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Abstract

A class of fractional differential equations are investigated. Using estimates for
Mittag-Leffler function and a fixed point theorem, we establish the existence and

uniqueness of mild solutions of the equations.
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Chapter 1

Introduction

Fractional calculus is quite an old topic, names such as Leibniz, Euler, Liouville
or Weyl, just to mention a few, can all be associated with its development. Their
contributions were of pure analytic nature, however application of fractional cal-
culus to problems in mechanics and engineering are well-known. We refer to the
monographs of K.B. Oldham and J. Spanier [33], S. Samko et al. [38], A. Kilbas
et al. [25], Podlubny [34], and F. Mainardi [28] for introductory material, analytic

considerations and applications.

More recently fractional calculus became an important tool in modelling problem
in science, engineering and finance related to continuous time random walks. Thus,
it became a tool in stochastic analysis. We refer to work done by R. Gorenflo and
F. Mainardi (8], [9] and [10], R. Gorenflo et al. [11], R. Hilfer [13], or Y. Zhang et al.
[48], to mention some more pioneering or recent work. The very recent monograph
[30] by M. Meerschaert gives an excellent introduction to ideas relating fractional

calculus and stochastic models.

The basic idea is that continuous time random walks when obeying certain scal-
ing laws are governed by (heavy tail) distributions which satisfy certain fractional
differential equations. These could be fractional differential equations with respect
to the space variable or to the time variable or even both. Assuming spacial and

time homogeneity a Fourier-Laplace transform approach is most appropriate to de-



rive and solve corresponding equations.

Already in his pioneering paper [44] H. Weyl pointed out relation to (translation
invariable) pseudo-differential operators (in case of the torus). Our motivation is to
consider first, from the analytic point of view non-trivial equations which are spa-
cially not any more homogeneous, hence a translation invariant pseudo-differential
operator is replaced by a pseudo-differential operator having a symbol with variable,

i.e. z-dependent coefficients.

The pseudo-differential operators we are interested in also link to stochastic
processes and where studied by W. Hoh [14], N. Jacob [16]-[20], and N. Jacob and

R. Schilling [21], just to give some references.

In our work we aimed to develop mathematical tools, and we have not yet touched

problems to modelling:
There are three main results in our work. The first is, Theorem 7.6, which gives
conditions for the existence of a mild solution to the problem
oDfu(z, t) + ¥ (D:)u(z, t) = g(z, 1)
and
O'Df“lu(w, t)'t_—_g = 0,

for g : R x [0,00) — R. Here (D¢ (and (D#!) is Riemann-Liouville fractional
derivatives and ¥(D,) is a pseudo-differential operator with symbol 1, 9 being

independent of z.
Further, Theorem 8.6, gives for small times and suitable bounds for data the
existence of a mild solution to the problem
oDfu(z, t) + ¥(Ds)u(z, t) + p(z, D:)u(z, t) = g(z,1)
with initial data
OD?—-IU(I, t)|t=0 =0.

Here p(z; D, ) is a pseudo-differential operator which should be interpreted as a small

perturbation of ¥(D,).



The third result, Theorem 9.2, gives the existence and uniqueness of mild solution

to problem

oD?U(w,t)+¢(DI)U(-’E»t)+p(~’c,Dz)U(l‘,t)~/0 f(w(z,6))dB(0) = g(=,1),

and

OD?_IU(.'L‘, t)|t=0 =0.

Here B(f) is standard Brownian motion and f satisfies a Lipschitz condition and

linear growth condition.

Let us start to explain these results in more detail. First we need to explain

some notation and auxiliary results.

Though there are some different types on fractional derivatives, but in our paper,
we only focus on the Riemann-Liouville fractional derivative oD of the order o €
(0,1). We find in Mainardi [28], Podlubny [34] and Samko [38], that the Riemann-
Liouville fractional derivatives are defined for 0 < o < 1 by,

D) = rreay g L (€= e

where

An important method that we use to handle the Riemann-Liouville fractional

derivative is Laplace transform, which is given as for m € N

L{oDy f(t); s} = s*F(s) — desk‘l, m—1<a<m,
k=0

where F(s) is denoted by (Ly)(s), and

dr = (DEFy)(0+),k =1,...,m.

By using the inverse Laplace transform with respect to s, we can find a function

once we know its Laplace transform.

Next we want to introduce some results on real-valued continuous negative def-
inite functions v, referring to Hoh [14] and Jacob [18]. We know that ¢ has the

representation

() = / o (L cosyE(@

3



with a Lévy measure v satisfying fm\{o} 1 A Jy|*v(dy) < oco. We find further that if
9 is of class C?, then for [ < 2 and ¥(£) > 0

, =0

dl
% <§ GtA€), 1=1,
Cs, =2

Moreover, for our investigation we require a lower bound for ¥, i.e.
Y(€) = CyQ+ €12, Cy >0

for some v € (1,2) and all £ € R.

Further we need to handle pseudo-differential operators

p(z, D.Yo(z) = (2r)"2 / € (z, €)9(€)de

with symbol p : R x R — R and we require that £ — p(z,¢) is for each z € R fixed
a continuous negative definite function. Here 9 is denoted by Fourier transform of

v. We want p(z, D,) to satisfy the estimate
lp(z, Da)u(-, t)le2 < pllul,t)]ce, u(-,t) € LA(R),

where p is independent of ¢, and
Dl = [ fute. ) da.

The most important auxiliary results, are estimates for E, o(—%(£)t®) for 0 <

a < 1 where E,, is a generalized Mittag-Leffler function, which is defined by

Eog = Yooy FRIEE. We explain that Eqq(—(£)t?) for ¢ > 0 belongs in L'(R)

and E, o(—9(£)t*) < Ct~. Further we can obtain that E, ,(—%(£)t*) belongs in
LY(R) N L*(R). By proving

&2

dg?

1 1

Ea,a(—w(g)ta) < éa,ﬂ/(l I |£|2)'Y/2 (1 + to‘),

we find the estimate

h(t,7) = |F 7 (Baa(=%()(¢ = 7))t < k2t = 7) 77 + mo(1+ (£ — 7)),

4



where F~! is denoted by inverse Fourier transform.

Next we find that
t > h(t) =t h(t, )

is integrable on every finite interval [0, 7] and we get

/OT ;Z(T)dT <

K1

a(y—1)

Now, let us return to explain our main results. We investigate the basic equation

K2

TO-1)/7 + Z27e,
o

with non-zero initial data, namely
OD?U(CE, t) + T/’(Dx)u(x,t) =0
and
oD u(z, t)]m0 = b().

We can use the method in Podlubny [34] to obtain the unique solution of this
problem, where an approach using a Fourier transform with respect to the space
variable(s) and Laplace transform with respect to the time variable is the main tool

for solving such an equation. Assuming for ¢ with v € (1,2)

Y() = Cu(1 + )72,

we get B, o(—¢(-)t*) € LY(R) N L°(R). However, there is a problem with the
smoothness of b € S(R).

We next discuss the problem with a non-trivial right-hand-side:
oDyu(z,t) + ¥(Ds)u(z,t) = g(z,t)
and
oDX u(z, t) im0 = b(z).

We find the mild solutions of this problem when the initial data is equal to zero and

g € L=([0,T]; L*(R)).

Further we prove that the existence and uniqueness of mild solution of the prob-

lem

0Dfu(z,t) + ¥(D:)u(z, t) + p(z, Da)u(z, t) = 9(z, 1)

)



and

oD u(x, t)]smo = 0.
To get our result, we want to apply Banach’s fixed point theorem to the operator
Liu(z,t) :=
(2m)~1/? /R /Ot(t = 1) g(z =y, ) (F (Baya(=9()(t — 7)) (y)drdy
#n) 2 [ [ = o, Doule — 1) a8 ~ D)y

and prove that this operator is contractive. Moreover, we prove that this operator

L, leaves a set invariant and get the desired result.

Finally, we consider a stochastic perturbation of the initial equation:
t
oDiu(z,t) + ¥(Dz)u(z,t) + p(z, Dr)u(z, t) — / f(u(z,0))dB(6) = g(z, ),
0

where B(0) is a standard one dimensional Brownian motion and f satisfies a Lip-
schitz condition and a linear growth condition. Existence and uniqueness for this
problem is proved using an adaptation of standard techniques which is possible once

we have solved the deterministic problem.
Let us briefly describe the content of each chapter.

In the second Chapter we collect several auxiliary results. We introduce basic
notation, for example function spaces and norms, discuss the Fourier transform as
well as the Laplace transform, and in particular we discuss the convolution theorem.
Positive and negative definite functions in the sense of Bochner and Schoenberg
are introduced, their properties treated and relations to convolution semigroups
of measures discussed. We also provide several examples of continuous negative
definite functions and we discuss the Lévy-Khintchine formula. Subordination in
the sense of Bochner is an important tool for us, so we introduce Bernstein functions
and subordinate convolution semigroups. Next we turn to one-parameter operator
semigroups, in particular to Feller semigroups and sub-Markovian semigroups, and
we consider subordinate operator semigroups. Eventually we discuss the Burkholder-

Davis-Gundy inequality as a probabilistic tool needed later on.



In Chapter 3 we recollect basic results about two parameter Mittag-Leffler func-
tions. In particular we concentrate on integral representations and the asymptotic

behaviour. The latter becomes important when estimating later on terms such as
Ea,a(—w(g)ta)'

Next, in Chapter 4, we turn to fractional differential equations. We explain the
relevant notions and recollect how to solve certain initial value problems with the
help of generalized Mittag-Leffler functions. This will allow us to solve equations
which are time-fractional and space with respect to pseudo differential equations
with constant coefficient. The basic idea is that the Fourier transform will trans-
fer such an equation to a parameter-dependent ordinary time-fractional differential
equation. This equation we can solve and now we need to take the inverse Fourier
transform of term such as Eq o(—%(-)t*)*§(-, t). To proceed forward we need precise
estimates for E, o(—(-)t*) and some of its derivatives. This is done in Chapter 5

which in some sense is the technical core of our work.

The results up to Chapter 5 already allow to solve some problems leading to
Theorem 7.6. However to handle equations with a symbol leading to a pseudo-
differential operator with variable coefficients instead of (D), we need more prepa-
rations. Chapter 6 is devoted to these preparations. Since we want to stay in the
context of pseudo-differential operators with continuous negative symbols - only
these operators may generate stochastic processes - we can not apply the standard
theory of pseudo-differential operators. Instead we are dependent on work of Hoh
[14] and Jacob [17]-[20]. These results are summarized in Chapter 6, not in full gen-
erally, but fit for our purpose. In particular we concentrate ourselves on L%-bounded

operators, i.e. using a Calderén-Vaillancourt result.

The final 3 chapters are devoted to derivation of the main results as described

above.

I am glad to thank Professor Niels Jacob, who initialized this work. Both in the
studying and writing processes, he gave me a great number of professional sugges-

tions and helps in order to make me finish this dissertation successfully.



I am grateful to Dr. Chenggui Yuan for his patient guidance and continuous

support. He gave me meticulous helps all the time.

And I wish to thank my parents for their support and help.



Chapter 2

Preliminaries

In this chapter we collect some basic background material needed later on. As

general reference for our background material may serve [14], [18], as well as [21].

At the beginning, we want to give definitions of some function spaces:
Definition 2.1. Let G C R™ be an open set and m € Ny U {oo}. We define the

spaces:

C*@G) :={u:G — C| u is k — times continuously differentiable};

CHG) = {u € C¥(G) | supp u is compact};

CH@G) := {u € C¥(G) | 8°u is bounded for |a| < k}.
In case m = 0, we write Cy(G) only. In CF(G) we have the norm

el = > 18%ulloy

lo <k



where

l[ulloo := [lullc, = sup |u(z)|.
z€R

C=(G) =) CHG);

keN

Ce(G) = ) CE(G).

keN

Definition 2.2. The Schwartz space S(R™) is the function space
S(R™) = {f € C°(R™)|[|fllap < 00, for all @, 8 € Ng},

where

[ fllass = sup |z%6° f(z)|.
z€R™

Definition 2.3. Define the topological dual space D'(R™) of C§°(R™) to be the space
of distributions on R™. The topological dual space S'(R™) of the Schwartz space
S(R™) is called the space of tempered distributions. It consists of all distribu-

tions u € D'(R) having a continuous extension to S(R"), i.e. S'(R") C D'(R").

Definition 2.4. On R™ we take the Borel o-field and consider Borel measures p.
For 1 < p < oo we define LP(R™, 1) to be the usual Lebesgue spaces of measurable

functions u : R* — C with finite norm

fulloey = ([ |u<x>|pu<dx>)l/p.

Further we define the norm

||u|| oo mn) = ess sup |u(z)l|.
zeR™

10



We are mainly working with real-valued functions, however the definitions of the

function spaces we are using are valid for real as well as complex-valued functions.

Definition 2.5. We define

memﬁmm={wMH~ﬁmﬂu@wmmm<w}

_Rq¢=

which is equipped with norm

l|ull Lo (o,p;22Rm)) = SUD ||ulL2(rn)
0tT

KE=

1/2
= sup ( |u(x,t)|2d1:) .
Rn

ot<T

Definition 2.6. The Fourier transform of f € S(R™) is defined by

Ff1(&) = f(€) = (QW)‘”/2/ e f(z)dz, € €R™, (2.1)

Rn

with its inverse Fourter transform, for g € S(R"),

F*muwzmﬂﬂﬂ/'w%@uaxeRv (2.2)

n

Definition 2.7. We define the Fourier transform of f € L*(R") again by (2.1).
Further we may define F~! on L*(R") by (2.2). In case that f € L'(R"), then

FY(f) = f.

Theorem 2.8. Let u € M; (R") be a bounded Borel measure. Its Fourier transform
i s given by
A= (2m)? / e (dz), (2.3)

and it is a uniformly continuous function on R™.

Definition 2.9. Let f € §'(R") and ¢ € S(R™). The Fourier transform fof fis
defined by

(f,0) = (f, ). (2.4)



Because the Fourier transform can not be defined for u € L?(R"), to obtain an
extension of the Fourier transform from L'(R") N L2(R™) to L?(R"), we use the

Plancherel theorem:

Theorem 2.10. The Fourier transform as it is defined on L*(R™) N L?(R™) has an
extension to L*(R™). This extension is an isometry on L2(R™) which is bijective and

has a continuous inverse, in particular we have

1£1lo = 1l /llo- (2.5)

Definition 2.11. We define the convolution of the two functions f,g € S(R™) by

(Fe9)@)= | f=vat)ay (2.6)

If 1 <p,qr<oosatisfy L +1 =141, Young’s inequality holds
p g T

Theorem 2.12. Let f € LP(R™) and g € LI(R"). We have

1 * gll- < £ 115 llgllq- (2.7)

Another important theorem is the convolution theorem linking the Fourier trans-

form  and convolution:

Theorem 2.13. Let f,g € S(R™). Then we have
(f - 9)M(€) = (2m)™3(f * §)(€) (2.8)

and

(f * g)"(€) = 2m)™2f(€) - 4(8). (2.9)

Let (921, A1, p1) and (93, Az, i2) to be two measure spaces. We denote by 11 ® 2
the product measure of p; and py. The mapping A : R™ — R", (1,...,2k) ™

1+ ...+, kK € Nis used to define the convolution of measures

12



Definition 2.14. Let u; € M;(R™), 1 < j < k, be measures. The image of

1 ® ... pk under Ay is called the convolution of measures and is denoted by

H1 % .. 0% U 1= Ak(,u1®®uk) (210)

The next theorem collects some properties of measures.

Theorem 2.15. A. For p,v € M{(R"), the convolution theorem holds, i.e.
(wx )" = 2m)" %0 b. (2.11)
B. For p € M{(R") and v € M (R™) we have

(u@V)™&,n) = p(€) - 0(n), € € R™ mbozand n € R™. (2.12)

Definition 2.16. Let f € L},.(R), supp f C [0,00). Its Laplace transform L(f)
is defined by
L(f)(z) = / e~ f(t)dt, z € C. (2.13)
0

Definition 2.17. Let u be a measure on R and assume that supp p C [0, 00) as well

as [;° e ™ u(ds) < oo for allz > 0. Its Laplace transform is defined by

L{p)(z) := /Ooo e *u(dt). (2.14)

Obviously to let the integral (2.13) converge, we need conditions. Let z = z+1y,

we have
le™*u(t)| = e™™|u(t).

It follows that the convergence of the integral (2.13) depends only on z = Re z.
Further, when the integral converges for Re Z = z, it converges for all z = z + iy

such that Re z = z > 7 since
le™*u(t)] = e |u(t)| = e" @ e~ |u(t)] < e H|u(t)].

13



We conclude that there exists a number 2y € R = [—00, 00] such that ¢ — e~u(t)
belongs to L!(R,) for Re z > z, and for Re z < z¢ this function does not belong
to L}(R,). Here we use the convention that zo = —oo when ¢ — e~*u(t) belongs to
LY(R,) for all z € C, and zy = +oo when there is no zy € R such that ¢ ~— e~%0ty(t)
is an element of L'(Ry). This number z € R is called the abscissa of absolute

convergence of the Laplace transform of u.

We have the convolution theorem for the Laplace transform:

Theorem 2.18. Let f,g € L} (R"). The function f * g has g V z;, 9,71 € R",

loc

as its abscissa of absolute convergence for the Laplace transform and

L(f * g)(2) = L(f)(2)L(g)(2) (2.15)

holds for all z € C, Re z > zy V 21.

Definition 2.19. A family (1¢)i30 of bounded Borel measures on R™ is called con-

volution semigroup on R" if the following conditions are fulfilled

w(R™) <1 forallt > 0;
Ps * it = fits, Syt 2 0 and po = &o;

W — €g vaguely ast — 0.

Definition 2.20. A function u : R®™ — C is called positive definite if for any

.....

Hermitian, i.e. for all \y,..., \x € C we have
u(é — AN = 0.
=1

Now we denote the set of all positive definite functions on R™ by P(R") and CP(R™)

is the set of all continuous positive definite functions on R™.

We want to state the theorem of Bochner:

14



Theorem 2.21. A function u : R* — C is the Fourier transform of a measure

p € M; (R™) with total mass |||, if and only if the following conditions are fulfilled

1. u(0) = u(0) = (27)~2||uj);

2. u is positive definite.

Lemma 2.22. For any u € P(R™) we have

[u() — u(n)” < 2u(0)(u(0) — Re u(§ —n)), (2.16)

and when u(0) = 1 we get in addition

|u(€ +n) — w(©um® < (1 = [u(@)1 = [u@)]*). (2.17)

Let (ut)1>0 be a convolution semigroup on R™. It follows that the familly (4;):>0
of the Fourier transform of y;, t 2 0, consists of continuous positive definite functions

on R™ satisfying |4,(¢)] < (27)~™/2.

Definition 2.23. A function ¢ : R® — C is called negative definite if

¥(0) =0

and

£ — (2m) 2% s positive definite for t > 0.

We denote the class of the negative definite functions by N(R™). Further we define

the continuous negative definite function

CN(R") := N(R*) N C(R). (2.18)

Two examples of continuous negative definite functions are, for 0 < a <1

€ [¢*, €l e R™, (2.19)

15



and

e\ e’ T
£ ()" = |e exp(io), £ € R (2.20)
We collect some properties of negative definite functions, compare [3]

Proposition 2.24. A function ¢ : R® — C belongs to the class N(R™) if for any
choice of k € N and vectors €,...,6* € R™ the matriz

(B(€7) +B(€) — (& — €))jumr, . (2.21)

15 positive Hermitian.

Corollary 2.25. Let u: R™ — C be a positive definite function. Then the function
€ — u(0) — u(§) is in N(R"™).

Proposition 2.26. Let ¢,p; : R* +— C and ¢y : R™ +— C be negative definite

functions. Then
1. (=€) = @(€) for all € € RY;
2. o(0) € R and Re (¢(§)) 2 ¢(0) 2 0 for all £ € R™;
3. The function Ap + pp; is negative definite for all A, pu > 0;
4. The function A\p + u is negative definite for all A 2 0 and p > —Ap(0);
5. The function o1+ @3 : (£,1) — ©1(€) +v2(n) is negative definite on R™® x R™;
6. The function

£ (P(8)* = . ‘ (2.22)
lp(§)|* exp(iaarg(p(§))), ¢ # 0,

16



with arg(p(€)) € =35, 5] is negative definite for each o € [0, 1].

Lemma 2.27. For any locally bounded negative definite function ¢ € N(R") there

exists a constant cy > 0 such that for all € € R®

V(€] < cu(L+ €172, 1€ (0,2). (2.23)

Next, we want to give serval examples on the continuous negative definite func-

tions.

Example 2.28. Any non-negative symmetric quadratic form ¢ : R* x R® — R 1s
a continuous negative definite function. Note, that we do not assume q to have full
rank. A convolution semigroup with q as corresponding continuous negative definite

function is called a Gaussian semigroup.

Proof. We write q(£) instead of g(§,€) and find for £, € R™ that

2q9(&) +2q(n) = q(€ +n) +q(& — ),

hence ¢(0) = 0 and q(§) = q(—¢£). Since ¢g(¢) € R we have ¢ = g. Let us consider

the bilinear form 7 : R* x R® — R

r(&mn) = q(§) +q(n) —a(§ —n).

It follows that
(&,€) =29(€) —q(0) 20

and

r(€,n) = q(§) +q(n) —q(€ —n)
q(n) +q(€) —q(n - &)
=r(n,§)

17



For ¢ € C define 7(c£,n) = cr(€,n) and r(€,cn) = cr(§,n). In particular, we have
r(c£,T€) = |c[*r(£,€) 2 0. Now, let k € N, €',...,¢* € R® and ¢y,...,¢, € C. For

£ = Z§=1 ;& we get

(‘i c;€, Zj:aél>

r
j=1
7 1
= Z c;ar (&, eH
Jj=1 I=1
k
:§: (&) +q(€) - a(€ - e
k

2: q(€) — q(¢ — &))ea,

thus ¢ is a negative definite function and obviously continuous. O

Example 2.29. Let [ : R® — R be a linear functional and define (&) = il(£).
Then the function v is a continuous negative definite function. Moreover, whenever
WY€) =il(€), | : R* — R, is a continuous negative definite function, then | must be

linear.

Proof For k € Nand €!,...,€6% € R" it follows that
P(E) +9p(€) - (g - &)
= il(&) +il(&) —il(¢ — &)
=i () - ueH - ug - ¢)
=0

Since any linear functional on R™ is of the form ((§) = h - £ with some h € R", it

follows that for any h € R™ the function £ — ih - € belongs to CN(R™).

To proof the second statement assume that ¥(€) = (£), | : R® — R, is a
continuous negative definite function. Then the function ¢;(¢) = e WO t>0,is

positive definite and |¢:(£)| = 1. Therefore, by (2.17) we have

GHUEHT) = th(E+n) _ o= tB(E) g th(n) o= itlE) pith(n) — Hit(E)+L(n))
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and for £ € N it follows that
(e—it%z(g))k = itlE o) (e”“’(%)>k,

implying that [ is additive and I(F€) = ZI(£) for all € Q. The continuity of

implies now that [ must be a linear functional on R™. O

Example 2.30. Since for h € R™ the function £ — e~ is positive definite and
e =1, it follows from Corollary 2.25 that £ — (1 — e™**¢) is a continuous negative
definite function tmplying that € — (1 — cos(h - €)) is an element in CN(R™) too.

ForheR, h <0, and t < 0 let us consider on R the measures

oo

_ tF
He = Ze tljc-!efhk-

k=0

Taking the Fourier transform of yu; we get

. — _tF,
M) =Y e tyfhk

k=0

00 1k ‘
=3 e—tﬁ(%)'l/z(&?hk» ety
k=0 ’

L1jp e B
= (2m) 1/2¢ t;ﬂe kh¢
=0

= (27.‘.)—1/26——t f: (_t__f;héz

!
e~ K

— (27T)—1/26—t(1—e""15)’

implying that £ — 1—e™™ is a continuous negative definite function and that (i:)¢<o

s a continuous semigroup on R, called the Poisson semigroup.

We want to give further examples of continuous negative definite functions, com-

pare [20]:

Example 2.31. Generalized Hyperbolic Distributions
The density of Xy of a generalized hyperbolic process is given by

Por(z; Mo, 8,6, 1) = a(A, 0, 8,6) (6° + (z — ﬂ)z)%z K, 1 (a\/ 02+ (z — M)2) Ptk
(2.24)
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where the normalizing constant is
(a2 — B2)V/?
2mar 260Ky, (5\/a2 — 772> .

We gives the negative definite function fora > 0,0 < |f| <o, p € R, § > 0 and
AER,

¢(£)=—i§< BEK n(dya? - ﬂz) / (€€ —1— iz €) g(z)dz  (2.26)

a(\a,B,68) = (2.25)

Ky(6y/a? — %)

where

Bz )
)= o~ V2] 1 o |
g( ) |;L'I (A ( )7r2y(.]|2>‘|(5\/__) |,\|(5\/—))dy+ A XA;O)' (2 27)

Example 2.32. Hyperbolic Distributions
If we set A =1 in the generalized hyperbolic model then we get the hyperbolic model,
X1 has the density

Py(z) = Vo -5 emOV P+ (E=p)P B tu) (2.28)
200K, (5\/052 — ﬁZ)

We give the negative definite function for @ >0, 0< |8 < a, p € R and § > 0,

. ,35 Ki11(6y/0? = B?) iz .
Y(§) = —i€ ( 7 ( gm ) / (e —1—iz- &) g(z)dz, (2.29)

where
o) = T ( [V 1 dye=). (230
[EIRY: m2y(J3(6v/2y) + Y7 (6v/2y))
Example 2.33. Normal Inverse Gausstian Distributions
We get this class of distributions by setting A = % in the generalized hyperbolic
distribution. The density of X; is given by
o (aét 1+ (=) )
Pa,b,u;d(-’r) 5t\/a7—b§+br ut) . (231)
vis
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In [1] O. Barndorff-Nielsen gives its Lévy density as
da .. Ki(a|x
VNIG’(x) — __ebz 1( | |)
m |z|
The diffusion component is 0 and the drift is given by
20a !
i = -+ 228 / sinh(bz) K1 (ale|)da.
0
The negative definite function is given by

Y() = ip€ +5(v/a? — (b+1€) = /g? — b?)

for0< bl <a,d>0andmeR.

Example 2.34. Variance Gamma Process

The Lévy density can be calculated as

(J‘%MI, >0,
kyg(z) =

where C = %,

4 2 2

and
_ 021/2+621/ v
- 4 2 2

The negative definite function is given by
2
Y€)= 3 In(1 - ibwg + S0,

for8>20,0>20andv > 0.

Example 2.35. Carr-Geman-Madan-Yor process
The Lévy density has the following form:

ce—M:c
v, >0
kVG(-T) — { i+ ] ]

Ce—GClzl
W_, < 0,

The negative definite function is given by

Y€ — CT(=Y){(M —i&)” - MY + (G +i)" -G},

forC>0, M>20,YisnotinZ, G20 andY < 2.
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Example 2.36. Truncated Lévy Process
This process is directly constructed using a negative definite function. Including the

cases v = 0,1 the negative definite function is given by:

c(ln()\i'iﬁ)—ln A) lf v=0

Yy, A c) = ~Femm (A — (A £ 1)), ifve(0,1)u(l,2), (2.39)
—£((A i) In(A£if) —Aln)), fv=1,
where ¢ > 0, A > 0. The negative definite function is given by

ca

cos(ra/2) ((€% + A%)*/% cos(a arctan(€/X)) — A*), (2.40)

¥(€) =

forO<A<2,¢>0and A >0.

Example 2.37. Meixner Process

The density of X, is given by

(2c05(8))** sezm i(z = mt)\ [
Plabm,s)(T) = Efm—r‘(z_z—s—tj-e « I'|st+ Y (2.41)
The Lévy measure is
bx
€a
dz) = s———m=dy —m, 2.42
v{de) S:csinh(’%a) y—m (2.42)
the drift is
b * sinh(%)
M\ feizner = —aS tan 5 + 25 1 W_}—)dy -m (2.43)

and there is no diffusion component. The negative definite function is given by

—1b

W(€) = —ilé + 2r (m cosh(Z = _ 1y cos(%))) , (2.44)

fora>0, - r<b<m,r>0andleR.

Example 2.38. Real meixner process
The density of the transition probability of the real Meizner process is for b = 0 given
by
2
pe(z) = m ‘1‘ (st+i2 )| (2.45)
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and for (b # 0) by

cos®t (2) 4%t S st(st+1)-...-(st+k~1)
2m)2I'(2st)a? ps k!

x sin (g) P?;k) _: r (st +i® — ”))

The negative definite function is given by

% (CE) = (
(2.46)

2 lI‘ (k+iz—)‘2du.

Y() = YRrem(§) == Re Y(§) = —2s lncos(g) + sln(cosh2(%§) - sin2(-l2)-)), (2.47)

fora>0, —m<b<mands>0.

Note we want to discuss by the Lévy-Khinchin formula for continuous negative
definite function. The Lévy-Khinchin formula says that every continuous negative

definite function % : R® — C has the representation

o) (1 —e 13 |$|2> EE p(dz) (2.48)

w(s)=c+z'(d-s>+q(s>+/

R

with a non-negative constant ¢ > 0, a vector d € R™, a symmetric positive semidef-
inite quadratic form ¢, and a finite Borel measure p on R™\{0}. The function v
is uniquely determined by (c,d, ¢, ) and any such quadruple defines via (2.48) a
continuous negative definite function. An analytic proof is given by N. Jacob and

R.L. Schilling [21] or [18].

First, we introduce an important definition of the Lévy measure:

Definition 2.39. Let p be the measure in the Lévy-Khinchin representation of the

continuous negative definite function ¢ : R® — C. The measure

v(dz) = Hf ® dz) (2.49)

defined on B(R™\{0}) is called the Lévy measure associated with 1.

Let ¢ : R® — R be a real-valued continuous negative definite function and denote

by v its Lévy measure. It follows that

2
/ 2] v(dz) < o0,
R

n\ {0} 1+ 'CL‘I2
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and 1 has the representation

B(E) =ctale) + /R (L e ). (2.50)

The following theorem is due to W. Hoh [14]:

Theorem 2.40. Let ¢ : R® — R be a continuous negative definite function with
Lévy-Khinchin representation (2.50). Suppose that for 2 < | < m all absolute

moments of the Lévy measure v exist, t.e.
M, :=/ le|iv(dz) < 00, 2 <1< m. (2.51)
R™\{0}

Then, ¢ is of class C™(R"), and for o € N}, a < m, we have the estimate

¢(£)’ a = 0)
08| < cal - § ¥YV2(E), lal =1, (2.52)
1, la| > 2.

with cg = 1, ¢; = (2M3)Y2 +2M\2, ¢y = My +2) and ¢, = M}, 3 <1 < m , where )

is the mazimal eigenvalue of the quadratic form q in (2.52).

Now Bernstein functions and subordination are investigated.

Definition 2.41. A function f € C*((0,00)) is called a Bernstein function if

k—1dkf(x)
dzk

f=20and (-1) 20 (2.53)

holds for all k € N.
Definition 2.42. A function f : (0,00) — R is a completely monotone func-
tion if f is of class C*™ and

(=D)"f™(A) 20 for alln € NU{0} and A > 0. (2.54)
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Thus, we easily see a Bernstein function is positive, increasing and concave.
Furthermore, the set of all Bernstein functions forms a convex cone containing the
positive constants. And a function f is a Bernstein function if and only if, f’ is a

completely monotone function.

Proposition 2.43. For a function f : (0,00) — R the following two assertions are

equivalent:

1. f 1is a Bernstein function;

2. f 20 and for allt > 0 the functioh exp(—tf) is completely monotone.

Theorem 2.44. Let f be a Bernstein function. Then there exists constants a,b > 0

and measure p on (0,00) verifying

> g
ds), 2.55
| a0 (2.55)
such that
f(:z:)=a+bx+/ (1—e*)u(ds), > 0. (2.56)
0+

The triple (a,b, u) is uniquely determined by f. Conversely, given a,b > 0 and a
measure p on(0,00) satisfying (2.55), the (2.56) defines a Bernstein function.

Corollary 2.45. The convez cone of Bernstein functions is closed under pointwise

convergence.

Next we want to study Bernstein functions with convolution semigroups of mea-

sures.

Definition 2.46. Let (:);>0 be a convolution semigroup of measures on R. It is

said to be supported by [0, 00) if supp n; C [0,00) for allt > 0.
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Theorem 2.47. Let f : (0,00) — R be a Bernstein function. Then there exists a

unique convolution semigroup (n:)izo supported by [0,00) such that
L(n)(z) =e!@® 2 >0 andt >0, (2.57)

holds. Conversely, for any convolution semigroup (n:)i>0 supported by [0, 00) there

exists a unique Bernstein function f such that (2.57) holds.

Remark 2.48. Since (2.55) holds in the half-plane Re z > 0 we have
([0, 00]) = L(n,)(0) = ™, £ > 0. (2.58)

Thus n; is a probability measure if and only if f(0) = 0. Further note that the con-
tinuous negative definite function associated with the convolution semigroup (n:)t>o
is gwven by u — f(iy). In particular, this means that for any Bernstein function f
the function &€ — (&) := f(i€) is negative definite and continuous. Form (2.56) we
find the Lévy-Khinchin representation of v to be

BE) =atbE+ / (1 e (), (2.59)

0+

where p is the measure from (2.55).

Let (ut):>0 be a convolution semigroup on R™ with associated continuous negative
definite function ¥. Further, let f be a Bernstein function with associated semigroup
(mt)iz0 supported on [0,00). For f we have the representation (2.56), and since
Re ¢ > 0 we may consider the function f o 1:

0
(Fou)©) = a+bw(e)+ [ (1 - ¥ Outas). (260)
The function & — e™*¥®) is positive definite, hence ¢ — 1 — =¥ is negative

definite by Corollary 2.25, imply the f o % is negative definite.

Lemma 2.49. For any Bernstein function f and continuous negative definite func-

tion ¥ : R® — C, the function f o is also continuous and negative definite.
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Proposition 2.50. Let v € CN(R") be a continuous negative definite function
with associated convolution semigroup (ut)iso on R™. Further let f be a Bernstein
function with associated semigroup (m:)izo Supported on [0,00). The convolution

semigroup ((1uf)is0) on R™ associated with the continuous negative definite function

f o is given by

[ bl = [ [ s@uldnmias. o curr). 26

Remark 2.51. Instead of (2.61) we shall write

ul = / pste(ds) vaguely. (2.62)
0

Definition 2.52. In the situation of Proposition 2.50 we call the convolution semi-
group (,utf)t>0) the semigroup subordinate (in the sense of Bochner) to ()10

with respect to (M:)t>o0-

Theorem 2.53. Let f be a function defined on the half-plane Re z > 0 such that
for alln € N and any v € CN(R™) the function f o belongs to CN(R") too. Then

f is a Bernstein function.

Let the function £ — |€]? is an element of CN(R™) for any n € N. Therefore, for
any Bernstein function f the function & — f(|¢|?) is a radial symmetric continuous

negative definite function.

Theorem 2.54. If for alln € N the function & — f(|€|?) is an element in CN(R"),

then f is a Bernstein function.
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Lemma 2.55. 1. For every Bernstein function f we have

f's 1
f_(SS < ; fO'I" s> 0. (263)

2. For every Bernstein function f and all ¢ > 1 it follows that

~1(5) < f(e9) < ef (). (2:6)

3. If f is a complete Bernstein function, then

FE(S)] k41
G | S 870 (2.65)

holds for all k € N.

4. For the derivatives of any Bernstein function we have

!
|F®(s)] < %f(s), s> 0 and k € No. (2.66)

Corollary 2.56. Let f and g be two Bernstein functions. Then f o g is also a

Bernstein function.

We could relate the continuous negative definite function to fractional derivatives.
Let 0 < a < 1 be fixed. The function £ > (£i£)* are continuous negative definite

functions. On S(R) or C§°(R), we consider the operators
u s (2m)7? / '8 (£i€)*a(€)dE. (2.67)
R
Compare [22], for u € S(R), these operators can be rewritten by

D% u(z) : = (2m)"2 /R £ (1€)a(€)dé

_ 1 d [ uy)

BEDLE /_m @y (2.68)
o [®u(n)—ulz—y)

‘m—a>/o e W
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and

D® qu(z) : = / £ (—i )0 (€)d

_ 1 d [* u)
T TTi-o& /x = x)ady (2.69)
__a /°° u(z) —u(z + y)dy.
IFl1-a)Jo yite
Now, Let (B, ] - ||) be a real or complex Banach space. We want to introduce

the definition of operator semigroup:

Definition 2.57. A one parameter family (T;):>o0 of bounded linear operators Ty :
B — B is called a (one parameter) semigroup of operator, if Ty = id and

Ts o Ty = Tsyy hold for all s,t > 0.

B. We define the strongly continuous semigroup (1i);>o for allu € B if

lim || Tu — ulls = 0. (2.70)

C.And we call the semigroup (T;):>0 a contraction semigroup, if for allt > 0
1Tl < 1 (2.71)

holds, i.e. if each of the operators T, is a contraction.

Definition 2.58. Let (T;):»0 be a strongly continuous semigroup of operators on a

Banach space (B, || - ||). The generator A of (T;)i>o is defined by

Ty —
Au = lim 7Y (strong limit) (2.72)
with domain
. Tu—u o
D(A) :=<¢ueB| Prra ; exists as strong limit 3 . (2.73)
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Proposition 2.59. For each strongly continuous semigroup (Ti)i>o on B there exists
a closed operator A with domain D(A), dense in (B, | - ||g), which is the generator
of (T})t0. For each t = 0 the operator T, maps D(A) into itself. Conversely, if
(A, D(A)) is the operator of a strongly continuous semigroup on B, the A is a closed

operator and D(A) is dense in B.

Definition 2.60. A family (R,),>0 of bounded operators on a Banach space B
is called a strongly continuous contraction resolvent if R, — Ry = (A —
p)RLRy for all X\, > 0, and if the operators uR,, are contractions on B such that
lim, o ||uR.f — fllg =0 for each f € B.

Proposition 2.61. A. For a strongly continuous contraction resolvent (R,),>o there
exists a unique linear operator (A, D(A)) on B, densely defined and closed, such that
R,=(u—A)"" forallp>0.

B. Let (Ti)i»0 be a strongly continuous contraction semigroup on B, with generator

(A, D(A)), and for p >0 let RY := (u— A)~'. Then
Rif= [ e (2.74)
0

for all u > 0 and f € B. In particular, the family (R;‘),Do s a strongly continuous

contraction resolvent.

Proposition 2.62. Let (A, D(A)) be the generator of the strongly continuous semi-
group (T})eso0 on B and let Dy C D(A) be a dense subspace of B. If T, maps Dy into
itself for each t > 0 then Dy is a core for A.

Proposition 2.63. Let (A, D(A)) be the generator of the strongly continuous semi-
group (Ti)i>0 on B and let Dy be a core for A. If B is an operator with domain Dy
“such that A|p, = B, then the closure B of B generates the same semigroup (T})>o,

and B = A.
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Definition 2.64. A. A strongly continuous contractions semigroup (T):»0 on Coo(G)
is called a Feller semigroup if each operator Ty, t > 0, is positive, that is, if
Tif 20 for any f € Coo(G) with f > 0. It is called a strong Feller semigroup
if each operator T;, t > 0, can be extended to an operator which maps B,(G) into
Cwo(G).

B. An operator A defined on a set D C Coo(G) is said to satisfy the positive mazx-
tmum principle on D if for all u € D for which there exists xo € G such that

u(xp) = supgeq u(X) 2 0 follows Alu](zo) < 0.

The importance of the positive maximum principle for Feller semigroups is Hille-

Yosida-Ray Theorem, compare [18]:

Theorem 2.65. (Hille-Yosida-Ray Theorem) Let a linear operator (A, D(A))
be on C(G). The operator is closable and its closure of A generates a Feller
semigroup on Cuo(G) if and only if the following three conditions hold

1. D(A) is dense in (Coo(G), || - llooc);

2. A satisfies the positive mazimum principle on D(A);

3. The range of (A — A) is dense in (Coo(G), || - lco,g) for some A > 0.

Let (T}):>0 be a Cp-semigroup on the Banach space B and let (u;):>0 be a vaguely
continuous convolution semigroup of sub-probability measures on [0, c0) with cor-

responding Bernstein function f. Then the Bochner integral

T u:= / Tsup(ds), t 20, (2.75)
(0,00)

defines again a Cy-contraction semigroup on the Banach space B. We give the

definition of subordinate semigroup

Definition 2.66. Let (T;)i»0 be a Co-semigroup on the Banach space B and let
(t)iz0 be a vaguely continuous convolution semigroup of sub-probability measures
on [0,00) with corresponding Bernstein function f. Then the semigroup (’th)tgo
defined by (2.75) is called subordinate semigroup (in the sense of Bochner) to

the semigroup (T})i»0 with respect to the Bernstein function f.
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Definition 2.67. For o € (0,1) the family (04(-,t))>0 of density functions on
(0,00) is defined via the identity

/ e Vo,(y, t)dy = e ", Re z > 0. (2.76)
0

The function o(-,t), t > 0, are called Lévy stable density functions, see Butzer
and Berens [4], and the family (7{*));50 of measures, with 7\ (dy) = 04(y, t)dy, is
called one-sided stable semigroup of order «, see Berg and Forst [3]. In particular,
for a = % there exists an explicit expression for o,(:,t), we have for y,t > 0

1 t?
o1(y,t) = —=y 3 ?texp(——), 2.77
1y, ¢) 7Y p( 4y) (2.77)

Theorem 2.68. Let a € (0,1). We have

1. The function o4(-,t), t > 0, on (0,00) are non-negative and integrable with

| oalwtiay =1, (2.78)
0
for allt > 0.
2. For each § > 0 it is
lim oa(y,t)dy = 0. (2.79)
t—0 5

3. For s,t >0 and y > 0 it holds
Yy
a5 +8) = [ oaly = 11, 9)0uv0, ). (2.80)
0
Now let (73):>0 be a strongly continuous contraction semigroup on a Banach
space B, and for a € (0,1) define the operators T* on B, for t > 0 and u € B,
Tou = / (Tsu)a(s, t)ds, (2.81)
0

i.e. as a subordinated semigroup. It can be shown that (T);so is a strongly con-

tinuous contraction semigroup, and its generator A, is the fractional power of the
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generator A of (T;)r>o, compare [47],i.e. A, = —(—A)*, where the fractional power

(—A)* is given by

(—A)ey = Snlom) / T A= AN —Au)dd, u e D(A),  (2.82)
(~A)u =~ 1“_ 3 /0 ” Tt;f; “dt, u € D(A). (2.83)

The resolvent of A, is given by a formula due to Kato [23], [24], see also Yoshida
[47],

sm a7r) e §
(=A™ ./ w? + 2uX cos(am) + N2« (A — A)" udA (2.84)

for u € B and p > 0. Compare Komatsu [27] we find the expression

1 ® (sin(an) /°° _at A% ) Toud
— = t (2.
U /0 ( m o ¢ u? + 2ud cos(am) + A2 wudt (285

With the help of the Mittag-Leffler function which is introduced in next chapter,

expressions for the resolvent for the Green’s functions of the fractional derivatives
of order a € (0, 1) are found by Berens and Westphal [2], Gorenflo and Mainardi [7],
or Podlubny [34]. These Mittag-Leffler functions are defined for x> 0 and y > 0 by

a k
Z T (ak +)1) (2:86)

We mention that the functions e,(-, u) are differentiable on (0,00), and that for

their derivatives one has

E, (—uy®)  sin(am) [ A A
a, = - dA, O, 287
—p m /0 ¢ w2 + 2ul® cos(am) + A2 ¥ (287)

so that (2.85) is

a,l (—/“Lta)

(4= A u = /Ooo(nu)E — (2.88)

Then, we also will need

Theorem 2.69. (Banach’s fized point theorem) Let a operator A: B — B be a
strict contraction on the Banach space (B, || - ||s). Then there ezists exactly on fized
point zy of A, i.e. Azg = zy. Moreover, for every x; € B the sequence (A*z))ken

converges to xy.
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The Minkowski's inequality is studied by G.H. Hardy et al. [12]. In our paper, for
the case of LP spaces, we need the Minkowski’s integral inequality form as, compare

E.M. Stein [42],

Theorem 2.70. Minkowski’s integral inequality Let ¢ € R™, y € R™ and

F :R™ x R™ — R is measurable. Then for p > 1 Minkowski’s integral inequality is

(/m pd@) " S / (/m IF(w,y)l”dy) ]/pd:c (2.89)

where equality holds only if

/n F(z,y)dz

F(z,y) = ¢(x)¢(y).

Here we study the Burkholder-Davis-Gundy inequality, compare X.R. Mao [29],

Theorem 2.71. Burkholder-Davis-Gundy inequality Let f € L*(R,; R™™).
Define, fort > 0, ,
o) = [ 1(:)aB(s)
and t
AW = [ 1ts)as.
Then for every p > 0, there exist universal positive constants c,, Cp (only depending

on p), such that

SEIAQP? <E (sup eIP) < GEIAQPP (290)

5%

for allt > 0. In particular, one may take

32\"/*
o=(2), cp=(?) , ifo<p<2
cp =1, Cp, =4, ifp=2
~ PP p/2 A
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Chapter 3

Mittag-Leffler Function

In this chapter, we want to discuss the Mittag-Lefller functions, which play an
important roles in various applications of the fractional calculus. More detailed
information may be found in the books by A. Erdélyi et al. [6, Vol. 3, Section
18.1], A. Kilbas et al. [26, Section 1.8 to 1.10], F. Mainardi [28, Appendix E] or I.
Podlubny [34, Section 1.2].

The one parameter Mittag-Leffler function E,(z) with o > 0 is defined by the
following series representation, convergent in the whole complex plane,

n

had z
EQ(Z) = nz=0 m, a>0,z¢€ C, (31)

so E,(z) is an entire function. In the limit for & — 0% the analyticity in the whole

complex plane is lost since

00 . 1
Eo(Z) = ZZ = :, |Z| < 1. (32)

n=0

In particular, when a = 1 and a = 2, we have
Ei(z) =¢ (3.3)

and

E3(2) = cosh(v/z). (3.4)
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When a = n, n € N and X € C, the following differentiation formulas hold for
the function E,(Az"):

(%)n Eu(A2") = AE,(A2"), (3.5)

& ln @)@ o

When o = 1/n and n € N\ {1}, the function E;,(z) has the following repre-

z n-l g1
E]/n(z) = e [1 + nA e t" (Z ka/n)) dt] . (37)

k=1

and

sentation:

In particular, for n = 2, we have

Eyjo(2) = € [1 + \/%? /O ) e”dt] , (3.8)

s

which yields the asymptotic estimate for |2 — oo and |arg(z)| < %,
Eyjo(2) ~ 2¢%°. (3.9)

Before we continue to discuss the asymptotic properties of the Mittag-Leffler

function, we want to give an integral representation for « > 0 and z € C

a—1leS
Eal) = — / S (3.10)

T 27 Jya €2 — 2

where the path of integration Ha (the Hankel path) is a loop which starts and ends at
—oo0 and encircles the circular disk |¢| < |z|'/* in the positive sense: —7 < arg{ < 7

on Ha, as Figure 3.1.

The integrand in (3.10) has a branch-point at { = 0. The complex (-plane is
cut along the negative real axis, and in the cut plane the integrand is single-valued:
the principal branch of {* is taken in the cut plane. The integrand has poles at the
point ¢, = 21/®e?™™/* where m is an integer, but only those of the poles lie in the
cut plane for which —an < arg z+ 27m < am. Thus, the number of the poles inside

Ha is either [a] or [a + 1], according to the value of arg z.

Here, we want to study some results taken from [6].
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Figure 3.1: The Hankel contour Ha

For the case 0 < a < 2 we have for |z] — oo,

E,(z) ~ —exp (zY/%) E I‘ , |arg z| < an/2,
and
% -k
z
E.(2) ~ — ,?:1 T ak) ar/2 < argz < 2w — an /2.

For the case a > 2 we have for |z| — oo,

-k

1 a 2mm/a 1 = Z
Equ(z) ~ o ZGXP(ZI/ e?mm/ )aexp(zl/a) - Z m,
m k=1

(3.11)

(3.12)

(3.13)

where arg z can assume any value between —7 and +7 inclusive, and m takes all

integer values such that

—am/2 < argz + 2mm < an/2.

From the asymptotic properties (3.11), (3.12) and (3.13), and the definition of

the order of an entire function, we infer that the Mittag-Leffler function is an entire

function of order p = 1/a.

A relevant property of the classical Mittag-Lefler function is its complete mono-

tonicity on the negative real axis, when its parameter « is less or equal 1. We write |
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for z > 0,

E,(—z) complete monotone iff 0 < a < 1.

This property, formerly conjectured by Feller using probabilistic methods, was
rigorously proven in [35] by H. Polland based on the S. Bochner theorem, which
provides a sufficient and necessary condition for the complete monotonicity. In

other words, when 0 < a < 1 for z € RY, a representation of F,(—z) is given by
E.(—z) =/ e “*Py(u)du, P,(u) 2 0. (3.14)
0

Here P,(u) is a transcendent entire function with series representation

X 1\n-1
P,(u) = % Z_:l ( :2! sin(ran)T(an + 1)u™!,

whose non-negativity was proven by H. Pollard.

Denoting this inverse Laplace transform by £~ P,(u), it turns out that

-1-1/«
Pa(u) = = E—IPa(u—l/a),
!
with
_ 1 (1) I(an +1)
1 _ _: itlan+1)
L7 P,(u) = W,?:O n! sin(man) el

A straightforward generalization of the Mittag-Lefler function is obtained by
replacing the additive constant 1 in the argument of the Gamma function in (3.1)
by an arbitrary complex parameter [, i.e. E,(2). This was first considered by A.

Wiman in 1905, see [36]. thus the function E, g(z) it is defined by

Eap(z) = EZ:O W%F) (3.15)

where Re(a) > 0 and 3,z € C. Of course, for 8 =1, E,1(2) = Eu(2).

As particular cases, when o = 1, we have

Z—1
Eya(z) = =, (3.16)

z

M - (317)




ef—-1-2z

E1,3(z) = 22 H (318)

and .
1 g
El,m(Z) = zm_l (e - 24 ﬁ) . (319)
When a = 8 = 2, we have
inh

Eyo(+2%) = sz(z), (3.20)
and

Eyy(—2%) = sz(z). (3.21)

Like the Mittag-Leffler function E,(2), E,ps(z) is an entire function. We list some
general functional relations for the Mittag-Leffler function (3.15) recursive, which

involve both the two parameters o and £, see [6],

1
Eap(2) = m + 2B a1p(2) (3.22)
and
Fup(2) = fEapin(2) + a7 Bopun(2). (3.23)

Further E, 5 satisfies the following differentiation formulas for n € N and A € C,

4 PE, 5(02%)] = 227 E, s_n(A2%), (3.24
dz 8

It may be directly proved that the usual derivatives of E, s(z) can be expressed by

and

d

— | [Eap(2)] = nlE™EL  (2), for n €N, 3.26)
dz B a,f+an

where E7 5(z) is generalized Mittag-LefHler functions (3.36), see [26, Section 1.9,
p45]. In particular, we have

(%) [Ea(z)] = nlELY L 0n(2), forn € N (3.27)
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When o = 1/n and n € N, the function E;/, g(2) has a representation general-
izing (3.7):

tﬁn—k—]

Bijnalz) = 207" [z‘(’lumne_ng””"’(z‘)) wnf e (Z - [k/nl)> }
(3.28)

for any 2z € C\ {0}.

The two parameter Mittag-Leffler function E,s(z) also has the integral repre-
sentation for o, 3 > 0 and z € C

1 Ca-ﬁec
Q_M Ha Ca -z

Eop(z) =

dc, (3.29)
where the path of integration Ha is the again the Hankel path considered in (3.10)
for the one parameter Mittag-Leffler function.

The representation (3.29) can be used to obtain the asymptotic behavior of

E4 (%) as z — oo. These properties can be summarized as follows.

For the case 0 < @ < 2 as |z] — oo we have

1 o = z7k
Eap(z) ~ — exp(z'/*) = ) G ab) |arg 2| < an/2 (3.30)
k=1
and
o —k
z
— _— - . .31
;F(ﬂ_ak),aﬂ/2<argz<27r am /2 (3.31)

For the case a > 2 as |z| — co we have

2k

1 E : ap Tim a §°°:
Ea .3( ) ~ _(; exp( Heg? / F ,6 ak) (332)
k=1

m
where arg z can assume any value between —7 and +7 inclusive and m takes all

integer value such that
—ar/2 < arg z + 2mm < an/2. (3.33)

We note that the additional parameter # has no influence on the fact of being an
entire function, so E, g(z), the two parameters Mittag-LefHler function, is again an

entire function.
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Another important property of the two parameters Mittag-Leffler function is the

complete monotone on the negative real axis. For z > 0, we have

O<a<l,
Eq4 3(—z) complete monotone iff (3.34)

B2 a.
We quote that for each 0 < @ < 2 and # > 0 there exists a constant C' > 0 so
that

|Eap(2)] € o0 Re 2 < 0. (3.35)

Now, we introduce the generalized Mittag-Lefller function defined for z € C,

a,f,p € C, and R(a) > 0 by

% k
Ef 5(2) = ; W(kp)ﬁ——z;m’ (3.36)

where (p)x is the Pochhammer symbol, compare [25] and [37]. In particular, when

p =1, it coincides with the Mittag-Lefler function (3.15), i.e.

Ef 5(2) = Eap(2). (3.37)

For the generalized Mittag-LefHer function the following differentiation formulas

holdforne Nand A € C

(£) (B2 = (B2 539
and
(i> [°71Ef g(A2®)] = 27T EL 5\ (A2%), (3.39)

dz

The followihg formula also holds for the Laplace transform of the function

tP=1E? 5(At*), we have

LI EL J(M)](s) = (3.40)

RV
where Re s >0, Re >0, A € C and |As*| < 1.

Next, we want to discuss some functions of the Mittag-Lefller type. First, we

consider a function defined by

z— Ey,(Az%), (3.41)
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for z € C\ {0} and a, A € C. The following differentiation formulas hold for this

function with respect to z:

8 n
() 1500 = " Baroa(02%), (3.42)
and with respect to A:
0 " a {,an pn+l fo
3_/\ [Ea(’\z )] =nz Ea,an+l(/\z )7 (343)

for n € N.

Putting p = f = 1 in (3.40), we obtain the Laplace transform of the function
(3.41) for Re s > 0, A€ C and |As7?| < 1

a-1
N s
LIEL(Mt*)](s) = promy (3.44)
Differentiating (3.44) n times with respect A leads to, for n € N to
wn [ O\ N nlse!
[:[t (5) Ea()\t )}(S) = (s—a—:—)\w (345)

Now we consider a more general function defined for z € C\ {0}, a,5,A € C
and Re a > 0 by
PIE, s(A\2%). (3.46)

The following relations hold for n € N

AYTE a —-n— o
(5) [ZB 'Eap(A2®)] = 2 ' Eap-n(X2%), (3.47)
and
2\" - o an+B8-1n a
(E’ﬁ) (2P Eqp(A2%)] = nlz® TP ETEL L (X2%). (3.48)

By using Laplace transform with respect to t forn € N, Re s > 0, A € C and

|As™®| < 1, we have

g8
L[tP1E, s(M)](s) = = (3.49)
and 5
n | O—
L[ten+6-1 (%) Eas(M)](s) = (—SC%)H (3.50)
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Now we consider the special case of the function (3.46) when [ = «. This special

function called a-Exponential function is defined by
2*E, o(\2%) (3.51)

where z € C\ {0}, Re @ > 0 and A € C. Relations (3.47) to (3.50) yield the

corresponding formulas for the function in (3.51) as follows:

(%) [Za—lEa,a()\za)] = za—n—lana_n()\za), (3.52)
and
o\t a o a
(5> [2* lEa_a(/\z )] = plz(®*tD lEa,*(‘;H)a(/\z ). (3.53)

By using the Laplace transform with respect to ¢t forn € N, Re s > 0, A € C and

[As™| < 1, we have

1
Lt E, o(MN)(s) = Y (3.54)
and

£1( L) Baalieo(s) = (3.55)

o\ w T (sx = At '
For a € (0,1), t > 0 and z > 0, this special function E, ,(—At%) can be written an

sin(am) 1_o [ _u z®

O\ — a z dz. .56
Baa =A%) ™ g /0 ¢ (A + z* cos(am))? + z2«sin(a) z. (356)
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Chapter 4

Fractional Differential Equation

In this chapter, we want to investigate the fractional calculus, including the
fractional integration and fractional differentiation, compare F. Mainardi [28], I.
Podlubny [34] or S. Samko, et al. [38]. The proofs are based on the properties of

the two Eulerian integrals, i.e. the Gamma function for Re z > 0
I'(z) = / e “u*"!du, (4.1)
0
and the Beta function for Re p > 0, Re ¢ > 0

1
B(p,q): = / (1w ut™ du
0

_ T
I'lp+aq)

(4.2)

By noting I'(n) = (n — 1)! and letting a be an arbitrary positive real number,

we find the definition of the Riemann-Liouville fractional integral of the order o > 0

for f(t):

1 t
I = — 1) f(r)d R* 4.
N0 F(a)/o(t P91 f(r)dr, t> 0, a € R, (4.3)
where R* is the sét of positive real numbers. When o = 0, we define oI = |

(Identity operator), i.e.
ol f(t) = [(2).

Denoting by o the composition between operators, we note the semigroup property
a B _ jotB
0‘[1 0 OIt - OIt ) a)ﬂ P 07 (44)
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and their commutative property
oI o oIf =oIf 0oI2.

We also note the effect of our operators ¢I;* on the power functions

I'(y+1)
oIt = ——1 T~/ _yrie 45
F'v+1+0a) (4:5)

wherea > 0,v>2 —1and t > 0.

After the notion of fractional integral, we shall pay attention on the fractional
differentiation. First, we observe that with order n € N the local operator of the
standard derivative for a given ¢, D} := dtn is merely the left inverse of the non-local
operator of the n-fold integral ,I}*, having as a starting point any finite a < t. Taking
a = 0, we define similarly (Df as left-inverse to o/ for a > 0. Now, let the positive
integer m € N such that m — 1 < a < m, and we define the Riemann-Liouville

fractional derivative of order o > 0:
oD f(t) =D oo™ f(t), m~—1<a<m, (4.6)

namely

r—_‘—dtm o(t )" f(r)dr, m—1<a<m,
oDEf(t) == (4.7)
dtm f(t) o =m,

By using the semigroup property (4.4), we find

oDf ool =D ool]" ool =D opl]" =1. (4.8)
Furthermore we obtain
I(y+1)
Doty = T pvta 4.9
0 T(y+1+a) (4.9)

where « > 0,v> —1and t > 0.

In the case « is not integer, the fractional derivative (D f(t) is not zero for the
constant function f(t) = 1. In fact, (4.9) with v = 0 gives

t-—C!
a1 4.1
ODtl_I‘(l' ok fora 20, t>0, (4.10)
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which identically vanishes for a € N, due to the poles of the Gamma function in the

points 0, —1,—2,...

By interchanging in (4.6) the processes of the differentiation and integration we
are led to the so-called Caputo fractional derivative (denote by §Df*) of order & > 0
defined as:

0D =" o DI*f(t), m—1<a<m, (4.11)

namely
) Jot =)o (r)dr, m—1<a<m,
oDRf(t) = (4.12)
dtm f(t) a =m,
For non-integer o the definition (4.11) requires the absolute integrability of the

derivative of order m. Whenever we use the operator ;Df we assume that this

condition is met.

In fact, assuming that the exchange of the m-derivative with the integral is
possible, we find the relation between Riemann-Liouville fractional derivative and

Caputo fractional derivative:

m-1 k—a
* Ty o (k) (n+
5D7 f(t) =0 DI (1) k;f (0 )———_a_l) (413)
and therefore, recalling the fractional derivative of the power functions (4.9),
m—1
oD; f(t) =0 D [ A () ] : (4.14)
k=0
In particular for 0 < oo < 1 we have
* (02 Q& t_a Q&
SDE () = oDES () ~ FOY gy = 0P80 = FOT). (419)

In our paper, we shall only focus on the Riemann-Liouville derivative in the

future arguments. Let us recall the Laplace transform

L(f)(z):= /000 e * f(t)dt, z € C.
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Corresponding to [28], the Laplace transform for the Riemann-Liouville derivative

of order « is given as
m—1
L{Dy f(t); s} = s°F(s) — Y _ s *g®(0™), (4.16)
k=0

where g¥)(0%) := lim,_o+ DFg(t) and g(t) := oI;* *f(t). The rule (4.16) requires
initial values concerning an extra function g(t) related to the given f(t) through a
fractional integral. However, when all the limiting values f(®)(0*) for k = 0,1, ...
are finite and the order is not integer, we can obtain that the corresponding g®*)(0%)

vanish so that the formula (4.16) simplifies into

L{oDff(t);s} =sF(s), m—1<a<m. (4.17)

Note the Laplace transform can be expressed in terms of Mittag-Lefller func-
tions. We already discussed in above chapter. Obviously, we are able to apply the
Mittag-Leffler functions to solve to the initial value problem for a non-homogeneous

fractional differential equation, see [34]:
oD u(t) + Av(t) = g(t) (4.18)

and
oDF M u(t) im0 = b, (4.19)

where 0 <a<1,t€[0,T] and T < 0.

Let A,b € R, and let g(t) be a given real function defined on R,. Taking into
account the initial condition (4.19), the Laplace transform of (4.18) with respect to
t yields

s*V(s) + AV (s) = b+ G(s),
or
b G(s)
Vis) = s+ A sx+ A
By using the inverse Laplace transform, the problem (4.18) and (4.19) give the

(4.20)

solution:

v(t) = bt* ' E, o (At%) + /Ot(t — 7)) By o(A(t — 7)) g(T)dT. (4.21)
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Chapter 5

Estimates for Eq o(—%(&)t%)

In this paragraph, we study the function § — E, (-9 (£)t*). In particular
we will discus certain integratility properties depending on properties of ¥. In the
following we assume that ¢ : R — R is a continuous negative definite function of
class C¥, k > 2. In this case, compare [14, p145] or [18, p154] we have, compare
Theorem 2.40,

dfk < Cll/)l/z('f)a k=1, (5~1)
Cy, k> 2.

In addition we assume for some v € (1,2) with Cy > 0 that
Y(E) > Cy(1+ [¢2)" (5.2)

hold for all ¢ € R.

Lemma 5.1. Suppose that the continuous negative definite function ¢ : R — R

satisfies (5.2). For 0 < a < 1 it follows that
Eoa(=9()t*) € L'(R), t >0 (5.3)
and

| Baa (=9 (1)t%)|| 2 < O™ (5.4)
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Proof. Using (5.2) we find for ¢ > 0

1 1
1+t (§) ST7 teCy(1 + |E2)1/2 (5.5)
Now by (3.35) we get
‘/R |Ea,a(_¢(£)ta)|d§
Co
< [
Coa (5.6)
</ 1+ta0¢(1 + €2 )7/2‘1f
C,,,ta/ 1+ |£|7/2)
and since v > 1 it follows Ej(—1(+)t*) € L!(R) and (5.4) holds. 0

Lemma 5.2. Suppose that the continuous negative definite function ¥ : R — R

satisfies (5.1) and (5.2). For 0 < a < 1 it follows that
d? & 1 1

d€2 aa( ’l/)(f)ta) a¢(1+[£l )7/2 (1+ta) (57)
Proof. Using (3.35) we find
d a
&Ea,a(_w(f)t )
= (—¥'()t%) (Ego) (—9(£)t%)
= (—¥'(§)t7) (——I—E (—=(£)t%) - et (—w(e)t“)) o8
- (@ P G [
G

= () Baat(=9(O) = (1 - ) Baa(=$(6)1%)),
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and
d? o
d§2 ana(—’([}(f)t )

- to (UZ Bl w@)t‘*))

(©) R
(aw(o( Baat (—0(E)1%) = (1 - @) Baa(~$(€)t ))
(d ()
dea¢ 3

( Eaaorl + (1= a)Baa(- w(é)t“))

(10” E)d) §) —¢'(€)°
$(€)?
(w' 6) ((

- (L i) -
o ]
+ (28] (Buaeat-wier)

+2(1 = @) Eaam1(=$(6)#) = (1 — 0)* Faa(~$(6)t%)),

(Baa-1(=9(6)%) + (1 — a) Exa (=9 (£)%))

)(Eaal( ) + (1 - 0) Eaa(—9(E)1%))
N (L) (9O + (1 — a)(EL ) (—w(e))))

¥'(€)? > (Baae1(=0(E)t*) + (1 = @) Eq o(—9(6)t*))

i.e. we have
d2
d—f2 aa

V(e N
( aw £>2 )(Ea.a—l(—¢(€)t)+(1 ) Baa(~(€)t%))

+(a%)—) Ega-2(=9(€)1%)

(—w(f)t")

+2(1 = @)Eaa1 (~4(©)t) = (1~ @) Eaa—$(E)t7)).
(5.9)
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Since |E, g(2)| < <28 for Re 2 < 0, a € (0,1) and 3 € R, we find using (5.2) that

14|z|
d2

T3 Enal 0O

(2D bunat-vior)

W () + (2~ 3 (E) :
| (S ) Beenviore)

(o = o?)9"(E)Y(€) + (a — DY'(€)? (£
+( A ) Eaa-(0)®)

1 1
S Cow gy (1 m w(s)ta>
~ 1 1

< Oy )
Cov T T P2 T+ )

which proves the lemma. O

Remark 5.3. The proof of Lemma 5.2 also yields the estimate

d 1 1
—E,a(— ) < C, . 5.10
Corollary 5.4. Suppose that v satisfies (5.2). Then for all t > 0 we have
Eoo(=9()t%) € L'(R) N L*(R), (5.11)

in particular Eq o(—9(-)t*) € LP(R) for all 1 < p < oo.

Proof. By Lemma 5.1 we know that F, o(—v(-)t*) € L'(R) for ¢ > 0. Moreover,

by (3.35) we have
Eaal—0O)| < T3

which yields Eqo(—()t%) € L®(R). O

< Coz,m

Corollary 5.5. Let f € LP(R) for some p, 1 < p < 00. Then f - E,o(—¢()t*) €
LY(R) for t > 0, i.e. the integral

JRGLICIGIE: (512)
s for every t > 0 finite.
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Since under assumption (5.2) we know E, o(—¢(-)t*) € L*(R) the inverse Fourier
transform F~!(E, o(—¢(-)(t — 7)%)) is well defined and belongs to Co(R) for t, 7,
t > 7, being fixed. We claim

Lemma 5.6. If the continuous negative definite function ¢ : R — R satisfies (5.2)
and is of class C? then F7Y(Eyo(—%(-)(t — 7)%)) belongs for 0 < 7 < t to L'(R)
and it holds

h(t,7) = |F 7 (Baa(=¢ ()t =)l < s1(t=7)"" +ma(1+(t~7)*)7". (5.13)

Proof. Since v is even we find with t — 7 = s that

|F (B a(=()s) o
= (2n)7? / { /R €7 Fo o(—(€)5%)de

= n) 7 [ | [ e Bua(-v(s et
wm [ ] et o(-ies)dg
#an) [ [ v

< me 1/2/ (/ 1+5°Cy ?+ €2 )7/2d§>

my 1 [ ‘ [ : ( ) Bnal-0(0)5*)d¢
| 2m)V? / NE (:52 ewﬁ) Faa(—(€)s%)de

For the first integral we find

(2m)° 1/2/ (/ 1+S‘”Co(f+ B )*/2‘15) t

-1/2
7 [ e

1/2
= LI/OB( 1 — _)t-a/’r
vCy"? v’ Y

= F\',lt—a/’y,

dz

dx

dz

dz

dzx

dz.
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where B(q, #) denotes the Euler Beta-function.

Integrating in the inner integrals of the second and third term by parts and
taking the decay of E, o(—%(£)t*) into account, we find using (5.7)

en e [

1 )
[ 5 (39 Baal-vt)ie

-1y 2
rn P [ 5 () Baalovteie

~ had 1 1 1
< el
< C“/1 / (:c T+ EPP 1 ) didz

dz

dx

__ G (1’7_1)
21 +se) 2" 2
= k(1 4+ s%)7L,

which yields eventually
ht, 7) < k1(t = 7) 7 + Kp(1 + (¢ — 7))

forO< <t . O

Corollary 5.7. Let ¢ be as in Lemma 5.6. For v > 1 and a > 0 the function
t = h(t) = 7 F 7 (Baa(—9()t%) |
is integrable on every finite interval [0,T] and we have

/ ' h(r)dr € ——t—et-/7 | B2 e (5.14)
0 Taly-1) a '

Proof. Using Lemma 5.6 we deduce

and since v — 1 — & = —f‘;('y —1)—1> —1and a — 1> —1 the integrability follows.

Moreover we have

/T Fz(s)ds < M pa(y-1/y + 52 e
0 Sa(y-1) a
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Note that (5.14) implies

t
a- 2 2(y-1) | K2pa
su t— 1) ht, 7)dr  ——T~ + =T 5.15
s [ = the i < e (519)
and in particular we have
t
lim ( sup / (t — 7)*7'h(t, T)dT) =0, (5.16)
T—0 0<t<T Jo

which yields that for every d > 0 we can find Tj such that

t
d sup / (t —7)* 'h(t,T)dr < K < 1. (5.17)
0

0<t<To
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Chapter 6

Pseudo-differential Operator with
Negative Definite Symbols and

Calderdéon-Vaillancourt Theorem

In this chapter, we want to investigate pseudo-differential operators with negative
definite symbols and then we prove the Calderé-Vaillancourt theorem. The class
of pseudo-differential operators is determined by Courrége’s results, compare [18],
which characterizes generators of Feller processes

a(z, Dyu(z) = (2r) /2 / ¢ (e, €)a(E)de, (6.1)

n

where we assume that g : R® x R® — C is a locally bounded function such that for

every x € R" the function ¢(z,-) : R® — C is a negative definite and continuous.

Before studying the pseudo-differential operator, we want to introduce briefly a
family of anisotropic Sobolev spaces HY*(R") of functions on R™ associated to the

function 9. We denote the classical Sobolev spaces of order s > 0 with

H*(R™) = {u € L*R") : [|u]

HS(R™) < OO}, (62)

where

1/2
s = ([ 1+ lelaoPae)) ©3)
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and 4 denotes the Fourier transform of the function u.

Definition 6.1. For s > 0 define the space H¥*(R") of all functions u € L*(R™)

with finite norm

fulheei= ([ 1+ ¢(s>>23|a(s)12de)l/2. (64)

The spaces H¥*(R™) are Hilbert spaces with inner product (-, )gn y s given by

(w00 = [ (L+ O AT, wve HU®),  (65)

“and by the Plancherel theorem (see [40]) it is H¥°(R™) ~ L*(R"™), and for s >t > 0
we have HY*(R™) C H¥*(R") with ||u|rns g+ < |Jullrn s for all u € HY(R™).

Proposition 6.2. For each s > 0 the space C(R™) is dense in (HYS(R™), || - |lv.5)-

Let o € (0,1) and ¢ : R® — R be a real-valued, non-negative, continuous and
negative definite function on R™. We suppose that the function ¢ has the property
(P.1), i.e.

(P.1)There exists 71 > 0 such that for all s >

1
/mn st < 00. (6.6)

Proposition 6.3. Suppose that the function v has the property (P.1) (6.6), and
let s > 1. Then HY*(R™) can be identified with a subspace of Coo(R™), and in this
sense we write HY*(R™) C C(R™). There exists a constant cs > 0, depending on

s and v, such that for all u € HY*(R"™) holds

lulloorn < Cslllly,s (6.7)

Corollary 6.4. Let ¢ satisfy the property (P.1) (6.6), and let s > 7. The space
HY$(R™) is dense in (Coo(R™), || * [|oo.r)-
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Now let us return to a pseudo-differential operator with continuous symbol ¢ :
R"™ x R™ — R such that for each z € R" the function ¢(z,-) : R® — R is negative
definite.

Theorem 6.5. Let g: R®" X R® — R be given as above, and assume that there ezists
a continuous negative definite function ¢ : R® — R with the property (P.1) (6.6),

and a constant ¢, > 0, for s > 1y, such that

lla(z, D)ul|lrn s < Csllul|lRm o2 (6.8)

for allu € C§°(R™). Then —q(z, D) can be extended to an operator on Coo(R™) with
domain H¥**2(R") C C(R"), and this extension satisfies the positive mazimum

principle on HV*+2(R").

We want to quote two results on the existence of Feller semigroup generated by
pseudo-differential operators with negative definite symbol. The first result is due

to W. Hoh [14], compare also [19],

Theorem 6.6. Let ¢ : R®* x R®* — R be a continuous function such that for
each x € R™ the function ¢q(z,-) : R® — R is negative definite. Furthermore
assume that ¥ : R®™ — R is a continuous negative definite function which sat-
isfies (1 + 9(€)) = c(1 + |€]*)/2? for some 0 < v < 2 and all ¢ € R. Let
M := min{m € N: m > max(%,2) + n} and k := 2M + 1 — n. The operator
(—q(z, D), C§°(R™)) can be extended to a generator of a Feller semigroup if the fol-

lowing three conditions hold

1. For each £ € R™ the map = — q(z, £) is in C¥(R™) and for all (z,€) € R*x R"
and B € N? with |8| < k holds |02q(z, €)| < c(1 + ¥(€)).

2. There exist A : R® — (0,00) and p > 0 such that for |€| > o and z € R™ it is
q(z,€) = A(z)y(E).
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3. There exists a continuous function v : R™ — [0,00) with v(0) = 0 so that for

€] < o and z € R™ hold g(z, &) < v(§).

The following result is due to N. Jacob [16], compare also [19]. Suppose that
the symbol ¢ is decomposed into two functions ¢; : R® — R and ¢, : R* x R® — R,
ie. q(z,€) = q1(§) + qo(z, &), which can always be made for instance by fixing
zo € R™ and setting q(z,&) = q(z0,&) + (¢(z,&) — q(zo,&)). Given the negative
definite function ¥ : R® — R we say that ¢; has property (P.2) if the condition hold
(P.2) There exist constants 0 < ; < 2 and ¢ > 0 such that |g1(€)| < 71(1 + ¥(€))
for all £ € R", and ¢1(§) = y29 () for all £ € R™ with |£] > o.

Definition 6.7. For s,t > 0 let

. 14 9(§)°
To(s,t) = /R Azl lﬂz)mdg, (6.9)

and for s > 0 define qy(s) := min{q € N : 74(s,q) < oo}.

If the Fourier transforms Fg-[ge(-,7)] in the first variable of the function g, exist

for all n € R™, then we define

Go(€,n) = (2m) "2 / e g, (z, n)dz, € € R, (6.10)

n

and in terms of §, we formulate property (P.3), s > 0, as follows:
(P.3) For each N € N with 0 < N < gy(s) there exists a constant 5(/N) > 0 such
that for all £,7 € R™ holds, compare [16],

lg2(&,m)] < A(N)(2 + €)1+ 4(n)). (6.11)

Lemma 6.8. Let ¢ : R® — R be negative definite, s 2 0 and ¢z : R® x R* — R.
If 2(+,€) is qu(s)-times continuously differentiable for all € € R™, and if for any
B € N2 with |8| < qu(s) there exists ¢ € L*(R™) such that for all z,£ € R®

58



then gy has property (P.8) with
¥N)=cn Y ldsllrmn) (6.13)
IB<N|

for all 0 < N < qy(s), where the constants ¢, > 0 depend on n and N only.

We can associate a pseudo-differential operator go(z, D), and if the functions
¢2(+,m) exist for all n € R™ we get for u € C§°(R")

Farlga(z, D)(€) = 2n) ™ [ (2m)72 / ey (2, m)a(n)dndz
Re " (6.14)

= n) ™ [ dule - nmalnin

Lemma 6.9. Let ¢ : R® — R be a negative definite function, and let ¢ : R x R™ —
R be decomposed into q(z,£) = qi(€) + q2(z,§), where ¢, satisfies (P.2) and g,
satisfies (P.83), s 2 0. Then q(z, D) can be extended to a continuous mapping from
HYTY(R") into HY*(R").

Now we want to discuss that the operator —¢(x, D) generates a Feller semigroup
with using the Hille-Yosida-Ray Theorem, Theorem 2.65. Let g(z,£) be a negative
definite symbol and consider the operator —g(z, D) on C§°(R"*; R). Compare [19],
let 9 : R® — R be a fixed continuous negative definite function satisfying for ¢y > 0,
ro > 0 and all |¢] > 1,

P(€) = col€]™. (6.15)
And let ¢y := [%J + 1. Then we suppose that ¢ : R® x R® — C is a continuous

negative definite symbol have the form

q(z,€) = a(§) + g(z,¢) (6.16)
such that with 1 as in (6.15) the following assumptions hold:

Assumption 6.10. 1. The function q, is assumed to be continuous negative definite

and to satisfy with vo > 0 and 1,7, 2 0, for all§ > 1

Y (€) < Re q:(§) < mv(€), (6.17)
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and for all £ € R™
|[Im q1(€)| < 2Re q1(§). (6.18)

2mg. Setmyg =to+n+2= [ ] +n+3, notety = 1. We assume that ¢ — go(z, &)

n
To

belongs to C™(R™) for all € € R™ and that we have the estimate

107 22(, §)| < Ya(2)(1+ ¥(€)) (6.19)

for all a € N§, |a| < myg, with functions ¥, € L'(R™).

3.mgy. We require

1 1 1
Z [¥allLr < 77 (n_z A 5_—> ) (6.20)

t
ja<mo| n,mo, 2 ,%

where k3 and ¢, - tg , aT€ referred from [19].

Theorem 6.11. Let Assumption 6.10 hold with to = [%] + 1. Then —q(z, D)

extends to a generator of a Feller semigroup.

We shall need some L2-bounds for certain classes of pseudo-differential opera-
tors. For this we give a presentation of the Calderén-Vaillancourt theorem following
closely the presentation in [19]. Let ¢ : R® x R® — C be a continuous function such
that for all o, € Ny, ||, |8] < 3, the partial derivatives afagq(x,ﬁ) exist, satisfy
the estimates

0268 q(z,€)| < cayp- (6.21)
We want to prove that g(z, D) is bounded in L?(R™).

We give two auxiliary lemmas, the first one is

Lemma 6.12. Consider the function

1
G(z) := §:E2€—IX:,>0(:17) (6.22)
defined on R it is a fundamental solution of the differential operator (1 + %)3, i.e.
d 3
(1 + %) G =¢ (6.23)

in the sense of distributions.
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Proof. (Compare [19, Lemma 2.5.2, p115])

By the definition of E, for all ¢ € C§°(R) and € > 0, we find
((1 + g—)s G, )
—e (-4
[ (4 o
/oo (l + di) ( x) z)dz + /Oe %xQe" (1 - %)3<p(a:)d:c

ple)e™® — 2ce*{p(e) + ¢!(E)} + 2% {le) + #/(6)).

Forz >0, (1+ ad;)g (32%¢7) = 0, and it follows as ¢ — 0 that

(1+2) @0 =v0)

which proves (6.23). O
The second lemma is

Lemma 6.13. Let (Z, A, u) be a measure space. Let A, : L*(R™) — L*R"), z € Z,
be a weakly measurable family of uniformly bounded operators, i.e. the mapping

z — A, is weakly measurable and for all z € Z we have
| A:]l < Mo. (6.24)

Here, || - || denotes the operator norm. Furthermore, we assume that k : Z x Z —
R, N {0} is a non-negative function that give rise to a bounded integral operator K,

on L3(Z;p), i.e. Kop: L*(Z;u) — L*(Z; ),
Kypu(z) = / k(z, 2" )u(z")dZ,
z

with operator norm
[ Kopll = M. (6.25)

If the inequalities
A AL < k*(2,2') and ||AXAL|| < K2(z,2') (6.26)
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hold, then the operator
A= / Audz (6.27)
z
is bounded in L*(R™) with norm ||A|| £ M

Proof. (Compare [19, Lemma 2.5.1, p113))
For z1,...,29m € Z, m €N, define
T o= [|A A, Ay - Agpal-

Multiplying the two inequalities

T S ||Azl z2” ” 22m— IAZZm“
and
SNAAMAL AN - 1A%, A AL
we obtain
2 <AL AL ALINAL Al - Az, A, T AT,

Using (6.26) we find
T < MEk(21, 2)k(ka, k3) - . . . k(Zom—1, 22m) M
= Mok(z1, 20)k(ka, k3) - ... - k(z2m—1, 22m)-
Further, for a measurable set N C Z such that u(N) < oo and for v € L*(R™) such

that ||ullo < 1 we get

(o) (o) ]

1/m

0

* 1 1/m
= ”( Anle) (/ AzgdZZ) (/ A22m—1dz2m—1> (/ Azzmd22m>
N N 0
1/m
A A* oA 1A dzl . dzom
0
1/m
(_/ /”An Az z2 ||dz1 dZZm)

Mo// {/ / 21, 22) . .. k(2om=-1, 2om)d2y . . . d2om— 1}d21dzzm

Mo/ / K™= 1 Zl,sz)dzle'zm

7
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where k() denotes the [-times iterated kernel function. Hence we arrive at

T
(MO//XN (21)k*™ 1 (21, 22m) X (z2m)d22md21>1/m

< (Mo,U,(N)Mzm_l)l/m,

which yields

() (o) ]

and as m — oo it follows that
/ A,dz
N

1/m

< (Mop(N)M*™ 1)

1/m

0

2
< M2

i.e.

and the lemma is proved. O

Now we indicate the Calderén-Vaillancourt Theorem, see [5]:

Theorem 6.14. The pseudo-differential operator q(x, D) satisfied (6.21) which is
defined on S(R™) by

a(z, Dyu(z) = (2m)" /2 / € q(z, €)a(E)de

has a symbol satisfying (6.21) then it extends to a bounded operator from L*(R™) to
itself.

Proof. (Compare [19, Theorem 2.5.3, p116])

We consider the function

9(z, &) = (1 + (,%)3 (1 + 865)31)(2:,5). (6.28)

Using the function E from Lemma 6.12 we find
q(z, &) = / / g(s,t)G(z — s)G(& — t)dsdt. (6.29)
R JR
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Therefore on S(R) the operator p(z, D) has the representation
q(z, D)u(z) = (2m) 1/2/ ”5// (s,t)G(z — s)G(& — t)dsdtau(€)dE
= (2m) _1/2//g(s,t /e””gG(a:—S)G(E—t)&(f)dfdtds.
R JR R

Defining the operators
Agu(z) = (2r)"V? / %Gz — 5)G(€ - t)a(€)de
R
= Gz — 5)(2m)" / SXG(E — tya(e)de
R

_ /R /R o(s, ) Au(z)dsdt.

we find

(6.30)

(6.31)

We put z = (s,t) € R? and observe that z = (s,t) — g(s,t) is measurable and

bounded. It is sufficient to prove that the operator A, = A; satisfies the assumptions

of Lemma 6.13 with (Z, A4, u) = (R%, B@, \@), Since |G|l < 2¢72 it follows that

IAzulls < IGIIFHG( = t)ya()
= |GI5IG(- = a3
< [1Gl i
= 1G4 l1u3,

which gives
|A,|l < 4e™* =: M,.

Next we define the function
k(s,) = c5(1 + [s) 21+ [¢]) 72,
where ¢y is a constant. Note that k € L*(R?) and we put
2
M :=c (/(1 + |t|)‘3/2dt> .
R
Take (s,t), (s',t') € R? and note that
Howo(z,9) = (2n)7 [ 96l — 5)G(e - 16l — o)Gl€ — ¢)ae
R
= G(z - 5)G(y - &')(2m)7/? / eTTVEG(E - 1)G(E — t')de
R
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is the kernel of the operator Ay A%, With the change of variables
wi=z—y, n:=E(—tand by =t—t' >0
we find for the integral in (6.35)

(2m) 12t / €"G(n)G(n + 6,)dn
R

4

1. d\? d 2701
— -1/2 = jiwt—0; [ _ ;% i
(2m) 1° ( Zdw) ( ‘@t 9t> (2 - iw) '

Analogously we may handle the case 6, < 0 and we obtain a similar expression with

1. *
— (27r)—1/2_ezwt—0g/ ezwnnZ(n+ 91)26_2nd7’]
0

—6;. Thus it follows that
|Hot,o0 (2, )] < ce™V2(1 + |z — y) Gz - 9)G(y - &),
implying that
[ [ Haseta oty < oo [ [ (141e = y) 6% e - )63y — o)dady.
R JR R JR

The substitutionu+v=z—-sandu—v =y — s for , := s — s’ > 0 yields

[ [a+1e =406 e — )Gy - 9)day

R JR ‘
= 2/ /(1 + |20 + 6,])°G? (u + v) E*(u — v)dudv
R JR
1

== [R(l + |2v + 6,|)® (u? - v*)e " dudv (6.36)

8 w3l

< c/(l + |2v + 93|)_6/ e “dudv
R u3lo]
= c/(l + |2v + 6,]) 8eldv.
R
Using the Peetre-type estimate
(1+ 120 + 6,1)7 < &1+ [60)7°(1 + [20])F, (6.37)
it follows further from (6.36)
/ /(l + |z — y|) G (x — 8)G?(y — s')dzdy
RJR
<A +16,)78 [ (14 |2v])8eldw
R

<1+ 16:)7°
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Now we arrive at

1Ast Age|I?

<//|Hst,s’t’($ay)|2dxdy
RJR

< C(]. + IS _ S/I)—6€—2|t—t’|
<l +|s— ) +[t+t)"

k(s —s t—1t),

which gives

[ A A ||* < k(s = 8/t = 1), (6.38)
Since the kernel of A}, Ay is given by
(2m)"V2G (€ — t)G(n —t') /R e ®EMNE(x — §)E(z — §')dz
which is nothing but Hy ¢ (€,7), it follows further that
A AL |? < k(s — s, t = t'). (6.39)

Thus the operators (A,),~(ser? satisfy the assumptions of Lemma 6.13 with M, =
2¢~% and M given by (6.34). Hence we have proved the theorem for n = 1. But
the general case follows now by observing that we may handle each pair of variables

(z;,&5), 1 < j < n, separately. I
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Chapter 7

A fraction-time, spatially
invariant, pseudo-differential

initial value problem

We start by investigating the initial value problem
oDiu(z,t) + Y(Dy)u(z,t) =0 (7.1)

and

oDz, )10 = b(z) (7.2)

forx e R, 0 <t <T, T < 00, and suitable b : R - R. Here 0 < o < 1
and (D¢ (and ¢Df ') denotes the Riemann-Liouville fractional derivative of the
order o (and a — 1, respectively). Moreover ¢ : R — R is a continuous negative
definition function satisfying certain smoothness and growth condition. By ¢(D,)
we denote the corresponding pseudo-differential operator which is at least defined
for u: R x [0,7] — R, such that u(-,t) € S(R) for ¢ fixed. Recall that [0, 7] is the
closed interval 0 < ¢t < T for T < o0 and for T' = oo we mean the closed interval
[0, 00). Following [34] we take in (7.1) and (7.2) a spatial Fourier transform

a(€,t) = (2m)~Y/? / e~y (z, t)dx (7.3)

R
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to get first
(W(Dz)u(-, 1) (€, t) = ¥(&)u(&, 1) (7.4)

and eventually as transformed problem

oDF(€,t) + 9 (£)a(€,t) = 0 (7.5)

and
0D 1€, 1)l = b().- (7.6)

Problem (7.5) and (7.6) we can consider as a parameter dependent fractional initial
value problem. Under appropriate smoothness conditions we can solve this problem
using a Laplace transform with respect to ¢t. Denoting by s — U (&, s) the Laplace

transform for the function ¢t — 4(¢,1), i.e.

U(E,t) = / " e 0 (€, t)dt (7.7)
0
we find for (7.5) and (7.6) by a formal calculation
s2U(€,9) + (U (€, s) = b(e), (7.8)
or R
5 __ b(§)
069 = 35 (7.9)

Using well-known formula for Laplace transforms, compare [34], we arrive formally

at
A€, t) = b Enu(—p(£)t%). (7.10)

Thus, we expect under suitable conditions
(a,t) = (2m) V2 [ T o (~u(OE)E
R (7.11)
= (2m) 727 (PN (Bau(—9(-)t%) % b) (2, 1)

to be a solution of (7.1) and (7.2).

Note that for ¥ (&) = |¢|? this is exactly the result discussed in [34, p.140-p.141]

for the equation
0%u(z,t)

oDfu(z,t) — 522

=0 (7.12)
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and

oDF " u(x, 1) |0 = (). (7.13)

As the first step towards our final result in this chapter we quote from [5, Proposition

5.1, p.309]:

Proposition 7.1. Let0 < a < 1, 9 : R — R a continuous negative definite function
and b: R — R a function with pointwisely definite Fourier transform, for example
b € A(R), the Wiener algebra. The unique solution to (7.5) and (7.6) is given by
formula (7.10).

In order to use this proposition to establish (7.11) we only need to assume that
in the calculation leading from (7.5) and (7.6) to (7.11) we can reverse all steps as

we need to guarantee that the steps leading from (7.1) and (7.2) are reversible.

First we note

Lemma 7.2. Suppose that ¥ : R — R satisfies (5.2). If b € LP(R) for some
1 < p < oo, then z — u(x,t), where u is given by (7.11) belongs to Cy(R).

Proof. By Corollary 5.4 we know that E,(—%(-)t*) € L}(R) N L*(R). Now
Young’s inequality, compare [18, p.31] yields the result. O

Of course Lemma 7.2 does not give sufficient smoothness for (7.1) hold. In a later
study we will consider Sobolev-type smoothness. Here we confine ourselves to the
very smooth case, i.e. b € S(R). We assume now that 1 is at least of class C?, i.e. we
assume Lemma 5.6 to hold. In particular we will use F~(E, o(—%(-)t*)) € L*(R).
In this case u given by (7.11) is with respect to z for ¢ > 0 fixed the convolution off
an L'(R)-function with a function in S(R) implying that u(-,t) € C°(R). Moreover,

using Lemma 5.2 and Remark 5.3 it follows that

(1+ [22)[u(z, )] < cft). (7.14)
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Thus we conclude that u(-,t) € C°(R) N LY(R). For b € S(R) we have b € S(R)
and since E, o(—1(-)t®) is for t > 0 fixed bounded, we deduce that (14|-|*/?)a(-,t) €
LYR) N L®(R) for all £ > 0 and ¢t > 0 fixed. This implies in particular that
Y()a(-,t) € LY(R) or ¥(D,)u(:,t) € Coo(R) for ¢t > 0 fixed. Eventually we obtain

Proposition 7.3. If ¢ : R — R is a continuous negative definite function of class
C*, k > 2, satisfying (5.2) and if b € S(R), then for t > 0 the function (7.11)
satisfies (7.1). Moreover, for t — 0 it follows (7.2).

Proof. It remains to make a remark to (7.2). But the uniformly with respect to £
in (7.10) allows the passage to the limit, compare also in [26, Chapter 5 in particular

5.3). | O

Remark 7.4. The reader should put Proposition 7.3 in its right plane. It uses
essentially well-known results on fractional initial value problems depending on a
parameter. What we added is just a more detailed analysis of the parameter depen-

dence due to its special structure, i.e. being at ¥(&).

In a next step we want to discuss the problem
oDiu(z, t) + Y(D:)u(z, t) = g(z,1) (7.15)

and
oD u(x, t)|i=0 = b(z). (7.16)

Again we first apply a spatial Fourier transform to (7.15) and (7.16) to find

ODta’a(gv t) + 7#’(5)@(5, t) = g(£> t) (717)

and

oDF YA€, )]0 = B(E), (7.18)
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for g : R x [0,00) — R and b : R — R being suitable functions. Solving the

problem (7.17) and (7.18) using the Laplace transforms U (¢, s = [ e tu(, t)dt
and G (&,s) fo —stg(€,t)dt we first arrive at

sPU(E, ) + 9OV, s) = G(€, ) + blE), (7.19)
or X R

= pE) )

Taking the inverse Laplace transform we find

ﬂ(f,t) = B(é‘)ta_lEa,a(—'w(g)ta)'i"/o (t—T)alea,a(—i/’(f)(t—T)a)ﬁ(f,t)dT~ (721)

Finally, using the convolution theorem we have the formal solution to (7.15) and

(7.16) given by
u(z,t) = (2m)" /2o / b(z — ) (F~ (Baa(=$()1)) (v)dy

, (7.22)
+ (@m) /e / / 9z = 4, 7)(F~ (Baa(—0()(t — 7)%))()drdy.

Once again, uniform (with respect to t) smoothness in z will allow to reverse
the arguments. As before b € S(R) is sufficient. For g matters are more delicate,
however g : R x [0,00) — R such that g(-,¢) and §(-,¢t) are in S(R) with semi-norm
bounds uniform in ¢t and g(z, ) and §(,-) in C}(R) N L*(R) as well as 2¢(z,-) and
25(¢,-) in Cy(R)N L' (R) with in all four cases norm bounds ||h(z, -)|Ic, + |A(z, )| s

independent of x will be sufficient.

Again we want to emphasize that we can rely on classical results, compare [34],

[5] or [28] and we need only assume controls on the parameter ().

In our main investigations we need to change our point of view and we will give

a weaker notion of solution. We prepare this by giving

Definition 7.5. Let 0 < a < 1, ¥ : R — R be a continuous negative definite
function of class C*, k > 2, satisfying the growth condition (5.2). Further let
b € LY(R) N L*(R) and g € L*®([0,T); L*(R)) for some T > 0. We call u €
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L*=([0,T]; L*(R)) a mild solution to (7.15) and (7.16) if u has representation (7.22),

1.€.

(@yt) = (2014 [ bfa = ) (F Baal () )y
x | (7.23)
+@m et | / 9@ — 3, 7)(F (Ban(—0()(t - 7)°)))(v)drdy.

Having Lemma 5.6 in mind we can easily deduce

Theorem 7.6. In the situation of Definition 7.5 problem (7.15) and (7.16) has for
all T > 0 a mild solution for b =0 and g € L=([0,T]; L*(R)).

Proof. 'We only need to prove that u given by (7.23) with g € L>([0, T]; L%(R))
belongs to L*=([0, T]; L*(R)). Now, using Young’s inequality we get

llull Lo o, 72 (w))

= sup (2m)7 /2

L] (=719 = 4y 7Y (F (Eaa(—6()(t = 7)) (y)drdy

0Kt<T 12
t
< swp (20 [(= | [ 6 =7 (F (Baal )= D) dr
0<t<T 0 R L2
12
< (2m) 72 sup / (t =) NgC Dz | FH (Baa (=9 ()t = 7)) || 2dr
o<t<T Jo
t
< (21) 72| gll oo 0.3y SUP / (t = 1) F (Eaa(=9()(t = 7))l 1d7
ot<T Jo
< @m) gl qomeemy | =y T30 + 227
b a(y—1) a ’
where we used in the last step Corollary 5.7. 0O

Remark 7.7. We can not expect that for b # 0 we get a mild solution in
L>=([0,T); L3(R)) due to the factor t*~! and the decay of ||F~(Ena(—9¥()t*))|| 1
as t tends to zero. However, for every e > 0 and b € L}*(R) N L®(R) we find that u
given by (7.23) belongs to L*=([e, T); L*(R)).
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Chapter 8

A result for a fractional-time
pseudo-differential initial value
problem with space-dependent

coefficients

We now want to study the problem
oDiu(z, ) + ¥ (Dz)u(z, t) + p(z, Do)u(z, t) = g(x,1) (8.1)

and

on‘_lu(x,t)h:o =0. (82)

Here, 0 < o < 1, 1 : R — R is a continuous negative definite function of class C¥,
k > 2, satisfying the growth condition (5.2), and
pla, Da)u(o) = (2n) 2 [ cp(z, €)olc)dg 83)
R
is a pseudo-differential operator with symbol p : R x R — R. We will discuss later
on certain desirable properties of the symbol p(z,£). In this paragraph, however,

the only property needed is that p(z, D,) satisfies the estimate
Ip(z, Da)u(:, 1) ze < pllul, )llzz, ul-,t) € L*(R), (8.4)
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where p is independent of ¢, and

(- 6) 22 = / fu(z, 1) Pdz. (8.5)

Using (7.23) and having in mind Definition 7.5 we give

Definition 8.1. Let0 < a < 1, ¥ : R — R as above and g € L*([0, T]; L*(R)) for
some T > 0. We call u € L*®([0,T]; L*(R)) a mild solution to problem (8.1) and

(8.2) if
u(z,t) = (2m) 71 / / (t = 1) g(z — 4, T)(F 7 (Baa(=9()(t — 7)*)))(y)drdy

+(2m) 1/2// 721 (p(z, Da)u(z — 3, 7))

X (FH(Eau(—9()(t — 7)%)))(y)drdy
(8.6)

holds.

Remark 8.2. The definition is justified, when looking at p(x, D;)u(z,t) as an ad-
ditional right-hand side in (7.15).

Let us introduce the operator

Leu(z, t) == (2r)~1/2 ,/m/o (t—7)*g(x —y,7)
X (FY(Eaa(=9(-)(t = 7)) (y)drdy
+ (27) 1/2// ) Yp(z, D )u(z —y,7))

x (F_I(Ea,a(—w(')(t - T)a)))(y)d’l'dy.
It follows that u € L*=([0, T]; L%(R)) is a mild solution to (8.1) and (8.2) if and only

(8.7)

if u is a fixed point of L, i.e.

Liu=u. (8.8)

We will now prove that under condition (8.4) the operator L has a unique fixed

point in L*°([0, T); L*(R)) provided T > 0 is sufficiently small.
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Proposition 8.3. Suppose 0 < a < 1, ¥ : R — R is a continuous negative defi-
nition function of class C*, k > 2, satisfying (5.2) and suppose that p(z, D) sat-
isfied (8.4). Further let g € L>([0,T}; L*(R)). Then the operator L; satisfies on
L>([0, T]; L*(R)) the Lipschitz estimate

”Ltu - Lt’U“Loo([o T)L2(R)) X )\T||U - U||L°° ([0,T);L3(R))- (8~9)

Proof. For u,v € L®([0, T}; L3(R)) we have
Lou(-,t) — Lo,
= en [ / P F Baa(—$()(E = 7))z - 1)
x p(z, Dz)(u(y, 7) — v(y, 7))drdy
= @0 [ (6= 1 Baal 00l = 7))
(2, Da)(ul,7) = v(-, 7)) (e)dr

Using Young’s inequality it follows that
| Leu — Lyv|| Lo (jo,77;L2(R))
172 sup / (t = 7)o F 7 (B (—0()(t = 7)) o
otT
X ||p(:L', DI)(u(a T) - ’U(', T))“LZdT
t

<@n)2 sup [ (£~ 1) b D@ D)ul7) = o, )adr

o<t<T Jo

where as in (5.13) we put
ht, ) = |F 7 (Baa(=9()(t = 7)*)llz-
Using (8.4) we find
Ip(, D) (u(-, 7) = v(, 7))z < pllul, 7) — v 7)l|22
which implies by (5.15) that
ILew = L]l oo o722

t
< (@2m) (()iltlgT / (t— T)“‘lh(tﬁ)dT> 1w = ]| oo po,7y;22 () (8.10)

< (2m) (T_—I)T”(" D 2T°‘> llu = vl oo rri2R)
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and the proposition is proved. O

Corollary 8.4. In the situation of Proposition 8.8, if T > 0 is sufficiently small,
then L, is a contraction on L*°([0,T); L*(R)), i.e. (8.9) holds with Ap < 1.

Proof. Since

lim 759D = limT* =0
T—0 T—-0

the result follows from (8.10). O

It is obvious that Proposition 8.3 implies that for g = 0 the only solution to (8.1)
and (8.2) is the trivial one, i.e. u = 0. For g # 0 we can use Banach’s fixed point
theorem to get a mild solution provided T > 0 is sufficiently small and we have an

invariant set containing g. The latter we establish in the following proposition.

Proposition 8.5. Suppose that the condition of Proposition 8.3 are satisfied. For

R > 0 consider
B(g, R) := {v € L*([0,T}; L*(R)) | lv — glloe(o,12my)) < R} (8.11)

and assume

R
T (8.12)

91| Lo fo, 7, 2®)) <

Then there exist T > 0 such that L; leaves B(g, R) invariant, i.e. u € B(g, R)
implies Lyu € B(g, R).

Proof. As before we may derive

| Lew| oo (jo,17;L2(R))
T
< (2m) / (t = 72 h(t, 7)dr ull = o 215w (8.13)

T
+@n)V2 / (t — 7)* "t 7)drllg] o= o150k
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as well as
| Leu = gl Lo (0,77 L2(R))

< || Lew| Looo,y;22my) + 1191l oo 0, 71i22(RY)

T (8.14)
< (ZW)_W#/ (t — 7)* 7 h(t, T)dT ||| oo 0,732 (R))
0
T
+ (QW)—I/Q/O (t =) h(t, 7)d7||gll Lo o,y zem)y + 9l oo, T1L2®Y)-
Furthermore, for u € B(g, R) it follows that
[ell Lo o,ryiz2my) — gl oryizzmy < llu = gllzeeqo L@y < R,
or
SR
leell oo o,ryz2m) < (8.15)
Thus we arrive at
[ Lew = gl oo o,7322(my)
T
< (27r)*1/2,u/ (t — T)a—lh(t,T)dT%
0
+ (2%)‘1/2/ (t —7)h(t, T)dT= + —
A 173
T
R
< (27) Y2 max(1, ) / (t = 7)=1h(t, T)dv%z +3
0
Again we can use (5.15) to find
a 3R R
Lo — gl o0t 7. < (2m)" Y2 1 _ 1 2 F2pe) 2 T
L = dllmqoyany < (2n) P max(t, ) (300 4 27} SR B,
(8.17)
and choosing T > 0 such that (27)~Y2max(1, ) (E(?K]—T)T%(%l) + %T"‘) < ;3 we
obtain the invariance of B(g, R). O

Combining Proposition 8.3 and Proposition 8.5 we eventually have

Theorem 8.6. Let 0 < a < 0 and ¢ : R — R be a continuous negative definite
function of class C*, k > 2, satisfying (5.2). Suppose further that with k1 and ko
from (5.15) we have chosen T' > 0 such that
K1

1)

75071 4 @TQ) <1 (8.18)
afy o

2(27)" Y2 max(1, u) (
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Then Ly is a contraction on L*([0,T]; L*(R)) and for ||g||re(oryrzmy < 2 the
operator L; leaves B(g, R) C L*([0,T}; L*(R)) invariant. Consequently, L; has a

unique fized point which is a mild solution in the sense of Definition 8.1 to problem

(8.1) and (8.2).
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Chapter 9

Existence and Uniqueness for a
Class of Stochastic Fractional

Differential Equations

In this chapter, let (Q, F, P) be a complete probability space with a filtration
{F:}i>o satisfying the usual conditions, i.e. it is right continuous and F;, contains
all P-null sets. B(t) is a standard Brownian motion defined on (92, F, P). Now we
want to modify the problem (8.1) and (8.2) as follows: Find a stochastic process
u = u(z, t; w) such that

oDiu(a, ) + ${Du(a,0) +pla, DaJule, ) [ Flulz, 0)dB(O) = g(z,0, (0.1
with the initial data
oD u(z, t)|e=o = 0. (9.2)
Here u(x,t) is random variable. We work in the Banach space L%(Q x R; L*=(]0, 1))
defined by

1/2
L*(Q x R; L*([0,T))) := {u QxR — L*([0,T]) | (]E/RoiltlET|u(:c,t)|2dx> | }
(9.3)

equipped with the norm

1/2
”’U/”L2(QXR;LOO([0,T])) = (E/}R sup |u(x,t)|2dac> . (94)

0<t<T
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Similar to Definition 8.1, we define the mild solution of problem (9.1) and (9.2)
by

Definition 9.1. Let 0 < a < 1, ¥ : R — R as above for some T > 0. We call
u € L*(Q2 x R; L*([0,T})) a mald solution to problem (9.1) and (9.2) if

w(z,t) = (2m)"V? / / )7 1g(z — 4, 1) (F (Baa~()(t — 7)°)) (v)drdy

T (2m) 2 / / ) ( [ f(u(x—y,o»dB(e))

N (Baa (~0()(t — 7)) (u)drdy
+ (@m) 2 / / 1) (p(z, Da)ule — 3,7))

X (F(Eao(—¢()(t = 7)) (y)drdy ~ P-a.e.

holds.

Let us introduce the operator
Lafe,) = @)™ [ (6= )90 = 5 r) () Baal -0t = *) )y

w0 [ [a-n= ([ rate-v.00a80))
| X (F™(Baa(—9()(t — 7)))(y)drdy
+en) [ [ (=0 p(o, Dajate — )

X (F7H(Eaa(=9()(t = 7)) (y)drdy.
(9.6)

It follows that u € L%(Q x R; L*°([0, T])) is a mild solution to (9.1) and (9.2) if and

only if u is a fixed point of L, i.e.

Liu=u P-ae. (9.7)
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Theorem 9.2. Let u,v € L?(Q2 x R; L*([0,T])) and let f satisfy the Lipschitz

conditions
I1f(w) = f)lL2axriLoor) < Killu — vl 2@xmrize(o,17)) (9.8)
and linear growth condition
If ()l L2 @axrszooqo,ry) < Ka(l + ||lull L2@@xrizeo,r)) (9.9)
where K1 and K, are two positive constants. For R > 0 consider
B(g,R) := {v e L*(Q x R; L=([0,T])) | |lv — gllz2@xmizeoy < B} (9.10)

and assume

R

||9||L2(9xm;Loo([o,T])) < 1 (9.11)

Then there exists T > 0 such that L; is a contraction on L*(Q x R; L>([0,T}])) and
L, leaves B(g, R) invariant, i.e. u € B(g, R) implies Lyu € B(g, R). Consequently,
Ly has a unique fized point which is a mild solution to the problem (9.1) and (9.2).
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Proof. For u, v € L3 x R; L®([0,T])) we have
1Ly — Levl| L2@xwiLeo (o)
= [em= [ [ t—T“/(f (@~ 9.0)) ~ f(vlz ~ 3,6)))dB()
P (Baa(—9()(t = 7)) (W)drdy
+em [ / (t = 7)*(p(a, D) (e — 3,7) = vlz — 3,7)))
X (F~!(Eaa(~$()(t = 7)) (w)drdy

Lz(Qx]R;Lm([O,T]))
(2n)7 / / / (f(u(e - 4.8)) ~ [(v(z —1,6)))dB(®)
X (F (Epa(~$()(t = 7)%)) (v)drdy

P
+ @0 [ [6= 7 6te Dfuta = ) = vl =3, 7))
(P (Bna =00 = ")) )drdy
ey [ e=n ([ a0 - st 001a50))
(P Eaa(—00) (¢ = 7)) &)
#@n) ] [ 610l D) = vl )
(P (Baa(—00)(t 7)) @)

L2(QxR;L*°([0,T)))

L2(QxR;L>=([0,T]))

L2(QxR;L([0,T)))
(9.12)
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In (9.12), we estimate the first term

/Ot(t —r)*! (/OT(f(u(.,G)) — f(v(-,ﬁ)))dB(0)>

# (7 (Baa(—0()(t = 7)) (@)drdy|

_ {]E [ ([ (= rpe ([ vtt.on - ro.001a56))

) 1/2
 (F(Baa(—0()(t = 7)) (@)dr ) dx}

{ / oi‘;‘ET/ - >(f (f u 9>>—f<v(-,e>>)dB(e>) |

\ 1/2
 (F ! (Baal—0()(t = 7)) (@)dr ) dx}

_ {IE[( [ (s [e=n= ([[uat.on - sot.omas0)

1/272 12
(P Baal =906 — 1)) do) "] }

2(QxR;L*°([0,T]))

/ " 8) - Fl,0)dBO)

t
< {]E( sup /(t——r)"_1
o<t<T Jo 0

L) M2
N Faal =00t = P dr22) }
B {]E (OZ?ET /Ot(t — 1) h(t, ) . dr) 2}

(9.13)
where as in (5.13) we put

L2

1/2

/O "(f(ul-6)) ~ f(u(-,6)))dB(6)

h(t,7) = | F 7 (Baa(—¢()(t = 7)*))llr-
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Then, by using Burkholder-Davis-Gundy inequality, compare [29], we arrive at

| [e=ne= ([ tat.on - sot.oma0)

 (F!(Baal—=4()(t = 7)7))(e)drdy|

t
< {IE( sup /(t —7)* th(t, T)
0<t<T Jo

sup / "(J(ul-6) — f(u(-,6))dB(6)

0<T<T

< (Cy(%l_)Ta(v—l)/v_l_ﬁTa)
“{e(

- (ﬁqm(w D/ ETQ>
X {IE /R sup_ ( /0 (7l 0) - f(v(-ﬁ)))dB(@))de}
( o T“) { LB [ (o) = s(w(0) >2d9dm}1/2

A (LT ooy Bag) L [ sup (7(ut,) = F D)

a(y—1) 0Kt<T

L2(QxR;L*([0,T]))
25 1/2
dr
L2
2y 1/2
L2> }

1/2

X

sup / (f(u(8)) — £(v(,0)))dB(®)

07T

< ATV?K, <—

- 1)T°‘(7 1)/'y_|_ Ta) lu = v||L2(@xRr;L(0,77))-

(9.14)
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For the second term in (9.12), we have

| [ =10t D)) = o)
 (F (Baa(—40)( = 7)) 2)dr

L2(QxR;L*°([0,T)))

_ {E A /ot@ — )% p(z, Da)(u(,7) — v(, 7))

0<t<T

, 1/2
* (FH (Eaa(—9(-)(t - T)")))(w)dT) dz} (9.15)

< {E/R( Sup /Ot(t = 7)* 7 (p(z, Do) (u(-, 7) — v(,7)))

0<t<T

) 1/2
* (F (Eaa(=9()(t - T)")))(x)dT) dx}

0<t<T

t 2)1/2
< {IE ( sup /0 (t = 7)*h(t, ) Ip(z, Dz)(u(’, 7) —v(-»T))IIdeT> }
where as in (5.13) we put
h(t,7) = |F 7 (Baa(—¥()(t — 7))l
Using (8.4) we find
lp(2, Da)(u(:, 7) = v(, 7))llee < pllu, 7) — (-, 7)ll 22
which implies by (5.15) that

| [ = ne=tote Dt r) = ot )
# (FH (Ea(~90)(t = 7)) @)dr

t
< {]E ( sup / (t—7)*"th(t,T)
ost<T Jo

K1 — %)
< TeO=D/7 4 Z2pa ) iy, g CRLo
SH (a(v Y - T ) llu = vl 2axmiz=(o;r)

L2(QxR; Lo ([0,T1]))
2
d’r)
L2

(9.16)

1/2
sup p(z, Dg)(u(-,t) —v(- 1))

0<t<T
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Combining (9.14) and (9.16), we have

| Leu — Lyv|| L2 (@xr;Le(j0,1)))

- K oy K
< o) (G T ) Tl =l

(9.17)

In (9.17), let T be sufficiently small so that

(2m)~/? ( 70D/ 4 %T") (4K TV + p)

aly—1)

is less than or equal to 1. Finally hence, L, is contractive.

Now, as before we may derive

(| Lewll 2 (@xr;zeo(o,7]))

- H(%)'W /R /Ot(t —7)* gz —y,7)

X (F7H (Baa(=9()(t — 7)) y)drdy

= [ / (= [ stata - v.0)a5O

(F (Eaa(—9()(t = 7)) (y)dTdy

(2m) 1/2// ) 'p(x, Dy)u(z — y, 7))

< (P B0t 7)) W)y
< @n) WH// ) Yg(z - y,7)
< (P (B —00( = 7)) w)drdy
w7 [ [e=r [ stute - v opase)
(P (B —0(0)(t = 7)) W)erdy
T (2m) I/ZH// )=~ p(z, D,)u(z - y,7)
o (P (B0t 7)) ey

L2(QxR;L*=([0,T]))

L2(QxR;L*=(]0,T]))

L2(QxR;L*°([0,T]))

L2QxXR;Le([0,T]))
(9.18)
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In (9.18), we arrive at
I Leul] L2@xr;zoo(i0,7))
t
— (271)"1/2 — ) lg(.,
CORG R
* (F7 (Baa(=9()(t = 7)) (z)drdy

ren ) [e—or ([ st 0paso)

| * (F7 (Baa(=9()(t = 7)) (@)dr R (01]) -
+ (QW)_1/2I’ ‘/0 (t - T)a_lp(a:’ Di)u("T) |
* (FH (Baa(—9()(t — 7)) (z)dT

< 4(2m) V2T (L

L2(QxR;L>([0,TY)))

L2(QxR;L>°({0,T7))

Tt 4 3T> |7t 0)

a(y—1) L2(QxR;L°*((0,T]))
+ u(2m) 712 (mT“” Dy 2 ") el 2 @xmsze 071
+ (2m)71/2 <Q(T1‘5Ta“ QAR ") g1l z2(@xR;z= (0,71 -

By using the linear growth condition (9.9), we have

| Leu|| L2@@xR; Lo (fo,1]))

_ K -_ K
< 4(2m)" V2TV (_(%DTOM /v 4 fqm) Ko(1 + ||ul| L2qaxr;Le(j0,7])))

e (s

+ (21) 71/ ((TI—T oty T“) 191l 22 (2xms o= (10,71

T =1/7 + TQ) ”u“Lz QOxR;L°([0,T7))

—1)
= C1 + Chl|ul| L2gxrizeeo,r))) + Callull2@xrizeqo,rp) + CsllgllL2@xrizeeo.1)
(9.20)
where
Cy = 4(2m) 12T /2 (—T““ Dy 2T") K, (9.21)
a(y - 1)
Cy = p(2m) /2 (mT“” D4 2T“> , (9.22)

and

Cy = (21)V/? (”—1_1)

7=/ R2pal (9.23)
a(y o
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Then we obtain

[ Lew = gl z2@@xm;Leo((o,10))

< | Leull 2 @xrnzeoqo,m) + 19l 22(@xR; Lo (0,7 (9.24)

< C1 + Cillull 2ixr;zeeo,rpy) + CallullL2(@xriLoeo,1)
+ Csllgll 2axrizeo(o,77)) + 9]l 2@xriLoo(0,17))-

Also for u € B(g, R) it follows

lull 2@xmizoo1y)) — N9l L2c@xrizeoqor)) < 1 — glle@xrizoqoyy S B (9.25)

or

S5R
Uulle(nxm;Lw([o,T])) < T (9.26)

Thus we arrive at

5R S5R R R
|| Lew — gHLZ(Qx]R;LOO([O’T])) <G+ 017 + CQT + 032 + T (9.27)

Then we could make C; + Cls-f + Cg%z + C'3§ + }7:‘ <R, ie. m}%ﬁ_—a < R and

we find ||Lyu — g|| L2@axr;zo(o,1)) < R -
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Notation

General Notation

N natural number

No = NU {0}

@Q rational number

R  real number

Ry ={z e R;z > 0}

R™ Euclidean vector space
C complex number

a A'b = min(a,b)

a Vb= max(a,b)

Re z real part of z € C
argz argument of z € C

Im 2z imaginary part of z

Function spaces and norms

C(G) continuous functions

Co(G)  continuous functions with compact support
Cw(G) continuous functions vanishing at infinity
C*H(G)  k-times continuously differentiable functions

C5(G) = C™(G) N Co(G)
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CE(G) = {u € C*¥(G); 8%u € Cy(G), |a| < k}

C(G) = e C*(G)

C(G) = Mypen CE(G)

H*(R™) classical Sobolev space of fractional order s € R
HY*(R") = {u € S'(R"); ||ully,s < oo}

M*(Q) measures on

M{(Q) bounded measures on

S(R")  Schwartz space of tempered functions

S'(R™)  tempered distributions

Functions, Function Transforms and operators

fog composition of functions

f®g tensor product of functions or distributions
f*xg convolution of functions or distributions
supp f support of a function or distribution
esssupp f  essential supremum of a function
F[f],f Fourier transform

F-1f] inverse Fourier transform

L(f) Laplace transform of f: R, — C

L7Y(f) inverse Laplace transform

CN(R™) continuous negative definite functions
CP(R™) continuous positive definite functions
N(R™) negative definite functions

P(R™) positive definite functions

' Gamma function

B  Beta function

E., Mittag-Leffler function

E.p two parameter Mittag-Leffler function
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¥  a continuous negative definite function

ol Riemann-Liouville fractional integral of the order a > 0
oI? Identity operator

D} standard derivative

oD? Riemann-Liouville fractional derivative

oD Caputo fractional derivative
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