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SWANSEA UNIVERSITY

Abstract

College of Engineering

Doctor of Philosophy

by Sean P. Walton

The aim of this thesis was to investigate the application of gradient free optimisation
algorithms to a number of practical engineering applications. A modified cuckoo search
algorithm was developed which outperformed a number of other optimisation algorithms
in a variety of benchmark cases. The algorithm was applied to two selected practical
examples. The first was that of aerodynamic shape optimisation, where the algorithm
performed well when applied to both inverse design and aerofoil improvement prob-
lems. A limitation of gradient free algorithms is poor efliciency, in terms of number of
function evaluations. When a single function evaluation is computationally expensive,
this presents a problem. In an attempt to address this an interpolation scheme based
on proper orthogonal decomposition was developed for unsteady fluid flow problems.
This approach resulted in a significant reduction in the CPU time required to find new
solutions, without a significant loss in accuracy. Modified cuckoo search was also ap-
plied to mesh optimisation. For this application reduced order mesh optimisation, was
introduced. It was applied to the difficult problem of optimising meshes for use in co—
volume techniques. Proper orthogonal decomposition was used to reduce the number of
dimensions in the problem. This reduction allowed the expression of the optimisation
problem globally, rather than locally as in other techniques. This technique performed
better than other existing techniques at improving mesh quality in both two and three

dimensional examples.
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Chapter 1

Introduction

1.1 General

Design is at the core of engineering. Many different definitions of the word design exist.
The main focus of this thesis was the verbal meaning of the word design, i.e. the process

of design. Many fields in engineering attempt to improve some part of this core process.

Design processes all begin with two main questions: what is it that the final design needs
to achieve and what constraints are there on the design? A designer’s role is to best
meet the goals given by the first question, whilst satisfying the constraints identified in

the second. This is often achieved during design cycles.

Before a design cycle can take place, an initial design is required. This initial design will
almost certainly be formed using a designer’s own experience and training, or perhaps
even simply utilising a previous design from another project. Once an initial design is
constructed, it will need to be analysed. Historically, this analysis is achieved through
physical experiments. Such an example is the invention of the first commercially practical
light bulb by Thomas Edison. Lacking the required theoretical background Edison
undertook a trial and error search for the best material for the filament. This type of

trial and error is sometimes called the Edisonian approach.

Using the evidence obtained through this analysis, the original design can be refined
to better meet performance goals and constraints. As scientific theories became more
sophisticated, it was increasingly possible to predict the performance of different designs
using hand calculations. However, this is a laborious process and the models used would

often contain approximations to make hand calculations possible.

To simplify the process of refining a design, parameterisations are often employed. This

allows the size and shape of a design to be represented by a series of parameters. For

1



Introduction 2

instance, a simple beam may be parameterised in terms of length, width and height.
The goal of the design cycle is therefore to find a set of these parameters which result in
the best performance whilst meeting the constraints. The designer must parameterise

the design in an efficient and logical manner to make the process easier.

The initial design represents a first guess of the best set of parameters for the problem.
The cycle of testing a design at a given set of parameters, readjusting the parameters,
then retesting, could be repeated many times. As problems become more complex,
with more parameters, a designer will want to keep a design in this cycle longer. The
limiting factor in how long a design cycle can last, in reality, are deadlines specified
by contractors, potential customers or competitors. The designer has no control over
this time period, so the field of engineering seeks to make the design cycle increasingly

efficient.

Computer simulation is making a measurable impact on the efficiency of design cycles
across multiple disciplines. Sophisticated computer models now allow the construction of
virtual experiments for many different potential designs. The primary example consid-
ered in this work was that of computational fluid dynamics (CFD). Before computational
power and model validation made CFD a practical and reliable tool, wind tunnel testing
and hand calculations were used to test designs in aerospace engineering. Wind tunnel
testing requires expensive experimental equipment, with new models needed for each
new geometry. This results in a very limited number of design cycles before a deadline

is reached.

In 1980, Boeing constructed 77 different model wings for wind tunnel testing whilst de-
veloping the 767. This is compared to 11 wings for the development of the 787 in 2005.
The reduction is due to advancements in CFD [4]. Compared to experimental and hand
calculation analysis, computer simulations allow the, relatively, fast and cheap analy-
sis of potential designs. Computer aided design applications also allow the automatic
parametrisation and generation of new design geometries. The designer is faced with

the task of using this potentially endless supply of data efficiently and effectively.

The requirements and constraints of a problem can first be used to define some kind of
quality measure of a design. One example might be the lift to drag ratio of an aerofoil.
Once the quality measure is defined, a computer simulation can be run for a set of sample
designs, to obtain the quality measure for each. If only a single parameter defines the
design, the quality measure can simply be plotted against this parameter on a simple line
graph. By simply inspecting this graph this designer can determine the optimum design.
When two parameters exist, the quality measure will have to be plotted as a contour
map or a surface, which the designer may inspect. With three or more parameters it

becomes difficult, if not impossible, to visualise and understand this data.
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As the number of parameters increase, it becomes increasingly difficult to determine the
optimum design by hand. Doing so relies on the intuition and experience of a skilled
designer. As technology and development pushes the boundaries of current knowledge,
this experience and intuition becomes less important. For example, in the design of micro
air vehicles on the scale 15cm and below, classical aerodynamic design theory does not
apply [5]. This could result in unexpected shapes representing optimum designs. In
addition, the time taken to comprehend the effect of each parameter on the performance

of the design will limit the number of possible design cycles.

The methods presented in this thesis all aimed to automate this searching process, while
increasing its efficiency. There were two methods considered for increasing the efficiency
of the process. The first was to reduce the number of sample designs needed to obtain
the optimum design, this is the aim of the field of optimisation. The second was to
reduce the time taken to obtain the quality measure for a given design, which is the role
of reduced order modelling (ROM).

1.2 Objectives

The initial objective of this work was to apply reduced order fluid flow modelling and
optimisation techniques to aerospace design problems. The goal was to develop tech-
niques which would be capable of making large design changes. It was recognised that
many local optimisation techniques exist which can make significant improvements to
initial designs. However, local optimisation techniques are sensitive to the initial design
supplied. The aim here was to develop techniques which are not sensitive to an initial
design. An additional aim, was to write algorithms which were as general and automatic

as possible.

To achieve this aim, an optimisation technique capable of global optimisation needed
to be identified. In addition to this, a ROM technique was required to reduce the
computational cost of numerical models used by the optimiser. Such a ROM technique
would need to be able to predict responses to significant changes in the geometry and

flow regime.

1.3 Layout of the Thesis

Chapter 2 provides a brief overview of optimisation. The concepts of local and global
optimisation are discussed. This resulted in a motivation to use metaheuristic gradient

free optimisation methods. The Cuckoo Search (CS) algorithm was selected as the
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optimisation algorithm for this work. The algorithm and motivations for selecting it,

are discussed in Section 2.4.1.4.

Chapter 3 discusses the modifications made to the CS algorithm. These modifications
which became known as Modified Cuckoo Search (MCS) [1], are detailed. The mod-
ifications result in an algorithm which can minimise a function in a low number of

evaluations, compared to other metaheuristic gradient free methods.

Further changes, discussed in Section 3.4, were made to the published MCS algorithm.
The motivation for these changes originate from the results presented by Bhargava et

al [6], who applied MCS to phase equilibrium modelling.

The MCS algorithm was applied to the problem of aerofoil shape optimisation, which
is presented in Chapter 4. It was found that the method could improve the design of a
given aerofoil. However the high CPU cost of evaluating the objective function would
make the method impractical for use in an industrial setting. This led to an investigation

into ROM techniques.

An overview of ROM is given in Chapter 5. A ROM technique based on Proper Orthog-
onal Decomposition (POD) and interpolation methods was deemed the most suitable for
optimisation purposes. The existing method as it applies to steady fluid flow problems,
discussed in Section 5.4, was extended, successfully, to unsteady flow problems [2]. The

resulting unsteady ROM technique is presented in Section 5.5.

The ROM techniques considered are not suited to predicting changing flow regimes,
which makes them unsuitable for general aerodynamic shape optimisation. However,
POD was used to reduce the dimension of mesh optimisation problems. When coupled
with MCS, the technique, Reduced Order Mesh Optimisation [3], is found to be very
successful in otherwise difficult mesh optimisation problems. The reduced order mesh

optimisation algorithm is presented in Chapter 6.

Finally the general findings of this thesis are discussed in Chapter 7, along with areas

for future work.



Chapter 2

Overview of Optimisation

optimum

n. The most favourable or advantageous condition, value, or amount

adj. Best, most favourable, esp. under a particular set of circumstances

Ozford English Dictionary

2.1 Introduction

In Section 1.1, the design cycle was discussed. Typically, a design cycle is a series of
decisions made by a designer or team of designers, based on experience and intuition.
Decisions need to be made on which parameter of the design to adjust, and by how
much. Another decision is when to stop making changes and finalise the design. The
field of optimisation involves developing techniques to automatically make these kinds

of decisions.

Modern optimisation techniques originate from methods developed to find roots of poly-
nomials, or to solve systems of equations. One such example is the conjugate gradient
method, which was designed to solve a system of linear equations [7]. The solution is
found by minimising the residual of the system, which means that if a problem could
be framed as a minimisation problem then this technique can potentially be applied.
An early example of such an application is the minimisation of an energy function to

numerically determine the electronic structure of molecules [8].

Computers were the key to the development of optimisation techniques. Little was known

about how to approach the numerical optimisation of many variable functions before

5



Overview of Optimisation 6

1940. In the 1940s and 1950s, a new branch of research, named linear programming,
was introduced. Essentially, this was the birth of linear optimisation. The kind of
functions these early techniques could be applied to was very restricted. In the 1960s,
it was still considered quite a challenge to optimise functions with 10 variables. Modern

techniques are designed to optimise functions with hundreds of variables [9].

2.2 Fundamentals

Let f(x) represent some measure of quality or performance of interest. The aim of
optimisation is to find the set of inputs, or parameters in the case of design optimisation,
x that either maximises or minimises the output of this function. The inputs of the
function may be represented over any number of dimensions or degrees of freedom.
The space on which x is represented is often referred to as the search or parameter
space. Optimisation algorithms traverse the search space to find the optimum set of
parameters by evaluating the objective function at different coordinates. The evaluation
of the objective function, f(x), may be expensive so it is desirable to minimise the

number of evaluations required to find optimum value.

2.2.1 Categorising Optimisation Problems

A wide range of optimisation methods exist. To select a suitable method, for a par-
ticular objective function, methods of classifying objective functions are required. In
this section, a number of terms used to describe objective functions and optimisation

problems are explained.

2.2.1.1 Smoothness

The de Jong function
fx)=> 3¢ = €[-512,5.12 (2.1)

with d = 1 is plotted in Figure 2.1(a). This is an example of a smooth objective function.
Smooth functions have continuous second derivatives. Conversely, non-smooth functions
do not have second derivatives and may contain discontinuities [10]. An example of
a non-smooth function is plotted in Figure 2.1(b). Non-smooth functions provide a

challenge, in particular, for optimisation techniques which require gradient calculations.
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(a) Graph of de Jong’ function showing an example of a smooth function

(b) Example of a non-smooth function

FIGURE 2.1: Smooth and non-smooth functions

2.2.1.2 Local-minima

The concept of local-minima is important in optimisation. Optimisation algorithms can
be considered either local or global minimisers [11]. This is illustrated in Figure 2.2,

which shows a plot of Schwefel’s function given by

/(x) = [-®»sin(\/jxii) Xi e [-500,500] (2.2)

where d = 1. Multi-modal functions have many local-minima, whereas uni-modal
functions do not. Optimisation algorithms which determine search direction using gra-
dients may become trapped in a local-minima, depending on the initial guess of the

input parameters. This leads to the concept of local vs. global minimisers.

Local minimisers depend critically on the initial guess of the input parameters. Such
optimisation algorithms will only converge to the global minimum, if the initial guess

is close to it, otherwise they converge to the local-minimum closest to the initial guess.
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FiGure 2.2: Graph of Schwefel’s function which is an example of a multi-modal func-
tion
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FIGURE 2.3: Example of a noisy function

True global minimisers, however, will find the global minimum in every case, regardless
of the initial guess. In practice locating the global minimum is difficult, as is recognising

it when it is found [10].

2.2.1.3 Noise

Figure 2.3 shows an example of a noisy function. These types of objective functions are
often found when optimising a function based on data from either physical or numerical
experiments. The noise is likely to represent experimental or numerical error. Noise
will result in a function which is both non-smooth and multi-modal and, therefore, the
difficulties discussed for those classes of functions apply here. A key strategy in dealing

with noise is to attempt to find an underlying function and remove the noise.
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2.2.1.4 Continuous and Discrete

All the objective functions plotted above are examples of continuous optimisation prob-
lems. The input variables have continuous values within a specified range. Some prob-
lems, however, contain inputs which have discrete states. For these problems, discrete

optimisation strategies are required.

A defining feature of discrete optimisation problems is that the input parameters are
drawn from a large, but finite, set. In continuous optimisation, the set of feasible input
parameters can be considered infinite [10]. All applications considered in this thesis fell

into the continuous category.

2.2.1.5 Constrained and Unconstrained

In unconstrained problems, the input parameters can take any value [9]. Constrained
optimisation problems represent most real design problems, where constraints are im-
posed on the input parameters. These constraints may be simple bounds on the input
parameters, such as size, or more complex constraints which themselves are a function
of the input parameters, such as budgetary or structural constraints. Constraints are

often expressed in the form of equalities
gi(x)=0 i€L

and of inequalities

gi(x)>0 1€¢€

Here, g; is the function representing the constraint i, and the sets ¢+ and ¢ contain the

equality and inequality constraints respectively [10].

2.2.1.6 Linear and non-linear

A linear optimisation problem has all linear objective and constraint functions, whereas
non-linear optimisation problems do not. Linear programming aims to solve linear opti-
misation problems and non-linear programming tackles non-linear problems. During the
initial development of optimisation techniques most problems, such as those in manage-
ment, financial and economics, were formulated as linear problems. This is because linear
problems are much easier to solve being uni-modal by nature. In physics and engineering
the objective functions are almost always non-linear, which forced the development of
non-linear programming techniques. This development has allowed more sophisticated

non-linear formulations of financial and economic optimisation problems [10].
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2.2.1.7 Robust Design Optimisation

Standard deterministic formulations of optimisation techniques rely on a static specifica-
tion of operating conditions and do not account for the inevitable uncertainty in design
parameters associated with the manufacturing process. The result is a design which
will perform poorly in conditions outside of those defined in the optimisation. Robust
design optimisation attempts to produce designs which perform well in a wide range of

uncertain parameters (operating conditions, manufacturing errors etc) [12].

2.3 Gradient Based Algorithms

Gradient based algorithms have existed since the introduction of linear programming.
Gradient based techniques are among the most used optimisation techniques in engineer-
ing, because of their high computational efficiency and well understood behavior. Ex-
amples of gradient based techniques include Newton-Rapshon [13], steepest descent [14]
and the conjugrate gradient method [15].

All gradient based algorithms start with an initial set of input parameters x*=1. This
initial set is a user’s best guess at where the optimum may exist. Using information

k+1 to

about the function at x*=! the algorithm decides upon a new set of parameters x
inspect. The aim is for f(x*+1) < f(x*) [10] i.e. the value of the objective function to
decrease each iteration. Often when describing these techniques the input parameters
are referred to as solutions, probably due to the origin of these methods in equation

solvers.

2.3.1 Gradient Based Optimisation Strategies
A number of different gradient based algorithms and strategies are now described.

These techniques are commonly used and can be found in commercial packages such
as DOT [16] or the MATLAB [17] Optimisation Toolbox.

2.3.1.1 Line Search Algorithms

Line search algorithms are optimisation techniques which undergo the following basic

procedure each iteration

1. calculate a search direction p¥,
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2. find the value of a which minimises f(x* + ap*), and

3. xkt1 = xF 4 opk.

Different algorithms result from different methods of determining p*. If the method of
determining p* is effective any value of & > 0 should result in a reduction of the objective
function. This means in practice it is not worth the effort to calculate the value of o
which minimises f(x* 4+ ap*) exactly. Instead approximate optimisation techniques can
be used to find « [9].

In the steepest descent method
pf = -Vs(x*)

where V is the gradient operator. This is the most obvious choice for p*, but it can
result in slow convergence for complex problems. The slow convergence is due to the

fact that —V f(x*) is always orthogonal to the contours of the function [10].

Conjugate gradient methods attempt to solve this problem by setting

p = —Vf(x*)+ gFp*!

k—1

where ¥ is determined to ensure p* and p*~! are conjugate. Conjugate gradient methods

are much more effective than steepest descent in terms of convergence rate [10].

The fastest convergence rates achieved by line search algorithms come from Newton
direction descent methods. To find a Newton descent direction the second—order Taylor

expansion .
fxF+p) = fE+pTVFF+ EpTVZf’“p

is employed. The aim is then to find a direction, p*, which minimises this function.

Taking the derivative with respect to p and setting it equal to zero results in
pk — _(Vka)—lvfk

for Newton descent methods. The primary drawback of Newton type methods is the

requirement for a second derivative, which may not exist for non-smooth problems [10].

2.3.1.2 Trust Region Algorithms

Trust region algorithms use information gathered about f, during the optimisation pro-
cess, to construct a model function m*. The model function m* will change each iteration

and it resembles f close to the current optimisation point x*. For this reason, the search
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for the minimum is restricted to a region close to x* where the approximation m* is

trusted. The basic procedure followed by a trust region algorithm each iteration is

1. find p which minimises m*(x* 4 p) under the constraint |p|| < a* where a* is the

trust-region radius for the current iteration k
2. xk+1l = xk 4 pk
3. calculate the ratio

FxF) — f(x*)

mk(xk) _ mk (xk+l)

k k+1

If this ratio is close to one then mF® is a good representation of f so increase o**".

Otherwise decrease a**!

The difference between trust region and line search algorithms is the order in which the
direction and distance to x**! is determined. In line search algorithms, a direction is
specified and the distance calculated by solving a minimisation problem. The reverse is
true for trust region algorithms where a maximum distance is specified and the direction

calculated using a minimisation [10].

2.3.1.3 Method of Feasible Directions

The method of feasible directions is a gradient based algorithm applied to constrained
optimisation problems. The starting point is selected such that it satisfies all the con-
straints. A solution is said to be feasible if all constraints are satisfied. The value of
o is selected to be small enough not to move outside a region of feasible solutions. In
the method of feasible directions, p* is selected such that a small move in that direction
does not violate any constraints and also results in a reduction in the objective func-
tion. Calculating p* for this method requires gradient information for both the objective

function and the constraint functions [18].

2.3.1.4 Sequential Linear Programming

Originally introduced as the method of approximation programming, sequential linear
programming is a technique to optimise non-linear problems. The technique uses a
Taylor expansion to linearise the non-linear objective and constraint functions. Linear
programming methods can then be applied to this linearised function. The linearised
function is constructed using local gradients and is only valid in a given region. A dis-

tance is calculated, which represents the maximum distance the optimisation algorithm
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can move from a solution before the function needs to be approximated again. This

leads to solving a sequence of linear problems [19].

2.3.1.5 Sequential Quadratic Programming

Sequential quadratic programming was introduced in the late 1970s to solve non-linearly
constrained optimisation problems. The technique works the same way as sequential
linear programming except that the non-linear objective and constraint functions are
approximated as quadratic problems, so that quadratic programming techniques can be
applied. There are many rapid and accurate algorithms which belong to the family of
quadratic programming techniques, which motivates the quadratic approximation in this
method [20].

2.3.1.6 The Adjoint Approach

Jameson [21] introduced the idea of regarding a shape design optimisation problem as
a control problem. This has become known as the adjoint method. In this method,
the shape of the design is considered as the input to a control problem. Let s(x) be
a function representing the shape of a design. A variation in the surface ds results in
a variation in the objective function df. When the objective function is the output of
some system, which is specified by variables and parameters w, such as Mach number
or angle of attack, then the objective function is a function of these parameters and the
shape of the surface s. This allows the expression

A ofT ofT

of = —a%aw + 73%— s
The trick in the adjoint method is to eliminate the w term by using a Lagrange mul-

tiplier Y. If T is selected to satisfy the adjoint equation

orR1T .. 87
putinhe =2 2.
[é)w] T ow (2:3)
where R is the governing equation for the model defining the objective function, it is
shown that
0f = Gos
where T 5
_of T |OR
¢= 0s T ds

This means that § f is independent of Jw and, hence, equation (2.3) only has to be solved

once to calculate the objective function gradient for any number of input parameters [22].
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Although Jameson has applied this technique to a number of real design problems, the
development of adjoint techniques has not been rapid. A number of limitations are

identified [23] which may explain this:

e in constrained optimisation an adjoint calculation is required for each constraint

function.

e The benefit of the adjoint approach only becomes significant for large number of

input parameters.
e The technique can be difficult to implement, despite the straight forward concept.

e Additional limitations of gradient based algorithms, which are discussed in detail

below in Section 2.3.2.

2.3.2 Problems with Gradient Based Algorithms

The practicality of using gradient based optimisation techniques is reduced by the dif-
ficulty of automatically generating the derivatives of objective functions in real appli-
cations. When the objective function represents a complex numerical model, it is not
possible to calculate derivatives analytically. It is possible to approximate derivatives
numerically using, for example, finite difference methods, but this can be unreliable. In
addition, it becomes increasingly difficult, and computationally expensive, to numeri-

cally calculate derivatives for large numbers of input parameters [10].

Gradient based techniques are particularly sensitive to noise in the objective function.
Since many of the described techniques make use of the second derivatives, non—-smooth
functions pose challenges. Furthermore, for a number of non-linear engineering prob-
lems, the gradient will change throughout the search space and may not always point in

the direction of the global minimum solution [12].

2.4 Gradient Free Algorithms

There are two broad categories of gradient free algorithms: metaheuristic and determin-
istic. Metaheuristic methods make use of random numbers to drive the optimisation [24],
whereas deterministic techniques are, as the name implies, repeatable without random-

ness.

The Nelder-Mead Method [25] is an example of a deterministic technique which uses

the concept of simplices to represent the agents in the search space. A simplex is a
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collection of vertices which are connected to form a simple shape, for example a triangle
in two dimensions. For an N dimensional problem, each simplex has N + 1 vertices.
The objective function is evaluated once at each vertex and one of three operations
then takes place to generate a new candidate vertex. These operations are reflection,
contraction and expansion of the simplex. It has been shown that the method does not
converge to a global minimum for general problems [26] but, despite this, it remains
popular in industry, e.g. it has been widely used in the fields of chemistry, chemical
engineering and medicine. This popularity is probably due to its simplicity and to the
fact that it generally produces a significant improvement in the solution, within the first

few iterations [26].

Broadly speaking deterministic techniques tend to be local optimisers, whereas meta-
heuristic techniques have the potential to be global optimisers [24]. For this reason

deterministic techniques were not considered further.

Computer scientists investigated the possibility of applying the concepts of evolution as
an optimisation tool for engineers during the 1950s and 1960s. This work gave birth to

the genetic algorithm (GA), which is an example of an metaheuristic technique [27].

Although no rigorous definition exists, most metaheuristic algorithms contain the fol-

lowing elements:

e population of agents,
e selection according to fitness,
e crossover of agents, and

e random mutation of agents. [27]

These algorithms use large populations of agents to search the solution space. The
objective function is calculated at the position of each agent and a series of rules are

followed, with the aim to move the agents towards the global minimum.

An agent can be considered as a potential set of inputs to the objective function. These
agents are given different names in specific algorithms, depending on the analogy em-
ployed. A selection scheme, based on the objective function, is constructed to be biased
towards selecting the best individual agents to survive from one generation to the next.
As the number of generations increases, the agents should approach the global optimum.

This results in a number of gradient free methods based on principles of evolution.

In practice, testing for convergence in metaheuristic algorithms is not straightforward.

This is due to most algorithms being designed to maintain diversity and avoid early
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convergence to a local sub-minimum. Thus, algorithms of this type tend to simply be
run for a prescribed time. Discussions with engineers in industry suggested that this

would typically be overnight.

A successful metaheuristic technique finds a balance between exploring new areas of the
search space and refining areas of the search space where current information suggests
the minimum might lie. This balance is often determined by a set of parameters which

are tuned to control the behavior of the agents.

To avoid the problem of sensitivity to the initial guess, gradient based techniques are
often paired with metaheuristic techniques. For example, when applying optimisation
techniques to training a neural network, Salimi et al [28] proposed a simple hybridisation
between MCS [1] and a conjugate gradient method. They were training a neural network
for classification and pattern recognition purposes. A neural network has an associated
series of weights which governs its behaviour. Traditionally, the conjugate gradient
method would be used to find the optimum weights. They found that this technique
depends critically upon the initial guess, due to the multi-modal nature of the problem.
The performance of the trained neural network increases when the global optimisation
properties of the MCS were used to find an initial guess, which is then refined using a

conjugate gradient solver.

2.4.1 Examples of Metaheuristic Algorithms
2.4.1.1 Genetic Algorithms

Among the earliest gradient free metaheuristic optimisation algorithms developed, GAs
are based upon concepts of biological evolution. In most optimisation algorithms, the
agents are represented by a vector of real numbers which refer to coordinates in the
search space of interest. In GAs, the agents are, typically, represented by the strings of
1s and Os that define the binary representation of the coordinates in the search space.
Crossover and mutation operate on the string representation of each candidate solution,
not on the physical, geometrical or real representations {27]. Representing a solution in
this way can lead to the requirement for large numbers of degrees of freedom for complex
problems. The fitness of each agent is evaluated and a number of the best candidates are
selected to undergo the crossover and mutation processes to generate a new population.
GAs have been applied successfully to many problems, including pattern recognition,

robotics, electronic circuit design [29] and aerofoil shape optimisation [30].
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2.4.1.2 Differential Evolution (DE)

In DE, the agents are simply represented by vectors of real numbers referring to co-
ordinates in the search space. Given an initial population of agents, new agents are

generated in the following manner:

1. A target agent, x;, is selected, with nth element denoted by z ;.
2. Three more randomly selected agents are selected, x;, Xk, X;, where i # j # k # .

3. A donor agent, v, is generated using v = x; — B(x; — x;). Here, 3 is a mutation
factor, which is a constant user selected parameter from the interval [0, 2]. For the

studies presented in this thesis the value of 8 = 0.5 was employed.

4. A trial agent, t, is generated by crossing the target and donor agents. Many
different crossover strategies exist. The most competitive is binomial crossover [31],

which was the strategy adopted in this thesis.

5. For each dimension, n, in the search space a random number 7, is generated from
a uniform distribution between zero and one. If r, < < then ¢, = v, else t, = zp ;.
The user specified parameter -y is known as the crossover probability. In the studies
presented in this thesis the value v = 0.9, which appears to be a commonly used

value for this parameter [31], was used.

6. The fitness of t is evaluated and, if it is better than x;, then it replaces it.

This iteration scheme repeats until a suitable stopping criterion is met [32].

DE has been applied with success in the fields of electrical power systems, electromag-
netic engineering, control systems and robotics, chemical engineering, pattern recogni-

tion, artificial neural networks and signal processing [31].

2.4.1.3 Particle Swarm Optimisation (PSO)

PSO is a metaheuristic technique used for global optimisation [33]. The method is
based upon an analysis of how swarms of creatures behave in nature. Although these
swarms are found to exhibit complex behaviour, each individual in the swarm follows a
simple set of rules [34]. PSO attempts to mimic this behaviour by defining a swarm of
individuals wandering in the design space [12]. Each individual, j, has a position, x;,
defined by the design parameters, an associated fitness defined by the objective function,
a local memory of its best location p; and knowledge of the best position, pg, found

globally by the swarm. In the process, the velocity, v;, of individual j changes, so that
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the individual is drawn towards the best region of the design space, based upon the
accessible information [34]. This is achieved by updating the velocities iteratively, using
the equation

k
Vj+1 = X[w’“vg'c + erj(Pf - x;‘»’) + cgrg(PE - xf)] 4)

where k denotes the iteration number, r; and ry are random coefficients and x;, wk, cj
and c4 are coeflicients which can be selected to control the evolution of the algorithm.
The coefficient x determines how far a particle can move in an iteration step, c; is
the local memory coefficient, which controls the pull towards the best position in the
memory of particle j, and cg4 controls the pull to the best position found globally. The
coefficients c; and ¢4 and are always less than one and are typically given the value 0.75.
PSO techniques are not dramatically influenced by the non—smoothness of the objective

functions and are easy to implement. In addition, PSO can be readily parallelised [12].

Bratton and Kennedy [33] discuss the main improvements that have been made to the
PSO procedure since its original introduction, e.g. the form adopted in equation (2.4)
includes a small modification, involving the inertia weight parameter w*, which affects
the amount by which individuals overshoot known areas of high fitness. The lower the
value of w, the greater the tendency of the swarm to cluster around the best solution
found. This parameter is initially assigned a value greater than one and its value is
then reduced, as the iterations proceed [33]. A problem with PSO is the large number
of tuning parameters that are required. The effect of these parameters may not be

immediately obvious.

PSO has been applied to training artificial neural networks, electrical power systems and

biological systems [35].

2.4.1.4 Cuckoo Search (CS)

The CS algorithm is inspired by the breeding behaviour of cuckoos [36]. This behaviour
is combined with an efficient flight strategy exhibited by many organisms. CS has been
applied to a number of optimisation problems since its introduction [37-46]. In this
section, the development of the original algorithm is described [36]. CS is discussed in

more detail, since this is the algorithm which was modified and used in this thesis.

The Analogy In CS, the agents are represented by cuckoo eggs. Yang and Deb [36]
aimed to emulate cuckoo breeding behaviour to drive their optimisation algorithm. They
specify that an egg in a nest represents a solution and an egg represents a new potential
solution. An equivalent representation, which is used throughout this thesis, is to let an

egg represent any solution (new or old) and the nests simply being containers for the
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eggs. Each egg carries two pieces of information, that is, the coordinates it has in the
solution space and its fitness value. Using this analogy, the nests can be thought of as
locations in an array where this information is stored. A nest may contain one or more

eggs, although in most algorithms each nest contains only a single egg.

Cuckoo Breeding Behaviour The breeding behaviour of cuckoos is interesting be-
cause of its aggressive nature. This aggression motivates its application to optimisation
algorithms. The key mechanism in cuckoo breeding is brood parasitism. This is the
act of laying eggs in the nests of other birds, which may or may not be of the same
species [47]. There are three types of brood parasitism, which are termed intraspecific,
cooperative and nest takeover [48]. If the host bird discovers the cuckoo egg in her nest,
she may destroy the egg or abandon the nest altogether. These mechanisms led to the
evolution of cuckoo eggs which resemble eggs of locally found birds. Cuckoo eggs which
resemble eggs of locally found birds are analogous to solutions with high quality fitnesses
in CS.

Yang and Deb [47] attempt to model this behaviour by introducing the following three

rules:

e Each cuckoo lays one egg at a time and deposits it into a random nest

e The best nests, which contain the highest quality eggs, carry over to the next

generation

e The number of available host nests is fixed and there is always a probability that
the cuckoo egg is discovered by the host. If an egg is discovered, the host bird
throws it away. This effect is approximated by discarding a fraction of the eggs

and replacing them at each generation.

Essentially, these rules provide a selection process for the optimisation algorithm, ensur-
ing the best eggs survive from generation to generation. To complete the algorithm, a

method of generating the eggs is required. This is where the Lévy flight is applied.

One of the most powerful features of CS is the use of Lévy flights to generate new eggs.
It is this complex, random walk, strategy that makes CS stand out when compared
with many other optimisation algorithms [49]. It should, however, be noted that this
search pattern is applied in other optimisation techniques [50]. A Lévy flight is a random
walk, characterised by a series of instantaneous jumps generated by a probability density
function which has a power law tail. The Cauchy distribution, plotted in Figure 2.4, is

often used for this purpose. The result is a path made up of many small steps and the
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Figure 2.4: Cauchy probability distribution

occasional large jump. A path of this type is frequently found in nature and is generally

considered to represent the optimum random search pattern [51].

One of the defining characteristics of the Levy flight search pattern is that it is scale
free [47]. The scale free nature means that the pattern is the same in small scale searching
and large scale searching. Small scale searching occurs locally in the solution space, and
large scale searching occurs globally. This should lead to an automatic balance between
exploration and refinement. However, the random nature of the flight means this can
not be guaranteed. An example ofa Levy flight is shown in Figure 2.5. This is compared
with a Gaussian walk, shown in Figure 2.6, where the random steps are generated using a
probability function with a normal distribution. The lack of large jumps in the Gaussian

walk means that it is less suited to large scale global searching.

New eggs are generated by performing a Levy flight from a randomly selected egg. The
new egg is then represented by the coordinates reached at the end of the flight. Once
the fitness of this new egg is evaluated a random nest is selected. If the fitness of the
new egg is better than that of the egg already in the random nest, then it is replaced. To
control the size of the Levy flight a user specified coefficient « is defined. When a Levy
step is generated, using a random number generator, it is first multiplied by a before it

is used to generate a new egg.
The CS algorithm is shown in its full form in Algorithm 1 [47].

To benchmark the CS algorithm, Yang and Deb [36] compared itsperformance to that
of PSO and GA, by applying it to 10 standard optimisation benchmark functions. Each
algorithm was run 100 times, to provide statistical significance to the test. Algorithms
were terminated when the variation in the values of the objective function, throughout
the population of eggs, was less than 10-5. The percentage success rate at finding the
global minimum, and the number of function evaluations needed before the stopping

criteria was met, were recorded for each function for each algorithm. For all functions
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(a) An example of an 100 step Levy flight. Note the small localised searches connected
by large jumps.
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(b) A detailed section of the same Levy flight, it shows the same characteristics as
the full flight highlighting the scale free nature of this process.

FIGURE 2.5: Example of a Levy Flight

considered, CS outperforms PSO and GA in terms of success rate and number of required
objective function evaluations. Yang and Deb [36] state that the reason for this success
is both a good balance of local and global searching and the small number of control

parameters.

A major strength of this algorithm is its simplicity. There are only two parameters to
be adjusted i.e. the fraction of eggs to be abandoned each generation and the flight
step size. Furthermore they found that the convergence rate was not sensitive to the
parameter values. In the examples presented in this thesis, the Levy flight coefficient
a = 1 and the fraction of eggs to be discarded pa = 0.25 were used, as suggested by
Yang and Deb [47].
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Parameter 1

FIGURE 2.6: An 100 step Gaussian Walk with a step size of 1. Compared witli the
Levy flights there are no large jumps accross the search space.

Algorithm 1 Cuckoo Search (CS)

Initialise a population of » host nests Xj, i = 1,2, *¢* ,n

for all x, do
Calculate fitness F, = /(x,)

end for

while N umberObjectiveEvaluations < M axN umberEvaluations do
Generate a cuckoo egg (xj) by taking a Levy flight from a random egg
Calculate fitness Fj = /(X])
Choose a random nest i
if (Fj > F{) then

Xj <- Xj
Fj < Fj
end if

Abandon a fraction pa of the worst eggs
Build new eggs at new locations via Levy flights to replace the lost eggs
Evaluate the fitness of the new eggs and rank all solutions

end while

Applications A number of applications of CS have been published since its intro-
duction. A selection of these applications, in which comparisons with alternative opti-

misation techniques have been made, are now be discussed.

Machine learning has become a popular application area for CS. For example, in the
training of spiking neural networks [45]. The artificial neurons that make up a spiking
neural network attempt to model the behaviour of biological neurons subjected to an
input current. Such a network can be trained, based on the parameters associated with

each neuron, to perform a variety of tasks. Vazquez [45] trained a network to perform a
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pattern recognition task, using both CS and DE, and found that networks trained using
CS perform slightly better than those trained with DE.

Selvi and Purusothaman [44] compared the performance of a number of heuristic algo-
rithms for the task of breaking encrypted messages. Together with a number of heuristic
algorithms, they also used a variety of ciphers to encrypt the messages. They found that
CS performs well at breaking some of the ciphers, but is not as consistently successful
as PSO.

A bloom filter is a simple data structure which is used to check if a string belongs
to a particular database of strings. Bloom filters can be used as spam filters to detect
unsolicited e-mails. A limitation of bloom filters is that there is always the risk of a false
positive and, depending on parameters that define the filter’s behaviour, different strings
in the database have different probabilities of producing false positives. Natarajan and
Subramanian [43] constructed an objective function which minimised the probability
of producing false positives on the strings in a spam database which had the highest
occurrence in spam mail. They found that filters constructed using CS outperform

filters constructed in other ways.

CS has also been applied to the problem of optimising cutting parameters in milling op-
erations [46]. In this example, the goal was to maximise the total profit rate by adjusting
the cutting speed and feed rate of the milling process. A series of complex constraints
were applied to these parameters, to ensure feasibility and sufficient product quality.
It was found that, not only does CS find the maximum profit rates but that it also
requires the smallest number of function evaluations compared to six other competing

optimisation algorithms.

Another popular application of CS is for structural optimisation problems. These prob-
lems are highly nonlinear and involve large numbers of design variables with complex
constraints. Problems of this type are difficult to solve globally using gradient based
techniques. Gandomi et al [39] presented 13 different structural design problems, rang-
ing from the simple design of an I-beam to the optimisation of a complete car structure
subject to a side impact. They applied CS to the problems and compared its perfor-
mance to a number of other state of the art optimisation algorithms. In almost every
case, CS is better than the other methods used and, it was noted that, the sensitivity of

the solution to the CS parameters is very small.

In the field of truss optimisation, Gandomi et al [40] applied a number of optimisation
algorithms to five truss problems of increasing complexity. They were also able to
show that CS outperforms many other state of the art algorithms. It should be noted

that, in both papers [39, 40], different numbers of nests were used in each example
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without comment. This implies that either this parameter needed tuning to get the best
performance, which was at odds with their conclusions [39], or that this parameter was

changed because of the increased CPU costs associated with some examples.

2.4.2 Problems with Metaheuristic Algorithms

In metaheuristic algorithms, the objective function needs to be evaluated for each agent,
each generation, resulting in a large number of objective function evaluations. The
computational cost of metaheuristic techniques is, therefore, often greater than gradient
based methods [52]. The problem is particularly significant when considering applica-
tions where a single objective function evaluation represents a significant computational
cost. This situation often arises in many engineering applications and the problem is
often addressed by the use of cheap surrogate, or meta—models, to approximate the

expensive objective function [53-56].

The long term goal is to produce a black-box metaheuristic optimisation algorithm which
can be applied to any problem [57]. In an attempt to reach this goal, algorithms based
on novel analogies are published on a regular basis. There is a possibility that this
large number of different algorithms may cause confusion and hinder the application of
these algorithms to real problems. In addition, when a new optimisation algorithm is
introduced, there is generally an interest among academics in attempting to improve its
performance. While this is obviously beneficial to the wider community, there might
be a concern that this can lead to a large number of different classes of the same algo-
rithm, which can cause difficulties when trying to compare individual algorithms. For
example, it is not enough now to simply state that a PSO algorithm has been used,
but the modifications which have been applied, to the base algorithm, must also be
stated. Furthermore, it is valid to ask if these different analogies actually represent
different approaches or can they be considered as specific examples of a more general
algorithm [58].

The large number of associated tuning parameters may have also prevented the applica-
tion of these algorithms to real problems. These tuning parameters effect the behavior
of the agents in some way and often need to be tuned for a particular problem. CS was
considered in this study, since it has only two such parameters, which is a small number

compared with other algorithms.

Another potential problem with metaheuristic algorithms was raised with the publication
of the "No Free Lunch” (NFL) theorem [57]. NFL states that, when averaged over all
possible objective functions, the performance of all optimisation algorithms are the same.

This can equivalently be stated by considering two optimisation algorithms A and B.
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The result of the theorem is that for as many objective functions which A out performs
B there are equally as many where this is not the case. The potential worrying outcome
of NFL is that a completely random search will perform as well as any other algorithm
averaged over all functions. In reality, no optimisation algorithm would be applied to

all possible objective functions, only the subset of real problems of interest.

The NFL theorem highlights the care which must be taken during development and
validation. New optimisation algorithms are often tested by applying them to benchmark
problems, which have known analytical optimum finesses. Inevitably, a collection of
popular benchmarking functions has emerged to which most algorithms were applied.
For a new algorithm to be accepted by the research community, it will most likely have
performed well on this set of functions. Over time, this could lead to optimisation

algorithms which are engineered with these functions in mind [57].

The benchmark objective functions used in the optimisation literature have known min-
ima, which allow the definition of an exact stopping criterion. Having a known minimum
allows an easy comparison between two algorithms, which may be difficult in real applica-
tions. Adding the computational expense of the objective functions in real applications,
leads to benchmark functions being the only practical way of comparing two algorithms.
An open question is how well do benchmark functions actually model real problems?
Using benchmarking functions to compare algorithms, and determine the sensitivity of
tuning parameters, is a fruitful endeavour. However, wherever possible, real applica-
tions should be used to benchmark algorithms. Even if real applications are used, any
comparisons may still be difficult, due to the random nature of these algorithms. Unlike
gradient based optimisation, metaheuristic optimisation will not always result in the
same answer for a single problem. Thus, in practice it is desirable to run the optimiser

multiple times, which can be an expensive process.

2.5 Conclusion

A question may be asked which is better, gradient free metaheuristic or gradient based

optimisation?

Gradient free metaheuristic algorithms belong to the field of soft computing. In this
field, inexact solutions to difficult tasks are the goal. By contrast, the field of hard
computing searches for the exact solutions to more simple problems. Gradient based

algorithms fall into this category.

Is it better to have an exact set of inputs, which may be sub—optimal, or a set which are

within the region of the global optimum? This highly depends on the situation. If the
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objective function is the model of some physical system, then there will be errors both
in terms of the inputs and outputs of the function. This makes the idea of finding an

exact set of inputs less important.

The differences between metaheuristic and gradient based optimisation are so large that
the question of which one is better was considered meaningless. It completely depends

on the application and, ideally, both methods could be applied to the same problem.

The direction taken in this thesis was to investigate the application of gradient free meta-
heuristic optimisation, specifically CS. A long term goal is to tackle global optimisation
problems as automatically as possible. The need for global optimisation points towards
metaheuristic gradient free algorithms. CS itself has fewer tuning parameters than most
algorithms of this type so lends itself to automation, since it would be expected that less
tuning is necessary. Further to this initial studies into the performance of CS has shown

it can perform better than other state of the art algorithms.



Chapter 3

Improving the Cuckoo Search
Algorithm

3.1 Introduction

Yang and Deb [36] introduced CS in 2009. Their work shows that the CS algorithm
has a much stronger ability to find true global minima solutions than a number of
other metaheuristic algorithms. For this reason CS was applied to the problem of mesh
optimisation, which is the subject of Chapter 6. It was initially found that the time
taken to find optimum meshes using CS was prohibitively long. This was due to the
large number of objective function evaluations CS needs to find an objective function’s

minimum.

To address this problem a number of modifications were made to the algorithm, to
speed up convergence. The result of this work was MCS [1]. When applied to a mesh

optimisation scheme [3] MCS is found to outperform existing techniques.

To present MCS to the wider community, the study presented in Section 3.2.2 was
undertaken and published [1]. The study aimed to recreate the study performed by
Yang and Deb [36] for CS. It is found that MCS outperforms CS in almost every case.

Since the publication of MCS, other modifications have been made to CS. For complete-

ness a selection are briefly discussed in Section 3.3.

In a recent study, Bhargava et al [6] found that CS outperforms MCS when applying
them both to a phase equilibrium modelling problem. This raised questions about the
suitability of the validation studies performed both in CS [36] and MCS [1]. These

questions are explored and a more detailed study presented in Section 3.4.

27
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3.2 Modified Cuckoo Search (MCS)

Two modifications were made, with the goal of speeding up the convergence and, hence,
reducing the number of objective function evaluations required to find the global mini-

mum.

How well the CS algorithm modelled cuckoo behaviour was not considered important.
In reality, cuckoo populations actually appear to be in decline [59]. Furthermore, it was
apparent that many modifications to other optimisation algorithms are less concerned

with modelling the original analogy and more concerned with improving performance.

The first modification was to the Lévy flight coefficient, a. In the CS, « is constant
and typically the value a = 1 is employed [36]. In MCS, the value of & was made to
decrease as the number of generations increased. This was done for the same reason that
the inertia constant might be reduced in PSO [33], which is to encourage more localised

searching as the agents, in this case the eggs, get closer to the solution.

An initial value of the Lévy flight coefficient o = A = 1 was selected and, at each gen-
eration, a new value is calculated using @ = A/v/G, where G is the generation number.

This exploratory search is only performed on those nests that are to be abandoned.

The unmodified CS algorithm could be considered as a series of independent Lévy flights,
where the ineffective flights are reset each generation. The missing ingredient was
crossover between the solutions. The second modification added this crossover. This

was done by changing the structure of the algorithm, as illustrated in Figure 3.1.

The eggs are first ordered by fitness and a fraction of the best, or top, eggs are considered
as the elite eggs. This initial population is shown in Figure 3.1(a). The first step in the
algorithm models both host birds discarding eggs and random genetic mutation in the
next generation of eggs. Starting at each non-—elite egg, a Lévy flight is performed to
generate a new egg. The fitness of these new eggs is calculated and they replace each of
the non—elite eggs, as shown in Figure 3.1(b). The replacement is performed regardless

of the relative fitnesses of the new and old eggs.

Crossover between cuckoos, which survive to the next generation, is modelled as follows:

1. Each of the top elite eggs randomly picks a second elite egg

2. A new egg is generated along the line which connects these two eggs and the
fitness evaluated. The distance along this line at which the new egg is located is
calculated, using the inverse of the golden ratio ¢ = (14 +/5)/2, such that it is
located closer to the egg with the better fitness. In the case that both eggs have
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a Nest £ Egg | Nest £ Egg
(a) Initial population of eggs in MCS (b) Levy flights of the non-elite eggs
Top
[ Nest Egg o Nest £ Egg
(c) Crossover of elite nests (d) The top eggs updated

Ficure 3.1: Illustration of the Modified Cuckoo Search Algorithm

the same fitness, the new egg is generated at the midpoint. There is a possibility
that, in the previous step, the same egg wass picked twice. In this case, a local
Levy flight search is performed, from the randomly picked nest, with Levy flight

coefficient a = 4/G 2.

3. A nest is picked at random, from all nests. The egg generated in the process above
is compared with the egg in the random nest. If the newly generated egg is of
better fitness than the egg already in that nest, then it replaces it, otherwise it is

discarded.

This process is shown in Figure 3.1(c), where egg C is found to be better than egg 4

and so replaces it, but egg D is not better than egg B and so it does not replace it.
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Once all eggs which are not in nests are discarded, the group of top eggs is updated, as

shown in Figure 3.1(d), and the process iterates.

There is a possibility, particularly during crossover, that a new egg may be generated
at the same location as an existing egg. To evaluate the objective function again at this
location would be wasteful, so a check is made to see if the newly generated egg exists.
If it is found that the newly generated egg does already exist in the population, a local
Lévy flight search is performed. Ideally, it would be good to check if the location of a new
egg has been visited previously by the algorithm, but this would require a potentially

prohibitively large amount of storage, so it is considered unfeasible.

Algorithm 2 details the steps involved in the MCS technique. It was found through
experience that abandoning 75% of the nests and placing the remaining 25% in the elite

group produced the best results for a variety of test functions.

3.2.1 Population Initialisation

Most gradient free algorithms require that a starting population be specified by the
user. Many optimisation algorithms show a bias to the starting population [33], which
suggests that this is an aspect of these algorithms that needs to be carefully considered.
Latin hyper—cube sampling (LHS) is a popular choice for generating initial populations

for gradient free algorithms and this was the method adopted here.

The field of work which attempts to build a theoretical foundation for sampling a pa-
rameter space is experimental design. Figure 3.2 compares two contrasting techniques,
full factorial sampling and LHS. In full factorial sampling each dimension is split into a
number of bins where the same number of bins, n, is taken for each dimension. The total
number of samples would be N = n¢ where d is the number of dimensions. Clearly, as
n and d increase N will increase rapidly. An example of full factorial sampling is shown

in Figure 3.2(a).

LHS attempts to sample the full design space, with a minimum number of samples.
For LHS with N samples, each dimension in the design space is split into N bins.
The N samples are randomly selected such that, if a projection is viewed along any
single dimension, there is a sample in each bin [60]. An example of LHS is shown in
Figure 3.2(b). The random nature of this sampling method means that a space filling
sampling is not guaranteed. To account for this, in the examples presented here, 1000
LHS were generated iteratively and the sampling with the maximum minimum distance

between sample points was selected.
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Algorithm 2 Modified Cuckoo Search (MCS) [1]

A + MaxLévyStepSize
¢ < GoldenRatio
Initialise a population of n eggs x;(i = 1,2,--- ,n)
for all x; do
Calculate fitness F; = f(x;)
end for
Generation number G « 1
while NumberObjective Evaluations < MaxNumber Evaluations do
G—G+1
Sort eggs by order of fitness
Select the eggs to be abandoned
for all eggs to be abandoned do
Current position x;
Calculate Lévy flight step size o «— A/VG
Perform Lévy flight from x; to generate new egg X
X; ¢ Xk
F; « Calculate fitness f(x;)
end for
for all of the top eggs do
Current position x;
Pick another egg from the top eggs at random x;
if x;=x; then
Calculate Lévy flight step size a + A/G?
Perform Lévy flight from x; to generate new egg xy
Calculate fitness Fy, = f(xy)
Choose a random nest ! from all nests
if (Fy > F;) then
X] ¢ Xi
Fy + Fy
end if
else
dz = [x; — %51 /¢
Move distance dz from the worst egg to the best egg to find xy,
Calculate fitness Fy, = f(xx)
Choose a random nest [ from all nests
if (Fx > F;) then
X] ¢ Xk
F+ Fy
end if
end if
end for
end while
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X X X X
y X X X v X
X X X X

X X

(a) Full Factorial Sampling (b) Latin Hyper-Cube Sam-
pling

FIGURE 3.2: Comparing sampling techniques, x and y represent two dimensions of the
search space, and the symbol ”X” indicates sample locations

FIGURE 3.3: Example of a CVT. The vertices of the equilateral triangles are the

Voronoi generators and the Voronoi vertices connect to form hexagonal Voronoi cells.

In this case, the Voronoi generators lie at the centroid of the Voronoi cells, creating a
CVT

Recently, Shatnawi and Nasrudin [61] attempted to address this issue by employing
centroidal Voronoi tessellation (CVT) as a technique to improve the starting positions
of the eggs. If each egg is considered as a Voronoi generator, then each egg is surrounded
by a Voronoi cell in the solution space. Each Voronoi cell defines the area of space
containing all points closest, in terms of Euclidean distance, to its generator. When the
centroid of the Voronoi cell lies at the same point as the Voronoi generator, the set of

points define a CVT. Figure 3.3 shows an example ofa CVT.

Shatnawi and Nasrudin [61] argued that, if an iterative algorithm, such as the one
presented by Du and Gunzburger [62], is used to move an initial random distribution
of eggs close to a CVT, this results in faster convergence to the global minimum. This
is because a CVT is space filling and results in an increased probability of one of the
initial eggs being close to the global minimum. Their results show a marginal decrease in
the number of objective function evaluations required to find the global minimum, when
comparing CVT to a random sampling. However, they noted that the additional cost
of generating a CVT may outweigh any benefit in function evaluation cost reduction. A

CVT algorithm may also be difficult to implement for an arbitrary number of dimensions,
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so it was not adopted as a technique in the applications presented in this thesis.

3.2.2 Benchmarking

In this section, MCS was compared to DE, PSO and CS. All algorithms were imple-
mented in MATLAB [17]. To compare the relative performance of each method, a series
of seven test functions, taken from those originally used by Yang and Deb [36], were

used as objective functions.

For each function, 30 trials were performed for each method. Both unimodal and mul-
timodal functions were selected and a range of dimensions were tested to gauge the
robustness of each method. The initial population of 20 individuals were picked at
random using LHS. Since many optimisation methods show a bias towards the initial
population of samples [33], the same 30 sets of initial populations, were generated and

used for benchmarking each algorithm.

To compare the relative success of each method, the Euclidean distance from the known
global minimum to the coordinates of the member of the population with lowest objective
function value was measured. Each data point represents the mean, taken from all 30
trials, of this distance at a given number of objective function evaluations and the error

bars represent the standard deviation.

3.2.2.1 Rosenbrock’s Function

Rosenbrock’s function
d—1
Fx) =" [(1 = 2:)% +100(zig1 — 27)?] x; € [-100, 100] (3.1)
i=1

with d = 10 was used in this example. The two dimensional version of this function is
plotted in Figure 3.4(a). This has a unique global minimum of f = 0 which lies inside
a long, narrow, parabolic shaped valley. The valley is easy to find, but finding the true

global minimum inside this valley is difficult.

The results obtained for Rosenbrock’s function are plotted in Figure 3.4(b). In this
example, PSO and MCS showed an initial fast convergence towards the known mini-
mum. As the number of objective function evaluations increased, MCS moved closer to
the minimum than PSO. The DE had a slower initial convergence rate, but eventually
matched the performance of MCS. All methods clearly outperformed the standard CS

algorithm.
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FIGURE 3.4: Rosenbrock’ function
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(a) Function Plot

-0- CS

g 30

Number of objective function evaluations

(b) Comparison of the performance of the different methods

FIGURE 3.5: de Jong’s function

3.2.2.2 de Jong’s Function

The de Jong function

I(x) = ~ x? 6 [-5.12,5.12]
1=1

with d = 50 plotted in Figure 3.5(a) for 4 = 2. This function has a unique

minimum of / = 0.

35

(3.2)

global
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The results obtained for minimising this function with each optimisation algorithm are
plotted in Figure 3.5(b). Clearly MCS had the fastest convergence rate, finding the global
minimum after 103 objective function evaluations. Although slower, DE eventually
found the global minimum. CS did not manage to succeed, in this relatively simple
problem, within the maximum number of objective function evaluations, showing a wide
range of obtained results. This highlights the lack of information exchange between nests
in the standard algorithm, meaning CS could not take advantage of the symmetry of

this function, as the other methods appeared to.

3.2.2.3 Rastrigin’s Function

Figure 3.6(a) shows a plot of Rastrigin’s test function
d
f(x)=10d+ Y [z} — 10cos(2nz;)]  =; € [-5.12,5.12) (3.3)

i=1

for d = 2. This function has a unique global minimum of f = 0, for benchmarking the

function was used with d = 100.

For this high dimensional unimodal function, MCS outperformed both PSO and CS in
all 30 trials across the full range of objective function evaluations. It also showed a much

higher convergence rate than DE. These results are presented in Figure3.6(b).

3.2.2.4 Schwefel’s Function

Figure 3.7(a) shows a plot of Schwefel’s test function

d
=% [-x,- sin(\/Iazil)] z; € [~500, 500] (3.4)
i=1
for d = 2. This is a multimodal function with a global minimum of f = —418.9829d.
The 10 dimensional version of the function was used in the benchmark test.

For this case, Figure 3.7(b) shows that there was little difference between the perfor-
mance of PSO, CS and MCS. Here DE significantly outperformed all other methods.
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Figure 3.6: Rastrigin’s function
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FIGURE 3.7: Schwefel’s function
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Figure 3.8: Ackley’ function
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3.2.2.5 Ackley’s Function

Figure 3.8(a) shows a plot of Ackley’s function

f(x) = —20exp [-0.2 +(20+e)  x; € [-32.768,32.768]

d
i=

d
1 9 1
p ;=1 x7 | —exp [3 E cos(27mz;)

1

(3.5)
with d = 2. This is a multimodal function with a global minimum of f = 0. 50

dimensions were used for this function in the benchmark.

MCS outperformed all other methods in this example, as shown in Figure 3.8(b).

3.2.2.6 Griewank’s Function

Figure 3.9(a) is a plot of Griewank’s test function

TR d 2
F®) = 550 ;‘z? - z.l;llms(%) +1  x; € [-600,600] (3.6)

with d = 2. This function has many local minima, but a global minimum of f = 0. In

this example d = 100 was used for benchmarking.

In this high dimensional multimodal problem, MCS outperformed all other methods
in all 30 trials across the full range of objective function evaluations. The results are

presented in Figure 3.9(b).

3.2.2.7 Easom’s 2D Function

Figure 3.10(a) shows a plot of Easom’s two-dimensional test function
f(x) = — cos(z1) cos(z2) exp [~ (z1 — )% — (z2 — 7)?] z; € [-100,100]  (3.7)

which has a very sharp minimum of f = —1.

The PSO performed better than CS and MCS at higher numbers of objective function
evaluations. The results are presented in Figure 3.10(b). This performance difference
could be due to the nature of how the particles move compared to the nests in CS and
MCS. In MCS and CS, the nests jump around, searching from point to point via random
walks. In PSO, the particles move smoothly with velocities influenced by local and global

memory, which possibly increases the possibility of finding the very sharp minimum. DE
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Figure 3.9: Griewank’s function
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came closest to the minimum at the maximum number of objective function evaluations.

However, its initial convergence rate was slower than the other methods.

3.2.3 Conclusion

For all the test examples considered, MCS outperformed CS and performed as well as,

or better than, PSO. In some examples, the MCS performed significantly better.

At low numbers of objective function evaluations, the differences between the methods
tested were less significant but, in general the PSO and MCS outperformed CS in this
region, which was one of the main goals of this work. This led to the conclusion that, in
applications with computationally expensive objective functions, PSO and MCS would

be the techniques of choice.

At high numbers of objective function evaluations, MCS outperformed PSO in a number
of cases, and was matched elsewhere. It followed that MCS is the technique of choice,

even when the CPU cost of the objective function is not prohibitive.

The results suggested that MCS is well suited to problems where the objective function
has a high number of dimensions. In these situations, MCS significantly outperformed
PSO and CS. This is probably due to the Lévy flight effectively reducing the size of the
search space with the large jumps between steps, and the simultaneous refinement of local
scarches, which an unmodified CS did not achieve. A similar behaviour can be achieved
in the PSO by using multiple swarms from an initial particle population [63]. However,
MCS has the advantage of being simple to implement compared to sophisticated multiple

swarm PSO algorithms.

In the majority of cases tested, MCS exhibited a much higher convergence rate than
DE. Eventually, DE got as close to the minimum as MCS and in some cases closer.
However, the success of DE came at the cost of many more objective function evaluations.
The examples showed that MCS performed equally well over a variety of functions and
dimensions, and can find a good minimum in a conservative number of objective function

evaluations.

The caveat on all the findings detailed in this conclusion is that they were limited to
the comparison of the optimisation algorithms considered. This means that when a

’ was made, it was only valid when

statement such as 'MCS is the technique of choice...
compared to PSO, DE and CS on this subset of problems. It would be impossible to

compare MCS to all algorithms for all problems.

Since the publication of the original paper [1], a MATLAB implementation of MCS has

been made available in the open source project modified-cs [64]. This has led to the use
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of MCS in a number of applications, including the optimum design of steel frames [41]
and as a diagnostics tool for the automatic detection of diabetes [65]. This, along with
the applications presented as part of this thesis, continues to build a body of evidence

showing that MCS can be successful for a wide range of problems.

3.3 Other Modifications

3.3.1 Emotional Chaotic Cuckoo Search (ECCS)

The modification suggested by Lin and Lee [66] includes no comparison of its perfor-
mance with that of the original CS. The two goals of their work were to improve the
quality of neighborhood searching, when generating new eggs, and to increase the like-

lihood of eggs escaping local minima.

To address the first goal, they identify an issue with the Lévy flight. The coefficient
o which determines the size of the Lévy flight step size needs to be correctly selected,
depending upon the scale of the problem. The scale may be unknown in some cases. This
is also often difficult because the random Lévy flight steps do not have a well defined
range of values. A Lévy flight with a fixed a does not display ergodicity, which means
there is not an equal chance of an egg travelling through every point in the solution
space. They attempted to address this issue by replacing a with a value taken from a
chaotic sequence. This sequence is ergodic and, thus, increases the chance that every
possible scale is used during the search. This, in turn, increases the chance of finding
the correct minimum. This also removes the step size from the list of parameters that

must be specified by the user.

The second goal was addressed by using an emotional model to change the simple egg
replacement scheme of CS, where an egg replaces another if its fitness is better. The
emotional model compares the fitnesses and, based on a logarithmic relationship, only
replaces an egg when a certain threshold is exceeded. This resulted in an increased
probability of moving across hills and valleys in the fitness landscape, which, it is claimed,
reduced the chance of getting trapped in local-minima. However, without a detailed

comparison to the original CS, it is hard to verify that these claims are actually justified.

3.3.2 PSO CS Hybrid

A common practice is to hybridise two gradient free algorithms, in an attempt to replace

the weaknesses of one with the strengths of the other. Ghodrati and Lotfi [67] recognise
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that the original CS lacks communication between the individual eggs. They add this
communication, using a PSO update equation to move the eggs, after the Lévy flight

step is performed and before the worst eggs are discarded.

The hybridisation with PSO results in double the number of parameters that require
adjustment in the algorithm compared with CS. Over a range of benchmarking functions,
they found that, in terms of convergence rate and closeness to the global minimum, the
hybrid algorithm outperforms CS 80% of the time and PSO 85% of the time.

3.4 Dissecting the Cuckoo Search

Recently Bhargava et al [6] applied CS [36] to the problem of phase equilibrium mod-
elling. This is of interest in the development of novel chemical industrial processes. The
problem involves the minimisation of a free energy function which is highly non-linear,

with many local sub-minima which have values close to the true global minimum.

As part of their work, the performance of CS is compared with that of MCS. They found
that, although MCS has a higher success rate than CS at low numbers of iterations, it
almost always became trapped in sub-minima. With more iterations, the performance

of CS overpowers that of MCS, reaching a success rate of almost 100%.

These findings suggested that there may be a problem with the MCS performance study
undertaken initially, because their conclusions were quite different. This motivated a

more detailed investigation into the mechanisms of CS and MCS.

The benchmarking functions originally used to validate MCS [1] are selected from the
set of functions used to validate the CS algorithm [36]. Issues can be identified with
using these functions as models for real optimisation problems. In every function the
global optimum occurs at a point where all the function inputs have the same value
and, in most cases, that point is near the centre of the search space. With this in mind,
it was deemed necessary to complete a parameter study of MCS on more appropriate
benchmark problems. The results of this study are presented in this section, after which

the findings of Bhargava et al [6] are discussed.

To provide a better model of a real optimisation problem, the point of the global optimum

was shifted, using the mapping
F(x) = f(x — onew + 00ld) (3.8)

where f(x) is the non-shifted function, 0,4 is the global optimum of the non—shifted

function, Opey is the new global optimum and F(x) is the shifted objective function.
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The new optimum position can have different values in each of its elements to better

reflect real problems.

A series of studies are now presented which show the sensitivity of MCS’s performance
to the tuning parameters and various strategies used in the algorithm. Each study was
performed on both shifted and non-shifted problems, to show that different conclusions
can be reached if only one type of problem is considered. The new global optima in the
shifted functions were randomly positioned within the domain of the problem. For each
problem, the number of dimensions used were as in the original validation [1] and each
data point represents the mean of 100 runs with 100 different sets of starting eggs. In
the graphs, the distance from the global minimum represents the Euclidean distance of

the best egg from 0y, for the shifted functions and o4y for the non—shifted problems.

The studies resulted in a large set of data. To aid readability of the thesis, only a
selection of the graphs, showing typical results, are presented. The remaining data is

available on request.

3.4.1 Fraction of Discarded Eggs

The fraction of eggs to be discarded, p,, controls how many eggs are replaced using a
Lévy flight at each generation. The remaining eggs undergo a crossover scheme and
are only replaced if an improvement is made. It would be expected that increasing the
value of p, would result in a more exploratory type search, with less chance of getting
trapped in local-minima. To determine if this is the case, a diversity metric was defined.
The metric is simply the standard deviation of egg position normalised by the distance

between the pairs of eggs furthest apart in the current population.

The optimisation algorithm was run with 50 eggs, for varying values of p,, with all other
parameters kept constant at the values used in the original study [1]. An adaptive value
for p, was also tested, where the diversity was tracked every iteration and p, set to one
minus the diversity measure. The argument for doing this was that the more diverse the

search, there may be benefit to refine the search, so that fewer eggs should be discarded.

3.4.1.1 Non-shifted Functions

Figures 3.11 to 3.14 show the results obtained for the non—shifted Ackley and de Jong
functions. The general trend showed an increase in diversity as p, was increased. This
increase in p, also, unexpectedly, resulted in a decrease in performance. The distance

from the best egg to the global minimum increased as p, was increased.



Modifying the Cuckoo Search Algorithm

25 Generations

Adaptive Pa

Distance fian Global Minimum
N R = SIS

4
D @ o 06 08 1

Fraction of eggs discarded

100 Generations

Adaptive Pa
25

Distance fion Global Mnimm

0.2 0.4 0.6 0.8
Fraction of eggs discarded

47

50 Generations

— Adaptive Pa

§4

0.2 0.4 0.6 0.8
Fraction of eggs discarded

200 Generations
07
Adaptive Pa

0.2 0.4 0.6 0.8
Fraction of eggs discarded
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In all cases the adaptive pa performed significantly better than a constant pa maintaining

an almost constant diversity throughout the optimisation process.
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3.4.1.2 Shifted Functions

The results obtained for the shifted Ackley and de Jong functions are presented in
Figures 3.15 to 3.18. The effect of increased p, on diversity was the same as in the
non-shifted cases, that is, increased p, resulted in an increased diversity. However, the
effect of p, on performance was quite different. The general trend was that performance
decreased as p, was increased. The adaptive p, strategy performed reasonably well, but

not as well as some constant values for p,, when applied to the shifted functions.

For low values of p,, the dominating search mechanism is the crossover step, in which
a new egg is generated at points along lines connecting the eggs. It is not difficult to
imagine that, in the case that this crossover step is performed on a distribution of eggs
repeatedly, the eggs would naturally move towards the centre of the search space. In
the non-shifted functions, this will pull the eggs towards the global optimum whereas,

in the shifted cases, this may pull the eggs away from the optimum.

Furthermore, in the current crossover strategy, there is no mechanism for searching
different distances along different dimensions. The only mechanism for doing this is the
Lévy flight. This is perhaps less important for non—shifted functions, since the global

optimum positions have the same value along each dimension.
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342 Number of eggs

The effect of the number of eggs used in MCS was investigated. All other parameters were
kepi constant to the values suggested by the original study [1]. It would be expected that
an increased number of eggs would result in an increased performance, simply because

the sampling of the solution space would be better.

3.42.1 Non-shifted Functions

The general trend for the non-shifted functions was that increasing the number of eggs
increased performance. The results which showed this are presented, for Easom’s and
Rasrigin’s functions, in Figures 3.19 and 3.20. Interestingly, the trend was more appar-
ent n the 25 generation plot and became less significant as the number of generations

increased.
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3.4.2.2 Shifted Functions

For the shifted Easom’s and Rastrigin’s functions, Figures 3.21 and 3.22 show the in-
crease in performance with increased number of eggs was much more significant than
in the non-shifted case. The trend remained apparent as the number of generations
increased. This may be an indicator that the initial search space sampling, which can

be directly controlled by the number of eggs, is more important in general functions.

3.4.3 Initial Step Size

In MCS, the coefficient, o, is reduced as the algorithm iterates. The value of the initial

coefficient is investigated in this section.

It is stated in a number of CS papers [1, 36, 47] that the step size is dependent on the
size of the problem. In the following study, this was reflected by expressing the initial
step size, A, as a fraction of the bounds of each dimension of the objective function.

This was calculated using

A= (3.9)
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where N F is the step size normalisation factor and L is the range of each search space

dimension here.

dimension in the search space.

A is a vector since some problems will have varying ranges for each

The step size controls the size of the Levy flight taken when an egg is discarded. Since

the Levy distribution has an infinite mean, the value of N F needs to be large enough to

stop the search diverging outside the search space, but small enough not to limit global

exploration.
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34.3.1 Non-shifted Functions

The results for the non shifted Easoni’s and Griwank’s functions are presented in Fig-
ures 3.23 and 3.24. In general, the optimum value for N F appeared to lie between 102
and 103. In most cases, the performance did not change much as N F was increased
beyond these values. However, for Easom’s 2D function (Figure 3.23), which has a very

sharp global optimum, it was clear that 102 was the best value for NF.
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3.4.3.2 Shifted Functions

Similar findings appeared when the shifted functions were considered. Results are pre-
sented for Easom’ and Griwank’s funtions in Figures 3.25 and 3.26. A slightly higher
value of NF seemed to be better in the shifted cases, i.e. 103 rather than 102. This
could be because, as discussed previously, the Levy flight is the only mechanism which
allows different searching along different dimensions. This is more important for the
shifted functions than lion-shifted. A larger value of N F allows finer searching along

independent dimensions.

3.4.4 Step Size Reduction

Each generation in MCS the step size, a, is calculated using

a= ,p., (3.10)

where G is the generation number and A is defined in equation (3.9). This step is
included as an attempt to speed up convergence, by encouraging local searching towards

the end ofthe optimisation process. The value Pwr = 0.5 is used in the original study [1].
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The effect of changing this parameter was studied. Giving this too large a value may
reduce global searching too quickly, resulting in trappings in local-minima. Specifying

a too small value may not have the desired effect at all.
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3.4.4.1 Non-shifted Functions

The majority of the results for non shifted functions showed the same trend, sample
results for Easom’s and Rosenhrock’s functions are presented in Figures 3.27 and 3.28.
Negative values of Pwr, which corresponds to increasing a, showed the worst perfor-
mance. The performance was almost identical for all negative values considered, there
was a sudden increase in performance at Pwr = 0, corresponding to constant a, after
which the performance did not change significantly. Results obtained for Easom’s 2D
function, shown in Figure 3.27, were* slightly different in that Pwr = 0.5 seemed to be

the optimum value after which there was a drop in performance.
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Figure 3.29: Step size reduction study: Easom’s 2D function, shifted, distance to
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3.4.4.2 Shifted Functions

The shifted functions behaved much like Easom’s 2D function in the lion-shifted case.
Results for Easom’s and Rosenbrock’s function are presented in Figures 3.29 and 3.30
Pwr = 0.5 appeared to be the optimum value. In all cases having Pwr > 0 was the
best strategy, i.e. reducing a as the number of generations increases was better than a

constant a.
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3.4.5 Crossover Fraction

As previously discussed, MCS adds a step to model genetic crossover between the elite
cuckoos [1]. For each egg in the elite set, a second egg is picked and a new egg is
generated along the line which connects the two eggs. The fraction along the line where
the new egg was positioned is taken as the inverse of the golden ratio €= (1 + \/5)/2,

such that it is closer to the egg with the best fitness.

In the following study various different fractions were used to see the effect this had on

the algorithms performance.

3.4.5.1 Non-shifted Functions

Figures 3.31 and 3.32 show the results of this study for the non-shifted Ackley and de
Jong objective functions. The general trend showed roughly equally good performance
for the fraction taking values between 0.2 and 0.8, with decreased performance for the
maximum and minimum values of the fraction. If the fraction was either too high or too
low this would simply generate eggs close to existing eggs which slowed down convergence

to the global optimum.
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3.4.5.2 Shifted Functions

Figures 3.33 and 3.34 show the results of this study for the shifted Ackley and de Jong
objective functions. The trend here was much less clear. Some functions, such as
Ackley’s and Griewanks’s for example, showed a similar trend to the shifted functions
initially, but others did not. As the number of generations increased, the effect of this
fraction became even less clear. As previously discussed, independent searching along
each different direction is more important in the shifted functions, this may explain
the behavior. It may be fruitful to consider different crossover strategies, which allows

independent searching along each dimension.
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3.4.6 Crossover Strategy

The crossover strategy in the original MCS algorithm can be considered a weighted mean
between two eggs, the fraction considered in the last section being what determines the
weight given to each egg [1]. There are many other possible crossover strategies used in

various different optimisation algorithms.

A successful crossover scheme was discussed in Section 2.4.1.2 and is used in the DE

optimisation algorithm [32].

In MCS the weighted mean is calculated for each dimension in the search space. These
means are all entered into the new trial egg. In DE, this is not the case. Once a
donor agent, which is equivalent to the weighted mean in MCS, is generated, each
element of the agent enters the trial agent with a probability v, called the crossover
probability. Crossover of this type is called binomial crossover and considered to be the

most successful strategy in DE [31].

Using the DE crossover terminology, the original MCS can be considered a mean crossover
with v = 1. The unmodified CS is a mean crossover with v = 0 since no crossover takes
place. Having a crossover probability less than one means that there is the opportunity
for different searching in different dimensions, which may be beneficial for the shifted

functions.

In the following study, such a scheme was tested. The algorithm was structured as

follows:

1. a random egg from the elite group, considered the target vector, is selected,

2. the weighted mean between that egg and a second random elite egg is calculated

to form a donor vector,
3. the target vector is duplicated to make a trial vector, and
4. elements from the donor vector replace elements in the trial vector with a proba-

bility .

A second strategy similar to that used in DE was also tested. In this strategy, the donor

vector was calculated as

X4 = Xpest + (xrandElitel - xrandElite2)

where Xpes: is the position of the best known egg, XrandEiite1 and XrandElite2 are the
positions of two randomly selected elite eggs and x4 is the donor vector. This strategy

is one of the most competitive DE strategies [31].
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All other parameters were kept constant to the values suggested in the original study [1],

and the algorithm was run with 50 eggs.

34.6.1 Non-shifted Functions

Figures 3.35 and 3.36 show the results of this study for the non-shifted Griewank and
Rastrigin functions. For each function the weighted mean was a much more successful
strategy, and as 7 increased the performance increased. The best value was 7 =1. This
reflects the statements made earlier that, for the non-shifted functions, independent
searching along each direction is not important. Ill fact, it seemed that there was a

disadvantage with the independent searching.
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3.4.6.2 Shifted Functions

The shifted functions showed a different result to the non-shifted functions. Figures 3.37
and 3.38 show the results for Griewank’s and Rastrigin’s functions. It can he seen that,
for most functions, the weighted mean crossover strategy still worked best. The difference
between the shifted and non-shifted functions was that, in the shifted functions, there
seemed to be some advantage to having 0.2 < 7 < 0.8. This, again, was not surprising,
considering that the shifted functions have global optima at random positions in each

search dimension.
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Figure 3.39: Probability density plotted for normal, uniform and Cauchy distributions

3.4.7 Random Walk Strategy

In MCS, a Levy flight is used to move each of the discarded eggs. As discussed in
Section 2.4.1.4, the Levy flight random walk strategy makes CS stand out compared
with other optimisation algorithms [49]. The Levy flight is not the only possible random

walk strategy.

A number of strategies were compared. All other tuning parameters remained constant,
as in the other studies. Five different random walk strategies were compared. The first
strategy was the Levy flight, as implemented in Yang and Deb’s [30] MATLAB [17] CS
implementation which is available [47]. Their implementation uses M antegna’s algorithm
for simulating a Levy flight [68]. Cauchy and Gaussian walks are random walks where
each steps is taken from Cauchy and Gaussian distributions respectively. These were
generated using a stable random number generator [69]. The Cauchy walk results in
a Levy flight. The Normal distribution was a Gaussian walk in which each step was
taken from the MATLAB [17] implementation of a Gaussian distribution. The uniform
distribution was a random walk where each step was taken from the MATLAB [17]
implementation of a uniform distribution. Figure 3.39 compares the probability density
functions of the three different distributions. In the figure, the x axis can be thought of
as representing the size of a step in a random walk. Note how the Cauchy distribution

has a probability of large steps, whereas the normal and uniform distributions do not.
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FIGURE 3.41: Random walk strategy study: de Jong’s function, non-shifted, distance
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3.4.7.1 Non-shifted Functions

Sample results, for this study, are plotted in Figures 3.40 to 3.43. In almost every case,
the two Gaussian walks and the uniform distribution performed the best for non-shifted
functions. This is surprising since it is often stated that the Levy flight is an optimum
search pattern [51]. Perhaps this result was because the non-Cauchy walks have a
higher likelihood of searching the same distance in each direction, since the probability
distributions are symmetrical. This could be an advantage, when the objective functions

have the same optimum value for each search dimension.
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Ficure 3.45: Random walk strategy study: de Jong’s function, shifted, distance to
minimum

3.4.7.2 Shifted Functions

Figures 3.44 to 3.47 show sample results of the flight strategy study for the shifted
functions. In these cases, it was harder to tell the difference between each strategy.
Easom’s 2D function, results plotted in Figure 3.46, and Rosenbrock’s function, results
plotted in Figure 3.47, had the most apparent differences. In these cases, the Cauchy
walks showed the better performance. This further supported the conclusions made

when considering the results from the non-shifted functions in this study.
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3.4.8 Conclusions

Conclusions reached by using the two different types of function, shifted and non—shifted,
gave very different outcomes. It can be easily argued that shifted functions are a more
suitable benchmark and, thus, the conclusions made in the original MCS study [1] using
non-shifted functions come under question. This could explain the different findings
presented by Bhargava et al [6], a point which will be discussed in more detail later
in this chapter. With this in mind, it was considered appropriate to use the results
from the shifted function studies to tune MCS such that it is better suited to more
general functions. In all further analysis, only shifted functions will be considered as

benchmarks.

When considering the value of p,, the results from the shifted functions suggested that
a value of p, of around 0.75 seems to be the best. The adaptive p, did not perform well

enough, for general functions, to be used.

The number of eggs has a direct effect on the number of function evaluations required.
More eggs results in more evaluations in each generation. The results from the shifted
function showed that a larger population of eggs is better. The trend between the
number of eggs and performance remained almost unchanged as the algorithm is run
longer. There is a possibility that this increase in performance was due to a better
sampling of the search space. This raised the question: is it possible to start with a

large population and then reduce the number of eggs each generation?

A study was carried out in which the starting population of eggs was 50. At each
generation, a number of the worst eggs were eliminated from the search so that the
population was decreased. The population was decreased by different amounts each
generation, to ascertain the effect on performance. When the population reaches 10

eggs, no further reduction is made.

Figures 3.48 and 3.49 show sample results of this study. Although there was a significant
drop in performance if 10 eggs are eliminated each generation, there was not a significant
decrease if only 1 egg is eliminated each generation. Even after the algorithm was left
to run for 200 generations, the difference in the performance was very small between the
algorithm with no reduction and the one where a single egg is eliminated each generation.
The savings in number of function evaluations will be significant, so it is worth including

this step in the algorithm.

The studies into the step size was very clear. The values of NF = 10% and Pwr = 0.5

were clearly the best options.
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ricure 3.48: Decreasing population strategy study: Ackley’s function, shifted, dis-
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When considering different crossover fractions and strategies, there was a clear difference
between the shifted and non-shifted functions. The value of the crossover seemed to be
unimportant, as long as it was between 0.2 and 0.8. Since the global optima of general
functions do not necessarily have the same ordinate value in each dimension, there is an

advantage to having a crossover rate less than one.

Rather than use the Binomial crossover strategy from DE [32], to further encourage
independent searching along each dimension in the weighted mean operation, a different
weight is now applied to each dimension. This is done using a different random number

between 0 and 1 as the crossover fraction for each dimension.

The best choice for the random walk strategy was the Levy flight implementation in
Yang and Deb’s MATLAB CS code, which offered best performance in terms of the

optimisation and, it turns out, CPU cost of generating a Levy flight.
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In summary, for best performance

e Set p, = 0.7

e Use as many eggs as can be afforded in the first generation then remove the worst

egg each generation down to a minimum of 10 eggs
e Set NF =103
e Set Pwr =0.5
e In the weighted mean calculation take a random fraction for each search dimension

e Use Yang and Deb’s Lévy flight

3.5 Adding a Biased Random Walk

The study by Bhargava et al [6] clearly showed that CS outperforms MCS in their
application. This appeared surprising since, at the most basic level, MCS is CS with
some extra steps. No insight was provided into why this difference occurs, but it is
stated that it is the MATLAB implementation of CS developed by Yang and Deb [47]
which is employed.

The MATLAB implementation of CS has three main sub-routines that are performed at
each generation, viz. get cuckoos, get best nest and empty nests. The sub-routine
get cuckoos generates new eggs by performing a Lévy flight step from the previous
location of each egg. The sub-routine get best nest calculates the objective function
at each of these new locations and determines the best solution found so far. Once
this is done the sub-routine empty nests is applied. The sub-routine essentially takes
random pairs of eggs, calculates the vector between them, multiplies this by a random
number and adds it to the eggs originally marked as candidates for discarding. It was
clear that this process is very similar to the DE [32] strategy detailed in Section 2.4.1.2.
The process is not mentioned in the original CS paper [36] and is only touched upon
in the second CS paper [47], where is is referred to as being a biased random walk. No

process of this type is included in MCS [1].

To investigate the effect of the inclusion of a biased random walk, a number of differ-
ent algorithms were tested. The published CS implementation [47] was used without
modification, as was the MCS implementation. In addition, the CS implementation was
modified to create two new algorithms. The first incorporated only the get cuckoos

sub-routine, meaning that new eggs were generated by Lévy flights only and not by a
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FIGURE 3.51: Different cuckoo search algorithms: de Jong’s function, shifted, distance
to minimum

biased random walk. The second incorporated the empty nests routine only, meaning
that new eggs were only generated using the biased random walk. A final algorithm was
the MCS implementation with the empty nests sub-routine added as an additional
step at the end of each generation. The number of eggs used for each algorithm was 50.

Results are presented, in Figures 3.50 to 3.55.

These results gave insight into the possible reasons behind the findings of Bhargava et

al [6]. Firstly, MCS without the empty nests sub-routine had a fast initial convergence,
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but did get trapped in local-minima. The addition of the emptying sub-routine fixed
this problem and the modified method had a fast initial convergence and found the best
solution in every case. For Rosenbrock’s function, Figure 3.55, CS also performed well.
W hat was really interesting is that when the empty nests sub-routine was used alone
it performed better than CS in every case, apart from Rosenbrock’s function. Simply

using Levy flights alone resulted in a very poor performance.

These results showed that, in Yang and Deb’s implementation [47], the most influential
routine was empty nests. The CS implementation used in the original MCS validation
does not include this empty nests routine, which almost certainly explains the findings

of Bhargava et, al [6].

As previously mentioned, the empty nests routine could be considered a specific exam-
ple of a DE strategy, which makes it easy to explain why the sub-routine improves both

CS and MCS so much.

Figures 3.56 to 3.61 are an attempt to quantify the effect of the biased random walk on
overall performance. As described previously, each generation the algorithm applied the
standard MCS followed by a random biased walk. The reduction in objective function
value along with the number of function evaluations for each step was recorded each
generation. The improvement was divided by the number of function evaluations to
yield an objective function value reduction rate. This reduction rate was then plotted
against the number of function evaluations performed for the standard MCS and the
biased random walk. The graphs show that, initially, MCS yielded the fastest reduction
in function value, with the biased walk becoming more significant as the number of

function evaluations increases.
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These findings are very recent and the mesh optimisation application of MCS presented
in this thesis does not include the empty nests routine. However, the open source

project modified-cs [64] has been updated to include this step.

3.6 Further Comparison with Existing Algorithms

Up to this point in the thesis, algorithms have been compared by measuring the distance
from the coordinates of the lowest found objective function value to the known global

minimum. This measure of success is the most frequently used in optimisation literature.
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It was selected as a measure in order to publish an initial MCS validation [1] reflecting

the validations presented for CS [36, 47].

A question can however be raised as to how suitable it was to compare algorithms this
way. Consider again Schwefel’s function in one dimension shown in Figure 3.62. The
lowest local-minimum occurs at around x = -300, and is in fact the furthest local-
minimum away from the global minimum. Using distance from the global minimum as
a measure of success, an algorithm which found the x = —300 local-minimum would
be considered worse than one which found, say, the sub minimum at x —200. If this

function represented a real value, such as mesh quality or drag coefficient, then would it
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Ficure 3.62: Schwefel’s function in one dimension

be better to have a lower value further away from the global minimum or a higher value
closer to the global minimum? In the context of the applications to be presented in this

thesis, it is better to have a lower value.

In this section, the latest version of MCS was compared with the latest version of CS,
including the biased random walk, DE and PSO. Each of the algorithms had user spec-
ified parameters set to the values used previously in other studies. For each objective
function used in previous studies, 100 sets of starting populations, each with 100 agents,
were generated. To compare performance, the lowest objective function value obtained

was plotted against the number of function evaluations.

The study was carried out, initially, on the shifted objective functions used in previous
studies. It was then carried out on rotated versions of the objective functions. Most

benchmark objective functions are linearly separable. This means that each dimension
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can be optimised independently of any other. Many real applications are not linearly
separable, since there are interdependencies between the input variables. This kind of
interdependency can be introduced into analytical benchmark problems by rotating the

coordinate system of the test function [70].

3.6.1 Shifted Objective Functions

The results of the study using shifted objective functions are plotted in Figures 3.63
to 3.68. When applied to Ackley’s function, MCS initially reduced the value of the ob-
jective function faster than any other method. However, as more function evaluations
were performed, DE found a lower value. Similar behavior was found when applying the
algorithms to de Jong’s, Griewank’s and Rosenbrock’s functions. For Easom’ 2D func-
tion, PSO found the minimum in the fewest number of objective function evaluations,
with MCS the second fewest followed by DE. MCS was the best performing algorithm
at any number of objective function evaluations, when applied to Rastrigin’s function
in 100 dimensions. These findings further suggested MCS would be a good algorithm to
apply to high dimensional problems, where the number of objective function evaluations

might be limited.

3.6.2 Rotated Objective Functions

The same study was performed using rotated versions of the benchmarking functions.

A random orthogonal rotation matrix was generated for each function and applied to



Modifying the Cuckoo Search Algorithm 94

[\
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Ficure 3.65: Comparing DE, PSO, CS and MCS algorithms using objective function
value: Easom’s 2D shifted function

the inputs before evaluation. This was achieved by generating a dx d matrix of random
numbers, then applying singular valued decomposition to this matrix. The result was an
orthogonal rotation matrix that will introduce interdependencies between the different

input parameters.

The results of the study were plotted in Figures 3.69 to 3.74. The rotated Easom’s 2D

function results were similar to the non-rotated case.

For almost all other rotated functions, a similar pattern emerged. Initially PSO appeared
to perform best, but in every case PSO was overtaken by MCS after the first 2000 or

so function evaluations. PSO seemed to get trapped in sub-minima on a number of
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Ficure 3.67: Comparing DE, PSO, CS and MCS algorithms using objective function
value: Rastrigin’s shifted function

occasions, whereas MCS did not. DE and CS did not appear to cope well with the
rotation, apart from for Rosenbrock’s function where DE did eventually outperform

MCS.
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FIGURE 3.68: Comparing DE, FSO, CS and MCS algorithms using objective function
value: Rosenbrock’s shifted function
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3.7 Conclusion

In this chapter, it was shown that CS has many desirable features for use in optimisation
applications. Its performance was increased by the introduction of MCS, which has since
been refined further. The final study using rotated functions showed that MCS is largely
unaffected by the addition of parameter interdependency when compared to DE, PSO
and CS. This suggested that MCS could perform well when applied to real problems.

The focus of the remainder of this thesis, was to ascertain how MCS performs when

applied to real problems.



Chapter 4

Aerofoil Shape Optimisation

4.1 Introduction

The use of CFD solvers continues to increase in industrial settings. Predominantly,
these solvers are used, along with experimental data, during a user led design cycle. As
computational power continues to increase, both in terms of clock speed and increased
parallelisation, the possibility of using CFD to automatically determine the optimum

design for a given application becomes practical [71].

The area of work which is attempting to reach this goal is shape optimisation. Aero-
dynamic shape optimisation is typically the search for a body with minimum resistance
to a surrounding moving fluid [72]. The optimisation process will also be subject to a
number of constraints, such as the level of lift that is required, or an allowable body
thickness. Once an objective function for the desired application is formulated, two ad-
ditional ingredients are required for shape optimisation, viz. a shape parameterisation

and an optimisation technique.

In the work presented in this chapter, the shape parameterisation technique introduced
by Kulfan and Bussoletti [73] was coupled with MCS [1] to perform aerofoil shape opti-

misation.

There is a long history of applying classical gradient based optimisation methods to
shape optimisation [74]. One of the most popular techniques is to express the optimi-
sation problem in terms of control theory and to apply an adjoint formulation to find
the optimum design [22]. The primary advantage of these methods is their high compu-
tational efficiency, i.e. their ability to converge in a short time [75]. This high rate of
convergence has resulted in a capability to make an impact on real design problems [76].

Despite this success, it is well understood that these methods are highly dependent upon
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the assumed initial design [75], which motivated the consideration of the application of
metaheuristic gradient free techniques. These techniques could, of course, potentially

enhance gradient based techniques by providing this initial design.

A large body of the work published on the application of metaheuristic techniques to
shape optimisation focuses on attempts to address the issue of computational cost using
meta-models [53-56]. The focus of the work, presented in this chapter, was to illustrate
the capability of metaheuristic techniques. Meta models were not considered at this
stage of assessment, as these may have had unforeseen effects on the performance of the

optimisation.

Mikinen et al [77] applied GA to aerofoil shape optimisation. The flow past the aerofoil
was modelled using the full potential equations. They are able to construct a shape
which matches a target velocity distribution, to eliminate shocks in the pressure field on

the aerofoil surface, using their technique.

GA has also been applied with success to multidisciplinary shape optimisation, both
minimising aerodynamic drag and radar cross section. It was found, however, that due
to excessive CPU cost (around 85 hours for a single optimisation run) it is difficult to

tune the algorithm to the problem [78].

Evolutionary algorithms (EA) are able to decrease the drag on an aerofoil by 10% at
a Mach number of 0.8 [79]. EAs were also applied to the robust shape optimisation of
aerofoils. A drag reduction of 30 — 40% is achieved in 24 hours [80].

Two types of test problem were considered here. The first was the inverse design of
a transonic RAE2282 aerofoil. Inverse design attempts to find a shape whose surface
pressure matches one specified by the designer. This leads to a faster convergence rate,
when compared to optimising the drag or lift coefficients alone [81]. The principle
drawback of inverse design is the requirement of a surface pressure distribution, which, if
incorrectly specified, may not represent the optimum distribution. This raised questions
about the suitability of inverse design in real applications, but it was useful as a validation

exercise.

The second problem considered was the drag minimisation of a shape at a target lift

coefficient which is a common application in aerofoil design.

4.2 Methods

Implementing the shape optimisation process required the coupling of shape parameter-

isation, geometry meshing and a fluid solver with the optimiser. The optimiser itself
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FIGURE 4.1: NURBS definition of NACA0012

should treat the application as a black box objective function. It provides a set of inputs
and expects an objective function value in return. In this section, the parameterisation

and geometry meshing techniques employed are discussed.

The two dimensional version of the unstructured finite volume compressible inviscid
fluid solver developed at Swansea University, FLITE [82], was used to calculate pressure
distributions on the aerofoils. An edge-based, node—centered finite volume approach
is adopted in the solver, to discretise the Euler equations. This discretisation is per-
formed on an unstructured triangular mesh. All techniques developed in this thesis were

designed to be independent of the solver.

MCS was used to perform the optimisation. The specifics on how the various tuning

parameters are set is discussed at the end of this section.

4.2.1 Shape Parameterisation

A number of different strategies can be employed for parameterising aerofoil shapes.
The most basic parameterisation is to consider the ordinate of each surface node as
a parameter. This would result in a prohibitively large number of parameters in two
dimensions, and even more in three dimensions. This number of parameters could be
reduced by considering spline representations of a curve, such as non-uniform rational
B-Splines (NURBS). Figure 4.1 shows a NURBS representation of a NACA0012. The
vertices of the control polygon define the surface shape entirely. By moving these nodes

the shape can be changed. Although this could be a suitable parameterisation, initial
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testing showed that this often resulted in shapes with high frequency wiggles, or bumps,
along the surface. With this in mind, a parameterisation that resulted in more realistic

shapes was sought.

Initially, it was considered appropriate to use the definitions associated with various
aerofoil series as the optimisation parameters. For example, the four digits defining a
NACA aerofoil represent three degrees of freedom, which specify the shape. This would
almost always result in valid realistic shapes. However, this form of parameterisation
suffers from a lack of flexibility, in that only standard shapes will emerge from the
optimisation process. Since the key motivation in using metaheuristic gradient free
methods was to remove the dependence on initial designs, this form of parameterisation

was deemed to be unsuitable.

The parametrisation technique, which balances shape flexibility with number of param-

eters, introduced by Kulfan and Bussoletti [73] was adopted in this work.

Kulfan and Bussoletti [73] define analytical shape, S (z/c), and class, C (z/c), functions
to represent an aerofoil, where c is the chord length. Using these functions, the y

coordinate of the aerofoil surface is defined to be

y(z/c)=C(z/c)* S (z/c) (4.1)

In practice, both C' and S are defined in terms of two separate functions, one defining

the upper surface and one the lower surface. The class function is given by
C (z/c) = (@/c)™ (1 - z/c)™ (4.2)

where N1 and N2 are exponents which define the general shape class. Most aerofoils
have values N1 = 0.5 and N2 = 1.0, which lead to the class function form illustrated in
Figure 4.2. There is still ongoing work in determining whether or not these exponents
should be considered as free parameters. In the inverse design example presented, they
were held constant at N1 = 0.5 and N2 = 1.0, but, in the RAE2822 optimisation

example, they were allowed to change, in order to gain higher shape flexibility.

It follows, from equations (4.1) and (4.2), that the class function acts as a constraint,
ensuring that the aerofoil is closed at both the leading and the trailing edges. This

enables a large degree of flexibility in the shape function.
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FIGURE 4.2: The class function for N1 =0.5 and N2=1.0

Kulfan and Bussoletti [73] suggest using Bernstein polynomials as shape functions, lead-

ing to the expression
n
S(z/c) = Z ar * Ky x (x/c)" (1 —z/c)" " (4.3)
r=0

when K, is a binominal coefficient, n is the order of the Bernstein polynomial and a, is
a member of the set of n control parameters which define the shape. Here, a Bernstein
polynomial order 5 was used to represent each surface, which adds 10 degrees of freedom
to the parameterisation. Most aerofoils can be represented using this number of degrees
of freedom with this technique [73]. Given more time, it would have been advantageous
to investigate the effect increasing and decreasing the order of this polynomial has on

the optimisation process.

From now on, a is regarded as a vector containing the degrees of freedom which defines a
particular shape and the notation af4£2822 for example, as representing the particular
set of coefficients which produce the RAE2822 aerofoil is employed. There is no easy
way to calculate a for a general shape. In order to determine a, a minimisation problem
was constructed as the square of the difference between the actual shape and y(z/c).

To find values of @ MCS was applied to solve the minimisation problem.

Like most gradient free optimisation algorithms, MCS will require an initial population
of shapes for the optimisation process. This is almost always done using Latin hypercube
sampling, as discussed in Section 3.2.1. To generate a population in this way, limits on

the value of each parameter were needed. In the parameterisation adopted here, the
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FIGURE 4.3: The initial NACA 0012 mesh

coefficients which make lip « have no physical meaning, and thus, appropriate limits on

their values were not immediately apparent.

A sample of 25 existing aerofoils were selected to aid determine limits to he applied on
the parameters. For each aerofoil considered, values of ¢« were determined using MCS.
The minimum and maximum values of each parameter in this group of 25 aerofoils
was then determined to give a range for each. For each parameter, the range was also
extended by 10% in each direction, in an attempt to avoid the limitations of using a
finite sample of aerofoils. These final extended ranges were then used as limits for LHS

in the generation of the initial population.

4.2.2 Mesh Movement

Generating a new mesh each time an objective function evaluation is required would be
inefficient. A Delaunay mesh generation technique [83], with automatic node creation,
was used to create an initial mesh around a NACAO0012 geometry. This mesh con-
tained 33,278 triangular elements, connecting 16,821 nodes, and an enlargement near

the aerofoil is plotted in Figure 4.3.

Each time a new objective function evaluation is required, the NACAO0012 geometry was
moved to the new aerofoil shape defined by equation (4.1). The mesh was moved using

a so called Delaunay graph method [84].

The course Delaunay triangulation, used for mesh movement in the following examples,
is shown in Figure 4.4. Once a course Delaunay triangulation is defined the steps in the

remeshing method are as follows:

1. locate the unmoved mesh points in the course Delaunay triangulation,
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FIGURE 4.4: Course Delaunay triangulation of NACA0012

A

B

FIGURE 4.5: Barycentric coordinates of P

2. calculate the barycentric coordinates of each mesh point within an element of the

course Delaunay triangulation,
3. move the Delaunay triangulation according the boundary change, and

4. transform the mesh from the barycentric coordinates, calculated in the second step,

into physical space using the new location of the course Delaunay triangulation.

Consider the course Delaunay element 4 B C, shown in Figure 4.5, that contains the
mesh point P. The physical coordinates of P can be defined in terms of the coordinates
of points 4, B and C and the three area ratio coefficients ei, e¢2 and e-j. These are

calculated using

G=f=1.2,3 (4.4)
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FIGURE 4.6: A mesh movement invalidating the Delaunay mapping due to inverted
elements

where S is the area of the Delaunay element 4 BC and Si, S2and S3 are the areas of the
triangles BBC, PAC and P AB respectively. These are essentially the barycentric co-
ordinates of P in 4 BC. Given this information, the physical coordinates of P, (xp,yp),

can be calculated using the equations

3
(4.5)
3
(4.6)
i=i
where (Xi,yi),i = 1,2,3 are the nodal coordinates of the Delaunay element.

All implementation of this technique needs to identify which Delaunay element each
mesh point lies in and the area coefficients associated with that point. Calculating this
mapping is the largest computational cost of this remeshing technique. However, this
calculation only needs to be performed once. The transformation from barycentric to
physical coordinates will remain valid, as long as the boundary movement does not cause
the inversion, or flipping, of any elements in the Delaunay graph, such as illustrated in
Figure 4.6. As long as this condition is not violated the resulting mesh will be valid. If
this problem occurs, the procedure will need to be performed at an intermediate mesh

movement to ensure a valid mesh.

Once the mapping had been generated for the unmodified NACA0012, for a new ob-
jective function evaluation the boundary was moved to the new aerofoil shape defined
by equation (4.1). Then, for all the mesh points inside a Delaunay element for which
one or more vertex coordinate has changed, the new coordinates were found by applying

equations (4.5) and (4.6) using the new coordinates of 4, B and C.
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This method offers high quality fast mesh reconstruction and also results in a fast check
for shape validity. If any of the mesh elements are inverted in the mesh movement this
indicates that the new aerofoil surface intersects itself, which is invalid. Further examples
are shown in Figures 4.7 to 4.11 to give an indication of the range of achievable shapes

using the parametrisation and meshing techniques.

4.2.3 MCS Parameters

The parameters used for MCS in the optimisation were:

e p, =0.7

e 50 initial eggs were generated using LHS with the limits found for the parameters

in the initial study
e NF =102

e Puwr=20.5

A constraint was placed on the optimisation in regards to the shape of the aerofoil. If
a set of parameters resulted in a boundary which is self-intersecting, it was considered
invalid and the solution was ignored during the optimisation. A CPU time limit of 100

hours was placed on each optimisation, rather than a generation number limit.

4.3 Examples

For the examples in this chapter, the calculations were performed on a single 1400
MHz AMD Opteron 240 processor. In the results presented, pressure is given as a
dimensionless pressure normalised by pU2, where p is density and Uy, is the free-stream

velocity norm.

4.3.1 Inverse Design of RAE2822

To define the objective function in this example, the surface pressure on the aft4£2822

mesh was first calculated and stored. The objective function was simply the squared
difference between the pressure on the surface of current aerofoil and that for the target
RAE2822. Since an optimum solution for this problem exists, and is known, it provided

a good benchmark for determining the validity of this approach.
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(a) OAF102

(b) R1080

FIGURE 4.7: Sample aerofoils taken from a study to investigate the values of a. The
black circles are the original aerofoil geometry, the mesh shows the closest fit found
using the parameterisation
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(a) RAF30MD

(b) Sokolov

Figure 4.8: Sample aerofoils taken from a study to investigate the values of «. The
black circles are the original aerofoil geometry, the mesh shows the closest fit found
using the parameterisation
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(a) STE87391

ISXSV;

(b) Strand

FIGURE 4.9: Sample aerofoils taken from a study to investigate the values of @. The
black circles are the original aerofoil geometry, the mesh shows the closest fit found
using the parameterisation

111



Aerofoil Shape Optimisation

(a) Tempest.2

0.3
0.2

0.1

- 0.1

-0.2

(b) R.AF89

FIGURE 4.10: Sample aerofoils taken from a study to investigate the values of a. The
black circles are the original aerofoil geometry, the mesh shows the closest fit found
using the parameterisation

112



Aerofoil Shape Optimisation 113

(a) Saratov

wo iy iSRS div

(b) Whitcomb

FIGURE 4.11: Sample aerofoils taken from a study to investigate the values of a. The
black circles are the original aerofoil geometry, the mesh shows the closest fit found
using the parameterisation
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FIGURE 4.12: Convergence history for inverse design of a RAE2822 aerofoil at Mach
0.5

The basic implementation of MCS was used, with tuning parameters suggested in the
original validation [1]. An example was performed for two Mach numbers, 0.5 and 0.75,
and zero angle of attack. In this example the parameter values were constrained to

within the limits found in the previously discussed study.

Mach 0.5 Figure 4.12 shows the convergence history for the Mach 0.5 inverse design
example. After 277 generations of MCS, the sum squared difference between the target
RAE2822 aerofoil surface pressure and the current best design decreased, by two orders
of magnitude, from 0.3870 to 0.0016.

A sum squared difference of 0.0016 represents a small difference in the pressure distri-
bution. This difference is shown in Figure 4.13. The solution obtained after 12 hours is
also plotted to show the improvement achieved. This agreement in the surface pressure
coincided with a close match to the target geometry, as shown in Figures 4.14 and 4.15.

The solution obtained after 12 hours is also plotted to show the improvement achieved.
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0.2

Elapsed CPU Time (hours)

FIGURE 4.16: Convergence history for inverse design example, Mach 0.75.

Mach 0.75 The convergence history for the Mach 0.75 inverse design example is
shown in Figure 4.16. The sum squared difference between the target RAE2822 aerofoil
surface pressure and the current best design decreased from 1.6580 to 0.0172 in 134
generations. This represented a decrease of two orders of magnitude. Figure 4.17 shows
the differences between the surface pressures of the final design, the design after 12 hours
and the target. A shock can clearly be seen in this figure. This has had no negative
effect on the convergence of MCS. Figures 4.18 and 4.19 show how closely the final design
geometry matched the target RAE2822.

4.3.2 Aerofoil Improvement

In this example, the aim was to improve an existing aerofoil by reducing the drag coeffi-
cient without reducing the lift. As with the previous example, the RAE2822 was used as
a target. The target lift coefficient, Cla’'get, for this geometry was calculated and stored.

The objective function was defined as

f(a) = maxif}, (Clarget - C{)) + abs(Cd) 4.7)

where C/ and Cd are the lift and drag coefficients of the aerofoil, and abs(Cd) indicates
that the magnitude of the drag coefficient was minimised. Here the flow was inviscid so

the physical meaning of Cd is not immediately obvious. Truly shock free inviscid flowr
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TABLE 4.1: Limits of the parametrisation defined in the vector a, used in the con-
strained examples. Notation from Section 4.2.1 has been employed

Parameter Minimum Maximum
N1 0.1927 0.6669
N2 0.5542 1.4730

Angle of Attack (degrees) -5 5
Top Surface
ax 0.0975 0.3090
as —0.0205 0.5708
as 0.0118 0.4853
a4 —0.0208 0.5074
as 0.0572 0.3078
Bottom Surface
a1 0.0442 0.2709
as —0.2817 0.3854
as —0.6530 0.4805
aq —0.3646 0.3300
as —0.2998 0.3829

has Cy = 0. Minimising Cjy in inviscid flow is often used to design shock free aerofoils.
Studies of this kind have even reported negative values of Cy, which simply means the
flow field is not shock free [85]. To reflect the aim to eliminate shocks the free-stream

Mach number selected for this example was 0.8.

RAE2822 was included as a starting egg, which means that equa-

The parameter vector a
tion (4.7) ensures that any improvement in drag would only be accepted if the lift

coefficient was equal or higher to that of the initial design.

Together with the 10 degrees of freedom defining the shape function, and the 2 exponents
defining the shape function, the angle of attack was included as a degree of freedom in
these examples. The initial RAE2822 lift and drag coefficients corresponded to an angle
of attack of zero. These values are shown in Table 4.2. Two studies were performed,

one in which the optimisation was constrained and one without constraints.

In the constrained optimisation the values of each parameter in the vector a was re-
stricted to within the limits determined during the study detailed in Section 4.2.1. The

limits are presented in Table 4.1.
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TABLE 4.2: Initial Design Lift and Drag Coefficients

RAE 2822
Mach Number C) Cq
0.8 0.4783 2.309 x 102

TABLE 4.3: Final Design from Unconstrained MCS Design Lift and Drag Coefficients

Unconstrained MCS Design
Mach Number C Cy
0.8 0.4783 1.562 x 10~°

TABLE 4.4: Final Design from Constrained MCS Design Lift and Drag Coeflicients

Constrained MCS Design
Mach Number C Cy
0.8 0.7056 —1.3646 x 108

To aid readability, all the results are presented in Tables 4.3 and 4.4. These results are
then discussed in detail in the remainder of this section. For both examples, sample ge-
ometries are plotted, to show the evolution of the shapes. The samples selected represent

the large jumps in design quality which seems to be characteristic of MCS optimisation.

4.3.2.1 No Constraints

In this example, the coefficient of lift for the final design, shown in Figure 4.20, did
not change compared with the original RAE2822. However, the coefficient of drag was
reduced by an order of magnitude to Cy = 1.562 x 103 compared with the RAE2822.
The surface pressures plotted in Figure 4.21 explain this. The RAE2822 had two shocks
in the flow on the surface at Mach 0.8 and the optimisation process managed to remove

these shocks. The final angle of attack for this design was —1.1598 degrees.

The convergence history is shown in Figure 4.22. The evolution of the shape of this

design is shown in Figure 4.23.
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FIGURE 4.20: Dimensionless pressure around the final design for the Mach 0.8 aerofoil
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Objective Function  Value

Ficure 4.22: Convergence history for the Mach 0.8 aerofoil unconstrained optimisation
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(d) Generation 21 (e) Generation 26

Figure 4.23: Evolution of the best egg: Mach 0.8, Unconstrained MCS

126



Aerofoil Shape Optimisation 127

1.6

1.4

1.2

0.8

0.6

Figure 4.24: Dimensionless pressure around the final design for the Mach 0.8 aerofoil
constrained optimisation

4.3.2.2 Constrained

Figure 4.24 shows the dimensionless pressure field around the final design in the con-
strained Mach 0.8 example. Unlike the unconstrained case, the shock was not eliminated,
as shown in Figure 4.25. The final angle of attack was —0.8317 degrees. At this Mach
number, the drag coefficient achieved by the constrained MCS, —1.3646 x 10- * was much

lower than that found by unconstrained MCS.

The convergence history and shape evolution are shown in Figures 4.26 and 4.27 re-
spectively. The shape was much flatter than the unconstrained case and it was almost

approaching a flat plate.
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FIGURE 4.26: Convergence history for the Mach 0.8 aerofoil constrained optimisation
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FIGURE 4.27: Evolution of the best, egg: Mach 0.8, Constrained MCS
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4.4 Discussion

The results presented in this chapter show the potential for applying a CS based al-
gorithm to the problem of shape optimisation. Validation of the approach has been
achieved here by using an inverse design problem with a known solution. The ability of
the method to improve an existing design has also been shown. The examples considered
are still very much toy problems and, in the future, it will be necessary to add more
complexity by improving the flow physics and moving to three dimensions. In addition
structural constraints, such as minimum thickness, will need to be considered. This will
inevitably lead to increased CPU costs, which may limit the practicality of using the
approach. This difficulty could be alleviated if a suitable method of approximating the
objective function could be devised. In the next few chapters, a potential method of

achieving this is explored.



Chapter 5

Reduced Order Modelling

5.1 Introduction

The equations describing fluid dynamics have a wide application in engineering design
and analysis. The non-linearity of the equations mean analytical solutions only exist
once simplifications are made. These simplifications limit their application to a small
number of flow situations [86]. The field of CFD has arisen to solve this problem by

advocating numerical solutions of the governing equations.

The nature of the equations that govern fluid flow has meant the development of such
code is difficult and computationally expensive [87]. Typically, the solution of equations
with millions of degrees of freedom is required for accurate Navier—Stokes simulations.
This can result in calculations which take in excess of 24 hours to run, even on modern
parallelised hardware. These kinds of problems, which have high numbers of degrees of

freedom, are examples of high-dimensional problems.

Calculation time needs to be reduced to make CFD an effective practical addition to the
design process. As discussed in previous chapters, such a process may require a large
number of unsteady solutions for a geometry over a large number of parameters [88]. The
excessive CPU cost of running CFD codes is particularly prohibitive when considering
applications in metaheuristic gradient free optimisation. ROM originates from this need
to solve these kinds of complex nonlinear multiparametric problems in a computationally
efficient way (89, 90].

The fundamental aim of ROM is to reduce the number of degrees of freedom representing
a system, whilst retaining an acceptable level of accuracy [91]. This is done by developing

dimension reduction techniques [92]. ROM can be thought of as an example of data
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compression, from high-dimensional data to low-dimensional data, which is why many

ROM techniques originate from the field of data compression [88].

The number of degrees of freedom representing a system in a typical CFD solver is large,
this is primarily caused by the governing equations being discretised in space. Each
degree of freedom in this case is an unknown variable on a mesh node. The key step
in ROM is to generate a set of spatial modes, each containing information about every
mesh node. These modes can be used to, essentially, remove the spatial dependence of
the equations. The modes provide key spatial ingredients for a ROM. By changing the
mixture of these modes, the structures of the full order model (FOM) will recreated [93].
A solution can be represented by a sum of these modes and the modal coeflicients can
be considered the degrees of freedom of the system of equations. These coefficients can
be considered a function of either time, control parameters or a combination of both.
The vast majority of ROMs are applied to time-dependent problems, where the exact
governing, time-dependent, equations of a system are projected onto a series of spatial
modes [94]. The time-dependent coefficients of these modes become the unknowns of

the system.

Each member of the set of spatial modes, sometimes called basis functions, has a different
energy contribution to the system of interest. The term energy is used throughout the
field of ROM to describe the importance of each mode. In a number cases this energy
may not be defined in terms of the physical meaning of the word, but the total energy
in a system is defined as the sum of energy contribution from each mode. The energy of
each individual mode is normally expressed as a percentage of the total energy. Different
methods will have different techniques of calculating that contribution. The basis may

sometimes be truncated, such that the low energy modes are discarded.

There are two contrasting families of techniques to calculate these spatial modes, viz.
data driven and equation driven techniques. In equation driven methods, such as non-
linear normal modes [95], the modes are constructed by applying mathematical reduc-
tion techniques directly to the equations themselves. Data driven methods, such as
POD, use sample stored calculated solutions or experimental data to generate the spa-

tial modes [88]. These sample solutions are often referred to as snapshots.

For the optimisation applications considered in this thesis, the important question was
how well do these methods deal with parameter changes, such as shape or angle of attack?
The work presented in this chapter aimed to answer this question. Initially, a number of
different methods for generating the spatial modes are discussed. The selected method,
POD, is discussed in more detail. Existing methods using POD applied to parametric
steady problems were studied, and a technique was developed to apply POD to unsteady

parametric problems.
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5.2 Methods for Generating the Spatial Modes

5.2.1 Proper Orthogonal Decomposition

POD (also known as Karhunen-Loéve decomposition, and the Hotelling transform [96,
97]) was first proposed in 1901 as a tool to analyse complex systems [97]. The goal of
POD is to identify an optimal coordinate system to represent an ensemble of snapshots by
removing redundant information [98]. This is equivalent to finding the smallest possible
linear set of basis functions which represent the ensemble [90, 97]. When restricted
to a finite dimensional case, and truncated after a few terms, POD can be considered

equivalent to principle component analysis [96].

Performing POD can be computationally expensive, so the technique was virtually un-
used until the middle of the 20th century [96]. POD has since been applied to a
wide range of problems, including signal analysis, pattern recognition, image recon-

struction [91] and weather prediction [93].

The most striking property of POD is its optimality. It is very efficient at capturing
dominant components [93]. In fact, when truncated at any number of modes, it captures
more relative energy, with those modes, than any other decomposition method truncated
in the same way. POD is also an unbiased technique, since it acts on the data itself and

requires no prior information about the problem of interest [99].

When applied to flow problems, the linear POD procedure results in a number of or-
thogonal modes [91, 92]. The POD mode which carries the dominant percentage of
energy typically represents the mean flow structure in the example being studied. All
other modes represent an optimum basis to decompose the flow [99]. The resulting
projection of high—dimensional data into lower dimensional space can reveal important,
perhaps even unexpected, structures hidden in the data [96]. Today, one can find many
examples of its use in flow analysis [92, 99, 100]. It has been applied with success to
laminar flows, both compressible and incompressible, and in particular it has been used

to successfully extract large-scale organized motions from turbulent flows [97].

One drawback of constructing a ROM, using a POD basis, is that the basis, and hence
the model, only contains information that was present in the set of snapshots used to
create it [98]. Intelligent selection of snapshots is, therefore, the key to constructing a

successful POD basis.



Reduced Order Modelling 134

5.2.2 Nonlinear Normal Modes

NNM constructs and defines the ROM from specific properties of the dynamic system.
It does this by adapting the mathematical reduction techniques, of the centre manifold
theorem and normal form theory directly into the governing equations. Not requiring
any snapshot information NNM results in a reduced system of equations to represent
the FOM [95].

Amabili et al [95] provide a comparison between POD and NNM as methods of producing
a ROM for non-linear vibrations of fluid filled shells. One advantage NNM has over the,
essentially linear, POD method is that it is non-linear. The result is that fewer modes,
and therefore less computational cost, is required to capture the dynamics of a system
by a NNM based ROM than by a POD based ROM. Amabili et al [95] found that both
methods perform equally well compared to a FOM in most cases. This is not the case in
situations where the driving vibration amplitude is large, resulting in chaotic behaviour.
In this case, the POD method has the advantage, since the snapshot data means that,
unlike NNM; it is a global method and can capture complex behaviour, as long as the

snapshots are well selected.

5.2.3 CVT Reduced-Order bases

CVT was discussed in Section 3.2.1 as a method of moving an initial set of geometric
points to better sample a given space. CVT in the context of ROM is a data compression
technique, whose starting point is a set of snapshots as in POD. The Voronoi tessellation
takes place in the abstract multi—dimensional space defined by the snapshot vectors.
Each snapshot is assigned a weight, which defines a density function throughout this
space. A set of points is sought, where the mass, as defined by the density function,
centroid of the Voronoi vertices coincides with the point which generated them. These
points become the basis functions, which can be used to form ROMs [88]. The weighting
allows different significance to be given to different snapshots, which is not possible in
POD.

Burkardt et al [88] compared POD to CVT, using a so called T-cell example. This is an
incompressible, viscous flow problem in a T-shaped region with a parameterised time-
varying inflow boundary. They used 500 snapshots, created at different time steps using
a finite element model, to generate the POD and CVT basis functions. These functions
were used to find solutions for various inflow parameters and compared to the full order
finite element model. They found that both ROMs are very effective in approximating

the FOM in low dimensions. They could not find an advantage with either technique,
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both the computational cost and the errors are of the same order. It was stated that CVT
is less tested in the literature than POD and that differences may be found with further
research. Burkardt et al [88] suggested combining the two techniques by using CVT to

group the snapshots into clusters and performing POD on each group of snapshots.

5.3 Proper Orthogonal Decomposition

POD was picked as the method of choice for two reasons. Firstly it is a data driven
technique which can be treated, in the most part, as a general black box. Equation
driven methods, however, may require problem specific formulations. The other reason

was that POD appeared to be well tested and popular in the literature.

Consider some spatial and parameter-dependent value 8(x, ), defined over a domain
1, where o represents some parameters, which may or may not include time, and x
represents space. A snapshot, Uy (x), of 8(x, ) at a particular set of parameters o, is
obtained as

Uk(x) = 0(x, axx) (5.1)

POD attempts to find a set of spatial modes ®(x) which best represent the characteristic
structure of an ensemble of these snapshots. The field data is then approximated using

these modes as

M
0(x,a) =Y ®i(x)Ti(a) (5.2)
i=1

where M is the number of POD modes, ®; is a typical member of ® and T;(a) are
coefficients which depend on the parameters. In the above expression, ®; is given as
a function of x since it is a spatial mode. The practical implication is that ®;(x) is a
vector, containing a list of unknown variables, one for every mesh node in the mode] of
interest. The same is true for Uy (x). To construct a ROM, using these modes, methods

for determining T;(cx) are required.

5.3.1 Calculating the POD Modes

Specifically, the aim is for the POD modes to describe a typical member of the snap-
shot set better than any other basis [93]. The terms characteristic structure and typical
member point towards the use of an averaging operation. With this in mind, the POD
modes are constructed mathematically by maximising the mean of the square of the
projection of ®(x) onto each snapshot, i.e. the expression <‘ ((7k, @) l2> /||®]|? is max-

imised. Throughout this thesis the symbols (x) refer to the mean, |||| is the norm and
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(*,%) is an inner product. The mean is maximised to reflect the goal of representing
a typical member of the snapshots and the normalisation factor ||®|[? is included to

prevent ® increasing without limit.

The maximisation problem described would result in a single POD mode, but other
critical points of the function have physical significance and, together, they correspond
to the desired basis [93]. To find these critical points, under the condition ||®||* = 1,

the problem is reformulated as seeking the maximum of

R= <](0k,<1>)\2> a2l - 1) (53)

where ) is a Lagrange multiplier. This can be shown [96] to lead to the integral eigenvalue

problem

/Q <(7k(x)[7k(x')> & (x)dx’ = A (x) (5.4)

where <0k (x) U (x' )> is the spatial autocorrelation function. This function compares a

spatial field to itself and is a mathematical tool for finding repeating patterns.

It is assumed that the modes can be expressed in terms of a linear combination of a set

of M snapshots sampled from the FOM, i.e.
M ~
®=> bl (5.5)
i=1

where the values of b; are to be determined. Substituting equation (5.5) into equa-

tion (5.4) yields the eigenvalue problem [91]
Lb; = X\;b; i=1.M (5.6)

where L is the M x M matrix form of the spatial autocorrelation function, with typical

entry
1~ -
Lij = 3;Us, Uj) (5.7)

The eigenvalues A; of L are real and positive and represent the relative energy contained
in each POD mode. The corresponding eigenvectors b; are mutually orthogonal and are
termed the POD basis vectors or modes ®;, i = 1,..., M [91]. Constructing the POD
basis using snapshots implies that any ROM based on this basis will intrinsically contain
all linearly invariant properties of the snapshot set, e.g. the incompressibility condition,
if applicable. This follows from the fact that the basis has been computed by performing

only linear operations on the snapshot set [101].
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The problem of solving equation (5.6) can be stated, equivalently, as finding the eigenval-
ues and eigenvectors of the matrix UUT, where U is the D x M matrix of snaphots [100],
where D is the number of degrees of freedom in the system of interest. Each column of
U is a vector length D which contains all the degrees of freedom representing a partic-
ular snapshot. A solution to this problem may be achieved by employing singular value

decomposition (SVD) [88, 96, 100]. Any real matrix can be decomposed as
U =oxsT (5.8)

where @ is a D x D matrix, whose columns contain the left singular vectors of U, S is
a M x M matrix, whose columns contain the right singular vectors of U, and ¥ is a
pseudo—diagonal D x M matrix, whose diagonal elements are the singular values s; of
U. It can be shown [100] that the matrix UUT can be decomposed as

vUT = o327 (5.9)

It follows that the POD modes are the left singular vectors of U, given by ®; = &, ; [88],
and that the corresponding eigenvalues are given by A; = s? [100]. Reliable algorithms
have been developed to compute the SVD and can be easily applied to POD applica-
tions [96]. In the examples presented in this thesis the algorithm presented by Demmel
and Kahan [102] is used to perform SVD.

The ability of a POD basis to approximate the FOM relies entirely on the information
contained in the set of snapshots used to generate the basis itself [88]. Ravindran [103]

gives three different strategies for generating snapshots:

o a set of steady—state solutions corresponding to several different sets of parameters,

e.g. angle of attack, Reynolds number,

e an unsteady solution for a fixed set of parameters, evaluated at different instants

in time, and

e a combination of the above, in the form of multiple unsteady solutions of varying

sets of parameters, each evaluated at different instants in time.

POD can be thought of as an interpolation or an extrapolation technique, with the set of
snapshots supplying information about the system to the resulting ROM. It is difficult
to perform a general error analysis of a ROM based on POD, because of the dependency
on the quality of the snapshot selection. For this reason, in practical applications, a

POD based ROM generally needs to be assessed for each new problem.
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To use the POD modes as part of a ROM, methods need to be developed for generating
solutions outside of the snapshot set [104]. The choice of method for generating these
snapshots and solutions outside the set largely depends on the problem to be tackled, in
respect to the number and types of parameters which make up . Two types of problems
were considered here, steady problems where, a does not contain time but any number
of other parameters, and unsteady problems, where a contains time and any number of

additional parameters.

5.4 Reduced Order Modelling of Steady Fluid Problems

Two contrasting techniques were considered for this problem, a residual reduction method

and a POD interpolation technique.

5.4.1 Residual Reduction Method for Steady Flows

Alonso et al [89] introduced a residual reduction method for using a POD basis for
steady flows. The governing equations for the flow of interest are assumed to consist
of m partial differential equations, in a domain 2, and n boundary conditions, on a
boundary I'. These equations will include flow control parameters, such as, for example,
the Reynolds number. A FOM is used to generate snapshots with different parameter
values and the snapshots are used to calculate a set of POD modes for each fluid variable
in the ways discussed above. A minimisation problem is then formulated with the aim
of minimising the residuals associated with the governing equations and the boundary
conditions, where the inputs or variables for the problem are the POD mode coefficients.

Such a problem could be solved using optimisation techniques.

In their study, Alonso et al [89] use a GA to find the POD coeflicients. This step has the
potential to be computationally expensive, since using a GA requires the residual to be
calculated many times and over all nodes. They overcome this difficulty by limiting the
number of nodes, over which the residual is calculated, to a small area in the domain.
This area is called the projection window, this modification is justified by noting that,
since the calculations involved are not exact, the number of nodes used in the residual
calculation needs only to be larger than the total number of unknown amplitudes, but
not necessarily equal to the total number of mesh points. The total number of mesh

points is, after all, a property of the CFD model and not of the POD approximation.

To test their method, 25 snapshots of a non—-isothermal flow past a backward facing step

were used, with 6 POD modes retained for each fluid variable when constructing the
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ROM. The method is shown to work well, with the location of the projection window
having only a small effect on the accuracy of the ROM when compared to the FOM.
When the window is placed in a region where the most flow topology existed, they found
the highest accuracy. The accuracy of solution is virtually independent of the number
of nodes used in the residual calculation, provided the number used is greater than the
number of unknown amplitudes. The results show a striking accuracy throughout the

domain, despite only performing calculations on a small fraction of it.

This technique was not deemed suitable at this stage. Experience gained through work
on this thesis has shown that metaheuristic algorithms do require tuning and the same
solution for the same problem is not guaranteed. The consequence is that if a ROM
constructed in this way was applied to an optimisation problem, the same point in the

parameter space may have slightly different objective function values.

5.4.2 POD Based Interpolation

The interpolation approach is described by My-Ha et al [105], who considered the shape
of the water plume on the surface following a set of underwater explosions. The shape
depends on parameters defining the explosions, and particular shapes can be used to
obstruct aerodynamic objects near the surface. The implementation rapidly predicts

the parameters needed to achieve a free surface plume of any shape.

A similar technique was also used by Qamar et al [106], who tested the ability of POD
to predict flow fields. The example of steady high-speed flow past an axisymmetric
triangular surface of various heights, mounted on a spherical nosed body was considered.
They found that, when interpolating within the snapshot parameter space, the root mean
square error is less than 1% over the full flow field and even smaller when just considering

the variables on the body surface.

Using POD as a basis for interpolation is very simple. First, M snapshots Uy, k =
1,..., M are calculated using a FOM off-line. The term off-line is used to indicate the
processes of building the ROM, while the term on-line is used for the process of using the
ROM. The snapshots are sampled throughout the parameter space, with corresponding
parameter coordinates o, using the FOM and are then used to calculate the POD basis.

Each snapshot can be reconstructed as

M

Up =Y Ti(ou)®x (5.10)
=1
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For each parameter vector, a set of coefficients, considered as functions of «, are calcu-

lated, using an inner product, as
Ti(ak) = (®k, Uk) (5.11)

for I =1,..., M. In the on-line process, a set of coefficients, T'(a), which best repro-
duce U(a) using the POD basis, is calculated using interpolation techniques. These
coefficients are used to reconstruct a solution at the new set of parameters. Depending
on the capability of the interpolation technique adopted, the snapshots may be sampled

uniformly or non-uniformly throughout the parameter space.

This family of POD coefficient interpolation techniques, which appear to have been
introduced originally by Ly and Tran [97], have not been widely adopted. When all POD
modes are retained, these techniques are exactly equivalent to nodewise interpolation of
the solution field. To illustrate this, consider the simple case of two snapshots, in a one

dimensional parameter space, at coordinates a; and ag, where

M
U1 = ZTl(al)Q"l (5.12)
=1
and
M
Uz =) Ti(o2)® (5.13)

=1

Using linear interpolation, Tj(a) can be obtained, for any «, as [107]

Tifa) = Ti(en) + =T () (5.14)
forl=1,...,M. Since
M
U() = Ti(a)®, (5.15)
=1

substituting from equations (5.12), (5.13) and (5.14), and applying simple summation

rules, equation (5.15) can be expressed as

x—

a12 Uy — Un) (5.16)

U(a) =U; +

o] —

This represents a simple nodewise interpolation. These findings are also discussed by
Bouhoubeiny and Druault [108], who applied a similar technique to interpolate exper-
imental data in time. Their proof can be generalised to higher dimensions and other

interpolation techniques, as discussed by Zimmermann and Gortz [104].

If this method is simply equivalent to nodewise interpolation, the question needs to be
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asked, are there any advantages to POD coefficient interpolation over nodewise inter-
polation? A number of benefits were identified, which result from the reduced number
of interpolation operations. It can be measured that, even when including an SVD of
the snapshot matrix, POD coefficient interpolation is orders of magnitudes faster than
nodewise interpolation. Fewer values requiring interpolation also means it becomes fea-
sible to inspect the smoothness of these values with respect to parameter variation and
to apply adaptive interpolation schemes [109]. These adaptive schemes may make it
possible, with future investigation, to identify and capture discontinuities in non smooth

parameter spaces.

Zimmermann and Gértz [104] compared interpolation techniques to a residual reduction
technique and found that the interpolation method provides a better match to the FOM,
when considering aerodynamic coefficients. However, the residual reduction method
is better at capturing flow features in the solution field itself. Since the majority of
optimisation applications will mainly be considering the aerodynamic coefficients, this

method was deemed most suited to the problems considered here.

5.4.3 Examples

The performance of this technique was assessed by applying it to the steady turbulent
compressible flow past an RAE2822 aerofoil. The Reynolds number remained constant

at 6.5 x 10% and both a one and a two-dimensional parameter space were considered.

5.4.3.1 1D Parameter space: Angle of Attack

In the following examples the angle of attack, «, was considered the parameter of interest.
A sample of snapshots were generated, between o« = —5 and o = 5 degrees, using the
2D version of the FLITE solver for viscous flow [82]. In all the meshes considered, layers
of structured quadratic elements were generated at the aerofoil boundary to correctly

capture the boundary layer.

Each solution had a lift coefficient converged to four orders of magnitude. Five sets of
snapshots were considered, each containing snapshots at different sample spacings of «,

these are shown in Table 5.1.

Each set of snapshots resulted in a ROM which could predict a flow field for a given value
of a. To test the prediction capability, the FOM was used to generate solutions between
5 and -5 degrees sampled every 0.2 degrees. The sum percentage error, compared to the
FOM, of the density field at each sample point was then calculated. This represented a
CPU cost, on an 1400 MHz AMD Opteron 240 processor, of around 40 hours using the
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No. of Snapshots, N Values of a
3 -5,0,5
4 -5,-1.8, 14,5
5 -5,-28,-04,2,5
6 -5,-3,-1, 1,3,5
11 -5, -4,-3,-2,-1,0, 1,2,3,4,5

TABLE 5.1: Snapshot sets for angle of attack parameter sweep

x 10'3

3 snapshots
4 snapshots
35 5 snapshots
6 snapshots
11 snapshots

o

SEry 0

0.5

CH 4% Byd 4*fr444.> A
-5 -4 — -2
Angle of attack (degrees)

FIGURE 5.1: Percentage error of density field at various angles of attack at Mach 0.5

FOM and 5 seconds using the 11 snapshot ROM. The study was repeated, for different
Mach numbers, to gauge the effect of the appearance of shocks in the snapshot sets. In

these examples, a cubic spline was used to interpolate the POD coefficients.

Mach 0.5 Figure 5.1 shows how the percentage error varied with the angle of attack
for each snapshot set. Even for the 3 snapshot set, all errors were below 4 x 10-3%. As
this was a sum of all errors over the entire field, this was a very good result. Looking at
the graph in Figure 5.1 in detail, the results between 3 and 5 degrees stand out as being

higher than the other errors, although they were still acceptably low.

The result at 3.8 degrees for the 11 snapshots set was very close to a known solution

from the snapshot set, yet it represented the maximum error over the sampled angles.
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3 snapshots
- T - 5 snapshots

11 snapshots
0.014
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0.004
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Figure 5.2: Percentage error of density field at various angles of attack at Mach 0.65

An error in the density may have impacted the accuracy of the lift and drag calculations.
At a = 3.8 the FOM gave lift and drag coefficients of 0.71570 and 0.010063 respectively.
Performing the same calculations using the fields obtained from the 11 snapshot ROM,
lift and drag coefficients 0f 0.71362 and 0.010065 were found. These were still very close
to the FOM.

Mach 0.65 The challenge in this example was predicting the onset of weak shocks as
the angle of attack increased. No shock appeared between —3 and +3 degrees. However,
for larger angles, shocks began to appear. Despite this, the percentage error remained

below 0.01% as shown in Figure 5.2.

The maximum error in the 11 snapshots ROM occurred at 4.6 degrees, which corre-
sponded to a lift coefficient of 0.94288 and drag coefficient of 0.017332. The solutions
are plotted for this case in Figures 5.3(a) and 5.3(b). The ROM failed to fully capture

the shock as seen in the FOM. However, when calculating the lift and drag coefficients,
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(b) 11 snapshot ROM

FIGURE 5.3: Density field at a = 4.6 degrees, Mach 0.65

using the solution obtained with the ROM, the values were still close to the FOM values

0f 0.94137 and 0.017296 respectively.

Even though these results still showed close agreement between the ROM predictions
and the FOM, it did suggest a possible weakness in POD based interpolation methods
to predict changes that result in a significant change in flow regime. For example, it is
unlikely that this technique would be able to predict the appearance of shocks in the

solution field.

Mach 1.0 Figure 5.4 shows the error plots constructed the same way as in previous

examples with free steam Mach number of 1.0. Even when constructing a ROM with
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FIGURE 5.4: Percentage error of density field at various angles of attack at Mach 1.0

only 3 snapshots, all errors were less than 7 x 10-3%

The highest error for the 11 snapshot set was at 4.6 degrees. At this angle, the lift, and
drag coefficients using the FOM were 0.40630 and 0.13953 respectively. Figures 5.5(a)
and 5.5(b) show the density fields from the FOM and ROM respectively. The ROM
failed to correctly capture the shock, as found in the previous example. Despite this, the
lift and drag coefficients of 0.40615 and 0.13958 respectively, calculated using the ROM,

were still very close to the FOM values.

Mach 1.25 The solutions in this example were all in the supersonic flow region and
contain bow shocks. Figure 5.6 shows that the error in reproducing these solutions using
the ROM was less than 0.01% in all cases. This was not as good as the subsonic cases,

but was still a good result.

The worst solution in the 11 snapshot set occurred at « = 4.6, as shown in Figure 5.7(a)
and 5.7(b). It can be seen that the bow shock was not correctly represented in the ROM.
This had little effect on the lift and drag calculations. The lift coefficient was 0.37004
using the FOM and 0.36994 using the ROM, while the drag coefficient was 0.12265 and
0.12266 using the FOM and ROM respectively.
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FIGURE 5.5: Density field at 4.6 degrees, Mach 1.0

Set Range of Mx Range of a No. of Snapshots

A 0.1 to 0.3 -1.79 to 1.79 12
B 0.1 to 0.4 -2.79 to 2.79 24
C 0.1 to 0.5 -3.79 to 3.79 40
D 0.1 to 0.6 -4.79 to 4.79 60
E 0.1 to 0.7 -5.79 to 5.79 84

TasLe 5.2: Snapshot sets for angle of attack and Mach number parameter sweep

5.4.3.2 2D Parameter space: Angle of Attack and Mach number

To gauge the ability of POD to predict the flow field when two parameters are changed,
both the Mach number and angle of attack were varied. A total of 84 snapshots were
calculated for the initial example using the FOM, at angles of attack, a, ranging from
—5.79 to +5.79 degrees in 1 degree steps, and at a free-stream Mach numbers, A/0Q

ranging from 0.1 to 0.7 in steps of 0.1.
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FIGURE 5.6: Percentage error of density field at various angles of attack at Mach 1.25

The snapshots were grouped into 5 sets, as shown in Table 5.2. to determine the effect
of shocks appearing in the snapshot set. No shocks were present in sets A, B and C,
weak shocks start to appear in set D and strong shocks can be found in set E. Each
set was used to calculate a set of POD inodes and these were employed to reconstruct
density fields at ¥ 00 = 0.2 to — 0.3 in steps of 0.01, all with ot = 0. Unlike the ID
parameter space example, the different sets did not refine the parameter space, but they
expanded it. Essentially, this was a study to gauge the effect of snapshot set quality on
the solution produced. In these examples, bicubic interpolation was used to interpolate

the coefficients.

Figure 5.8 compares the FOM to solutions reconstructed using snapshot sets A and E.
In this example, the effect on the number of POD modes retained in a solution was also
investigated. Figure 5.9 shows how the error decreased, as the number of POD modes

used to reconstruct a solution increased for snapshot set C. This trend was the same for
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FIGURE 5.7: Density field at 4.6 degrees, Mach 1.25

all snapshot sets. The graph also shows how the error converged. In this study, only

around half the total number of the inodes were needed to reach the minimum error.

Figure 5.10(a) shows that, as the ROM moves away from solutions in the snapshot set,
its error increased. This effect was more significant as the quality of the snapshot set
decreases. The relative quality of each snapshot set is shown in Figure 5.10(b), by taking
the mean percentage error over all solutions reconstructed by each set. It illustrated two
factors that ought to be considered when selecting snapshots: the first, intuitively, was
the number of snapshots and the second was the information contained in the snapshots.
The ability of the POD reconstruction to approximate the FOM relies entirely on the

information contained in the set of snapshots used to generate the POD modes [88]. As
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(a) Full order model

(b) Snapshot set A

(¢) Snapshot set E

FIGURE 5.8: Comparing full order (a) and reconstructed density fields (b) 12 snapshots
and (c¢) 24 snapshots, for MOc = 0.25, a = 0.
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Figure 5.9: Percentage error plotted against number of POD Modes used to construct
the solution, for M » = 0.25, a = 0.

the number of snapshots increased the error decreases, up to the point where shocks
start appearing in the snapshot set. The more shocks in the snapshot set, the bigger

effect they had on the solution quality.

Results presented here showed that this method was able to successfully reproduce solu-
tions with errors of the order of 10~4%. This was an excellent result, when considering
the corresponding reduction in CPU time that was achieved, from around 30 minutes
on an 1400Mhz AMD Opteron 240 to less than a few seconds on a 2.4GHz Intel Core 2
Duo.

5.4.4 Discussion

The ability of the POD coefficient interpolation methodology to deal with parametric
variation in steady flow was investigated. It was found that this method, in some cases,
could reduce the computational cost of parametric studies significantly, with losses of
accuracy much less than 1%. It was not able to when the parametric variation caused
significant change in the flow characteristics, for example the onset of shocks in transonic

flow.
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FIGURE 5.10: Investigating the changing error in the 213 parameter space example
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(a) Snapshot 1 (b) Snapshot 2

FiGure 5.11: Two-dimensional Gaussian peaks at two different centres

(a) ROM (b) FOM

Ficure 5.12: Comparing the FOM and ROM in the Gaussian peak example

The root of this problem is that the method is equivalent to independent interpolation of
the nodal values. Interpolation in this way will not move features, like shocks, but simply
diffuse them. This concept can be easily shown through a simple two-dimensional Gaus-
sian function. Consider the two Gaussian peaks plotted in Figures 5.11(a) and 5.11(b).
Both features have the same radius and magnitude but have different locations. Using
the two peaks as snapshots to generate POD modes and interpolating the resulting POD
coefficients results the field plotted in Figure 5.12(a). If this was a moving feature, then
the expected result might be the field plotted in Figure 5.12(b) which could represent
any scaler variable of interest. Since the POD interpolation techniques see the model
as a black-box, and only acts on the data, it will always result in the surface shown in
Figure 5.12(a). In situations where the flow regime changes, or problems with moving

shocks or features, this could be a significant problem.
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5.5 Reduced Order Modelling of Unsteady Fluid Problems

In this section, problems where o contains time are considered. Galerkin projection is
the most frequently used method for generating solutions for an unsteady problem using
POD. It was decided that Galerkin projection was not suited to the examples considered
in this thesis. Since Galerkin projection is so popular, justification was needed to explain

why it was not being considered for application here.

In Galerkin projection, the exact time dependent governing equations are directly pro-
jected over the POD basis [89]. A ROM is generated which predicts solutions at varying
time, ¢, and at a single set of flow control parameters i.e. @ = t. Suppose the time
dependent flow field state vector, u(x,t), is represented by a linear combination of the
POD modes, ®;, as

M
u(x,t) = 3 T ®i(x) (5.17)
i=1

where T;(t) denotes the time dependent amplitude for the POD mode ®;. It is assumed

that the governing equation for the system is defined, in general form, as

(?9_‘: = Aju + Az(u,u) + Az(u,u,u) (5.18)

where A; is a linear operator, Ay is a quadratic operator and Ag is a cubic operator.
Projecting this equation onto the POD basis, using an inner product, results in the
equation

(g—ltl, @i) = (A1u, ®;) + (A2(u,u), ®;) + (Az(u,u,u), d;) (5.19)

and substituting the expansion of equation (5.17) into this equation gives

Ty _

5 = 2 Ti(®k A1(20) + Y TiTon(@k, Ao (@1, @m)) + Y TiTnT( R, As (@1, P, D))
l lm

l,mn

(5.20)
This is the ROM for equation (5.18) using Galerkin projection onto a POD basis [90].

Either the discrete representation of the FOM equations, or the continuous FOM equa-
tions, can be used in the projection. Using the continuous equations has the advantage
that the ROM does not need to be made for a specific FOM. This means that any solu-
tion algorithm can be used to generate the snapshots [90]. It must be remembered that
the discrete representation might contain unphysical stabilisation terms, which would
also need to be accounted for in the governing equations which the POD modes are

projected upon [89].
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In simulations involving several different physical variables, the choice of which inner
product to use is not obvious [110]. Standard inner product definitions may not yield
physically meaningful results when acting on solution vectors. Barone et al [90] and
Rowley et al [110] both detail how the numerical stability of the Galerkin projection
based ROM depends upon the proper selection of inner product definition. They pro-
vide detailed formulations of how to define the inner product for any set of governing
equations. This decreases the generality of the Galerkin projection method, since a new
set of equations will have a new condition for the inner product. However, it is noted
that, if coded intelligently, only subroutine for calculating the inner product would need

changing, as this is the only part of the projection which is not general [110].

The solution of equation (5.20) requires the evaluation of integrals over the entire domain
for each mode. This could potentially be computationally expensive [89]. To reduce
this cost, the series of POD modes ®;, making up the POD basis @, is often truncated.
Suppose M represents a POD basis that has been truncated to contain M modes. This
truncation can significantly reduce the computational cost, but may lead to instabilities
in the ROM. An example in which this is shown to be particularly important is ocean
flow models. Here, with high characteristic Reynolds numbers, energy transfer between
large and small scale flow structures is very important. If the value of M is selected
to be too small, this transfer is inhibited and a projection type ROM based on M is
unstable [91].

The appropriate selection of a value for M, as described by Hung et al [97], can be
assisted by interpreting the eigenvalues \; of equation (5.6) as representing the relative
energy contained in each POD mode, ®;. These eigenvalues give the relative importance
of each POD mode. As previously discussed in the field of ROM this relative importance
is usually termed the energy of each mode, but may not be a physically meaningful
measure of energy. The total energy is captured by the non-truncated basis ® and a
suitable measure of this is the sum of the eigenvalues Z —1 Ai. An important step during
POD is arranging the eigenvalues and eigenvectors in ascending order, such that A; is
the largest eigenvalue and Aps is the lowest. This allows the calculation of the relative
energy captured by the truncated basis function BM as EM \;i. The value of M is then
selected such that

M M
Z i~ Z Ai (5.21)

The percentage of energy captured by ®M can be easily calculated as (E;IZ 1 A/ Egl Ai) X
100%. The POD method has the property of rapid convergence of the energy associated

with each POD mode, which results in a small value of M for most simulations [100].
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Despite the rapid convergence of energy, truncating the basis function may still be a risky
process. If each POD mode is considered a dimension, in the space which represents the
solutions of a given set of equations, truncating removes one of these dimensions. ROMs
based on Galerkin projection are frequently unstable, due to the truncation of the POD

basis which neglects high order modes [89].

Further disadvantages of Galerkin projection are detailed by Lucia et al [111]. It is
observed that the boundary conditions are not explicitly accounted for, so the basis
function used for the projection needs to be formed to meet them. Non-linearities,
which couple unknown variables, cause the number of terms in a Galerkin projection to
increase rapidly. These terms can contain of the order of M3 components, making them
difficult to evaluate [110, 111].

In addition to these problems, it is also well understood that a particular set of snapshots
will result in POD modes which are only appropriate in a limited parameter space.
For example, Lieu et al [112] applied Galerkin projection to a complete F-16 aircraft
model, which depended only on the angle of attack and free stream Mach number, M.
Snapshots were taken from an unsteady finite element FOM by inducing vibrations in
the system at a particular My,. The result is a POD basis which only applies to a ROM
for the flow at that M, value. This posed a serious obstacle when considering applying
these methods to optimisation problems, in which a parameter space is to be explored.
An attempt to overcome this difficulty is made [112] by performing a subspace angle
interpolation of the POD modes, in order to retain orthogonality between each mode,

and then projecting these onto the governing equations.

To circumvent this problem, and others introduced by projection methods, it was worth
considering POD as a basis for interpolation, as detailed for the steady case in sec-
tion 5.4.2. However, it has already been shown that POD interpolation techniques turn
out to be equivalent to a simple nodewise interpolation. In this case, was it worthwhile
pursuing them further? To answer this question, information on how direct interpolation
of the solution field compared to projection based ROM techniques was required. It was
difficult to find comparisons of this nature but, in an early POD/ROM paper, Pettit
and Beran [113] speculated that using a ROM should be better than interpolation, but
stated that this needed to be tested. Degroote et al [114] provide a comparison between
Kriging interpolation of the solution field, and ROMs projected onto basis functions in-
terpolated with respect to the parameter space. They found that direct interpolation of

the solution field gives errors of similar order to those achieved by the projection ROMs.

Recently, Wang et al [107] also compared POD interpolation and POD projection tech-
niques. In one of their examples, with a four dimensional parameter space, they found

that the interpolation technique produces errors which are orders of magnitude lower
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than those produced with the projection technique. However, in another example, using
a six-dimensional parameter space, they find the opposite result to be true. Based upon
these results, they argue that POD interpolation was ineffective. However, it should be

noted that only linear interpolation is used in their examples.

When considering the stability problems [111, 113, 115] and boundary condition viola-
tions [111] which are reported when applying POD projection methods to simple two
dimensional flow problems, interpolation appeared an attractive alternative. The suc-
cess of a direct interpolation technique does however rely on a smooth variation of the
unknowns with respect to the parameters. In applications, such as electromagnetic scat-
tering [116], where a small variation in parameters can result a sudden change in the
unknowns, at a fixed point in space, the sampling resolution required to capture para-
metric variation may be so high as to make direct interpolation fruitless. In these cases,

POD projection techniques may perform better.

Considering the applications of interest in this thesis it made sense to extend the POD
interpolation technique to unsteady problems. An unsteady POD interpolation tech-
nique was developed [2] as part of this thesis and is detailed in the remainder of this

section.

5.5.1 The Unsteady Full Order Model

In previous examples, the steady 2D FLITE solver was used as the FOM. In this section,
the 3D unsteady inviscid compressible flow past a moving boundary was considered. The
solver used is a 3D version of FLITE, using an arbitrary Lagrangian-Eulerian (ALE)
formulation to handle the moving boundaries. The spatial domain is discretised using
an unstructured tetrahedral mesh and the Euler equations are approximated using a
cell-vertex finite volume method in space. Stabilisation and discontinuity capturing is
achieved by the explicit addition of artificial viscosity. A fully implicit three-level second-
order method is adopted for the time discretisation. At each time step, the implicit

equation system is solved by explicit iteration, with multigrid acceleration [82, 117, 118|.

For the examples included in this section, the explicit solution process continued within

each time step until the residual had been reduced by five orders of magnitude.

5.5.2 POD and Changing Meshes

In the examples considered in this section, and for many other examples of industrial
interest [86], meshes may change as the parameters defining the problem of interest

change. This could be between time steps, in an unsteady problem, or between different
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designs, for shape optimisation techniques. This introduces a difficulty when construct-
ing the POD basis function using snapshots, since the number of degrees of freedom in
the model could be different on different meshes. Furthermore, the POD construction
acts on the computational space only and includes no information on the spatial location

of each node.

Anttonen et al [119] attempted to apply POD to a deforming grid used to model unsteady
flow past an oscillating cylinder. The grid was deformed in a manner that retained
connectivity between nodes, but the position of each node in physical space changed
with time. Applying the same procedure in both cases, they find a loss of accuracy
when comparing POD on a deforming mesh to POD on a constant mesh. To alleviate
this problem, a series of POD basis functions were constructed for several meshes, with
the model selecting the most appropriate POD basis from the mesh nearest to the current

mesh.

An alternative solution has been developed by Fang et al [91, 120}, who employed a
POD inverse model for an adaptive mesh ocean model. A fixed grid was constructed to
interpolate solutions to and from the adaptive mesh so that, when the snapshots were
interpolated onto this fixed mesh, the normal POD procedure could be followed. The
fixed reference mesh was constructed to be as fine as the finest adapted mesh used in the
simulation. Their procedure for interpolation is as follows: for each node in the fixed
mesh, the element of the adapted mesh in which the node lies is identified; using least
squares, fit a local high—order polynomial to the patch of nodes around the element; use
this polynomial to calculate the interpolated values. Excellent results are achieved using
this method and errors in the velocity are reduced by half by increasing the polynomial

order from linear to quadratic.

The Delaunay graph concept [84], discussed in Section 4.2.2, was used to generate moved
meshes from an original mesh in this work, which resulted in the same nodal connectiv-
ities on each mesh. Sufficient accuracy was obtained, when applying POD, without the

need for more sophisticated techniques.

5.5.3 Unsteady POD Interpolation

The simplest way to extend the steady POD interpolation method to unsteady problems
would be to include ¢ in a as an additional dimension to interpolate over. This was not

the approach adopted here for the following reasons:

o For most optimisation applications, there is no interest in interpolating in time,

only in the rest of the parameter space
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o It was identified during the steady interpolation study that this technique is unable
to correctly interpolate moving features. Since, in the vast majority of cases,
features will move with respect to time it is not suitable to interpolate along this

dimension

e The approach adopted resulted in significantly less interpolation operations, and,

hence, increased CPU cost savings, than simply adding ¢ to the list of parameters.

Suppose that, for a particular problem, M snapshots are computed, using the FOM for
M different values, a, - , apy, of the flow parameter set on a mesh with D nodes. If
each snapshot involves N time steps, the output from the FOM is a total of N x M
solution vectors, p™(ay), where k =1,--- ,M andn =1,--- , N. These solution vectors
can be used to form the columns of a snapshot matrix

- -
pi(r) piler) - pl(ea) pi(ez) - pl(em)

pP= : : : : : (5.22)

_P})(al) ph(ea) -+ pP(ar) pplaz) - pﬁ(am)J

where p7(ay) denotes component I of the vector p™(ay). This matrix can be factorised,
using SVD, as
P=®3V* (5.23)

where the columns of ®, denoted by ®; for j = 1,--- , N x M, are the left singular
vectors of P and these will be used as the POD modes. In addition, X is the diagonal
matrix containing the singular values of P, which indicate the relative importance of
each mode, and the columns of V* are the right singular vectors of P. The vectors ®;
are mutually orthogonal and can be regarded as a basis for an N x M dimensional space
in which each element represents a different solution vector for the fluid problem under
consideration. It follows that each column of P can be reconstructed, using the POD

modes, as
NxM

P (o) = Y T (ow)®; (5.24)
j=1

For each set of parameter coordinates, the vector T™ () of coefficients in this recon-
struction can be viewed as a path through the coordinate system ®. The goal was to
predict a path that the system takes through ® for a set of parameter values not in-

cluded in the original sampling. This was achieved by considering each member of ® in
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turn and creating new N x M snapshot matrices, S;, for 1 < j < N x M, where

THea) - THaw)

S; = . (5.25)

TN(a) - TN(awm)

Each column in §; consists of the values of the coefficients, at different times, for a
given POD mode, ®;, for a given snapshot. A SVD of S; produces the matrix %7 of left
singular vectors, whose columns \IIZ , where i = 1,-.- , M, will be used as POD modes.
Again, each matrix ¥/ can be viewed as a coordinate system, where a point represents
the path taken by a given set of parameters along a given axis of ®. These paths can

be reconstructed using

M
Tj(ox) = Y Q) (o) ¥ (5.26)
=1

where T'; is the vector whose nth component is T7'. Values of Q’(a) can be readily
calculated, when the POD modes are all generated. When this process was completed,
the solution vector p™(c), at a new set of parameter coordinates o, was determined.
Interpolation was required to find the values of Q’(ax) and these interpolated values may

be used to obtain T';(ax), as

M
Tj(e) =) _Qi(e)¥] (5:27)
=1
The ROM approximation to the solution vector follows as
NxM
pi(@) = Y TH(@)®; (5.28)
=1

This process resulted in fewer interpolation operations than nodewise interpolation. The
number of interpolation operations undertaken to generate a single solution without
using POD would be D x N. Using the unsteady POD interpolation scheme developed
here, the number of interpolation operations was M x N. The use of M < D will result
in a computational saving using POD based interpolation. This result is independent of

the interpolation method implemented.

It may first seem that this condition will almost always be fulfilled since, in industrial
applications, D is very large. However, since the interpolation is applied to each node
independently, the nodes used to generate the POD modes need only be in the area
of interest in the design or optimisation process. For example, the nodes on boundary

surfaces may be the only nodes of interest. In these cases, D may be smaller, which may
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lead to nodewise interpolation being more efficient. It also depends on how many snap-
shots are required to satisfactorily sample the parameter space, which is also problem

dependent.

It is also worth considering how many interpolation operations would be required if the
steady POD interpolation technique was extended by simply adding time as an extra
interpolation dimension. In that case, each timestep would need to be interpolated
separately leading to N x M x N operations, which is N times more than required using

the technique developed here.

5.5.3.1 Initial Validation

The examples which were considered initially involve the periodic oscillation of a wing,
with the FOM solver used to simulate ten complete oscillation cycles. The results of the
final cycle were used to form a snapshot for one prescribed set of the flow parameters.
Different values of the parameter sets lead to different snapshots. These snapshots were
used to create a ROM which could be employed to efficiently produce the flow solution
for different parameter values. For illustration, it was only the pressure values of the

final cycle that were used to form the snapshots.

In all examples a motion was initially applied to the tip of the wing. The deformation
at the tip was then interpolated along the wing, such that there was zero deformation
at the root, and applied to each boundary node. Pitch oscillation refers to a rotation of
the tip, measured in degrees, and heave oscillation refers to a vertical translation of the

tip, measured in the dimensionless coordinate system employed.

Example 1 is included to demonstrate the validity of the approach that has been de-
scribed. It involved inviscid flow over an oscillating ONERA M6 wing at a free stream
Mach number of 0.2. In the dimensionless coordinates employed here, the wing chord
was 10 units and the wing span was 14 units. The wing tip followed a prescribed si-
nusoidal pitch oscillation, with a maximum amplitude of +3 degrees, and the root of
the wing was held fixed. The amplitude of the pitch oscillation varied linearly between
the fixed root and the tip. The only flow parameter that was varied was the reduced

frequency, f, of the oscillation.

An initial mesh with 44 573 nodes was generated and, to allow for the complete movement
of the wing, a further 31 meshes were obtained from this mesh by mesh movement. The
simulations were performed using 32 time steps per cycle, with each mesh representing
the geometrical configuration at one time level. With this approach, oscillations of
different reduced frequencies could be simulated by simply altering the size of the physical

time interval between successive meshes.
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Identifier Reduced Frequency Time Step Size

f1 0.1563 0.2
f2 7.813 x 1072 0.4
f3 5.208 x 1072 0.6
f4 3.906 x 10~2 0.8
f5 3.125 x 1072 1.0

TABLE 5.3: Reduced Frequencies and time step sizes used in Example 1
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FIGURE 5.13: The lift coefficient as a function of pitch amplitude for each snapshot em-
ployed in Example 1. In this graph the units of amplitude are dimensionless, normalised

by the maximum pitch amplitude
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Five FOM simulations were performed, with the reduced frequency values employed,

designated f1 to f5, and the corresponding time step sizes, shown in Table 5.3. To illus-

trate the effectiveness of the proposed process, the solutions obtained with the reduced
frequencies f1, f2, f4 and f5 were used to create snapshots and the ROM was utilised
to predict the solution at the reduced frequency f3. The lift history for each of these

snapshots is shown in Figure 5.13.

The snapshot pressure fields were used to create the snapshot matrix P of equation (5.22)

and the POD modes, ®;, where j = 1,--- ,32 x 4, were generated from this matrix. The

first four modes on the initial mesh, obtained in this fashion, are plotted on the upper

surface of the wing in Figure 5.14.
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FIGURE 5.14: The first four modes of the pressure coefficient on the upper surface

of the wing of Example 1

A set of coefficients was calculated, for each mode for each snapshot, and Figure 5.15

shows the variation in time of the coefficient of the first mode, <F|, for each snapshot.

The time variation of the first spatial modes were used to generate the snapshot matrix
S\, as shown in Equation (5.25). The POD modes '3>1, where i = 1,2, 3,4 are obtained

by applying SVD to this matrix. These temporal modes are plotted in Figure 5.16.

A coefficient was calculated for each of these modes, such that a linear combination of
the modes reconstructs one of the snapshots in Figure 5.15, as shown in equation (5.26).
These coefficients are a function of the flow parameter, which in this case was the re-
duced frequency of the oscillation. One dimensional linear, cubic spline and Hermite
interpolation were used to determine the values of the coefficients in the model appro-

priate for the reduced frequency /3. This was accomplished using the MATLAB [17]
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Figure 5.16: Temporal modes \F|, for i = 1,2,3,4, for Example 1

function interpl. The resulting ROMs were used to predict the lift polar for the re-
duced frequency /3 and the predicted lift polars are compared to that obtained from

the FOM solution for this reduced frequency in Figure 5.17.

The pressure coefficients on the upper surface of the wing, at the 15th time step, pre-
dicted by these ROMs are compared to the distribution obtained from the FOM at this

time in Figure 5.18.

The root mean square error in the pressure, Erp, and in the lift coefficient, Erce were
determined and expressed as a percentage of the range of p and C( respectively. The
results enabled a quantitative comparison to be made between the performance of the
different methods. The use of piecewise cubic Hermite interpolation produced the lowest

values of Erp = 0.2242% and Erce = 1.5505%.

All ROM calculations in this chapter were performed on a standard desktop machine,
with an Intel Core i5-2500 running at 3.30GHz, while the FOM calculations used a
cluster of 4 1400 Mhz AMD Opteron 240 processors run in parallel. The typical CPU
time for a single FOM simulation was 13 500 s. On average, the total CPU time used to

complete all the tasks in the ROM for this example was 7 s, which included generating the



Reduced Older Modelling 165

 MSSR SE S S S S S—

40

30

20
10
>—FOM
Linear interpolation
Cubic spline
Piecewise cubic Hermite interpolation
-20

-30

G C

-40

-1 -08 206 -04 -0.2 0 02 OA ~06 08~ 1
Amplitude

FIGURE 5.17: Comparison between the lift obtained using the ROMs constructed for
Example 1 with that obtained from the FOM

modes and calculating the coefficients. Subsequent predictions ofthe solution at different
values of the frequency had negligible CPU cost, since the modes and coefficients are
stored. To put this into perspective, plotting the three-dimensional solutions involved a

larger CPU cost than generating the solutions using the ROM on the desktop machine.

5.5.3.2 Computational Effectiveness of the ROM

The ROM was developed with the objective of reducing the cost associated with using
a computational simulation method as part of a design or optimisation process. The
results presented for Example 1 illustrate the potential of the technique, but it is worth
considering how this technique might be employed within the design process and how

the resulting CPU costs might be estimated.

Since the technique was based upon interpolation, it would be naive to think that satis-
factory accuracy could be achieved with the same number of snapshots for every example.
The accuracy that can be achieved will depend upon the number of snapshots and also

upon the location of the snapshots in parameter space. This means that validation will
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FIGURE 5.18: The pressure coefficients on the upper surface of the wing, at a prescribed
time, computed for Example 1 with the FOM and predicted by the different ROMs

be necessary for each new example. Fortunately, however, this is actually quite a simple

process.

As part of the normal procedure, the parameter space of interest will be sampled using
the FOM and these samples are then available for use as snapshots for producing a ROM.
A series of ROMs can be created by simply omitting each snapshot, in turn, during the
ROM generation process and measuring the errors that are obtained when using the
ROM to predict the omitted solution. Ifthe error calculated in this manner is too large,
more FOM solutions can be calculated and more snapshots generated. These additional
FOM solutions can be targeted towards those arcas of the parameter space in which the
errors were originally found to be the largest. Of course, this still provides nothing more
than an estimate of the error and thus the ROM will need to be continuously refined

during the design or optimisation process.

To investigate the CPU costs involved in validating the ROM in this way, suppose that

the number of solutions required in a particular parameter space, for a particular design
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cycle, is Mt and suppose that the cost of a single FOM evaluation is Crops, expressed
as seconds of wall clock time. It follows that the total CPU cost that would be incurred

by using only the FOM in the design cycle would be

Crotatrom = Mt X Crom (5.29)

The total CPU cost when the ROM in used to perform the same task can be expressed
as
Crotatrom = M1 x Crom + Cval + CBuild + M X Crom (5.30)

where Cpyq is the cost of building the ROM, but not including evaluation of the snap-
shots, Cy g is the cost of validating the ROM, Croas is the cost of evaluating a solution
of the ROM and M x Crop represents the cost of calculating the M snapshots. The cost
of validating the ROM, using the technique that has been described, can be expressed
as

Cval = M x (CBuita + Crom) (5.31)

It follows that the requirement for the process to be worthwhile, in terms of CPU saving,
is that

CrotairoM > CTotalROM (5.32)

and, using the above expressions, this requires that

S M x (CBuita + Crom + Crom) + CBuild

M 5.33
T Crom — CrouMm (5:33)
Since it is reasonable to assume that
CBuitd € M x (CBuita + Crom + Crom) (5.34)
the requirement of equation (5.33) may be expressed in the form
Mpr—-—M
_ -1 .
> B (5.35)
where c
C i C
8= FoM + CBuild + CroM (5.36)

Crom — Crom
The minimum number of new solutions which would need to be calculated using the

ROM, so as to result in a CPU saving, can then be determined, in terms of 8, as

(Mp — M), = M(B— 1) (5.37)

min

When Crom + CBuyia is much smaller than Cropr, the value of 8 will be very close to

unity. In this case, it would always be worth using this technique provided a ROM of
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satisfactory accuracy can be achieved for M < Myr. In the remainder of this chapter,
the value of (M7 — M), ..
achieved by using the ROM.

will be used as an indication of the CPU saving that can be

5.5.3.3 Interpolation Using Radial Basis Functions

As the dimension of the parameter space increased, the process of interpolation for the
required coefficients became considerably more complicated. In this case, an attractive
alternative was to employ interpolation using radial basis functions (RBF). To illustrate
this process, suppose that the entries in the L x 1 vector f are the values, fs,£=1,---,L,
of an unknown function F(x) at a set of data points, g, £ = 1,--- , L in € R%. The RBF

approximation to F' is the function

L
Frpr(z) =Y _ wO(|z — z) (5.38)
£=1

where © is defined, employing a multiquadratic form, as
O (|z — xe]) = (J& — xel? + ) (5.39)

Here, ¢ is a scalar parameter that effects the radius of influence of the data points.
Suppose that the entries in the L x 1 vector w are the values of the unknown coefficients,
wy,f=1,---,L and let

Wine = © (|m — x4|) 1<¢,m<L (5.40)
It follows, that the unknown coefficients can be obtained by solving the matrix equation
Ww=Ff (5.41)

where W,y = W,,». When the value of ¢ is specified, the unknown coefficients can be

obtained, provided that W is non-singular.

It is known that the accuracy of the RBF approximation depends upon the value that is
adopted for the parameter ¢ [121]. Rippa [122] introduced an algorithm to find the opti-
mum value for a particular data set but, for all the cases considered here, the additional
expense incurred in performing an analysis of this type did not prove to be justified.
Instead, the value of ¢ was simply calculated to be the mean distance between any two

data points.
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The primary advantage of using RBFs was its meshless nature. Other interpolation
techniques require gradient information at each data point, which may result in the need
for a triangulation, or possibly, restrictions on the structure of the points. Using RBFs
removed the need to consider the number of dimensions and allowed easy refinement by

the addition of data points.

It is almost certainly the case that in the examples considered here, the advantages of
RBFs were diminished due to the small number of parameters. However, when consid-
ering practical applications, such as shape optimisation where the parameter space may
contain many more than three dimensions, the advantages may become more apparent.
In addition, in a practical setting, the number of parameters may change through the
development/design process. This can be achieved seamlessly with an RBF implemen-

tation.

When compared with 31 competing interpolation techniques on a range of functions, it
is found that RBF's perform best in terms of accuracy for a variety of functions [123].
Interpolation techniques based on triangulations have the disadvantages of a large aux-
iliary storage required for the triangulation [123]. It is also found that the accuracy
of techniques which require derivative information at the data points, such as Hermite
interpolation, depends highly on the accuracy of the derivative estimates. Franke [123]
states that extending triangulation and derivative based techniques to problems with
more than two dimensions is extremely difficult and, in some cases, impossible. The
primary disadvantage of RBF interpolation is, as the number of data points exceeds

100, the cost of calculating the weights becomes significant [123].

To validate this interpolation approach, Example 1 was reconsidered, and a ROM was
again based upon FOM snapshots calculated with oscillation frequencies of f1, f2, f4
and f5. The pressure distribution on the upper surface of the wing, predicted by the RBF
based ROM, was compared with corresponding results from the FOM in Figure 5.19.
When RBF interpolation of the coefficients was employed, the magnitude of the errors
produced when the ROM was used to predict the solution with the oscillation frequency
f3 were Erp, = 0.4345% and Ercg, = 6.4293%. Although these were less accurate than
the results obtained previously using Hermite interpolation, it was deemed appropriate
to perform the analysis using RBFs, which will be the most desirable interpolation

technique to use in real applications.

5.5.3.4 Results

ONERA M6 The numerical performance of the approach was demonstrated for three

additional examples, involving additional complexity. For each of these examples, the
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FIGURE 5.19: The pressure coefficients on the upper surface of the wing computed for
Example 1 by the FOM and the ROM based upon RBF, Hermite and Linear interpo-
lation at the time corresponding to the maximum deflection of the tip

RBF method was used to interpolate the values of the coefficients.

Example 2 involved transonic inviscid flow over an oscillating ONER A M6 wing at a free-
stream Macli number 0f0.84. The wing followed a prescribed sinusoidal pitch oscillation
together with an oscillatory vertical heaving motion. The reduced frequency of the heave
oscillation was prescribed to be / —2.778 x 10~2, while the reduced frequency of the
pitch oscillation was taken to be equal to 2/. The wing was held fixed at the root and
the values of both the pitch and the heave at any instant varied linearly between their
values at the tip and at the root. The parameters of interest were the amplitude, ap,
of the pitch at the tip and the amplitude, ak, of the heave at the tip, for the range of

values 0 < ap < 8° and 0 < a2t < FO.
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FiGure 5.20: Variation of Erp over the parameter space for Example 2 for (a) the
5 snapshot set; (b) the 9 snapshot set; (c) the 25 snapshot set. For each plot, the
horizontal axis denotes the pitch amplitude and the vertical axis the heave amplitude.

Snapshots Erp Erct
5 5.1563  24.807
9 1.1613  1.7277
25 0.4253 0.1413

TABLE 5.4: Maximum percentage errors calculated during the validation procedure for
Example 2 using ROMs with different numbers of snapshots

An initial mesh was generated and 47 additional meshes were produced, by mesh move-
ment, to describe the wing geometry during each stage of the heave oscillation. Three
ROMs were constructed, employing 5, 9 and 25 snapshot sets. All snapshot sets included
the case where both ap and a/, were equal to zero, which represents a steady state solu-
tion. The performance of each of the three ROMs was tested in the proposed manner,
with each snapshot, in turn, being omitted during the construction of the ROMs. This

enabled the ROM error Erp to be estimated at each snapshot location in turn.

The distribution of Erp is plotted, as a function of a = (ap,cih) in the parameter
space, in Figure 5.20 for each of the three ROMs. Each vertex of the triangulation
shown in these figures indicates the location of one of the snapshots. The triangulation
was only used to interpolate, for plotting, between the computed values of Erp at the
vertices. It was interesting to note that the ROMs constructed using the 9 and the 25
snapshot sets were able to successfully predict the steady solution, using only unsteady
snapshots. With the ROM based upon the 25 snapshot set, the steady state value of the
lift coefficient was predicted to within 0.5268% of the actual value. Table 5.4 lists the
maximum percentage error measurements for the unsteady solutions, calculated using
the validation procedure discussed in Section 5.5.3.2. The maximum error for the 25

snapshot set occurred for the case a = (8°,0). This point was located on the boundary
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FIGURE 5.21: Comparison of the variation in the lift coefficient computed with the
FOM with that obtained from the ROM using 25 snapshots for Example 2, at the point
o = (82,0) in the parameter space corresponding to the highest error.

Snapshots  Cpuita  Crom (M1 — M)

min

5 1.7644 4.6279 0.0001
9 4.8053 8.6116 0.0004
25 115.6546 36.8045 0.0105

TABLE 5.5: CPU costs for Example 2

of the parameter space, where a high error would be expected. Figure 5.21 compares, at
this point in the parameter space, the variation in Cy computed by the FOM with the
variation obtained from the ROM.

During the validation process, the values of Cpgyiiq and Crop were measured and this
enabled the calculation of (3 — 1) for each set of snapshots. In the evaluation of 3, the
value of Crops was taken as 442 800s, which was a typical time for the FOM calculations.
The resulting values are shown in Table 5.5. It can be observed that, for the largest
snapshot set, the value of (Mr — M) was 0.0105, which means that there would

almost always be a net saving in CPU time.

min

The specification for Example 3 was exactly the same as that for Example 2, apart

from the fact that the reduced frequency f was included in the list of flow parameters
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FIGURE 5.22: Variation of Erp over the parameter space for the ROM used in Example
3 for a frequencies (a) 4.167 x 10~2; (b) 2.778 x 10-2; (c) 2.083 x 10-2. For each plot, the
horizontal axis denotes the pitch amplitude and the vertical axis the heave amplitude.

of interest, so that a = (ap,a”,/). The reduced frequency range was defined to be
2.083 x 10-2 < / < 4.167 x 10~2. Snapshots at different reduced frequencies were
computed, on the same set of 48 meshes, by changing, as in Example 1, the size of
the physical time step. For the purpose of illustration, the reduced frequency values
2.083 x 10-2, 2.778 x 10-2 and 4.167 x 10-2 were selected for the snapshots, together
with the nine values of (ap, ) used in Example 2. This leads to a set of 27 snapshots.
The resulting ROM was again tested, by omitting one snapshot in turn, and the resulting
distribution of Erp is plotted in Figure 5.22. The highest error in lift coefficient was
2.5045%, which occurred at the point « = (0°. 1.6,2.083 x 10-2). The time variation
of the lift coefficient obtained from the ROM at this point is compared with the results
of the FOM in Figure 5.23. For this case, (M7 —M )min = 0.0135, which represents a

significant potential saving in CPU time using the method.
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FIGURE 5.23: Comparison of the variation in the lift coefficient computed with the
FOM with that obtained from the ROM for Example 3 at the point a = (0°, 1.6, 2.083 x

10-2) in the parameter space corresponding to the highest error.
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FIGURE 5.24: Variation of Erp over the parameter space for the ROM used in Exam-
ple 4. The horizontal axis denotes the pitch amplitude and the vertical axis the heave
amplitude.

Snapshots Erp ErCe

5 3.9271  30.259
9 0.8944 3.6152
25 0.2954 0.3301

Table 5.6: Maximum error measurements calculated during validation procedure for
Example 4

The specification for Example 4 was exactly the same as that for Example 2, apart from
the fact that the values of the amplitudes of both the pitch and the heave at any instant
varied quadratically between their values at the tip and at the root. The quadratic
variation adopted was such that the values at the semi-span are a quarter of the values
at the tip. The solution procedure followed the approach adopted for Example 2, and
the computed values of Erp, obtained with the 25 snapshot set, are plotted, as a function
of the amplitude of the pitch at the tip and the amplitude of the heave at the tip, in
Figure 5.24. The maximum percentage errors in the unsteady solutions constructed
using 5, 9 and 25 snapshots are shown in Table 5.6, where the maximum E rct value was
0.3301% and the maximum Erp value was 0.2954%. Despite the increased complexity
of the motion, these error values were seen to be of a similar order to those occurring in

Example 2. The maximum value of Erp again occurred for the case « = (8°,0).

For the case a = (8° 1.6), the time variation of the lift coefficient obtained from the
25 snapshot ROM is compared to the results produced with the FOM in Figure 5.26.
The surface pressure distribution computed with this ROM is compared, at two different
times, with the results obtained with the FOM in Figure 5.25. The quadratic deformation
of the wing surface is clearly apparent in the figure. For this ROM, it was found that

(Mt - M) min=366.
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FIGURE 5.25: The pressure coefficients on the upper surface of the wing for Example 4
computed at the point a = (8°, 1.6) in the parameter space with the FOM and the
25 snapshot ROM at two different times
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FIGURE 5.26: Comparison of the variation in the lift coefficient computed with the
FOM with that obtained from the 25 snapshot ROM for Example 4 at the point a =
(8", 1.6) in the parameter space.
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(a) Initial dimensionless y-velocity showing the sharp-edge gust
downstream of the NACA 0012.

(b) The y-velocity after 12 timesteps, as the gust crosses the aerofoil.

(¢) The y-velocity after 26 timesteps, after the gust has passed over
the aerofoil.

Figure 5.27: Evolution of a sharp-edge gust past the NACA 0012.

Sharp Edged Gust past a NACA 0012 In this example compressible, inviscid flow
at free stream Mach number 0.25 past a NACAO0012 aerofoil was considered. A sharp-
edge gust [124] was applied upstream of the aerofoil, by adding a constant magnitude of
0.1 to the velocity in the ~-direction in an artificial box over a prescribed gust length in
the ~-direction. This velocity was added in the initial timestep only, then the freestream
flow moved the gust towards and past the aerofoil. To avoid introducing shocks, the
magnitude was decreased linearly in the ~-direction from 0.1 at the edge of the box to
zero at the north and south farfield boundaries. Figure 5.27 shows an example of the

evolution of such a gust, here the velocity in the */-direction is plotted.
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FIGURE 5.28: Changing error of the ROM with gust length, for the gust example
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FIGURE 5.29: Comparing the lift of the FOM to ROM for the worst case in the gust

example

Gust modeling itself is ail interesting area of research, where a number of different
modelling techniques exist. The interested reader is directed to [124] for more details,

which are beyond the scope of this thesis.

The parameter space to be sampled was the gust length, measured in chords of the
aerofoil, and 7 snapshots were taken from 1 chord length to 11 chord lengths. Each
simulation was run for 100 timesteps on FLITE, which required a CPU cost of over
24 hours. The percentage error in lift was calculated at each snapshot, in the fashion
described above, and the error calculated is plotted against gust length in Figure 5.28.
The error was high at the extremities of gust length since these points represent extrap-
olations when removed from the snapshot set. Not counting these points, the highest
error in lift was 2.6927%, at a gust length of 3 chord lengths. Figure 5.29 compares the
time histories of lift of the ROM to the FOM for this case. The CPU cost to evaluate
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this ROM, on an Intel Core i5-2500 running at 3.30GHz, was 15 seconds.

5.6 Applying POD Interpolation to Optimisation

A pilot study applying these POD interpolation type methods to the shape optimisation
example presented previously has been performed and results are presented here. The
inverse design example shown in Section 4.3.1 was performed at three values of the free-
stream Mach number, viz. 0.25, 0.5 and 0.75. Instead of the evaluating the objective
using the FOM, a ROM was constructed in the way discussed in Section 5.4.2 using
RBF's to interpolate the POD mode coeflicients.

The number of snapshots, generated using LHS, was varied and the optimisation was
repeated 10 times for each different number of snapshots. Figure 5.30 shows how the
percentage difference between the target RAE2822 and the best design surface pressure
decreases as the number of snapshots increases. A limitation of the technique was
highlighted when comparing the results for the different Mach numbers. As the flow
regime become transonic, the percentage difference increased. This was because the
ROM failed to predict the movement of shocks, unlike the FOM. This was deemed a
severe limitation of the POD technique and limits its application to shape optimisation.
It may be possible to improve the technique with adaptive sampling, by increasing the
number of snapshots in areas of the parameter space where the flow regime changes. An
alternative technique, which has been shown to perform well in wave scattering problems,

proper generalised decomposition [125], may be more suited to these types of problems.

A point worth noting, becomes apparent when the pressure field is the unknown being
interpolated. Interpolating the pressure, and using these interpolated values to calculate
lift and drag coefficients is equivalent to interpolating the lift and drag values themselves.
This is because the lift and drag coefficients are simply a linear sum of surface pressures.
It follows that, in the case where the objective function is made up of lift and drag only,

it is more efficient to simply interpolate these values alone.

Without further development and investigation, the problems identified limit the ap-
plication of the POD interpolation techniques to predict flow physics for optimisation
algorithms. Some applications do not require such significant changes in flow physics,
and require more information than just lift and drag coeflicients. For such applications,
POD interpolation techniques offer a good solution to reduce the cost of the objective

function.

However the POD formulation can be used alone to reduce the dimension of optimisation

problems which do not involve prediction. Such an example is presented in Chapter 6.
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5.7 Conclusion

The aim of this chapter was to attempt to address the problem of the large costs that
are normally encountered when computational methods for unsteady flow are employed
as part of a design process. The ROM techniques that have been proposed acted upon
the computational domain and require no knowledge of the system or of the solver used
to generate the snapshots. The methods were completely general and could be applied,
without modification, to general time-dependent or time-independent problems. For the
examples presented, the CPU cost of the ROM was several orders of magnitude lower
than that for the FOM. Convergence of the error, as the number of snapshots increases,
has been shown and this increased confidence in the usefulness of the technique. The
nature of the method means that the CPU cost of the ROM will almost always be
much lower than that for the FOM. But, it cannot be assumed that the loss of solution
accuracy will be small in every case. However, generating the snapshots necessary for
building the ROM would already be part of a normal design process. The methods
could seamlessly fit into a parameter sampling cycle, starting with a coarse sampling of
snapshots and iteratively validating the resulting ROM each time the sampling is refined.
If an acceptable error in the ROM was reached, significant saving could be achieved by

employing the ROM for the remaining parameter sweep.



Chapter 6

Reduced Order Mesh

Optimisation

6.1 Introduction

Traditionally ROM techniques are applied to find the solutions of differential equations.
However, these techniques can be applied wherever it is useful to decrease the number
of degrees of freedom in a system. With this in mind, POD was applied as a dimension
reduction technique to enable the use of MCS in the high dimensional problem of mesh
optimisation [3]|. Specifically, the problem of interest was the optimisation of an unstruc-
tured Delaunay primal mesh, and its orthogonal Voronoi dual, for use with co-volume
solution algorithms. In this chapter, the technique is presented and a number of test

cases are included to demonstrate its ability.

Ensuring the quality of the mesh employed is essential for a successful numerical sim-
ulation of a physical problem. This is of a particular importance when considering
unstructured mesh implementations of co—volume schemes, such as the marker and cell
(MAC) algorithm for the solution of the Navier Stokes equations [126] or the Yee algo-
rithm for the solution of Maxwell’s equations [127]. Co—volume methods are classically
staggered in time and implemented on a pair of staggered orthogonal meshes in space,
resulting in a discretisation that is second order accurate in space and time on uni-
form meshes [128]. Such algorithms exhibit a high degree of computational efficiency, in
terms of a low operation count and low storage requirements. However, a successful im-
plementation depends critically upon the generation of the pair of high quality mutually
orthogonal meshes for the problem [129]. For simulations involving complex geometries,

generating such a mesh can cause great difficulties, as current standard unstructured

182
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mesh generation and enhancement techniques normally only focus on the quality of the

primal triangulation.

The problem of constructing a good quality dual orthogonal mesh for complex geome-
tries can be approached by developing a stitching technique [130]. In this method, a local
high quality triangulation of the region near the boundaries is stitched to an ideal equi-
lateral triangular mesh covering the remainder of the computational domain. The local
triangulation is constructed using a modification of the advancing front technique [131]
in which, after splitting the boundary curve into edges, nodes are placed to enable the
construction of a layer of near ideal elements adjacent to the boundary. A number of
layers are generated in this fashion, before stitching to the ideal mesh is attempted.
Although this technique proves effective at producing dual orthogonal meshes in two di-
mensions, the approach has not been successfully extended to general three dimensional

problems.

In the work presented in this chapter, a Delaunay mesh generation technique, with
automatic node creation, was employed to generate primal unstructured meshes in both
two and three dimensions [83]. This method starts with a set of the nodes defining
the boundaries. Once a Delaunay triangulation of these boundary nodes is constructed,
nodes are inserted sequentially at the centroids of the existing elements and a new
Delaunay mesh of the nodes is produced at each stage. The process continues until the
node density in the mesh meets the requirements specified by a user—defined mesh control
function [132]. For the implementation of co-volume solution algorithms, the Voronoi
diagram provides the natural choice for the dual orthogonal mesh. In this chapter, the
standard convention of referring to the points in the Delaunay triangulation as nodes,

and the Voronoi points as vertices is used.

The motivation of this work was to take these automatically generated meshes as a start-
ing point and to attempt to improve them, using appropriate optimisation techniques,
to make them suitable for use with co—volume solution algorithms. Co—volume solution
algorithms can be one to two orders of magnitude faster than standard finite element
techniques [128] in terms of CPU time. Considering this, the CPU cost of any mesh
optimisation procedure was considered less of an issue. The primary motivating factor
in all of this work was to attempt to make a mesh suitable for co—volume techniques. It
was assumed that once a suitable mesh is generated, the subsequent saving in time due
to the efficiency of co~volume techniques would make the increase in mesh preprocessing

time become negligible.

In the present context, MCS [1] was utilised as an optimisation strategy, because the
objective function, which represents a measure of the element quality in a mesh, could

become non-smooth [133]. In the present application, the objective function was the
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weighted sum of a quality measure over all elements. The weight was given a value of
either zero or one for each element. An objective function, constructed in this way, is
highly likely to contain discontinuities due to the jump of the weights, motivating the

use of gradient free techniques.

When accurate simulations are being attempted, the number of nodes in a mesh can
quickly reach the order of millions. In mesh optimisation, the dimensionality of the global
optimisation problem is equivalent to the number of nodes multiplied by the number of
dimensions. Most gradient free algorithms are only tested on objective functions with
up to 300 dimensions [134]. Clearly, this presents a significant problem to be overcome

when considering the application of MCS to mesh optimisation.

In one approach, PSO was applied to hexahedral mesh smoothing [135]. This is shown
to be a promising technique, but there are significant issues created by the large num-
bers of degrees of freedom associated with the meshes typically employed for industrial
simulations. To reduce the number of degrees of freedom, a two part process of dividing
the domain into various sub-domains, and the exploitation of any available symmetry,

is advocated. By dividing the domain, the problem becomes more localised.

In the work presented here, the dimensinality of the problem was reduced by applying
POD as a dimension reduction technique [96, 97]. The technique was used to reduce
the number of degrees of freedom in the mesh optimisation problem from millions to
hundreds. This made the use of global gradient free optimisation techniques possible,

without the need to divide the domain.

The approach proposed uses a combination of a gradient free optimisation method, the
MCS, and a dimension reduction technique, POD, to tailor an unstructured mesh for
use with a co—volume solution algorithm. The targeted mesh requirements are outlined
first and then possible alternative techniques for solving the problem are discussed. The
proposed approach is explained and its effectiveness was measured by applying it to a

number of examples in two and three dimensions.

6.2 Methodology

6.2.1 Mesh requirements for co-volume techniques

Co-volume methods are implemented on a pair of mutually orthogonal meshes. For an
unstructured mesh implementation, the most obvious mesh choice is to use a primal De-
launay mesh and its Voronoi dual [130]. To ensure second order accuracy of the solution

algorithm, each Delaunay edge and its corresponding Voronoi edge must be mutually
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perpendicular and mutually bisecting. In addition, if a Voronoi vertex lies outside the
corresponding Delaunay element, any integral over the element would be approximated
in terms of values from outside the element. This results in a loss of accuracy [128].
Elements which do not include their corresponding Voronoi vertex are referred to as
bad elements and the goal of the optimisation technique, that will be presented, was to

remove the bad elements from a mesh generated using standard techniques.

The bad elements were removed at the expense of a loss of local second order accuracy,
caused by the relaxation of the condition that the Delaunay and Voronoi edges should
be mutually bisecting. This local loss of accuracy is not seen globally as illustrated
in the examples presented in [128]. The goal of removing all bad elements is different
from other mesh optimisation techniques, which commonly seek to improve the poorest
elements in a mesh (such as in [136]). Attempting to improve the poorest elements in a
mesh is a problem which can be expressed locally, whereas removing all bad elements is a
global problem and should be treated as such. Many experiments have shown that, after
a series of local optimisation operations, some poor quality elements will still remain in

a mesh [137], which further motivated the use of a global optimisation technique.

6.2.2 Mesh smoothing for co—volume techniques
6.2.2.1 Existing smoothing algorithms

Laplacian smoothing is a widely used approach for improving mesh quality. In its sim-
plest form, each node is moved towards the mean position of its neighbouring nodes [138].
This has the effect of increasing the regularity of the mesh. This may be of benefit in two
dimensions, where the ideal mesh for co-volume techniques is equilateral triangles [130],
but perhaps not in three dimensions, where the ideal mesh consists of non-perfect tetra-
hedra [139-141].

Another algorithm, which initially appears to be well-suited to the problem of interest
here, is Lloyd’s algorithm [137, 142]. This is a CVT scheme that begins with an initial
mesh, then moves the generated nodes to the mass centroids of their corresponding
Voronoi cells. The iteration process continues until all nodes are sufficiently close to
their corresponding centroids. Lloyd’s algorithm has already been used in an attempt
to improve mesh quality for use with co—volume solution techniques. However, it was
discovered that, for general meshes, around 10% of the elements are still not of sufficient

quality at the end of the process, due to boundary constraints [128].

An alternative iterative algorithm was designed to eliminate all bad elements in a two

dimensional triangular mesh, while retaining the connectivity, by moving the interior
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nodes to reduce a global energy function [143]. It is found that, in a situation where a
node has fewer than five neighbours, it is not possible to repair all the bad elements. A
triangle subdivision technique was introduced which split elements around such nodes
into a number of smaller elements until no bad elements remained. It is advantageous
to avoid, if possible, the requirement for such a subdivision as, in some practical appli-

cations, the use of a uniform element size is desirable {130].

The failure of these smoothing techniques for the current application is due to two
reasons; the smoothing acts locally both in terms of position in the mesh and in terms
of a local sub—optimum, and the improvement is not specifically targeted at removing

bad elements.

6.2.2.2 Optimising nodal coordinates

The number of degrees of freedom, representing the coordinates in a mesh, is equal to
the number of nodes N (not including the boundary nodes, which are fixed) multiplied
by the number of dimensions D. When N is large, it is difficult to optimise this high
dimensional problem. The approach adopted was to split this global N * D—dimensional
problem into N local D-dimensional problems, by considering each node in turn. Since

D < 3, these local optimisations were computationally cheap when applying the MCS.

To calculate the fitness of a single node, the function

Z w1 .V‘” (6.1)
d;

was used in the optimisation process. In this expression, k is the node number, Ej is the
number of elements which include node k, the index ¢ points to the elements including
node k, C; is the position vector of the centroid of element i, V; is the position vector
of the Voronoi vertex of i and §; is the mean edge length of element i. The quantity W;
is equal to zero if V; is inside element ¢ and equal to one otherwise. For the optimisation
process, the argument of the objective function was a vector, x, which was added to the
coordinates of k. After this addition had taken place, equation (6.1) was evaluated at
the new coordinates of k and a fitness returned to the optimiser. When an optimum

value of x was found, the coordinates of k were updated as
Xp = Xg + AX (6.2)

where 0 < A < 1 is a relaxation parameter that was used to slow down the move-

ment of the nodes. The objective function of equation (6.1) is plotted for some sample
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nodes in Figure 6.1. The plots show the objective function was clearly non—smooth and

multimodal highlighting the need for a gradient free approach.

Each local optimisation was run for 5 generations using the MCS. It was found that 5
generations provided a good balance between CPU cost and the improvement achieved
by the optimisation. All of the algorithms developed as part of this work were heuristic
in nature (see the work by Klinger and Shewcuck [144] for further discussion on this
point). There were a number of parameters which will effect the optimisation process.
For example, it may have been possible to optimise the value of A, but this turns out
to be very problem specific. In practice, any algorithm should be automatic without
the need for significant user input, so it was deemed best to pick a value of A which
works well on a variety of examples and to keep it constant between examples. If \ is
set too high, the smoothing is too aggressive and the mesh can become tangled. This
is of particular importance in 3D examples. This is illustrated in Figure 6.2, where the
optimisation procedure was carried out on the internal mesh of a sphere with different
values of A. It was found, through trial and error, that setting A = 0.25 produced the
best performance in both 2D and 3D for a variety of cases and this was the value used

in all examples presented.

Once the coordinates of k were updated, the next node to be optimised was selected at
random and the process repeated until all nodes had been treated. After one complete
sweep of the mesh, a new triangulation of the node set, constrained by the boundary
connectivity, was generated. This eliminated problems, reported in [143], which can be
created when nodes have insufficient neighbours. Adjusting the positions of the nodes
along the boundary would clearly improve the performance of the algorithm, by adding
more degrees of freedom. However, in practice, this is undesirable. The boundary
nodes define the geometry of interest in an example. In three dimensional examples, in
particular, it is undesirable to carry the geometric definitions, which would be required
to move nodes along the boundary, throughout the meshing process. Since the aim
was to make the technique as general as possible, the boundary node positions were

maintained.

6.2.2.3 Comparison of local node optimisation techniques

To justify the use of MCS, a comparison was performed between a number of node
optimisation techniques. In all cases, the techniques were applied to an unstructured
mesh of triangles, which has been generated in the region around a NACA0012 aerofoil.
The mesh contains a total of 32460 triangular elements. To compare performance of the

different techniques, the number of bad clements in the mesh was plotted against the
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0015

FiGure 6.1: Dual orthogonal mesh objective function plots for sample nodes. Each

plot shows a single sample node from a 2D mesh along with its attached elements. The

colour map shows the value of the objective function (6.1) if the node was moved to
that position in space.
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FIGURE 6.2: Local nodal mesh optimisation applied to a mesh of the region inside a

sphere with various values of A

CPU time in seconds. The CPU times quoted in this chapter all refer to the use of a

3.30GHz Intel Core i5 processor, unless stated otherwise.

Figure 6.3 compares the performance of Laplacian smoothing and Lloyd’s algorithm to
the MCS smoothing technique described above. In the first 10 seconds, Lloyd’s algorithm
and Laplacian smoothing outperformed MCS. However, over time, MCS significantly
outperformed both the other algorithms which started to level off. This showed the
benefit of constructing an objective function targeted at the mesh quality which needs

to be improved.

To show that MCS was the best choice of optimiser, MCS was replaced by two other
optimisation techniques applied to the same objective function, in the same way, as de-
scribed above. The implementations fminunc and fminsearch from the MATLAB [17]
optimisation toolbox were used, to replace MCS with gradient based and simplex gra-
dient free optimisers respectively. The simplex based optimisation is the Nelder-Mead
method [25] and is similar to the technique used by Freitag and Plassmann [145] for mesh
untangling. Figure 6.4 shows how MCS outperformed both techniques, in terms of fast

reduction of bad elements at low CPU cost, and in long term maximum reduction of bad
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Figure 6.3: Comparing the performance of Laplacian smoothing and Lloyd’s algo-
rithm to the local MCS node optimisation

elements. This result further supported the previous findings regarding the behaviour
of MCS [1]. Despite the strong performance this local node optimisation was unable to
fix all the bad elements. To address this, a method of globally optimising the position

of the Voronoi vertices was introduced.

6.2.3 The weighted Voronoi power diagram

An alternative method for eliminating bad elements is to move the Voronoi vertices, while
retaining orthogonality, by using the weighted Voronoi power diagram. To allow for a
greater level of flexibility, this method relaxes the requirement that the Voronoi edges and
their corresponding Delaunay edges should be mutually intersecting. The requirement
that these edges should be mutually perpendicular is retained. Figure 6.5(a) illustrates
a Voronoi vertex O located at the circumcenter of a bad element, 4 BC. This vertex
can be located at the intersection of the common chords of the circles, each with the
same radius as the circumcircle of 4 B C, centred at each of the vertices 4,8 and C. It
can be observed that the common chords are perpendicular bisectors of their associated
Delaunay edges. In Figure 6.5(b), the radius of the circle centred at B has been reduced

and, using the modified common chords, the Voronoi vertex is pulled inside the element,
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Ficure 6.4: Comparing the performance of replacing MCS with a gradient based
optimiser and gradient-free simplex search method

(a) The bad element ABC and corresponding (b) Effect of applying a negative weight to node D
Voronoi vertex O

Ficure 6.5: Moving a Voronoi vertex to repair a bad element
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FIGURE 6.6: Illustration of the constraints on the weight optimisation process

while the chords are still perpendicular to the edges. Given the change in the radius érg,

at each node K, the coordinates of O can be readily obtained by solving the equations
(@ — 1)’ + (@f —24)* = 6r = (@ —aP)’ + (2 —23)° - 6% (63)

(@f — of)? + (28 - 24)? — 6r% = (af - 20)* + (aF — 2§)? - &rd (6.4)

where a two dimensional Cartesian (z1,z2) coordinate system has been adopted. An

identical process can also be applied to tetrahedral elements in three dimensions [128].

6.2.3.1 Optimising node weights

Considering again the configuration illustrated in Figures 6.5(a) and 6.5(b), each node
was assigned an associated weight, which is equal to the change in radius of the circle,
used to define the Voronoi vertex, centred at that node. It is possible to improve the
quality of the dual mesh, by optimising the position of the Voronoi vertices, and this may
be achieved by considering the weight of each node when constructing the dual. The
challenge was to optimise these weights, such that the number of bad elements globally

was reduced.

If a bad element is considered independently of all other elements, it is a relatively
straightforward three dimensional optimisation problem to minimise the distance be-
tween the Voronoi vertex of the element and its centroid. Figure 6.5(b) provides a good
example of this. However, difficulties occur when considering the elements connected to
this initially bad element. It is possible that the optimisation may turn another, initially
good element, into a bad element, such as the element shown in Figure 6.6. The weights

were optimised in a similar fashion to which the coordinates were optimised. Each node
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was considered in turn, in a random order. If the value of the objective function at
a node was greater than zero, an optimisation was performed. This procedure can be
thought of as a local optimisation of the Voronoi vertices, using the node weights. Each

weight was optimised using MCS applied to the objective function of equation (6.1).

A similar local weight optimisation, using gradient based techniques in place of MCS, is
applied to a mesh generated for the problem of scattering of an electromagnetic wave,
by a perfect electrical conductor with two pairs of rear fins [128]. A detailed view of
the discretised surface and of the discretisation on a cut through the volume is shown
in Figure 6.7, along with the solution field calculated using a co-volume technique. For
the mesh shown in Figure 6.7, the percentage of bad elements was reduced from 16% to

4.8% using the local optimisation.

The results of the co-volume technique are compared to an explicit nodal low order
finite element time domain scheme [146, 147|, and a multi-level fast multipole method,
in Figure 6.8. The distribution obtained from the co-volume scheme is in excellent

agreement with the fast multipole results [128].

Local optimisation is unable to fix all the bad elements in a general mesh. However, in
the work presented here, it is shown that the combination of MCS with reduced order

modelling techniques proved much more effective than local optimisation.

6.2.4 Reduced order optimisation
6.2.4.1 Proper orthogonal decomposition

In the other applications considered in this thesis, model reduction was used to reduce
the CPU time required to calculate solutions. In the present application, the major
motivation for using POD was to enable the formulation of a global optimisation problem
with a low number of degrees of freedom. This then enabled the use of MCS. The method
of snapshots was used to construct a POD basis [96, 97].

The snapshots, y*;i = 1, ..., M, represent different configurations of weights throughout
the mesh of interest. Each snapshot is a vector, containing N degrees of freedom and,
if an N x M matrix whose columns are the snapshot vectors is constructed, the POD
modes, ¢;;j =1,..., M, can be calculated by applying a SVD to this matrix. The POD
modes are the left singular vectors of the snapshot matrix [96, 97]. Each of the snapshots
used to generate the POD modes can be fully reconstructed, by a linear combination of
these POD modes, as

. M .
j=1
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FIGURE 6.8: Scattering by a PEC fin/body configuration of electric length 6X: com-
parison between the computed RCS distributions and the distribution obtained from a
fast multipole method in the plane ¢ = /2 [128§]

and the coeflicient sets calculated, using the dot product, as
ai = (¢j,y) fori=1,....M (6.6)

since ¢ L ¢ix;. This allows the different configurations of weights to be represented by
M degrees of freedom and, if the number of snapshots is selected such that M <« N, the
number of degrees of freedom will have been successfully reduced. By picking new sets of
coeflicients, aj-, which do not belong to the snapshot set used to construct the basis, new
configurations of weights can be reconstructed. Essentially, POD provides the ability to
search between, and around, the original set of snapshots in a low dimensional space.
Since the mesh domain is not divided into subsections, any objective function based on
a POD representation is truly global. In essence, the POD provides a coordinate system
on which the optimiser can operate. The coordinate system is generated numerically,
using SVD, and is highly dependent on the snapshots used to construct it. This means
it would be very difficult to infer an objective function’s smoothness, which further
motivates the use of MCS.
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6.2.4.2 The weight optimisation procedure

As the POD basis only contains information that is present in the snapshots, intelligent
selection of snapshots is the key to constructing a successful POD basis [98]. Clearly, the
resulting set of weights, calculated from the process described above, depends heavily
on the order in which the node weights are optimised. However, testing indicated that
the behaviour of the optimisation process was independent of the choice of the initial
node. Initially, each node is assigned a weight of zero, which produces the standard
Voronoi diagram. This configuration of weights is represented by the vector M0. This
is transformed into a new configuration M1 by following the process of optimising node
weights described above. Following the same procedure, starting with MO, results in a
third configuration of weights M2. The configurations M1 and M2 will be different,
if the order of elements treated in the process is different. Since both configurations
are a transformation of MO, there is the chance that they may be quite similar, as
the quality improvement process always starts in areas of MO in which there are bad
elements. Employing a group of similar snapshots is undesirable, since this will limit the
diversity of solutions which can be represented by the POD basis functions. Thus, if the
procedure is applied to either the configuration M1 or M2 instead of always applying

it to MO, there is a greater chance of introducing diversity to the snapshot set.

The procedure of generating snapshots, for a mesh with starting weight configuration

MO, may be described as follows:

1. add MO to the list of snapshots;

2. pick a random configuration of weights, MR, from the list of snapshots and apply

the process outlined in Section 6.2.3.1, resulting in a new configuration, MR*;
3. add MR* to the list of snapshots;

4. if the number of configurations in the list of snapshots is the desired number then

stop, otherwise go to step 2.

These solutions can be used as snapshots to construct POD basis functions representing
element weights. This allows a reduction in the number of degrees of freedom, from the
number of nodes to the number of POD modes. Following this reduction, global optimi-
sation of the weights is feasible, with the POD mode coefficients as the free variables. In
this process, the objective function is of the form indicated in equation (6.1), summed

over all elements.
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6.3 Examples

A number of examples were employed to demonstrate the performance of the proposed
method. Unless otherwise stated, all meshes were generated using the method devel-
oped by Weatherill and Hassan [83]. The optimisation procedure implemented in MAT-
LAB [17] was as follows; firstly (unless stated otherwise) Lloyd’s algorithm was per-
formed upon the mesh, until no reduction in the number if bad elements was achieved.
The optimiser then switched to Laplacian smoothing, until no further improvement was
seen. Once these algorithms could no longer improve the mesh, four sub—iterations of
the node coordinate optimisation were performed, with A = 0.25. Following this, 30
snapshots of potential weights were generated as described above. These snapshots were
used to generate a POD basis on which MCS was performed with the 15 best snapshots
as the starting eggs for 30 generations. The optimiser switched between these two tech-
niques, until all the bad elements were repaired. The results were presented by plotting

the number of bad elements against CPU wall time. These were recorded every iteration.

6.3.1 Mesh quality measures in two dimensions

For present purposes, the primary measure of the quality of a mesh was the number
of bad elements it contains. A number of alternative mesh quality parameters are now
defined, which were used to gauge the other effects that this procedure has on the
meshes. All the quality measures considered are for isotropic meshes applied to co—
volume techniques, but it is stressed that the number of bad elements is the only quality

measure this procedure was designed to improve.

6.3.1.1 Delaunay element quality

An attempt to move a dual Voronoi vertex may result in a decrease in the quality of
the primal Delaunay elements. To measure this effect, the Delaunay element quality
parameter, ¢, defined by
6
da =3 — —Omaz (6.7)

was used for each element in the mesh, where a4, is the maximum angle in the element
being considered. This is a quality measure typically employed when analysing co—
volume meshes [130]. For equilateral triangles, g, = 1 and for right angled triangles g, =
0. The ideal mesh for a co—volume technique contains elements with g, = 1. A negative
value of g, indicates that a triangle is obtuse, which implies that the corresponding

Voronoi vertex lies outside the element. Thus, an acceptable element has g, > 0.
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6.3.1.2 Distance between a Voronoi vertex and a corresponding element

centroid, gg

In an ideal equilateral triangular mesh, the dual Voronoi vertex and the centroid of the
corresponding primal element are co-located. For a general mesh, the distance between
these two points was computed for each element and normalised by the inner radius of
the corresponding element. The result, gg, was expressed as a percentage and gg < 100%

is acceptable.

6.3.1.3 Voronoi edge length

The magnitude of the time step in an explicit co—volume solution algorithm is restricted
by the minimum Voronoi edge length [130]. Hence, an important mesh quality measure
is the length of each Voronoi edge. The edge length was normalised with the value 6/v/3,
which corresponds to the Voronoi edge length for a primal mesh of equilateral triangles
of side length 4. Expressing the result, g,, as a percentage, provides the value for each

edge where g, > 10% is considered acceptable.

6.3.1.4 Distance between the Delaunay edge midpoint and the Voronoi edge

By changing node weights, the requirement that a dual edge be a bisector of the Delaunay
edge has been relaxed. A significant deviation from this property can lead to a loss of
solution accuracy when the co-volume discretisation is applied [128]. The magnitude of
this deviation was measured, for each Delaunay edge, by calculating the perpendicular
distance between the Delaunay edge midpoint and the Voronoi edge. This value, g5, was

normalised by division by half the Delaunay edge length and expressed as a percentage.

_ 200 x dpy

= (6.8)

as

where dpy is the perpendicular distance between the Delaunay edge midpoint and the
Voronoi edge, and dp is the Delaunay edge length. A value of zero indicates bisection,
while any value less than 100% indicates that the line defined by the segment of the

Voronoi edge intersects the Delaunay edge and is considered acceptable.
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(a) Before optimisation (b) After optimisation

Ficure 6.9: Detail of the backward facing step example, with red circles indicating
Voronoi vertices which lie outside their associated Delaunay element.

6.3.1.5 Distance between the Voronoi edge midpoint and the Delaunay edge

This quality measure ge is the reverse of the previous measure and was calculated in a

similar manner, as

2 D
ge - 00 ;ydv é%gl)

where dyp is the perpendicular distance between the Voronoi edge midpoint and the
Delaunay edge, and 6y istheVoronoi edge length. Avalue ofzeroindicates bisection,
while any value lessthan 100% indicates that thelinedefined by the segment of the

Delaunay edge intersects the Voronoi edge and is considered acceptable.

6.3.2 2D Backward facing step

The first example was the geometry of a simple backward facing step. The generated pri-
mal mesh contains 53 427 elements, with mean Delaunay element quality gn — 0.9260,
and there are 60 bad elements. This is a small percentage of bad elements, occur-
ring mainly near the boundaries, making optimisation of the mesh quality a relatively
straightforward process. Figure 6.9(a) shows part of the mesh before optimisation and
Figure 6.9(b) shows the same part after the process has taken place. Voronoi vertices
which lie outside their associated Delaunay element are shown circled in red. The mean

CPU cost of one iteration was 93 seconds.

All 60 bad elements were repaired by the optimisation scheme. The history and CPU
cost are shown in Figure 6.10. Table 6.1 shows the quality measures before and after
the optimisation, with both ga and gp slightly improved. The minimum value of ¢y was
increased by two orders of magnitude, from 0.3901% to 11.14%, resulting in all Voronoi

edge lengths being acceptable. The maximum value of ¢gs had increased, as expected,
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FIGURE 6.10: Optimisation history for backward facing step example

to 48.70% but, since this value was less than 100%, all edges remained acceptable. An
improvement could also be seen in the values of g, from 99.925% acceptable edges to

all the edges being acceptable.
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TABLE 6.1: Quality measures for the mesh for the backward facing step.

Delaunay element quality, go

Percentage acceptable Mean  Minimum Mazximum
Before 99.88 0.9260 —0.6272 1.0000
After 99.89 0.9239 -0.4034 1.0000

Distance between Voronoi vertex and centroid, gg

Percentage acceptable Mean Minimum Mazimum
Before 99.94 5.456 0.0015 185.9
After 99.99 5.590 0.0013 101.0

Voronoi edge length, g,

Percentage acceptable Mean Minimum Mazimum
Before 99.99 100.4 0.3901 301.7
After 100.0 100.4 11.14 344.1

Distance between the Delaunay edge midpoint and the Voronoi edge, g5

Percentage acceptable Mean Minimum Mazimum
Before 100.00 0.0000  0.0000 0.000
After 100.00 0.0259  0.0000 48.70

Distance between the Voronoi edge midpoint and the Delaunay edge, q.

Percentage acceptable Mean Minimum Mazimum

Before 99.93 3.880 0.0000 15230
After 100.00 3.280 0.0000 100.0
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Ficure 6.11: Mesh, englarged near the aerofoil, for the NACAO0012 aerofoil

6.3.3 NACAO0012 aerofoil

The second example involved a triangular mesh generated in the region bounded inter-
nally by a XACAO0012 aerofoil and externally by a circular far-held boundary. A detail
of the mesh in the vicinity of the aerofoil is shown in Figure 6.11. The mesh consists
of 32 460 elements, with initial mean Delaunay quality ¢Q — 0.5278. However, 1867, or
almost 6%, of these elements are bad. The rate at which the number of bad elements
decreases to zero is shown in Figure 6.12. The mean CPU cost of one iteration was
12 seconds. Figure 6.13(a) shows a detail of the mesh, in the vicinity of the trail-
ing edge of the aerofoil, before optimisation and Figure 6.13(b) shows the same area
of the mesh after optimisation. The mean Delaunay element quality for the optimised
mesh is ga = 0.6392, which means the quality of the elements was improved during the
optimisation process. Considering the value of ga alone, the percentage of acceptable
elements was increased by around 4%. The full set of quality measures is presented in
Table 6.2. It can be secen that there was an increase, of around 3%, in the percentage
of acceptable elements when considering gp. The minimum value of gy was increased by
two orders of magnitude from 0.0160% to 3.308% and the number of acceptable Voronoi
edge lengths had increased slightly. As in the previous example, the maximum value of
gs was increased to 77.11%. The number of edges with an acceptable value of gc was

significantly increased from 96.310% to 100%.
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FIGURE 6.12: Optimisation history for the NACA example
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(a) Before optimisation

(b) After optimisation

Ficure 6.13: Detail of the NACA example, with red circles indicating Voronoi vertices
which lie outside their associated Delaunay element.
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TABLE 6.2: Quality measures for the mesh for the NACAQ012 aerofoil.

Delaunay element quality, g,

Percentage acceptable Mean Minimum Mazimum
Before 94.25 0.5278 —1.625 0.9974
After 98.72 0.6392 —0.5017 0.9992

Distance between Voronoi vertex and centroid, gg

Percentage acceptable Mean Minimum Mazimum
Before 96.81 37.40 0.2046 730.10
After 99.99 26.84 0.0541 116.7

Voronoi edge length, g,

Percentage acceptable Mean Minimum Mazximum
Before 98.90 107.0 0.0160 369.1
After 99.99 103.9 3.308 4199

Distance between the Delaunay edge midpoint and the Voronoi edge, g5

Percentage acceptable Mean Minimum Mazimum
Before 100.0 0.0000 0.0000 0.0000
After 100.0 0.4251 0.0000 77.11

Distance between the Voronoi edge midpoint and the Delaunay edge, g.

Percentage acceptable Mean Minimum Mazimum

Before 96.31 43.33 0.0012 2.192 x 10°
After 100.0 19.56 5.842 x 1074 99.99
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FIGURE 6.14: Optimisation history for the Lake superior example
6.3.4 2D Lake Superior

The next example involved a mesh generated to represent the geometry of Lake Supe-
rior. The initial mesh consists of 10850 elements, with mean Delaunay element quality
go = 0.6186, and contains 402 bad elements. The optimisation history is shown in Fig-
ure 6.14. The mean Delaunay element quality increased to g, = 0.6697 and only one
bad element remained. Further iterations were unable to repair this element. The initial
and optimised meshes are shown in Figures 6.15(a) and 6.15(b) respectively. A detail of
the region of the mesh which includes this bad element, before and after optimisation, is
shown in Figure 6.16. The nodes of the remaining bad element all lie on the boundary
and were unable to move. Since the snapshot generation process is a local optimisation,
and only one bad element exists, the MCS could not find a set of weights to fix the
element. The only way to fix this would be to move the boundary nodes along the
boundary, which as discussed in the methodology is undesirable for practical reasons.
The mean CPU cost of one iteration was 6 seconds for this example. The mesh quality
measures are presented in Table 6.3. The results showed the same trends as in the pre-
vious examples. The percentage of acceptable values of gs increased, the mean value of

g, remained close to the acceptable value of 100% and the minimum value increased by
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(a) Before optimisation

(b) After optimisation

Ficure 6.15: The mesh for Lake Superior with red circles indicating Voronoi vertices
which lie outside their corresponding Delaunay element.
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(a) Mesh before optimisa- (b) Mesh after optimisation
tion

FiGUure 6.16: Detail of the mesh for Lake Superior with red circles indicating Voronoi

vertices which lie outside their corresponding Delaunay element.

two orders of magnitude. The maximum value of ¢§ increased to 66.77% from zero and

all values were acceptable. The number of acceptable values of g increased to 100%.
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TABLE 6.3: Quality measures for mesh for Lake Superior

Delaunay element quality, go

Percentage acceptable Mean Minimum Mazimum
Before 96.30 0.6186 -1.162 0.9972
After 98.64 0.6697 —1.162 0.9969

Distance between Voronoi vertex and centroid, g

Percentage acceptable Mean Minimum Mazimum
Before 98.33 29.18 0.1849 499.3
After 99.95 24.66 0.3446 256.9

Voronoi edge length, g,

Percentage acceptable Mean Minimum Mazimum
Before 98.94 102.8 0.0584 656.5
After 99.98 102.1 6.046 360.0

Distance between the Delaunay edge midpoint and the Voronoi edge, g5

Percentage acceptable Mean Minimum Mazimum
Before 100.0 0.0000 0.0000 0.0000
After 100.0 0.3696 0.0000 66.77

Distance between the Voronoi edge midpoint and the Delaunay edge, g.

Percentage acceptable Mean Minimum Mazimum

Before 97.47 31.11 1.855x 1074 66200
After 100.00 18.17 0.0020 99.99
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FiGure 6.17: Mesh for the multi-component aerofoil

6.3.5 Multi-component aerofoil

This example involved a triangular mesh generated in the region bounded internally
by a multi-component aerofoil and externally by a circular far-field boundary. The
initial mesh consists of 166 294 elements, which was the largest two dimensional example
considered. This example was different from the previous examples in that the initial
mesh contains a significant variation in the element size, as is apparent from Figure 6.17
which shows a view of the mesh. In spite of the complexity of the geometry, the initial
mesh only contains 158 bad elements. This variation in element size had no apparent
impact on the effectiveness of the optimisation technique, as Figure 6.18 shows all the
bad elements were repaired. This was the most expensive 2D example, with a mean
CPU cost of one iteration equal to 232 seconds. Although the nodes were moved during
optimisation, the mean Delaunay element quality remained largely unchanged. Table 6.4
shows the full set of quality measures for this example. The maximum value of gp was
more than halved, since all the bad elements were eliminated from the mesh. The
mean value, and the percentage of elements with an acceptable value, of gp were not
significantly changed due to the small number of bad elements in the initial mesh. The
mean value of g/ remained unchanged, but the minimum value was increased by an order
of magnitude. The maximum value of ¢$ was increased from zero to 70.57%, so that all

the edges were acceptable. The number of acceptable values of ¢¢ increased to 100%.

Incompressible laminar viscous flow, at a Reynolds Number Re=10 000, over this multi-
component aerofoil was modelled by solving the Navier-Stokes equations using a unstruc-
tured mesh implementation of the co-volume marker and cell method [148]. Although a

solution is obtained on the optimised mesh, it proved to be impossible to obtain a stable
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Figure 6.18: Optimisation history for the multi-component aerofoil example

Vorticity
50

i40
20
:0
=20
-40
-50

FIGURE 6.19: Plot of the vorticity for incompressible viscous How over the multi-

component aerofoil [148]

solution on the initial mesh. A detail of the computed distribution of vorticity, in the

vicinity of the aerofoil on the optimised mesh, is shown in Figure 6.19.
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TABLE 6.4: Quality measures for the mesh for the multi-component aerofoil

Delaunay element quality, g4

Percentage acceptable Mean Minimum Mazimum
Before 99.90 0.8584 —0.7744 0.9999
After 99.95 0.8619 —0.4834 0.9999

Distance between Voronoi vertex and centroid, gg

Percentage acceptable Mean Minimum Mazimum
Before 99.95 10.52 0.0041 216.8
After 100.0 10.21 0.0026 97.94

Voronoi edge length, g,

Percentage acceptable Mean Minimum Mazimum
Before 99.99 100.9 0.3665 298.7
After 99.99 100.9 7.111 322.2

Distance between the Delaunay edge midpoint and the Voronoi edge, g5

Percentage acceptable Mean Minitmum Mazimum
Before 100.00 0.0000 0.0000 0.0000
After 100.00 0.0307 0.0000 70.57

Distance between the Voronoi edge midpoint and the Delaunay edge, g.

Percentage acceptable Mean Minimum Mazimum

Before 99.94 7.485 0.0000 9853
After 100.0 6.986 5.451 x 1076 99.99
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FIGURE 6.20: Cost analysis, number of nodes plotted against mean iteration cost
6.3.6 Cost analysis

Using the two dimensional examples a simple cost analysis of the scheme was performed.
Since most operations involve looping over nodes, it would be expected that the cost of
this scheme would be O(N). Figure 6.20 shows that this was indeed the case. The mean
CPU cost of an iteration was plotted against N for the above examples, with the solid

line illustrating the relation was close to linear.
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FiGure 6.21: The sphere mesh before optimisation, the left hand plot shows all the
elements and the right hand plot shows just the bad elements

6.3.7 Sphere

Primarily, the focus of this chapter was to use two dimensional examples to explore
a new strategy for mesh optimisation. A number of examples were also performed
which illustrate the potential for this method to work in three dimensions. In the three
dimensional examples, only the number of bad elements was considered as a quality
metric, since this was the prime motivation of the technique. For the first example,
an initial tetrahedral mesh, plotted in Figure 6.21, was generated for the region inside
a sphere. Compared with the 2D examples, there was a much higher concentration of
bad elements throughout the mesh. The mesh contains 2 775 elements, of which 451, or
16%, are bad. Figure 6.22 shows how the percentage of bad elements decreased to zero,

during the optimisation process.
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FIGURE 6.22: Optimisation history for the 3D sphere example
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FIGURE 6.23: The cube mesh before optimisation, the left hand plot shows all the
elements and the right hand plot shows just the bad elements

6.3.8 Cube

This example, used by Klinger and Shewchuk [144], is a mesh of a cube generated by
NETGEN [149]. The mesh is plotted in Figure 6.23. Despite this being quite a small
mesh of only 1184 elements, there is a large percentage of bad elements initially (287 in
total). There are also a number of situations at the corners of the cube where an element
is entirely made up of boundary nodes. In this case the only way to fix the element is
by optimisation of the weights. Despite this difficulty all bad elements were fixed by the

optimisation process. The cost and history of convergence is shown in Figure 6.24.
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FIGURE 6.24: Optimisation history for the 3D cube example
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Figure 6.25: The St Gallen mesh before optimisation, the left hand plot shows all the
elements and the right hand plot shows just the bad elements

6.3.9 St Gallen

Figure 6.25 shows the St Gallen mesh before optimisation. This example is also used
by Klinger and Shewchuk [144]. It has many curved boundaries, and was generated
by Alliez et al. [150]. The mesh contains 50391 tetrahedral elements, of which 15.3%
are bad initially. The number of boundaries in this problem posed a challenge for the
optimisation scheme, and the technique was unable to fix all elements, within an accept-
able time. Despite this, the technique was significantly better than Lloyd’s algorithm,
as shown in Figure 6.26. Lloyd’s algorithm reduced the percentage of bad elements to
10.8%, whereas a combination of local coordinate optimisation, using MCS, and global
weight optimisation, using POD and MCS, was able to reduce the percentage of bad
elements to 0.788%. In this example, Lloyd’s algorithm and Laplace smoothing were

not employed prior to the node and weight optimisation.
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FIGURE 6.26: Optimisation history for the St Gallen example
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Figure 6.27: The ONERA M6 mesh before optimisation

6.3.10 ONERA M6

An ONERA M6 wing meshed externally to a spherical far field was the filial example
performed. Part of the surface mesh is plotted in Figure 6.27. This example was the
largest mesh considered, with 245421 elements, of which 42.6% are bad initially. W ith
the largest percentage of bad elements initially, this example was the most difficult con-
sidered. As with the St Gallen example, the technique was unable to fix all of the
elements within an acceptable timeframe. However, the technique significantly outper-
formed Lloyd’s algorithm. When just applying Lloyd’s algorithm, the lowest number
of bad elements achieved was 35.4%. Figure 6.28 shows the optimisation history for a
combination of node and weight optimisation, without the initial application of Laplace
smoothing or Lloyd’s algorithm. After 5000 seconds of CPU time, the number of bad
elements was reduced to 7.19% by the technique introduced. In both the St Gallen and
ONERA M6 examples, boundary constraints limit the number of bad elements which
were able to be fixed. With further research, this problem may be alleviated by moving
the boundary points, or by inserting points on the surface or into the volume mesh. The
possibility of merging Delaunay elements which have small Voronoi edges, as described
in [128], has been neglected. This may also result in a reduction in the number of bad

elements.
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FIGURE 6.28: Optimisation history for the ONERA M6 example

6.4 Discussion

An optimisation technique for the problem of generating high quality dual orthogonal
unstructured meshes has been presented. It has been shown that, by considering the
weighted Voronoi power diagram, it was possible to find a coordinate/weight distribution
which results in a mesh in which all, or almost all, the Voronoi vertices lie within their
associated element. The positive effect of this improvement, on co—volume solution
methods, has been discussed [128-130, 148]. In addition, it has been demonstrated that
the optimisation technique did not have a negative effect on the spatial quality of the
primal Delaunay mesh in two dimensions. Indeed, in some cases, the spatial quality
of the primal Delaunay mesh was also improved. The maximum distance between any
Voronoi vertex and the centroid of its corresponding element was reduced in all the
examples considered and, unexpectedly, the optimisation process significantly increased
the minimum Voronoi edge length in all two dimensional cases. This will have positive
implications to the magnitude of time step size that can be adopted in explicit co-volume
simulations. The cost of the process was that a Voronoi edge may no longer bisect the
corresponding Delaunay edge. This will have certain implications on the accuracy of
simulations. In the future, this could be addressed by considering the possibility of

multi-objective function optimisation, i.e. attempting to optimise the mesh based on
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multiple quality measures, such as adding a penalty for deviations from the Delaunay

edge bisection.

The method is general and has been applied successfully in two simple three dimensional
examples. It was unable to fix all bad elements in two of the more complex three dimen-
sional examples presented. Despite being unable to fix all bad elements, the technique
still performed well compared with standard techniques. In both these examples, the
optimisation was still reducing the number of bad elements when the procedure was
interrupted due to excessive CPU time. The rate at which the final 5 — 10% of bad ele-
ments were being fixed was not rapid enough to be practical. This needs to be improved
with further development of the technique. It is felt that the results presented here do

show this novel technique has real potential moving forward.

The method did not require the subdivision of elements, by the addition of nodes, to
repair all elements in a mesh, which is a requirement of some methods as discussed in
Section 6.2.2.1. The aspects which led to the success of the method were the use of
POD to reduce the dimensionality of the problem and enable the application of MCS.
Although this method was applied specifically to optimising meshes for use with co—
volume schemes, the method could be readily adapted for other applications, by simply
changing the mesh quality objective function to reflect the new requirements. It would

also be possible to apply model reduction to the node coordinates themselves.



Chapter 7

Conclusion

The objective of this thesis was to apply reduced order modelling and optimisation
techniques to the problem of aerodynamic design. Only techniques where big design
changes are possible were of interest. This objective can be split into two parts, the

optimisation algorithm and the reduced order modelling techniques.

The overview given in Chapter 2 led to the consideration of metaheuristic gradient
free optimisation techniques. Cuckoo search was selected as a potential algorithm and

modified to improve performance in Chapter 3.

It was found, in Chapter 4, that, when not coupled with reduced order modelling tech-

niques, the technique showed potential when applied to aerodynamic shape optimisation.

The literature study presented in Chapter 5 shows that most reduced order modelling
techniques were only valid for fixed flow parameters. One technique which showed
promise was the proper orthogonal decomposition interpolation technique discussed in
Section 5.4.2. This technique was tested for steady problems in Section 5.4, where it

was deemed unsuitable for many general optimisation problems.

The contributions and findings of the thesis are now summarised, and then suggestions

for future work are presented.

7.1 Contributions and Findings of the Thesis

7.1.1 Modified Cuckoo Search [1]

As part of this work, the optimisation algorithm modified cuckoo search was developed.

This algorithm is a modification of cuckoo search. The standard algorithm was modified

223
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by the addition of information exchange between the top eggs (best solutions). Stan-
dard optimisation benchmarking functions were then used to test the effects of these
modifications. It was found that modified cuckoo search performs as well or better than
the standard cuckoo search and a particle swarm optimisation and differential evolution

algorithm in most cases.

An implementation of the algorithm was published in the open source project modified-
cs [64]. The code has been downloaded around 1,000 times and has already been used

in a range of applications which were discussed in Chapter 3.

7.1.2 Reduced Order Modelling of Unsteady Fluid Flow using Proper
Orthogonal Decomposition and Radial Basis Functions [2]

A technique was developed for interpolating unsteady solutions to parameterised fluid
flow problems, using a combination of proper orthogonal decomposition and radial ba-
sis functions. The technique was validated by considering simulations involving three
dimensional unsteady compressible inviscid flow over an oscillating ONERA M6 wing.
It was demonstrated that the approach can result in a large reduction in the CPU time

required to find solutions, at new parameter values, without a significant loss in accuracy.

The technique developed is much simpler than other unsteady reduced order modelling
techniques, based on proper orthogonal decomposition, and is less prone to stability
problems and boundary condition violations. If the limitations of this technique, i.e.
that it is equivalent to nodewise interpolation, are recognised and accepted it could be

very useful in a number of applications.

7.1.3 Reduced Order Mesh Optimisation using Proper Orthogonal De-
composition and a Modified Cuckoo Search [3]

A new mesh optimisation scheme, reduced order mesh optimisation, was introduced. The
technique uses proper orthogonal decomposition to reduce the number of dimensions in a
mesh optimisation problem. This reduction in dimensionality allows the expression of the
optimisation problem globally rather than the more traditional local mesh optimisation
or smoothing algorithms. To perform the optimisation, modified cuckoo search was
applied. The effectiveness of the algorithm was shown by considering the problem of
optimising meshes for use in co—volume techniques. Co—volume techniques require the
existence of two mutually orthogonal meshes. This is achieved by utilising the Delaunay-

Voronoi dual. A combination of considering the problem globally, and the use of a
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gradient free technique, results in a scheme which significantly outperforms previous

methods.

7.1.4 Applying Metaheuristic Algorithms to Engineering Applications

An aim of the thesis was to investigate the use of metaheuristic gradient free algorithms
for engineering applications. A number of applications have been presented, in which
the use of gradient free methods proved successful. However, three key problems can
been highlighted, which may deter the use of metaheuristic algorithms for practical

optimisation problems. An attempt to address these concerns is now presented.

7.1.4.1 Poor Computational Efficiency

The large number of objective function evaluations required by metaheuristic algorithms
results in poor computational efficiency. This problem can be approached from several

angles.

One approach is to attempt to improve the convergence behaviour of the optimisation
algorithm itself, thus reducing the number of generations required to obtain a good
solution. This often comes down to algorithm and tuning parameter selection, which is

discussed in Section 7.1.4.2 below.

For a defined optimisation algorithm, two further strategies remain to increase com-
putational efficiency, viz. parallelisation and meta modeling. Parallelisation appears
promising and relatively straightforward, as each agent can simply evaluate the ob-
jective function on its own CPU. An alternative use of multiple CPUs is discussed in
Section 7.1.4.3 below.

Reduced order modelling is an active field of research and, as reduced order models
continue to improve, it can be expected that the use of meta models to approximate the

objective function will become more viable.

Of course, the efficiency problem will also become less significant as computational power

continues to increase.

7.1.4.2 Tuning Parameters and the Range of Available Algorithms

The choice of which algorithm to use may appear to be difficult. Experience indicates
that, given enough experimental time, any algorithm can give good results for a particu-

lar problem. The range of successful applications, discussed in this thesis and elsewhere,
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supports this statement. If this is the case, then the two main aspects that should be
considered, when selecting an algorithm, are the ease of implementation and the number

of parameters which need to be tuned.

The nature of metaheuristic algorithms means that it is very unlikely that a truly black-
box optimiser, with no free parameters, will ever exist. A number of algorithms, includ-
ing cuckoo search, claim low sensitivity to tuning parameters and this may be considered
as a benefit. Conversely, a lack of tuning ability may mean that an algorithm shows
reasonable convergence to most problems, but that it cannot be tuned to give excellent
convergence for a specific problem of interest. For example, when applying modified
cuckoo search to mesh optimisation, a single set of tuning parameters was used for every
example [3], but, if time was spent tuning the parameters for each new example, better
results probably could have been achieved. Problem specific tuning is, however, unlikely

to be practical for real applications.

7.1.4.3 Randomness of Metaheuristic Algorithms

People can often be deterred by the random nature of these algorithms. This is an
understandable concern, as a gradient based algorithm, run multiple times, always pro-
duces the same result. This is not guaranteed for gradient free techniques. Thus, in
practice, it may be desirable to run the optimiser multiple times, which can be an ex-
pensive process. There is an argument that the best way to parallelise these algorithms
is to simply use spare nodes to run completely independent optimisers, possibly even

different algorithms.

The randomness should not be seen as a problem. The evidence presented in this thesis
and elsewhere shows these algorithms work in real problems. The issue can be summed
up in the following question, posed in the context of using an optimiser to improve a
certain design. Does it matter if different designs are obtained with different runs, if

they are all better than the starting design?

7.2 Future work

7.2.1 Cuckoo Search

In Chapter 3, a number of different modifications, made by various researchers, to the
cuckoo search algorithm were detailed. A comparison between the performances of these

different modifications is needed. Currently cuckoo search development has branched
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into a number of different directions. It may be beneficial to merge some of these

branches, by combining different modifications.

Parallisation strategies need to be investigated to improve computational efficiency. As

previously discussed, there are many different strategies which will need to be compared.

Further validation of cuckoo search and modified cuckoo search is needed. Initially this
could be done on a wider range of shifted and rotated test functions, but the ultimate
goal should be to test the algorithms on real problems. Comparisons between other

gradient free and gradient based algorithms should be made where possible.

7.2.2 Aerodynamic Shape Optimisation using Modified Cuckoo Search

Using modified cuckoo search for aerodynamic shape optimisation requires much more
investigation. Initially, it is important to increase the complexity of the flow physics
to make the problem more realistic. It will be important to consider robust design
optimisation going forward, which should result in more realistic and practical designs

which are less sensitive to flow conditions.

Two parameter studies need to be performed. The first with regards to the number
of degrees of freedom associated with the shape parameterisation itself. More degrees
of freedom would result in increased flexibility, but possibly at an increased CPU cost
to effectively sample the design space. The second parameter study should investigate
the sensitivity on the modified cuckoo search tuning parameters. Comparing the perfor-

mance of modified cuckoo search to other optimisation algorithms is also needed.

Finally, more work into developing a suitable reduced order modelling technique for this
application will need to be undertaken. At present, the number of objective function
evaluations required to reach a solution will be prohibitive for industrial applications.
However, from a purely scientific point of view it would be interesting to investigate the
limits of shape optimisation using this technique. Is it possible to start a design cycle
with a circle and end up with an aerofoil? Further to this it would be interesting to apply
this to more non—standard problems. For example, work has already begun on applying
modified cuckoo search to the design of the intake duct for the BLOODHOUND super
sonic car. The geometry for the car has already been fixed, but it would be interesting
to see if the optimisation algorithm reaches the same conclusion as the aerodynamic

engineers.
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7.2.3 Unsteady Proper Orthogonal Decomposition Interpolation Tech-
niques

The most important study which needs to be performed is to compare the proper or-
thogonal decomposition interpolation techniques developed in this thesis, for unsteady
problems, to Galerkin projection based reduced order models. The literature suggests
that Galerkin projection has a number of stability and implementation issues which are
not exhibited by proper orthogonal decomposition interpolation. A direct comparison,

however, is still required.

As with the shape optimisation example, it is important to increase the complexity of
the flow physics to three dimensional viscous flow. If the technique cannot perform well

in these more complicated situations, it may not be worth developing further.

If the results of the above two studies are positive for the proper orthogonal decomposi-
tion interpolation technique, further investigation into which interpolation and sampling
techniques are most efficient needs to be performed. In addition, these techniques may
be enhanced by coupling them with the residual reduction method discussed in Sec-
tion 5.4.1. Proper orthogonal decomposition interpolation could provide an initial guess
solution for the optimisation process required by residual reduction methods. Further-
more, it may be beneficial to use modified cuckoo search in place of the genetic algorithms

currently used for the optimisation.

Another interesting line of investigation would be to find a way to measure the ability
of a particular set of modes to recreate new solutions. It should be possible to calculate
the best achievable accuracy for a set of modes to reproduce a solution. This would then
give a very clear measure of how successful a particular technique for calculating mode

coefficients is.

One area where the technique could be applied immediately is in an educational setting.
For simple problems, a database of snapshots could be generated to allow students
to interactively explore a parameter space in real time. Instead of just seeing how
the aerodynamic coefficients change, students would be able to inspect a reasonable

estimation of the full flow field.

7.2.4 Reduced Order Mesh Optimisation

Reduced order mesh optimisation combines most of the techniques considered in this
thesis and is a major contribution. It has the potential to be applied to many different

forms of mesh optimisation. For example, it would be interesting to apply the technique
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to the optimisation of meshes to be used for high order techniques, which currently
presents a challenge. The work presented in the thesis may only scratch the surface of

what this technique has to offer.

A weakness of the current algorithm is the computational cost required to improve
tetrahedral meshes. Parallisation strategies, along the lines of those used by Doorly
and Peiré [30], involving subpopulations of meshes on different CPUs evolving semi-
independently may be beneficial. Another interesting avenue might be to assign different

partitions of the mesh to different CPUs during local optimisation routines.

To strengthen the conclusions presented in this thesis, further comparisons with alter-
native mesh optimisation techniques is required. In addition, the benefit of global mesh
optimisation compared to node wise mesh optimisation needs to be quantified. Further
to this it would be interesting to see how far the idea of a global objective function can
be pushed. For instance, what would be the effect of using vectors containing not only

node weights, but node coordinates, as snapshots?

An ultimate goal is to fully automate the generation and optimisation of a mesh for
any arbitrary geometry. The problem is that mesh optimisation, and generation, is
highly problem specific. It would be impossible to test and tune a technique for every
conceivable geometry. One way of solving this problem might be to take advantage of
the always on-line nature of modern computers. If a mesh optimisation toolbox was
made available for general use, it could be developed to report performance statistics,
along with tuning parameters, back to a central server. This could be done in such a way
to avoid issues with confidential geometries, by only sending mesh quality information.
Over time this would build up a much bigger sample than any single research group
could hope to achieve. The hope would be that an optimum set of tuning parameters

would emerge.
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