry. Ultimately we will be able to partially explain our findings by linking the
thermodynamic properties of the solution to those exhibited by Schwarzschild
and Reissner-Nordstrom black holes and arguing that our eleven-dimensional

new solution is essentially of Schwarzschild type.

14



Chapter 2

D-brane sources in
supergravity

We now review some of the concepts essential to the appearance of D-branes in

gauge/string duality, with a view towards the flavoring process. Starting with

some basics regarding supergravity, we turn to a review of the flat 1/2-BPS

p-brane solutions of supergravity and their source terms (section 2.2).

2.1 The supergravities

In the bulk of this thesis, we will be working with ten dimensional IIA/B or

eleven dimensional supergravity. The bosonic parts of their relevant actions in

Einstein frame are

Sm =7 67r1Gn / [dzy/~gR - %0(4) A %Gy + %A@) AGay A G(4)].
Sua = 16:010 /[dmx\/—_g(R - %8"@6,4@) - %e‘q’H@) A*H 3
- %(e%q’F(z) A*Fg) +e% Flay AxFra))
+ %B@) AdCz) A dCa)
Sun = T [ [4°aV=a(R - 50°00,8) - e~ Hiy A+

1
- 5(62¢F(1) A *F(l) + eq’F(;;) A *F(3) + F(5) A *F(s))

+ Ca) N Fiz) NHz))

15
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with
Fis) = dCq) + C(2) A Hg)
Fl4)y = dC3y + C(1y A Hsy (2.2)
Fa) = dC2) — C(o) A Hz)
In the context of smeared branes in chapters 3, 4 and 5 however, we will fre-
quently encounter backgrounds with H(3)y = 0 and violated Bianchi identities
dF(p42) = p(p+3)- Here one either has to work in terms of the magnetic dual
Fl4_p—2) or modify (2.2).
In the case of type IIB, the equations of motion have to be supplemented by
the self-duality condition

F5) = *F(5) (2.3)

Also note that Newton’s constants in eleven and ten dimensions are related

to the relevant gravitational constants, the Planck length and the string scale

l3=\/c73,s

9
167Gyy = 262, = Tlo)
2 (27rl8)8 2 .
167TG10 = 2!6',10 = o 9s

Let us for a moment ignore the issue of solving the equations of motion of
(2.1) and simply focus on the supersymmetry of the backgrounds. As we are
always interested in purely bosonic solutions, we assume the fermionic fields
to vanish. Hence the SUSY variations of the bosonic fields vanish and we can
restrict to those of the fermionic ones. For d = 11, there is only the gravitino.

Its variation is given by

1 l; 1% 1% V.
Seth = Dyt + g2 Gn g (T, — BT 2% )e (2.5)

where we made use of the covariant derivative for spinors D, e with spin con-
nection wy,qp
Dye = B + ~wyapT
n€ = Ou€ + wab €

1
Wabe = E(Qcab — Qbac — Qabe) (26)
Qabe = —(dea)be = —nad(a,,eff - BVGZ)E{:EZ

For type ITA and type IIB supergravity, we have — in addition to the gravitino

16



— a dilatino. For IIA

3

1 2
S = foz'Dp@rur”e —67(5 L0 I

1 12 @ 1
—_—— 2 H U123 o U2 a3 g
' € 2 Hy, yous T € —e¥] i papizpal €

192 f

1
8cu = Due+ o2 3% F,,,,, (T, 142 — 1484 T#2)[ e (2.7)
2

1
+ %e_iHﬂmzua (FM“”‘““ — 95u1 [H2Hs )I‘ue

4([‘ Kapop3pra @yupuwam)rll

1“#11426

: 3
+ %e 4 Fln#zus#
While for IIB!
0k = %(aﬂq) + "eq)auc(O))F“f* - ‘z—(e_%Hmuwa + ’e%quzua)F“lﬂwsf

24
1
0ty = Dye — 1—9261:‘“1“.“51"#1-'#5[‘”5
1
+ —(e_%Hmuws + "C%quzus)(r‘ummm - 95;:11-‘”2“3 )€

96
(2.8)

The search for supersymmetric backgrounds is now considerably simplified by
the integrability theorems of [38] and [39].? According to these, the dilaton and
Einstein equations are implied by the combination of SUSY equations, Bianchi

identities and p-form equations of motion.

A few comments on G-structures The first order equations one obtains
by setting the supergravity variations (2.5), (2.7) or (2.8) to zero can be recast
in the language of G-structures. The uses of G-structures are manifold, as they
provide a very economic way of dealing with the supersymmetry conditions,
even in the presence of fluxes — this is especially the case if they are used in
conjunction with pure spinors, see [40] for an example of this and [53] for a
review. Thus they provide an excellent means for studying problems such as
the classification of supergravity backgrounds or the derivation of new solutions
[54]. We will give a very informal yet hopefully intuitive introduction to this
vast subject in the next paragraph and refer the reader to [55], [56], [57] and

references therein for a more formal discussion.

1 We write the two IIB spinors €1, €g as one complex spinor € = €1, +1€g. To change to
the notation using € = (%) use

€ & o3¢ 1e* — o1€ 1€ & —102€

2 Note that all these integrability theorems require certain, mild assumptions. Most notable
among these is the existence of a space/time split. They will all be satisfied in the following,
so we refer the reader to the original papers for details [38, 39, 40].
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In the context of this thesis, it is sufficient to think of the language of G-
structures as generalizations of the special holonomy arguments used for string
compactifications. In the absence of fluxes, the gravitino variation demands
that the SUSY spinor has to be covariantly constant and the existence of such a
spinor implies special holonomy. One should think of M-theory on Ga-holonomy
manifolds or heterotic string theory on Calabi-Yau spaces. Crucially, one can
decompose all fields in representations of the special holonomy group, a standard
method in string phenomenology.

Now, when turning on the fluxes, the supergravity variations can still be
interpreted as connections. As these are not metric-compatible, the existence of
a covariantly constant spinor under these does not imply special holonomy. It
does however imply the existence of a principle sub-bundle of the frame-bundle
with structure group G. In other words, it is still possible to decompose fields
under a group G. In the absence of fluxes, G is naturally the holonomy group
of the preceding paragraph.

The existence of this principle sub-bundle and that of G-invariant forms
are equivalent definitions of G-structures. In practice as well as in the examples
encountered in the following chapters the more useful one is the latter definition.
As we will see, these invariant tensors that can be constructed as bilinears of

the SUSY spinor € along the lines of3
(€l y,...u €)dTHt A - Adzte (2.9)

The supergravity equations are then equivalent to first order differential equa-
tions satisfied by these forms. One can make this connection obvious as follows:
Acting on (2.9) with the exterior differential d is equivalent to the action of VA,

where V is the Levi-Civita connection. This again can be rewritten in terms

3 As a further note on conventions, note that
1 o
Tppopp = 2 D (—1)Tu,qy -+ Tuginy
oESp

denotes the fully antisymmetrized product of I'-matrices. We will use an identical notation
for differential forms. Sy is the group of permutations of p elements, (—1)? is the sign of a
given permutation.

We use an identical notation for wedge products of one-forms, i.e. for a set of differential
forms w?, i = 1,...,k we define

S O R
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of the spin connection acting on € (the I', are invariant under V). Using the

supergravity variations one obtains first order equations involving the fluxes.

2.2 1/2-BPS branes in flat space

Let us now begin discussing p-brane sources, starting with the simplest solutions
possible, flat 1/2-BPS p-branes. These are based on consistent truncations of
equations (2.1). They are very well known, yet the discussion of their source
terms is often neglected, so we will go over this in some detail. This section is
based on [58] and [59]. One might also want to refer to the original papers [60]
- [63] or reviews [64]. The connection to gauge/string duality is discussed in [4].
In all cases of interest to us one is able to drop the Chern-Simons terms,
neglect (2.2) (as H = 0) and truncate and generalize the system to the form

1
167Gp

SsuGRA = f [dPzy/=g(R - %8“@6,,@) - -;-ea‘PF(,,“) A *Fpia)]
(2.10)
where F{,2) can either stand for the Neveux-Schwarz three form, for one of the
Ramond-Ramond p-form field strengths or for the four form in eleven dimen-
sions. For type II Dp-branes we have a = 3—;2 and a = —1 for the NS5-brane.

In d = 11 there is no dilaton and so @ = 0. The equations of motion are*

p+1

1 1
R;u/ = 56,_,,@61/@ + —2(p n 2)!eaq)(pFu)\l...)\p+1FuAlm,\p+l - d— 2gp,yF(2p+2))
_ U2 a & 12
0=V @-2(p+2)'ea F(p+2)

0 =d(e*® * Fp42))
(2.11)

The simplest ansatz solving (2.11) leads to the electrically charged, extremal,
black p-brane solutions [60]:

ds? = H-2%"da? | + H?*F (dy? + d=?)

Flpio =e %= 22“—201 H Y- 1)Adz°A---AdaP (2.12)
(p+2) } A

D—
e? = > H A"

4 Recall that the Hodge dual satisfies

1 1 d
Ap) A *i(py = E)\m...upﬂ“l‘““”n = E)\m---upﬂ”‘ bry/=gd®z
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with ®,, constant and

A=(p+1)d—2)+ %az(D _9)

D=@+1)+q+r

d=q+r (2.13)
hlyl ¢=1

H=1+< hlogy q=2
s 423

H(y) is a harmonic function on R?. Note that we could absorb the slightly
awkward factor \@ in the constant ®.

The branes extend along the p + 1 dimensional space spanned by the z*.
While they are localized at y = 0 for r = 0, the brane charge cannot be localized
in the 27 directions for » > 0. One either thinks of a single brane having
been smeared over the z%, or a superposition of a large (infinite) number of
parallel branes distributed evenly over 27, which becomes indistinguishable from
a continuous distribution in the limit where the separation between the branes
is smaller than the string scale Vo

As a matter of fact, the solution (2.12) does not solve the equations of motion
(2.11) everywhere. After all, the functions H are the fundamental solutions to
the Laplace equations® on RY. ILe. for

3l g=1
T, (y) = = lc;gy qg=2 (2.14)
~ i Dz 123

we have

D(]Rq)\lfq = J(Q)(y) ) (2.15)

where (gq) = 699,08, is the Laplacian on the space parametrized by the y® and
wq = r—’('qq7/% ié the volume of a unit ¢g-sphere. Qur earlier solutions H agree with
the functions ¥, up to normalization and the overall additive constant and it
follows that all terms in the supergravity equations of motion (2.11) including
the Laplacian [Jr«) generate d-function singularities, indicating the presence
. of sources. One needs to match these singularities with the contribution of

additional source terms that we will add to the action shortly.

5 A discussion of this and a proof of (2.14) can be found in most textbooks on partial
differential equations. E.g. [65].
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It is quite interesting to study the origin and cancellation of these source
terms in some detail. We will do so in the case of localized (d = ¢,7 = 0)
p-branes, with d > 3. In the case of the Einstein equations, it is only the Ricci
tensor (and hence also the Ricci scalar) that contains second order derivatives.
As a matter of fact, for the ansatz chosen, all first order terms cancel alge-
braically and the equation of motion reduces to those terms in the Einstein

tensor that contain the Laplacian. IL.e.

1 D=2, . 4
(Rmn - EgmnR)O(DH) = nmnTHQ B ID(Rd)H (2.16)

with @ = —2952,8 = 22X and m,n € {0,...,p} and
OpeH = —d(d — 2)wghé @ (y) (2.17)

Note that (2.16) vanishes for m,n € {p+1,..., D}. In the case of the Dilaton
equation,
D-2a

(V2®)o@n) = N (2.18)

A suitable source term complements the action (2.10) as in (1.3) to
S = SSUGRA + Ssrc (2.19)

The contribution of Sgc will cancel the terms on the right hand side of (2.16).
In the case at hand, the source term will be given by a suitable brane action.

Later on, we will be focussing on Dp-branes with action

Ssic =—1T) /dp+1§ep_;—3¢\/— det(X*[g + B] + 2w/’ F)

1y [ (DG AN,
p n

(2.20)

For differential forms, X* denotes the pull-back, while X*g refers to the induced

metric ;X#0;X"g,,. To find the source for (2.10) and (2.12), we modify and

truncate (2.12) slightly, dropping the world-volume gauge field F' as well as the

coupling to the Neveux-Schwarz two-form B and introducing an auxiliary metric

Yij-

5= -2 [ /TSN I0X X G + (0= 1]+ iy [ X*Cipiny

(2.21)

As in the case of the Polyakov action for strings, the role of the world-volume

metric is that it allows us to rewrite an action that is non-linear in 9, X*#8;X"g,,,
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as a linear one. The worldvolume fields «;;, X* need to satisfy the equations of

motion®
1
: 0= ebq’BiX”BjX"g,“, - E'yij(ebq”y“@kX“alX”g,,,, +p-1)

0 = 0;(—Tpv/—7e"®79 8, X gux + %‘f—ﬁﬁ"“i”cml...i,)

+ {%\/:76“’ (00, 2(Y90,X"0;X* —p+1) + 798, X"0; X g (222
— Gi”—mei""""’aioX“" By, X#08,C 0 }
The first of these is solved by
Yij = €¥% 8, X"0; X" g, (2.23)

which, upon substitution into (2.21), yields an action of the standard form
(2.20). We will turn to the second equation in (2.22) later. Let us investigate
instead the relation between the source term and the space-time action. (2.21)

modifies the equations of motion of the background space-time to

1 1 1
0=R,, — 59,,,,}2 - 5(6¢I>8.,<I> - 5gu,,e3*<1>m<1>)

1
eaé[(p + 2)F#A1-~/\p+1Fu,\lm)‘p+l - 59#VF2]

C 2(p+2)!
87GpTp [ i1 b ija vka. YA (D)
+ —ﬁ AP —7e" Y0, X7 0; X gropgrn 0\ (z — X (£))
0 = 8,(V=99"8,8) — s—=—rr/—ge*? F2

2(p+2)!
~8nGpTb [ dPHEy TR I0.X40,X g — (p - DI @ - X(€)
0 = B, (v/=ge® v ) "
+ 167G puy / dPtigeho-teg, X*0 ... 9; X760 (z — X (¢))
(2.24)
Matching the solution (2.12) with the source terms arising from (2.14) will
fix some relations between the various constants, Gp, Tp, itp, e®= that we have
introduced up to this point. It is easiest to do so in the case of the Dilaton
where we need to match (2.18) with the source in (2.24).

D-2 ad(d et 2)Wdh (d) 1 167TGDTp€b4>°°b (d)
- ) L SRR T25@ )
h= IGWGDTpe‘%‘I’w A
T T dd-2ws 2(D-2)
6The relative complexity of the second term in the equation of motion for the X* stems

from the fact that ® and C(,41) depend on the X# explicitly, while ;; does only after we
solve some of the equations of motion. Hence dxuy;; = 0.

(2.25)
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Here we fixed b = —%a.

The Maxwell equation reduces to

D - 2 a
0=4/2 x e 8% O H + 167G pppd @ (z) (2:26)

b= 16mGpupe’ = A
T d(d - 2)wg 2(D - 2)

Similarly, one matches (2.16) with the contribution of (2.21) to the Einstein

which imposes

(2.27)

equation

1 1 _d D—2 '
(Rmn - §gmnR)O(DH) = _SWGDTpebq)m H* gﬁ+abT77mn6(d) (y) (2'28)

Here
871G pTpe 2¥=5@(y) = (d — 2)wahd@ (y)

b < 167GpTpe 2%~ A
T dd-2wg 2(D-2)
in agreement with (2.25). Comparing (2.27) and (2.29) fixes the relation between

I _ 1/20 — 2 v (2.30)
Kp A

As we remarked after (2.13), we can absorb the square root into ®.

DA— 2,
(2.29)

T, and pp

Let us finish this section with a discussion of the equation of motion of the
embedding fields X#(§) - see again (2.22). As no fields in our ansatz depend

on the world-volume coordinates &, they reduce to

T - |
0= 7”,/_—7(3”“’ (68, 2(¥8; X"0; X* —p + 1) + 778; X*0; X*8,,g,»]

Ep i0...1 “o m (231)
- mf Pa,-DX e (')ipX PapC“u__.up
which vanishes identically for p € {0,...,p}. Let us however generalize this

part of the discussion to include non-extremal p-branes. That is, we assume the

metric to take the form
ds® = H(y) 2 [~ f(y)dt? + dz2] + ... (2.32)

where we dropped the transverse directions, which include off-diagonal elements
in our choice of coordinates, but do not contribute to the following discussion.
(2.31) reduces to

1,D-2 (p+1)(d—2)
%A T A

- +1_
flH 25#;[_?_2__ 19,.f (2.33)

0=
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Setting f =1 — 5—?_-7, it follows that the above is only solved if @ = 0, i.e. if the
brane is extremal. Note further that in the non-extremal case, the term H~19, f
diverges as y — 0, while H ‘26,,H — 0. One can interpret this behavior in the
light of supersymmetry. By introducing f, we only modify the part of the brane
action coupling to the metric, but not that coupling to the p + 2-form. The X*
equation of motion can be thought of as a balancing between these two sectors
(it imposes a relation between T, and p,), so it is no surprise that it holds
no longer once we have perturbed this balance. This might simply indicate an
instability of thé embedding or might indicate that it is not possible to find
a source term for the non-extremal solution. One should take into account
[66] however, where the authors constructed a finite temperature background
including flavor branes. In opposite to our discussion in the previous paragraph
however, this background’s non-extrmality is due to a horizon associated with
the color-branes, while only the flavor-branes are represented by a source.
Dropping the 1 in the harmonic function H(y) in.(2.13) yields the near-
horizon limit of the extremal p-brane considered. From (2.14) it follows however
that the source-terms are still necessary in this limit - the argument does not

depend on the asymptotic value of H.”

2.3 Supersymmetric branes

In the previous section we were able to study the p-brane solutions as well as
their source terms using the equations of motion of the supergravity-plus-brane
action (2.19) alone. While this procedure can be extended to slightly more
complicated cases such as branes on tori or branes at the tip of singularities, it
quickly reaches the limits of what is feasible for more complicated solutions. As
it is so often the case in string theory, supersymmetry is the method of choice
to deal with this issue.

The integrability theorems of [38] and [39] were generalized to the case of
backgrounds with sources in [40]. And again we only need to impose supersym-
metry as well as the Bianchi identities and equations of motion for the p-form

fields for the Einstein and dilaton equations to be satisfied. The main difference

7After all, no matter whether in the near-horizon limit or not, H is harmonic everywhere
except at the origin. See e.g. chapter 2.2 of [65].
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to the source-free case lies in the fact that the sources appear in the p-form
equations. We already encountered this in the (2.24), where the Maxwell equa-
tion took the form d * (e*®F) ~ §(?(y). We will discuss in detail in chapter 3
how the right hand side can be interpreted as a source-density for the branes —
it is in general the smearing form.
In this section, we shall give a short introduction to x-symmetry [32] and
generalized calibrations, the methods of choice when discussing the supersym-
~metry of branes. There are several definitions of a generalized calibration in the
literature, yet for our purposes it is sufficient to think of them in their original
form in [36]. Generalizations can be found in [67] or [68]. The discussion given
ignores the case of world-volume fluxes and follows that of the review [69)].
From an intuitive point of view, a given brane configuration is supersym-
metric if it is a minimum energy configuration. In the absence of fluxes, brane
actions for static branes are essentially volume integrals, and the minimum en-
ergy condition translates to a minimum volume one. l.e. in the absence of
fluxes, branes wrap minimum volume cycles in a given homology class. Turning
on fluxes deforms these cycles. The embeddings are still supersymmetric, but

no longer of minimum volume.

k-symmetry and calibration forms A p-brane embedding consists of a

map
X :RFHL 5 RP

€ XH(€)

as well as the gauge-invariant combination of NS and world-volume gauge field

(2.34)

F = X*|B] + 2nd’F. It is considered x- and hence supersymmetric iff the

associated k-symmetry matrix I' = [';[X, F] satisfies
Tee=¢€ (2.35)

where € are the SUSY spinors of the background. The generic form of I' is
quite involved, so we restrict to the case F = 0:

T, = 1 1 gio--ip (1:131)%27‘0'”% (IIA)
K (Pp+1)! /" det X*[g] 0322_ 102 ® Yig...ip (IIB)

v = 8;X*T,, are the induced I-matrices on the brane world-volume, I''! =

(2.36)

010 jg the chirality matrix in type IIA.
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T'. is hermitian and squares to one. It follows that?

2
>0 (2.37)

1-T 1-I',1-T 1-T
1 AJPR, | K Ko K
€ —e=c— 5 H 5

Which implies that efe > €'T'xe with equality if and only if the embedding is
supersymmetric. Normalizing the spinor such that e'e = 1 and using (2.36), we

may rephrase this as

- 1 (M) T gy ae (TIA
v "Gt 2 T €70 ( tﬁ) Yoo (T4) (2.38)
(p + 1) 51.0'3 *102® Yao...ap€ (HB)
Equality holds if and only if the embedding is supersymmetric. Now the right

hand side of (2.38) may be written as the pull-back of a differential form defined

in space-time.

1 ao...a.,,{ 61.(]:‘11)L;_%l-‘ao...a,,,f (HA) (2 39)

K= — _
(p+1)! ETO':;LZ-’LO’z ®Tl4..a,¢ (IIB)
K is known as the calibration form. A criterion for supersymmetry of an em-

bedding that is alternative to (2.35) is then given by the following

X*K = 1/ —i(py1)dPtie (2.40)

that is, the pull-back of the calibration form onto the world-volume is equal to
the induced volume form.

One may obtain K directly from its definition (2.39) and the knowledge of
the projections imposed onto the SUSY spinors. We shall give an example of

this in appendix 3.A.

The BPS-bound Formally one defines a calibration on a Riemannian mani-

fold as a (p + 1)-form K satisfying
d =0 Kleps1 < 17(p+1)|£p+1 (2.41)

Here &P is a set of vectors specifying a tangent (p + 1)-plane to a (p + 1)-
cycle $p41 while np11) = \/—§(p+1)d?H!¢ is the volume form induced onto

that cycle. The cycle £, is calibrated if the above bound is saturated, i.e. if

Klgr+1 = n(p41)lep+1-

81In general equations (2.37), (2.38) and (2.39) should be formulated in terms of a suitable
conjugate spinor &, in all cases that we will study though it is possible to identify & = €.
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As we have seen above (2.40), s-symmetric brane embeddings satisfy the
volume bound, which can be thought of as a BPS-bound. In this and in the next
paragraph we shall turn to the issue of the closure of (2.39). For a background

without fluxes, the issue is rather easily resolved. From the gravitino variation
ety = Dpye=0 (2.42)

it follows that the SUSY spinor € is covariantly constant. As the covariant
derivative of both the vielbein and the tangent-space I'-matrices does also vanish
it follows that
dC=VAK=0 (2.43)
V AK is to be taken as a formal expréssion. The wedge product antisymmetrizes
over the relevant indices and, as the Levi-Civita connection is symmetric in two
of its indices, it follows that the first equality holds. As all the ingredients of
(2.39) are covariantly constant, it follows that the exterior derivative is closed.
There is a nice interpretation of the closure of the calibration form. Let us
assume that we deform the calibrated cycle £,41 to X;,, ;. The two cycles differ
by a boundary 41 — X34y = 6Z,49. More formally we would not consider
¥ +1 as a deformation, yet as a cycle within the homology class defined by
Yp+1. We use Stokes theorem to establish

Vol(S,11) = / K = [ dK +
Zpt+1 Epy2 =

P+l

K= / K <Vol(Zh,,) (2.44)
=

The final inequality uses (2.38). It follows that the calibrated cycle £,, is a
minimal volume cycle. This matches our experience from string theory. In the

absence of fluxes branes wrap minimal volume cycles.

Generalized calibrations The sx-symmetry matrix (2.36) does not change
in the presence of Ramond-Ramond background fields and thus neither does
the definition of the calibration form or the supersymmetry condition (2.40).
Background fluxes however deform branes such that they do not longer wrap
minimal volume cycles. For a background with fluxes we do therefore not expect
the calibration form (2.39) to be closed. Rather, it’s exterior differential should
be related to the flux. Indeed, in all the examples studied in chapters 3 to 5,

the calibration will satisfy

d(e" T 2K) = Fipia (2.45)
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and one speaks of a generalized calibration. The original proof [36] verifying
(2.45) showed that the expression (e’:_B‘I’IC — C(p+1)) appears as the central
charge of a supersymmetry algebra and must therefore be topological and thus
exact. It is also possible to verify (2.45) in terms of the dilatino and gravitino
supersymmetry transformations.

There is a generalization of (2.44) for the presence of background fluxes.
Let us assume that both the brane and the background fields are static. It
follows that the energy of the system is proportional to its action — with the
proportionality constant being infinity. Moreover, minimum energy configura-
tions will therefore minimize the brane action. Let £,41 be the supersymmetric
cycle wrapped by the brane and ¥}, = ¥, + 0Z(49) a deformation. Then

(setting T, = 1)

AF x SE;H - Sz

p1

-3 —3
= /z (€T %0 — Cpin)) — / (€T *K — Clps1))

p+1 Tpt1

_3 (2.46)
> / (ezd_q)}C - C(p+1))
65542

-3
= /_ d(e" T ®K — Cipy1)) =0
Sp+2

The inequality in the second line used again (2.38). It follows that supersym-

metric, static embeddings are minimum energy configurations.
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Chapter 3

Geometric aspects

The focus of this chapter is the construction of a suitable source density!
when flavoring supergravity backgrounds. The strategy is to use generalized
calibrated geometry. Recall from section 2.3 that a brane is supersymmetric iff
the pull-back of the calibration form onto the world-volume, X*, is equal to
the induced volume form (2.40). It follows immediately that one can write the
DBI action of any supersymmetric brane in terms of this pull-back.

Let us briefly state the central argument. Starting point of the flavoring
procedure is the action (1.3). In the case of type IIA/B backgrounds with
Ramond-Ramond flux F{,,3), we can write the source term in Einstein frame

as (see [70})
-3
Stovor = ~Ty ]M (" *Kp+1) = Clpa1)) A Qo) (3.1)
10

which is a truncation of (2.20). As we will see, it is always possible to relate the
smearing form to the calibration form using supersymmetry and the equations
of motion:
d[xe =F2G (5 0K)] = £262,T,Q (3.2)
This imposes a constraint on the distribution density. In the following we shall
study how equations (3.1) and (3.2) can be applied to address the problem of
smeared flavors.
Proceeding rather pedagogically, section 3.1.1 exhibits these methods for
three different, well-known examples. We will contrast the macroscopic per-

spective gained by the use of calibrations against that of the original papers.

1'We will use the expressions source density, distribution density, brane density or smearing
form interchangeably when referring to Q.
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In this way we will see that our methods are not only capable of reproducing
the known results, yet also provide some new, interesting ones. The examples
studied are the /' = 1 sQCD-like dual of [14, 15, 16], the d = 2+ 1 dimensional
N =1 theory of [71] and the Klebanov-Witten theory [5] with massless [17]
and massive [20] flavors. Following this we turn to the generic case (section
3.1.2), showing how the action (3.1) can be constructed from purely geometric
considerations and proving its equivalence with other actions used in the field

of smeared flavors.

In section 3.2 we shall apply our methods to the problem of flavoring a
background dual to an N' = 2 super Yang-Mills-like theory first studied in
[72, 73]. We will see that we are able to do so without an explicit knowledge of
the brlane embeddings used. We find new analytic and asymptotic solutions to
the flavored and unflavored equations of motion and discuss various properties
of these backgrounds.

Following [56] we will also show for the examples considered, how all con-
straints imposed by supersymmetry upon space-time can be understood and
recovered from geometric grounds using methods such as G-structures.

In section 2.3 we gave a short review of the required background in general-
ized calibrations. Appendix 3.A contains a detailed example of how to calculate

a calibration form.

3.1 The geometry of smeared branes

In the following we shall investigate what generalized calibrated geometry can
teach us about string theory duals with backreacting, smeared flavor branes.
First we will take a detailed look at three examples [14, 17, 71]. For each of these
we will briefly summarize the conventional approach to flavoring and will then
show explicitly that it can be nicely understood in terms of a suitable calibration

form. In section 3.1.2 we will turn to the case of a generic supergravity dual.

3.1.1 Three examples

The string dual to an N = 1 sQCD-like theory
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Review of the N' = 1 sQCD-like string dual As a first example we
shall turn to the string dual to an /' = 1 sQCD-like theory [14, 15, 16]. It is
based on the background of [§] which is given by the following solution of the

type IIB equations of motion (Einstein frame):
3 1 . 1. i
ds® = o/g,N.e? [mdxis + dr? + €2"(d6? + sin® 6d¢?) + 1@ - A?)?

Fay = —% N@e — A%) + iZF“ A (@g — A%)
a a
(3.3)
with
Al = —a(r)df @1 = cos¥df + sin ¢ sin §d
A? = a(r)sinfd¢ @, = —sinpdd + cos 1 sin bd - (3.4)
A% = —cos 0d¢ @3 = d¢p + cos 6dé

The metric describes a space with topology R'3 x R x §2 x S3, where the three-
sphere is parametrized by the Maurer-Cartan forms &; and the one-forms A*
describe the fibration between the two spheres. It is interpreted as the near-
horizon geometry of a stack of N, D5-branes wrapping an S2, thus describing
the dynamics of d = 3 4+ 1 dlimensional N' = 1, SU(N,) super Yang-Mills theory
coupled to some extra matiter. To keep the discussion as simple as possible,
we shall focus on the so-called singular solution which is obtained from the
assumption a(r) = 0.

The possibility of adding probe flavor branes to the above background (3.3)
was studied in [74]. Using k~symmetry the authors found several classes of flavor
D5-branes; the simplest of these is given by branes extending along (z#,r) and
wrapping ¢. They are pointlike on the four-dimensional submanifold given
by (6, ¢, 6, q3) and extend to r = 0, thus describing massless flavors. In what
follows, the most importamt feature of this embedding is that we are able to
identify world-volume coordinates {* with space-time ones, (z#,7,%). So even
at the level of the space-time coordinates XM there is a very well defined notion

of coordinates tangential amd transverse to the brane.

From the perspective of type IIB string theory, it is clear that the addition
of a large number of such branes to the system (3.3) will deform the geometry

of the background. Given tthe form of the brane embeddings it follows that a
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suitable ansatz for the deformed background should be of the form
ds? = e*[dz 3 + dr? + €2h()(d§? + sin? 6de?)
e29(r) _ 9
(@3 + cos 6d¢)”] (3.5)

4
Fla) = —2Ne~3/~20-k¢l123 | &e-sf—zn—ke%s

e2k(r)

+ (@2 + @) +

as the flavor branes are points on the four-dimensional transverse manifold while
singling out the U(1) C S3 parametrized by 1. When writing (3.5) we intro-

duced a vielbein
: ) ft+g f+g f+k
e =efdrt el =S 7 O e?= er;g e3 = ET((:Jg + cos 8dg)
ef =efdr e =efthd9 e? = efthsinbde

(3.6)

One can also interpret the ansatz (3.5) from the gauge theory point of view.

The U(1) describes the R-symmetry of the flavored theory, which one demands
not to be broken classically by the addition of massless flavors.

Studying the dilatino and gravitino variations of the deformed background

one obtains the projections satisfied by the SUSY spinor e,
Fr123€ =€ F,-9¢3€ =€ € =03€ (37)

as well as the BPS equations

4f=d
L —ohk 1 _on 1 1 _oh+k
A = ZNce + ZC 2htk — §e3ng¢3‘+ Ze +
g = —Noe~ 29k 4 20tk _ % 3 Fips + e~ 291F
1 (3.8)

'
k_4

1 1
= 5‘33I(F0¢3 + Fi23) — Z€—2h+k — e 29tk 4 9ek

_oh_ _ 1 _ -
—Nce 2h k_Nce 2g—k_ze—2h+k_e 2g+k+2e k

1
3 = _ZNce“”‘"‘ + N.e~297F = —%e‘”‘f (Fog3 + Fi23)

It is a priori not obvious that the flavor branes mentioned earlier are still
supersymmetric brane embeddings for the deformed background for arbitrary
functions g,h,k. One therefore has to check again that probes with world-
volume directions as before, £* = (z#, 7, v), still preserve all of the backgrounds
supersymmetries. ‘

Having deformed the original background one turns to the system given by

the combined action (1.3) with Sg,yor given by by the source term (2.20). One
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can anticipate that the brane action will contribute to the energy-momentum
tensor in the Einstein equation, add a source term for the 3-form field strength
and modify the dilaton equation by a contribution related to the DBI action.

For the case of Ny flavor branes localized at (6g, ¢o, 6o, qﬁﬁo), the brane action
is (X* denoting the pull-back onto the world-volume)

Sﬂavor = TSZ (_ /M dsée% V _g(G) +/ X*C(G))
& Me

Ny

(3.9)

(60,40,80,40)

As these branes are localized in the four transverse directions, the equations
of motion will contain é-function sources, making the search for solutions a
difficult endeavour. The idea is therefore to smoothly distribute the branes over
the transverse directions. Lf one assumes a transverse brane distribution with

density

Q= (fo)zsmesinédeAdw\dé/\d& (3.10)

the action (3.9) may be gemeralized to

Ny / S N
Stavor = T5 | ——1= d¥ze? sinfsinfy/— +/ C /\Q)
flavo! 5( (47[')2 MLO g(ﬁ) Mlo (6)

(3.11)
@
=Ts (—/ d'%ze? \/=g(10)|] +/ Cie) N Q)
Mio Mio
where we have defined the modulus of a p-form 2 as
2] = \/%QMI_,.MPQML--MP (3.12)

and have checked the equalitty of the first and second lines by explicit calculation.
Let us take a look at how the brane action modifies the second order equa-
tions of motion, starting with the Ramond-Ramond field strength. Here the

relevant part of the total action is

1 e—‘b '
S_—/ - —(Fipy A xFip)) + T5C6) A Q2 (3.13)
My 2Ky 2 Fo @ ©

If we vary the potential Cg;,
e~ @

1
ocS = ——2—(d50(5) A *F(7) + F(7) A *d&C(ﬁ)) + T5/50(6) AQ
Mio 2K10 2

1
= 6Cs /\< dxe 2Fy +T59)
—/;410 © :‘ZK’%O M

= dF(3) = 263,T5Q
(3.14)
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The change in the dilaton and Einstein equations does not take such a nice
geometric form. Choosing Ty = ﬁg, 2x%, = (27)7, the complete equations of
motion are

0 =dFg) — (27)*Q

1 f 2 v/ —9( )
0=— 1/— a@ e F _ 2——-8111081119
v/ —9(10) 90002) - R RN )

1
0=Ru - SgwR—3 (8,51)8,,(1) — Eguya@aw)

1 L] 1 flv
_-ﬁe (3F‘m,\Fu 2g”,,F(3)) T r

~af _g(ﬁ)

g T
©) v —9(10)

T:j,)” = —% sin @sin é%e%gmg,ﬁ
(3.15)

The search for solutions of (3.15) is simplified considerably by a powerful
result due to Koerber and Tsimpis [40] who showed that any solution to the
BPS equations satisfying the modified Bianchi identity of (3.14) solves also the
Einstein and dilaton equations and is therefore a solution of (3.15).

So we turn again to the issue of the BPS equations. As the brane embeddings
are supersymmetric, the projections (3.7) imposed on the spinor € remain the
same. However, the three-form field strength Fi3) is modified by the appearance
of the source term in (3.15). To incorporate this one makes a new ansatz for
the field strength of (3.5)

N, N¢ — N,
F(3) — _7126~3f_29—k€123 f 1 c —3f 2h—k 9¢3 (3.16)

It follows that the BPS equations (3.8) change to

4f=®
21 — ~2h—k 1 o4k _ 1 35 1 _ontk
h' = 4(Nc Nf)e + 46 = 56 Fg¢3+ 46

1
g = —Ne 297k 4 ¢20+k — —2-e3fF123 + o290tk

kK= E(N — Ny)e —2h—k _ N g=29-k _ %e—2h+k _ e~20+k | 9ok (3.17)
1
=3¢ e (Fog3 + Fiaa) — Ze‘zh‘“‘ _ 29tk 4 9e—k
' 1
= ~Z(Nc = Np)e 2" 7F 4 Nee™07F = _§6af(Fo¢3 + F123)

It is curious to note that when written in terms of Fysz and Fiz3 the BPS

equations of the deformed and flavored systems are the same — see (3.8) and
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(3.17). The change in thé BPS equations stems solely from the modification of
the field strength. This should not come as a surprise, as the brane embeddings
are supersymmetric.? ‘

By construction F{3) satisfies the modified Bianchi identity. Thus any so-
lution of (3.17) solves the flavoring problem for the Maldacena-Niiiez back-
ground. For a discussion of these solutions and their physical interpretation see
[14, 15, 16].

In the above background, the generalization of the action (3.9) to (3.11)
is fairly intuitive and simple, because there is only one stack of flavor branes
with world-volume coordinates that can be globally identified with space-time
coordinates. However we can already anticipate the shortcomings of this def-
inition. On a technical level, the first line of (3.11) is inherently dependent
on the coordinate split while the second is non-linear in the smearing form €.
From a more formal point of view it is also unsatisfying that the formalism of
those equations treats the DBI and Wess-Zumino contributions to the brane
action on an unequal footing. One should recall that, roughly speaking, the
DBI action defines the tree level couplings of the brane to the NS sector of the
background while the couplings to Ramond-Ramond fields are contained in the
Wess-Zumino term. A standard string theory calculation shows the cancellation
of the effects of closed strings from the two sectors on supersymmetric branes.
So it would be desirable to see an explicit symmetry between the two terms
even after smearing. Adopting once again a more physics centered perspective
we might also wonder if there are any constraints on the choice of the smearing
form. E.g. one should note that the smearing form does not agree with the vol-
ume form induced on the four-cycle (6, ¢, g, q3) At first glance it might appear
that there are none. After all, the cancellations between parallel BPS branes
allow us to place them at arbitrary separations. As we will soon see, however,
there are constraints on 2 which can be traced back to the geometric structure

of the background.

The perspective of generalized calibrated geometry The properties
of generalized calibrations and their relation to supersymmetry were discussed

in detail in section 2.3. As the backgrounds considered are not fully generic,

2We commented on this issue in footnote 3 on page 11.

35



yet only include dilaton and Ramond-Ramond fields in type IIB supergravity,
we will not make use of the most general concept of a generalized calibration.
Again we refer to [67] and [68]. For our purposes it is sufficient to recall that
a p-brane with embedding XM (¢) is supersymmetric if and only if it satisfies

(2.40). Using this, we write the DBI action in (3.9) as
Spe1 = _Tp/ ST XK (3.18)
Mpi1

Furthermore, if the p-brane couples electrically to the flux given by F,2),

supersymmetry in the Einstein frame requires [36]
-3
d(e"T %K) = Fpya) (3.19)
In the case at hand, the calibration six-form is given by
1
K = 21(e!5 ® Tap..ap€)e®o (3.20)

As explained in appendix 3.A, evaluation of the calibration form requires only
the chirality of the type IIB spinors, € = I''l¢ and knowledge of the projections
imposed on the SUSY spinors (3.7). From the last of these it follows that one
of the Majorana-Weyl spinors of type IIB is fixed to zero, € = (§). Thus there
is only one calibration six-form and we may use ¢ instead of €. In section 3.2
we will encounter an example with two calibration forms. Combining the SUSY

projections (3.7) with the definition (3.20) yields
Krog1g25309 = efrxozlzzzso¢e = —ETF,.1236 = -1 (3.21)

The second equality makes use of chirality, the third of the SUSY projections
and the normalization efe = 1. When calculating calibration forms it is actually
more difficult to show that certain components vanish. However, the process
is rather straightforward and discussed in considerable detail in appendix 3.A.

When the dust settles, we are left with
K= ezoxlzzzs A (er3 _ 60¢ _ e12) (322)

As €3 is the only part of the vielbein containing dv, it is obvious that equation
(2.40) is satisfied and we recover the result of [74] that the embedding in question

is supersymmetric. Noting that

z02'222%r3

—jed® =e (323)
Q=4 Nfe—4f—2g—2h60¢12
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it is easy to see that we may write the smeared brane action (3.11) as
&
Sﬂavor = TS/ (—e—i’C + 0(6)) AQ (3.24)
Maio

In opposite to (3.11) this is independent of coordinates, linear in the smearing
form, and treats the DBI and Wess-Zumino contributions to the brane action
on an equal footing.

Concerning the supersymmetry condition (3.19), we find

det k) = e fHEer’s's’

= A [e729(2e* — 6?9 — 2299 — 293" )e™?
-i-e"""h(%e'c — 6eZh f' — 4e?hh — e2h3")em0?)
(3.25)
Using the BPS equations (3.8) or (3.17), one may verify for the three-form field
strength with (3.16) and without sources (3.5) that d(eZK) = F(7y is satisfied.
We can exploit the calibration form even further. From e~% F7y = F(3y and

dFz) = (2m)%Q it follows that
e ®xd(e3K) = Fg

(3.26)
dle=? x d(e* k)] = (27)20

Again note that these equations hold with or without the backreaction of the
source terms — in the latter case with @ = 0. One should think of them rather
as a characteristic of the supersymmetries preserved by the background than a
property of the branes.

When we first introduced the smearing form in (3.10) it appeared that its
choice was rather arbitrary. After all supersymmetry allows us to place branes at
arbitrary separations. However, (3.26) is not a result of supersymmetry alone
yet rather an interplay of supersymmetry and the Einstein equations, as the

following illustrates.

d(e* k) 5EY Fy), +e *Fipy = Fg), dFg "2 (2m)%0Q (3:27)

BPS equations and G-structures We showed before that the require-
ment of supersymmetry is related to geometry, notably with the calibration
form. As supersymmetry gives us the BPS equations of the system, it is logical
to think that one can retrieve those equations through geometric considerations,

namely G-structures. When looking at the supersymmetric gravitino equation,
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we can identify F(3y with a torsion (straightforward in string frame), defining a

new covariant derivative ?,, such that
Vie=¢ (3.28)

This means that we have a covariantly constant spinor satisfying the projections
(3.7). From these it follows that in the six-dimensional internal manifold, there

is a covariantly constant complex chiral spinor 7 verifying

Yr123N =1 YregaN =1 (3.29)

where 7; are the gamma matrices of the six-dimensional internal manifold. We

can choose the chirality of n to be

Yr123047 = =7 (3.30)

Then we recognize that the six-dimensional manifold is a generalized Calabi-

Yau. It has a Kahler two-form J and a holomorphic three-form 2 defined as

Jmn = 'Lnf’)’mnn (331)

anp = ”T’Ymnpn (3'32)
Supersymmetry imposes the following conditions on the forms (see [56]):

d(e®*J) =0 (3.33)
d(ei®Q) =0 (3.34)

From those equations, plus the generalized calibration condition (3.26), we can
retrieve the BPS equations of the system, imposing 4f = ®. Indeed, this last
condition, describing how the internal manifold is embedded in space-time,
cannot be captured by those geometric properties that concern only the six-
dimensional manifold. It can however easily be found using the supersymmetric

variations of the dilatino and the gravitino.

An N =1,d=2+1 example We turn now to the string dual ofad =2 +1
dimensional A = 1 theory that was discussed in [71]. We will keep the discussion
rather brief, only exhibiting the equivalence of the actions (3.11) and (3.24) for
this example. In comparison to the N/ = 1 sQCD-like dual of the previous
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section the situation is complicated by the fact that there are three stacks of
branes. While it is possible to find coordinates such that the worldvolume
of one of these stacks may be identified with space-time coordinates, it is not
possible to do so for all three stacks simultaneously. The system has the topology
R2 x R x S x §3. As in section 3.1.1, we shall work with a simplification, the
truncated system, for which the background is given by

efth .3 efte 1

e =efdt e =efdr €="—0¢' € ="(u' -0’
2 2 2 (3.35)

PP 1 ~ A -
F(3) — _2Nce—39—3fel 3 + 5]vce—g—2h,—3f(6132 _ 6123 _ e231)

o® and w? are sets of Maurer-Cartan forms parametrizing the two three-spheres.

The projections satisfied by the SUSY spinor n are
Tiigan=-n Tigasn=-n Dysggn=-n Lyssn=mn n=o3m (3.36)
And the BPS equations take the form

& = N, 39 — %Nce-g_%

1 1
K = _eg~2h + =N, e—g~2h
2 2°° N (3.37)
gl —e 9 _ieg—2h + _de—g—Zh _ ce—Sg
®=4f
Once more, it follows from 7 = o3n = () that there is only one calibration
six-form which is given by (assuming I'''n) = —n)
K = %12 A (erli + erzﬁ + ersé —el2B esii _ ezié + 6153) (3.38)

From the calibration condition for supersymmetric branes, X*X = d¢%,/= as)>
one can see immediately that there are supersymmetric 5-brane embeddings

with tangent vectors® (8,0, 0,1, 8,2, E, E;, E3), i € {1,2,3}. We also learn from

3 When labeling brane embeddings in terms of their tangent vectors one should think of
the brane being along the submanifold spanned by the integral curves of the tangent vector
fields. That is, if one were to find coordinates y™ such that

00 = 8y° 9,1 = 3y1 0,2 = ayz E, = 31/3 E; = 3y4 E; = 3y5

the corresponding 11 brane embedding would be given by

Y(€) =€~ Y% =const a€{0,...,5} ac€{6...,9}
One should note however, that it is necessary to verify, that the distribution given by the
tangent vectors is integrable, i.e. to verify that the coordinates y™ exist. One can do so using

Frobenius theorem, which states that a distribution given by vectors T, is integrable iff it is
in involution, that is iff [Te, Tp] = fascTe-
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(3.38) thé.t these embeddings are absolutely equivalent. They were originally
derived in [71] using k-symmetry. There the authors introduced a standard
set of Maurer-Cartan forms w, o to parametrize the two S3s, and then found a
coordinate representation of the (8, 0y, E3, E3) branes given by (z#,r,11,12).
Subsequently they argued from the symmetries of the space that there are also
11 and 22 embeddings, whose coordinate representation would become apparent
upon using different Maurer-Cartan forms. As we mentioned earlier, it does not
seem to be possible to find global coordinates for this system in which all three
flavor brane embeddings have good coordinate representations — thus this is an
ideal setting for using the calibration form (3.33).

Our analysis here shall start with the 33 embeddings. In [71] their smeared

action was given by

Sps =Ts (— / Aze? /=Gro|0V| + / Ce) /\9(1>)
Maio

Q) = _i{e—u-zh-zgemiﬁ
™
QM| = i:{e-”-%-?g (3.39)
s

1 ~
V-G = aew““"g"'ah sin fsin 8

\/ —Ge = %eﬁf+9+h

Now
N
KAQW = —71_—2!6_4""2*"29 V~G1pd¥z = 402/ G4 |OM)] (3.40)
Thus again, we may write the action of one stack of (33) branes as
Sps = Ts / (~etK+Cg) AW (3.41)
Mio

The above may be easily generalized to the case of three stacks of D5-branes as

the expression is linear in €.

Sps =T5/ (—e%/C-FC(s)) AQ)
Maio

Q=00 4+0@ 4O

: 3.42
Q@ — __ﬂ;‘e—u—%—zgemié (3.42)
™
QB = _lv?fe—4f—2h—2ge2353
™
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Where (2 is the smearing form for branes extending along 22 and Q(® smears
the 11 embedding. The linearity of the above expression gives a good motivation

for the use of 3, || instead of || in the original action of [71]

. L,
Sps =Ts <—/d1°$e% v =Gyo Z 120] + / Cie) A Q) (3.43)
i=1 Mio

Independently of whether one uses the action (3.42) or (3.43) the Bianchi
identity is modified to dFz) = —2k3;T5Q - the minus sign being due to the
convention e®F(3) = —  F{7) used in [71]. Accordingly one changes the ansatz

for the field-strength by adding a term f(3) which is not ciosed,

Fay = Fz) + fi3) ”
fioy = 2Nfe—g—2h—3f(6123 + o231 _ elaé) (3.49)

The BPS equations (3.37) change to

3 = N,e39 — %(Nc — Nj)e 92

eg_Zh + Nc - 4Nf e__g_zh
2 ) (3.45)
N, - ANFp e—g—2h
4

B =

gl —e 9 — :]i_eg—Zh _ Nce-—Sg +
d=4f
Let us now turn to the SUSY condition (3.19). A straightforward calculation
yields
d(e%lC) — 7012 A {(2¢79 —6f" —2¢' — B — @I)(erlié _ r2id + e'rSiﬁ)
—2h
+ e > (—369 + 12€2hfl + 662hhl + e2h¢l)erl23}
(3.46)
Using the BPS equations (3.37) or (3.45) respectively one can verify that —e~® %
d(e% K) = Fs) is satisfied in both the deformed and flavored case. Furthermore
we know that dF(3) = (27)2(, thus we are again able to obtain a constraint on

the smearing form as
(2m)2Q = d[-e~® x d(eZ K)] (3.47)

We immediately see why there have to be three stacks of flavor D5-branes in
the backreacted solution — the calibration form respects the symmetries of the

two three-spheres and from (3.47) it follows that the same holds true for the
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smearing form. It would therefore not be possible to obtain a smeared system
with only one or two of the three stacks.

We can again use G-structures to derive the BPS equations for the system. In
this case the internal manifold is seven-dimensional, with a covariantly constant

spinor which satisfies

M1i2sM = —N Mi3sT = —N Yrizz" =10 (3.48)

We recognize here a generalized G2 holonomy manifold with the associative

three-form K defined as

’Cmnp = —1YmnpT (3'49)

The condition imposed by supersymmetry is
d(e®? x7 ) =0 (3.50)

Together with the generalized calibration condition, and assuming ® = 4f,
this condition provides us with a method to rederive the BPS equations (3.37),
(3.45).

The Klebanov-Witten model Finally we take a look at the Klebanov-
Witten model for the cases of massless [17] and massive flavors {20]. The
Klebanov-Witten model [5] is based on D3-branes at the tip of the conifold
-and is dual to a certain N = 1 super Yang-Mills theory. So apart from the dila-
ton and the metric there is self-dual F{s) flux due to the D3s. In contrast to the
previous two examples, one uses D7s to introduce flavor degrees of freedom into
the system. These source F{;), so the suitable ansatz for the relevant deformed,

flavored background is
ds? = h™3dz?

29 2f
+ht |edp? + -66— > (d67 +sin? 6idg?) + (g + Y cosb,dei)’”

1=1,2 io12
F(S) = 277|'Nce"49‘fh‘5/4(ezozlzzzap B 601¢192¢2¢)
N
Fay = ‘%(ddi + cos 01d¢; + cos 62d¢2)

(3.51)
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with ¢ € [0,4x],0; € [0,7],¢; € [[0,27],p € R. There is an obvious choice of

vielbein
ez"; — h—1/4dxi ef = h1/4efdp
1 o o 1
e = ehi/iesds, v

1
e¥ = §h1/4ef(d1/) + cos81d¢; + cosbadgs)

The flavor branes behave differently in the massless or massive case. In
the former, the authors of [17] used two stacks of branes whose world-volume
coordinates may once more be identified with space-time ones,

& = (z#,p,02,02,%) 61 =const. ¢, = const.
(3.53)

& = (z*,p,01,41,%) 02 =const. ¢ = const.
So prior to smearing the system has a global U(Ny) x U(Ny) flavor symmetry
— one for each set of D7s. This is obviously a four-parameter family of em-
beddings, which can be smeared over the transverse (6;, ¢;) directions. In the
massive case the embeddings are more complicated. In the field theory, the mass
term breaks the global symmetry to the diagonal U(Ny) x U(Ny) — U(Ny),
which corresponds the two stacks joining into one on the string theory side.
There is again a four-parameter family of brane embeddings, yet as the generic
embedding is much more complicated than those of (3.53), we shall only look
at one representative, trusting that the calibration form will ensure that we
make use of the w;hole family of branes. Choosing world-volume coordinates

f = (1"“7 elv ¢15025¢2)1 thlS is given by

2 61 2 %
xM(g) = (x“,pq — 3 logsin o~ — Zlogsin =, 61,41,05, 63,1 + 62 + 2&)

Pq, B = const
(3.54)

The constant p, denotes the minimal radius reached by the brane and may
therefore be identified as the mass.

The branes have an (7+ 1)-dimensional world-volume and we therefore need
to construct the calibration 8-form. In the case at hand this requires the knowl-
edge of the supersymmetric spinors on the conifold. These were discussed in

[75]. Our conventions however are those of [17]. The SUSY spinor e is related
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to a constant spinor 1) as € = h~1/8¢=3%7. Both satisfy the projections

102 @ Lpogiz2an =1 Iry =027
(3.55)
Lo,p, = —102n Toy9, = —1027

From equation (2.39) it follows that the calibration form for D7-branes is given
by

1
K = 21102 ® Taq._.aym)e™ " (3.56)
which we may evaluate using (3.55) to be

K = e2'z'e?e® (ePP1919 | gPB2d2¥ _ fi610262) (3.57)

At this point we may calculate the pull-backs X*K for both embeddings (3.53)
and (3.54). Finding X*K = ,/—3()d8¢ we do thus verify that the brane em-
beddings are indeed supersymmetric.

In Einstein frame, the integrand of the DBI action is € /=§(s)d%¢ = e? X*K.
As before, supersymmetry requires this to satisfy d(e?X) = Fg). Making use
of the definition F(;y = —e~2®  F(g) and the equation of motion dFj;) = -,

we arrive at the following
Figy = d(e%K) = 3h~ 4~ N0 ! () o572 00161022
s

Fay=—-e 2 x Fg = _sh—te-s NilP) pu

ar
N .
Q= —dF(l) = i(p) (sin 0,d61 A depy + sin 62d06; A d¢2) (358)
NI
+ -—ifr—p)dp A (d¢ + cos81d¢y + cos B2dg2)

4
Ny(p) = -316_29_¢(4e2gg' + 299 — 4e*)

The name for the function N¢(p) has been chosen in anticipation of what is to
come — it will denote the effective number of flavors at a given energy scale. It
should not be confused with Ny, the number of flavor branes.

One should notice that the only assumptions made in deriving (3.58) are the
form of F(5) and the vielbein describing the deformed background (3.52). That
is, the above relations hold for all types of D7-branes one might want to smear,
massless or massive. They allow us to write down the BPS equations of the

system which can be derived from the SUSY variations [20] or using geometric
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methods.

g = e2f—2g Fl=3- 0e2f~29 _ 31\;([’) e?
T
(3.59)
3N,
' = __4;'7fp) e? h' =-2TaNee %

Note that there are four first-order equations for the five functions @, f, g, h, N¢.

Furthermore, the smearing procedure always uses the same action,
Sﬂavor = T7/ (—BQK + C(S)) NS (360)
Mao

The authors of [17, 20] used an action of the type encountered in (3.11) and
(3.43), yet once more the equivalence with (3.60) may be shown explicitly — we
will also present a general proof of the validity of (3.60) in section 3.1.2.

Given that the discussion up to this point is completely independent of the
type of brane one wants to smear, one might ask how to distinguish between
the different classes of potential flavor branes. The answer to that question lies
in the choice of the function N¢(p).

However, even before looking at specific choices of N¢(p) the generic form
of Q in (3.58) tells us quite a bit about possible smeared-brane configurations.
Firstly, it is not possible to break the SU(2) x SU(2) x U(1) x Z; symmetry
of the background, as this is the inherent symmetry of € (The Z; describes the
exchange of the two spheres). So for massless branes we will only be able to
smear both stacks simultaneously.

The massless branes may be identified with the coordinates given by (3.53).
Thus they are smeared by the terms proportional to df; Ad¢;. As the smearing
form is symmetric under the exchange (8, ¢1) < (02, #2) it is clear that we will
have to smear both stacks of branes. Le. one cannot assume 25,4, to vanish
without Q,4, vanishing as well. The term involving dp on the other hand is
not transverse to the world-volume defined by (3.53). In order to smear only

massless branes, one needs this term to vanish. I.e. massless branes require
Ni(p)=0 (3.61)

Using this constraint the system (3.59) is fully determined and can be solved.
In that case, we can see from (3.60) that the last term in (3.57) — which does not
contain e? — does not contribute. Interpreting the smearing form as a brane-

density, we may identify the overall factor with the number of flavors,

Ny = 4Ny (p) (3.62)
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That is, our decision to smear Ny massless branes with a constant number of
flavors imposes two constraints into the system, namely (3.61) and (3.62).
Our choice for N¢(p) may also be interpreted using the local geometry of

the brane embeddings instead of their global coordinates. The vectors
(O, B, Op) (3.63)

are tangent to either stack of branes. As the smearing form should - locally -

" define a volume orthogonal to these vectors, we demand*
10,, 2 =15,2=15,02=0 (3.64)

It follows that 47N¢(p) = const = Ny.

Turning to the massive case, the authors of [20] used
N}(p) = 38Nye%=%(3p — 3p,) (3.65)

In principle one would expect that one can combine the knowledge of the em-
bedding (3.54) together with the general form for 2 in order to derive this form
for Ny (p), as we did for massless branes, yet in [28] we were unable to do so.
Our analysis contributes to the construction of N¢(p) in so far, however, as the
derivation in [20] requires the assumption that the SU(2) x SU(2) x U(1) x Z,
symmetry cannot be broken, while we have shown that this is not an assumption,
but an innate property of the background. As we mentioned in the introduc-
tion, these limitations of the approach are resolved when merging it with the
microscopic perspective as in [41] and [42].

Once more one invokes [40] and needs only to study the BPS equations (3.59)
together with the modified Bianchi identity to find solutions of the second order
equations. We refer to the original papers for a discussion of the solutions.

Anticipating the possibility of using the formalism presented up to this point
in order to smear branes whose coordinate representation is unknown, we shall
now discuss the problem of correctly interpreting the smearing form 2. Using

the vielbein it takes the form

6N1(0) 20, 0o, 6N(0) ot o
N=—"TC¢ g e 141 + 022 + ———-e fe 3.66
=TV ¢ ey (3.0

4 Interior multiplication of forms with vectors is defined as

(xWNy..Np_y = XMwMNy . Np_y
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In the case for the massless embeddings (3.53) the second term disappeared
and it is straightforward to interpret the first as a distribution on the space
transverse to the two stacks of D7s. If we did not know about the massive
. embeddings (3.54) it would be tempting to interpret the term including N [
as the distribution of a third stack of branes extending along z*, wrapping
(61, 1,02, ¢2) and positioned at fixed (p,1). That is we would think of this
term as a contribution of compact, smeared D7 branes. The presence of such
branes is potentially disastrous as the gauge theory in their world-volume could
remain dynamic from a four-dimensional point of view. In the case at hand, the
eight-dimensional gauge coupling behaves as gym ~ gs0/?, which vanishes for
a’ — 0, the decoupling limit of the D3s. When using D5 branes on the other
hand this does not have to happen. For the massive Klebanov-Witten model we
know that our interpretation in terms of compact D7 branes is wrong as we are
smearing a single stack of massive ones. Keeping this in mind we conclude that
it is not straightforward to know which branes have been smeared by simply

investigating Q.

3.1.2 The generic case

The three examples of the previous section provide us with all the intuition
needed to understand the relation between generalized calibrated geometry and
supergravity duals with backreacted, smeared flavors. For a type IIA/B back-
ground with Ramond-Ramond flux F{,,) and arbitrary dilaton we expect that
we should always be able to write the action in terms of the calibration and

smearing form as
Sfavor = —Tp/ (6?:_34:"(: - C(p+1)) AS) (367)
Mo
Now as we discussed in section 2.3, supersymmetry imposes
-3
d(e" T ?K) = Fpya (3.68)

Combining this with the modified p-form equation of motion dF{;g_p_2) =
262,19, as derived in (3.14), we may link the calibration and the smearing
form

d[xe* = 2d(e 57 2K)] = £262,T,0 (3.69)
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The overall sign depends on the conventions used when relating the field strength
F(p42) to its dual. In what follows, we shall give a more formal argument why
the action (3.67) is appropriate to describe smeared branes, show that it is
equivalent to the actions previously used in the literature and finally examine

some of the consequences of the above relations.

The smeared brane action The problem of smearing a generic DBI+Wess-
Zumino system takes a rather simple form from a mathematical point of view.
Here we are dealing with two spaces, the world-volume Mp;; and space-time

Mg, which are related by the embedding map

X: Mp+1 — M]O (3 70)
£ - XM(€)

As integrals of scalars are ill-defined on manifolds, it is mandatory for this
discussion to think of the brane action as an integral of differential forms. For
the Wess-Zumino term, the integrand is the pull-back of the relevant electrically
coupled gauge-potential onto the world-volume, |, My X*C(p+1)- Whereas we
integrate over the induced volume form and the dilaton in the case of the DBI
action,” [ Myir d”“éeaz_sq’\/rf](p—ﬂ) . The crucial point is that there is no way
to a priori identify the DBI integrand with a (p + 1)-form in space-time, as the
induced volume form is usually not thought of as the pull-back of a differential
form. Indeed, we were rather careless in section 3.1.1 as we did not discriminate
between the set of form-fields in the world-volume of the brane, Q(M,41), and
that defined on all of space-time, Q(Mo).

One might argue that we should be able to somehow push the induced volume
form forward onto space-time. This is certainly the case if we are able to identify
world-volume with space-time coordinates. In the case of the string dual of the
N =1 sQCD-like theory this was strikingly obvious. As a matter of fact, the
action written in the first line of (3.11) is exactly of the form (3.67). In a
generic situation however, we cannot expect to be able to find such a set of
global coordinates. Moreover the natural operations induced by maps between
manifolds are push-forwards of vectors and pull-backs of forms. And as they

connect spaces of different dimensions, they cannot be assumed to be invertible.

5The discussion in this section considers branes without world-volume gauge fields or the
NS potential B. See however [76, 68, 67].
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This is where calibrated geometry comes in. As we have seen before, su-
persymmetric branes satisfy X*K = |/—§(,4+1)d?*'€. Making use of this fact
allows us to treat the DBI and Wess-Zumino terms on a democratic footing, as
both integrands can now be written as pull-backs of (p + 1)-forms defined on
space-time.

We shall now show that the action (3.67) can always be written in the form
used in [17, 71]. Essentially the whole discussion boils down to the fact that we
may locally choose nice coordinates. Let us assume that we have a single stack
of supersymmetric p-branes. Locally, we may choose coordinates z¥ = (z#,y™)
such that the branes extend along the z#; that is for world-sheet coordinates &

and embeddings X (£) we have

M
ox = {5 el n @)

The vectors 8, are tangent to the brane. They span a subset of TM;jo which
may be thought of as the embedding of the tangent space TM,; of the brane
into that of space-time. Orthonormalizing the J, we obtain a new basis of
TMypy1 given by some Eo. Le. span(E,) = TMpyr1 C TMjyg. It follows from
the construction that the E, are closed under the Lie bracket, i.e. [Eq, Eg] €
span(Ey). Therefore ET* = 0 and the matrix E* is invertible. We may complete
the set F, to a basis of the whole tangent space, E4 = (E4, E,;). Naturally,
there is a dual basis of covectors, e = (e, e?) which we may use as a vielbein.

Having constructed a vielbein suitable for our purposes we shall now express

the DBI action in terms of that vielbein. As the two bases are dual we have

0= Eqeb = EMéS, (3.72)
Contracting with (E%4)~! = €2, we obtain
et =0 (3.73)

This is quite important. It means that the components e® of the vielbein are
not pulled back onto the brane world-volume whereas all the e® are. After all,
the pull-back acts as X*(wpdz™) = w,dé#. It follows that the volume form

induced onto the brane world-volume is given by the pull-back of the forms e®
V9w = \(X7e%) (3.74)
[+
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The DBI action in this frame is therefore given by
SpBr = —Tp/ ST /\(X*e"‘) © (3.75)
Mot a

In the final part of our discussion, we will impose some constraints on the
calibration and smearing form, and show that an action of the form (3.1) can
always be rewritten in the form (3.11). For the calibration form to satisfy
X*K = \/=3p+1)d€° A --- A d€P, it has to include A, e*. So we may assume
it to be of the form X = A e* + K, where K is a (p + 1)-form which does
not depend on all the indices a simultaneously and therefore includes some of
the e?. It follows that X*K = 0. The smearing form is defined on the space
transverse to the branes. This space has a one-form basis given by dy™. As we

saw above ef, = 0 and it follows that we may write the smearing form in this

basis as
1 —_p—
O = (j[()_—p_l)lgrm...mm_,,_ldyl A A dylo p—1
1 ' (3.76)

+2)...9

ay...10—-p—1 —

= —(10 e 1)!941,,,0,10_,,_16 Q(p+2)‘..9€(p

That is, locally the smearing form is defined by a single scalar function Qp42)...9
and includes the wedge product over all the transverse components of the viel-

bein, A, e*. We see immediatly that K A Q = 0. Moreover
KAQ=e"Qp1a)..0 (3.77)

The trick is now to associate the indices of the function ;..o with something
other than those of the relevant components of the vielbein, as we need those
for the overall volume form €%® = | /=Zg(10)d'%z. As the form reduces to a

function and we are working in flat indices, we may resolve this as follows:

KAQ = 60"'99(p+2)..‘9 _ eO...Q\/Q(p+2).'.99(p+2...9)

= /=910d"z|Q|

with the modulus of the smearing form defined as in (3.12). As the wedge

(3.78)

product is linear, one may immediately generalize our argument here for multiple
stacks of branes, thus proving our initial assertion.
As an immediate application of the results of this section we shall take

a brief look at central extensions of SUSY algebras. From the equations of
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motion (3.15) it follows that the smearing form is exact, dF{19—p—2) = 26347,
Supersymmetry requires that (ezi—aq’lc — C(p41)) is closed. It follows that we

may write the smeared brane action (3.67) as a surface integral at infinity,

. Sgavor = “52 Je (e 2K — Cip1)) A Fao—p-2) (3.79)

This takes the form of a charge. From the original discussion of generalized
calibrated geometry in [36] we recall the fact that probe-brane actions relate
to central charges in supersymmetry algebras — as one would expect for BPS
objects. We conjecture that the charge defined by (3.79) has the same interpre-

tation.

3.2 N =2 gauge-string duality in d =2+ 1

Let us now apply the methods described in the previous section to the flavoring
of an N = 2 super Yang-Mills-like dual in d = 2 + 1. A string dual can be
found in the unflavored case by constructing a domain-wall solution in d = 7
gauged supergravity and then lift it to ten dimensions. It then describes a stack
of NS5-branes wrapping a three-sphere. Details and physical interpretation of
this solution can be found in [72] and [73]. We are first going to describe the
unflavored solution using notations from [73] before studying the addition of

flavors.

3.2.1 The unflavored solution

In the unflavored case, we consider only NS5-branes wrapping a three-sphere.
So the non-zero fields in type IIB supergravity are the metric g,,,, the dilaton ®
and the NS-NS 3-form field strength H. The solution found in [73] is, in string

frame
2 _ 3.2 22 .2 e g 2 1 . 2 2
ds” = dgf, + 2d0% + (42 +dy?) + s sin® (EF + ) (3.80)
3/2 244z
2z e
ge % 124 236 135y _ 2 127
= 5.0 [cosp(e'?* — €?*® — e!%°) — e2* sin pe'?7]
=2z o3 2
- Qs/szln 4 [662 sin? ¢ + e**(4cos? ¢ + 1) — 3¢ cos? ) — ——COSZ v 567
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—2z 22 i 2
_geTTeosY | 4y o 4z 2, €SN Y| e
gz |¢ sin P —-3+e *cosY — e (3.82)

A and z are functions of z defined as

oo _ {3/4(2) — cK3/4(2)
I_y/4(2) + cKy/4(2)
eAt37/2 = (I_y1/4(2) + cK1/4(2)) (3.84)

(3.83)

where I, and K, are the modified Bessel functions and c is an integration

constant. In the previous equations, we used the vielbein

et = ?S" a=1,2,3 el = ;—s—z-lm(cos Ydz — €2® sin dyp)
4 = 9911/2 (e®®sinypdz + cosypdyy) €® = det
e = 9—9117 sin Y E ed = de?
e = ;{2—172— sin Y FEp e® = de°
(3.85)
with
ol =cos [‘3d§ + sin ,B sin 5d$
02 = sin 3df — cos Bsin 6d¢
0% = dB + cos fd¢
1 2
1_ 7 sinel
S =cos¢ 5 sin ¢ 5
3 1 2
2 _ o9 ? inoZ_ 7
S sm492 cos¢9(sm¢2 +cos¢2)
3 1 2 (3.86)
S3 = —cos 0% —sind (sin d)% + cos ¢%)

1 2
E,=d0+ cos¢% — sin d)%

E; =siné (dd) + %3) — cosf <sin¢>%1 + cos ¢>%2>
Q = e sin? ¢ + e 2% cos? ¢
0,0,y € [0, 7] b, 6 € [0, 27| 8 €]0, 47|
and dQ2 = o's'. We know that type IIB supergravity contains thirty-two

supercharges that can be described by an SO(2) doublet of chiral spinors € =

(e=,€t). Their chirality is expressed as
I'11€ = T'1234567890€ = —€ (3.87)
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This background preserves four supercharges, corresponding to ' = 2 in d =

2 + 1 dimensions. This means that € has to verify the projections

F1256€ =€
1346 = ¢ (3.88)
I'%%7¢ = o3¢

where o3 is the third Pauli matrix.

3.2.2 Deformation of the solution

We are now working again in Einstein frame. We first notice that, in the solution
of the previous section, e* and €7 are mixing the z and 9 coordinates. In order
to simplify this, we make a common change of coordinates, first proposed in

(77):
eA—:t/Z

p=sinp———7r
22g2)1/4
Cf)si ) / (3.89)
— Y _A+3z/2
o= \/5(22)3/443

We then get that e* = hi(p,0)dp and €’ = ha(p,0)do. Let us now deform the
metric by modifying the vielbein in (3.85)

e® =e 2/j(p,0)8* a=1,2,3 € =e¥/2\/hy(p,0)do
et = e 1'%\ /hi(p,o)dp e® = e f/2d¢!

(3.90)
e® =e 2/ hi(p,0)k(p,0)E; & =e /%€
¥ = e 2/ hp,)k(p,0)Br & =e /2
It gives us the following ansatz for the metric:
ds? = e~/ (de} 5 + j(p, 0)A03 + ha(p, 0)[dp® + k(p, 0)(BE + E)] o1

+ ha(p, a)daz)
It is straightforward to see that this ansatz leaves the topology of the previous

solution invariant.

3.2.3 Calibration, smearing and G-structures

We are now interested in adding flavor D5-branes to the background. Following
the usual method, we first deform the unflavored solution for D5-branes. Then
we find calibrated cycles where we can put supersymmetric D5-branes. We

finally smear them and find a solution that includes their backreaction.
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The solution in the previous section describes NS5-branes. As we are inter-
ested in the IR behaviour of the gauge dual, we want to consider D5-branes. So
we first perform an S-duality on the solution. It gives a new solution of type
IIB supergravity describing D5-branes, for which non-zero fields are the metric,

the dilaton and the Ramond-Ramond 3-form such that

g = g (3.92)
oS5, D5 (3.93)
H{3® - Fgy (3.94)

03 — 01 (3.95)

As we want to keep the same number of supercharges, and just deform the
previous solution, we are imposing the same projections on the SUSY spinors
as (3.88). We then define a new SO(2) doublet

r=()= (75 029

such that (3.88) becomes

1286y _
ey —q (3.97)
567y — gan

Notice that 7 is still a doublet of chiral spinors that satisfies

Fnun=-n (3.98)

From the third projection, we see that n~ and % are both non-zero, but behave
differently under the action of gamma matrices. So for each spinor we can

construct a six-dimensional generalized calibration form

K~ = 7~ TToggapcn ™ e?8%eb
3.99
}C+ — n+TF089abc7’+ eOSQabc ( )
Those forms can be written as
K- =e"®AK-
(3.100)

Kt =e®AK*
where Kt and K~ are three-forms. Using supersymmetric variations of the

gravitino and the dilatino and identifying F\3y with a torsion term, it is possible
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to define two covariant derivatives V+ and V= such that

§+n+ =0

) (3.101)

V™~ =0
So the existence of 7% imposes that the internal manifold has special holonomy,
and thus admits a corresponding G-structure. With each spinor satisfying the
projections (3.97), it is possible to define two different G structures in the seven-
dimensional space with tangent directions {1,2,3,4,5,6,7}. The corresponding
associative three-forms are K+ and K~. We want the flavor branes we add
to preserve the same supercharges as in the unflavored solution. From [56],
we know that there is in fact an SU(3) structure in that space, for which the
three-dimensional calibration form is
1
2

So the calibration form for D5-branes in this geometry is

K=K -K%) (3.102)

K=e®AK (3.103)

We have (details of the calculation can be found in Appendix 3.A)
K~ =123 4 145 _ o167 | 246 | 257 | 347 _ 356
(3.104)
K+ = —el2 _ o145 _ 167 _ 246 | 257 | 347 | 356
So,

K — 6089 /\ (6123 + el45 + 6246 _ 6356) (3.105)

In order to find solutions for the deformed background, we first need to

provide an ansatz for the Ramond-Ramond form F{3):
F = e73*/4(Fy34(p,0)e"** + Fuzs(p, 0)e"*® + Fass(p, 0)e** + Fiar(p, 0)e!*

+ Fus6(p, 0)e*>® + Figr(p, 0)€>®)
(3.106)

and we assume the dilaton depends only on p and ¢. As mentioned previously,
we know from [40] that conservation of supersymmetry gives us first order dif-
ferential equations that, in addition to imposing the Bianchi identity for Fis),
will solve the equations of motion. One way to find those equations is to study

the type IIB supersymmetry transformations of the dilatino and the gravitino

1 1

6A = ST*0,%n + ﬁe"’/ 2F,T"Pa3m = 0 (3.107)
1

oY =Vun+ 9—66‘1’/2F,,,,,,(I‘”"”" ~ 964T*)o3n = 0 (3.108)
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Another way is to use the geometric properties of the space, using G-structures
and generalized calibration conditions. As stated previously, we need to as-
sume that ® = 2f. Otherwise, we can look at the dilatino variation to get an

additional condition. From it we get

eI/ /Ry

0,® 5 (Fi27 — Fser) (3.109)
e(2f"¢')/4 h
0, = T\/_z(FISS + Fage + Fyse — Fi24) (3.110)

Then we remember that K~ is a generalized calibration and K~ defines a G»

structure. So we get two conditions on those forms

d(e®/?K™) = —e® %1 F (3.111)
d(e®*7 K~)=d(e®?*ppK7)=0 (3.112)

Using the conditions on the dilaton, those two equations give us

f= % (3.113)
8,® = g ‘/h_lFs“;jJ’ vk (3.114)
8,8 = \/h_z(F4562— 3F124) (3.115)
8,5 = 2mVk (3.116)
80§ = 2jv/haFias (3.117)
A,k =2Vk — h‘k.m + khi/zF 5‘;;’ — Ol (3.118)
8,k =0 ’ 1 (3.119)
Bpha = ha ‘/h_lF“;. +hVE (3.120)

8sh1 = h1v/ha(Fi24 — Fise) (3.121)
Figr = - ‘/};l—k (3.122)
Fi35 = —Fi24 (3.123)
Fa36 = —F124 (3.124)

Moreover, we must have

8,0,® = 8,0,®
(3.125)
8,00] = 050,]
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So we get

vVR1F124Fs67 + hiVk(3F124 + 2F456)

8, Fiza = — = (3.126)
OpFuse _ _OoFser  /Rik(4Fi24 + 5Fus6) + jFi2aFser (3.127)
VviL vha 2j

Let us now eliminate components of F in (3.114) to (3.121) and try to solve
those equations. We get

-2

By : (a(0) (3.128)
hy = =285 (3.129)
20 _ ?{;/fea (3.130)
P.
ela=b)/2k1/49_;
Fiog = R (3.131)
e@=0/2k1/4(8, 8,5 — 2§0,8,5)
Fugg = L (3.132)
o _ VE©,3) = 3((2+ VEa'),5 — 2VESE) (3.133)
567 \/§k1/4j(3pj)3/2 '
8k = 2V — ka! (3.134)

We notice that b(o) is arbitrary, which corresponds to the fact that it is always
possible to redefine the o coordinate. To simplify the problem, we are taking

b = 0 in the following sections.

3.2.4 Addition and smearing of flavor branes

In order to add and smear flavor branes, one needs to find the smearing form Q.
Following the prescription presented in the first part of this article, we know that
this form is related to the calibration form of our background X (see (3.105))
through

Q =d F = —d(e~? « d(e?/%K)) (3.135)

Using this, the ansatz for the metric and for F’ and the equations found in the
previous section ((3.113) to (3.127)), we can deduce that the most general form

of Q1 is
Q=e® (Nﬂ (o, a.)[62367 1 1357 _ 31247] + Npa(p, 0.)84567) (3.136)

57



with

/hzj(F124F456 - 5F1224 + 2Nf1€2¢) — 2 —2v/h1kFse7

Oy F124 = (3.137)
2j

Oy Fuse _ OpFser | 3Fr | Frer(4j — hik) + 3Fys6(Fase — Fi2a) 22N s

VR V2 2Rk 2 d
(3.138)

Consistency between those equations and (3.128) to (3.134) imposes that
J .

Ngzs =Ny + ——=0,N. 3.139

r2=Np+ 5200 N1 (3.139)

0 = 22825 + 2e%j82j + j(8,5)* — €*(855)* — j*(a'8,j + 4¢®Ny1) (3.140)

We now see that the only unknown we have is Ny;. Any function of p and ¢ is
possible and will give first order differential equations that will solve the modified
equations of motion for type IIB supergravity plus flavor embeddings. Finding
a solution then consists only on solving the second-order differential equation
(3.140). However, while the choice of the function Ny; determines which branes
are smeared, we are unable to derive the embedding of the supersymmetric
branes that have been smeared. One might want to recall the discussion at the

end of section 3.1.1.

Different possibilities for the smearing form As it was stated before, the
starting point of adding smeared flavors is to choose a smearing form, which, in
the case we are currently studying, corresponds to choosing a function Ny (p, o).
A first possibility would be to take Ny independent of p. It follows from

(3.139) that
Ng1 = Ngy = Ny(o) (3.141)

Then we can try to solve (3.140) by making the following ansatz for j:

j(p,0) = G(p)*/*H(0)? (3.142)

We obtain
G' = c1e*/? (3.143)
EI} = N (3.144)

where c1 is a constant. In the case where a = 0 and Ny is a constant, we can
solve this and find
k=(p+po)® (3.145)
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and

j=(ap+ 02)2/3 cos(y/—Nygo + Ce,)2 if Ny <0 (3.146)
j = (c1p + c2)¥3 cosh(y/Nyo + c3)? if Ny >0 (3.147)

with ¢1,ce and c3 are integration constants. These provide analytic solutions to
the equations of motion of type IIB supergravity with modified Bianchi identity.
When looking at the dilaton behavior, we find

3(p + po) _

2%

¢ = if Ny <0 3.148
ci(ez + c1p)1/3 cos(cz + /—Nyo)? F= ( )

c1(cg + €1p)1/3 cosh(cz + /Nyo)*
When Ny < 0, in (3.148), it is remarkable that there are singularities for ¢z +
v/ —Njo = § mod (27). Those singularities may be a sign of the presence of
the smeared flavor branes.
Another possibility would be to try to have a smearing form independent of

one of the radial coordinates, instead of just the function Ny; as in the previous

paragraph. For € to be independant of o, we have to take

Ny = Np) (3.150)

7

Then (3.140) becomes
0 = 2j787j +2¢°503 + §(9p4)* — €*(903)* ~ 52085 — 4e*N(p)j** (3.151)

Taking here N(p) to be constant, we get Ngo = 0 which suppresses one of the
terms in the smearing form. Nevertheless, it is not obvious how to find a solution
to the equation for j.

For Q to be independent of p, one needs to impose k to be a constant. Then

a(p) = 2a1p (3.152)
Njy = e:;J_l_pN(a) (3.153)

where a; is a strictly positive constant. We now have to solve:

0 = 25%8%j + 261562 + §(8p5)* — €2*1°(854)* — 2§%a18,§ — 4*'PN(0);%/*
(3.154)
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In the case where N (o) = Ny is a constant, the smearing form is independent of
any radial dependence. In that case we can find asymptotic solutions, consider-
ing p as the energy scale. One interesting fact is that it seems it is not possible
to ignore the term involving Ny in the IR, that is when p goes to zero. In the

IR (p — 0), we find that

2/3
j = gtare/3 ( 23Nf + cle(l—al)p) ifa; #1 (3.155)
j =e2ar/3 (3Ngp + cze"’)2/3 ifa; =1 (3.156)

In the UV, we have two possibilities: we can decide that the term in Ny is

suppressed or plays a role. The two cases give

j = cze?1P/352 if we neglect the term in Ny (3.157)
N%o4
j=etme L (3.158)

Comments on the solution Firstly one can notice that none of the solutions
presented in the previous section goes to the solution found in [73] in the limit
Ny¢1, Ny goes to zero, as expected from the dual gauge theory point of view.
We are trying to find a solution that describes a stack of N, color branes
plus one or several stacks of smeared flavor branes. The number of color branes

is related to the Ramond-Ramond field F(3) through

/ F(3) = 263,T5N, (3.159)
S3

where S3 is a three-sphere around the point where the color branes are placed
in the four-dimensional space transverse to their world-volume. We were not
able to find a constant when calculating the previous integral for the solutions
of the previous section. It means that either we did not find the right transverse
four-dimensional space, or these results cannot have the usual iﬁterpretation of
stacks of branes.

This relates to the most prominent problem of the method presented in this
section. As we mentioned in footnote 3, it is necessary to verify the existence of
a cycle wrapped by the branes. As we explicitly avoided the issue of considering
the embedding smeared, one cannot be certain that the above solutions do

describe smeared branes. In simple cases when the smearing form does not have
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a term along the radial direction of the space, each component in the vielbein
basis can usually be interpreted as the volume form of the space orthogonal to
the brane smeared. In the case studied above, 2 has to have a term in dp.
So in comparison to Klebanov-Witten, it seems that we are smearing massive
flavor branes. But we were not able to determine their embedding. However,
the form of Q tells us it is not possible to smear massless flavor branes in this
background. Moreover, knowing the explicit embedding of the flavor branes is

not necessary to look at some properties of the gauge theory dual.

3.3 Discussion

In this chapter we have taken a first, detailed look at the flavoring procedure
and its relation to calibrated geometry and G-structures. In section 3.1, we
showed that the process is equivalent to those used previously in the literature,
but makes the symmetry with the Wess-Zumino term apparent and the linear-
ity in the smearing form © manifest. The crucial point is that this macroscopic
perspective allows us to impose strong constraints on € by relating it to the cal-
ibration form. While the explicit form of © depends on the embedding smeared,
the methodology allowed us to explain various features of the examples in sec-
tion 3.1.1; in particular why the smearing has to preserve certain symmetries,
which again implies that it is often only possible to smear several stacks of
branes at once.

We exhibited the potential of the methods not only by studying known
examplgs, yet by also flavoring a background dual to a d = 2+ 1, N = 2
super Yang-Mills-like theory (See section 3.2). Here we found several solutions
and some interesting features, notably the fact that it is not possible to smear
massless flavors — a property which would be nice to understand from the point
of view of the dual gauge theory.

The formalism unifies the treatment of different possible embeddings for any
single background, allowing for a general study of the smearing procedure in a
given background, instead of the case by case methods previously used. Even if
it remains necessary to verify the existence of the cycles wrapped by the branes,
their knowledge is not necessary for the actual calculation. However, as we have

seen in the case of the d = 2 +1, A/ = 2 duality and will see again in chapter 5,
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backgrounds constructed without knowledge of the embeddings might be very
difficult to interpret.

A similar study for a type IIA background is in chapter 5, the extension to
a background with world-volume gauge fields or the Kalb-Ramond field should
be straightforward using the results of [67]. While we did impose strong mathe-
matical constraints onto the smearing form €, we did not link it to the physical
interpretation of a brane density. In other words, we are not providing a gen-
eral way of knowing from the smearing form and the ansatz for Ny(p) what the
embeddings of the smeared flavor branes are. Even if such knowledge is not
required to study some aspects of the gauge theory dual, it would give a better
understanding of the way the duality is working. This has been addressed in
[20] [41] [42] though. One might also wonder how much one can learn about the
various dual gauge theories from the generic form of  prior to selecting one of

them by making an ansatz for N¢(p).

3.A Finding the calibration form — an explicit
example

As an example we will calculate the calibration form for the theory of section
3.2. Apart from the definition (2.39) we will need the projections imposed on
the background SUSY spinors. To simplify things we perform a change of basis

on the spinors taking o; — o3. As a result of this transformations, the two

¢

Majorana-Weyl spinors in { = ( :

;) decouple
[12560F — ¢F [I3460F _ oF [IS6T0F — 4 0F (3.160)

We will also need the fact that IIB supergravity is chiral, with the chirality

chosen so that
I'11¢F =T123. 800¢F = —(7F (3.161)
Note that our change of basis does also affect the definition of the calibration

form (2.39) — we obtain two calibration forms, X¥. Note also that we will work

in flat indices.

Before looking at the most generic case, we shall look at a few examples of
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how to calculate components of KT
Kso123 = (T Togo123¢T = (¥ Tuser(T = £1
Ksoras = (T T2367¢F = (FTTyse7(T = %1 (3.162)
’C(:)F89167 = C¢TF2345C; =1
These examples show nicely that the two forms disagree on those cycles making
use of the I'*%%7 projection. As the two forms need to disagree by an overall sign
for a cycle to be supersymmetric, it follows that cycles involving the 7 direction
cannot be supersymmetric. One can arrive at the same result directly from the

K-symmetry condition.

The more difficult step is to show why components such as
Ksoser = ¢F T1234¢T = (FTTe¢F (3.163)

vanish. Starting from the projections

_ 71346 _ 11256 4567
i__ F=-0 l_E___CiF =0 1_:F_I‘_<¢ =0 (3.164)

2 2 2

we define orthogonal projectors

1+ I'\1346 1+ I‘1256 1+ 1"4567
2 2 2

(3.165)

which may be used to project an arbitrary spinor 9 onto the subspace of spinors

satisfying (3.164) because

(1 _ g1346) (1 + 51346) "/) ~0 (3166)

independently of the choice of . This is simply the defining property of or-
thogonal projections. Note that { may be assumed to be invariant under the

orthogonal projections, as it satisfies (3.164). Applying this to the question of

K
0895672 - r
’Cosgse-/ = C:F F%’C;

- ‘1_1 [+ F1346)C]T I28(1 + ['1346)¢
1 (3.167)
— ZC:FT(er _ r\1234 + l'\1234 _ 1-\26)(?
=0
Note however that it does not appear to be obvious which of the projections

(3.165) one has to choose to show that a particular component of K vanishes.
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To give an example of this, let’s look at
Kso124 = £¢FTT34¢F
— iiC:FT(l + I-\1346)1-\34(1 + F1346)C:F

1
— iZC:FT(F34 _ 1'\16 . 1-\16 + F34)<q:

1 (3.168)
Kdso124 = iZﬁT(l + [4567)P34(] 4 [4567)(F
= %C:FT(:‘:F:M _ F3567)(1 + F4567)<:F

1
— Zcq:T(:trlS‘l _ P3567 + 1'\3567 ¥ 1-\34)C43 =0

Let’s try to look at a generic case. There is no summation in the following. In-
stead the indices (a,b,¢,d, €, f,9) € {1,...,7} are all independent and mutually
non-equal, a # b,a #¢,...,f #g.
4K fygape = (FT(1 4 T4 JT4eS3(1 & 7o)
= ¢FT(rdef9 3 1o9)(1 + [odef)¢F (3.169)
= CJFT(Fde.fy FI9 49 — Fdefg)€3F =0

In the first line we used the chirality matrix I';; to change Tggogpe into I'¥ef9.
In the process we might have picked up an overall minus sign, which we moved
together with the factor 4 to the left hand side. In the projection matrices we
have [-matrices assumed to be of the form I'*®f. Here there is again a sign
ambiguity, as we have moved c to the left and as the projection might involving
I'7. Note that we have the same sign in both parentheses, so in the following lines
we will always have either the upper signs or the lower signs, never a mixture
of the two — which is why +F = — in the second to last equality. Similarly we

shall now take a look at
:I:4K(:)F89abc = C:FT(I + Fabcd)rdefg(l 4+ Fade)C:F

3.170
— C:FT(Fdefg + Fabcefg F l-\abcefg _ Fdefg)C; -0 ( )

Equation (3.169) is a very potent result. It follows immediately that

Ki2a4=0 K35 =0 K26 =0 Ki27=0 Ki34=0 Ki35=0
Kizg =0 Ki37=0 Kiy7=0 Kis7=0 Kozg=0 Kz35=0

(3.171)
Kozg =0 Kazz=0 Ko5=0 Kogr=0 Kos6 =0 K267 =0

Kats =0 Kase =0 Kzsr=0 K3zgr=0 Kgs57 =0 Ky67=0
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Similarly we gather from (3.170)
K6 =0 Kijs56 =0 Ks56 =0 (3.172)

All these things considered we are able to reproduce the two calibration

forms exhibited in [73],
K™ = €089 A (1% 4 145 _ o167 1 o246 | 25T | o347 _ 356

, (3.173)
K+ = %89 A (- 123 _ gl45 _ o167 _ 246 | 25T | 347 | e356)

There is a second result following immediately from equations (3.169) and
(3.170). For the SUSY projections not to be mutually exclusive they have to
have pairwise two indices in common. Note that this may be easily generalized
to arbitrary dimensions. In general one finds that if the SUSY projections take
the form of antisymmetrized Gamma matrices with four indices, I'®®4¢ = (,
different projections have to have an even number of indices in common (zero
or two; four means that the projections are equal) in order to be compatible.
Compatible means that this requirement is necessary for a spinor ¢ satisfying
all projections to exist. This result simply requires the properties of the Dirac

algebra.
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Chapter 4

Color- vs. flavor-branes

Having discussed the flavoring procedure in some detail in the previous chapter,
we will now take a further look at the role played by the source terms. More pre-
cisely, we will question the form of the action (1.3) and the way it distinguishes

between color- and flavor-branes.

In the context of the flavoring problem one often argues, that the physics
of the pure Yang-Mills sector (e.g. glueballs) are captured by the supergravity
 action, those of the open strings describing the fundamental matter (mesons)
by the brane action and interactions between the two by the fact that the
background fields as well as world-volume fields couple in the brane action. In
this chapter, we will critically investigate the above statements. Working in
the supergravity limit, our observations will be based on a series of examples
signifying the relevance of source-terms such as Sgayor in (1.3) for various brane-

solutions.

The discussion is based on chapters 2 and 3, as well as the study of 1/4-
BPS D3-D7 systems in section 4.2. In contrast to the backgrounds studied so
far, these take a very simple form and are thus ideally suited for the discussion
of more conceptual issues. The material presented in this section is based on
[78]. Earlier work on localized D3-D7 solutions can be found in [79], [80], [81],
[82] and [83]. The novelty of the solutions presented in 4.2 lies in the fact that
we smear the D7 branes over part of their transverse R? maintaining a U(1)

isometry.
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4.1 General remarks

Let us begin our discussion by recalling some results from section 2.2. Here we
saw that the flat p-brane solutions, which are dual to pure super Yang-Mills
theories [4], do not solve the equations of motion of the relevant supergravities
at the locus of the branes. Instead, one has to add a source term. However, we
saw also that one is able to derive the correct solutions using the supergravities
alone. L.e. from a technical point of view, the source terms were only required
to fix various constants as in (2.27) and (2.29). As we pointed out at the end
of our discussion of flat p-branes, the issue of the source term is independent of
whether one is in the near-horizon limit or not. Hence one can argue that to
fully solve the equations of motion, one should add the source term for both the
p-brane solutions as well as their near-horizon limit. It follows that at least for
the pure super Yang-Mills theories as considered in [4], it woule be appropriate
to add a source term for the color-branes to the supergravity action. While this
is technically not necessary, one needs to see this in the light of our remarks
concerning the role of open- and closed-string modes that are dual to mesons
and glueballs made in the introduction to this chapter.

While it is possible to ignore the source terms even if the branes are smeared
along some of their transverse directions, one is not able to do so as soon as
the branes are smeared over an open subset of space-time; as was the case for
the more involved backgrounds of chapter 3. This can be easily seen when
considering the Maxwell (Bianchi) equations when smearing sources.

To allow for smearing, we include a distribution density €4 in the source
term, which is formally a d-form on the space transverse to the additional branes.
Using the calibration form K,,), we write the source term for supersymmetric

sources as in chapter 3:

Ssre = =Ty /(eb(b’c(pﬂ) — Cipt1) AN g) (41)

Calculating the resulting equations of motion, the Maxwell equation takes the

form

d(xe*® Fipy2)) = 167GpTp Q) (4.2)

— a straightforward generalization of the corresponding equation in (2.24). In

contrast to the localized case of section 2.2, we would not have been able to
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derive suitable equations of motion without the source term, after all, the exact
form of the distribution density Q4 can in general not be inferred from the
behavior of the branes away from the sources. So in the context of smearing
(over an open subset), the source term is essential. These observations imply
that in the generic case (1.3) implicitly contains a source-term for the color-

branes and should be replaced with

S = SM,IIA/B + Scolor + Sfavor (43)

4.2 D3-D7 solutions

With all this in mind, let us take a look at D3-D7 solutions with 8 supercharges.
This has previously been studied in [79] - [83] in the case where the D7-branes
are localized. Note that the authors of [79] - [81] did not include any source
terms in their actions working with S = Syp, while [82] and [83] do include
source terms for color- and flavor-branes. From our remarks in sections 2.2 and
4.1 we suspect that this is not necessary (as their sources are localized), but we
will see so explicitly. First, let us briefly summarize the background of [81] (in

string frame):
ds? = H™Y2dz? + HY?(dz,dz; + dz;dz; + €Y% d23dz;)

e¥(z3:23) _ 1-2(23)|77(T)‘4|23|—NI/6

4.4
T = C(o) + e ? ( )
1
F, - 14+ *x)dH 1Ad®A-- Ade®
(5) 2\/5(27")7/293(0,)2( )

The complex structure (or axio-dilaton) 7 is fixed by the presence of localized D7
branes. Crucial for us is that the warp factor H(z;, Z;) must satisfy a deformation

of the Laplace equation on the transverse space,
(8151 + 3252 + e"“’8353)H =0 (4.5)

Strictly speaking, we are not interested in solutions to a modified Laplace equa-
tion, but a modified Poisson equation, as D3-branes will appear as a singularity,

just as in the p-brane case
(8151 + 6252 + 6_\1’6353)}:[ =6 (Z) (46)
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In the following we will encounter different examples of A with different kinds of
§-functions appearing on the right hand side of equations like (4.6). To simplify
the notation, we shall always drop the d-function, write the equations as (4.5)
but keep iﬁ mind that H is usually singular at. some point.

Looking for new solutions and working in the spirit of the flavoring program,
we study S = SyB + Sgavor With the source term being a superposition of D7

actions. Then we make the Ansatz (Einstein frame)
ds? = e'%d’[ewdzig + e¥dv? + e (dw? + w?d¢?))
Fisy = (1 + *10)(dfs A dz®?)

Fy) = fi(w)wdg
® = P(v,w)

Where f,g,h, f5,® depend on w,v = vvivi while f; depends on w alone. The
most striking difference between (4.7) and (4.4) is that our choice for F{;) is in
general not exact and can thus not be understood in terms of a O-form potential
C\(o) and the relation F{;) = dC(g). In contrast, the appearance of C(g) in (4.4)
implies dF(;) = 0, except at isolated singularities.! This is why the former
ansatz will not allow for smeared D7 branes. Of course we study the action
S1uB + Sarc, S0 there will be (2 such that dF(;y = Q3. In other words, we will
not need to impose a Bianchi identity for F{;), but are on the contrary rather
interested in its explicit violation. Note also that our choice for F(;) implies
that all D7 sources will be smeared along ¢.

Demanding the existence of a SUSY spinor e satisfying 1I'°'%%¢ = —¢ and
I'4567¢ = ¢ we study the BPS-system given by

1
0= 8A= 5(0u® — 1" F, )™

- (4.8)

1
0 ; Jﬁwﬂ. = 8'1,6 + _w‘_‘,abrabe + zeQFu + Ea

1 1 Fupa'rvrypa‘rvrp.e
as well as the Bianchi identity for F{s). As we mentioned earlier, integrability
ensures that the remaining equations of motion will be satisfied. One then sees

quickly that any solution of the original ansatz can be rewritten in terms of only

1 The non-exactness of F{(3) explains also why in opposite to the earlier papers we do not
rely on holomorphy of the axio-dilaton in the (w, ¢) plane. If F{;) is exact, the supergravity
variations can be phrased in terms of C(g) and the dilatino variation quickly takes the form

of Cauchy-Riemann equations for e~ + 1C(0)-
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two functions, H(v,w), Ags(w), and a set of integration constants

ds? = e" F{HY2da? ; + HY?[do} + e 2Por=) (dw? + w?d¢?)]}

Fisy = (1+x)d[(e72* H~! + ¢, )dz° A dz' A dz? A dz?]

(4.9)
Fry = w(@ye™?2)dg
® =2047+co

subject to the modified Laplace/Poisson equation®

2, 3 Ags(w)—cn(n2 4 1
0= (au + ;a’v) +e~9 h(aw + Ea‘w) H(’U, ’LU) (410)

which can be more succinctly summarized as

= (0, + eAr ™~V H (v, w) (4.11)

Apart from the w and z,z dependence, this is the same equation as (4.5).
However, while (4.4) was derived without use of an additional source term,
the derivation of (4.10) was based on Syg + Sp7. As we found previously, as
long as the sources are localized, one is free not to include the source term. Note
that working in the spirit of gauge/string duality with flavor, we did not include

a source term for the D3 color branes — yet of course, we could have.

4.2.1 An aside: T-dualities

It is instructive to take a look at various T-dualities. There are two cases
of interest — performing four T-dualities along the v, or performing two in
the (w, ¢) plane. In the latter case it is appropriate to change coordinates to

Cartesian ones — (w!,w?) - to perform the dualities. The first case gives
ds? = e'i?'{eAgfd:cig, + e~ 897 [dv? + €2 H(dw? 4+ w?d¢?)]}
b =cp —logH
(4.12)
Fis = (1+ x)d(e2291dz0 A dz! A dz? A dz®)

Fuy = —e" 229, (e™2°* H + c4,)wdé

2 Crucially, (4.10) arises from the Bianchi identity on dF(5y = 0. As we have seen before,
these identities relate directly to the presence of sources and should be rewritten as dF(s) =
§(6) as we are looking for backgrounds with D3 sources. So strictly speaking, there should be
a source density on the left hand side of (4.10), at least a §-function. As we are looking for
smeared D7 branes in backgrounds with localized D3s, we ignore this distinction and just keep
in mind that when solving (4.10), we are looking for solutions that show singular behavior at
(v, w) = (0,0).
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Comparing (4.9) and (4.12) shows the result of the dualitites to be a swap
—2Ag45 < log H. Now note that while the Buscher rules for T-dualities in
supergravity only apply for v* to be an isometry of the background, i.e. for
O0yiH = 0, the substitution —2Ag¢ < log H is valid at the level of the BPS
equations and equations of motion too. The simple reason is that the BPS
equations are all trivially satisfied when written in terms of Ayy and H, the
equation of motion for F(;) is always satisfied as well as F{;) depends only on
d¢, so the only points of interest are the Bianchi identities for F{5) and F{y).
These however do not need to be satisfied if we allow for smeared brane sources.
Again we point out that we only included an explicit source term for the D7-

branes, that have now been turned into D3s.

T-dualities along w!,w? lead to

A c
ds? = e~ F# - Fren[H-1/4(dad 5 + e 20 dwd) + HY*dv]]
1
®=3A;s+cp —2cp, — =logH
of TCo —2Ch = 508 (4.13)
Fay=d[(e®*H ! + c5)wdz® A--- Adz® A dw A dg]

Fuy = —d(e™24es (W)

For Ags =0, (4.12) and (4.13) reduce to the standard flat D7 and D5 solu-
tions. This is of course expected, as (4.7) describes a stack of D3-branes in flat
space. Turning on Ags adds five- and one-form flux to the T-dual backgrounds
respectively; for (4.13) the one-form flux is exact, however, so there are only
additional D7 sources if Ay (w) is not differentiable at isolated points. We are
dealing with a D7-D3 and a D5(-D7) system, respectively.

In the context of gauge/string duality, the T-dualities along the v¢ should
be of interest. After all, it exchanges the N, color D3-branes with the Ny flavor
D7-branes — at first glance, we have a duality (N, N¢) < (Ny, N¢). Of course

the precise form of the duality depends on the brane distributions.

4.2.2 Simple, known solutions

For Ags = 0,cp, = 0, there is of course the standard D3-brane solution,
rd

Hy=14-—13 _
3 +(112+w2)2

(4.14)
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the laplacian of which has a d-function singularity at (v, w) = (0,0) due to the
presence of the D3-branes. The near horizon limit is given by

4
T3

Hs= oy oy

(4.15)

There are further solutions that depend on only one variable and have thus
additional isometries in the background
2

.
H =1+-2
ww)=1+23 (4.16)

Hv,w)=1+r7logw
They are the harmonic functions in four and two dimensions respectively.® They
are singular at v = 0 or w = 0. The standard interpretation here is to think of
the D3-branes as having been smeared over (w,¢) or the v*. Le. the smeared
branes are now codimensions four or codimension two objects. Performing two
(four) T-dualities along the additional isometries leads to the standard D5 (D7)
solutions. Remeber that (4.10) is linear, so any superposition of (4.14) and

(4.16) is a solution as well.

4.2.3 Analytic solutions

Looking for new solutions of (4.10), we will make use of the fact that there are
not cross derivative terms of the form 8,3,. Hence the PDE is separable and

we may look for solutions of the form

H(v,w) = H)(v) x Hy (w)

(4.17)
H(v,w) = H (v) + Hj (w)
after which (4.10) takes the form
0= H[S(HZ) + (B)') + oo HX [ (B + (H2)']
v w (4.18)

0= (H) + (HF)) + e®r=on[ L (H3) + (HE)

The crucial point is that, independently of A,¢(w) and cp, any solution of the

ODEs
HY(v) = ~> Hy(0)
v (4.19)
Hy(w) = ——H,,(w)

3If one wonders why (4.10) is not symmetric under v « w for Ags = cp, the explanation
can be found here. v and w are the radial coordinate in spaces of different dimension.
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gives a solution of type IIB supergravity. Of course, finding an analytic solution
to (4.19) is quite straightforward. As a matter of fact, these are the harmonic

functions of (4.16)

Cy
H, = _21 + Cy2
v (4.20)

H, =cyrlogw + cy3

with ¢y1, cy2, Cw2, w3 € R. And so we have two new families of analytic solutions

c
H* (v,w) = (cw2logw + Cws)(Lzl + cu2)
e | (4.21)
H+(an) = cy2logw + '1)_2 + Cy2 + Cy3

Of course these are just (4.16) and one might ask what is new. The point is that
(4.21) hold together with (4.9) for arbitrary Ags(w), and hence for arbitrary
D7-brane distributions. The interpretation of these solutions is similar to that
given at the end of section 4.2.2. The D3-branes are smeared over some of their
transverse directions, but now also accomodate for any D7 distribution imposed
by choice of Agf(w).

We can generalize the H™ solution slightly by demanding that the two terms

in (4.18) do not vanish independently, but are each equal to a constant. Le.
1 3
cy = elormcn [E(H«I)' +(HS)" = —[E(HJL)' + (H)"] (422)

These are solved by

2
Cy cv
H = v—zl + cv2 — +8
+ e fow cye~Bar@tengdy (4.23)
H} =cy2 + cy2logw + 3 dw
0

This reduces to (4.21) in the case ¢c; = 0. However, even if ¢, # 0, (4.23)
reproduces (4.21) in the IR. Note that some care has to be taken when taking
¢t # 0, as our Ansatz demands for H to be positive definite.

It is interesting to note that (4.16) reappear as (4.21) independently of
whether we add D7-sources or not. Of course, it would be much more in-
teresting to find the equivalent of (4.14) in the presence of Agys # 0. We shall

do so in section 4.2.5 numerically.
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4.2.4 Brane distributions
At this point we will take a look at a few brane distributions. Note that

1
Q) = [(82 + =8, )e~ 229/ Jwdw A d

@ =18, + —0u)e Jwdw A d¢ (4.24)
= (Oype 22 W)ydw A dg

From out ansatz it follows that D7-branes are always smeared along ¢, so

the simplest distribution is a d-function one in the w direction,
Q) = QO(w — wo)wdw Ad¢o (4.25)

where @ is some normalization constant. We can integrate the resulting flux,

/ F1y = 2nQuwof(w — wo) (4.26)
Sl
and it follows that
Ny
=_J 4.27
2mwg ( )
Then
e—zAQI = Nf [cl log’w + wOG(w - wO) log —’w— + Csrc] (428)
2wy w0

Naturally this should be positive for all values of w € R*, hence it seems ap-
propriate to set ¢; = 0. Also, as both e~2s/ and e®s/ appear in the metric,
e~2Ass > 0 is a good assumption that is guaranteed by fixing cgrc > 0. Fur-
thermore, our numerical studies in section 4.2.5 will show that varying cs. does
influence the form of the solutions rather strongly. To avoid this, we will fix it

-2A

to csre = Q! so that the constant term in e~22ss does not vary with N 2

A similarly interesting case is given by

Qo) = QO(w — wo)wdw A do

1 4.29
00— Qleogw + 200w - v - o - 2o L) o] )

For the same reasons as above we fix ¢; = 0 and cg,c = Q1. Concerning the

normalization, we have
Fuy = %(w2 — wd)f(w — wo)de (4.30)
leading to a radially dependent charge
Ny(w) = Qn(w? — ud) (4.31)
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The fact that N¢(w) behaves like a two-dimensional area is no accident. After
all, we assume a homogeneous brane distribution in the (w, @) plane for all

w > wp.

4.2.5 Numeric solutions

Let us now take a look at numeric solutions of (4.10). We are dealing with a
deformation of the Laplace (Poisson) equation, that is, a homogeneous, elliptic,
separable PDE of second order, and use the Fortran package Mudpack* to do so.
Our aim is to perform a qualitative study of deformations of the original AdSs x
S5 solution (4.14) that includes additional D7-branes. We fix the parameter
r3 = 1 and solve the equation in a rectangular domain in the (v,w) plane
specified by

02<v,w<26 (4.32)

on a 129 x 129 grid. Some experimentation shows that one obtains a good
agreement with the analytic solutions in the absence of D7 branes when imposing
the Neumann boundary conditions at w = 0.2 and w = 2.6 and Dirichlet ones

at v =0.2 and v = 2.6. l.e.

1
= atw=02Vw=2.6
(v2 + w?)?
" (4.33)
C%H:_m atv=02vv=2.6

However, the physical significance of the boundary conditions is not entirely
clear and it might be appropriate to modify the boundary conditions when

changing the source density Ayy.

Figure 4.1 shows the analytic solution H3 = G,+—1w;yg Our numeric solution

for 7295 = 1 (not shown) agrees up to AH = £0.0001. We then proceed

—204¢

to include D7 branes via changing e In all these cases we approximate

Heaviside 8 functions by

O(w) = % + -;—tanh(kw) (4.34)

k=25

Larger values of k make for a sharper transition, in the case k = 2.5 we have

1 - 6(0.5) ~ 0.0758. Figure 4.2 shows the case e™24¢s = f(w — 1) log(w) + 1

4Mudpack can be found at http://www.cisl.ucar.edu/css/software/mudpack/.
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05 1.0 15 2.0 25

Figure 4.1: Plot of the analytic solution H3 = (v2+w2) 2. There is a singularity
in A3 at the origin characteristic to the presence of D3 branes

while figure 4.3 uses e 2Af// = 10[#(u; —1)log(io)] + 1. So in each case, there
is a stack of D7 branes localized at w — 1, yet smeared along ¢). The changes
in the solutions are not drastic, but differ from H3 by one or two orders of
magnitude, so instead of plotting H for each case, we show the difference to the
pure D3-brane solution of figure 4.1, H —i/3.

Things change considerably when we scale the source density by another
*factor of 50, i.e. we set e 2A«f = 500[0(u; —1) log(u;)+]1 (fig. 4.4). One can
see quite clearly that the background is dominated by the D7 branes extending
along the v/ while the boundary conditions, especially at (0.2,0.2) are still those
of the D3 background.

Figure 4.5 shows a brane distribution along the lines of (4.29). That is, the
number of flavors runs with w2. Of course, here the UV should be dominated
by increasing number of D7 branes and it might be appropriate to adjust the
boundary conditions at v = 2.6 and w = 2.6. Based on the T-dual of the
analytic D7 solution, we set them to

H

logtv atw = 2.6

(4.35)
dvH = — at v —2.6
w
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Figure 4.2: AH for e 2Ay/ = —1Dlog(u;) 4 L

Figure 4.3: AH for e = 10[#(to —1) log(io)] + L
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Figure 4.4: H for e_2Aa/ = 500/0(w —1) log(uv>)] + 1.

2.5

2.0

-0.

0.5

0.5 1.0 13 2.0 25

Figure 4.5: AH for e 2Afl/ = 16(w —D[u>2 —1—2w2log(u>)] + 1.
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while those at v = 0.2 and w = 0.2 remain as in (1.33). The result is shown in
4.6. Note that having changed the boundary conditions, the solution is quite

different to 4.1 and we plot H instead of AH.

2.5

2.0

0.5

Figure 4.6: H for e“2As/ as in fig 1.5, however, at v = 2.6 and w = 2.6 we
imposed the boundary conditions characteristic for D3 branes smeared along v/
- a system T-dual to D7 branes.

4.3 Discussion

We have now analyzed (1.3) from several perspectives. From the perspective
of the p-brane action in chapters 2 and 3, we realized that color- and flavor-
branes are actually on a very similar footing. In principle one should include
source terms for both as was done in [83], so this observation is not new, as we
mentioned before. When searcing for a new background, the use of source-terms
is only necessary if the associated sources are to be smeared over an open subset
of space-time, which is why the source-term is essential for the fiavor-branes that
are usually assumed to be smeared.

The impression that color and fiavor-branes can - from the supergravity
perspective - be taken to be on an equal footing was again confirmed by our

observations in section 4.2.1, where we were able to exchange color and flavor-
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branes by performing four T-dualities in the directions transverse to the D3s.
Curiously, we had included explicit source terms for the (smeared) flavor D7-
branes while not doing so for their localized® cousins. One should also keep
in mind that [81] obtained highly similar results working with the supergravity
action alone — while including suitable é-function sources, of course.

Considering our brief discussion of the equations of motion of the world-
volume fields X#(¢) in section 2.2, it is also appropriate to question whether
it is generally possible to find a source-term for a given solution — especially in
cases where supersymmetry is broken. As discussed in [58], the problem lies
in the fact that for sources in theories of gravity, the energy of the source is
not localized at the source but also stored in the self-energy of the surrounding
gravitational field. Only in the presence of supersymmetry, where gravitational
effects are canceled by those of a different field — the Maxwell-type p-form fields
in this case — can one find a suitable source term. Again we point out [66]
however, where the authors have constructed a finite-temperature background
including additional flavor terms.

Naturally our comments and observations made here are only valid for the
examples studied, and it would be interesting to study the issue of source terms
for color-branes for more complex supergravity backgrounds dual to confining
gauge theories, such as [8], [6] and [84]. From the point of gauge/string duality,
the crucial point is there whether there are open string states in the spectrum,
that should only appear in non-confining theories. In other words, one expects
that for confining backgrounds it should not be possible to find source terms for
the color branes, and it would be nice to verify this explicitly.

Finally, we found a series of new D3-D7 backgrounds with smeared D7-
branes. Here, the various solutions shown have the interesting property that for
any distribution of D7-branes encoded in Agg, the D3s distribute themselves
accordingly — a result one can attribute to the high amount of supersymmetry

preserved by the backgrounds.

5 As a matter of fact, the D3s were smeared over some of their transverse directions in
the analytic solutions presented in 4.2.3, yet they were not smeared over an open subset of
space-time.
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Chapter 5

Kaluza-Klein monopole
condensation

In the context of M-theory, the relations between type IIA string theory and
eleven-dimensional supergravity are standard textbook material (see for exam-
ple [58, 85, 86, 87]). The M2-brane gives rise to the D2 and the fundamental
string, the M5 to the D4 and NS5 branes. The D0 and D6-branes on the other
hand have a slightly different origin. Not being related to any brane-like object
in eleven dimensions, they are results of the Kaluza-Klein (KK) reduction re-
lating the two theories; the former being a particle-like, localized gravitational
excitation on the KK-circle, the latter a peculiar fibration of said circle over
the ten-dimensional base, known as a Kaluza-Klein monopole (a good review
is given by [52]). In this chapter, we are concerned with a small gap in this
formalism that becomes apparent when one tries to consider the M-theory lift

of smeared D6-branes.

The problem can be quickly explained. The bosonic sector of eleven-dimen-
sional supergravity contains only the graviton gysn and a four-form field 13’(4).
Upon KK reduction, ﬁ‘(4) gives rise to the Kalb-Ramond three-form field H s
as well as the Ramond-Ramond four-form F(4). From gan one obtains the
ten-dimensional metric g, , the dilaton ®, and a one-form gauge potential A(y),

with an associated field strength Fi5) = dA(;). If we assume the KK-circle to
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be parameterized by z, the standard KK-ansatz relating the two geometries is’

ds¥ = e_%q’dsfm + e§‘1>(A(1) + dz)?

) (5.1)

Fay = Flgy + Hizy Ndz
Given any solution to the equations of motion of type IIA supergravity, one can
use (5.1) to lift to eleven dimensions and vice versa. However, as A(;y plays the
role of a gauge potential, it is actually F() = dA(;) that contains the physically
relevant degrees of freedom. Thus given a set {g,., ®, F(2), Hs), F(s)} one first
has to find a gauge potential prior to lifting. Now assume that for some reason
dF{g) # 0 on some subset of space-time that we will call X. As F{,) is no longer
closed on ¥ it cannot be expressed in terms of A(;) alone and we cannot use
(5.1) to perform the lift. This is the apparent gap in the standard formalism we
alluded to earlier.

The problem is not a purely formal one. D6-branes couple magnetically to
A(1). As we have seen in the preceding chapters, the inclusion of D6 sources
violates the Bianchi identity dF(3) = 0 at the position of the sources. While this
is not a problem for localized sources — as a matter of fact it is the reason why
the KK-monopole is a gravitational instanton — one encounters the problem at
hand once one distributes the branes continuously and thus violates the Bianchi
identity on an open subset of space-time.

As an aside it is worthwhile to point out that the relation between D6-branes
and the RR two-form is much the same as that between magnetic monopoles
and the FggMm in standard electro-magnetism. The inclusion of magnetic sources

restores the symmetry of the Maxwell equations. Schematically
d * FgeM = *JE dFEgm = *jm (5.2)

Thus, the Bianchi identity is violated by the magnetic current jp. In the context
of quantum field theories one speaks of monopole condensation. (See e.g. [88])
In this chapter, we will not resolve the issue in full generality, but will focus

on the inclusion of D6 sources in type IIA backgrounds of the form

Mm = ]Rl’3 X Ma (53)

IWhere the distinction is necessary, hats and tildes denote eleven-dimensional quantities.
Capital letters describe eleven-dimensional indices. The M-theory circle will be parameterized
by either z, 14 or .
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without three of four-form flux, that preserve four supercharges. More precisely,
we will be interested in the construction of string duals to 3 + 1-dimensional
SU(N,) gauge theories with /' = 1 supersymmetry and Ny flavors using D6-
branes.

The work presented here was originally born out of the interest to study the
addition of flavor branes to type IIA backgrounds dual to N = 1, SU(N,) super
Yang-Mills. Before flavoring, the geometry is that of N, D6-branes wrapping a
three-cycle in the deformed conifold.? In the limit N.g2,, > 1, the backreaction
of the color branes causes the system to undergo a geometric transition. The
system is now best described in terms of the resolved conifold with the branes
having been replaced by N, units of two-form flux over a two-cycle. This was
originally studied in [45, 31] and the geometric transition is based on the work
of [43, 44]; an attempt at generalizing the duality to include finite-temperature
duals was made in [89]. The resulting ten-dimensional background consists
of metric, dilaton and RR two-form (g,.,®, F(2)). Refering back to (5.1) one
sees that it lifts to purelgeometry in M-theory, as both H(3) and F4) are set
to zero. ‘It is for this reason that it is particularly simple and interesting to
study these geometries and dualities from the perspective of eleven-dimensional
supergravity. Here, the equations of motion and supergravity variations simplify

to

. . N 1 A
Ryn =0 dethpr = Opm€+ Z(:)MABFABé (5.4)

The eleven-dimensional geometry is of the form
M11 = R1'3 X M7 (5.5)

As the seven-dimensional manifold M7 preserves 1/8-SUSY and is Ricci flat,
it is a manifold of Gs-holonomy. The concept of M-theory compactifications
on such manifolds ([90]) is pretty much the same as that of the old heterotic
string models on Calabi-Yau three-folds used in classic string phenomenology.

Mathematically this is reflected by the presence of a three-form (}SGz that is

2To be precise, we will be dealing with conifolds deformed by the presence of branes or
F(y flux. They do carry SU(3)-structure but are not of SU(3)-holonomy. Therefore, they
are not Calabi-Yau and strictly speaking we should not refer to them as (deformed/resolved)
conifolds. For the lack of a better term however, we shall refer to the internal six-dimensional
manifolds in this paper by that name though, as their topology is the same as that of their
Calabi-Yau cousins.
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closed and co-closed

d¢?G2 =0 d(*7$Gz) =0 (56)

where *7 denotes the seven-dimensional Hodge dual on the internal space.

As we have discussed in considerable detail, the flavoring procedure is very
straightforward from the point of view of type IIA string theory. For once we
will refer to the smearing form as =, as @ will appear in the context of an
SU(3)-structure later on. The brane action takes the form

Sranes = —Ts / (e7*K ~ Am) AZ@) (5.7)

Mio
and the presence of Spranes in the modified action (1.3) gives source term con-
tributions to the equations of motion. Most prominent among these is the

appearance of a magnetic source term for the RR two-form,
dFp) = —(263,T6)=(3) (5.8)

that violates the standard Bianchi identity. In type IIA one accomodates for

this simply by adding a flavor contribution to the RR form,
Flo) = dAqy + (263,T5) Bz (5.9)

with B(g) — 0 as Ny — 0. (Note that By is not to be confused with the Kalb-
Ramond two-form potential H(3y = dB(yy that will not appear in this chapter.)

The smearing form Z3) then satisfies
d *10 d(e™ %K) = —(262,T6)Z 3 (5.10)

It is a priori not obvious how to accomodate the violation of the Bianchi
identity (5.8) in M-theory. However, as the sources will not only modify the
Bianchi identity, yet also the dilaton and Einstein equations, it is reasonable to
expect that the eleven-dimensional geometry will not be Ricci flat. Instead, the

Einstein equations should be supplemented by the presence of a source term,
. )
Bun = 59unR =Tun (5.11)

From the loss of Ricci flatness it follows that the manifold can no longer be of

G»-holonomy; as it preserves the same amount of supersymmetry however it is
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fair to expect it to carry a Ga-structure. Therefore, there is still a three-form
b¢, that now fails to be (co)closed. One can anticipate that the failure of the
manifold to be of G2-holonomy is parameterized by Ny and thus ultimately by
the the difference between F(2) and dA(;). As we will see, the precise relations
are A .
dgg, = —J A (Fz) —dAq)) (5.12)
d*7 ¢, = e ®/3(x0) A (F(2) —dAq))
Now for a manifold carrying a G-structure, its failure to be of G-holonomy is
measured by its intrinsic torsion.? Therefore, we expect the flavors in eleven
dimensions to appear in the form of intrinsic torsion. A detailed study of the
relation between the eleven and ten-dimensional supersymmetry variations will
prompt us to consider eleven-dimensional backgrounds with torsion 7, where
the torsion is related to F — dA = B.

Finally we will see that an uplift of our ten-dimensional equations of motion

is given by the relation
1 A
Ry + ER%)LRN(*W)MKLR =0 (5.13)

which is the solution to our initial problem. R(™) is the eleven-dimensional
Riemann (Ricci) tensor with torsion — we have discarded the use of hats to
avoid an overly cluttered notation. As one can always rewrite the Riemann
tensor as a combination of a torsion free Riemann tensor with additional terms
depending on the torsion, it is possible to recast the above equation in the form
of (5.11) with the energy-momentum tensor depending only on the torsion.

At first glance, equation (5.13) appears like a modification of M-theory and
violates all intuition as eleven-dimensional supergravity is unique. However,
one must not forget that we never assumed to solve the problem in its full
generality. As a matter of fact, (5.13) has to be taken with several pinches of
salt — which might not be a surprise, as the inclusion of source terms in theories
of gravity is always a rather difficult business. First of all, (5.13) assumes the
background to be of topology Mi; = RY3 x My, with the internal manifold
carrying a Gy-structure. Furthermore this means that we are not dealing with
maximal eleven-dimensional supergravity, but with a situation with reduced

supersymmetry — 1/8 BPS — in which case the theory is no longer unique. Still,

3For intrinsic torsion in the context of string theory see [56].
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as we will see, equation (5.13) manages what the standard KK-ansatz (5.1) does

not. It gives the correct source-modified equations of motion in type ITA.

In section 5.1 we will begin with a review of the unflavored geometries in
ten and eleven dimensions and then continue by studying the flavoring problem
from the perspective of type IIA. Following this, we will turn to the issue of the
M-theory lift in section 5.2. The chapter is ammended by appendices on brane
embeddings, spinor conventions and KK reduction. For illustrative and moti-
vational purposes we will be using a specific case of an M-theory G3-holonomy
manifold and its type IIA reduction in section 5.1. However, the results of
section 5.2 on the M-theory lift of smeared D6-branes do not depend on this
example or the type IIA reduction chosen. They only depend on the presence of
a Ga-structure, four-dimensional Minkowski space and the absence of M-theory

fluxes.

As in previous chapters, we will also present a new supergravity background
dual to a flavored N' = 1, SU(N,) super Yang-Mills theory. For the specific
ansatz of section 5.1, we derive a set of first-order equations — (5.45) and (5.49)
— that have to be satisfied by smeared D6 sources in this geometry. For this we
exhibit a one-parameter family of solutions in section 5.1.3. While the fluxes
in this solution satisfy the flux quantization necessary for a string dual, the
geometry is that of a cone over S? x S§3 with a singularity at the origin. So
we expect the interpretation of this solution as a suitable dual to be difficult.
The presentation of the flavoring problem is supplemented by a discussion of

D6-brane embeddings for the geometries at hand in appendix 5.A.

5.1 Flavored N =1 string duals from D6-branes

In this section, we will review the source-free string duals in their ten and
eleven-dimensional formulations. Subsequently we will be turning to the issue
of adding sources to the type IIA background. Let us once more emphasize
that the particular choices of eleven-dimensional geometry (and its dimensional
reduction) are of no direct consequence for our results concerning the M-theory
lift of smeared D6-branes. The concrete geometry presented here is chosen due

to its relevance to the flavoring problem in type IIA.
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5.1.1 The eleven-dimensional dual without sources

Building on the work of Brandhuber [50] (see also [51, 91]) we consider the
purely gravitational M-theory background given by the elfbein
et = dz* é° = E(p)dp
&% = A(p)orz % =C(p)[E1,2 — f(p)on,2] (5.14)
& =B(p)os & = D(p)[Ts — g(p)os]
0i,%; are left-invariant Maurer-Cartan forms which we chose to be
o1 = cos Pdf + sin i sin 8d¢ ¥ = cos Pdf + sin ¢ sin §d¢
02 = —sinydf + cosYsinfd¢ Tz = —sindf + cos ¥ sinfdé (5.15)
o3 = d + cos 8d¢ Y3 = d¢ + cos
The solutions we are interested in are 1/8-BPS; therefore one can impose the

following constraints onto the SUSY spinor €:
[1234z = ¢ 1856z = _¢ [wi26z_ _¢ (5.16)

As a direct consequence we can calculate the following spinor bilinear, which

turns out to be the Gy-structure
¢Gz = (é_T':‘loAl/‘hg)‘éAoAlA2
(5.17)
— épl3 + ép24 + 'ép56 + é146 + 6345 _ él25 _ 6236

In the absence of four-form flux the preservation of four supercharges is equiva-
lent to the manifold being of G3-holonomy. A necessary and sufficient condition
is the closure and co-closure of the Ga-structure. By imposing quG2 =0 and

d(*-,-q302) = 0 we obtain the BPS equations

o EBDg-f)+ACf(1-g)] L _ECf(1-g)
2AB A
o _ BIA*2C? -~ D?) + C*D*(f* —g)] ., _ E[ABD - C°4(1 - g)]
o 2A2C? N 2ABC
_ BC o
!=3ap g=1-21

(5.18)

The same BPS system follows from demanding that 815 = 0.
The best known solution to (5.18) is the Bryant-Salamon metric [92]. With
2 3

2 3
p P, Pa\
A2=B2=f—2 C2=D2=3(1—p—g) E2=(1——p—g)1 f:g:

1
2
(5.19)
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the metric takes the form

d2_d2 pg—l 2 P22 P2 pg 21 2 5.20
s = x1'3+(1—?) dp t 137 +3(1—;§)( —50) (5.20)

The seven-dimensional G cone actually turns out to be the cotangent bundle
T*S3. The geometry is that of a cone over S x S3, with each sphere being
parameterized by a set of Maurer-Cartan forms. At p = pg, the minimum of the
radial parameter, one of the spheres (X) collapses, while the other (o) remains
of finite size. M-theory dynamics on this type of manifold were discussed in [90].
Fluctuations in py and the gauge potential A3 can be combined into a complex
parameter. However, as these fluctuations turn out to be non-normalizable,
they do not parameterize a moduli space of vacua, yet rather a moduli space of

theories.

There are three U(1) isometries in (5.14) given by 0y, 85 and 0y + 8 and
there are therefore three different dimensional reductions to type ITA. In each
case one obtains a conifold geometry with flux, with the conifold singularity
being resolved by a deformation or resolution. I.e. there is a cone over §2 x $3
and one of the spheres vanishes at at the minimal radius while the other remains
of finite size. Furthermore, if we choose to reduce along an isometry embedded
in the vanishing sphere, we need to recall that the vanishing of the M-theory
circle indicates the presence of D6-branes. Thus the reduction along 84; yields
a deformed conifold with a D6-brane at p = pg extending along the Minkowski
directions and wrapping the non-vanishing S%. If one mods out the U(1) by
Zy, before reducing, the corresponding geometry is that of N, branes. The
other two reductions include non-singular U(1)’s, so we end up with resolved
conifolds. As the M-theory circle is non-singular, there is no D6-brane. There is
F’, flux though on the finite-size two-sphere. The different geometries are related
by a flop transition between the resolved conifolds and the conifold transition
between the deformed and the resolved ones.

In the context of gauge/string duality, the deformed conifold corresponds to
the weak 't Hooft coupling regime, while the resolved one is to be considered for
large ’t Hooft coupling. Thus the latter provides the appropriate supergravity
dual. M-theory realizes the conifold dualities via the aforementioned moduli

space of solutions. See [45, 31, 90].
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Scherk-Schwarz gauge In what follows we will study the reduction along
Oy + O3 In the context of the flavoring problem of section 5.1.2 one expects
the system to be best described by one of the resolved conifold geometries with
additional flavor branes. Therefore, out of the three isometries discussed 94 and
0y + Oy are the obvious choices. We selected the latter as it leads to simpler
equations in type ITA. The choice made here does affect the flavoring problem,
yet not our results on the M-theory lift. As we are interested in the reduction
of tangent-space quantities, we need to transform the elfbein to Scherk-Schwarz

gauge

1

1o, 20 lg @

R e" 3% e3%4 - es®Er  —e3%A

e = ( H 24,“) EY = ( 0 a e_%q,“) (5.21)
MA AM

To obtain the gauge (5.21) from (5.14), we perform the following gauge trans-

formation:
A=A BA@AWD

with the individual transformations AW, A A®) being

Iox
A(l) = ( ’ 9cosoz —sina)

sina cosa

Isxs
cos izi- —sin %’t
A — sin 5t cos
- ¥ .
cos SE —sin S (522)
sin 1’1% cos fg’-
I2x2
Isxe
cosa 0 sina
A®) = 0 1.0
—sina 0 cosa
I2x2

and all other entries zero. Here we defined
D(1-g) -
\/B2 +(1-g)2D?
B

sina(p) = B =97 Yo =y —9

cosa(p) =
(5.23)

In principle one needs only A() and A® to obtain Scherk-Schwarz gauge; yet
without A(® the new projections satisfied by the SUSY spinor would be linear
combinations of the old ones (5.16) with coefficients cosa,sinc. As it is, the

form of the SUSY projections remains invariant under A. Le.
[124g=¢ [13%6¢=_¢ [P12e=_¢ (5.24)
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Thus the Go-structure (5.17) remains formally the same, with the vielbeins &4

now replaced by é4. A disadvantage of the reducible gauge is that the new

vielbein is rather complicated.

Dimensional reduction and type ITA string theory The resulting type
ITA vielbein is given by

e* = e3®dzH (5.25a)

e® = ei®Edp (5.25b)
1_ 18 Y- P

e =e3% A(cos TdG + sin @ sin ngb) (5.25¢)

2 Y-

e® = e5® Acos a(cos wT— sin 8d¢ — sin Tde)

+e3®Csina [cos %(sin 6d¢ — f sin dg) + sin %(dé + fdG)] (5.25d)

e =ef?C [cos %‘—(dé — fd@) —sin ‘”2—'( fsin6d¢ + sin éd&)] (5.25€)
e* = —e3® Asina(cos % sin 8d¢ — sin %d@

+e32Ccosa [cos 1’%(sin 6d¢ — f sind¢) + sin 1’b?—(dé + fda)] (5.25f)
e’ = e¥®Dsin a(cos 8d¢ — cosGdé + dy_) (5.25g)

While the dilaton and gauge potential are
s__B D(1-g)

2sina 2cosa

win

e

B® - D*1-g°

B2 4+ (1 - g)2D?
= cos0d¢ + cosfd¢ + (sin® a — 11——‘3 cos? ) (cos Od¢ — cos §de + dyy_)

(5.26)

Using I'0 = I'!, the reduction of the SUSY projections takes a more pleasing

A(y) = cosfd¢ + cos6d + (cos 6d¢ — cos §d¢ + dyp_)

form:
24 —¢ 3¥rle= —¢ TPMe= —¢ (5.27)
This allows us to calculate the generalized calibration form for D6-branes in this

background.

K= (Erao...ase)eaomaa — ezoz‘zzzs A (6125 _ e345 _ ep24 _ epla) (528)

Note, that the internal three-form part of this is, up to some overall dilaton

factor, identical to that part of the Ga-structure (5.17) that is independent of
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G-structures In terms of G-structures the situation in type IIA is the follow-
ing. Because we preserve four supercharges, we expect space-time to carry an
SU(3)-structure. As it was shown in [93], it can be directly derived from the

Go-structure of the KK-lift. Centerpiece of that reduction are the relations

J = (¢G,)abe™®

A (5.29)
¥ = (¢G2 )abceabc

For the six-dimensional internal manifold, J defines an almost complex struc-

ture, with respect to which we can define from ¥ a (3,0)-form § as
Q=U —ix ¥ (5.30)

These satisfy the equations

JAQ =0
(5.31)

JANTAT = %Q/\Q
In the case at hand we have
J=e5 el -2

U = P13 4 P24 4 345 _ 125 (5.32)

which gives
Q=T —ix U= (e +1ie®) A (e! +ie?) A (€3 +ie?) (5.33)

Thinking about lifting from ten to eleven dimensions, we can invert equa-
tions (5.29) to express the eleven-dimensional Ga-structure in terms of the ten-
dimensional quantities:

b, = P +e 32T AL
*1¢a, = —%e“”’/sJ AJ+e P(xgl) A &8 (5:34)
As previously stated, Ricci flatness, preservation of four supercharges and ab-
sence of four-form flux in eleven dimensions guarantee the G2-holonomy of the
internal manifold. This translates to the closure and co-closure of (f)g, As
the fibration of the M-theory circle over the ten-dimensional base is non-trivial,

one obtains non-vanishing two-form flux upon reduction to type IIA. Hence the
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internal six-dimensional manifold does not have SU(3)-holonomy due to its in-
trinsic torsion. This means that the forms J and Q are not both closed. The
relation they will obey can be derived from the closure and co-closure of éSGz
thanks to (5.34)

dég, = d(e™®T) +dJ A (Aq) +dy) + T AdA) =0
dxr da, = —%d(e““’/e‘J AT)+d(e P xe U)A (A +dipy)  (5.35)
— e ?3(xgU) AdA) =0
We know that none of the type IIA quantities depends on ;. Hence, the

contribution to the previous equations coming from di, must cancel by itself.

It gives
0=dJ
0=d(e2/3 x4 ¥)
o (5.36)
0=d(e”®¥)+JAdA,
0= ‘%d(e‘“’/?‘J AJ) — e 3 (xs¥) AdAq)
These equations can be rephrased (following [93] for example) as
dJ =0
do = %eq)dA(l)_l(*e‘I’) (5.37)
J_IdA(l) =0

where

1
Gp)Hprq) = G H,

HKi---Hplpt1---Bptq

dz#»+1 A ... Adzhrte  (5.38)

We described in this section the construction of a type IIA background from
the reduction of eleven-dimensional supergravity. We also derived the equations
imposed on the structure by supersymmetry. Now we turn to the problem of

adding backreacting flavors in this ten-dimensional context.

5.1.2 Smeared sources in type IIA supergravity

The source-modified first-order system We are now addressing the prob-
lem of flavoring the type IIA background obtained in the previous section using
the methods of chapter 3. Hence we are looking for a solution of the equations

of motion derived from

S = SIIA - Ts / (e_q’IC.—— A(7)) A 5(3) (539)
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The sources in (5.39) modify the standard type IIA equations of motion and

Bianchi identities to

dFo) = —(262,T6)=(3)

0 =d 10 Fo)
0= = 0u(VGg™ e 038) — 2F? - Ze=¥Z (oK)
N 3 1 (5.40)

2% L1 )
RMV = —2Vu6,,<1> + T(FM"FV - Zg#VF(Z))

®
€ — —_
+ z‘((*m’c),f’\%nx — guwEa(*10K))

Due to the standard integrability arguments ([38, 40]), it is sufficient to satisfy
the Bianchi identities along with the first-order BPS equations. However, in
section 5.2 we will show how to derive the second-order system directly from
M-theory.

The metric ansatz is given by the vielbein (5.25) and the dilaton is assumed
to depend only on the radial coordinate The calibration associated with x-

symmetric D6-branes is given by (5.28) which is

0,.1,.,2.3

K =e"s"2"" A u (5.41)

Supersymmetry requires the two-form flux to obey the generalized calibration

condition

*10 d(e_d’IC) = F(y) (5.42)
This tells us that the most general ansatz for F{y) is
Flo) = e™**/3(Fp5(p)e’® + Fra(p)e'* + Fia(p)e'* + Fas(p)e® + Faa(p)e*!) (5.43)

The conditions given by supersymmetry on this SU(3) geometry with intrinsic

torsion are still given by (see end of section 5.1.1)

dJ =0
3.
JiF3 =0

where we have now replaced dA(;y by F{z), thus allowing for dF(s) # 0, as

necessary for D6 sources. Together with the generalized calibration condition
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(5.42), these equations give the first-order equations the system must satisfy:

f= Ct:na '

of = E (Dtina ng.na + DCOSAO;SHIQ B 2F23>
%(Dtan a A szalrjl a ztgff _AF34)
g ( Dtana T —CF34>
g ( 261?22 D2 gfzi +2) (5.45)

Dcos? o D Fos
' =— |- F
2 ( 242 3C%tan’a | tana | 34)

P D cosasina B D
5= A2 C?tana
Dcos? a D 2F53
Fip = - - - F.
12 A? C?tan’a tana = °>°
D Dcosasina
Fiy = — F:
" C?tana A? +fa2s

As mentioned before, the modified equations of motion relate the smearing form

to the two-form flux.

dF(g) = —2R%OTGE (546)

This equation, combined with (5.43) and (5.45), tells us that the most general

ansatz for Z is

—
—
—

€753 (En(p)er® + Ea(p) (€ + €7) + Ea(p)e”? + Ea(p) (e + &)

(5.47)
with
- - 28,
ssE T tan o
= 92, TeDsinla
and the additional conditions
. —E Fyy DFy3cos?a+ DF3gcosasinae D*cosasina 2Fh
B Dtana A? A2C? tan o
DPFy; cos(20) + DF3ysinacosa D?cosa
+ 23 ( C)(2 Sin2 (;34 Ciona + 3F34F53 — 2K10T6~_.2)
F34 DF34 DF34 cos(2a) F34F23
Fi, =E — AF2, — 22 T2
i (D tan?a  2A2? 2C2?sin? o tana + 2Fgy ~ 2630 TeS1

(5.49)
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One can verify explicitly that any solution to equations (5.45) and (5.49) auto-
matically verifies the source-modified equations of motion (5.40).

As we want to interpret the two-form flux F{9) as created by brane sources,
we need the flux to be quantized, obeying [, g2 F2) = 2 N,. S? is a suitable two-
cycle surrounding the branes in the transverse, three-dimensional space. This

adds constraints on = and F3):

=) = EZstana
—A2D + C*F34sin® a + C%(2N.e?® sinatan o + Dsin® o + A2 F3y)

Foq =
» (A2C? + C4sin® @) tana

(5.50)
that are compatible with the equation (5.49).

5.1.3 Finding a solution

In this section, we present an analytic solution to the previous system of first-
order equations. We will notice that this solution corresponds to the addition of
sources in the singular conifold. First, we can directly solve one of the equations

in (5.45):
D= el N.C? s}i:gtana

Let us now specialize to the case Z; = 0. We see that this reduces the freedom

(5.51)

of the smearing form to

The branes smeared with this particular form would correspond to branes ex-
tended in the radial direction p in a trivial way. For a discussion of k-symmetric
brane embeddings in this geometry, see appendix 5.A. This simplification en-
ables us to solve the equation for the last unknown component of the two-form
flux Foy:

_ 2 Nysina
Fyy =e3 T

where Ny is a constant of integration related to the number of flavors in the

(5.53)

dual field theory. We now suppose that the two-form flux is independent of the
radial coordinate p, a property verified in other examples of string duals. This
imposes that

A? = C?%sin’a (5.54)

95



Finally, we assume f to be constant. A look at the original metric (5.25) tells
us that f parameterizes the fibration between the two spheres — this becomes
rather more obvious in (5.14). Thus if f is independent of p, the fibration does
not change if we flow along the radial direction. Then we can solve the full BPS

system analytically, and we find:

D2 - eéfbl}l_g
10 AN2(1 — £2)2

A2 — e§<I> (3f2 f )

c? = <1>4N2(1 - %)

3f2 (5.55)

6N2(1— f2)2_, 5

E2= 1 c(}2 f) [(e§¢)1]2

cosa = f
_ Nc(4f2 - 1)
Ne=2=—

where 0 < f < 1. The two-form flux is
Flgy=— Nc( sin 8d6 A d¢ + sin 6dd A d$)
.+ Nysiny_ (d0 A df + sin §sin fdg A qu) (5.56)
+ Ny cosy_ (sin 8d6 A dé + sin 6dd A d¢)

At this point we notice that we can write the metric explicitly as a cone

upon redefinition of the radial coordinate. We take

— 4Nc(1 - f2) e2‘I>/3 (557)
f

then dr? = E?dp? and the metric is

ds}ra = € (dal  + dr? + 12402, ) (5.58)
where
dafm =1 2(d02 + sin? 8d¢?) + 0 f2) ———[(w1 — fd8)? + (w2 — fsinfd¢)?]
16(11 f2)( — cos fd¢)?

(5.59)
We can first notice that taking the limit Ny — 0 for this solution gives the
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singular conifold. It indeed corresponds to taking f — 3, giving

T

2
2 _ 2 2, T 2 | 02042
dsi, -0 =N, (dx1,3+dr + 12(d9 + sin” 6d¢”)

r? 1 1 r?
+ 5 (w1 = 5d6)? + (w2 — 5 5in d6)?] + T (ws — cos 0d¢)2)
(5.60)
Secondly, we have quantization of the two-form color flux, which is necessary
for the gauge/string duality.

The interpretion of the additional flavor terms to the flux is not clear. A look
at the solution and appendix 5.A prompts us to suspect that the interpretation
of the sources as being due to flavor branes is more straightforward if one reduces
along 0. It should be interesting to consider the solution at hand in the context
of conifold transitions though. Of course, this is just one solution of the BPS
equations of this particular dimensional reduction. Other solutions might also
present interesting properties. In either case, we now turn our attention back

to the problem of the M-theory lift.

5.2 Back to M-theory

Having studied the flavoring problem of D6-branes in the background (5.25) in
the previous section, we have sufficient intuition to turn back towards the more
general case of smeared D6 sources in M-theory. The discussion here is fairly
generic and requires only the presence of the various G-structures as well as the

overall topology R3 x M.

5.2.1 Lifting the SUSY variations

The G;-structure

Our considerations in the introduction about the loss of Ricci flatness prompted
us to congider the appearance of intrinsic torsion. So we will begin our attempt
at finding a candidate M-theory lift with magnetic A(;) sources by studying
the ten and eleven-dimensional G-structures. Originally we were dealing with a
G2-holonomy manifold in eleven dimensions. Then we reduced it to an SU(3)-
structure in ten dimensions, following the equations (5.29). After this we fla-
vored the theory, which changed the structure equations in ten dimensions (5.36)

by replacing dA(;) by F(s). However, after adding sources in type IIA super-
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gravity, we have F(g) # dA(;). So, if we try to lift back to eleven dimensions,

we start from
0=dJ

0=d(e %3 x5 ¥)
(5.61)
0= d(e_q’\ll) + J A Fg)

0= —%d(e-“’/ﬁ‘J AJ) — e 3 (x6T) A Fiy
When we then look at the Ga-structure we find, combining (5.35) with the

above,
déa, = —J A (Fio) — dA()
o @ =7 (5.62)
d*7 ¢, = e */3(x60) A (F(g) — dA())
So sources in type IIA supergravity translate in eleven dimensions to the loss of

Ga-holonomy and the appearance of torsion proportional to Figy —dA(;) = B(g).

The SUSY variations

The previous section gave a first confirmation of our suspicion that geometric
torsion should allow us to accomodate for the sources in M-theory. This sug-
gests that all geometric quantities such as covariant derivatives and curvature
tensors should be replaced by their torsion-modified relatives. Simplest among
these is the covariant derivative, which makes an explicit appearance in the
eleven-dimensional supergravity variation ;0 = D&, which yields the IIA
supergravity variations upon KK-reduction. In appendix 5.B we therefore study
how this equation and its Kaluza-Klein reduction change upon inclusion of a
4

torsion tensor® 7

N 1 N
Sehm = Omé+ ZQMABI‘ABé + %%MABFABe =D{De (5.63)

The result is given in (5.134) and we proceed by investigating what constraints
we have to impose on Tar4p in order for the lower-dimensional variations to

include magnetic sources.

4 Of course, once we include the torsion and proceed from Djsé to Df\;) ¢, it is not certain
whether this defines a SUSY variation of a supergravity theory. What we do know for certain
however ~ and will show in the following — is that the naive dimensional reduction of the usual
eleven-dimensional SUSY variation does not yield the correct type IIA one and that (5.63)
gives a first order differential on the spinor that does reduce to the correct equations. With

this in mind, we write 6g'$M = Dg)e.
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Now from the form of the dilatino variation (Einstein frame),

3 1 3 \/_ 3

2 3
8ed = 75—z e (dAbe + 26780, ) 1% + ~= (B + ST ¥ %7 )T T e
(5.64)
3
it follows that we have to demand 7,,, = 0 and 7,5 = Tsnr‘l’o %Bbc, as (5.64)

then takes the form

S\ = i_l__e%éFbcI-\bc€+ ?8@1“"1‘”5 (5.65)

with the two-form now no longer closed, F = dA + Tsx%,B.
Substituting 7,4, and 7,3, into the gravitino varition of (5.134) we see that

if we impose

e%¢ e%d) e%q)
Teaz =0 Tapc = 9 By 7’:‘[J,bc:'—2_AuBbC Tubz = — B) Bub (566)

the gravitino variation turns also to the desired form

bty = Oue+ e‘;:ll-wabcl"bce + 6i46%¢e;ch (mapT?e% — 146ST9) TMe  (5.67)
Equations (5.65) and (5.67) are important results. If one performs a KK-
reduction of the original supergravity variation without torsion, 8ehnr = Dié,
one obtains supergravity variations including dA(1y, yet not B(g) = F(a) —dA(y).
By adding the torsion term to the eleven-dimensional supergravity variation, we
are able to directly derive the ten-dimensional variations with F{y) instead of
dA(;). Looking back at (5.63) it is fair to say that the spin connection Wpap
cbntains dA(;), while the torsion carries the B(3) term necessary to complete
F(3). The right-hand side of (5.63) is constituted of two parts. The first two
terms are the ones coming from the lift of the IIA part, and are exactly the
terms present in eleven-dimensional supergravity. The last term, which is the
only one involving the torsion, corresponds to the lift of the contribution of
the sources to the ten-dimensional supergravity variations. Thus, it seems that,
mimicking what happens in ten dimensions, we are in presence of the usual
eleven-dimensional supergravity plus some sources.

Using the torsion-modified covariant derivative for spinors (5.63) we can also
define such an operator V(7) for tensors. The relevant connection coefficients I'
are

Ko = {5+ K

Kamp =Tumas

(5.68)
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where { /X, } is the Levi-Civita connection. With the help of V("), we can

rewrite equations (5.62) as
Vi de, =0

VP (+7,) =0

One should remember that the original BPS equations could be written geo-

(5.69)

metrically as VM$G, = 0 and V), %7 qgcz = 0 yet that these ceased to be
valid once we include the sources in ten dimensions — as we discussed in sec-
tion 5.2.1. Equations (5.69) show however that these geometric BPS equations

remain formally invariant once we include torsion.

5.2.2 The equations of motion

We shall finally turn to the search for equations of motion in M-theory that
reduce to the source-modified second-order equations in type IIA as given in
equation (5.40). To find these equations, we actually reverse the integrabil-
ity argument that allowed us to consider the first instead of the second-order
equations in sections 5.1.2 and 5.1.3.

To get an idea of what we are about to do, let us brieﬁy‘digress to the
simple case without any flavors or sources. The Bianchi identities are the usual
ones, the equation of motion is simple Ricci flatness, Run = 0, and the Gs-
structure is closed and co-closed. Thus the latter satisfies V M$Gz = 0. Taking

the commutator
0= [Vk, vL]‘;GzMNP

. R A . . R (5.70)
= —R°yx196.snP — RNk da,msp — ROprdc.mns
Upon contraction of (5.70) with <13G2, we find®
0 = 2Rkr + Runpr(x1de,) k™M F (5.71)

In the absence of torsion, RaynprL(*7da,) NP = 0, due to the well-known

symmetries satisfied by the Riemann tensor,

RK[LMN] =0
R . . (5.72)
RxrmN = Rynkr = —RuMNLK

5 As one can verify by direct calculation using (5.17), the G2-structure satisfies
; ; k
‘ﬁGglm’n‘l’G2 = GJZC

L i .
by TPGamnp = (¥10G; )mn™ + 85,05 — 856,

k,l,m,n,p denote indices of the seven-dimensional internal manifold.
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Therefore, our space-time is Ricci flat and the equations of motion are satisfied.

After this brief digressiom, we return to the original problem. Our aim is
to find a suitable equation of motion in M-theory, that reduces to (5.40) upon
dimensional reduction. For cconsistency this equation of motion needs to reduce
to simple Ricci flatness in thee limit where the type IIA source density = — equiv-
alently the torsion 7 in M-tlheory — vanishes. In opposite to our considerations
in the previous paragraph, tlhe Gs-structure does no longer satisfy V M(Z)gz =0,
but instead satisfies VE\?&G;’, = 0. So we can once more consider the commu-
tator of covariant derivatives. The identities of footnote 5 used to derive (5.71)
still hold, yet (5.72) do not,, and we arrive at the main result of this chapter,

the M-theory lift of the sourrce-modified equations of motion
0= 2R} + RiDypr(v1d6,) ™ F (5.73)

where R(™) is the Riemann ((Ricci) tensor in the presence of torsion.

As we have pointed out hefore, the BPS equations in their geometric form —
Vx}) (13@2 = 0 — are equivalentt to those obtained from the SUSY spinor e, Dg;)e =
0. Therefore we could have «derived (5.73) also using (5.63). A commutator of

covariant derivatives acting on the SUSY spinor yields
0=RY),, ICPe (5.74)

We then contract with &' ;™ and make use of the identity

FAFBPCFD — FABCD + ’IT)ABFCD _ T)CBFDA + TICDFAB + T’DAFBC
(5.75)
_ nAcFBC — pBDpAC | nABnCD _ nACnBD + nAD,’,’BC
it follows that
0 = 2R, + (& xMNPe)Rynpr + O (éfABe) (5.76)

" The assumptions made abowit the SUSY spinor € imply that there is a G5 struc-

ture that can be expressed ais
*7- $g, = (T apcpé)erBP (5.77)

They also imply that all terrms of the form &MAB¢ vanish. Hence (5.73) follows
from (5.76).
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The equations of motion (5.73) can be rewrittem in a more typical and en-

lightning fashion using the Einstein tensor
. 1. ~ o«
Rk — EQKLR =TkL (5.78)

where TK 1 is the energy-momentum tensor of the sources. It can be written in

terms of the torsion as

Trp =ViEMyp - VKM + KM pKP i — KMypKF 1k
1 "
+ E(VLKMPN ~VpKmin + KmroK%y - K’MPQKQLN) (¥70,) kMNP
1.

1 R ~
+39kL (VpKman + KmprKPGN) (1¢6,) M NF

(5.79)
where K np is the contorsion tensor (see (5.68)). From (5.78), we can see that
the Einstein equation we are proposing contains two tterms: on the left-hand side,
one has the Einstein tensor one would get from varying the eleven-dimensional
supergravity action with no four-form flux; on the right-hand side, one has an
energy-momentum tensor that vanishes when the torsion is set to zero. When
the torsion vanishes, so does 7' and one recovers the M-theory Einstein equation.
Writing the equation in this form makes very clear the fact that the lift of type
ITA supergravity with sources is eleven-dimensional supergravity supplemented
by some sources. Unfortunately, we were not able to find an action that would
be responsible for this energy-momentum tensor. T summarize, we claim that
having sources in ten dimensions corresponds to having an energy-momentum

tensor in eleven dimensions, of the form presented above.

To verify our claim, we will now perform the explicit dimensional reduction
of (5.73), and show that we recover all the equations of motion of type ITA with
sources. The calculations are — as so often in supergravity — straightforward
yet tedious. We found [94] quite helpful, yet not essential. The reader not
interested in mathematical details might want to skip ahead to the end of this
section, where we summarize our findings. Notice that in the following, despite
the fact that we dropped the superscript (7) for simplicity of notation, all hatted

Riemann and Ricci tensor are considered in the presence of torsion.
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Let us start with the zz-component of (5.71). We find

~ 2 1 1
R,, = —-e'®*——0,(V/—ge 220+®) + -e'® F?
3" V=g * 4 (5.80)

(x10G,), ¥ Rspk. = €3®(x¥) dB

from which it follows that

0= 21%;; + (*7$G2)zSPKRSPKz

4 1 1
= ——e!®—=0,(vV/—ge 2?"d) + ée‘m’F2 + e3®(x¥).dB

3" V-g (5.81)
_ L 5 ge—20gup) _ 32 _ 3.0 =
B \/__ga“( ge 0 (I)) 8F 46 (*10’C)_l._.

Here we used that xg¥ = — %19 K and dB = dF = —Z. And we notice that we
find the source-modified ten-dimensional equation of motion for the dilaton as
in (5.40).

Now we investigate the pz-component of (5.71). We find

R 1 R
R,. = —§e24’V”F,,“ + AuR,,
N 2 ) (5.82)
(x16c.) X Rspk. = —Eeau(*7¢Gg)ade(dB)bcd + Au(e3® (+6¥)dB)

Now we have

1 . 1

5 eon(4186,) 4 (dB)oca = 5 (56)4(dB)hes
_1
T 12
11 5.83
= 55 %o (de* A J AdB) (5.83)

11
- M
i %6 [de* Ad(J A B)]

=0

—96)€*"#*° Jop(dB) oo

because supersymmetry tells us that dJ = 0 and d(J AB) = d(d¢g,) = 0. Thus

0= ZRuz + (*7$Gz)uspK}}SPKz
« 1 n
= —e?’*V*F,, + 2A,R,, - Eeau(*7¢gz)“b°d(dB)bcd + AL (e3® (6 V) dB)

= —e?®VF,, + Au[2R,, + €% (s ¥) .dB]
(5.84)

The term in square brackets is equal to the zz-component of (5.71) and the

remaining part corresponds to the Maxwell equation for F(y).
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The zv-componentS of (5.71) gives

R, = —%e”va,,, + AR, + ge”(dA — F),,0°®
(+796,), X Rspicy = €32 Bg[Fu(x6¥)]? + A, (32 (%6 ¥) dB) (5.85)
= %e”Buga% + A, (3% (x6¥)dB)

with d® = %eq’F_n(*GKII) due to sypersymmetry. Putting things together

0= 2R, + (*16c,),° ¥ Rsprx. (5.56)
= —e®VPF,, + A, 2R, + €% (xs¥).dB]
This agrees with the uz-component. Let us finally look at the pv-component of

(5.71). We have

. 2% 1 1 R
Ry = R, +2V,0,® — -%—(F,,,,(dA),,” — 29w F?) = S AV Fpu + ARy
e2%
- Tg;u/Rzz
(5.87)
and

- . - - 4
(*766,),° ¥ Rspiy = Aul(¥166,) 5T X Rspr.] + §e¢(*6\1’)p0d3udac¢'
1 "
- 'éAuezq)eap.(*7¢Gz )?de(dB)bcd - eQ(*G‘I’)MCdVdBuc

1 A 1
+ Eezq)eau(*7¢G2)adeBuchb - Eeq)(*G‘I’)MCdeBcd

(5.88)
Let us first notice that
) 4(V4Bye + = L w), c4(aB 5.89
(*6 )u (VaByc + EVVBcd) = ‘2‘(*6 )u“(dB)vcd (5.89)
Then from previous computation we know that
eap(*7$Gz)ab¢d(dB)bcd =0 (5.90)
In the following we will also use the identities
(*G\I’)fab(*ﬁq’)cdf = Nactbd — TNadlbe + Jac']db + Jad-]bc ( )
5.91

1
§(J A abed = Jabded + Jacdap + JadJbe

60ne might suspect this to be identical to the puz-component. Due to the presence of torsion
however, the Ricci tensor is no longer symmetric and one has to check this independently.
Interestingly, the Kaluza-Klein reductions of uz and zv are already different in the torsion-
free case. Here the two differ by F' — dA however, which vanishes in source and torsion-free
geometries.
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and once again

8uB = 3¢ (Fase¥))a = 3¢ F*(rsW)ica (5.92)
So 1
(*7¢Gz)adeFcb — ——-2—(J A J)abchcb
- Fcb(JabJCd + JaCJdb +JadeC) (593)
=2J% Fy,J°

because supersymmetry dictates that F.J = 0. And

3
(*G\II)ACdaC(I) = _ge‘bng(*G\I’)#dc(*S‘I’)fgc
3 o0 g ] (5.94)
=-7¢ (F,%+ J, FsgJ9%)
Putting everything together, we get
(x10G,) > TX Rspry = Aul(*106.),.° T Rspi] + €*®eauByaJ* Fye ™
1
- 5e‘1>(*6\11);‘1(dB)M — e?®B,4(F,% + J,  FygJ9%)
N , 1
= A, [(*706,), TX Rspry] — ~€® (%6 ¥),%(dB)yea
2 1]

_ e2<I>F# dBud
(5.95)

In total
0 = 2R + (*166,), T ¥ Rspk.

= 2R, +4V,0,% — e?*(F,,(d4),” - %g,,,,,Fz) - A,V°F,, — €*®F,*B,q4
—e g, R, + Au(*166,),5FK Rsprcu] — %eq)(*ﬁ\I’)MCd(dB)ucd +AL2R,,
=2R,, +4Y,0,% — e**(F,,(dA + B),” — %guqu) - A V°F,,

+ AL2R, + (*196,),5F X Rspic] — e 22 guu|Ra + %e”’(*s\II)JdB]

1 — 1 _
- -2—eq’(*lo}C)#"“:.,pa + ze 2%, (x¥).dB

2
(5.96)
which gives
1
0=2R,, +4V,8,® — **(F,,F,* - Zngz)
1l s
— =€ (*m’C o= — g ,,(*IQIC)_IE
2 ( )u vpo w ) (5.97)

— AVPF,, + A 2R, + (106,),°TX Rspk.|
e—2i> R 30
- Tgw,[QRzz + €°% (*10K) 2Z]
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where we recognize the first two lines of this equation as being the Einstein
equation of type IIA supergravity with sources and the rest vanishes thanks to
other components of (5.71). This completes the reduction of eleven-dimensional
Einstein equations to the type IIA supergravity equations of motion.

To summarize, in this section we showed that the equation of motion of
eleven-dimensional supergravity with torsion (5.73), which is given to us by in-
tegrability, reduces to the source-modified type IIA supergravity equations of
motion (5.40). It thus shows that adding torsion to eleven-dimensional super-

gravity reduces to adding smeared D6 sources in type IIA supergravity.

5.3 Discussion

We have studied two related issues: the addition of D6-branes as smeared sources
to a type IIA background, and the lifting of such a system to eleven-dimensional
supergravity. We considered these in the context of 1/8 BPS solutions of the
form RY3 x M, a fact represented by the presence of a G5 or SU(3)-structure.

Concerning the problem of the M-theory lift, we saw that ordinary eleven
dimensional-supergravity cannot accommodate for the presence of the additional
sources and argued that a possible solution might lie in the inclusion of geometric
torsion. While our argument was founded on the observed loss of Ricci flatness in
the higher-dimensional theory, we were able to show by explicit calculation that
the supersymmetry variations take the required form upon addition of torsion.
Moreover, the torsion must take the form (5.66), related to the distribution
E(3) of the sources in the reduced theory. Subsequently we derived a set of
second order equations that could be the equations of motion of some eleven-
dimensional supergravity with torsion, and proved that they reduce to the type
ITA equations of motion with smeared D6-branes. As we pointed out, this work
is not in contradiction with the uniqueness of supergravity in eleven dimensions,
because we are only considering a theory that preserves four supercharges. We
did not of course show that there is a well defined theory in eleven dimensions
that is supersymmetric and has the field content of both eleven dimensional
supergravity as well as of the additional torsion. One should not forget however,

that we are not studying the uplift of Syja, which is well known, but of

S = SHA + SDG—sources (598)
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The problem was first addressed in [46] whose authors found a seven-dimensional
gauged sigma model action that reduces to the DBI-term of the D6 brane. They
Weré unable to find a suitable uplift of the Wess-Zumino term however. While
this chapter does not solve the problem in the sense of [46], it does succeed
in lifting the ten-dimensional equations of motion to pure eleven-dimensional
geometry. The question whether the results are just an accidental rewriting
of type IIA dynamics in higher-dimensional notation or do actually point to a

higher dimensional supersymmetric theory that includes torsion remains open.

While there is a long history of the uses of torsion in the context of string
theory, the torsion used in papers such as [95] vand [56] is related to the presence
of fluxes, not of sources. Therefore the addition of further torsion is a rather
unorthodox concept. So it is necessary to wonder if we would not have been
able to solve the problem at hand with simpler methods. As mentioned before,
our argument was based on the loss of Ricci flatness in eleven dimensions. One
might guess that it is possible to use the four-form in M-theory, ﬁ’(4), to obtain
a suitable energy-momentum tensor to supplement the Einstein equations. This
however leads to four and three-form flux in type IIA, in contradiction with our
results of section 5.1. Another possibility would be to use the KK-monopole
action of [46]. There the authors constructed a gauged sigma model action
(5.99) that is the dimensional uplift of the DBI term of a D6-brane. Using this,
one could try to lift the action (1.3) to M-theory. Yet considered in connection
with the standard Kaluza-Klein mechanism, (1.3) is an action in terms of dA(y),
not F(3). So even if one were able to lift the brane contribution to (1.3), the
supergravity part would still be lacking the source contribution. Still, it might
be interesting to try to match the sigma model action [46] with the inclusion of

torsion.

Note that the considerations made in section 5.2 make hardly any use of
string or M-theory. The setup is merely that of a U(1) Kaluza-Klein theory in
d and d + 1 dimensions with monopole condensation in the lower dimensional
theory. Hence the results of this chapter may be re-expressed as follows: a
monople condensate in a d-dimensional Kaluza-Klein theory might be described

as torsion in d + 1 dimensions.

The other problem studied here was the construction of a gravity dual to
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N =1, SU(N,.) super Yang-Mills with flavors. We addressed this in section 5.1.
Here we found a system of first-order BPS equations that describes the addition
of D6 sources to the type ITA background (5.25). At the end of section 5.1, we

presented a family of exact solutions.

5.A D6-brane embeddings

We will now discuss D6-brane embeddings in the three type ITA reductions of the
Bryant-Salamon metric (5.20). In principle one would have to study each of the
three reductions independently, but as we will show now it is actually possible
to search for these embeddings directly in M-theory. Strictly speaking we will
do nothing but rewriting the calibration condition of type IIA string theory in
eleven-dimensional notation. However this turns out to be quite useful, as the
M-theory expressions are more compact and less convoluted than their lower-
dimensional counterparts.

The starting point is the gauged sigma model action of [46]. Here, the
authors constructed an action that is the eleven-dimensional uplift of the DBI
action of a D6-brane. In other words, it can be thought of as the world-volume
action of a Kaluza-Klein monopole. Let the M-theory circle be described by the
Killing vector K = ,. Then

Skxr = —Tkk? / d"€K2\ /- det 8, X M0; X NIy n (5.99)
Oun =gun — K 'KyKy
The action is that of a gauged sigma model. M N Projects eleven to ten-
dimensional vectors. One verifies by explicit calculation that (5.99) reduces to
the DBI action of a D6-brane.
We want to use IIpsn to describe calibrated cycles of D6-branes in type

ITA using M-theory notation. Recall that a D6-brane embedding X#(£?) is

supersymmetric if it satisfies the calibration condition

X*K = d"€y/~gina. (5.100)
Here (gind.)s; = 0:X*0;X* g, is the induced metric and K the calibration form
(5.28). Defining (e!'A)4, = Iy nEN4 we have, using (5.21), ("14)e = e Teo.

We can now define the M-theory lift of the type IIA calibration form as

PKKT = (éIIA)xoxlzzm3 A [(éIIA)125 _ (éIIA)345 _ (éIIA)p24 _ (éIIA)p13] (5.101)
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In an abuse of notation, we have labeled this the calibration form of a KK-

monopole. Also v/—II = e‘%q’,/—gind_, and we arrive at a lifted form of the

calibration condition (5.100),
X*pxkr = V-1 (5.102)

We will now use (5.102) to study D6-brane embeddings. Recall that there
are three U(1) isometries, with three different dimensional reductions
044y Co x E  Resolved conifold
0sCo Resolved conifold (5.103)

aq; cx Deformed conifold

Color embeddings Color embeddings are those which wrap only a compact
cycle. In the case at hand they do not extend along the radial direction at all.
If we specify to the cieformed conifold, that is, we choose the isometry K = 3;,
we find an embedding parameterized by’

s p 0 ¢ P 6 ¢
— p o o o . K

v (5.104)
The embedding exists only at p = pg as

20° + 03 —40* + 5 .
X*pxk7 = ————=—sinf +—-II= ————sind
sy 72v/3 72v/3 (5.105)

X*¢KK7 P—='Po /_H
So we recover the color brane embedding of the string dual we started with.
Note that this cycle is calibrated in M-theory though. I.e. it is a minimum
volume cycle of the eleven-dimensional geometry.
For the resolved conifold associated with K = 0s one might try an embed-

ding as
z¢ p 0 P

¢
- p . K

O | ™
O |2

'f (5.106)

However, the cycle in question vanishes at p = pg, as one would expect.

Massless flavor embeddings Massless flavor branes extend fully along the

radial direction p. Therefore they only need to wrap a two-cycle in the internal

7 The notation for these embedding diagrams is as follows: a — signals a non-compact
direction along which the brane extends, a o a wrapped compact one. K denotes the M-
theory circle associated with the Killing vector K, . finally stands for localized directions.
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geometry and one can make the following guess

@ p 6 ¢ Y 6§ P (5.107)

Note that this embedding works for both the 8, and the 85 isometries.

For the deformed conifold, i.e. reduction along 8;, we obtain the relation

X*dxxr = p_2 sin?
6v3

V3 (5.108)

2 ~
VoI = #sina

demanding 6 = %. The resolved conifold associated with 04 gives

2
* P s 2
X*pkkr = —=sin“ 6
6v3 (5.109)

2
v-II= ~6p7_§sin0

demanding 6 = 7; whereas for the 9, +6,¢; reduction both X*¢ and v/ —II vanish.
Interestingly, in M-theory the cycle (z*, p, ¥, 1,?)) is calibrated in the traditional

sense; that is, it is a minimal volume cycle.

Massive flavor embeddings Naturally one would like to relax the con-
straints on 6 and 6§ respectively from the above paragraph. A good guess to
do so lies in assuming a relation between p and 8 (or 6).

In the case of the 6$ reduction, we assume

 _p_ 8 ¢ % 6 ¢ 9
5.110
- p® . . o o . o ( )
Then s 3 _ ) .
— U ~
X*pxkr = ("~ o) C(issf/—_; 3p°p sinb sin @
(5.111)
3 _ 5,3)2 4( /)2 o
VI = V(e P{)S)\/%'gp ) sin @

Demanding the two expressions to agree, it follows that

-~ 3 —_ 3 -
0'(6) = d 3 2p0 tan§
P v (5.112)
p(8) = (pg + e3¢ sec 9)

with C} being a constant of integration, associated with the mass of the flavors,

as we will show now. sec € [1,00), so the brane reaches down to (p 4 €3¢1)1/3.
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Thus the massless limit is given by C; — —oco. In order to compare this em-
bedding with the massless one of the previous paragraph, we have to solve the
embedding equation for 6 before taking this limit — as we expect the brane to
be localized in 6, so the mapping § — p is ill defined. The result is

6301

0 = arccos (5.113)

p® — 3
So in the limit C; — —oo, the brane sits once more at 6= 7> which is also the
position of the brane for p > pg.
For the 94 reduction, one needs to swap 6 for 6. Then,
™ p 0 ¢ v 6 ¢ P
5.114
- pO) o . o - © (5114

The calibration condition is given by

(82° — 700§ — p§) cos 6 + 6p%(4p° — p§)p'sinb .
36v/3(40° — p3)
V4p® — 6p%p3 + p§ + 36p%(0) _
v-II= sinf
363

leading to a differential equation for p that is considerably harder to solve than

X*Pxkr =
(5.115)

the previous one. One can study it numerically, obtaining results similar to
those of the previous embedding. As to analytic results, setting pyp — 0, leads

to simplifications allowing for
p(8) = Cy(sec)/3 (5.116) -

which is identical to (5.113) in the same limit.

5.B Kaluza-Klein reduction of supergravity vari-
ations with torsion

We review the dimensional reduction of the SUSY variations ~ with an additional
torsion term — from eleven to ten-dimensional supergravity. Conceptually we
follow [58], our conventions are slightly different though. We assume a space-
time with topology Mjg x S* and label the eleventh coordinate as z. Naturally
all fields will be independent of z. Further assuming the eleven-dimensional
background to be purely gravitational, we only need to consider the variation

of the gravitino,

" 1 1, T
dethm = Omé+ ZGJMABFAB €+ ZTMABFAB é (5.117)
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which we have modified by the presence of the torsion term 7. As in section
5.1.1 we take the vielbein to be in Scherk-Schwarz gauge (5.21).
We shall perform the reduction of (5.117) step by step and our first aim shall

be the reduction of the spin connection
N 1 /4 N R
WaBC = 3 (QCAB —Qpac — QABC) (5.118)

with the objects of anholomorphicity defined as

Qupc = (Omel — anel) ikaENEY (5.119)
Then
EY 1p
. es . es 1
Wzbe = + 2 (dA)bc Wabe = T_(nabacq) - nacab'I’) + e;‘bwabc
4 9 (5.120)
Wabz = _632 (dA)ab Waaz = é‘e%@aa@

Note that we use dA,, instead of F,, as we are anticipating the inclusion of
sources such that F' is no longer exact.

Turning to the gravitino, one could make an ansatz

~

Ym = (€™, e"?N) (5.121)

and

é=¢e'%e (5.122)

with I,m,n € C. Yet, as we will see, we will need to consider linear combinations
such as 9, = e™®y,, + e"®T,\ + eP2T, 1),
We begin with the covariant derivative of the SUSY spinor, looking first at

the vector components:
. 1
e '*D,é = (18, Pe + O¢€) + ey [Zwabc + %(nabacé - nacabq))] e
1 1 1
— 7€ eLd Al T e + (gezq’AudAch"c + §e°1’A,La,,q)r"rl1) €

1 1
+ Z"A'ubcr\bctf + 5?’,‘{,11161-‘116
(5.123)

The scalar component satisfies

1 7 e?® b e® 1 b 1 b1l
e ®D,e = —8—dAch e+ ?a@rbr“e + Z%,,,CF e + §+z,,,r rile
(5.124)
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Equations (5.123) and (5.124) hold in string frame. To convert to Einstein
frame we need to recall thas the gamma matrices are defined in tangent space,
from which it follows that only the curved space gamma matrices are affected

by Weyl transformations. For a generic Weyl transformation, we have

e — e?%el Qase — €75 gpe + €7228(M660c® — 700 P)

E! s e 9%E¥ Wape > € 9 %wape — 86702 (N0p0c® — 1405 D)

8o €7%%8, dAg,..q, — e P%dA,,. ., (5.125)
-1 Tab > Tlab

Tube M Tube

So that with (¢5)3 = e%‘l’(eE)z, =4

. 1
e—zQDué = (10,Pe + Oy€) + €, [-}wabc + Zg(naba,,.@ - nacﬁb(I))] Ice

1 1 1
- Ze%q’eZdAabI‘"Fue + (ge%q’A”dAbcl"bc + §e%‘l’A#a,,<1>r"r“> €
T 2ol + 2,4, TOT e |
1 pbe 2 ubz
ef? be ? b1l o ke, 1o rernin
TdAch €+ 3 Op®T°T "€ + ZTZch €+ §sz21" I'e
(5.126)

One needs to compare (5.123) and (5.124) or (5.126) repectively to the SUSY

3
_I® A - ed
e ®D,e=

variations of the ansatz (5.121)

Dyé = by = €™ (md: B, + 0evpy) = €281, 5,127
‘ 5.127

D.é = 8:0, = e™® (nd:BA + 6:)) = €™ 5\
The last equalities follow from the fact that we assume the spinor fields to vanish.

However the resulting variations will explicitly depend on the gauge-potential

A. We therefore replace the original ansatz (5.121) with

Yy = Y — T2€80ab LT ), — T3 A0,
A =1z49), (5.128)

which amounts to a field redefinition in ten dimensions. If one was to work
properly, one had to peform the dimensional reduction of the action as well in

order to make sure that the fermion terms have the proper normalizations. The
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SUSY variations of (5.128) are

6e¢u = 5612);1 - $2eznabrbrnéc"&z - xSAu‘seJ)z
=e7'?Dyé — z2elnap T e~ D, e — 13A,e7'% D e (5.129)

b\ =z1e7'%D,e

Note that the variations of the bosonic fields all vanish, as we have set the
fermions explicitly to zero. Our aim is to compare (5.129) with the IIA Einstein

frame SUSY variations as taken from [96]

2
5A = ‘/T—aucprﬂrlle + %—\;—Ee%d’dAmmF’““ze (5.130a)
1
8%y = Dye + 78t A, (0,2 — 148 TH2) T e (5.130b)

Before evaluating (5.129), we calculate®

xgeZnabeF”e*lq’Dz€

1
= zgge%@eznabdAcd(Fbcd + 2nberd)rite

1 1
— Z §e%q’ezaad>e - mgge%q’ez(nabacé - naca,,@)r"ce

1 . 1 . 1 .
— 5T2€MabTraz€ — ExzeznabrzczI"’ce + Zzzezrzcd(nabfbcd + 26T
(5.131)

8 The following is used here:

Farb = Fab + nab
Farbr\c - Fabc + nabr\c — ncar\b + nbcr\a
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Putting things together, we use equations (5.126) and (5.129)
by = (10, D€ + Bj€) + € %wabc + 4—;(7;@36@ — NacOp®) | TP
- i—e%q’eszabI‘bF“e
- zgée%q)eﬂnabdAcd(Fde + ancfd)l"ue
+ :rzée%q’ezaaée + ng-é—e%q’e;“(nabac@ - nac6b<I>)Fbce

1
+ (%e%q’A”dAchbc + 5e%‘l’l«aual,<1>1‘br11) €

ES

P 3p
_z (e’ @ 4 d A
3 e“ a bc +

e4
3

3 e;Aaa,,zprbr“) €

1 1
+ 3 Fubel %€ + STup T e

1 . 1 . 1 .
+ —2-:cgeznabrzaze + §xzeznamc;f‘bce - Z.’EQBZTZCd(T]abeCd + 26°r4)rte
1. 1,
- $3A“(Zszchc + -2' zbzI‘"F“)e
ie 1 1
0T e + 1 (37el™ + 570, T )e
(5.132)

3
ez

o
0 =171 3 dApI%% + 2,

Investigating this and comparing with (5.130) one sets [ = 2—14 and
3v2

Ty = _%e—%tb (5.133)

I3 = 1
to obtain the standard type ITA SUSY variations garnished with some additional

torsion terms:

0cty = Ope + ez%wabcI‘bce + 6_146%@62(1‘46‘1 (nabl"b“l - 145{;'1"‘1) I'le
+ %f,,,,crbce + %nbzrbrlle

- i%e_%%fmabfzazf - %6_%%Zﬂabﬁcszcf

+ %e-%q’e;@cd(mbrbﬂi +26ST4)I e

— Ay (Pl + 7T

31 2 3
SeA = — —=e3®(dApe + 2¢ 524, )T + %(a,,«p + 56_%4’7‘”2)be‘115

(5.134)
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Chapter 6

The duality at finite
temperature

In the final chapter of this thesis, we shall now turn to the study of the quark-
gluon plasma (QGP) as produced in relativistic heavy ion collisions [97, 98, 99,
100]. The QGP is also relevant to early universe cosmology. Among the items
that have been studied using a gravity dual are the plasma’s shear viscosity [47],
photoproduction [101], jet-quenching [102], and drag force [103].!

A large portion of the research conducted in this area centers on N = 4 super
Yang-Mills and AdS/CFT in its best understood form, D3-branes in type IIB
theory. Apart from the fact that this is the most tractable of gravity duals, one
reason for choosing N = 4 is that albeit having properties very different from
those of QCD at T' = 0, the two theories start to appear more and more similiar
as soon as there is finite temperature. Despite these successes however a com-
plete study of QGP physics based on string theory demands for an investigation
of the T # 0 behavior of other gravity duals showing a stronger resemblance
to QCD even at zero temperature. Conversely (qualitative) comparison with
experimental data is also an excelent test for new proposed dualities. Some
work in this direction was undertaken in [107, 108, 109, 110, 111]

In this chapter, which is based on [89], we will investigate the possibility
of constructing a supergravity background dual to an N’ = 1 QGP based on
D6-branes wrapping an S® in the deformed conifold. In other words, we will be

trying to generalize the the backgrounds studied in chapter 5 to describe gauge

1A review on the uses of gauge/string duality and QGP physics is [104]. The general
properties of the plasma in general and RHIC physics are summarized in [105] and [106].
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theories at finite temperature, but in the absence of fundamental matter.

If one wants to use this gravity dual to study the QGP, one needs to add a
black hole to the supergravity background. As the theory is purely gravitational
when lifting to eleven dimensions, the equations of motion take the simplest form
possible here,

Ry, =0, (6.1)

making this the best place to perform the search for a black hole solution. As
we find in section 6.3, if one wants to keep the ansatz for the new metric as

simple as possible by making the substitutions

2
dt? — f(p)dt? dp? — fi(%, (6.2)

there is a non-trivial solution if and only if one makes the geometry of the
G manifold singular. The unique solution is then f = 1 — p3 /p5, where the
singularity at p = 0 is hidden by the horizon p, > 0. When studying the
thermodynamics of this new solution, we will see that the black hole behaves
in many ways as the ordinary Schwarzschild solutions in four and eleven di-
mensions. l.e. the temperature is proportional to the inverse of the horizon,
T = Z;ré,;:’ and the specific heat is negative. As the horizon of the black hole
covers the six-dimensional base of the internal G2 cone, the entropy behaves
as S « p8, leading to the surprising relation S oc 776. While our subsequent
calculation of the quark-antiquark potential and the shear-viscosity show the
expected results, that is confinement and a shear-viscosity to entropy ratio of
n/s = 1/4m, the discussion of parton energy loss leads to a puzzling pathological
property of the solution. The energy loss as calculated from the jet-quenching
parameter and the damping coefficient of the drag force are both vanishing.
Sections 6.1 and 6.2 are dedicated to an extensive review of the string theory
and its gauge dual at zero temperature. Here our discussion starts with eleven-
dimensional supergravity and then proceeds via type IIA to the four-dimensional
super Yang-Mills theory. As we will make extensive use of the machinery of Wil-
son lines, we shall give a brief introduction to this subject before calculating the
quark-antiquark potential, paying special attention to the boundary conditions
imposed on worldsheets used to calculate Wilson lines. After these preliminaries

we finally turn to the subject of finite temperature. The discussion mimicks that
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of the T' = 0 case in that we will start from the eleven-dimensional gravity dual
(section 6.3) and then progress via type IIA to the gauge-theory (section 6.4).
Here we study the quark-antiquark potential, the shear-viscosity, and parton en-
ergy loss as it is parametrized by the jet-quenching factor ¢ and the drag-force.

There is an appendix with basics on the bundle structure of S3 6.A.

6.1 The supergravity dual at zero temperature

Starting point is again the Bryant-Salamon metric (5.20) that we encountered
already in chapter 5. In this chapter we will of course be working towards the
possibility of a dual to pure super Yang-Mills at finite temperature without
fundamental matter rather than the flavoring problem. Recall that depending
on the energy scale one needs to work either in eleven-dimensional M- or ten-

dimensional type IIA string theory.

6.1.1 M-theory on the G holonomy manifold

We change conventions and notations slightly compared to chapter 5 and write

the metric as

ds?, = dxia + I_—dcf—;/pg + gu”)“z + -’;—2 (1 - %;) (w“ - %ﬁ;“)z . (6.3)
with Maurer-Cartan forms
w! = cos ¢dh + sin O sin pdyp
w? = sin ¢df — sin @ cos pdy) (6.4)
w? = dé + cosfdy,
and
60,7 ¢c[0,2nr] o €]0,4n]. (6.5)

We have also relabeled the resolution parameter py = a.

Let us recall a few further facts from our discussion in section 5.1.1. The
gauge-theory we are interested in is living on the world volume of N D6-branes
wrapping a calibrated three-cycle in the deformed conifold. The UV completion
of this theory is given by M-theory on (6.3). Here there are two S3, parametrized
by w,w. In opposite to S3, §3 has a finite radius a as we take p — a, resolving

the singularity at p = a. One could also have picked the other sphere, S2, to
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do this, and the flop transition of [45] provides the duality between these two

cases.

6.1.2 Wrapped D6-branes in type ITA string theory

There are three U(1) isometries along which we can reduce to type IIA when
flowing towards the IR. This leads to an effective description in terms of type

ITA string theory on a space with topology
R x Ry x §3 x §2. (6.6)

If we choose an S! in the singular three-sphere, S! C S3, the resulting geome-
try is a singular S? and a non-singular S® known as the deformed conifold. See
fig. 6.1(a). The converse case, the resolved conifold, is depicted in fig. 6.1(c). See
[112] for a discussion of the conifold. As depicted in fig. 6.1(b), there is a singu-
larity at which both spheres have a vanishing radius. From a mathematician’s
point of view one deals with this singularity by giving one of the spheres a finite
radius, leading to the deformed and the resolved conifold. Physics allows for the
following interpretation of this? [45, 113, 85]: If one considers the singularity as
the a — 0 limit of the deformed conifold, there is a logarithmic singularity in
the metric. This may be interpreted as the result of having integrated out a field

whose mass is dependent on a, m = m(a). When approaching the singularity,
m(a)—0 as a—0. (6.7)

Therefore the physical interpretation of the singularity lies in the fact that one
has attempted to integrate out a massless field. As we will see in section 6.3.1
however, the finite temperature theory makes use of another method of dealing
with the singularity. The theory will be defined on the singular conifold with
the singularity hidden behind a black hole’s event horizon.

The string theory equivalent of the flop transition is the conifold transition[44].

It relates the two geometries via a large N duality. For small 't Hooft coupling

A=Ngiy=Ngs <1, (6.8)

2The interpretation of the singularity in terms of having integrated out a massless field
appears in [113] for the generic case of string theory on a deformed conifold. We did not
explicitly verify that it holds in our case. See also [85].
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Figure 6.1: The deformed 6.1(a), singular 6.1{b), and resolved 6.1(c) conifold. In
the type IIA theory discussed in section 6.1.2, there are N D6-branes wrapping
the non-vanishing S® in 6.1(a), while in in the dual geometry 6.1(c) the branes
have disappeared and been replaced by a two-form flux F.

one considers a stack of N D6-branes wrapping the non-singular S2 in the
deformed conifold. Taking the 't Hooft coupling large on the other hand one
cannot neglect the branes’ backreaction and does therefore pass to the resolved
conifold. Here the branes have disappeared and been replaced by N units of
two-form flux through the now blown up S2.

Being interested in a strongly coupled quark-gluon plasma, we choose to
reduce along the non-singular S* ¢ §3. Before doing so, we have to identify the
S1 fibre along which we want to reduce. A generic three-sphere may be written
as

53 = {(20,21) € C2||zo|2 + |21|2 = l}. (6.9)

The coordinates zg ; are related to those of (6.4) by

2Zp = COS ge‘i}é
25 o (6.10)
z1 = 1sin Zertrt,

(6.155) tells us, that the projection S 55 S? acts on this as

—1cot ge’% 640
2 (6.11)

0 - ~
ttan 53“24’ 0 #m,

depending on the coordinate patch. One sees immediately that the fibre coor-
dinate is 'z,[;, as it does not survive the projection.

Before actually reducing we mod out by
Zy C §* c 8. (6.12)
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This means a change in the periodicity of 1,

P € [0,2n] — ¢ € [0,21/N],
- dy (6.13)
As we will see soon, N gives the F, flux through 52 and therefore the number
of D6-branes present in the dual type IIA geometry.

In order to perform the reduction, we could simply expand the metric. How-

ever, there is a smarter way to go about this. Defining
n® = o (81,-}) = (sinésin é, — sin G cos @, cos 5) , (6.14)

we may rewrite the metric (6.3) in terms of a new set of differential forms ®
independent of di,
dy
=w° e—, 6.15
=10+ n N (6.15)

With 8 = 1 — a3/p3 we obtain

dp®>  pP(B3+0) ., P [P
dS%,I = dl’%,3 + 7 + Twz + —9“,311)2 — gﬂW’w
2 2 2 2
pPP(B8+8) 2,72 2p 5 p NP ;
+ 362a2 @ dy +P12Nan.w+ 18N‘iﬂ'n.w gNaﬂn.w ladqb
ei} 2€?A(1)

(6.16)

We included several factors of a to make sure that everything has the correct
dimensions. Dimensional reduction along an S! yields apart from the new metric

guv 8 one-form potential and the dilaton.

@ P340

e 36N2a2 ‘ (6.17)
A —Na(u‘)n—iwn) (6.18)
(1 = . 344 . .

2 2 2
ds%IA =e§-q) dx%3+ di +p—(3+—ﬂ)'d}2+p—ﬂw2
3773 36 9
(6.19)

2
~%,8'w.u“) et e%QA(l)A(1)> .

We will also need the ten-dimensional Ricci scalar. In the string frame it reads

832p% — 2404308 + 63a%p3 — 7a®
24/4 — %8 (4p° - a3)?
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R is not singular at p = a. As a matter of fact,
N
R|,_,= —108\/§§ (6.21)

which gives us an explicit expression for the conifold singularity in the limit
a—0.

We claimed that in the above geometry there are N units of Ramond-
Ramond flux through the two-sphere. To check this we simply calculate the
F(3) flux through the S? parametrized by 6 and ¢.

/ *F(s)=/ ** F(2)=—/ dA@y =4nrNa (6.22)
s2 52 2

Now the conifold transition relates the above to a stack of N D6-branes
on the deformed conifold. One may obtain this dual geometry from eleven-
dimensional supergravity by reducing along the singular three-sphere. Indica-
tions towards the presence of the branes are the resulting one-form potential,
which couples magnetically to the branes, and the behavior of the Ricci scalar

near the singularity. See [31, 51].

6.2 The gauge theory at zero temperature

We shall now turn to the discussion of the dual gauge theory at 7' = 0. With
the exception of the Yang-Mills coupling in section 6.2.1 and the ¢g-potential in
section 6.2.5 this section contains mostly review material. The relation between
the supergravity backgrounds, the gauge theory, and gauged supergravity was

exhibited in [31]. For a review on this issue see [114].

6.2.1 The coupling constant of the gauge theory

In the following we elaborate on the developments in [115, 77]. To find the
super Yang-Mills theory’s coupling constant gy, we place a D6-probe brane at
constant p, extending along z* and wrapping the resolved conifold’s S3. Recall
that we may think of our original stack of D6-branes as wrapping 53 in the
deformed conifold. We also fix the brane’s position in the S? to be § = ¢ = 0.
The general idea is to identify the gauge field living on the probe brane with that
of the dual super Yang-Mills theory. Thus we may extract information about

the dual theory from the probe’s DBI action. Using world-volume coordinates
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&% and labeling the brane-tension T, we expand the DBI action in powers of o/

Sper = —Ts / de™®\/—det X*[g] + 27a’F + T / Z Cny N¥™F

= —TS/d7§e‘q’\/—detX*[g] (1 + (o/1r)2 F2) +0 (o/)3 +...

X™ denotes the pullback onto the brane. For the embedding we have chosen,

(6.23)

the induced metric X*[g] is

2 4 2,6 2 2
ast = ot (dx%.3+%ﬁw2—ea®zv2a2 (Z) o (6:20

Now notice that after Kaluza-Klein decomposition the massless modes of F),,
are functions of the z* alone, while all the other terms in (6.23) do not depend
on the flat part of the world-volume. Therefore that part of (6.23) containing

F? may be written as

- (frﬁ(m')2 / d0d¢dwe“"\/:m) / d%zF?. (6.25)

Comparing the Yang-Mills action

1 Oy m ~
Sva = — 24 27 .
YM PP /d“zF + 35,2 /d“mFF, (6.26)

and using the explicit expression for the D-brane tension

1

Tp = ————7 6.27
P (2n)P o (627)

we obtain

Nam+/a'¥/2p (6.28)
((49° ~ a®)(p® — 0" '
Note that the coupling is dimensionless, as it should be the case for a four-

dimensional Yang-Mills theory. We have plotted gyu in figure 6.2. The AdS/CFT

gym = 18(12)

dictionary tells us that we may relate the radial coordinate p to the energy scale.
To obtain a precise relation one may consider chiral symmetry breaking and the
vev of the gluino condensate (AA) [115]. Yet for our purposes it is sufficient to
think of p — oo as the UV regime of the gauge theory and p — a as the IR.3
Then (6.28) clearly shows asymptotic freedom.

3As we mentioned earlier, the UV completion is given by M-theory, while in the infrared
the relevant degrees of freedom are best described by the gauge theory. See section 6.2.3 and

(4]-
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6.2.2 Field Content

We shall take a look at the massless excitations. Prior to wrapping, the theory
living on the world volume of N D6-branes is a super Yang-Mills theory with 16
supercharges, as the branes are half-BPS. Upon wrapping, the global symmetries
break as

S0(1,6) x SOg(3) — SO(1,3) x SO(3) x SOg(3). (6.29)

From dimensional analysis it follows that the Kaluza-Klein modes become rele-

vant at energy scales of order

o3/2 o/3/2

AKK ~ T58 = 2ntas (6.30)

Ignoring all massive modes, the bosonic sector includes now the gauge potential

and three massless scalars transforming as a 3 under the R-symmetry. The

representation for the fermions changes under (6.29) from (8,2) to (4,2, 2).
This is not the complete picture however. Consider the behavior of the

gravitino under SUSY transformations,

1
0e¥yulyo = Vyue= (3“ + Ew“) €, (6.31)
with w being the spin connection. For the theory to be supersymmetric we
need a covariantly constant spinor satisfying V,e = 0. As the spin structure
on S2 does not allow for such a spinor to exist, supersymmetry is completely
broken upon wrapping. Raising the status of the R-symmetry to that of a gauge

symmetry, we may modify (6.31) to

1
V€= (a,, + 5Wu+ Aff") . (6.32)
Fixing ALR) = 2w, resolves the issue. This topological twist was first introduced

by Witten in [116]. While it changes the behavior of the 6+1 dimensional theory
significantly, the consequence for the 3 + 1 dimensional one we are interested
in consists in keeping only those fields that transform as a singlet under the
diagonal

SO(3) x SOgr(3) — SOp(3). (6.33)

The gauge potential is not affected by the whole construction, whereas all of

the scalars disappear from the spectrum. The representation of the fermions
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decomposes as

(4,2,2) — (4,1) & (4,3), (6.34)

because 2 x 2 = 143. So recalling that the branes are half-BPS we are left with
% X % x 32 = 4 supercharges, confirming the previous calculation based on the
holonomy of the eleven-dimensional background. Thus the massless spectrum

is given by pure N’ = 1 super Yang-Mills.

6.2.3 The gauge/gravity correspondence

Knowing the energy scale of the KK-modes (6.30) and the behavior of the Ricci
scalar {6.20), the Yang-Mills coupling constant (6.28), and the dilaton (6.17)
enables us to address the issue at which energy scales the system is best described
by super Yang-Mills, type ITA, or M-theory. As in the previous section we do
not know the precise relation between the radial coordinate p and the energy
scale u in question, and are therefore only able to make qualitative statements
identifying the large-p regime as the UV and vice versa. Figure 6.2 shows the
behavior of all three relevant quantities.

We see that in the IR the relevant degrees of freedom are best described in
type IIA theory. While it might seem that the UV completion is given by both
M-theory and super Yang-Mills one should not forget that figure 6.2 shows the
four-dimensional gauge coupling. At sufficiently high energies the N” = 1 theory
will begin to fully explore the compact dimensions; the gauge theory becomes
6+1 dimensional. Purely gravitational M-theory gives the only UV-completion.

If we want to use this overall setup to study zero-temperature, non-per-
turbative gauge dynamics, it follows from (6.30) that we want the resolution

parameter a to satisfy a < v/o/. However we also need
dR<1 A=guN>1 <1 (6.35)

For p — a, these quantities behave as
N3a3/24/3/2
T —a)

/
—od’R<V3 108—]\2—;‘— (6.36)

® 1 1 35/4 o 2
= Janerz \zga T gg P9 HOl—a)
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Figure 6.2: Ricci scalar, 't Hooft coupling, and dilaton in terms of p. One
sees clearly that the IR phsics is captured by type IIA string theory while the
UV completion is given by M-theory on the G5 holonomy manifold. Note that
despite appearances R is not singular at p = a. The ’t Hooft coupling however
is.

Comparing this with figure 6.2 we conclude that there is a limit for N, a,d’ in
which the supergravity approximation captures non-perturbative gauge dynam-
ics. However the massive Kaluza-Klein modes do not fully decouple and thus
spoil the behavior of pure N' = 1 super Yang-Mills. If one were able to perform

computations beyond the supergravity limit one could easily avoid this issue.

6.2.4 Wilson loops and minimal surfaces

The AdS/CFT-correspondence is a powerful tool for the study of Wilson lines
[117], [118], and [119]. In the next section (6.2.5) we shall use it to study the
gg-potential at T = 0. Further applications will be the finite-temperature gg-
potential and the jet-quenching factor in sections 6.4.2 and 6.4.4 respectively,
while the the method used to compute the drag-force in section 6.4.4 takes a
similiar approach.

For a generic gauge theory a Wilson loop is defined as*
W(C) = Pet$c 94, (6.38)

P denotes path ordering and C the contour of integration.

4The expression presented here is not entirely generic. E.g. for d = 4, N = 4 super Yang
Mills whose gravity dual is defined on AdSs x S°, one needs also to consider scalar fields ®.
The index I may be considered as a representation index of SO(6). The Wilson line is given
by
WA(C) = Pet $e ds(z“A,,,+l:i:|nI<I>'). (6.37)
However, as (6.38) is entirely sufficient in the context presented here, we shall not elaborate
on the issue.
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To see how to calculate the expectation value (W(C)) for a generic contour
C using the AdS/CFT-correspondence, consider the following. If we do not
close the loop C, but instead consider a line, (6.38) is a non-local operator
transforming at it’s endpoints under the fundamental- and anti-fundamental
representation respectively. The gauge theory and its gravity dual as discussed
above are free of any fundamental degrees of freedom. In order to introduce
these we start with a stack of N 4+ 1 D6-branes and place one of them at a large

yet finite radius pp. The gauge symmetry is broken as
SU(N +1) — SU(N) x U(1). (6.39)

We have Higgsed the theory. From the point of view of the gauge theory we
therefore expect the appearance of massive W-bosons, which we will treat as
highly massive probe quarks. In the string theory these bosons are realized by
strings stretching between the stack of branes and the separated one transform-
ing in the (anti-)fundamental representation of the two new gauge groups. The
new U(1) gauge field may be ignored as it's living on the brane which is at a
large separation from the stack of D6s.> When taking the decoupling limit the
N branes at p = 0 are replaced by the background geometry while the single
brane at pp may be treated as a probe. As the branes are replaced by their
geometry, the correct way for the W-bosons to interact with the gauge theory is
not by ending on the branes but by interacting with the background. Therefore
one evaluates (W(C)) by embedding the contour C into the probe brane and
using it as a boundary condition for the worldsheets of open-strings exploring
the bulk. See figure 6.3(a). The AdS/CFT-dictionary tells us then to calcu-
late the expectation value of the Wilson loop for the adjoint representation by

minimizing the Nambu-Goto action for the corresponding world-sheets,
(WA(C)) = lime5~e. (6.40)
Sne is the Nambu-Goto action

1
Sng = %/d‘rda\/— det 8, X*03X,,

(6.41)

- - —_X2Yx712 N2
— / drdoy/-X2X” + (X.X")

5An alternative approach would be to take the flavor brane to wrap the S2 and to extend
along p from pa to oo. In this case one argues that the gauge-theory living on the probe is
non-dynamical as seen from the four-dimensional theory as the probe wraps a non-compact
dimension.
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Figure 6.3: A Wilson 6.3(a) loop in the gauge theory is evaluated by using the
loop as the boundary condition of a worldsheet ending on a probe brane. The
worldsheet reaches a minimum at p = p. > 0. The action is renormalised by
that of strings stretching straight from the loop to the bottom of the space,
sometimes given by the horizon of a black hole 6.3(b). As was argued in [120],
one also needs to consider strings stretching from the probe away from the
horizon.

While one usually takes the limit py — 0o, one may also keep pa finite and
consider it as the energy the gauge theory is defined at. Note that the pre-
scription given in (6.40) requires some sort of renormalization, usually given by
the mass of the W bosons. This again is calculated from the action of a string
stretching directly from the contour on the D7-brane to the bottom of the space
as depicted in fig. 6.3(b). Note that this configuration is not physical, as it is
not possible to define suitable boundary conditions at p = a. This will change
in section 6.4.2, where we shall be considering the finite-temperature theory. Fi-
nite temperature is achieved by the presence of a black hole who’s horizon gives
suitable boundary condjtions for the worldsheet in fig. 6.3(b) to be considered

physical.

Boundary conditions There is a crucial aspect of (6.40) that appears to
be frequently overlooked.® If we force the string to end on the contour C, the
resulting boundary conditions in at least some of the directions tangential to
the brane are not von Neumann, but Dirichlet. One needs to ask for the object
that restricts the string to lie on the contour.

As it is the easiest to understand this in terms of specific examples we shall
delay explicit calculations to sections 6.2.5, 6.4.2, and 6.4.4. The technical
aspects for all of these will be the same however, which is why we shall discuss
them now.

Consider the Nambu-Goto action (6.41). It has a symmetry under transla-

6See however {120].
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tions

X* 5 Xt +Y*  Y* = const., (6.42)

which we know from ordinary classical mechanics to be related to energy-
momentum conservation in space-time. Specialising to infinitesimal transfor-
mations, we can calculate the conserved current with the Noether prescription.
As an intermediate result we obtain

_X'-Vxl2+xlux'.xl
a[: —_ X ’ v ’ o

V-X2X24(X.X")? (6.43)

B0aXn I | SXLX XX
V-X2X124(X.X')?

2ma’jy =

Jg gives the energy (& = 0) or fi = m-momentum density on the string. j
on the other hand denotes the flux of energy or momentum along the string.

Thus we can calculate the total energy and momentum to be

E= / dojg (6.44)
Pn = / dojz. (6.45)

The fluxes are related to an open string’s boundary conditions. A string satis-
fying von Neumann boundary conditions does not allow for momentum to flow
off the string, requiring

j;—: |boundary = (6'46)

The solution of the issue of defining Dirichlet boundary conditions in direc-
tions tangent to a brane will be turning on U(1) gauge fields on the brane whose
interaction with the string endpoints will exactly cancel the energy-momentum
flow defined by these equations. The authors of [120] pointed out that as long
as one keeps the position of the probe brane p, finite, it is more sensible to
think of a constant force of the U(1) field on the string’s endpoints rather than"

of a constant separation L separating them.

6.2.5 The quark-antiquark potential & confinement

Our first application of the concepts introduced in section 6.2.4 shall be the gg¢-
potential in the zero-temperature gauge theory. We follow [121]. Conceptually
one studies this by placing two infinitively heavy and therefore static probe-

quarks at a fixed separation L into the gauge theory. For such a configuration,
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Figure 6.4: The rectangular Wilson loop used in section 6.2.5 as seen in the
(t,z)-plane.

the action is independent of the time-like extension of the loop and therefore
behaves as S = ET, with F the energy of the system.
Now if the gauge theory is confining, the energy is proportional to L from

which it follows that

E(Ll)x L = SILT. (6.47)

LT is the area surrounded by such a Wilson loop, so that for a confining theory
we expect the action for the quark loop to satisfy an area law.” In the follow-
ing we shall study the gg-potential of our gauge dual and whether it exhibits

confinement.

The profile In this section we will use the static Wilson loop shown in

fig. 6.4. Fixing z = z2, we may parametrize the loop and the corresponding

worldsheet as
=T T=o0 p=p(o) (6.48)

where 7 € [0,T] and ¢ € [-%£, Z]. Also we will need to impose the boundary

conditions

p{o==xL/2) = ps. (6.49)

Note that the parametrization (6.48) does not define a complete Wilson loop
but two Wilson lines separated by a distance L. Assuming 7' > L however we
may neglect the contribution from the pieces needed to close of the loop. Upon

plugging (6.48) into the Nambu-Goto action (6.41) one notices immediately that

7Technically (6.47) shows only that confinement leads to an area law. We are reversing
the argument simply claiming that the converse is also true, i.e. that confinement occurs iff
the action satisfies an area law. The relation between confinement and an area law for the
Wilson loop was first discussed in [122].
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the integration over 7 is trivial giving an overall factor of 7',

L
T z
Sng = ol /_% daﬁtt (gzz + plzgpp)" (6.50)
c

The idea is to treat this formally as a system from classical mechanics with
Lagrangian £(c). With o playing the role one would usually associate with
time t and identifying p(o) as the system’s time coordinate, one calculates the

canonical momentum 7 and performs a Legendre transformation

o
N
H = p’ﬂ' — L = —GzxJtt (6.51)

\/gtt (922 + P’zgpp) )

From g_?t = 0 it follows with Hamilton’s equations that % = 0. Hence there is

T =
a conserved quantity

H=xeR (6.52)

It might seem surprising that we emphasize that & is real. However we will

encounter examples where this is not the case. As

— ugas = €¥® € [(12N?) 71, 00) T2, [0, 00) (6.53)
there exists p. > a s.t. k% = —9tt9zz 5=, - One sees immediately that o . =0,

which means that p. denotes the lowest point reached by the string. x = 0 holds
if and only if the string reaches the bottom of the space.
Solving (6.54) for p’ yields a first order equation for the profile
g =l (g (650
Note that g;; < 0. We assume the system to be symmetric about o = 0, which
leads to the constraint p’(0) = 0. A look at the profile tells us that this is
satisfied for

p=pc > a. (6.55)

See fig. 6.3(a). Note that p’ is real as long as p > pe.

Boundary conditions We briefly turn to the issue of the string’s bound-

ary conditions at the probe brane. Following the discussion in section 6.2.4 we
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are interested in the momentum flux at the endpoints of the string. Therefore
we evaluate j; as in (6.43) for the metric and profile in question and find
jg = %a,g% (62922 + 829pp0") - (6.56)
The crucial observation is jZ o« k. That is as long as the string does not reach
the bottom of the space (i.e. p. = a), there is momentum in the z-direction
flowing through the string, violating von Neumann boundary conditions (6.46).
We may easily fix this by turning on a U(1) gauge-field in the world-volume
of the brane. Note that x € R tells us that one may choose the direction of
momentum flow. This makes sense, as, the problem is symmetric and there is
no reason a priori why the momentum should flow in a specified direction. We
may interpret this as our freedom to choose which of the two heavy W-bosons
represents the quark and which represents the anti-quark. In other words while
we set of with a mathematical model which was symmetric under a ¢ « §
exchange, the appearance of the U(1) gauge field breaks this discrete symmetry.
Jp is also non-vanishing. Yet as p denotes a direction transverse to the probe,

this is in accordance with the Dirichlet boundary conditions in that direction.

Separation of the quarks p. is not a parameter but depends on the

separation of the quarks. Regard

% PA
L=2 / dzr =2 / dpp’ L. (6.57)
0 Pe

One obtains a relation L{p.) which may be inverted to eliminate p.. Albeit the

integrand’s singularity for p — p., the integral is finite for fixed values of p. and
pa. For large p however the integrand behaves roughly as

—1p200 1

T op

such that one does not obtain a finite value for L when taking bA — 0o. This

, (6.58)

is in contrast to asymptotically AdSs backgrounds, and might be related to the

lack of a conformal boundary.

Renormalization As outlined in section 6.2.4 one renormalizes the action

by evaluating the Nambu-Goto action for the worldsheet
T =1° o=p ze{—-ﬁ—,%} 7€ {0,T}. (6.59)
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Figure 6.5: Separation (L) and potential energy (E) of the ¢g system for a = 1,
par = 10, and N = 5. p. denotes the lowest point in the bulk reached by the
string. The E(L) plot shows that for most values of L there are 2 energy levels
corresponding to a large and a small value of p.. Minimizing its energy the
system will choose the lower branch corresonding to larger values of p..

As with (6.48) this does not define a complete loop, but two separate lines.
Again we may ignore this issue as long as we assume that 7' > L. Physically
the overall procedure corresonds to subtracting the energy of two independent,
static quarks. Proceeding as before, the counterterm is given by .

T PA

Sp = — dp\/—9:¢9pp- (6.60)
a

wo!
One should emphasize again that, while being an admissible solution of the
equations of motion, the solution used for renormalization here is not physical
as there are no suitable boundary conditions to be defined at p = a. One should

simply think of this as a method to calculate the mass of the W-bosons.

Evaluation Using TE = Syg — Sk and (6.41), (6.57), and (6.60) one

obtains for the energy

E(PuPA V _gtt(pc)gz:t(pc L(Pc, PA)
+ 2/ oo \/_gttg::z + gue pc)gxx(pc) Y _gttg::x) dp (661)

$$

-2 V' —9tt9zdp.

a
Numerical results are shown in figure 6.5 and show clearly that

E(L) « L, (6.62)

for L 5 13. In order to properly exhibit confinement we would need to discuss
the potential for L > 13 in order to show that the proportionality holds for all
values of L.
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As a matter of fact the behavior of L around L = 13 stems from the fact that
we did not take the pp — oo limit. That is, the separation between the branes
is still finite and so is the mass of the probe quarks. Indeed, when running the
same numerics for larger values of pa, one ends up with similiar plots yet valid
for larger values of L, which we take as a indication that the proportionality
E « L holds for any L. In order to properly establish confinement however,
we shall use a different method. According to a theorem® by Kinar, Schreiber,
and Sonnenschein [121], a sufficient condition for confinement is given by the

following: Consider the function

F4(p) = —900gzal, - (6.63)

Then the dual gauge theory is confining if f has a minimum at some ppyi, and
F(Pmin) # 0. The metric (6.19) satisfies this and we conclude the discussion of
the zero temperature theory by noting that the field theory is a confining.

6.3 The supergravity theory at finite tempera-
ture

Having completed our review of the zero-temperature theory, we shall discuss
the finite-temperature case. Proceding in the same way as before, we begin with

eleven-dimensional supergravity.

6.3.1 The eleven-dimensional black hole

Studying the quark gluon plasma means studying finite temperature physics.
As for the gauge theory, finite-temperature field theory is — in the Matsubara
formalism — defined on Euclidean space-time compactified to S* x R3. The previ-
ously time-like direction z% is now periodic with period 8 = T~1. In the super-
gravity dual, we do also need to add an event-horizon to the background, turning
the previously extremal p-brane solutions into non-extremal black branes [124].
One should picture this departure from extremality as adding energy to the

background while keeping all charges constant. As the extremal solutions sat-

isfy a BPS bound, adding temperature corresponds to using non-BPS branes.

8For a proof of the relevant theorem see [123].
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In order to do so, we modify the eleven-dimensional metric (6.3) to
d 2
P —+
o) (1- %)

Note that we are using Minkowski-signature here, albeit the previous comments

ds?, = —f(p)dt? + dx? + (6.64)

about the Matsubara formalism. The reason is that the procedure we use for
finding the black brane solution does not depend on the signature and that we
will be mostly using the Minkowski-space solution later on, because Euclidean
time does not allow the study of dynamical quantities. However, in order to
study genuinely themodynamical issues such as temperature, entropy, or specific
heat, as we will do in section 6.3.2, we need to compactifiy to periodic, Euclidean
time.

Enforcing the equation of motion R,, = 0 on the above gives a system of
differential equations for f(p). While there will certainly be the trivial solution
f(p) = 1, we are looking for a nontrivial one exhibiting a horizon structure
f(pn) =0.

Calculating the Ricci tensor for the above ansatz one sees quickly that there
is a non-trivial solution if and only if one takes a — 0. While one might object
that we are not allowed to take this limit as the zero temperature requires a > 0
to resolve the conifold singularity, one should not forget that the singularity will

be hidden by the black hole’s horizon. The unique solution is

Ph
foy=1-"22. (6.65)

P

with
p € [pn,00). (6.66)
The new metric is given by
2 2 2, di? PP s a2 _ -a, a

dsys = —f(p)dt* + dx +7(—p$+3(w +w* — @%w?). (6.67)

Most of our discussion will only require knowledge of the precise form of the

t,x, p directions. When using Euclidean signature, we shall denote the metric

by Guv-
6.3.2 Thermodynamics

We will now turn to a discussion of some of the thermodynamical properties of

the solution (6.67).
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Temperature Consider the (tg, p) plane in the finite-temperature formalism.
It has topology S x Rsq with p € [pn,00) and tg € [0,3]. One proceeds by
demanding that there be no conical singularity at the origin. Mathematically
this may be expressed by considering the ratio of circumference and radius of a

small circle around the origin and solving for

circumference

21 = lim (6.68)

P—Ph radius

Using the standard expression for arclength, we obtain

B8
cire. = /0 dtev/Gu ~ Bp0,\/Gu(p) (6.69)

P
rad. =/0 dp’'\/Gop = P/ Gpp- (6.70)
Plugging these into (6.68) yields
o1 = 8 lim @QTQE
T Ve (6.71)
=T = lim Opdet = 3

P=on AT\ /Gt2Gpp T dmwpy’

One should pay attention to the slightly unusual dependence of the temperature
on the position on the horizon. For the AdSs x S° black hole for example, the

relation is T' o< pn. We will return to this issue in section 6.3.3.

Evaluation of the partition function To study further thermodynamic
properties of the solution (6.67), we need to evaluate the partition function
Z = e~ 5. As the eleven dimensional theory is purely gravitational, this boils

down to calculating the action

1 = 1 d-1 7
_ 1 72
5=t /M d'o\/GR+ o - /a L cKVh (6.72)

for Euclidean space-time. Where M is a volume of spacetime defined by p <
pa- As in the absence of any further fields the equations of motion simplify
to R,, = 0, the Einstein-Hilbert term vanishes leaving us with the Gibbons-
Hawking term.
The metric induced on OM is denoted by h. K is the extrinsic curvature
defined by
Kop = 0,z 0V 0. (6.73)
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The coordinates z# are that of the eleven-dimensional background, while the z¢
parametrize the boundary of the region of integration M. Due to our choice

of volume M we may pick the % such that

o n#p
o a
Oux _{ 0 p=p (6.74)
n is a unit normal to M. We choose n = /gPP0,. Now (6.73) simplifies
considerably.
1
Kap = Oanp — PAabnA = —Fpab\/ grr = 5\/ gppapgab (675)

Similarly hop = 0,2*0yx” g, and thus

8./F sin @ sin 8
Vh = PV smbsing 2‘4’; Sin (6.76)
Also
A/ qPP 12
K =h"Kg = "g_gabapgab = g <f—1f, + 7) . (6.77)

Applying this to the action (6.72) one realizes that the integration is trivial as

the radial variable is not integrated over. Then

A
s *(——l— / dxdfd¢dydddpdy sin 8 sin é)‘ / g dz°f o ( iy 1_2)
~ \ 1036873 i o :
_ [ AB(1208 - 70}) T >0
— | 481203 T=0
(6.78)

Note that A = :"%R—a.

Renormalisation If we take the cutoff to infinity, po — o0, the result of
(6.78) is divergent and does need to be renormalized. The easiest way to do so
is by subtracting the action of some reference space-time. As we are only consid-
ering the Gibbons-Hawking term, the natural candidate is the zero-temperature
solution as defined on the singular conifold, whose action may be obtained di-
rectly from (6.78) by setting f — 1. We call this reference action Sp_q. We
could have also calculated this reference action by starting from the non-singular
zero-temperature metric (6.3), evaluating the on-shell action and taking the

limit @ — 0 before py — oo.
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Again we need to compactify the Euclidean ¢tz direction on an S. Yet in
opposite to the black hole solution (6.67) it is not obvious what the periodicity
of the circle should be. Therefore consider a particle, whose energy is equal
to the thermal energy T, in the finite-temperature solution propagating at a
radius of ps. To an observer at spatial infinity, its thermal energy will appear
redshifted to

ET = /—gt __r __T 6.79
fes) g (pA)p(JpO gtt(pA) \/f(TA) ( )

In the zero temperature solution on the other hand, §;: = 1, and there is no

redshift. Comparing energies in the two solutions by means of hypothetical

observers at p = 0o, the energies correspond as

“ flea)

P
Br=0 = Br4|1 - ﬁ. (6.81)

We shall use this result to evaluate and compare (6.78) for the zero- and

ET
T0= A (6.80)

which leads us to

finite-temperature backgrounds with ¢z periodic and periodicity Bro, O, yield-

5
Sreo =12A8p54 1~ Z—g (6.82)
A

Sr>0 = —TABp;, + 128.A03. (6.83)

ing

Taking the cutoff ps to infinity, evaluating A explicitly, and dividing by the
volume of R3, the final, renormalized result for the action density is
8mtp8

405v/3°

The fact that this seems to be negative should not disturb us. In the contrary,

SE = lim ST>0 - ST=0 = - (6.84)
PA—OO

as it implies sy—¢ > 8T>0, the finite temperature solution will be the leading
order contribution in a saddle point approximation to the path integral. If this
was not the case, we were not allowed to study finite temperature effects using
the solution (6.67). Naturally, when computing further quantities, we will use
the absolute value of (6.84).

One should wonder about the N dependence of (6.84). After all our aim
is to study the physics of the QGP, which is in a deconfined phase of QCD.
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So the entropy should reflect the N2 color-degrees of freedom. On the other
hand, (6.84) cannot contain any factor N, as the UV completion does not know
about the number of colors. One may try to resolve this issue by substituting
the ’t Hooft coupling A for pp. We will compute A in section 6.4.1, yet for our
discussion here it is sufficient to know that when expressed in terms of N, A,
and energy-scale p, pp, has a

NS

5 —

dependence, leading to a NSA~6/5 dependence for the entropy. While this is
not fully satisfactory - after all, one would expect N2, it shows the correct

qualitative behavior.

Mass, Entropy, Specific heat Using the renormalized Euclidean action
(6.84) and some standard relations of thermodynamics one can calculate a va-
riety of properties of the background. Mass, entropy-density and specific heat

are given by

Z=eS0 ‘ (6.86)
_ _ OSE _ iBSE
M = (E) = 08 ~ 4m Opn (6.:87)
S = B(E) - Sk . (6.88)
8s
C=Tg. (6.89)
Therefore
4},
= 6.90
5773 (6.90)
8o}
= 6.91
5173 (6.91)
1670} (6.92)

= 7

Equations (6.90) show a rather surprising thermodynamic behavior — es-
pecially as we are trying to identify it with that of a four-dimensional gauge
theory. First of all, the specific heat C is negative, probably denoting an in-
stability of the solution. More importantly, the entropy behaves as § « T8,
which is rather puzzling. As a first check of the above results, one can compare

(6.90) to the Bekenstein-Hawking entropy, which in our conventions takes the
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form Sgy = %, with A being the area of the black hole horizon. A direct calcu-
lation gives Spy = :%\;gpﬁ, which agrees with the previous result. One should
also note that the first law of thermodynamics, dM = T'dS, is satisfied by the
solution, as can be verified explicitly.

So while the thermodynamical properties of the system appear sensible from
the point of view of eleven-dimensional supergravity, it is difficult to interpret
them as those of a four-dimensional gauge theory. We will try to find a partial

explanation for this behavior in the next section.

6.3.3 Comparison with the Schwarzschild solution

In comparison with the AdS-black hole [124] properties of the finite-temperature
G2 holonomy solution (6.67) might seem a bit surprising. However, there is a
very well understood solution of the four-dimensional Einstein equations with
similiar characteristics, the Schwarzschild black hole. So let us recall the prop-

erties of its generalization, the four-dimensional Reissner-Nordstrom solution.
oM Q? oM @2\ 7!
ds? = — 1———+Q— dt? + 1——+Q— dr? + r2dQ2
r r2 r r2

2
re =M+ /M2 - Q2 T=i ?A/"._?_%_. Fzgdt/\dr
4 2

a3
M is the mass, Q the charge, T the temperature, and 7+ are the inner and outer
horizons. The Schwarzschild solution is obtained in the @ — O limit. As one
may see from the equations, there is a BPS constraint on the mass M > Q.
As long as we keep Q > 0, the temperature vanishes in the extremal limit
M — Q. This changes in the Schwarzschild case @ = 0. Here the temperature
is singular when taking the mass to zero. Mathematically this is expressed by
the absence of the +%2- term in the Schwarzschild metric. As there is no such
term in the eleven-dimensional metric (6.67) and as both the Schwarzschild and
the Reissner-Nordstrom solution have negative specific heat®, one may speculate
that the singular behavior of the temperature of the gravity dual in question may
be related to the dual being of Schwarzschild- rather than Reissner-Nordstrom

type.

9For Schwarzschild one sees this by realizing that any increase in M leads to a decrease in T'.
So whenever we increase the energy, keeping the charge constant, the temperature decreases.
For Reissner-Nordstrom the situation is slightly more complicated. While T vanishes with M
for sufficiently small M the behavior reduces to that of Schwarzschild in the large M limit. It
follows that Reissner-Nordstrom black holes of small masses have positive specific heat, while
those of large mass have negative specific heat.
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We may pursue the comparison with the Schwarzschild solution even further.
Our zero-temperature background has the topology R'3 x R x M, with M being
the Ga-holonomy manifold. If we were simply to replace M by an 56, we were
dealing with ordinary Minkowski space in eleven dimensions. Now searching for
a black hole of with the Ansatz

d
ds? = — f(p)dt? + dx® + 7(2—) + p2d02 (6.93)

we find the identical solution to the equations of motion, R,, = 0, given by
(6.65). Performing the same calculations on this eleven-dimensional Schwarzschild

black hole that we did before, we see, that the Bekenstein-Hawking entropy be-

5

T showing

have as Spy pg, whereas the temperature will satisfy T' =
thermodynamic behavior identical to that of our solution (6.67). Thus it ap-
pears as if the rather undesirable behavior of the entropy S oc 7% might be
related to the fact that the string dual may be traced back to pure gravity in
eleven dimensions. In analogy with the four-dimensional case one might expect
the thermodynamics of our solution to improve once the black hole is charged
under some gauge field. Generalizing the ansatz (6.64) to include the three-

form potential of eleven-dimensional supergravity however will make the task

of finding a solution considerably more difficult.

6.3.4 Dimensional Reduction

In the same way that we went from M-theory to type IIA at zero temperature in

section 6.1.2, one may perform dimensional reduction for the finite-temperature

background.
2
a p
e = _9N2»0;2. (6.94)
Auy=Npn (n.'zi) - %nw) ~ (6.95)
2 23 2 2, 40 PP o 2 N ie
dsira =e3 —f(p)dt* + dx* + "Rp—)‘ + 9 (w + W — w.w) —es A(I)A(l)
(6.96)
The Ricci scalar in the string frame is
9N pp,
R= ps” (~130° + 3p3) . (6.97)
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Figure 6.6: As previously done for the zero temperature gauge theory in figure
6.2, we discuss the curvature and couplings of the finite temperature solution.
Again there is clearly a regime in the IR where non-perturbative gauge-dynamics
are captured by type ITA string theory. As in the zero-temperature case though,
gyM is singular at p = pp,.

6.4 The field theory at finite temperature
6.4.1 Properties of the Dual Field Theory

Turning on a temperature does naturally break the supersymmetry, so that we
are dealing with the same modes as in the zero-temperature case, except that
there is no supersymmetry. Now however the mass of the Kaluza-Klein modes
is given by the size of the wrapped S® in the far IR, that is by the location of
the horizon. We may use (6.71) to relate it to the temperature as
3
Axk = % = (g) o/ T (6.98)

In all other aspects the discussion of the theory’s field content is identical to
" that performed in section 6.2.2.

The same holds true for the derivation of the Yang-Mills coupling constant
from the DBI action (6.2.1). The induced metric is
ds? = e#? [— fdt? +dx® + 5’9301672 + %dd? + Q (1 - %cosz é) dy?

9 (6.99)

p? 31717
+2ﬁ cos 9d¢d¢] ,

leading to
B 313/4N7Tal3/4ph

- 1/4
p5/4 (5 — p3)"

oM (6.100)

Having already calculated the dilaton (6.94) and the Ricci scalar (6.97), we

are again able to discuss the decoupling limit. To get a qualitative understanding
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we have plotted the relevant quantities in fig. 6.6.

/
_a'R < XN (6.101)
Ph

A = 2AVENIT2 03 p (6.102)

p>/2\/p® — pi

3

e_(_P_)° 6.103
e’ = 3Np (6.103)

Again the supergravity description is valid in the large N, small o' limit while

it is not possible to ignore the KK-modes (o5, small) at the same time.

6.4.2 Quark-Antiquark Potential

We perform a numerical analysis of the quark-antiquark potential. The results
presented here were derived in exactly the same way as in section 6.2.5 with
the finite temperature metric (6.96) replacing the zero temperature background
(6.19).

The results are depicted in fig. 6.7. At first sight it appears as if there
are again two solutions with the minimum energy one showing a direct pro-
portionality E o< L and thus confinement. If this were the complete story the
physical system dual to our finite-temperature background were certainly not a
deconfined QGP.

Now recall from our discussion of the Wilson loop’s renormalization in sec-
tions 6.2.4 and 6.2.5 that for the zero temperature solution the configuration of
two strings stretching from the probe brane to the bottom of the space (p = a)
was not physical as it is not possible td define suitable boundary conditions for
the worldsheet. In other words, there is nothing at the bottom of the space
for the open strings to end on. This is different for the finite temperature case |
though, where it is possible for a string to end (or fall through) a black hole’s
horizon, as long as suitable boundary conditions are satisfied; i.e. there may be
no excitations leaving the black hole. Therefore renormalization in the finite
temperature theory is not interpreted as merely subtracting the mass of the two
W-bosons. Instead one actually considers two competing, physical solutions.
That of two quarks connected by a string and that of two independent quarks.
The system chooses the minimum energy configuration and therefore we may

interpret the point in fig. 6.7(b) at L ~ 21 where E(L) = 0 as the transition
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Figure 6.7: The quark-antiquark potential at finite temperature. Compare the
zero temperature case shown in figure 6.5.

between the two solutions. For L > 21 we have two quarks propagating inde-
pendently,'® while for L < 21 the two quarks interact via a string. Therefore
we claim that the finite temperature theory is not confining, as expected for the
QGP.

As to the issue of the world-sheet’s boundary conditions, the discussion is
identical to that of the zero temperature case in section 6.2.5. The z-momentum
flux along the string is proportional to a constant of integration k with k =0 if
and only if the string stretches all the way to the horizon. Again one fixes the
failure of the boundary conditions to be properly von Neumann by turning on

a U(1) gauge field in the probe brane.

6.4.3 Shear Viscosity

One of the first properties of the N’ = 4 QGP calculated from the dual AdSs x S°
geometry was the plasma’s shear viscosity n.!'! The original ansatz of [47] uses
the Kubo relations which stem from the formalism of finite-temperature field

theory. These relate the shear viscosity to the energy-momentum tensor as

1
n=lim / dtdxe™ ([T, (t, %), Tay (0, 0)])- (6.104)

While one may simply use the gauge/gravity correspondence to directly calcu-
late the above correlator, the authors of [48] were able to identify hydrodynamic
behavior in the gravity dual by studying metric perturbations in the background.

Thus they obtained an explicit expression for the shear viscosity in terms of the

10The quarks are not fully independent. The two worldsheetis interact via graviton exchange
in the bulk spacetime.

U1 Brief reviews of relativistic hydrodynamics and their rellevance to relativistic heavy ion
collisions may be found in [105, 106].
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Figure 6.8: Experimental evidence for jet quenching in heavy ion collisions
(Source: [126]).

entropy density. Defining g = det g’u,

ap 8oefep. (6.105)

- =T
V-googpp pn ,l: Ixxv g

Evaluating the above for the type IIA or 11-dimensional background (6.96),
(6.67) yields

F== (6.106)
S 47T

The above result confirms a general theorem [49], [125] according to which the

ratio g/s — [/4n is of the same value for a fairly large class of gravity duals.

6.4.4 Energy Loss of a Heavy Quark

Our final object of study shall be the radiative energy loss of a heavy quark
traversing the plasma. Prior to exhibiting how this may be modeled in terms
of the AdS/CFT correspondence and the G5 holonomy manifold we shall take
a brief excursion into experimental data obtained at the relativistic heavy ion

collider in order to see why radiative energy loss is a problem of interest.

Experimental Background The relativistic heavy ion collider performs cen-
tral Au+Au collisions at about 200GeV. After the collision the system quickly
reaches a local thermal equilibrium at a temperature of about 170MeV and is

assumed to be a quark-gluon plasma.l2 Naturally the plasma is not the only

12For a review of relativistic heavy ion collisions see [105].
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result of the collision. Instead there is also a number of partons whith ener-
gies of up to O@(1GeV). One might expect that these should be created in
two- or three-jet events. Specializing to back-to-back scattering, figure 6.8(b)
shows the yield of such partons in terms of their angular distribution in the
reaction plane. The concept is to wait for a trigger particle with transverse
momentum 4 < pr qvig. < 6GeV/c and then search for further particles with
2GeV/c < prmvig.- With the trigger particle at A® = 0 one sees clearly a
suppression of such back-to-back events in the Au+Au heavy ion collisions in
comparision to ordinary p+p scattering. The reason for this suppression lies in
the fact that, as sketched in figure 6.9, one of the partons needs to traverse the
plasma. In doing so it interacts with the plasma leading to an overall energy
loss. The answer to our initial question should be clear from this: As this phe-
nomenon is specific to heavy ion collisions, it may be directly attributed to the
presence of the plasma and is therefore an experimental indicator to the QGP
being created in the course of the experiment.

When applying the AdS/CFT-correspondence to describe parton energy loss,
there are two fundamentally different approaches. One, referred to in the litera-
ture as the jet quenching calculation [102],[109] models the problem in terms of
ordinary particle physics and uses the correspondence exclusively for purposes
of computation. The concept of the drag force on the other hand is intrinsically
stringy as the quark is depicted as a string hanging from a probe brane into
the bulk geometry [103, 127]. There is a further difference between the two
approaches. While the former relies on the energy of the quark being highly rel-
ativistic, the latter is not only free of this assumption but is moreover frequently

used to make statements about the non-relativistic limit.

Jet Quenching In the jet quenching picture, the energy loss of the high
energy quark is captured by the jet quenching parameter § which again is defined

in terms of the expectation value of a Wilson loop:
(W(C)) = e~ 24L7L (6.107)

Here C is a light-like Wilson loop in the 22,7~ = %ﬁ plane. The extension
along the light-cone is L~ while that along 22 is L. One assumes L~ >> L.
One should note that albeit the loop being defined in Minkowski space, the
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QGP

Figure 6.9: Jet Quenching in Relativistic Heavy Ion Collisions is due to radiative
energy loss of a parton - here the antiquark g - traversing the plasma.

exponential on the right hand side of (6.107) is a real quantity. This is in
contrast to (6.40), which is defined in Euclidean space.

The derivation of (6.107) is purely based on particle theory and rather non-
trivial. We shall only briefly describe how § captures the phenomenon of ra-
diative energy loss and why one may use a Wilson loop to calculate it. The
interested reader is referred to the literature [128], [129] for details on how
(6.107) arises.

To answer the first of these questions, note that parton energy loss is directly

proportional to the jet quenching factor,
AE « GL™2. (6.108)

As to the question of why this may be calculated using a Wilson loop, consider
the following: Due to the quarks’ high energy, we may think of it as actually
moving along the light-cone. Interaction with the gluons of the plasma leads to
color rotations. One may think of in- and out-states related by a Wilson line

along the light-cone
[Tous) = Trpetfo 4= 47|15,). (6.109)

Expectation values involve the hermitian conjugate of this, leading to a Wilson
line in the opposite direction. As L~ > L, one may join the two lines giving us
the loop C.

Taking a closer look at (6.107), a crucial observation is that we are dealing
with the exponenential of a real quantity albeit using Minkowskian signature.
This is directly related to the occurence of the light-like Wilson loop. Although

it is technically possible to obtain a result for the jet-quenching factor using
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such a loop, as was done in [109], we will see that one needs to consider such a
light-like loop as the limiting case of space- or time-like ones extending either
down- or upwards from the flavor brane they are attached to. Note that while
the original paper [128] considered only a space-like string stretching from the
flavor brane towards the horizon and approaching the light-like limit from below,
v < 1, it was argued in [130, 120, 131] that all four cases need to be investigated.
As the technicalities follow analogous steps in all four cases, we will only exhibit
a detailed calculation for the space-like down string followed by some remarks

about the three remaining configurations.

The space-like down-string We consider the quark-antiquark pair as
moving with constant speed v = tanh7n. Eventually we will take the limit
v — 1. At first we will assume the string to stretch from the flavor brane at
pa = Apy towards the horizon at p,. We are interested in the limit A — oo, the
case of infinitely heavy quarks. Moving to a coordinate frame in which the pair

lies at rest leads to a new metric given by

14 2 12

9o = 3Non [—f cosh® 1 + sinh n] (6.110)
5

p Ph 2
- 1— (=) cosh 6.111
3Nph [ ( P ) ﬂ] (6.111)
Ghags = 3N [coshzn fsinh® 7] (6.112)
90z3 = 3N — [~ fcoshnsmhn + cosh 7 sinh ) (6.113)

with the other components as before in (6.96). As z3 will not appear in our
calculations, we shall ignore the primes from now on and define £ = z%. In these
coordinates the profile is that of a static quark-antiquark pair and therefore the
same as in (6.48) in section 6.2.5. Note that if the elongation along z° =t in

this reference frame is 7, then it is L~ = 7T cosh in the laboratory frame.

The Nambu-Goto action is

T %
Sng = _757/0. dU\/—goo (g:c:z: + p’zgpp)- (6'114)
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Ignoring the overall normalisation,

L= \/_900 (gzz + Pl2gpp)

5
p Po 2
1— (=) cosh + p2g,,).

While the second term is positive definite, the first term however might change

(6.115)

sign, depending on the values of  and A, with the A dependence arising as

p € {po,Apo}. We see that as long as
cosh®n > A5, (6.116)

the Lagrangian £ is imaginary. This is what guarantees the exponent in (6.107)
to be real, as required. Therefore the limits  — co and A — oo do not commute.

The Hamiltonian is

H=g°°£ﬁzn K €R (6.117)

In the problem in question « is purely imaginary, as the Lagrangian is imaginary.

The profile is given by

p/2 _ Gzz (‘googm - "32)
9op K2

f 2 o 5 (6.118)
_J _(Pr 2 | _ .2
_R2{9N2P;2, [1 (p) cosh n] K }

with x2 < 0. For this to be real and positive, one needs to impose constraints

on kK.

cosh?n — A5 —9N2A3 |k > 0 (6.119)

So from now on we shall assume |k| < 1.

Evaluating the length and the action We choose new coordinates,

P = pny L = pal. (6.120)

L A
2 2 Ph
l=1/ d.’L‘=-—-—/ dpp'~?!
ph 1] ph Ph

1
=2|n|/Ady( ys )2 9N?2
1 y> —1 cosh?n — 5 — |k|° IN2y3
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We are interested in the small [ behavior, which is equivalent to assuming « to

be small. Expanding the integrand gives

1 29N2y?
- 6N|n|/ dy - K" 9Ny 7 +0 (|n|4)
—1 \ Veosh®n—ny5 2 (cosh?n — 4°)
1 3
—6N|/s|/ s +0 (1f°)
~1+/cosh®n - y5
' A
- w/Ad v Iof
~ coshp 1 y,/yS — coshn
~_—,—/
B
(6.122)
In the last equation we assumed that m is sufficiently small in order to de-

velop the expression in cosh™! 7. In the A — oo limit, the integral B is certainly
divergent, which might raise the question wheter | may truly be considered to

be small. Closer examination however shows that for large y,
B ~ A% cosh™ . (6.123)

As cosh®n > A8, our assumption about [ is justified.

Similarly to the lenght we may treat the action,

T Apn __ 2 .2
Sng = e~ dpp’ ™/ -——g(l):(lléf .
- I / \/ y2 (cosh? ) — y5)° 1
5 _
3ra/N ¥ -1 \/;:oshzn—yE’ — |k2y3ON?
_ TIpo /A P y2 (cosh? n —y5)
" 3na’N y ys —
3TN 1
4 3T Nposl” 31T Npo || +0 (|K|4)

2mo! \/y -1 \/coshzn y
A

= SO 4 x2SV + 0 (|n|4)
(6.124)

If one again only looks into the leading order behavior for cosh™! 7, the © (|n|2)

term is N
31T Npg |k 4 TL2L-
s = 3T Npo x| / dy—— =1 (6.125)
2ma’ cosh 7 Vs -1 30a’B
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Note the reappearance of the integrals A, B. Renormalizing the above action as
described in section 6.2.4 yields a counterterm that exactly cancels S, So to

first order in |x|* we may work with S(.

The remaining configurations & jet quenching From equation (6.118)
it follows that one may also consider a world-sheet ending on the flavor brane
yet stretching away from the horizon s.t. p > App. Using the same approx-
imations as for the down-string of the previous paragraph, one arrives at an
expression identical to (6.125) except for the integration bounds. Once more,
taking n — oo before A — 00, the relevant integral B diverges.

For the string with v > 1 one boosts to a faster than light frame. Technically
this amounts to substituting coshn — Fih’f and sinh 7 — ?m:x_h( and eventually
taking the limit ¢ — 0. Keeping track of all the factors of 1 appearing in the
calculations, one arrives at (6.125) for the down-string, thus recovering the v < 1
result exactly. In this case, there is no up-string solution.

No matter which of the three configurations we use, we can write down the

expression for the Wilson loop and extract the Jet-Quenching parameter

2, — n _
(W(C)) = eXS©)=50) = o=TBlhy L o~amil’L” | (%) (6.126)
In each case the integral B is divergent, and so the jet-quenching factor vanishes.

§=0 (6.127)

On the non-commutativity of the limits taken As we have seen above
and as was noted first in [128] the limits 7 — oo and A — oo do not commute.
In the same paper, Liu, Rajagopal, and Wiedemann gave a very nice discussion

of this issue, which we shall summarize here.

Mathematics From a purely formal point of view, the first indication for
noncommutativity is that one needs the Lagrangian to be imaginary in order
for the expectation value to be real. This leads to

A5
cosh?p

<1 (6.128)
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Now regard (6.122). In going from the second line to the third, we need to

assume
5 5

Yy __«1

cosh® 7

< 1. (6.129)

cosh? 7
While this is a pretty strong assumption, it is certainly satisfied if one takes the
1 — oo limit first. This corresponds with the ansatz taken in [109] where the

authors work with a light-like worldsheet in the first place.

Physics As to physics, one need to consider that different types of Wilson
loops may be used to study different physical problems. On the one hand,
we have jet-quenching, related to a Wilson loop which is again related to the
exponential of a real quantity. This is the regime coshn > A. On the other
there is the behavior of the (possibly moving) qg pair, where the Wilson loop is
related to the exponential of an imaginary quantity. Here we have coshn < A.
Between these two regions there is a discontinuity at coshn ~ A.

The authors of [128] go on to point out that if coéhn > 1 but coshn < A,

the screening length L. is given by

0.743

Lpax = ———rr—. 6.130
X gy/coshnT ( )

Also, there is a size d associated with every external quark, given by
s YA 1 (6.131)

M AT

M = M(A) is the mass of the quark. So at the singularity, the screening length

is similiar to the size of the quark
0 ~ Lmax- (6.132)

Now if
1< coshyp <A  then § <€ Lpyax (6.133)

which confirms that the string represents a quarkonium meson. If we trust the
above formulas to be true in the limit coshn > A, albeit not having assumed

this when defining L.y, we realize that because of
6> Lonax (6.134)
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the quark is bigger than its screening length, meaning that there are no ¢g bound

states. So there are two different regimes with different physics, depending on
cosh®n < AS. (6.135)

If we want to examine certain physics, we have to make a choice on how to take

the limit.

Drag Force While the jet-quenching method described above only uses the
gauge/gravity correspondence to calculate the expectation value of a wilson line,
the concept of the drag force, which was introduced in [103, 127], is fully based
on the existence of a holographic dual. The main idea is that if one is able to
describe a massive quark-antiquark pair as an open string whose both ends are
attached to a probe brane at large radius, one might be able to think of a single
quark as a single string stretching from the probe to the horizon. Again one
uses the Nambu-Goto action in order to study the string’s dynamics.

Generically the movement of the quark trough the plasma is governed by

p=-up+f, (6.136)

where p is the quarks momentum, p a damping coeflicient, and f a possible
external force. There are two situations of interest here. f =0 and p = 0.

In the first case, it follows that 5 = —pu and therefore
p(t) = e™#tp(0). (6.137)

One may extract u numerically from a quasi normal mode analysis of a string
stretching between the probe and the boundary.

We shall however not perform the numerical analysis and instead only focus
on the second case. A quark moving at a constant speed through the plasma
satisfies p = 0. Yet as the plasma is continuously draining the quark’s energy,
there has to be an external force f constantly repleneshing the quark’s energy
and momentum.

Again we place the probe brane at p = App. To study a single open string

hanging down to the horizon, we assume a profile of the form

r=t o=p z =z(1,0) (6.138)



where in opposite to (6.48) we allow z to depend on the time. The Nambu-Goto

action (6.41) yields the following equations of motion

.’17
0= —gppGzzOr \/_ +0, g\‘;‘ﬂ” (6.139)

where we defined

9 = 9et9po + 11922 + GppGrai’,
2 2 2
B _ﬁ% B ng%.f(p):c’z N ﬁ%%jz’ (6.140)
We shall now examine the properties of a specific time-dependent solution.
As we will see one may extract information about the string and the quark it
describes without fully solving the equations of motion.

Assume 80,z = v, a constant. Then the equations (6.140) and (6.139) simplify

to
g = Gtt9pp + gttgzzzlz + gppga::c'v2
- Pz _ —,)2_f(p):v,2 N ——p—z—-—l—vz (6.141)
ON2p§  9N?p3 INZ2p5 f(p)
and
/
—0ttGxzT
0=09,—2=2=2" (6.142)
’ V=g

as 8.g = 0. This can be integrated once and solved for z’ to give

22 = _ ngpp (gtt + 'U2gzac) (6.143)

9tt9zz (9tt 9oz + C2)’

where C is a constant of integration.

Plugging this back into (6.44), (6.45) yields

dE Cv

—=rl = - 144
dt 2ra (6.144)
dP C

== (6.145)

We want the string to reach the horizon. To see whether this is possible,
we need to check if the solution is well defined in the region pg < p < Apg. As

usual one needs to require /—g, 2’2 > 0. From

vV—g= —gttgzz.’l,‘lc_l (6146)

it follows that \/—g is real if that is the case for z'2. A look at (6.143) tells us

that we cannot avoid its numerator to change the sign as long as v # 0. Hence
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one needs to make sure that both the numerator and the denominator change

sign at the same radial position p1. This amounts to solving

= 0= gorgn + C?| (6.147)

2
+ v
gtt T Gza ’p=p¢ p=pt

for C. The former equation leads to py = pp(1 — v2)/5, from which it follows

that

v
= WA (6.148)
Hence the energy and momentum loss are
dP v
dat _67rNa’ (1- 02)1/5 - (6.149)
dE 2
= - (6.150)

dt " erNo (1 - 2)/°
Going back to (6.136), setting p = 0, taking (6.149) for —f, and making use of
the relativistic relation p = 7=7 leads to

(1- 1)2)3/10

pm = 6rNo/

(6.151)

This result has some interesting properties. As long as we consider a’ to be
finite, the strict N — oo limit leads to a vanishing ym. So in this case there is no
radiative energy loss. This agrees nicely with the vanishing of the jet-quenching
factor ¢ studied in section 6.4.4. Furthermore (6.151) even extends that result
to quarks of any non-vanishing mass.!3 If we only take N to be large however,
equation (6.151) seems rather awkward, as the damping decreases the faster the
probe moves.

Also one should not forget that we need o/ to be small in order to use the
supergravity approximation. More precisely, as was studied in section 6.4.1, the

't Hooft coupling behaves as A ~ N°® S(Ts—) Thus

N3/ 2
um ~ m. (6.152)
So making a definite statement about the fate of the damping coefficient u
requires a more rigorous study of the relation between the gauge- and the string

theory’s couplings and energy scales.

13Note however that to take the limit m — 0 one needs to bring the probe brane arbitrarily
close to the horizon. One should assume that something should happen in this case, i.e. the
brane might fall into the horizon.
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6.5 Discussion

We have constructed a new solution {6.67) to the equations of motion of eleven-
dimensional supergravity. As our discussion of its thermodynamical proper-
ties in section 6.3.2 shows there is reason to doubt that it is dual to a four-
dimensional gauge theory at finite temperature, leaving us with the question
what the field-theory dual of the background in question is. Our comparison
with the four- and eleven-dimensional Schwarzschild black holes shows however
that the surprising thermodynamical features are to be expected from a solution
that is purely gravitational in eleven dimensions. Therefore one might expect
to find a better supergravity dual upon generalizing the ansatz (6.64) such that
the black hole is charged under the three-form gauge field of eleven-dimensional
supergravity.

Despite these problems we were able to exhibit some of the expected features
of a gauge-dual at T > 0, such as deconfinement and the universal ratio of shear-
viscosity and entropy density. Further pathologies of our background are the
negative specific heat and the vanishing parton energy loss.

As to the issue of the specific heat one should call to mind the work done
by Gubser and Mitra {132, 133, 134], indicating that in fairly general settings a
thermodynamic instability is leading to a dynamical one.

One might also consider the following: While our derivation of the shear-
viscosity to entropy ratio uses the concept of the stretched horizon introduced
by Kovtun, Son, and Starinets [48], one expects to obtain the same universal
result from the more standard calculation based on the evaluation of the Kubo-
relations. Now as the derivation of photon and dilepton production in the dual
plasma [101] is quite similiar ot that of the shear-viscosity one might conjecture
these quantities to behave better then the energy loss that was was discussed in

this chapter.

6.A The bundle structure of S°

We examine the bundle structure of 53, following the classic book by Nakahara

[135]. The 3-sphere can be defined as
S = {(20,21) € C?l|20* + |]* = 1} (6.153)
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In the language of [135] this is our total space. Being a manifold, we can equip

it with an open covering

1
Uo = {(20,21) € $3||20]% < 5}

1
U1 = {(20,21) € §%[|aa|* < 3} (6.154)

1
Uo NU1 = {(20, 21)l|20| = 7 = |z1|}

We claim that the base space is S and the fibre ST ~ U(1). To show this,
let us first define the projection.
7:8% 5 5%~ CP!

(20, 21) = [(20,21)] = {A(20,21)|A € C\ {0}}

(6.155)

Now on Uy 1, we know that 21,9 # 0 and can thus choose A = 21, 3. That means

we have the following coordinates on Vp 1 = 7(Up,1):

z
o1 =22 [Coul <1 (6.156)
21,0

There is an overlap between the two coordinate patches
VonVi={|Cl =1=1Gl} (6.157)

on which the coordinates are related as (o = ¢ 1. Our base space has thus the
topology of two discs glued together along their boundaries and is therefore a
two-sphere.

To confirm that the fibre is indeed U(1), we need to examine 7~1. Choose
¢ € S2. We shall assume w.l.o.g. ¢ € V5. We can somewhat lift ¢ to CP! by
writing

¢=(¢1) =AM 1) AeC\{0} (6.158)
We are now looking for points in S which are projected onto this element of

CP'. This is summarised by the equation
k(z0,21) = M, 1) (6.159)
The C-number & is redundant, leading us to
(20,21) = (AG,A) = APIC + AP =1 (6.160)
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While this uniquely determines the modulus of A, its complex phase remains

fully arbitrary. We can summarize this as
7 1¢) ~U(1). (6.161)

If we assume the structural group to be U(1), it is obvious that there is a
well defined left action on the fibre.

To define the local trivilisations, we shall use the open covering V; of S that
we defined previously. Thanks to our work in the previous paragraphs, it is no

work at all to write an explicit expression.
Dy : Vp x U(l) — 7r—1(Vo) =Uy
(¢, ¢) — (re®¢,re'?)

[ 1
r=\= AL (6.163)

7 (re'®(, re?) = X (re'®(,re?) = (¢,1) = ¢. (6.164)

(6.162)

with

One can check that

A virtually identical definition holds for V;.
O :VixUQ)—=n'(W) =01
(¢, 9) = (re'?,rer¥()

Finally, we check the transition functions. Assume { € Vp N Vi; it follows
that ¢ = e*.

(6.165)

tor,c(¢) = @1 (re*?¢, re*?)
(6.166)
=(The+0)eVixUQ)
This shows that the transition function is a simple shift in the fibre and thus
certainly a diffeomorphism. Note that in going to the last line, we had to

acknowledge that when going from Vj to V; coordinates, we have to invert the

element.
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