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Summary

Our main aim in this work is to study explicit examples of shock waves for Burgers’
equation and the corresponding level surfaces for the heat equation. This thesis is in
two parts:

In Part I (Chapters 1 and 2) we introduce many of the concepts required for our
study. Particularly we give a brief introduction to the heat equation, hydrodynamics
and the underlying dynamical theory. Towards the end of Chapter 1 we discuss the
stochastic Hamilton-Jacobi theory and begin formulating the notion of caustics and
wavefronts in both the classical and stochastic cases. Chapter 2 contains an account
of the results presented in [1] and [2] in which the exact Greens functions are calcu-
lated for the zero, linear and harmonic oscillator potentials, for both the classical and
stochastic cases. We employ these results in the derivation of exact formulae for the
corresponding caustics and wavefronts.

In Part II (Chapters 3 and 4) the results obtained from Chapter 2 are applied for
several explicit chosen examples. We consider the initial conditions that lead us to
the Thom catastrophes of the Cusp and the Butterfly, see (3], and their corresponding
wavefronts, the Tricorn and Fish. Some time is taken to consider the meeting points of
the caustics and wavefronts and the connection with meeting points of the pre-curves.
In several instances we provide conditions for the existence of the pre-wavefronts with
respect to the time. A large portion of the work in these chapters relied heavily on
Mathematica and required an enhanced understanding of the handling of graphics
within the package. In examples where we have been unable to calculate the wave-
fronts directly we have developed numerical methods within Mathematica to provide
graphical images of them.
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Part 1

Stochastic Heat and Burgers
Equations



Chapter 1

Introduction

1.1 The Heat Equation

The heat equation, also known as the diffusion equation, is a mathematical model for
the flow of heat through a medium such as a volume of fluid, a gaseous nebula, or
a solid object. We shall be considering the heat equation as the following parabolic
partial differential equation

du

p 1
i 7Au + FV (2) v, (1.1)

where u = u (z,t) represents the temperature at the point z € R? at time t > 0. The
function V (z) : R? — R is the scalar potential at the point z, which represents some
form of heat generation or loss at the point z. Here u is a parameter whose physical
significance we shall make clear later. We shall now consider a physical derivation of
the heat equation in 3 dimensions.

Consider a fixed volume V of a medium bounded by a closed surface .S, then assuming
that there is no radiative or convective heat transfer, we can make the following
argument for the behaviour of heat in our volume:

rate of increase of heat in V = rate of conduction into V through S (1.2)
+ rate of heat generation within V.

Now, the rate of increase of heat in V is given by

Ok
— aV,
/vp Bt

where p = p(z,t) is the density of the medium at the point z at time ¢, and « is the
specific internal energy® of the volume V. The specific heat capacity? of the medium

1The energy per unit volume.
2The heat required to produce a unit temperature rise of a unit mass.

7
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is given by

Ok
C—%,

where u = u(z,t) is the temperature of z at time ¢. This then gives the rate of
increase of heat in V as 5
u
o gy
fyez

where we are considering the products of partial derivatives in the sense of thermo-
dynamics.

Now, for a surface S with unit normal 7, the rate at which heat is conducted across
the surface S per unit area, in the direction of 7 is given by

qg=—-KVu.n,

where K is the thermal conductivity? and q is the flux of heat in the direction of 7.
Therefore, the rate of heat conduction is given by

—/q dS=/ICVu.ﬁdS,
s s

and, by Stokes’ theorem, or the divergence theorem if preferred, this gives the rate of
heat conduction into V through S as

fv V. (KVu) dV.

Finally, assuming that the heat generation within the body is occurring at a rate @
per unit volume, we have the rate of heat generation within V given by

'/VQdV.

Then equation (1.2), which governs heat transfer in our medium, can now be formu-
lated mathematically as

/;pC?—;: dV=/vV.(ICVu) dv+/dev,

. /v (pc%tl-‘ — V. (KVu) - Q) dv = 0. (1.3)

Hence, since V is any fixed volume, we have

3The rate of flow of heat per unit area per unit temperature gradient.
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and for a constant K we have

% =KAu+ Q. (1.4)
This is then our heat equation, but we shall deal with this in the form of the parabolic
differential equation (1.1). In the study of the partial differential equations we often
transform more sophisticated equations into the form of a heat equation so that we
may find a solution. Details of how this is done may be found in [4], but we discuss
next how the fundamental partial differential equation of quantum mechanics can be
formally transformed into the heat equation.

1.1.1 The Schrodinger Equation

In quantum mechanics we examine the behaviour of the energy of a particle with the
Schrodinger equation:

(@t = 2o @ +V @ v, (15)

where 1 : R3 x [0,00) — C is the wave function that describes the motion of our
particle of unit mass with position vector z at time ¢, with V : R® — C being a
potential energy function, and A = % for Planck’s constant h.

This is easily reducible to our heat equation (1.1) by using the transformation of
T = it which gives t (1) = —iT and

Y@t = ab (@) 5

= iy i),
This then gives equation (1.5) as

0

=

h2
¥ (z,t(r) = 5 A% (2,1 (7)) =V (2) ¥ (z,t (7).
Dividing through by A, letting u? = % and 9 (z,t (7)) = u(z,7), then setting 7 — ¢
gives us the heat equation (1.1),

ou p? 1
This is very useful as it allows us to use the Green functions for the Schrodinger

equation, obtained for certain specific potentials V' (z) in [1, 5, 2], to be transformed
into results that we can use for the heat equation.
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1.2 Hydro-dynamics

The primary purpose of the science of hydro-dynamics is to study the motion of
fluids, the cause of the motion, and the effects which the motion produces. Using
the Eulerian flow representation of a fluid, one selects a point of space z occupied
by the fluid and observations are made of the changes in the so-called observables
such as velocity, density, temperature, etc, at . This is essentially a field approach
and the most important observable in the Eulerian representation is the velocity field
v = v(z,t). For a more thorough grounding in Hydro-dynamics, I would suggest
Wilson [6].

1.2.1 The Convected Derivative

If we consider f = f(z,t) as being the Eulerian representation of some physical
observable, either vector or scalar, associated with the element at position z at time
t, then the time rate of change of f (z,t) is given by,

i, 5 =% TV

where V is the gradient differential operator with respect to a Cartesian coordinate
system. This is the time derivative as measured by an observer moving with the fluid
and is defined as the convected derivative of f (z,t), written as
Df _8f
_——= V) f. 1.6
= =L r@v)s (16)
Note that if f (z,t) is a scalar quantity, then the right hand side is a true scalar, but
if f(z,t) is a vector quantity then (v.V) f is not a true vector. In general, (v.V) f
should be interpreted as a Cartesian operator with respect to the coordinate directions
1, J and k.
It is often necessary to write down equations of motion for the element in position z
at time ¢ and in doing so we require the Eulerian representation of acceleration, as
Dyv 0Ov

a(@t) =5 =5+ @V (L.7)

Now using the vector identity of
V(AB)=Ax (VAB)+Bx (VA4 +(AV)B+(BV)A

where VA is the curl differential operator, and writing A = B = v, we obtain

@V)y= %Vy2 —ux(VAD). (1.8)
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Hence then, in true vector form, we have the Eulerian representation of acceleration
of an element in position z at time ¢, given by

ov 1

a(z,t)= =+ VP —ux (VAy). (1.9)

ot 2
The important rule here is that when working in a Cartesian coordinate framework,
as we shall be throughout this text, it is easier to use (1.7), and when working in some
curvilinear coordinate system we must use (1.9), or if possible, we could translate to
a Cartesian system.

1.2.2 Burgers Equation

Consider a hydro-dynamical equation of motion, with the Eulerian representation of
flow, of an element at position z at time ¢, that is

% = sum of forces, (1.10)
where we consider the element to be under the action of a restoring force -“2—2Ay whose
purpose is to smooth out the motion, u? being the coefficient of viscosity. Assume
that there also exists a scalar potential of the form V' (z) such that the force acting is
due to this potential (i.e. gravity, harmonic oscillator, etc) given by —VV (z) . Thus,
this gives an equation of motion as

Dy u?
—=_F — 1.11
D = 7Au-VVi(a), (1.11)
which gives us the Burgers equation,
2
% wVe=Ea-v . (1.12)

As we shall see, the Burgers equation can be explicitly solved and we are primarily
interested in the case of vanishing viscosity, i.e. where . — 0. In this case the solution
can develop shock waves, depending on the initial conditions. The particle dynamics
then correspond to a situation where, if two volumes of fluid collide, they merely
pass through each other conserving mass and momentum. A good description of the
effects of the restoring force "2—2Ay in Burgers’ equation may be found in [2].

1.2.3 Hopf-Cole Transformation

There is a nice link between the Burgers equation and the heat equation which was
first documented by Hopf in [7] and Cole in [8]. If we consider the heat equation (1.1)
with a scalar potential V' (z), namely

ou  p?

1
5% = 3 Au+EV(§)u,
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then the so-called Hopf-Cole transformation

2
v=—u’Vinu = —ZVU, (1.13)

will give us the Burgers’ equation (1.12)

4] _
5 T@V)e=F58u—-VV ().

This can be proved in R™ but the method is rather clumsy due to the complications
involved with the term (u.V)w. The proof in R” is not very informative, so here I
present a proof in one dimension only and refer the reader to Appendix A.1 for the
R™ approach. Note that the positivity of the solution to the heat equation, i.e. that
u(z,t) > 0, is guaranteed by considering u (z, ) in its Feynman-Kac representation.

Theorem 1.2.1.
Consider the heat equation in one dimension with a potential V (z),

Oou u?dPu Vv
— = -4 1.14
5 2022 @Y (1.14)
where u = u (z,t) with initial condition u (z,0) = e #* . Then the Hopf-Cole trans-
formation for v = v (z,t),

v=—p?—lnu,

oz

satisfies the Burgers equation in one dimension

v u?

— . =—Av— 1.15
6t+(vV)v 2Av Vv, (1.15)
with initial condition v (z,0) = VS, (z).

Proof.

The Hopf-Cole transformation simplifies a little here to become

v=—p %lnu= -, (1.16)

and looking at the first derivative of v with respect to time ¢t we have, by applying
the Hopf-Cole transformation (1.16),

v _ vdu p? u
ot  udt wuotdxr’
Now looking at the first derivative of v with respect to position z we have
v v p?oPu

9z p?  u 0z?

(1.17)
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but from our heat equation (1.14), we have

v v: 20u 2
%_?_EEJFEV' (1.18)

On taking the second derivative of v with respect to position z, we obtain

v 2 v 2 ( vOu 82u) 2 0V

o 25z TE\"udt wowot) 2oz

Now, assuming that we have a nice continuous solution u = wu(z,t) to the heat
equation (1.14), we can assume that the second derivatives are also continuous such
that

u  0%u

8tdr ~ 0zdt’
This then lets us use the result for %, equation (1.17), to obtain

8_21)—3 @4._2_@_{_2_?}1 (1.19)
8xz_u2vc'9x p2 ot u?or’ '

This is just the Burgers’ equation in one dimension with a potential V (z), i.e.

o o _ iy oV
ot dr 2 0x2 Oz’

1.3 Analytical Dynamics

In the study of classical mechanics, one often begins with an understanding of New-
ton’s laws of motion and studies several dynamical systems. Such a process involves
constructing, and solving, a system of ordinary differential equations, the Newtonian
equations of motion, obtained by examining the forces acting upon a particle. This
can be quite difficult to solve, so Lagrange has showed us a way of approaching dy-
namical systems that involves constructing a system of ordinary differential equations
from a knowledge of the kinetic and potential energies of the system.

This is then the beginning of analytical dynamics, whose purpose is to give a proced-
ure to solve all traditional problems of classical mechanics, leading to a geometrical
approach of classical mechanics and a connection with quantum mechanics.

1.3.1 Lagrangian Mechanics

In Lagrangian mechanics, the important variables are the n independent generalised
co-ordinates ¢, = g, (t), whose specification at time ¢ uniquely fixes the configuration
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of a dynamical system. The space of all possible values of the generalised co-ordinates
is called the configuration space, and the position of a particle in a dynamical system
may be defined by

r=r(gt), for g=(q1,92,""*,qn)-
The rate of change of r with respect to time ¢, given by

dr _ 44, Or | Or
dt  dt 8q, Ot’

leads to some interesting results, namely:-

Cancellation of the Dot @ = E,
0j, 0qo
. 0 (dr\ _d [or
Commutativity %; (E) =% ( 3qf) )

where we use the convention that a repeated Greek index represents a summation.
If we consider a particle of mass m with position vector r in a conservative dynamical
system where it is subject to a force —VV (r), then we have kinetic energy given by

. m.,
T(qa q) = giz,

and the so-called Lagrangian £, the fundamental object of the dynamical system, is
given by

L(q,d)=T(q,9)-V(a)- (1.20)
We have the Euler-Lagrange equations of motion as
d (0L oL
—{=—=)]—-—=—=0. 1.21
dt (8(1'0) 04, 0 (1:21)

The solution for g of these n coupled ordinary differential equations, is the solution
of our dynamical system. It can also be shown that the Euler-Lagrange equations
(1.21) are invariant under the set of point transformations @ = @ (g, t) if the inverse
transformation g = ¢ (@, t) exists. This is important when it comes to finding integral
solutions of the Euler-Lagrange equations.

Here there is an important connection with the action principle. For a fixed time
t, the classical mechanical path ¢ (s) with s € [0,%] and fixed end points ¢ (0) = «,
g (t) = B, has a classical action defined by

Ald= | "L((s),d(s)) ds. (1.22)
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Then for u € C* with u (0) = u (t) = 0 and some regularity conditions, we have

G EG) e (129

Thus the classical mechanical path ¢ extremizes the classical action. This principle
is sometimes called (erroneously) the principle of least action. Historically it was the
origin of the calculus of variations.

d
EA lq + eu]

1.3.2 Hamiltonian Mechanics

The Lagrange formulation gives a configuration space description of the time evol-
ution of a dynamical system, i.e. a ¢ space description. The Lagrangian equations
are second order in time differentials. The main variables considered in Lagrangian
mechanics are the generalised co-ordinates g, and their rates of change with respect
to time, ¢,.

Hamiltonian mechanics takes this a step further by extending to the so-called phase
space description, where the main variables are the generalised co-ordinates g, and
the conjugate momentum p,, given by

o
Pe = B4,

The Hamilton equations turn out to be 2n first order differential equations in time ¢.
For a conservative system with a Lagrangian £, the Hamiltonian H is given by

H= pada -L (Q1 q.7 t) ) (124)

and we think of ¢ = ¢(q,p,t) such that H = H (q,p,t). Then the Euler-Lagrange
equations of motion can be transformed into the Hamilton equations of motion,
namely

_ew . _om . onm_ a
o= T T, 5t - ot

Just as Lagrange’s equations have a corresponding variational principle, Hamilton’s
equations have a variational principle for paths in phase space, namely defining the
phase-space action for the path (g (s),p(s)) for some s € [0,t] by

A[q,p]=/0t( a%— (q,p)) ds.

Then for £ (t) = £ (0) = 0 where £, € C?, we have

_ ¢ dp, OH dg OH
_/0 [(“E‘a_qa) S o)+ (ds apa)""(s)] ds

(1.25)

d
d—EA lq+€€,p+en)
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Hence the solution of Hamilton’s equations extremizes the phase-space action. This
gives an important way of characterising the solutions of Hamilton’s equations. Since
the Euler-Lagrange equations (1.21) and Hamilton equations (1.25) are equivalent,
we call the class of transformations that leave the Hamilton equations invariant,
the contact transformations. Obviously, all the point transformations that leave the
Lagrange equations invariant are contact transformations, but clearly the reverse is
not always true. For example, if we take P = —q and @ = p then this preserves
Hamilton’s equations, but is not a point transformation.

1.3.3 The Hamilton-Jacobi Theory

Suppose that (g,p) are the set of generalised co-ordinates and their conjugate mo-
mentum variables for which we have the Hamilton equations of motion. Now consider
the contact transformation of co-ordinates Q, = Q, (¢, p,t) and P, = P, (q,p,t) such
that we have Hamilton equations in the new variables

O p__9H
0Q,’ IO

for a new Hamiltonian H (@, P, t). Since the new Hamilton equations of motion must
be invariant for the new co-ordinates (@, P), we have, from Hamilton’s variational
principle, the equation

Qo = (1.26)

Podgy — Hdt = P,dQ, — Hdt + dS, (1.27)

where S is the generating function of the contact transformation. If we choose a
S =S (q,@,t) then it obviously satisfies

oS oS oS
= _ — dt. 1.2
ds i dg, + 80, dQ, + 5 dt (1.28)
For equation (1.27) to be satisfied, we must have
S oS S
p"_—aq,’ PU———BQU, H—H+E'

By being more restrictive, we shall consider a generating function S reducing H to
zero so that we have

as
E+H(q,p,t)=0, p=V,5(q,Q,t),

i.e.
oS
E +H(q,VS,t) =0,
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and we also have

OH . OH
~30, =" F="%a, =

such that P and @) are constant. S is the generating function of a continuous unfolding
of infinitesimal contact transformations, reducing the Hamiltonian instantaneously to
zero. The Hamilton-Jacobi equation of motion can thus be computed as

Qs 0,

0 ¢ H@VS (@) =0, (1.29)
i.e. ) 55
2 —
5 VS| +V (g) + r =0. (1.30)

The Hamilton-Jacobi equation (1.30) plays an important part in the connection
between classical and quantum mechanics. We shall now show an alternate descrip-
tion of obtaining the Hamiltonian-Jacobi equations of motion which we have learned
from [9]. Consider the Hamilton characteristic function defined as

S@ﬂ=Llw@xﬂ@@da

where g (s) is the unique classical mechanical path at time s € [0,¢] with end points
g(0) = go and ¢(t) = q. Begin by taking some fixed momentum p = %% at time

t = 0 and continuing along the classical mechanical path ¢ (s) until time ¢ such that

in (s,q,p) space we move from (0, do,p = g—‘g) to (t,q,p = %—f}?). Now consider an
infinitesimal displacement in time At giving rise to an infinitesimal change in the
generalised coordinates of Aq, then we arrive at the point (t + At,g+ Ag,p = ‘3—5),

see Figure 1.1. By considering the line integral of £ (g, 4, s) around the closed curve
7v in (s, q, p) space, as depicted in Figure 1.1, we have

fﬁ@¢ﬂw=f@m4nw=£@@—ﬂw>

v v

Now in our coordinate system (s, ¢, p), we have

8 4 8 OH OH
_ — 8s dq 6p — -

but by the Hamilton equations, we have

ths. =~ (1L4.0) =~ (5,4(5) P (5))
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P ¥ = Twisted ribbon of classical mechanical paths

(0,90, ) —S (g + Ag,t + At)

tap=%)
(an(]ap > 54 S(q, t) ( op %

Figure 1.1: Phase Space Diagram

and since (1, g, p) is perpendicular to d¥, the unit normal of the surface ¥, we have,
by Stoke’s Theorem,
?{(pdq—Hds)=0.
oy
On the vertical section of the path 7, i.e. the section from (0, go,p) to (0, go,p), we
have dg = 0 and ds = 0, which gives the integral around the path - as

S(g+ Ag,t+ At) — S(q,t) = pAqg— HAt = %Aq—i— %%At,
since as as
S(q,t)+8—qu+ —a-t—At—S(q+Aq,t+At) =0.

This yields the Hamilton-Jacobi equations,

oS oS as
34 P and 5 (q, 6q’t)
S is called the Hamilton principal (characteristic) function of the path q. We show

next how this links with our previous approach to the heat equation, Burgers equation
and the Hopf-Cole transformation.

1.3.4 A Unified Approach Including Viscosity

If we consider the Hamilton Jacobi equations for a particle of unit Jmass moving under
a potential of the form V (z) together with a viscosity term —&-AS, then we have
the Hamilton-Jacobi equation with viscosity u? as

BS 1 2 [,LZ
i = 1.31
S +3IVSP+v =£as, (1.31)
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where for a detailed analysis we direct the reader to [10]. We want to look at an
S

analogue of the Hopf-Cole transformation. By letting u = e »? we can show that the
above satisfies the heat equation (1.1), namely
Ou  p?

1
5 = 5 Au + EV (z) u.

Furthermore, if we now look at the transformation v = VS then we obtain the Burgers
equation (1.12) with a scalar potential V (z), namely

2
%y V= AV (). (1.32)
ot 2

We can see that our study of heat and Burgers equations essentially reduces to a study
of the Hamilton-Jacobi equations with viscosity. Similar results to this are well known
in quantum mechanics under the name of the Madelung fluid, if one uses the formal
correspondence between the heat and Schrodinger equation indicated previously.

1.4 Classical Laplace Expansions

Later we shall be looking at integral solutions of the heat equation of the form

1 _¢(z,z0.t)

To(zg)e  #* dxg,
_Wtfk » (20) o

where we have a convergence factor Tj (zo) and phase function ¢ (z, zo,t). We see that
in order to compute the integral, we must use the classical Laplace method for one
dimensional integrals, see [11]. The following encapsulates the spirit of the Laplace
result.

u(z,t) =

Theorem 1.4.1 (Laplace’s Asymptotic Method).
Consider the integral

b
I\ = / T (z) e @ dg,
a
where T (z) € C$® has support [a,b], and we assume that ¢ (z) € C? attains a min-

imum at the point zo € (a,b) such that ¢" (zo) > 0. Then in the limiting case as
A — 00 we have

© 2 4
I(\) @) /N T(:L‘o)/ e~ " (z0) dy

= T (z) <¢"2(:°)) k (1.33)
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Proof.
We merely change the integration variables by setting
Y
r=2Zy+ —.
0 \/X

Then the integral becomes

VA(b—zo) d
I(x =/ T(a: +i) (o0t %) A
( ) VA (a—z0) ° \/—X \/—X

therefore, we have
VA(b—z0)
T @eVR = [~ (a4 I ) e loleor) s g,
VX(a—z0) \//_\
Now we observe that, according to Taylors theorem, we have

6 (m+25) =80+ Lo o)+ 5 (20 2L ),

for 0 < 8 < 1. Then, since ¢ attains a minimum at xy, we have

Al ) o] o (o )

Therefore, we have

\/X(b—tco) _ ﬁ 7 (z (]
I ()\) eMS(zO)\/X — T (130 + L) e R 0+7§) dy,
VA(a—zo) \/-X
where ¢” (xo + %) > 0 for sufficiently large A. By the dominated convergence
theorem, the result follows. O

It is important to remember that the classical asymptotic Laplace expansion is dom-
inated by the quadratic terms in the exponential and higher order terms are of little
importance here.

1.5 Wavefronts and Caustics

We are interested in the wavefronts of the heat equation (1.1) and the caustics of
the Burgers equation (1.12) that appear in the limiting case of vanishing viscosity
u? — 0. Consider a general heat equation of the form
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_S()
with initial condition 4o (1) = To (‘) e "W where To is a convergence factor in the
integral below. Let V = 0, then this has a solution of the form*

1 _4>!£,z .t!
u(z,t) = —3/ To(zo)e” #  dao dyo dzo,
(2mu?t)? Jr3

where we have a phase function defined in the zero potential case as

L) o).

_ 2
¢ (z,zo,t) = & 5

The corresponding solution of the Burgers’ equation is given by
v(z,t) = —u*Vinu(z,t)
@*(z,zg,t
= —u’v ln/ To(zo)e #*  dzo dyo dzo.
R3

Eventually we will be have to set Ty (z,) = 1 since we have the initial condition of
the solution of the Burgers’ equation as

v (2,0) = —p*Vinu*(z,,0)
= VS (zo) — #*VInTp (),

where we are primarily interested in the case as y?> — 0. In this limiting case we
must use the Laplace method for classical Laplace expansions to evaluate the integral
solution of the heat equation, we have

1 1

M2 e~ ¢@:Zo:t) \ 17

u@t) = ——— [ Th(z) (—M—) dxy dyy dzo,
(2mwp?t)? JRe

for

M = max e~®@2ot),
Zo€ER3

We have to find the main contribution to this integral bearing in mind that % — 00.
This is equivalent to finding

¢ (z, 2o, t) = min ¢ (z,z0,t),
QOE]RE‘

for the minimum being achieved at the point, or set of points, Z,. This clearly occurs
at the points z, satisfying
V§0¢ (ga%a t) =0,

which defines our classical mechanical flow, denoted by ®; (z,).

4In Chapter 2 we calculate exactly such solutions for several cases.
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Now look at the derivatives of ¢ (z, z,,t) with respect to z and ¢, we have

V= E=20) Vo 6.V ozo = -z

4 t
and ) )
0 _ -z) g 400 _ (E-z)
ot =0 2t2
which satisfies the Hamilton Jacobi equation
0
2 4 21Vl =0.

However this is just
S(IE t) - mln ¢( a—Oat)
zy€R

which is the Hamilton characteristic function corresponding to the initial momentum
VSo (zy), i-e. the solution of the Hamilton Jacobi equation

L 1VSE i
0t T2

with initial condition S (z,0) = S (z) and for the case of u? — 0 and V (z) = 0. The
wavefronts of the heat equation can be defined as the points that lie on the surface
S (z,t) = 0 where u(z,t) switches from being exponentially large to exponentially
small.> We can find the pre-wavefronts by eliminating the z terms in the expression
S(z,t) = 0, and the wavefronts by eliminating z,. Now, if we expand ¢ (z,z,,1)
about 2, — I, by Taylor’s theorem, then we have

)Tﬁ
0z |,

2
+V(z)= E-AS,

~ \T 2
¢ (z,Zo,t) = ¢ (2, Zo, ) + (2o — +(xi-_—g'1)—§ii (o — )+ O (),

2 0zd

gil

Z

where g—zf is the Hessian matrix of second order derivatives. But, recall that we have

already demanded that
9
0Zo |3,

so the leading behaviour of the solution of the heat equation must be of the form
_ #(zp.t) 20—5 T 52

e [P / _ﬁ_—zlle” ﬁ  (@o—&)

_— e ~01zg

(2mpu2t)?

= V¢|, =0,

Zo

u(z,t) = dzg dyo dz.

5Recent work by Davies, Truman and Zhao, see [12], has required a more precise definition of a
wavefront, but for the purpose of this work it is sufficient to use our definition.
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Clearly then, this will become infinite when one of the eigenvalues of —? becomes
zero, i.e. when

8%
_2

Det
e 952

=0,

for z, = %, (z,t) and where we must emphasize that —-? is a matrix of second order
derivatives with respect to the components of z,. Then the caustics of the heat
equation can be defined as the points where this occurs, and we would eliminate the
Z, terms to get the caustic and the z terms to get the pre-caustic.

1.5.1 Other Cases

We can show that in the case of a general potential V = V (z) we have similar results
for the wavefronts of the heat equation
ou V(z)

LA =
ot 2 U+ 2 Uu,

_ 5ol
with initial condition uy (1) = To (-) e —E’l, and caustics of the Burgers’ equation

av+WVhr~?Av—VV()

with initial condition

v(0) = VS () = u*VInTo ().
We can assume that the heat equation has a solution of the form
1

u(z,t) = ——3
(&) (2mplt)?

/3 To (%) e-fgd’(&&o,t) dzo dyo dzo,
R

where we have a phase function of the form

¢ (2, 2o, ) = Alz, 2o, t] + So (Zo)

and A [z, z,,1] is the classical action of a classical mechanical path starting from z,
and getting to z in time ¢, i.e.

Alg, X (0),8= inf { fX ds—/ V(X (s)) ds}
X()=z

We shall see later, in Chapter 2, that for the case of a linear potential, where V (z) =
— Kz, we obtain a phase function of the form

(z —z0)® Kt K2%?
ot + ) (CL‘ + :L‘()) 24

¢ (.’E, Zo, t) = + So (130) , (134)
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and for the case of a harmonic oscillator potential, where V (z) = “’72332, we have

phase function

(z% + 22) cos(wt) — 2zxy
sin(wt)

w

¢ (z,zo,t) = 3 [

+ So (zo) - (1.35)

1.6 Adding Noise

In the previous sections we discussed the relationships between the heat and Burgers’
equation and the Hamilton-Jacobi theory. We shall now see that all of the previous
work still holds in a noisy environment, i.e. if we add noise in time, as long as we use
the Stratonovich stochastic integral.

1.6.1 Stochastic Heat and Burgers’ Equations and the Hopf-
Cole Transformation

Consider now a stochastic version of the heat equation
ou="Au o LAy = o OW,

for the Wiener process W; and with o representing a stochastic Stratonovich integral
rather than an It6 integral, see Appendix B.1. For the Stratonovich integral, the
normal rules of calculus apply and there are no It6 corrections required. We can use
the usual Hopf-Cole transformation, as discussed earlier,

v(z,t) = —p*Vinu(z,t),

to obtain the stochastic version of the Burgers’ equation,

2
By + (v.V)v Ot = %Ay 8t —VV (z) 8t — VU (z,t) oOW,.  (1.37)

We prove this formally in the one dimensional case.

Theorem 1.6.1.
Consider the stochastic heat equation with a classical potential V (z) and a random
potential U (z,t) oW,

2 52
pt 0%u U u
where u = u (z,t). Then the Hopf-Cole transformation for v = v (z,t)
2
ve -2y = O (1.39)

Moz u Oz’
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satisfies the Burgers’ equation in one dimension

Ov 2 9% oV oUu

Bu+ v Ot = ‘;azat_%—%oawt (1.40)
Proof.
The first derivative of v with respect to time ¢ is, by the Hopf-Cole transformation,
just
: ov  pfoudu p? d%u

8t 20tdr u OtdT’

and by the Hopf-Cole transformation (1.39), we have

v vOu p? %
ot uot ?atax (1.41)

With respect to space z, the first derivative of v by the Hopf-Cole transformation

(1.39) is
@_ _ ¥ Ou B u? 8%u
oz oz u 0z?

But, recalling the above simpliﬁcatlon of the Hopf-Cole transformation (1.39) and
also by using the heat equation (1.38), we have

ov v 20u 2 :
il u6t+—(V+Uth). (1.42)
Now we are primarily concerned with the second derivative of v with respect to z, i.e.
&% vov 20udu 2 0% ov. oU .
— =2t - - —— W ).
0z 2?0z T 20t wowor @2 (6:5 o ° t)

Once again, using the Hopf-Cole transformation (1.39), we have

Pv_,vd 200u 28u 2 (2‘£+_6_U ow)
or?  “p2dzr  pludt udzdt 2 \ Oz  Or t):
We also assume that u is sufficiently well-behaved such that we have continuous
second derivatives, so that
Ou _ 0%u
otdr ~ dzdt’
then we have, from the heat equation (1.38),

v vé)v+2@+ 8V+8U oW
0z2  “p20x p2ot ut\Ox O ¢
which is just the stochastic Burgers’ equation in one dimension with a potential
V(z)+U(z,t) oW, ie.
(2 92 oU
ov d%v 5 — ov

‘9””0_&—23@2 5z oz

(1.43)

o OW,.
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1.6.2 Stochastic Hamilton-Jacobi Theory

Earlier we showed how the classical heat equation (1.1) and Burgers’ equations (1.12)
can be transformed into the classical Hamilton-Jacobi equations. We now look at a
stochastic version of this. Consider the stochastic Burgers’s equation (1.37) with a
potential V (z),

2
O+ (v.V)v Ot = %Ay 8t —VV (z) 8t — VU (z,t) oW,

then by using the same transformation as in the classical case, v = V.S, we can derive
the stochastic Hamilton-Jacobi equation

2
as+%|v5| Bt+V(z) Bt+U(zt) oW, =L AS ot (1.44)

For a proof of this, as well as a more rigourous account of the stochastic Hamilton-
Jacobi theory, see [10].

1.6.3 Noisy Wavefronts and Caustics

Consider the stochastic heat equation (1.36) with a potential V (z) for u = u(z,t)
and with the coefficient of the stochastic term as U (z,t) = —z,

2
W u T
0u=?Au8t+V(g)E Bt—ﬁu o OW,,

Sa(-
with initial condition u (-,0) = Tp (-) e__ﬂ'sl. This choice of U (z,t) = —z introduces
the stochastic term as a random linear acceleration. As we have shown, the corres-
ponding Burgers’ equation (1.37) with a potential V' (z) is,

2
u+ (V) ot =000t - VV () 0+ (2) 0OW,

with initial condition v (-,0) = VSp (). We shall assume that the stochastic heat
equation has a solution of the form

1 _¢!§,z ,t!
u(z,t) = ——3/ To(zg) e s dzo dyo dzo,
(2mp2t)? Jre
where we have a phase function of the form
¢ (z,20,t) = Alz, 2o, t] + S0 (zo) ,

and A [z, z, t] is the stochastic action of a classical mechanical path starting from z,
and getting to z in time ¢, i.e.

Amx®.d= pt {5 [ X6 - [ Ve s+ [ X(5) o).
X(H=z



Chapter 2

Stochastic Mehler Kernel Formulae

2.1 On Some Recent Papers

In this section we review some recent papers on the subject of stochastic analysis of
heat and Burgers’ equations. We shall present some of the results of A. Truman and
H.Z. Zhao [10], A. Truman and T. Zastawniak [1, 5].

2.1.1 Stochastic Mehler Kernels and Path Integrals

In A. Truman and T. Zastawniak [1], they consider the one dimensional stochastic
Schrédinger equation,
18 a?

i (z,t) = (‘5% + ?2) b (@, 8)dt + (Ko (z,1)) (z) 0 dWs,  (2.1)

for the Wiener process W; with o representing a Stratonovich integral rather than an
Itd integral'. Specifically they look at the cases of the position operator K (z) = z
and the momentum operator case K (z) = —i-j;, applying extensions of the Ito-
Albeverio-Hgegh-Krohn Feynman path integral approach [13, 14] to compute the
stochastic Mehler kernels of the corresponding Schrédinger equations.

We are mainly interested in the position operator case, where the solution is found
by using configuration space path integrals and the Green’s function of the stochastic
Schrodinger equation,

182 a?

oY (z,t) = (——55;2— + 7:32) Y (z,t) dt + z¢ (z,t) o dW,, (2.2)

1We discuss the relationship between Stratonovich and It6 calculus in Appendix B.1.

27
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is shown to be

Clrant) = [T orati (6 + o) cos(ar) - 2020
2misin(at)
t [zsin(ar)—zg sin(ar—at)]
o —q N z sin(a m:;;;l)n ar—at)] o dW,
7 sin(as) sin(ar—at)
XCZ‘[O Sna:s?n(aat; = o dW, o dW

forallt e R*, ¢t # % and k€ N.

As we saw in Section 1.1.1, we may easily convert from a Schrodinger type equation
to a heat equation by mapping ¢ +— it. This is a standard technique from Complex
Variables where we are essentially moving from real to complex time. We may further
extend this by setting ¢ + iu?t and w = p2a such that we obtain a corresponding
stochastic heat equation for u (z,t) = ¢ (z,t) as

2 2
ou(z,t) = (%'@% “2’; )u(w t)dt — zu(z,t) o dWi, (2.3)

which in turn gives the stochastic Green’s function as

G (z, 70, t —g———-——zu SrYYeT) [(z? + z2) cosh(wt) — 2zx)] (2.4)
’ 22 smh 2mp? sinh (wt)

t [:z:smh('wr)——zo sinh(wr—wt)] o dW,

u sinh(wt) (2 5)
_ T smh(wﬂnh(wr wt)
xe fO u?wsinh(wt) ° dW ° dW (26)

Later we shall consider the stochastic heat equation with a harmonic oscillator po-
tential as
2 62 2,.2
Ou(z,t) = + 22 u(z,t)dt — zu(z,t) o dW,, (2.7
2 Bx?
where we simply let w — iw to provide us with interesting periodic results. We also
look at the limiting case w — 0 to examine the effects of noise on the zero potential
case.

2.2 Classical Green Functions

In this section, we consider the classical heat equation (1.1) and examine the respect-
ive solutions via the use of Green’s functions. We also discuss the singularities of the
heat and Burgers’ equations in each case and we begin by taking a look at the case of
the classical heat and Burgers’ equations, under three different potentials: the zero;
harmonic oscillator; and the linear potential cases. The simplest case that we shall
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cover is the classical case with a zero potential. Later on, in Chapters 3 and 4, we
give some explicit examples of the singularities of Burgers’ equation and wavefronts
of the heat equation with and without noise terms. We also take time to discuss the
nature of these singularities in relation to the corresponding Thom catastrophes. In
this section we shall discuss how we go about computing the singularities, discussing
the different approaches required for cases of different potentials.

2.2.1 Zero Potential Case

Theorem 2.2.1.
The one dimensional heat equation with no potential term

Ous  p? 0%u,

R (28)
where u; (z) = u(x,t) for position x and time t, has solution
u(z,t) = / G (z, %0, 1) uo (o) dzo, (2.9)
with
tl_lgi u(z,t) = uo (2o),
for ug (xo) € C§° (R) and with Green’s function given by
1 _!z—:’p)z
G (z,zp,t) = e i, (2.10)

v/ 2mplt

Proof.

To begin we show that the Green’s function (2.10) is actually a solution of the partial
differential equation (2.8). Taking the natural logarithm of the Green’s function
(2.10), then we obtain

InG = —Ln (2mpe) - @220
2 K 2ut

and differentiating with respect to time ¢ gives
9G _ ___(x—a:o)2 _1 G
ot | 2u2t? 2t
Now differentiating In G with respect to x gives us

0G _ (z— o)

— = G
Oz wit
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and looking at the second derivative of In G with respect to x, we have

G _ [(x—x0)2 1 ]G.

0z? g2 Rt

Putting these terms into our heat equation above, we obtain,

E-m) 1|, _#|e=2) 1],
22t2 2t 2 pit? ut|

This shows that the Green’s function (2.10) satisfies the heat equation (2.8). We may
also see that, for uy € C§° (R),

o0
/ G (z, Zo, t) uo (o) dzo,
—00
is also a solution of the heat equation 2.8. All that remains to be shown is that
li t) = .
Jim u(2,) = uo (2)

Making the substitution zo = z + zuv/t in u (z,t) yields

ﬁ/ e_%uo (a: + zu\/l_t) pVt dz
Uy’ —00

= \/% /_oo e_%uo (:v + zu\/i) dz.

Then by the dominated convergence theorem, we may deduce that

u(z,t) =

o,
lim u(z,t) = \/%/ e T grg}r Uo (:L‘ + zu\/i) dz

t—0+t

= ug(z),
as required. O

We observe that, by the dominated convergence theorem, the above proof works when
ug is bounded and continuous. Now we need to consider

5

Ug = Toe_ H

for some convergence factor Ty > 0. From Theorem 1.2.1, we can consider lim,_,o v*,
where
ov*

p
= I b “
5 +@V) ot = A,
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with the initial condition v = V.Sy — u?V InTp. Formally this limit is

% +@V)y=0,

for initial condition v, = V.Sp, but the latter equation does not have a unique solu-
tion. Hence, our limit provides a method of selecting a solution which should be
the physically interesting case corresponding to the minimal classical action. Now,
extending the solution of the heat equation to R3, we have a phase function given by

(z — $0)2 (y— yo)2 (2= 20)2
= . 2.11
As we saw earlier, the singularities of the inviscid limit of the Burgers’ velocity field
ovt

s
= “ “o_ w
5 + (@*.V) ¥ 2Ay,

are given by the determinant of the Hessian matrix of the phase function (2.11). We
eliminate 2 to obtain the pre-caustic, and z; to obtain the caustic, by means of the
classical mechanical flow Vg ¢ (z,zy,t) = 0. This tells us that the zero potential
pre-caustic will be determined by

1 028,
l;IS + ——agg0 = O, (2.12)

which contains no terms in z. In order to calculate the caustic, one must apply the
flow V; ¢ = 0, which in this case, simplifies to

z = o+ 1V, So (o) - (2.13)

If the expression for the pre-caustic (2.12) is linear in one component of z,, then we
could easily obtain a parametric expression of the caustic. One may also attempt to
directly eliminate the z, variables from the set of equations (2.12) and (2.13).

Now for the heat equation

Ou p?
===t 14
5% = 3 Au, (2.14)
the wave-fronts are given by
inf ¢(z,z,,t) =0, (2.15)
z,€R3

where we eliminate z for the pre-wavefront, and z;, for the wavefront. We may simplify
the expression for the pre-wavefront by making use of the flow (2.13) to eliminate z,
this provides a nice expression for the pre-wavefront as the Eikonal equation

t
5 Vo Sol2o)[” + So(zo) = 0. (2.16)

The wavefront, on the other hand, can be quite complex, when we attempt to elimin-
ate z. Even when using simple polynomial based functions, we shall see that we can
soon run into some difficulties investigating these singularities.
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2.2.2 Linear Potential Case

Theorem 2.2.2.
The heat equation with a linear potential,

ou  p*d*u  k

—87 = ?ﬁ — l-ﬁxu, (217)
has solution -
u(z,t) = / G (z, zo,t) uo (zo) dzo,
—00
with initial condition
li t) = ,
t_lgiu(xa ) Uo (.’E)
where we have uy € C§° and Green’s function
1 _(z—=0)® _ Kt k243
G (z,zo,t) = e 2w 2t (@ + Z0) + 247 (2.18)
\/2mult
Proof.
Taking the natural logarithm of the Green’s function (2.18), we see that
1 o (—x0)® Kkt k23
InG = —Eln(Qﬂ',U, t) - -—2M2t— — -2—u§($+.’)30)+ W,
so that the first derivative of In G with respect to time £ is given by
oG |k k (z —20)° 1
o - {S—;ﬁ_z_;ﬂ(x+$°)+_'—2u2t2 “%| ¢

Now, looking at the first derivative with respect to position x, we obtain
oG kt -
— [ (z wo)] G,

az 2p? prt
which gives the second derivative with respect to position z as
%G |k k (z —m)® 1
52 = [m*m@‘“)*—w‘m

Then putting the above expressions into the heat equation with the linear potential
(2.17), we have
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as required. Hence, the Green’s function (2.18) solves the heat equation with the
linear potential (2.17). Now we must verify that we have the initial condition

tl_lgl u(z,t) =up(z).

In the case of small ¢ we see that

[z - z0)?  kt K (z—z)°

TR AR Ut - Ry rant

since the terms involving positive powers of ¢ will vanish as ¢ — 0. Hence we may
reduce this to our zero potential case. O

Consider the following heat equation in R3 with a linear potential K = (ky, k2, k3),

Ouy  p? Kz
E = ?Aut - Fut, (219)

S
with initial condition uy = ¢ # and where . represents the standard scalar product
of a pair of vectors in R3. Then from the one dimensional case, equation (2.18), we
derive its Green’s function to be

(z—z)* ¢ £
— 2L g — K 2.2
ment T { T SR Ty (2.20)

which gives the solution of the heat equation with a linear potential (2.19) as

4’!:—0'!
u(z,t) ) P ///3 dzg dyg dzg,
(2mp R

where the phase function ¢ = ¢ (z, z,, t) is

G (IL', Zo, t) =

p@ant) = Z=2 Lt o hny - PR ts@). (2.21)
=0 2t 9= TR T gy 0 '
We can calculate the classical mechanical flow by looking at Vg ¢ (z,zy,t) = 0, which
gives us

t2
T=2Z5+ 5K +tV g, So (Zo) - (2.22)

Now, recall that the pre-caustic is calculated by looking at the zeros of the determinant
of the Hessian matrix of ¢ (z, z,,t), in this case this simplifies to exactly the case of
the zero potential, i.e.

S+ —2| =0, (2.23)

1, 85,
12T oL
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and the caustic will come from applying the above classical mechanical flow to elimin-
ate the z,, terms. Recall also that the pre-wavefront is given by the zeros of ¢ (z, 2o, t),
where we eliminate the z terms by using the classical mechanical flow, and we have
the pre-wavefront for the linear potential case given by

t [t ? ot
3 EK-FV%SO +§K 2z, +

t2

t3
K+ tvgoso) — LK%+ Sp(z,) =0. (2.24)

24—

2.2.3 Harmonic Oscillator Potential Case

Theorem 2.2.3.
The one dimensional heat equation with harmonic oscillator potential

ou  préu w? ,
5t = o o2 + 2—#2.'13 u, (2.25)

has solution o
u(z,1) =/ G (z, o, t) uo (o) do,

with

Jim u (2,t) = uo (2),

for up € C§° (R) and with Green’s function given by

w (zz+zg) cos(wt)—2zzo
w T2 sin(wt)

t) =) ————
G (@, 20,) 272 sin(wt) ¢

(2.26)

We must take care here as the solution u (z,t) will become unstable for large time
t. That is, we need sin(wt) > 0 such that ¢ < I, or in the R3 case, we require
t< &

max(w;)
Proof.
We should begin by verifying that the Green’s function (2.26) is actually a solution
of the heat equation (2.25). We look at the natural logarithm of the Green’s function
(2.26),

2 2 4 2 _
InG = 1 In 2mpt sin(wt) ) — w [+ ) ?Os(wﬂ 2z ,
w sin(wt)

2 2u2
and differentiating with respect to time gives us

oG _ ——w—+w—2 (z® + z3) +
ot | 2tan(wt) 2u? 0

w® (2 +23) wrzrzy
2u?tan?(wt)  p?sin(wt)tan(wt) |
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Now differentiating with respect to space x we obtain

(_9_@ _| we 4 WILo
0r | p2tan(wt) = p2sin(wt)

which gives second derivative as

0*G w wT Wy 2
— = |- +(- + = G
0z? u? tan(wt) ptan(wt)  p?sin(wt)

Then putting this into our harmonic oscillator heat equation (2.25), we have

2 2002 4 22 2
L w +w_(x2+x3)+w (z ~2|—x0)__ W'z
2tan(wt)  2u? 2p?tan®(wt)  p?sin(wt) tan(wt)
s w N w?z? N wz? 2wz w?x?
2 | u2tan(wt)  pitan?(wt) = plsin’(wt)  ptsin(wt) tan(wt) 2u?
This simplifies to the well known trigonometric identity

1 1
tan?(wt)  sin?(wt)’

Now we need to show that

tl_lgx u(z,t) = uo ().

Clearly in the case of small ¢t we have sin(wt) &~ wt and cos(wt) ~ 1 which reduces us
to the zero potential case, since our solution behaves like

'LTQQL ) divo.

2% g (Zo

u(z,t)
\ / 27r/,l,
Then, we may use the same approach that we applied in the previous proof to show
that

li t) = .

Jim u(z,) = uo (2)

O
We can now go onto consider a three dimensional heat equation of the type (2.25),
ie.
— (wiz? + wiy? + wiz?) u, (2.27)

S
with initial condition uy = e . We may then examine the phase function for the
harmonic oscillator potential, namely

o (z,z0,t) wr (z® + 23) ?OS (wst) — 2z n Wy (% +y2) f:os (wat) — 2yyo
2 sin (w1 t) 2 sin (wat)

ws [ (22 + 22) cos (wst) — 222

+5 -

2 sin (wst)

+ So (%) . (2.28)
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It may easily be shown that the classical mechanical flow V ¢ (z,z,t) = 0 is given
by
sin !wltz a5

z zo cos (wit) o o
vy | = wocos(wat) | + sin (unt) 55y : (2.29)

wz  Oyo
z 2o cos (wst) sin (1st) 95y
w3 Bz
Recall that the pre-caustic is given by the zeros of the determinant of the Hessian

matrix, with respect to z,, of ¢ (z, zy,t), namely

&9

Det
e 22

=0.

Looking at the second derivative with respect to zo we have

_3_22 _ w1 + 8250
O0z?  tan(wyt) = 0z3’

and similarly for the yo and 2z derivatives, where the second order derivatives are
continuous. Then we see that the pre-caustic is given by

828, 328, 825,
w) o 0
tan(wt) 0 0 62::0 3y2ozo 3220920
_wy 23, 828, 02§ _
0 =em ,9 + —lagoyo —;Qaz 3 _n-azzoyo = 0. (2.30)
0 0 — 925 S 95y
tan(wst) Oxozo 3yozo 923

Observe that in the case where w;, wo and w3 tend to zero we obtain the earlier zero

potential case,

1 825,

Ig+ =0,

3—0
as in equation (2.12). We can calculate the caustic by applying the flow to the pre-
caustic and eliminating the terms zo, yo and z, for our specific Sy (z,), which, as we
shall see later, is easier to compute in a specific example. The pre-wavefront is given
by ¢ (z4,t) = 0 where we reduce ¢ (z,z,,t) = ¢ (Zo,t) by using the flow to eliminate



CHAPTER 2. STOCHASTIC MEHLER KERNEL FORMULAE 37

the terms z, y and z in the phase function, hence we have ¢ (z,,t) =0 as

d { [(zg cos (wt) + sin(_wﬂ)%)z + :cg} cos (wst)

2sin (wit) w;  Ozo

-2 <xo cos (w;t) + Sint(uzflt) g—iz) .’170}

+#(2wzt) { F(yo cos (wat) + sini:zt) g—i’) 2 + yg- cos (wat)

+2sinw—(3;03t) { (zo cos (wst) + %}ﬁg—iﬁz + 22| cos (wst) (2.31)
-2 <zo cos (wst) + siniz:;;t) g—’i’) zo} + So (zy) = 0.

Again, we can see that as we let the potential tend to zero we obtain the zero potential
case,

t 2

= Vs Solao)|” + So(zs) =0, (232)
as in equation (2.16).
In order to calculate the wavefront we must apply the flow to the pre-wavefront so
that we can eliminate the terms zg, yo and z;. In some cases, however, this is not

possible directly, as we shall see in the zero potential case of the butterfly and fish.
This we overcome by applying the classical mechanical flow numerically.

2.3 Noisy Green Function

2.3.1 Zero Potential Case

Consider the stochastic heat equation under a harmonic oscillator potential that we
obtained earlier in (2.3),

2 92 2
u* 0 w z W
Ou= (?@_sz) uat_?md "

where o dW; denotes a Stratonovich integral with respect to the Wiener process W;
and u = u(z,t). We know, from Section 2.1.1, that the stochastic heat Mehler kernel
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is given by

G (z,70,t) = ¢ | —s— oFFshan) (% + 25) cosh(wt) — 2aq)
27 p? sinh wt

_ ft z sinh(wr)—zg sinh(w(r—t)) ° dWr

X e 0 w? sinh(wt)
t 7 sinh(ws) sinh(w(r—t))
x o~ do o T EumG 0 W0 dWr g gy

We are particularly interested in the case of w — 0. We begin by looking at small w,
so that by virtue of small angles, we have
z—20)2 1t
G (xaxO,t) = ; e_ 2pst e_;rtfo [1'7" — %o (r - t)] ° dWT
v 2m 2t

e~ Jo Jo 8 (r—t) 0 dW, 0 dW,

Since we are dealing with a smooth function, we may calculate the first Stratonovich
integral by a simple application of It&’s formula,

t 1
/ [zr — zo (r — t)] 0 dW, = ztW; — (z — xo)/ W,ds.
0 0

Note that W (w) is the position of a one dimensional Brownian motion at time s, or
the value of a Wiener process at time s, and the integral f(f W, ds is the integral of
the Wiener process from time 0 to . Both of these are stochastic processes and their
values will depend upon the specific sample path taken by the Wiener process. Since
this is random it will make an exact calculation impossible, but there are several
options available to help with this. For example, we may work with expectations, or
approximations based on a chosen sample path. Details of how we deal with this for
the purposes of this work are given in Appendix B.3. The second stochastic integral
in this heat kernel is quite complex so for the meantime we simply represent it by

C(t)=/0t/OTs(r——t)odW30dWT. (2.34)

A more detailed treatment may be found in Appendix B.2. Re-capping over what we
have just shown, we can prove, by using the dominated convergence theorem:

Theorem 2.3.1.
The one dimensional stochastic heat equation

Oou=5-""—0t— N—u o dW;, (2.35)

has solution

u(z,t) =/ G (z,zo,t) ug (zo) dzo,
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with initial condition

1 t) =
Jim (z,8) = w0 (2),

for deterministic up € C3° (R) where we have the stochastic Green’s function

()
22t ’

G (z,zo,t) = (2.36)

and ¢ (t) is given by

C(t) =¢(tw):= /Ot/ors(r—t)odWsodWr.

Proof.

All that we have to prove is that the above G (z, 2o, t) is indeed the Green’s function
for the stochastic heat equation (2.35). Observe that taking the natural logarithm of
the Green’s function (2.36) gives

1 (z—z0)2 zW, (z—=z0) [¢
lnG(x,xo,t)=—§ln (27ru2t)— 52t — 2 + ez /OWSds—

and differentiating with respect to time ¢ yields the Stratonovich derivative as

_ 2
9G = [ At 41 zztf(’)fw ds

2t 2u%t? u? ot

(2= 20) | SO _ (;)} o

+ 2t 22

Now differentiating In G with respect to space x gives

0G [ (x—x) W, 1
8:1:_[ (2t 2t f, et @

and the second derivative with respect to space z is

8°G 1 (x—xz9) Wy 1
¢ _ -2 (= - W ds)| G
Oz? [ it ( pt 2 ety S)]

Then inserting these derivatives into the stochastic heat equation (2.35), we have,
after some cancellation of terms

) f@ w2 2
4440 i ([
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Namely
2

B0 ([ o)

Then we see that in order for the Green’s function to solve the stochastic heat equation
(2.35), we must have the following

) 1 [*1 " 2
_T_E/Oﬁ(/osodws) dr.

In a forthcoming work by Chris Reynolds, [15], this has been proved, so we assume

that the above holds. Then we see that the Green’s function (2.36) indeed solves the

stochastic heat equation (2.35), and the proof is complete. a
N

In full, for u9 = e »*, the solution of the zero potential stochastic heat equation
(2.35) is

¢(t

_1 [=z0)? _ (z=z0) rt N
\e/”_lt/e ;75[ - +IW, T fo W dS]e_—ﬂi,lllsP dzo.
Tt Jr

Hence, in this case we shall write our phase function as

u(z,t) =

_ 2 _ t
¢ (z,x0,t) = (sc_;’)_+xm_wfowsds+£%+50(xo).

Now, consider the stochastic heat equation in R? with a noise term in one dimension
only, i.e.
© z
aut = —'Aut ot — — Ut © th,
2 u?
5

with initial condition uy = e »* and where o dW, represents a Stratonovich integral.
The corresponding stochastic Burgers’ equation is

2
Ov+ (v.V)vot = %Ay&t + V(z) o dW;.

The solution of the stochastic heat equation is given by

1

u(z,t) ~ ——
(%) (27r,u2t)%

1
/3 e Fqs(g’zo’t)dl'odyodZo,
R

where the phase function ¢(z, z,,t) is

(=m0 | (y—w)® | (2—2)°
$@apt)=—F— + 5t T

_(z—=) _t To) /Ot Wds + @ + So(zyp)-
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We shall look at the wavefronts of the stochastic heat equation and the caustics of
the stochastic Burgers’ equation for the corresponding initial Sy (z,) functions of the
classical case, so that we may compare the resulting singularities. Now the pre-caustic
of the heat equation are given by the zeros of the determinant of the Hessian matrix
of ¢(z, z,, t), with respect to z,. This is exactly the same as in the case without noise,

ie.
¢ 8%,
ox? oz?

Next, the caustic for the heat equation comes from setting V%d)(g, Zy,t) = 0, which
gives the flow

= I +t—2| = 0.

s Wids
T = Zo + Vg So(zo) + 0
0

If the pre-caustic may be solved explicitly to obtain zy = zy (o, Yo, t), then we may
obtain the caustic as a set of parametric equations, making plotting much easier. If
we are looking at a relatively simple Sy (2,), then we may be able to form an explicit
equation for the caustic. For the corresponding heat equation the pre-wavefront is
given by

lnf ¢( Z, Lo, ) = Oa

where we can use the flow to eliminate the terms in z, y and z to obtain
1 {/(.8S /t 21,05\ (,05)\"
t— od t— t—
2t |:( 8w0 + 0 Weds + 8y0 + 82«'0
t t t
+ x0+t%+/ Wds Wt—— t%+/ Wds / Wds
0. Lo 81:0 0
¢(t
( ) + So ($ ) =0,

or more simply,
05 ¢
|v So (zo)|* + So (zo) + (2o +t=— + [ Wids | W,
0

9z
21t (/ st) +§$=o. (2.37)

Then we can find the wavefront by eliminating xo, yo and zp by using the flow equa-
tions that arise from setting V ¢(z, z,,t) = 0. This is often much easier to compute
in a specific example.
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2.3.2 Linear Potential Case

Consider the stochastic heat equation in one dimension with a linear potential,

|
ey ou urdn K a -
il v Ezu — —ﬂ—zxu o W, (2.38)

where W, is white noise, K and « are constants, u2 is the viscosity and v = u (z, ).
We shall look for a solution of the form

0 _ Sq(=zg)
u(z,t) = / G (z,zo,t)e  #2  dxy,
—00
where the Green’s function is given by

1 —‘[ﬁﬂﬂ-ﬁ+Ft k(¢ +lt]
oA k], (2.39)

and F, k and [ are to be determined.
Now take the natural logarithm of the Green’s function (2.39) to get,

G (z,zo,t) =

_ 1 0 (@—m) F() k@) 1)
InG = 5 In (2mp?t) 22t 2 T 2 Zo R (2.40)

Taking the Stratonovich derivative of (2.40) with respect to time ¢ we obtain

1 (z—xz) OF ok ol
8G_<—ﬂ+W G ot Guzx Guzxo G[J,2'

Differentiating (2.40) with respect to space z yields

%= <_(x—x0) _5) G,

oz
so that the second derivative of (2.40) with respect to space z is given by
G 1 (z—1x0)? 2F F?
b A (L SIS S VIl (O L Ve
) ( u2t + 11412 + 4t (@ —z0) + e

Inserting these derivatives into our stochastic heat equation (2.38) we obtain, after
eliminating the common terms in G,

1 (z-1)° OF 0Ok ol
<2t+ 2u2¢2 ot uzx uzxo 12

1 (z—=z)° F F? K o
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After cancellation of terms, this gives

2
—x OF — 29 8k — Ol = (gm—gcco—f—%-—l{x) Ot —az odW,.

We may now calculate the functions of time F (¢), k (¢) and [ (t) by comparing coef-
ficients. Looking at the coefficients of z, we have a first order stochastic differential
equation,
F
6F+—t— Ot =K 0t +a odW,,

i.e.
0 (tF) = Kt 0t + ta. o dW;.

Assuming the F'(0) = 0, this can be solved to give

Kt t
F(t)==""+ 9/ s odW,. (2.41)
2 t Jo
Now comparing the coefficients of zy and observing that F' is continuous, we have the
first order differential equation,

dk _F
a t’
i.e. ik K .
o
PR e
which admits the solution
Kt Yo [T
k()= 7+/(; ;3/0 s odW; dr. (2.42)
Finally, comparing the constant terms, we have
da _F2
a 2’

1.e.
2

dl 1/Kt o [t
a——505+7A3°““>’
which has the solution

K# oK [t [T a2 [*1 ([ 2
=— - — -— | = s . 243
L(2) 5 5 /O/Os;odWsdr 2/07'2 (/OsodW) dr. (2.43)

Summarising the above we arrive at the following theorem
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Theorem 2.3.2.
The one dimensional stochastic heat equation with a linear potential,

2 52
u oy K o
Ou = (—2 o 2 xu) ot — 2 zu o dW, (2.44)

has solution

u(z,t) =/ G (z, zo,t) uo (zo) dzo,

with initial condition

li =
t_lgg_ u (x7 t) Uo ((E) ’

for ug € C3° (R) where the Green’s function is given by

! eT _1 (=) 7o)’ + Kt (z + z0) — K0
N A 2 )~ "2
a t t T s
+—/ s odst-I-amg/ / — odW, dr (2.45)
t Jo oJo T
t T 2 t r 2
—%//sodWsdr—(—x—/i /sodw; dr .
2 JoJo 2 Jo 2 \UJo

Clearly as @ — 0 we obtain the classical solution to the linear potential problem, see
Section 2.2.2, namely

G (z,z0,t) =

—10)2 243
1 6_%—%(:K—IEQ)+§T:§.
V2wt

However, if we instead take the limit as K — 1 and a — 0, we obtain

G (z,xo,t) =

z—10)?2 t x t pr
L SR E s W B[ odWedr

G (IE, To, t) =

V2mpt
L R E (s odW) dr

X e2n?

This agrees with the result obtained for the zero potential noisy case, see Section
2.3.1, except for the last term. However, in a forthcoming work, [15], it has been
shown that

1 tl T 2 1 t T
- - = -7 - d s dWm
2_/0 = </0 s odWs) dr t/o /0 s(r—t) odW, o
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and this reflects the different approaches used in calculating the Green’s functions.
We can process the functions F (t), k (t) and [ (¢) a little further to obtain,

F(t) = -———aWt+ /W ds, (2.46)

k(t) = —+a/%dr—— // Fdsdr (2.47)
0
2,3
1) = — Kt /Wd+—//stdr
- 2
__/\VV,.2 dT+a2// WTWS lz(/ Ws ds) dr;
2 Jo o Jo r o T 0

(2.48)
which, for computation of wavefronts and caustics, are much easier to deal with.
Hence we shall write our one dimensional phase function as

(z— .1100)2

¢(I,Z’0,t) = 2t

+F @)z +k () zo+1(t)+ So(zo)-
Now consider the stochastic heat equation in R® with linear potential X = (K, 0,0)
and noise in one dimension only,

2
ou= | EAu+ gu Ot + =zuo dw;. (2.49)
2 12 12
This choice of K = (K, 0,0) denotes that we are only considering a linear acceleration

in one direction, that being alone the x-axis.
The corresponding Burgers’ equation is given by

2
Ov + (v.V) ot = (%—Ay — K) ot — V (z) o dW,,

and our phase function in R3 is given by

@20 | b ot k@ztll)+S (@), (250

(,‘b((L‘,:L‘o,t) = of

where we know F, k and [ from above. We may easily calculate the classical mech-
anical flow V ¢ = 0, to obtain

k(2)
Z=xy+t ( 0 ) +tV g, S0 (2o) - (2.51)
0
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From this it may be easily seen that the pre-caustic is simply
62¢ ‘ 1 6280

-I3+
a% 3+ =0 )

3_0
which is identical to the classical case with zero potential, as expected. To compute

the caustic, we use the classical mechanical flow to eliminate the terms in zg, 3 and
29. Furthermore, we may calculate the pre-wavefront as

0 = Va5 (2o)|” + So(zo) + (F (t)”“))(tz‘_ﬁ”")

+tk (t) (F (t) + %k(t)) +1(t). (2.52)

By using the classical mechanical flow to eliminate the z, term, we may calculate the
wavefront.

2.3.3 Harmonic Oscillator Potential Case

Consider the stochastic heat equation (2.3) under a harmonic oscillator potential

2 a2 2,.2
_ (S v _
Oou = (2 527 202 )udt zu o dWy,

where we know from equation (2.4) that the Green’s function is

+ 23) cosh(wt) — 22|
t) = el (Gt
G (z,z0,1) o 2 smh 2m 12 sinh (wt)

ft [z sinh(wr)—z¢ sinh(wr—wt)] o dW,

0 p? sinh(wt)

xe
— f 7 sinh(was)sinh(ur—wt) ., g7 dW
xe 70

w?w sinh(wt)

We are interested in generating a system whereby we have periodic solutions. This
may be achieved by letting w — iw which will give the stochastic heat equation

2 82 w2a:2
Ou = (28x2+ o )udt—muo dw;. (2.53)

We may calculate the stochastic Green’s function of (2.53) by simply applying the
transformation w ~— iw in (2.4), i.e.

G (z,70,) = __L ) s:;l’]"(mt [(z% + z3) cosh(iwt) — 2zx0)
27 p? sinh(iwt)

_thk sinh(z'wr)—a:o sinh ({wr—iwt)]
Xe fO u? sinh(iwt) ° dW

_ r sinh(jws) sinh(fwr—iwt)
xe f 0 u2iw sinh(iwt) o dW,o dW
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Moreover, using the identities sinh (4wt) = isin (wt) and cosh (iwt) = cos (wt) we see
that the stochastic Green’s function of the stochastic heat equation (2.53) is

G(‘T .Z'O 2[1-551n(wt [(x + .'BO COS 'LUt - 2xx0]
T 27r,u sin(wt)

t ) t
. [zsm(wr# :z?:;g)wr wt)] o dW,

T sin(ws) sin(wr—wt
xe fo o AW, 0 dW, (2.54)

This leads to the following theorem,

Theorem 2.3.3.
The one dimensional stochastic heat equation with harmonic oscillator potential

2 52 wx?
8Ut = (?8(172 + — ) Ut dt — Tug © th,

has solution

u(z,t) = / G (z,zo,t) up (zo) dzo,

with initial condition

Jim u (z,) = uo (2),

for ug € C§° (R) where we have Green’s function,

G(,20,t) = em [(x? + z2) cos(wt) — 2zx0)
27ru sin(wt)

J [z sm('wrli2 ;;)1 (s:;lt()wr—wt)] o dW.

T sm!ws!sm!wr wt)
xe— fO u2wsin(wt) o dW,o dW

We can simplify some of the stochastic terms in the above Green’s function a little.
If we write

B / t zsin(wr) ~ % sin(wr — wt) o dW,
0 sin(wt)
z

t t
= ———)/ sin(wr) odW, + sm(wt)/o sin(wr — wt) o dW,,

sin(wt

then we can see that we only have to evaluate some straightforward Stratonovich
integrals, namely,

t t
/ sin(wr) o dW, and / sin(wr — wt) odW,.
0 0
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Since sin (.) is a smooth function, we see that our Stratonovich integrals may be
evaluated as Ito integrals, and we have

¢ ¢
/ sin(wr) odW, = W;sin(wt) — w / W, cos(wr) dr,
0 0

and . .
/ sin(wr — wt) odW, = —w / W, cos(wr — wt) dr.
0 0

Hence we obtain

B / ¢ zsin(wr) — zo sin(wr — wt) o dW,
0

sin(wt)

= - Wi+ —— / W, [z cos(wr) — zq cos(wr — wt)] dr.

sm(wt

For now we shall denote the double Stratonovich integral by

sin(ws) sin(wr — wt)
dW,. 2.
() =1 (tw) // e oW, odW, (2.55)

Hence we shall write the phase function for the stochastic harmonic oscillator in three
dimensions as

_ oy [(a o af) costwnt) ~ 2] wp [ +08)cosunt) = 2
damd = 3 [ sin(wit) 3 sin(wst)
wy [ (2% + 2§) cos(wst) — 2220
2 [ sin(wst) +2We+n () (2.56)
" sin 'wlt) / W, [z cos(wir) — zo cos(wyr — wyt)] dr + So (zo) -

Using this we are able to calculate explicitly the equations that govern the caustics
and wavefronts. The classical mechanical flow for this system, given by V; ¢ =0, is
just

y yocos(wat) | + J——Zsmwwzt ‘350 8
VA

2o cos(wst) sin(wst) 95y

w3 Bzo

z ) ( To cos(w; t) SI_n,(::_ltzgfo ( Jy Wi cos(wir — wit)dr )
+ .

(2.57)
Recall that the pre-caustics are given by zeros of the determinant of the Hessian
matrix of ¢ (z, z,, t), i.e.
8%

De
ta_.o

=0,
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which, for our phase function, reduces to the classical case of the harmonic oscillator
potential, namely

928, 828, 928
) S _29. O o9 9O o0
tan(wit) 0 0 g? %yzo;o %zzogo
w2 950 _
0 tan(wot) 0 + 3z20y0 32in 32201/0 =0. (258)
0 _ws s, 9y 8’
0 tan(wst) dzoz20 6yozo 8z}

The pre-wavefront is given by ¢ (z,,t) = 0 where we reduce ¢ (z,zy,t) = ¢ (Z,t)
by using the flow to eliminate the z terms in the phase function. Hence we see the
equation of the pre-wavefront is given by

2
Tu?&?t){ [(l‘o cos(wyt) + SBw1t) 950 4 fot W, cos(wyr — wit) dr) + x%] cos(wst)

w; Oz

wy Oz

-2 (mo cos(wt) + Snlwt) 950 4 fot W, cos(wyr — wit) dr) xo}
. 2
+ 2si:szT){ [(110 cos(wat) + Mﬁq) + yg] cos(wyt)

w2 Oyo
-2 (yo cos(wst) + 222t) 85 ) yo}

w2 Oyo

. 2
+ —"’3—{ [(zo cos(wat) + %‘:_3‘2%3) + zg] cos(wst)

2sin(wst)
-2 (zo cos(wst) + ﬂnw-"f‘—tla—sﬁ) zo}
+ (a:o cos(wst) + %‘:—ltl% + fo W, cos(wyr — wyt) dr)

X (I/Vt - sin?wﬂ) fO W COS(’LU’I" )
+ ey fo W, cos(wyr — unt) dr +n(t) + So (z5) =0 (2.59)
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Chapter 3

Cusp and Tricorn

We give some explicit examples of singularities of the Burgers’ equation and the
corresponding wavefronts of the heat equation with and without noise terms for the
case Sp (z9) = 323y0. In part we follow the treatment of .M. Davies, A. Truman and
H.Z. Zhao in [16].

3.1 Classical Case

In this section we look at the singularities of the classical heat and Burgers’ equations
that appear in the cases of the zero potential V (z) = 0, the linear potential V (z) =
—kz and the harmonic oscillator potential V (z) = —3 (w?z? + wjy? + w32?). Using
the initial condition Sy (zy) = 323y0, we discover that the generic caustic is the cusp
catastrophe as covered in [3] and the introduction of a potential term does little to
effect the overall geometry of the cusp.

3.1.1 Zero Potential

For the case of the cusp singularity in two dimensions, the polynomial phase function

is determined by taking Sp(z,) = %mgyo. Omitting the z and 2, terms we see that in
the two dimensional case the phase function is given by

2 2
r—zx — 1
( o 0) + (y 2tyO) + 537(2)3/0- (31)

Then the pre-caustic for the Burgers equation is given by

¢ (z,2o,t) =

‘ 1+iyo tzo | _,
- )

txg 1

which we may rearrange as the expression for the pre-caustic yo = yo(zo, t), i.e.
1

51
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Yo
15

10

-2 -2 2 g X

Figure 3.1: Zero potential pre-caustic for So = %zgyo.

-10 -5 10
-Ej
-1
t->1.6
3
-10 -5 j 5 10
-1

Figure 3.2: Evolving zero potential pre-caustics for Sy = %xﬁyo.
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This is just a parabola and, for some instant of time ¢ > 0, we have the pre-caustic
as in Figure 3.1. We can show a time evolution of this, see Figure 3.2. Observe that
as time t — 0 we have a horizontal line at yy — —o0, and as time ¢ — co we see that
the parabola folds into the yy > 0 part of the vertical line x5 = 0. We can also obtain
the above by repeated integration

Recall that for So(z,) = 23y our phase function is given by equation (3.1), then
B 2 d(z, z4,t) = 0 tells us that

(y—vo) , %3
WY o,
T T

This gives us yo = y — %tzg, and, after using this result to do the integral in yy by the
Laplace method, see Section 1.4, the phase function becomes

1 1 T z?
¢(IL‘ Zo,t) = ——.’IJ0+§ <y+?) —-—.’L‘o-l"z—t'

If we look now at the solution of the heat equation after computing the y, integral,
we have

1 —Ly —Ltad+d z3—Eg,
u(&,t) o~ m‘/RTO(mO)e ;7{ 8 +2(y+ ) 0 0+2t} dx

1 4 2
T, Azj+Bz¢+Cxo+D d 3.3
g [ To(ao)e 0 (33)

12

where Tp (zo) is a convergence factor and we emphasize that

t 1 1 T z?
A = — B = = — D = —_——
8u?’ S ou? (y+ t) ¢ urt’ 2ut

We see immediately that the polynomial in the exponential term of equation (3.3) is
the canonical form of the cusp catastrophe, as described in [3], which is distinctive
in that it is a quartic with no cubic term. Later on, we shall be dealing with the far
more difficult case of the butterfly catastrophe. In order to integrate over o we need
to look at 3%% where the main contribution comes from the zg satisfying a%% =0, i.e.

the solution zy of
t 1 T

The condition for a singularity to appear is that g—;% =0, i.e.

3tx2 1
220 _ il 3.4
where from above
tz3
Y=1%Y + T (35)
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Eliminating y from equation (3.4) and (3.5)we obtain the pre-caustic as in equation
(3.2), namely

1
y0=t.’133— ?

Comparing this to what we obtained for y, from a%‘% = ( we have

admitting solution

which determines the position of the singularities. Putting this into our condition
that é% = 0 yields

2 e DV 2 (e DY 2 (e 2) 2 (w4 2) -2 =0
I AGRETAE AR Y3 \Vz\YT) i

Simplifying the above, we discover that the caustic is the following semi-cubical para-

bola
8 +1 3_3:2
7\Y"1) T

which may be solved explicitly for y = y(z,t) as

3 /z2\3 1

X

-1
Figure 3.3: Zero potential caustic for Sp = %xgyo.

This is the cusp catastrophe classified by Thom’s catastrophe theory, shown in Figure
3.3, at an instance of time ¢t > 0. Furthermore, we may show a time evolution of the



CHAPTER 3. CUSP AND TRICORN 55

caustic for Sp(z,) = %zgyo, see Figure 3.4, where we see that as t — oo, the caustic
tends to the horizontal straight line y = 0 and as ¢t — 0 we have the vertical line
z=0.

t-0.1 t->0.4 £t-0.7 t-o1.
4 4 4 4
\\\ 2 /// 2 2 2
S 8 -2 8 - 8 -
- 8 8 -2 y/ 4 8 8§ -4 y 4 8 8§ -4 ) 4 38
-4 ~4 -4 -4
t->1.3 t-1.6 t->1.9 t->2.2
4 4 4 4
2 2 2,////// 2
8 -4 ! -8 -4 7 8 -4 Z: -8 -
) 8 8 -4_ ] 8 -4, ] 8§ -4 | 4 8
-4 - -4 -4
t->2.5 t-»2.8 t->3.1 t->3.4
4 4 4 4
2 2|
8 -2 7 8 8 - 8 - 8 -
-2 8 4_ 4 8 8 4_2 4 8 8 4_2 4 8
-4 - -4 -4

Figure 3.4: Evolving zero potential caustics for So = %xgyo.

Now, returning to the heat equation, recall that the pre-wavefront is determined by
% |V, So(20)|” + Solzo) = 0,
ie. )
% [(:Eoyo)2 + (%xﬁ) } + %:cgyo =0,
so that the pre-wavefront of the heat equation is given by

t 1 t
g-’”g + 575390 + 5333113 =0, (3.7)

namely

Blw+3) a8 _]_
8t 2tz 1= 0.
() (%)
This is simply the straight vertical line zo = 0 repeated, and an ellipse centred at
(0,—2) with semi-major axis 1 and semi-minor axis 3, as in Figure 3.5. In Figure
3.6 we observe the behaviour of the ellipse with respect to time. As ¢ — 0 this settles
down to So(zy) = 2zdyo = 0 so the ellipse has infinite axis corresponding to the
horizontal line yo = 0, and also the vertical line o = 0. We see that as ¢ — oo the
centre of the ellipse moves to the origin so the pre-wavefront focuses down to a point

at the origin and the straight vertical line zy = 0.
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Figure 3.5: Zero potential pre-wavefront for Sy = %xgyo.

One interesting point here is that we may reduce the pre-wavefront (3.7) to a quadratic
in yo, i.e.

1 z2

2 0

Z 20 _9p

Yo + 790 + 1 ,

so that we may find explicitly the solution as

1
W= (—1 +4/1 —t2x3) .

Hence we can see that the existence of the pre-wavefront is entirely dependent on the
inequality 1 — ¢222 > 0. Namely y, (zo) € R if, and only if,

1 1

< gy < =

;=T
This tells us that as time increases, the pre-wavefront focuses down to the point (0, 0),
since zy is bounded by the above inequality. Recall that the wavefront for the heat
equation is given by the level surfaces of S(z,t) =0, i.e.

S(z,t) = inf ¢(z,zy,t) =0.
z,€R?

The infimum of ¢ (z, z,,t) is achieved at the points z, satisfying V ¢ (z,z,,t) = 0.
Thus we must solve ¢ (z,z,,t) = 0 and Vg ¢ (z,z,,t) = 0 simultaneously. This gives
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t-0.1 t->0.4 t->0.7 t->1.
4 4 4 4
o0t ¢, C> O CD o D
-4 -4 -4 -4
-4 0 4 -4 0 4 -4 4 -4 0 4
t->1.3 t->1.6 t->1.9 £t->2.2
4 4 4 4
0 P 0 P 0 ¢ 0 S
-4 -4 -4 -4
-4 0 4 -4 0 4 -4 0 4 -4 0 4
t->2.5 t-2.8 t-3.1 t->3.4
4 4 4 4
v, £ o $ O @ o b
-4 -4 -4 -4
-4 0 4 -4 0 4 -4 0 4 -4 0 4

Figure 3.6: Evolving zero potential pre-wavefronts for Sy = %a:gyo.

Figure 3.7: Zero potential wavefront for Sp = %zﬁyo.
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the equation of the wavefront as

20 1 1\?
z? [4a:4+x2 <8y2——t—y—-t5) + 4y (y—i—z)

which is the straight line pair = 0 and the tricorn, see [16]. This triple cusped hypo-
cycloid, is shown in Figure 3.7. In Figure 3.8 we look at the wavefront for Sy = $z3yo
evolving with time and we notice that as t — 0 the wavefront tends to the lines y = 0
and z = 0. Furthermore, as t — oo, the triple cusped hypo-cycloid focuses to a point
at the origin, leaving the wavefront as the vertical line z = 0.

=0, (3.8)

t-0.1 t->0.4 t->0.7 t->1.

[ e 0 o X177 q X7

-2 -2 - -

-2 2 -2 2 -2 0 2 -2 2
t->1.3 t-~>1.6 t->1.9 t-o2.2

[o Y7 0 A\v4 0 Y 0 v

- - - -

-2 0 2 -2 0 2 -2 0 2 -2 [¢ 2
t->2.5 t->2.8 t-3.1 t->3.4

0 Y 0 Y 0 4 0 v

- - - -2

-2 2 -2 0 2 -2 0 2 -2 0 2

Figure 3.8: Evolving zero potential wavefronts for So = Zyo.

Returning to the pre-wavefront (3.7), we may use the parametric equation of an ellipse
to simplify the earlier equation thus reducing it to the pair of parametric equations

(2)-(2)

where 0 € [0,27). Now, in order to calculate the wavefront we must apply the classical

mechanical flow
T Zo ZoYo
= +t z, ]
(3)=(2) (%)

which yields the wavefront as the pair of parametric equations

<§)=(§8f§iﬁz§) (3.10)

2t
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This provides us with an alternate way of computing the pre-wavefront and wavefront
that can be a more efficient for plotting purposes.

Yo
2

-2

Figure 3.9: Zero potential pre-caustic and pre-wavefront for Sy = %xgyo.

It is interesting to look at a plot of the pre-curves on common axes as in Figure 3.9.
We can calculate exactly the meeting points of the pre-caustic and pre-wavefront by
substituting into ¢ (z4,t) = 0 the explicit expression yo = yo (o, t) of the pre-caustic
(3.2). Hence the pre-curves will meet at the solutions zo of @ (zo,yo (Zo,1),t) = 0.
Evaluating this yields a polynomial of order six in zg, namely

t 3t

This is easily solved for 2y = z, (t) and substituting these solutions into our pre-
caustic allows us to express the meeting points of the pre-caustic and pre-wavefront

8s (0,-%),( L A) and (a@

%, TR —4%), where the first occurs with multiplicity 4.

b4

Figure 3.10: Zero potential caustic and wavefront for Sy = %mgyg.
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We may also compare the wavefront of the heat equation to the caustic of Bur-
gers’ equation, as in Figure 3.10. In a similar fashion, we can calculate the meeting
points by substituting the caustic equation y = y (z,t) into the wavefront expression
¢ (z,t) = 0. Doing so we obtain, after a little simplification,

18 « 135 2 27
472 5 3 = 3.11
( rrTET T * 2t2> o (3.1)

Solving for z = z (t) and putting these solutions into our caustic y = y (z,t) gives
the positions of the meeting points as (0, —%), (—348?, é) and (348@, é) Clearly we
are not concerned with the complex solutions of equation (3.11), since these give rise

to a pair of complex points.

3.1.2 Linear Potential
We shall consider the case of a linear potential of the form V' (z) = kz, then the heat
equation becomes,

Ou p? k
E = ?Au - Eazu

The Green’s function for this case of the linear potential is given by equation (2.20)
as
L_r)_" 2 ( - !2 243
G(I%t): 1 e z2;1.:';(1): - yzy_%(; —5%($+$0)+kt
= b 27“'“2t

which yields the phase function as

(@—z0)  (—w)® , kt Kt zdyo
= —. 12
¢ (z, 2o, t) 5t T @tz -5+ (3.12)
Then as discussed earlier in Section 2.2.2, the pre-caustic is given by equation (2.23),

namely

%Sy

1
=1
3+8_o

Det =0,

which for our case of Sp (z,) = 323yo simply becomes

1
Yo = tzs — T (3.13)

Observe that this is exactly the same as the pre-caustic in the zero potential case,
equation (3.2) in Section 3.1.1, and we refer the reader to Figures 3.1 and 3.2. We are
now presented with two options for calculating the caustic of the Burgers’ equation.
We may substitute into the classical mechanical flow

(§)=(§3)+§(§)+t(§ﬁ’) (3.14)
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the yo in equation (3.13), to give a parametric form of the caustic as

T\ _ Zo f k tod — 1xo
(y)‘(txa—%)+z(o>“( )

Alternatively, since we are dealing with a relatively simple Sy (z,), we may eliminate
the z¢ and yo variables from the pre-caustic (3.13) and the classical mechanical flow
equation (3.14). This yields the equation for the caustic as a semi-cubical parabola

1\* 27 2
32 ~) == (2z-¢t%
which gives the explicit equation for the caustic as

3 £ \§ 1

If we look at doing the yo integral by the Laplace method, see Section 1.4, then we
will obtain a solution of the form,

u(z,t) ~ 27;%/7"0 (o) e—;li{-%13+%(y+%)23-(%-%)30*'%""7“‘%} dzo
R
1
= WATO (o) eATHB6+CmAD gy, (3.16)
where Tg (zo) is a convergence factor and we have
t 1 1
" B=—5z(v+3)
1 [z kt 1 /2?2 Kkt k%

C=+=|-—— D=——|—4—=2——).

+u2(t 2)’ #2(2t+2“’ 24)

Once again we see that we have the canonical form of the the cusp catastrophe, the
distinctive quartic polynomial with no cubic term, see [3]. It is easier, in this case,
to work with the explicit equation rather than the parametric form. We shall now
choose a value of k = 5, then Figure 3.11 shows the movement of the cusp while under
the linear acceleration in the z direction.

Next, by equation (2.24), we may calculate the pre-wavefront as

243

; Kt
ga:g + % (1 + tyo) 25 + kt (1 + tyo) zo + — =0 (3.17)

Note that, as expected, when k& — 0 we obtain the zero potential case of the pre-
wavefront, see equation (3.7). Observe that the pre-wavefront is simply a quadratic
in yo which may be solved to give

tk 1
4+ 1

To 2t 243tz

4t4k2 — 12t2kxo + 3z2 — 3t2x.

Yo = —
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-8 4_2 8 -8 -4 4 8 -8 -4 2V 4 8 -8 -4 V4 8
-4 - -4 -
t->1.3 t-o1l.6 t->1.9 £t->2.2
™4 \;’\ ‘7\ 4 T
p) / 2| 2
- -4 4 -8 -4 4 v - - 4 - -4 4
8 -2 8 2 8 8 4_2 8 8 » 8
-4 -4 -4 -4
t->2.5 t->2.8 £t-3.1 t->3.4
4 ~ 4 4 4
2 2 2
J - J -4 = Z Z =
8 4_2 4 8 8 -2 4 8 8 4_2 4 8 8 4_2 4 8
-4 -4 -4 -4

Figure 3.11: Evolving linear potential caustics for Sy = %wgyo with k = 5.

t-0.1 £t->0.4 t->0.7 t-1.

£t->1.3 t->1.6 t->1.9 t->2.2

Figure 3.12: Evolving linear potential pre-wavefronts for Sy = %xgyo with k = 5.
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Then the pre-wavefront can only exist for the values of x, and ¢ satisfying the in-
equality
4t*k* — 12¢%kzo + 323 — 32z > 0,

for a chosen value of k. Choosing a values of £ = 5 gives the pre-wavefront, shown in
Figure 3.12, as

¢ 25¢3
gxé—{- 229 (1 + tyo) z3 + 5t (1 + tyo) To + 5 = 0.
Notice that the pre-wavefront splits into a pair of regions, one tending to yo = 0o
and the other to yo = —o00 as we approach zo = 0 from either side. We can give an
interpretation of this. Recall that the pre-wavefront may be expressed as a quadratic
in yo which we solved above, so that in our example k = 5 we have the solutions
5t 1 1
=-Z__—4

This tells us that the pre-wavefront can only exist for zg and t satisfying the inequality

/1008 — 60£25 + 323 — 3t2a,

100t* — 60t%zo + 3z3 — 3t%zh > 0.

t->0.1 t->0.4 t->0.7 t->1.
80 800 800 80
40 400 400 400
- - - - - - - -7 7
7’ _'20 7 \Kl 14 - f 7 14 14 _700 7 14 14 -3 14
-80 80 -$00] -§0
t->1.3 t->1l.6 t->1.9 t-2.2
80 8 800 8
4 490 400 4
-14 -21 7 14 -14 -_z} o 7 14 -14 -_’Z} a 7 14 -14 —_71 0 7 14
-8/0 -8j00] -8000 -8J00]
t->2.5 t->2.8 t-3.1 t->3.4
8 8|00 00 00|
4 400 00 00
-14 - -1 - -12 - -12 -7 7
14 -'47100 7 14 14 _700 7 14 14 _700 7 14 14 - 00 14
-80 -800] -g0 -800

Figure 3.13: Linear potential pre-wavefront generator for Sp = %mgyo with k = 5.

We may look at the behaviour of this function over time, as shown in Figure 3.13,
where the positive parts represent the regions on which the pre-wavefront is well
defined. However we see that, in some instances, we have only one interval, yet the
pre-wavefront has split into a two parts. This is due to the factor of 2—10 which creates
a problem point at zo = 0, giving yo — 00 as o — 0~ and yop — —o0 as £op — 01. We
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t->0.1 t->0.4 t->0.7 t->1.
t->1.3 t->1.6 1.9 £t-2.2

D)

£t->2.5 t->2.8 £t->3.1 t->3.4

AT N

Figure 3.14: Evolving linear potential wavefronts for So = 1z3yo with k = 5.

/

can calculate exactly the zero points of the inequality in terms of time ¢, but solving
a quartic can become rather clumsy.
We are fortunate that we may calculate the wavefront exactly by eliminating z, and
yo from the pre-wavefront by using the classical mechanical flow. Hence we obtain
the implicit form of the wavefront as
432
17282° + 5184kt"s” + —5- (8¢°y" — 20ty — 1 + 11K%¢°) 2°
+864k [8 (1 + ty)® — 27 + k%] 2

+::_:? [48y 1+ ty)3 + 2% (40t2y2 + 260ty + 463) — 11k4t11] 2
36k
+ [48(1+1y)° (2 + ty) — 2k%¢° (8¢%y” + 88ty + 161) + k't*"] 2
—k? [144 (1 + ty)* (4 + ty) — 3k%t° (87" + 124ty + 359) + k*t"%) =0,
(3.18)
which is shown in Figure 3.14. On comparison of the pre-curves, see Figure 3.15,

we see that for our example ¢ = 1 there are only two meeting points, and these
have been calculated numerically to be at the positions (—2.14973,3.62135) and
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15
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Figure 3.15: Linear potential pre-caustic and pre-wavefront for S; = %mgyg with
k=25.

t-o1
15

10

-10

-1
§15 -10 -5 0 5 10 15

Figure 3.16: Linear potential caustic and wavefront for So = 223y, with k = 5.
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(—1.22424,0.498774). Also, in the case of the meeting points of the caustic and
wavefront, see Figure 3.16, we see that they meet at two points which may be found
numerically to be approximately (—7.43467,5.93203) and (0.665134,1.24816) to 5
decimal places.

3.1.3 Harmonic Oscillator Potential

Consider the two dimensional heat equation with a harmonic oscillator potential,
namely

du 1 2,2 2,2

a=7Au+2—#2(wlx + wiy®) u.

We know the Mehler heat kernel from Section 2.2.3 is given by

wi1W2
G (z,Z,t) =
(z,Zo,t) \/ (2mp2)? sin (wyt) sin (wot)

wy [ (x? + z2) cos (wrt) — 22z
X exp |—-— ,
2u sin (w1t)
_wa (4 + y) cos (wat) — 2yyo
2u2 sin (wot) '

Now recall that the solution of the heat equation for S (zo) = 323y is

2

U(Lt)=/R/RG(-_T_,§0,75)€_%%deodyo,

¢(z.z0,t)
u(z,t) = P .w1w2 , //6_ wT - dzodyo,
(27 u2)” sin (wqt) sin (wot) Jr Jr

where the phase function ¢ = ¢ (z, z,,1) is

i.e.

Wy
¢(220,t) = 5oy (wrd) [(2® + 25) cos (wit) — 2z30]
2
w2 2, .2 ZoYo
t)—2 —. (3.19
Toen (wat) [(¥” + 95) cos (wat) — 2yyo] + 5 (3.19)

The pre-caustic is given by

tan’lgwlt) 0 + ( Yo Zo ) =0
w .
0 tan(wat) zo O

Evaluating this and re-arranging to obtain yo = yo(zo,t) yields the pre-caustic as

2

xg wy
=24 t) —
Yo = o tan (wat)

OOk (3.20)
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In Figure 3.17, we have looked at this in the example of a periodic case, where we
have taken w; = 2 and wy = 3, looking at times from ¢ = 0.1 in steps of 0.1. Care has
been taken to ensure that ¢ is sufficiently small as to allow our simulations to hold.
Note that in the case of a vanishing potential, i.e. when w = (w;,ws) — 0, we have
the same pre-caustic as in the zero potential case, namely

yo=t$(2)—;-

1

4>

P—

A

/\

/N

Figure 3.17: Periodic harmonic oscillator pre-caustics for Sy = %w%yo with w; = 2

and wq = 3.

In this case the classical mechanical flow is given by

(3)=(

Zg cos (wyt)
Yo cos (wat)

)+

ToY
=3

2

sin!wltz
0™

sin (wat)
wa

) |

(3.21)
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We may calculate the caustic as y = y(z,t) by observing that we must eliminate the
variables zy and yo from the flow and pre-caustic equations. Doing so will give us the
caustic y = y(z,t) as

_3
Y=3

winy

( w? tan (wat)

F_w cos (wst) (3.22)
sin? (wit) w2 cos (wat) tan ( wat). '

’UJlt)

If we return to our solution of the heat equation and compute the y, integral by the
Laplace method, see Section 1.4, then we have

1 wWLWe /
3 t) o~ 1 i T
u (E ) 2,”'“2 \/s1n(w1t) Sln('LUzt) R 0 (-’170)

tan(wet) , 1 Y wy 9
X —_—t
exp[ 8w, o 22 \ cos(wst) + tan(wt) o
uL T wqz? } .
0

+p2 sin(w;t) T~ 2u? tan(w;t)

1 Wi Wo Azd 2
T (z0) € z3+Bxy+Cro+D dz ,
27 p? \/sin(wlt) sin(wzt)/]k b (20) 0

12

for a convergence factor Tp (z9) and where the functions A, B, C and D are defined in
the natural sense. This again is just the canonical form of the cusp catastrophe, see
[3], where we see that the effect of the addition of the harmonic oscillator potential
was to make it periodic. We illustrate an example of a periodic case in Figure 3.18,
where we look at the caustic for w; = 2 and ws = 3 and for various times in steps of
0.1 from t = 0.1. We can clearly see that as w; and w, tend to zero our caustic tends
to the zero potential caustic, namely

3 /22\3 1
y“i(?)"?
It is easy to compute the equation of the pre-wavefront as
. 2
w sin (wqt
1 { [(mo cos (w1t) + -%-’Boyo) + :c%] cos (w;t)
1

2 sin (w;t)
i t
-2 (a:o cos (wit) + il-%woyo) xo}
1

w2 ) { [(yo cos (wat) + smi}_wﬁ)xg%) + y?,] cos (wst)

+2 sin (wat 2

i t) =3 1
-2 1Jo COS (’(Uzt) + Mﬂ Yo ¢ + —:L'gyo =0.
Wo 2 2
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Figure 3.18: Periodic harmonic oscillator caustics for Sy = %a:gyo with w; = 2 and

w2=3.

The condition for this to be periodic in time is that

w P

?

wy g
where p and ¢ are co-prime integers, the time period being pT; = ¢T3, with

2 2
== and Tp=—

w;’ wy

This may be simplified to obtain the following equation which may be considered as
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a quadratic in z2 or yp,

sin (wqt) cos (wet) , = sin (w;t)
Ty +
8'&)2 2w1

1 in’
+ (5 — sin? (w;t) — w> T2yo — %l sin (w;t) cos (wyt) 2 (3.23)

cos (wit)zoys

—% sin (wyt) cos (wat)ya = 0,

and it is a simple matter to show that as w; and w, tend to zero we obtain the
corresponding zero potential pre-wavefront, namely equation (3.7)

t t 1
gmé + 5953113 + 5-’3%310 =0.
Figure 3.19 shows our periodic case of the pre-wavefront, where we notice that, for
certain times, the pre-wavefront is a deformed ellipse which is similar to the zero
potential case. We shall call this deformed ellipse shape, caused by fusing the line
pair with the ellipse, the “kneecap singularity”. Let us illustrate how we may calculate
directly the times for which the kneecap singularity may exist. If we let yo — 0 in
the expression for the pre-wavefront then this reduces to a quartic in zy, namely

sin (wat) cos (wat) , wq .

8 Ty — — sin (w1 t) cos (wit)xZ = 0.

Clearly then, two roots of the quartic occur at zo = 0 leaving the quadratic equation,

sin (wit) cos (w;t)
sin (wat) cos (wat)

ac% — dwiwe =0,

which has roots

B sin (w;t) cos (w;t)
To= :|:2\/’LU1'IU2 sin (wat) cos (wat)

Thus, we may only obtain a kneecap singularity when the following inequality is
satisfied,

sin (w;t) cos (w;t)
?sin (wyt) cos (wst)

w1 W > 0.

In the case of our example w; = 2 and wy, = 3, we see that the kneecap can only
occur for the times corresponding to the positive parts of Figure 3.20, which are the
time intervals (0,%), (%, %), (%,3%) and (57, 7) with repetitions every .

The wavefront is calculated by eliminating zo and yo from the equation of the pre-
wavefront and the flow equations. This yields, after some re-arrangement, the equa-
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tion,
4w:13 Wa .’L‘s
tan3(w;t) tan(wot)
w? 4w3 (3 cos?(wat) ~ 1) 2t 4w, w3 4 9 y
tan®(w; t) sin?(wyt) tan(w;t) sin(w,t) tan(w,t) cos2(w;t)
w? w2 36 27 2
tan?(w;t) tan?(wot) cos?(wit) = cos*(wyt)
2w, | 2w§ (3cos?(wat) —2)
tan(wit) | sin®(wsqt) tan(wst)

+ 2’LU1 wg'
tan(w;t) sin®(wst)

seotony -+ Lot

cos?(wyt)

2w? w} 2 3 (6sin®(wat) — 2)
4(3-2 t ?
tan?(wit) sin®(wst) tan(wot) ( sin(wst)) + cos?(w1t) Y
2w?d w3 4_ 3 _ 2w wi 22
tan®(w;t) sin(wst) tan?(wqt) cos?(wnt) ) ¥ T tan?(wit) tand (wat)

4w} 4 3 2w? 2
-— 2 {y4 + y + 2w1 s y?
tan?(wqt) tan(wt) cos(wat)  tan®(w;t) cos?(wst)
4w} y w} —o
tan®(wyt) cos(wat) tan(wyt) |

(3.24)

Again, this is periodic in time if % = 2 with co-prime integers p and q. It is a little
messy to show, but has actually been verified, that as w; and ws tend to zero, we
obtain the same result as the zero potential case, namely equation (3.8)

2 200 1 1\3
t—7l4x4+(8y2—7y—t—2)+4y(y+z) =0.

Figure 3.21 shows the periodic wavefront in time steps of 0.1 starting at ¢ = 0.1. The
shape can be thought of as the fusing of the tricorn and the line pair witnessed in the
zero potential case.

We may compute exactly the positions of the meeting points of the pre-caustic and
pre-wavefront but the expression is quite complex. We shall only mention that to
find these meeting points one must eliminate g, from the expressions of the pre-
caustic, equation (3.20), and pre-wavefront, equation (3.23), and look at the zeros of
the resulting cubic in z2. The real solutions, for zo, will give the zo position of the
meeting points and the corresponding gy, position may be easily found by substitution
into the pre-caustic, equation (3.20). Figure 3.22 shows an example of the meeting
points for w; = 2 and w, = 3 for time ¢ = 1, where we can see that they cross at the
points (9.32998, 3.22084) and (—9.32998, 3.22084) which are given approximately.
We may also consider the meeting points of the caustic and wavefront, as depicted for
our periodic case at time ¢ = 1 in Figure 3.23. Similarly to the meeting points of the



CHAPTER 3. CUSP AND TRICORN

Sl e FeP9EHAS
) i e s
>
pn==td AR Fdnnas
DR S e
——{ > > > ><]|[><]| P>
S o s s ' Il i
ov= hrd R R e =
e PPN S
- S>>
e i s o
Asel i e S

72

Figure 3.19: Periodic harmonic oscillator pre-wavefronts for Sy = %l‘%yo with w; =2

and wy, = 3.

pre-caustic and pre-wavefront, we may calculate the positions of intersection at ap-
proximately (—17.545,5.236), (—0.022, —0.834), (0.022,—0.834) and (17.545, 5.236).
This is an interesting case to look at. In the previous cases, we had the same amount
of points of intersection of the pre-caustic and pre-wavefront as we had for the caustic
and wavefront. However in the case we have only 2 points of intersection on the pre-

curves, whilst we have 4 distinct points where the wavefront and caustic meet.
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Figure 3.21: Periodic harmonic oscillator wavefronts for Sy = %;r:gyo with w; = 2 and
Wy = 3.
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Figure 3.22: Harmonic oscillator pre-caustic and pre-wavefront for Sy = %xgyo with
wp = 2 and w, = 3.
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Figure 3.23: Harmonic oscillator caustic and wavefront for Sy = %xgyo with w; = 2
and wy = 3.
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3.2 The Noisy Case

We now study the effects of a linear noise term —fgu o W, upon the singularities
in the previous section. We provide an analysis and produce exact formulae for the
singularities of the stochastic heat and Burgers’ equations for the same potentials as
discussed previously. We shall see that the addition of a noisy term doesn’t effect the
overall geometry of the cusp caustic and moreover, there is no effect whatsoever upon
the pre-caustic curves.

3.2.1 Zero Potential

In the case of our initial condition for the polynomial cusp, i.e. So(zy) = 32yo0, the
caustic of the stochastic Burgers’ equation is given by

14 tyo txg
t:IIo 1

=0,

as in the original case without noise. So the equation of the pre-caustic that we obtain

is just the parabola

1
Yo =1tag — =, (3.25)

which we obtained earlier in the classical zero potential case, shown in Figure 3.1.
Then Vg é(z,zy,t) = 0 gives yo = y — %xg, and after doing the y, integration we
have phase function

@(z,zo,t)=—éx3+%(y+ ) (/W ds—x)xo

+(2t+xm——/W ds + (t)>

This gives the solution of the stochastic heat equation with a zero potential as

é!i‘.-% !vt!
u(z,t) ~ 1 /To (xo)e ¥ dzo

27r,u2t

R

T A1:0+B$O+Ca:o+D dSC 0
27ru2t / o(z0) e

for the convergence factor Tg (zo) and where
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We see that the addition of a noisy terms has little effect upon the canonical form of
the cusp catastrophe. Now, in order to perform the zy integration we need to look at
the dominant term coming from 3%95—0 = 0, namely

¢ t 4 1 1/
— == - - Wsds—xz ) =0.
Bz 2mo+<y+t>xo+t</0 S — T
Recall that the condition for caustics in the stochastic Burgers’ equation is that

32
o

Yo from 3%‘% = 0 gives us again that

[2 1
=t /= (y+2).
o 3t(y+t)

Finally, substituting for z, into g% = () we see that the caustic is governed by the

equation
1\* 27 t 2
(y+z) —§<x——/0Wsds) ,

or for y = y(z,t) we have the equation of the caustic as

= 0, which is just our pre-caustic yo = tz3—$, equation (3.25). Then eliminating

3 tW p 31
=—|z—- sds)] ——. 3.26
Y 2t5< /0 ) ¢ (326)

This has been calculated exactly, with no numerical analysis involved. Notice how
it is similar to the original classical case but differs only by a random displacement
of —1 fot Ws(w) ds in the z direction. Figure 3.24 is an example of what this may
look like for some ¢ > 0. For details of how this has been plotted, with regard to
approximating the randomness of the function, see Appendix B.3.

y
\3
2
1

L x

-4 -2 2 \/4

-1

Figure 3.24: Zero potential caustic for Sp = %x%yo with noise.
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We may also look at the expectation and variance of this random displacement. The
expectation is simply

E Uotws(w) ds] _ [E[Ws(w)] ds =0,

E [(/OtWS(w) ds)z] _E [/:Ws(w) dsr

_ /Ot/OtIE[Ws(w)WT(w)] ds dr

¢t pt
= //inf{s,r}dsdr
0 Jo
t3

3
Recall that in Section 2.3.1 we showed how to calculate a general pre-wavefront, given
by equation (2.37). Applying this to our initial condition So = 3z2yo gives the pre-
wavefront for the solution to the above stochastic heat equation as equation (3.27),
and Figure 3.25 is an example of this pre-wavefront.

whilst for the variance we have

Var [ /O W) ds]

t 4, t 29 xgyo t
=Ty + -2oYy + —— + mo-}-txoyo—i—/ W, ds | W;
0

870" 2 2
L/ g
-5 (/0 W, ds) +22==0. (3.27)

Notice the similarities between Figure 3.5 and Figure 3.25, particularly that Figure
3.25 is equivalent to our ellipse and straight line from the classical case in Figure 3.5.
We can see that the ellipse has been torn apart and that the straight line o = 0 has
been widened and, in fact, now forms a vertical asymptotic. Similarly to the classical
case of zero potential, the pre-wavefront is a quadratic in y, and may be solved to

give Yo = Yo (%o, 1) as

Yo = — l—}-% + —t2z8 + 22 — dtroW; + 4 tW—/tW ds 2—8C(t)
0 2t 1z 2tz 0" ™0 o ' o '

Firstly, this explains the singularity as zo — 0, why the pre-wavefront splits, and
secondly, we see that the existence of the pre-wavefront is entirely dependent upon
the inequality

t 2
—t2x) + 22 — dtzoW; + 4 (tWt - / W, ds) — 8¢ (t) >0.
0
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The equation for the wavefront of the heat equation is extremely untidy,

t
4z% + 24 (tWt - / w, ds) z°
0

t
+ [48 (tWt - / W, ds)
0

t
+4 [24 (tWt - / W, ds) C@) + % (4%y® —ty - 5) W,
0

2
1
+ 33 (8£%y" — 20ty — 1) + 24¢ (t)jl !

1 t t 3
-3 (8t%y* — 20ty — 1)/0 W, ds+8 (tVVt —/0 W, ds) ] z8
2 1 ¢ 2
+2 [t—f{ (1+ty)® +16 (1 +ty)° W2 + 7 (16t%y* — 58ty + 7) ( / W, ds)
0

1
—-f- (4t%y® — ty — 5) Wt/ W, ds + % (44> —ty - 5) ¢ ()
0
t 2
+48 (tWt - / W, ds) C(t) +24¢ (t)z] z?
0
2 4 2‘y 3 18 t 2
+4 t—3(1+ty) Wt—t—3(1+ty) ‘Vt—T(l‘Ft'y)Wg /W_,ds
0

t 3
—%(1—2@) (/0 W, ds) +176(1+ty)2wtc(t)

_;12 (zlt"’y2 ~ty — 5) /: W, ds¢ (t) +24 (tWt — /Ot W, ds) ¢ (t)z} z

t 2
+lmaracn - 50+ (/0 W, ds) R

2+ (/0th ds>2((t)+%; (/0th ds)

This is depicted in Figure 3.26 for some ¢ > 0.

It is interesting to look at a comparison of the pre-caustic and the pre-wavefront in
this case as in Figure 3.27. We can calculate the position where the pre-caustic and
pre-wavefront meet by eliminating yo from the equations of the pre-caustic (3.25) and
pre-wavefront (3.27) to obtain a sixth order polynomial in zo,

4
+32%¢ (t)”] =0. (3.28)

3 t t 2
t—xg—ﬁta:§+t2Wta:g+Wt/ W, ds—l (/ W, ds) +M =0.

2 8 0 2t \ Jo t

We cannot directly solve a sixth order polynomial, but in the case of our example,
we may numerically compute the xy positions of our meeting points and then use
the computed values to calculate the gy position. Doing so gives the positions of the
meeting points of the pre-caustic and pre-wavefront in our example as approximately
(—1.2952,0.6775) and (1.7867,2.1922).
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Figure 3.25: Zero potential pre-wavefront for Sy = %zgyo with noise.

10
5
b 0
-5
-10
-10 -5 0 5 10
X

Figure 3.26: Zero potential wavefront for Sy = 3y with noise.
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Figure 3.27: Zero potential pre-caustic and pre-wavefront for So = 1z3yo with noise.
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Figure 3.28: Zero potential caustic and wavefront for Sy = %mgyg with noise.
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We can also see how the wavefront of the heat equation fits in with the caustic for the
Burgers’ equation, Figure 3.28. Solving numerically we see that the curves in our ex-
ample meet at (0.9689, 1.5163), (2.2266, 0.4138), (4.6889, 1.0066) and (8.8451, 3.7884)
to 4 decimal places.

3.2.2 Linear Potential

In the noisy linear potential case with Sy (zy) = 322y, the pre-caustic of the stochastic
heat equation (2.49) is given by exactly the same method used in the zero potential
case, i.e.

1 8%8,
8" o

Hence, the pre-caustic remains unchanged as

=0.

1
yo =ty — 7 (3:29)

which is depicted in Figure 3.1. Now recall that we have phase function given by

¢ (z,zo,t) = (@ _;") e ZtyO) +F(t)z+k(t)zo+1(t) + "2y° (3.30)

for the F(t), k(t) and [(¢) calculated earlier in Section 2.3.2. Then our classical
mechanical flow is given by equation (2.51) as

(5)=(3 )5 )+ (2) (331)

Y
6
1o 5\ 5 10 *

Figure 3.29: Linear potential caustic for Sp = %x%yo with k = 5 and noise for a — 1.

Using these simultaneous equations to eliminate the zo and y, variables from the
pre-caustic (3.29), we obtain the caustic as

y= 2:2 (z—tk t))3 — (3.32)

c*lv—l
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Going back to the solution of the heat equation, if we do the 1, integral by the Laplace
method, see section 1.4, then we have solution

1 i _tgai 1,01 _z 22
u(z,t) ~ 2”/1275_[3% (zo) € ;lg{ Lo td (v 1) a3+ (k()- 2 )zo+ S+ F(t)a+i(t) } dzo,

1 4 2
~ Th(z eAxo+Ba:0+Czo+D dz ,
sy | Toleo) :

which again is just the canonical form of the cusp catastrophe.
By using the calculated value of & (t) given in equation (2.47) we obtain the equation
of the caustic as

2
3 Kt ' W, t W, i
y—2%(x—7— tLTdr+atAAersdr) 3 (3.33)

which, for our example, looks as in Figure 3.29. Recall that the pre-wavefront was
given by equation (2.52), which for Sy (z,) = 323y is calculated as

B (B +a8) + B o (P () + £ ) o+ D0 (PO + 52 410 =0

2 4 2
(3.34)
Using our values of F (t), k (t) and I (¢) from equations (2.46), (2.47),and (2.48), we
can write the equation of the pre-wavefront for the noisy linear case, in full, as

t
8553 Oyo (1 + tyo)

t
+t(ﬁ+ /—d —a/ —2dsdr)
o T
(3——aWt /st+ /—d ——// —dsdr)
0
W,
+xo(1+ty0)(Kt—aWt /st-l—a/—d —a//—dsdr)
0
243
Kt / Wdr-i— //stdr——/W2dr
T W,W, 1
— 3.35
+a/ 2‘/07"2(/0st> dr. (3.35)

This is shown, for a sample Wiener process, in Figure 3.30, where we can see sim-
ilarities between the previous cases. The wavefront is given by using the classical
mechanical flow (3.31) to eliminate the zo and yo terms, see Figure 3.31, which gives

0=
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the equation of the wavefront as

4

24
4o Bpigas s 1[82 20 1

24
- | @Y — Y- g+ 48F ) + —l (t)} z*

8 . 2 51 9 ,
+4{ FO)v+ 5 2 [0k (£) — F (8)] y + 8F (£)° + 2F () [121 (t) - t—3] - t—4k(t)}:v
+2 {t%y" + tgy"' + % [t% +8F (t)° + gl (t)] y?
+t32 [14 + 16F (£)° + 36F (¢) k (£) — 9k (£)° — %z (t)] Y+ D p ()2

2,
7 63 20 gg l (t)z} 2

16

(t)k(t)+—k() ——l(t)+48F() L) +

{ F(t)y'+ = [4F()+k(t)]y3+f[6 (t) + k(t)+8F(t)l(t)} 2

+2 [;14 )+ k(t) 9F(t)k(t)2+7F(t)l(t)+lT8F(t)l(t)]y

t
FZP () + k() — F Ok ()~ k(0 + S F (O)1()

12
+36k(t) L(t) + 24F (£)1 (£) }z
03 - 7 k07 - o] - 3 [ 007 - F1O -8 07 v
= [t%k (07~ 51.(6) + 18k (0P 1(1) — 1 (t)z] y— k@ — 2RO+ 210
—%k ®21() + ‘Z’—fz (£)% + 320 ()° = 0, (3.36)

for the F'(t), k (t) and [ (¢) given in equations (2.46), (2.47) and (2.48).

Figure 3.32 shows that the pre-caustic and pre-wavefront meet at a pair of points
in our example. While we cannot exactly calculate these points, we may find their
location numerically, which gives them approximately as (—1.48965,1.21905) and
(1.08254,0.171904).

Again we can numerically calculate the 4 points where the caustic and wavefront meet.
They are approximately at the positions (—6.80559, 2.32857), (—4.08472,0.0488774),
(—3.11051, —0.2) and (—2.23136,0.757856) as shown in Figure 3.33.
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Figure 3.30: Linear potential pre-wavefront for Sy = %x%yo with k£ = 5 and noise for
a— 1.
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Figure 3.31: Linear potential wavefront for Sy = ,f—,a:gyg with £k = 5 and noise for
a— 1.
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Figure 3.32: Linear potential pre-caustic and pre-wavefront for So = \xolbwith k —5
and noise for a —» 1.
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Figure 3.33: Linear potential caustic and wavefront for So = “oVo with k¥ — 5 and
noise for a —1.
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3.2.3 Harmonic Oscillator Potential

In the case of the noisy harmonic oscillator potential with Sy (z,) = %xgyo, the phase
function is

sin(w;t) 2 sin(wot)

wy ((a: — z)? cos(wit) — 29:.100) L <(y — 10)? cos(wat) — 2yyo)

+zW, — T / W, cos(wsr) dr
sin wlt)
“1%0 / W, cos(wyr — wyt) dr + 1 (t) + x (3.37)
sin(w:t) 1 1 n oyo, .

which gives the classical mechanical flow as
z\ _ [ o cos(wyt) N ﬂw_ﬁ)x 0Yo + fot W, cos(wir — wit) dr (3.38)
y /] \ yocos(wst) E(M.n 0 A

Here the pre-caustic is exactly the same as in the classical case with a harmonic
oscillator potential as calculated in equation (3.20) and depicted by Figure 3.17. Using
the simultaneous equations from the classical mechanical flow, we may eliminate the
zo and yo variables from the pre-caustic (3.20) to obtain the equation of the caustic
as

2 1 2
3 wy  \? [ sin(wst) cos(wst)\ 3 /' t B A
y = 3 (sin (wlt)) ( "™ A W, cos(wrr — wyt) dr — z

— —tan?tlult) cos(wat). (3.39)

This is shown in Figure 3.34 where we can see the familiar cusp behaviour.

Y

3

30 5 V 5 10 %

Figure 3.34: Harmonic oscillator caustic for Sy = %mgyo with w; = 2, wy = 3 and
noise.
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Turning our attention to the solution of the heat equation, we see that after perform-
ing the yq integration via the Laplace method, we obtain the phase function

. _tan(w2t)z4 + 1 ( Yy wy ) 22

o ,t =
¢ (z, o, t) 8w, 0 2 cos(wzt)+tan(w1t)

w1z
+ (sm(wlt / W COS('LUlt wlt) dr — M) o
2
unT
+m + (VVt - 51n(w1t) / W, cos wlr) d’l‘)

’w2y2 wzy

+ 2tan(wqt)  2sin(wst) cos(wst)

+n(t).
Then the integral solution of the heat equation is

t é(z.zg,t
wigt) = — \f OE: Ty (zo) e da,

2mp? wyt) sin(wst) Jo
1 w1Wo t Axd 2
~ Th(z0) e z3+Bxg+Cxo+D d ,
2mp? \/sin(wlt) sin(wst) 0 (o) o

for a convergence factor Tp (zo) and where A, B, C and D are the obvious coefficients.
We see that the addition of a harmonic oscillator potential with a noise term does
little to effect the geometry of the cusp catastrophe. Recall that the pre-wavefront in
this case is given by equation (2.59), which, for our particular Sy (z,) is simply

. 2
——w;{ [(xo cos(wit) + %":—“onyo + fot W, cos(wir — wyt) dr) + rg] cos(w;t)

2sin(w;t)

-2 (:co cos(wyt) + %“:—‘onyo + fot W, cos(wyr — wyt) dr) xo}

. 21\ 2 ‘ .
+ T { [(yo cos(wat) + %ﬁztz%ﬂ) + yg] -2 (yo cos(wat) + J—Zs‘“wﬁ” fzﬂ) yo}
+ (:L‘o cos(wyt) + %“:—”Zmoyo + f(: W, cos(wyr — wit) dr)

X (Wt - =y Jy W, cos(wr) dr)
+ gt [ Wy cos(wnr — wnt) dr +1 (1) + 32330 = 0, (3.40)

sin(ws t)

which is just a quadratic in yo and is shown in Figure 3.35. We may eliminate the
variables in 7o and 4o to find the wavefront, but the result is far too untidy to be
worth expressing here, and is shown in Figure 3.36.

Comparing the pre-caustic and the pre-wavefront, we see that they meet in a pair of
points, which may be calculated numerically as (0.955925,0.871896) and

(12.3625, —6.34649). The caustic and wavefront meet at 2 points which we can de-
termine numerically to be (—40.2566,9.87755) and (0.540013, —0.84164).
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Figure 3.35: Harmonic oscillator pre-wavefront for So = |x*yo with W = 2, ux= 3

and noise.
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Figure 3.36: Harmonic oscillator wavefront for So =
noise.
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with W\ —2, tc2 = 3 and
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Figure 3.37: Harmonic oscillator pre-caustic and pre-wavefront for So = \xglJo with
W\ =2, W» = 3 and noise.
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X
Figure 3.38: Harmonic oscillator caustic and wavefront for So = \x/yo with w\ = 2,

W> —3 and noise.



Chapter 4

Butterfly and Fish

We give some explicit examples of the singularities of the heat and Burgers’ equations
for the initial condition Sp (z,) = z3yo + xgzo, with and without noise terms. We do
so for the cases of the zero potential V' (z) = 0, the linear potential V (z) = —kz and

the harmonic oscillator potential V (z) = —3 (w?z? + wiy? + wiz?).

4.1 Classical Case

In this section we discuss the singularities of the classical heat and Burgers’ equations
for the case’s of the above potentials. We shall see that, for this three dimensional
example, the generic caustic is that of the butterfly catastrophe as covered in [3]. The
introduction of the aforementioned potential terms does little to effect the overall
geometry of the butterfly.

4.1.1 Zero Potential

For the case of the butterfly caustic the polynomial phase function is determined by
taking Sp(z,) = z3yo + T22. Then the pre-caustic for the Burgers’ equation is given
by
1+ 6tzoy + 2tzg 3tz2 2txo
3tz 1 0 |=0,
2tl‘0 0 1

so that we have
1+ 6txoyo + 229 — 9t2.’L‘3 — 4t2.’l:g =0.

By rearranging for 2o = (o, Yo,t) we have the pre-caustic as

9 1
2= -z-txg + 2tz3 — 3zoyo — % (4.1)
and, for some ¢ > 0, this looks like as in Figure 4.1. It is useful, as we shall see later,
to look at several slices along the yo-axis of the pre-caustic, as in Figure 4.2, where

91
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600
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200
10
-200
-2
-10
X0
-20
Figure 4.1: Zero potential pre-caustic for So = xfyvo 4 x*z0
Yo ~2 Yo -» 0 Yo -» 2
40 40 40
20 20 20
2 0 2 2 0 2 2 0 2

Figure 4.2: Slices of the zero potential pre-caustic for Sq = x/y0 + XgZ0.
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we have taken slices through yo = —2, 0, 2. One question to ask here is ‘What about
the big picture?’. Well, we can show that the pre-caustic has only one ‘valley’, i.e.
path of points of minima. Simple calculus tells us that the critical points occur when
%ﬁ% =0, i.e. when

62!0
o 18tz + 4tzo — 3yo = 0.

This gives us the path that the critical points lie on

2
We are really interested in the nature of these critical points, so we need to look at

how 22 changes, i.e. we need to look at the second derivative

Ozg
6220 2

2

Then clearly, since ¢ > 0 and z; € R, we have 33—;0? > 0. This shows that the region
for which

9
2z 2> Etzé + 2tx? — 3Toyo — %

is convex. Hence there can be only one path of critical points, which is our valley.
Next we want to find an expression for the caustic. Remember that we have phase
function

(3T3—3?o)2 (y—y0)2 (Z—Zo)2
% T % o

Then setting Vg ¢ (z, 2y,t) = 0 gives us

¢ (gagcn t) = =+ xgy(] + ngO.

2y = z — tz}, and Yo=Y — tzg.

Using these to do the 25 and y, integrals by Laplace gives us the phase function as

- ot to, ; 1\ , = 72
¢(&:20 1) = =37 2x°+y$°+<z+2t T pTot g

and looking at the solution to the heat equation, we have

u (g, t) ~ 1 _ /TO (mo) eAz8+Ba:3+C:zg+D:cg+Emo+F d.’L‘(),
(2mu?t)? JR
where we have a convergence factor Ty (zo) and
t t Y
- B=_— C=-=,
2 N2 ’ 2 /"2 ’ Mz

1 1 z z?
= —— — E=— F = .
D “2(z+2t),
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The avid reader will of course notice that this is the canonical form of the butterfly
catastrophe, as discussed in [3], a distinctive polynomial of order 6 with no quintic
term. Next, recall that we also need 5833 = 0, such that

o¢ 1 x
_— = _ ) —Z=
. 3tz — 2tzd + 3yzd + 2 (z + 5 t) To = 7 0,

and secondly we need %‘%’ =0, i.e.

3¢

1
3 2 = —15tzg — 6tz3 + 6yzo + 2 (z+ 2t) =0.

Solving these simultaneously gives us an implicit equation for the caustic, i.e.

64375 ,
t5
18
T

_ 36y y Y 1
1 187= =){=+2
< {6 +2 87t3+3<32+965t2 t+ z
L5601 2_+ 1200 (1 8
t \t 2 t
1 ST y ¥\ (1
—{=+2 288=— 1= + 32 243= ) [ =+ 2
(t+ z) [88t+656 t3+3 (8+ 3t2 (t+z
1536 (1 2 2304 s
—{=+2 2

+t(t+z)+t2(+) 0
This is the butterfly catastrophe, classified by Thom’s catastrophe theory as detailed
in 3], and shown in Figure 4.3 at an instance of time ¢ > 0. In Figure 4.4 we look
at several slices along the y-axis of the caustic, where we have taken slices through
y = —2, 0, 2. Notice the similarities of the pre-caustic and caustic in this case
with the results that we obtained in the earlier chapter when we considered the cusp

singularity. Going back to the heat equation, we see that the pre-wavefront is given
by equation (2.16) with Sy(z,) = z3yo + 220 as

t2 t

2 2
1m+4%0 +Z§05—u5y)(%+h>+gﬁ9(l+h)]x2

(4.2)

% [(33:33/0 + 2:1:020)2 + (xg)2 + (zg)z] + z3yo + 2220 = 0.

We can simplify this to get the implicit equation of the pre-wavefront as

t t 9
z (53:3 + 5:17% + Et:ngyg + 6tzoyo2o + ToYo + 2t23 + Zo) =0, (4.3)
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Figure 4.3: Zero potential caustic for S0 = xIy 0+ xI70.

y »-2 y»0

Figure 4.4: Slices of the zero potential caustic for SO —xfyo + x/z0.

95



CHAPTER 4. BUTTERFLY AND FISH

Figure 4.5:

Figure 4.6: Slices

Zero potential pre-wavefront for SO = xolo + xozo

yo >0 yo -=>2

of the zero potential pre-wavefront for SO = xIy0-+Xx'QD
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which is the plane zo = 0 and the surface generated by

t t 9

55”3 + 55’33 + 5“33?43 + 6tzoyozo + Toyo + 2t25 + 20 = 0.

For some time ¢ > 0, the pre-wavefront is illustrated in Figure 4.5, and Figure 4.6
shows slices of this with respect to the yp-axis. It is interesting to see that the slice

through yo = 0 gives us a semi-quadratic ellipse in zy and z, i.e.

t t
22 <§x3 vl z0> o,

or

gt gl ()] o

The semi-quadratic ellipse has centre at the point (0, —4

Zi) with semi-major axis

1
713 (, [1+ % — 1) * and semi-minor axis 4. Also, we see from the above that, for
non-zero values of yo, we have distorted ellipse-like shapes tending to the left for
yo < 0 and to the right for y, > 0.
We cannot calculate the wavefront for the heat equation in the usual way, i.e. by
solving ¢(z, 2y,t) = 0 and Vg ¢(z, zy,t) = 0 simultaneously. In order to do so would
involve solving a quintic in zy and substituting the real solution into a sixth order
polynomial in zo. Needless to say, this is very difficult to do, but there is another
way to plot the wavefront given that we can already plot the pre-wavefront.
We need to look at the points that make up the surface of the pre-wavefront and
subject each point to the classical mechanical flow given by the mapping

z = x4y +tVg, So(zo).

This comes directly from Vg ¢(z,z,,t) = 0, so we have the classical mechanical flow

z Zo 3z3yo + 2T020
y | = w |+t 3 : (44)
z 20 T2

Doing this produces the wavefront of the heat equation for So(z,) = zdyo + 320 as
the fish, the twisted tricorn, see [16], or a twisted triple cusped hypo-cycloid, as in
Figure 4.7. We can look at slices through the y-axis of this, then at y = -2, 0, 2 we
have Figure 4.8.

Now compare the pre-caustic to the pre-wavefront. We can calculate the meeting
curves of these, as shown in Figure 4.9, by using the pre-caustic (4.1) to eliminate 2o
from the pre-wavefront (4.3). This gives an implicit equation of the meeting curves in
zo and yo. We can then numerically apply the pre-caustic (4.1) to obtain the meeting
curves in R3. Essentially we are formulating a vector (xg,yo (z0) , 20 (yo(IL'()),CEo))



CHAPTER 4 BUTTERFLY AND FISH

Figure 4.7: Zero potential wavefront for S0 = xfyo + x"Z0

y/\-2 y»0 y 2

Figure 4.8: Slices of the zero potential wavefront for S0 = x/y0+ X070
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Figure 4.9: Meeting curves of the zero potential pre-caustic and pre-wavefront for
So =xly0+xIzQ

Yo >-2 yo =>0 y0-*2

Figure 4.10: Slices of the zero potential pre-caustic and pre-wavefront for So = xlyo +
x0z0.
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Figure 4.11: Meeting curves of the zero potential caustic and wavefront for So =
xlyo + xI1z0.

Figure 4.12: Slices of the zero potential caustic and wavefront for So = x/y0+ x8z0.
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for the meeting curves, but we are not solving directly for yo (o) which would give
the curves explicitly. We can also compare the slices that we took earlier, as in
Figure 4.10, which distinctively shows that they meet in four curves. By numerically
applying the classical mechanical flow (4.4) to the meeting curves of the pre-caustic
and pre-wavefront, Figure 4.9, we can show the meeting curves of the caustic and
wavefront, see Figure 4.11. We have used the slices of the caustic and wavefront to
further illustrate these meeting curves, as in Figure 4.12. Notice the similarities of
this case to that of the Cusp and Tricorn case, especially in the case where yy = y = 0.

4.1.2 Linear Potential

We now look at the three dimensional heat equation with a linear potential in one
direction only, i.e.

Ou, 2 Kz
— = = Ay — —uy, (4.5)
ot 2 -t 2t
where we have phase function given by
2 3.2
zT—z kt t°k
o) (ﬁ’ﬁoa t) = % '5 (-'17 - SL'O) - E + .’Egyo + SL‘gZo. (46)

We can easily calculate the pre-caustic in this case as it is given by equation (2.23)
as

9 1
2y = 575:23 + QtEg — 3oy — 5% (47)

which is exactly the same as the zero potential pre-caustic, equation (4.1), as illus-
trated in Figures 4.1 and 4.2. The classical mechanical flow in this case is given by
equation (2.22) as

z Zo 2 [k 3z2y02z020
y|l=|w |+5]| 0]+t z3 (4.8)
2 2
z 20 0 zg
which gives the yy and 2, minimas as
Yo =y — tx and 2 = z — txa.

We can now use these to calculate the solution after doing the 2y and yo integrals by
the Laplace method. This gives our phase function as

:cxx2tk k23
270 9 2t t) %ot 2T g

~ 1 t
¢ (z,zo,t) = —£x6—£x3+ya:g+ (z + —) T2+ (ik — 2 ) ot —+—z———, (4.9)

which gives the solution of the heat equation as
1

u(z,t) ~ ——
(2mult)?

6 4 3 2
/TO (-TO) eAa:0+Bzo+Cz0+Dzo+Ezo+F dIL‘(), (410)
R
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where we have a convergence factor TO (xo0) and

M H SB B a”sgm

E2S£S*EsSS£3£28g§*9%*#53%f

Figure 4.13: Linear potential caustic for So = Xq% + “o”o with £ = 5.

Notice that we still have the canonical form of the butterfly catastrophe. By elimin-
ating x0 from the phase function (4.8) and its first derivative with respect to x0 we
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can obtain the equation of the caustic as
1 6
3533000 Tt + 54(3000 ( & _5 k) 73

+B {2 22— % (- )2 - 0y
+ [28125k2 +768 4 4800 (27 — 1) + 800 (2 — %)2] }x2
{1+ B [s2e 2 25— D]+ 000 [22- # (22 - D]

-2 [16875]92 — 849, 1) 20 (g, )7 _ 4800 (5, -)3] y

t

e 2 8 ] )

+620856 507 — 410 (25— 1)7 44 + 8645 [32 + % (22 )]
+33 [4950k2 - 10125’;—2 (26-3) - % (22— 1) - 2B (22 - 1)’ &?
+84375k* + 13824k + 86400%% (22 — 1) + 14400057 (22 — 1)* — 4096 (2, _ 1)?
— U576 (9, _ L)' _ 36864 (9, _1)° =0  (4.11)

t t

which is just the zero potential caustic being displaced in the z direction by the linear
potential, as depicted in Figure 4.13.

Simplifying equation (2.24) for our linear potential X = (k, 0,0) with initial condition
So (zy) = T3yo + 220, we have the equation of the pre-wavefront as

t t
+§x8 +3 (1+993) 25 + yo (1 + 6t20)

243
+ (3ktyo + 2t23 + z) 3 + kt? (zo + %) Ty + th =0 (412
The pre-wavefront in this case is shown in Figure 4.14 with slices of the pre-wavefront
illustrated in Figure 4.15. In order to calculate the wavefront in this case we must use
the same numerical method as in the zero potential case, with classical mechanical
flow given by equation (4.8). This numerically produces the wavefront as in Figure
4.16 with slices taken in Figure 4.17.
Comparing the pre-caustic to the pre-wavefront, we compute their meeting curves as
shown in Figure 4.18. This is done by using the pre-caustic (4.7) to eliminate z, from
the pre-wavefront (4.12), which gives an implicit equation of the meeting curves in z
and 7 that we can then numerically apply the pre-caustic (4.7) to, yielding curves
of intersection in R3. By numerically applying the classical mechanical flow for the
linear potential case (4.8), we show the meeting curves of the caustic and wavefront,
see Figure 4.19. We can also compare the slices that we took earlier. For the pre-
caustic and pre-wavefront, we have Figure 4.20, and for the caustic and wavefront we
have Figure 4.21.
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Figure 4.14: Linear potential pre-wavefront for S0 = Xo/o+ XoZ) with k —5

Yo -2 Yo 0 Yo 2
4 /T 4 \Y]
2 2
Y
0 0
-2 -2
y 0
4 )4 -4 A
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Figure 4.15: Slices of the linear potential pre-wavefront for So = xfyo + x% with
k =5
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Figure 4.16: Linear potential wavefront for So = x"vo 4 X020 with k —5

y »-2 y-=>0

0 -5 0 5 10 0 -5 0 5 10

Figure 4.17: Slices of the linear potential wavefront for So = "oVo + "~020 with k£ = 5.
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107

Yo
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-20

Figure 4.18: Meeting curves of the linear potential pre-caustic and pre-wavefront for
So= xlyo --x"Zowith k = 5.
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10

-10

10

-10

-20

Figure 4.19: Meeting curves of the linear potential caustic and wavefront for So
x%90+ x"Zo with k = 5.

Yo -* -2 Yo -» 0 Yo -* 2

Figure 4.20: Slices of the linear potential pre-caustic and pre-wavefront for S0 —
Xollo+ XoZp with k = 5.
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y- -2 y-0 y-2
4 4 4
2 2 2
0 0 0
-2 -2 -2
-4 -4 -4
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Figure 4.21: Slices of the linear potential caustic and wavefront for Sy = z3yo + 722
with k = 5.

4.1.3 Harmonic Oscillator Potential

In this case we are looking at the three dimensional heat equation with a harmonic
oscillator potential, equation (2.27), where we have a phase function ¢ (z, z,, t) given
by equation (2.26) as

wy [ (z? + z3) cos (wit) — 2zx0 wy [ (¥ + y2) cos (wat) — 2yyo
= 2 : + =2 ;
2 sin (wit) 2 sin (wat)
wy (2% + 23) cos (wat) — 222
2 sin (wst)

©-
&
B

=

) + z3yo + 2220.

We may calculate the pre-caustic as by using equation (2.30) to obtain an explicit

form as
4 2

9 2
2= 220 tan (wat) + % tan (wst) —
3

wy
— 3ZoYo. 4.13
2w y ~ 3zodo (4.13)

2tan (wst
However it is not possible to obtain an explicit form of the caustic and the wavefront.
If we look at the phase function in this case, equation (2.28) with Sy (z,) = z3yo+z220,
then using the classical mechanical flow, equation (2.29) V ¢ = 0, we see that

t t t
__y  tan(w )xg, and o= —2 an(ws )xg.
cos(wat) Wa cos(wst) w3

Yo

Now, by the Laplace method, see Section 1.4, we see that the phase function becomes

tan(wgt)ms tan(wst) , Y 3
2wy 0 2w ° " cos(wyt)”°

¢(z,z0,t) =

+ ¥4 + wh .’172 _ T — unzx
cos(wst) = 2tan(wyt) ) "°  sin(w;t) * ™ 2tan(wit)
_wyy?tan(wyt)  ws2® tan(wst)
2 2 '




CHAPTER 4 BUTTERFLY AND FISH 109

Figure 4.22: Harmonic oscillator potential pre-caustic for So = xfyo + x\zo with
W\ =2, W = 3 and —4.
Yo yo=>0 yo -*2
10 10 10
10 10 10
4 2 0 2 4 4 2 0 2 4 4 2 0 2 4

Figure 4.23: Slices of the harmonic oscillator potential pre-caustic for So = Xolo+ X120
with W\ = 2, W» —3 and W = 4.
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This gives the solution of the heat equation as

1 w Az8+Bz3+Cz3+Dad+Ezo+F
vy = (2##2)% \/;m(wlt)z;(lzzgsin(wzt) /RTO (o) 0T B0t CTA DI ERot Y gpy,
(4.14)
where we have a convergence factor Tp (zo) and
A= tan(wst) B tan(wst) e Y
C 2wou? T 2wap? ~ u2cos(wst)’
1 z w1 T
D=-— ) E= 5 7\
w2 (cos(wgt) * 2tan(w1t)) w2 sin(wit)
_ wyz? woy? tan(wot) + w322 tan(wst)
~ 2u2tan(wyt) 2u? 2u? i

Notice that the overall geometry of the butterfly catastrophe is still intact, i.e. we
still have a polynomial of degree 6 with no quintic term. We can further eliminate
the z variable to obtain the implicit equation of the caustic as

0= 84375wiwd 4+ 202500w3w4 tan(wst) z3
" sin®(w; t) tan3(wat) w3 sin® (w1 t) sin(wat) tan3 (wot) Yy
+ 18wiw32 _ 225w2 45 22 + —w __ 22wy tan®(wst) | 2
sin? (w1 t) tan2(wot) sin? (wat) cos(wit) ' tan(wit) w3 tan(wat) y

16w? tan(wst) 125 2z wy 2
+ w3 tan2 (wat) cos(w1t) + tan(w;t)

+75w2 tan?(wst) (C%?;It) 4 —w ) + 12w} ta‘“4('“’3'5)] } 72

w} tan(wat) tan(wt) w§ tan?(wat)

_ 36wy wy 2187wd 4
sin(w1t) sin(wat) | sin®(wat)

+ 3w4 tan(wst) [9 45 ( 2z1t) + —w ) + 32w, tan2(w3t)] y2

wa sin® (wat) tan2 (wat) cos(w tan(wit) w? tan(wat)

16w3 22 w) 75 22 w \2
+tan3(w2t) cos(wit) + tan(wit) cos(w1t) + tan(w;t)
35w tan? (wst) 2 6w2 tan* (wst)
T :gzt::(w;‘g (oos(:ut) + taanziut)) + wgztanz(w:t) ] } yx
w2 2z 4 2 6561wi 4
tan(wzt) \ cos(wit) ' tan(wit) sin(wyt) J

288w4 2 wy tan?(wst 2
557 wat) tan? (w2t [27 (cos(:;lt) tanﬁlt)) + ta.n(w:t)] Yy

sin
256w3 2 2 tan?(wyt) ] 2
R~ omey (oos('z);t) + tanﬁlt)) [3 (cos(:nt) + tanlzz)lt)) + t:nn(w:t)] } :
(4.15)

This is illustrated in Figure 4.24 and slices are also taken in Figure 4.25. Again, care
has been taken in choosing ¢t < L) Recall that equation (2.31) gives the equation

max(w;
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-4
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4
Figure 4.24: Harmonic oscillator potential caustic for So = xfyo + x"Zg with wl = 2,
w2 = 3 and ie3 = 4.
y » -2 y >0 y-»2
-2
4y 44 2 44

Figure 4.25: Slices of the harmonic oscillator potential caustic for So = x"ye + x%&o
with Wi = 2, u>2 —3 and wi= 4.
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of the pre-wavefront, which for our Sy (z) = z3yo + 232 just turns out to be
Txf’(lm{ [(wo cos (w1t) + S’—"fv’f—‘tz (3zdyo + 2:1:0z0))2 + :1:3] cos (wst)
-9 (mo cos (wit) + %ﬁ’—ltz (3zdyo + 21:020)) a:o}

[ ) 2 1
+28it:u('wgt){ (3/0 cos (wat) + %‘:—“ng) + yg cos (wat)

-2 (yg cos (wat) + %’:—”ng) yo}

2sin (w3t)

i . , -
—“’3—{ (zo cos (wst) + %‘;’—3%3) + 22| cos (wst) (4.16)
-2 (zo cos (wst) + ﬂ%‘;’—“lzg) zo} + zdyo + 122 = 0.

The pre-wavefront is depicted in Figure 4.26 with slices through the yo-axis shown in
Figure 4.27. Recall that in the zero potential case, Section 4.1.1, we could not calcu-
late the wavefront directly. We have the same problem here, so we must numerically
apply the classical mechanical flow

z Zo cos (wnt) Eill'z%f_ltz'(xgyo + 2320)
y | = | wocos(wet) | + L“};‘;—”lxg , (4.17)
z 2o cos (wst) sin (5t) ;.2

w3

to the pre-wavefront. Then the wavefront is depicted in Figure 4.28 with slices through
the y-axis shown in Figure 4.29.

Once again, we can calculate the meeting curves of the pre-caustic 4.22 and pre-
wavefront 4.26 by eliminating the z, variable from equation (4.16) using (4.13). This
gives an implicit equation for the meeting curves in zy and yo which we can numerically
map into R® by using the equation of the pre-caustic (4.13). The meeting curves
are shown in Figure 4.30 and we have taken slices through these meeting curves,
in Figure 4.31, to better illustrate their meeting points. Furthermore, to show the
meeting curves of the caustic and wavefront we have numerically applied the classical
mechanical flow, equation (4.17), to obtain Figure 4.32. We also compare the meeting
points of the slices of the caustic and wavefront in Figure 4.33.
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Yo

z0

Figure 4.26: Harmonic oscillator pre-wavefront for So = xlyo -- x"Zg with Wl =
w2 =3 and = 4

Yo -» -2 y0-»o yo->2

Figure 4.27: Slices of the harmonic oscillator pre-wavefront for So = xfyo + Xgzo
W\ =2, w2 = 3 and w3 —4.
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Figure 4.28: Harmonic oscillator potential wavefront for So = Xolo+x"Zowith w\ = 2,

w2 = 3 and =4,

y A2 5 y >0 ) Y->2
1 1
0 0
) -2

Figure 4.29: Slices of the harmonic oscillator potential wavefront for So = xfyo + xlzo
with W\ = 2, u>2 = 3 and —4.



CHAPTER 4 BUTTERFLY AND FISH 115

Figure 4.30: Meeting curves of the harmonic oscillator potential pre-caustic and pre-
wavefront for S0 = Xop+ XoZp with W\ = 2, rc2= 3 and ie3 = 4.

Yo -2 Yo -* 0 Yo 2

Figure 4.31: Slices of the harmonic oscillator potential pre-caustic and pre-wavefront
for Sq = Xglg + XqZq with W\ —2, ie2= 3 and ws = 4.



CHAPTER 4 BUTTERFLY AND FISH 116

A4,

Figure 4.32: Meeting curves of the harmonic oscillator potential caustic and wavefront
for So = xlyo + XoZ0 with W\ = 2, ie2= 3 and w3 = 4.

y » -2 y-=>0 y =>2
-1
3-2-10 1 2 3 3-2-10 1 2 3 4 3-2-10 1 2 3 4
Figure 4.33: Slices of the harmonic oscillator potential and wavefront for

So = xlyo + xlzo with wx= 2, w2= 3 and ic3 = 4
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4.2 Noisy Case

In similar fashion to Chapter 3, we now study the effects of a linear noise term
—%u o 0W; upon the Butterfly and Fish type singularities in the previous section.
W‘é provide an analysis and exact formulae for the singularities of the stochastic heat
and Burgers’ equations. We shall see that the addition of a noisy term doesn’t effect
the overall geometry of the Butterfly, and as expected, there is still no effect upon
the pre-caustic curves.

4.2.1 Zero Potential

Looking at the case of Sy(z,) = z3yo + 7220, and this time adding the terms that
arise from the addition of a linear noise term —f’f;u o OW4, as discussed in Section
2.3.1, gives us the phase function,

2 2 2
(x — o) +(y Yo) +(z 20) + W,

2t 2t 2t
t
— t
_{z=m) txO) / W, ds + —Cg ) + T30 + 220
0

o (z,zo,t) =

The pre-caustic in this case is exactly the same as that calculated in the case without
noise, namely equation (4.1)
9 1
2= étxg + 2tx? — 3zoyo — %
Naturally, its appearance is exactly as in Figure 4.1. By means of the previously
discussed Laplace method, we can eliminate the yy and 2z, terms from the phase

function, to obtain,

t ¢ 1 1/ [t
b (z,70,t) = —§zg—§x§+yzg+(-2—t+z>x§+z(/o Wsds—:v)xo
z? z [* ¢(8)
+<E+$Wt—?/0‘ W, ds + ¥ )

Looking at the solution to the heat equation, we have
1
" (.’E t) ~ / To (370) eA:c3+Bzg+ng+Dz§+Ezo+F dzo,
(2mp2t)? JR
where we have a convergence factor Tp () and the obvious coefficients
t t Y
B - — T
2u2’ 2u 2

27 - I
1 1 1 ¢
—-— il _-—— W. ds — ,
b p2 (Z+2t)’ E u2t (/0 . 48 :c)

1 [z z [t ¢ ()
F_——2(§+th—‘Z‘/(;W3dS+T .
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Of course, this is just the generic form of the cusp catastrophe, with a random dis-
placement in the z direction. Eliminating the z, term gives us the equation of the
caustic as

t 4 t
84375 <x - / W, ds) + 202500ty (x - / W, ds)
0 0

+18{ 22557 [226 — 45 (1 + 2t2)] + 19244

3

t 2
+1200¢2 (1 + 2¢2) + 2000 (1 + 2t2)? } (z - / W, ds)
0
—36% {2187t2y4 +3t%% [3262 + 945 (1 + 2t2)]

t
+16 (1 + 2t2) [6t* + 35¢% (1 + 2tz) + 75 (1 + 2t2)%] } (:1: - / W, ds)
0

1 2
—(_{—t#{GSGItzy“ + 288t%y” [t? + 27 (1 + 2tz)]

+256 (1 + 2t2) [t* +3 (1 + 2tz)]2} =0,

and depicted in Figure 4.34. This is just the classical case of the butterfly displaced
in the z-axis by the same random displacement as what we obtained in the previous
section for the noisy cusp and tricorn. The random displacement is more evident
when we look at the slices of this through the y-axis at y = —2, 0, 2, as shown in
Figure 4.35.

Next recall that equation (2.37) gives us the form of the pre-wavefront for a general
So (zg) such that for Sy = zdyo + 2229 we have the pre-wavefront given by

2

t 1 t
3 [(3:83?}0 + 2:1:0z0)2 + 5 + xﬁ] + 23y + 2520 — % (/ W, ds>
0

t
+ <.’L‘0 +t (3:6(2,1;0 + 2.’17020) + / W, dS) W, + %t) =0. (418)
0

This pre-wavefront is shown in Figure 4.36 and we look at slices of the pre-wavefront
through yo = —2, 0, 2 in Figure 4.37. In this case, as in that covered earlier for the
classical case, we cannot determine an exact equation for the wavefront. We have to
apply the following classical mechanical flow V; ¢ = 0 upon the pre-wavefront,

z Zo 3z2yo + 2T020 fot W, ds
y =1 w |+t z3 + 0 . (4.19)
z 2 z2 0

Doing so yields the wavefront as in Figure 4.38, with slices through y = -2, 0, 2
shown in Figure 4.39. Notice the similarities of this with the Noisy Cusp and Tricorn
case, especially the slices through yo =0 and y = 0.
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MESESEL 0 XSKISISKMHE*3&A& gk f ek,

Figure 4.34: Zero potential caustic for So = £Q@2A + “020 with noise.

Figure 4.35: Slices of the zero potential caustic for Sq = xfyo + x*20 with noise.
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Figure 4.36: Zero potential pre-wavefront for So = xfyo + xX"Zo with noise.

Figure 4.37: Slices of the zero potential pre-wavefront for So = Xol/o+ X0Zp with noise
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10

-10
-10

10

Figure 4.38: Zero potential wavefront for S0 = x3y0+ x0z0 with noise.

Figure 4.39: Slices of the zero potential wavefront for So = x%nw + x%&zs with noise.
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In Figure 4.40 we illustrate the pair of meeting curves of the pre-caustic and pre-
wavefront and, for an alternate view, we have shown the previous series of slices
in Figure 4.41. Furthermore, we have shown the meeting curves of the caustic and
wavefront, Figure 4.42. However, we discover a problem with using the usual method
of applying the classical mechanical flow, equation (4.19), to the pre-curves, thus
numerically calculating the meeting curves of the caustic and wavefront. Observe
that in Figure 4.42 we only obtain a pair of curves, but Figure 4.43 clearly shows
that the caustic and wavefront meet in four positions. It has been shown that the
numerically calculated meeting curves meet in a cusp formation due to the pair of
meeting curves of the pre-curves, see [16], but the additional curves are coincidental.

Yo

z0

Figure 4.40: Meeting curves of the zero potential pre-caustic and pre-wavefront, for
So = xlyo + xIzq with noise.
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yo ¥ 2 YO »0 Yo =>2

'
[=)}

Figure 4.41: Slices of the zero potential pre-caustic and pre-wavefront for S0 = Xoy0+
X"~Zp with noise.

-Z

10
10

Figure 4.42: Meeting curves of the zero potential caustic and wavefront for So =
xlyo -l-xI1z0 with noise.
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-2
-4 -4
4-2 0 2 4 6 8 10 4-2 0 2 4 6 8 10

Figure 4.43: Slices of the zero potential caustic and wavefront for S0 = Xo/0o+ x"zo
with noise.

4.2.2 Linear Potential

The mathematics for this case has already been set out in Chapter 2, and the compu-
tational techniques illustrated in the previous sections of this, and the last, Chapter.
With this in mind, we simply present the mathematical formulae and illustrate the
associated surfaces.

To begin with, we have a classical mechanical flow, given by equation (2.51), and
calculated for our specific SQ(xq) = xfyo + X2 as

kpt)\ /' 3xly0+ 2x02:0
0 1+t 1 XaQ (4.20)

0 ) | Xa

where our random functions k (¢), /(¢) and F (¢) given in equations (2.47), (2.48) and
(2.47). With the pre-caustic, we simply obtain the exact pre-caustic as in the classical
case with a zero potential, namely

z0 = MxQ + 2tx0D- 3x0Oyo -

which is illustrated in Figures 4.1 and 4.2.
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The equation of the caustic, taking out a factor of & ) 18
84375 zt -+ 67500 67500 (3y 5k (t)) (4'21)

+18{ 225 (22t — 90tz — 45) y? — 33750k (t) y
+3 [121:4 + 150832 + 25t2 (3 + 202%) + 500tz + 125] + 28125k2 (t) }x2

—3—f{2187y5 +3(3262 + 1890tz + 945) 3 + 225k (t) (2262 — 90tz — 45) 32
+ [%9 (12652 + 2t* (3 + 7022) + 20t32 (7 + 3022) + 5t2 (7 + 18022) + 450tz + 75)
168752k (t)? ] y
+16k (t) [12t4 + 150832 + 25t (3 + 2022) + 5002 + 125] + 93752k (t)° }a:
+78732k (£) y° — 8L (2tz + 1)% y* + 108 (322 + 1890tz + 945) k (t) °
-3 [16 (2tz +1)° (::2 + 54tz + 27) — 2252 (22t% — 90tz — 45) k (t)° ] y?
+38k (2) {16 [12t5z + 264 (3 + 7022) + 20632 (7 + 3022) + 5¢2 (7 + 18022) + 450tz + 75]
—5625tk (t)° }y 26 (1 4 2t2)° (* + 6tz + 3)°
4288 [12t4 + 15063z + 25t (3 + 2022) + 500tz + 125] k (£)? + 84375¢%k (£)* = 0,

and is illustrated in Figures 4.44 and 4.45.
The pre-wavefront is depicted in Figures 4.46 and 4.47 and, by using equation (2.52),
we obtain the formula for the pre-wavefront as the following

-;-xg+ 5 (14 9y3) =5 + yo (1 + 6t20) 2§ + {3t [F (t) + k ()] yo + 20 + 2t23 } =3
P (1) + K ()] (14 2t20) 0 + 2k (0 +1(0) + F )k () =0.  (422)

The wavefront in this case is depicted as in Figures 4.48 and 4.49. We have used
the classical mechanical flow (4.20) to calculate the wavefront numerically, using pre-
described techniques.

Lastly, Figures 4.50 and 4.51 illustrate the meeting curves of the pre-caustic and pre-
wavefront, while Figures 4.52 and 4.53 show the same for the caustic and wavefront.
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4
-2
-4
4
z
-2
-4
-4
-2
Figure 4.44: Linear potential caustic for Sq = x"yo + with £ = 5 and noise.
y >-2 y 0 y =>2
2 -2
4y 4y 4y

Figure 4.45: Slices of the linear potential caustic for So = xfyo + XgZowith £ = 5 and
noise.
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-2.5L

Figure 4.46: Linear potential pre-wavefront for SO — xfyo + x*20 with &k = 5 and
noise.

Yo -2 Yo >0 Yo -* 2

-4 -2 0 2 4 4 -2 0 2 4

Figure 4.47: Slices of the linear potential pre-wavefront for So = Xglo+ x"zo with
k —5 and noise.
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Figure 4.48: Linear potential wavefront for S0 —xlyo + x"Zp with k = 5 and noise.

y »-2 y=>0 Yy -»2

0-8-6-4-2 0 2 4 0-8-6-4-2 0 2 4 0-8-6-4-2 0 2 4

Figure 4.49: Slices of the linear potential wavefront for So = Xolp+ “020 with £ = 5
and noise.
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10
yo

-10

Zo

-10

-20

Figure 4.50: Meeting curves of the linear potential
S0 = xlyo + xIz0 with k = 5 and noise.

yo 0

Figure 4.51: Slices of the linear potential pre-caustic
xlyo + xlzo with k = 5 and noise.

yo -* 2

and pre-wavefront for So

129

pre-caustic and pre-wavefront for
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-10

-10

-20

Figure 4.52: Meeting curves of the linear potential caustic and wavefront for So =
Xo/o+ x"Zp with k = 5 and noise.

-2 >0 =>2
Xu y Xu y Xu y
7 7 7
2 2 2
2 2 2
7 7 7
8-6-4-20 2 4 8-6-4-20 2 4 8-6-4-20 2 4

Figure 4.53: Slices of the linear potential caustic and wavefront for So = x"yo + x"Z0
with £ = 5 and noise.
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4.2.3 Harmonic Oscillator Potential

In this last section we merely present the illustrations for the caustics and wavefronts
for a Harmonic Oscillator Potential with a noise term, as in Section 2.3.3, and the
initial condition Sp(zy) = zdyo + z32. Recall that in this case we have a phase
function given by

(@ zpt) = A (2 + af) cos(wt) — 2w | w [(y? + y5) cos(wat) — 2yyo

2 sin(w:t) 2 sin(wat)
ws [ (2% + 22) cos(wst) — 2229
2 We+n(t 4.23
2 [ sin(wst) +aWe+n(?) (4.23)

t
w
_sin(ul)lt) /) W, [z cos(wir) — o cos(wir — wit)] dr + zdyo + z320,

and a classical mechanical flow

T T cos(w;t) %lf—ltl (3z3yo + 27020)
] = Yo cos(wat) | + %"2’—”23:3
z 2o cos(wst) s‘“fu_ualstlwg
Jy W cos(unr — wit)dr
+ 0 . (4.24)
0

The pre-caustic is exactly the same as in the classical mechanical case, see Figures
4.22 and 4.23. The rest of the Figures follow.
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Figure 4.54: Harmonic oscillator potential caustic for S0 = xfyo + XqZ0 with w\ = 2,
W> = 3, uss = 4 and noise.

y -2 y >0 y N2

Figure 4.55: Slices of the harmonic oscillator potential caustic for So» = x/yo + x"Zg
with wi = 2, W2 = 3, W3 = 4 and noise.
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Zo

Figure 4.56: Harmonic oscillator pre-wavefront for So = x/yo + x"zo with w\ =
W> = 3, ic3 = 4 and noise.

yo > -2 Yo 0 Yo > 2

Figure 4.57: Slices of the harmonic oscillator pre-wavefront for So = xlyo + X070
=2, w2 = 3, = 4 and noise.



CHAPTER 4 BUTTERFLY AND FISH 134

-20
44
-10
-2
-4
Figure 4.58: Harmonic oscillator potential wavefront for So = x/yo+x/zo with wl —2,
we = 3, = 4 and noise.
Yoo y»0 )
20-15-10-5 0 -A25-20-15-10 -5 0 -725-20-15-10 -5 0

Figure 4.59: Slices of the harmonic oscillator potential wavefront for So —xoyo + xo0zo
with w\ = 2, W2 = 3, Ws = 4 and noise.
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Figure 4.60: Meecting curves of the harmonic oscillator potential pre-caustic and pre-
wavefront for SO0 = xfyo + Xozowith W\ = 2, w3 — 3, = 4 and noise.

yo » -2 yo >0 yo >2

-4 -2 0 2 4 -4 2 0 2 4

Figure 4.61: Slices of the harmonic oscillator potential pre-caustic and pre-wavefront
for So = x"vo + xlzqg with W\ —2, =3, = 4 and noise.
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Figure 4.62: Meeting curves of the harmonic oscillator potential caustic and wavefront
for S0o—xlyo + XoZp with w\ = 2, ie2 = 3, = 4 and noise.

y -2 y»0 y-»2

-20-15-10 -5 0 -20-15-10 -5 0 -20-15-10 -5 0

Figure 4.63: Slices of the harmonic oscillator potential caustic and wavefront for
S0= xly0+ xlzo with wl = 2, w2 = 3, w3 —4 and noise.
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Appendix A

On Mechanics

A.1 Hopf-Cole Transformation in R"”

Consider the n dimensional heat equation with a potential term V (z), namely equa-
tion (1.1),

u 2 z
% = %Au + Vpg_)u, (A.1)
for u = u(z,t) and z = (1,9, ...,%,) With z; = z;(t). We may use the Hopf-Cole
transformation v = —u?V Inu to transform the heat equation into a Burgers equation
with viscosity u?, i.e.
2] y?
5 T @V)e=58u-VV(2). (A2)

First let us look at the Hopf-Cole transformation in more detail, we have

12
v=—u’Vinu= —;Vu. (A.3)

Then the first time derivative of v is just

ov  p?ou

ot w2 ot
It is all important that before proceeding we consider the product (v.V)v for the v
given by the Hopf-Cole transformation, hence this gives

—%2 (Vu.V) (—%V’u)

_ %4 (Vu.V) (Zu“-) .

2
_Ko
Vu-— o (V). (A.4)

(@V)y

138
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Giving

@V)y = %4<21 a_x,>( )

[ D1 Uil
n
o Ou (1 du 1] 2im wivs
T u ;6@( uzaxi)vu+u :
i >
[ Ez 1 u’lu’yl
pt | (Vu)? 1] X U’UZ’z

= — |——=Vu+-
u u u

such that we obtain

This is important for when we calculate Av we shall obtain terms of this form. Next
we need to compute the Laplacian of v,

2
Av=A (—H—Vu) ,
u

where we need the following identity for a scalar o and vector r,
A(ar) = (Aa)r + aAr +2VaVr.
Then this gives

Av = — 2 {A (%) Vu + %A (V) + 2V (Vu) .V (%) } , (A7)

which we shall split this into three parts to make it easier to work with.
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First we need to consider —u?A (1) Vu, then we have

NG _ 2|21
uA(u)Vu = —u i=1a$? " Vu

Now, from the heat equation (A.1), we see that

ou 2
pPhu = 25 EV (2) u,

and from equation (A.5), we also have

(Vu)? = 50,
so then this gives
1 2 [(v? 2 [6u V(z)
—q2 il = = (= Z | =_ =
,uA(u>Vu u2<uvu)+u2 [at 2 u]Vu
2., 2 [Ou V()
= EQ v+ w2 [a /-l/2 Vu (A 8)

Next we calculate —";—ZA (Vu) so we have
y? s s
_EA (Vu) = _ZV [V.(Vu)] + —u—v AV A (Vu)],

but since we are assuming that u (z,t) is continuous on R™ we must have

v Ou
Bsciamj - sz&ri'

Hence we see that V A (Vu) = 0, and thus we have
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but by the heat equation (A.1), we have

2

E A = ——v [

u_V) u} . (A.9)

ot u?

Later, we shall see that it is essential that u (z, t) is always continuous on R™ X [0, 00),
such that we have 5

Thirdly, we need to calculate —2u?V (Vu) V (1), then we have
Vg
1 Vuy |11
2 — 9,2
—2u*V (Vu) V (a) = 2u 5 [EVU}
Vu,,
( Uy Uy o Upy uy
u? U1 2 UI2’2 Ug,z Uy
2= ) . .
u : :
oy o ) \ o

( 21_ zlu
2 /
e, -2V (Va)V (%) = ok E' gt | (A.10)
\ Zz 1 1n 1,

Now that we have all of the available information, we can piece together Ay from
equations (A.8), (A.9) and (A.10), giving

n n /
D el U; 1Y,

2 nouwloul
Ay_ = 3 2 2 [au V (Q) ’U,] VU'— %v (_6_’% _ Vv (z)u> +2/1‘_ Zz:l'uzﬂuz

ot u? u? :
n " !
dic1 U; n Uy

Observe that the terms combine to give

n "o,
D1 Uia Ui
2 4 Ehl ‘;I’ ’;
Ay = 2 |v v+u i=1 Ui 2U;
R I L ;
weo|p
n
Zz—luznuz

2 [ [ou_ V() B (0w V(z) )}
+E{_[E— 2 u Vu+uV 5 2 u) e,
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where the terms in the first square bracket are just (v.V)v

Ay=%(v V)u+3 [jgt—“v ——v (‘;‘) +VV(§)].

Observe that we can use the first time derivative of v, equation (A.4), to give

(v.V)y+u— (g: +VV (z ))

such that we have the viscous Burgers’ equation in n dimensions, namely

2
=+ (@V)y= %Ag - VV(z),

(@

as required.
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On Stochastics

B.1 It6 and Stratonovich Integrals

We assume that the reader already has a sufficient knowledge of stochastic processes
so we can show here the relationships between the It6 and Stratonovich integrals. For
a reference on stochastic processes one could try [17, 18]. Recall that if f (z,t) € C?
and W, is a Wiener process, then Fy = f(W,,t) is an It6 process and we have the
well known It6’s formula as

aF, = 21
T

of 16%f
et (E’(Wm * 2022

dt. (B.1)
(let)

Now, [19] tells us that the It6 and Stratonovich calculi are connected by the relation-
ship

(Wt 1t)

F(Wet) 0 dW, = f (Wiyt) dW,+ 3 df (Wiy) dW,. (B.2)

The Stratonovich integral has several interesting properties, which we shall now il-
lustrate by means of examples.

B.1.1 Examples

Example 1
If we take f (z,t) =t then we see that we have the Stratonovich integal

t t 1 t
/s odWs=/des+—/ ds dW,,
0 0 2 Jo
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but ds dW; = 0 by the McKean rule, so we have the following integral that can be
evaluated by integration by parts to give

t t
/s odW, = /des
0 0
t
= tWt—/ W, ds.
0

This is an example of the property that the Stratonovich and It integrals are the
same when considering smooth functions of ¢ only, i.e. when we look at f (z,t) = f (¢t)
we have

tf(S) odW, = tf(s) dw,
0 0 t
- f(t)Wt—/OWsdf(s).

Example 2

If we now set f (z,t) = z then we see that

t
/ W, odW,
0

t
/WdW+1/ dW, dW,

= /WdW+ /ds,
but from It6’s formula we have
t t w2 1 [t 1 [t
W, odW, /d( s)——/ ds-l——/ ds
./0 0 2 2 /o 2 /o
w2

5
This shows an important property of the Stratonovich integral, that is, if we take a
f(z,t) = ¢’ (z) then we have

¢ t ¢
/ g (W,) cdW, = / g (Ws) dW, + %/ dg (Ws) dw,
0 0 0

¢ ¢
= / g (Ws) dW, + —1-/ g" (W) ds
0 2 Jo

but from Itd’s formula we have

1
dg (W,) = ¢’ (W,) dW, + -2—g" (W) dt.
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such that

t

¢ 1 [t 1
/g'(ws) odWs=g<Wt>—g<o>+-/g"ds—~—/g"ds.
0 2 0 2 0

The important concept to remember here is that Stratonovich integrals obey normal
calculus, i.e. there is no correction term,

b
/ g (Ws) odW, =g (W,)|..

B.2 Evaluating the ((¢t) Integral in the Zero Po-
tential Case

Recall that in the zero potential noisy case, Section 2.3.1, we encountered a term of
the form

((t)=/0t/0rs(r—t)odWsodW,.

We shall evaluate this using the formula for a Stratonovich integral. We first have to

integrate
T r t
/ SOdWs=/ des+l/ ds dW,
0 0 2 Jo

which, by the McKean multiplication rule, is just the stochastic integral which we
can evaluate by Ito’s formula. We have

/sodW3=rWr—/Wsds.
0 0

Then putting this back into our function ¢ (¢) yields

C(t)=/0t(r——t) (rW,—/OrWs ds) o dW,.

This is simpler to evaluate as four integrals, i.e.

t t t T t T
¢(t) =/ r2W,odW,—t/ rW,odW,—/ r/ W, dsodWr+t/ / W, dsodW,.
0 0 o Jo 0 Jo (B.3)

Looking at the first integral we have, by the Stratonovich formula,

t t t
/ W, o dW, = / W, dW, + -;—/ d (TZW,) dw..
0 0 0
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Also, by the Itd formula we have d (r?W,) = r?dW, + 2rW,dr, and by the McKean
multiplication rule this gives us

t t t
/rzWrodWT = /r2W, dWT+%/ r? dr
0 0

0

t2 t
= EWtZ — /0 W2 dr
Now, move onto the second integral, the Stratonovich formula gives us

i t 1 t
/ W, o dW, = / rW, dW, + 5/ d(rW,) dw,.
0 0 0

Then by the Ito formula we have d (rW,.) = rdW,. + W,.dr and the McKean multiplic-

ation rule gives us
t t 1 t
/TW,odW, = /rW,dWr+—/rdr
0 0 2 Jo
too 1 [,
2Wt —2/0 Wz dr

The third and fourth terms are a bit more cumbersome, but evaluate to

t r t r
/ / Wy ds o dW, = / / rW, ds dW,,
0 JO 0 Jo
t T t T
/ / W, ds o dW, = / / W, ds dW,.
0 JoO 0 JO

Then putting these back into equation (B.3) gives us

1 [t 1 [t Lt 1
Ct) == / Widr — = / rWidr + / / W,dsdW, — - / T / WdsdW,.
2 0 t 0 0 0 t 0 0

B.3 Approximating Randomness

We detail here the approach that we used to approximate the random variables that
we encountered in Chapter 2. To approximate the random variables we simply chose
a time t — 1 and allocated a real value to the random variable, as shown in the
following table.

We began by choosing Wy = 0, W; = —+/2, and f01 W, ds = w. We then used a
simple trapezium approximation for Wy 5 and this was used to estimate values for the
remaining integrals.
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Table B.1: Approximations of Random Variables

Random Variable

Chosen Value

Wi V2
fot W, ds ™
Jo %= dr 10
[ W, dr 1
Jo W2 dr 34
Jo Wi cos(2r) dr 2.7523
fot W, cos(2r — 2t) dr 0.5589
JE T w, ds dr 3
t 3 [TW, ds dr 16
% [T W, ds dr 23
¢(®) 5
n(t) 4
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