=
&

Swansea University ‘C I'OIlfa

Prifysgol Abertawe Setting Research Free

Swansea University E-Theses

Some geometric considerations related to transition densities of
jump-type Markov processes.

Zhuang, Yuanying

How to cite:

Zhuang, Yuanying (2012) Some geometric considerations related to transition densities of jump-type Markov

processes.. thesis, Swansea University.
http://cronfa.swan.ac.uk/Record/cronfa42956

Use policy:

This item is brought to you by Swansea University. Any person downloading material is agreeing to abide by the terms
of the repository licence: copies of full text items may be used or reproduced in any format or medium, without prior
permission for personal research or study, educational or non-commercial purposes only. The copyright for any work
remains with the original author unless otherwise specified. The full-text must not be sold in any format or medium
without the formal permission of the copyright holder. Permission for multiple reproductions should be obtained from
the original author.

Authors are personally responsible for adhering to copyright and publisher restrictions when uploading content to the
repository.

Please link to the metadata record in the Swansea University repository, Cronfa (link given in the citation reference
above.)

http://www.swansea.ac.uk/library/researchsupport/ris-support/


http://cronfa.swan.ac.uk/Record/cronfa42956
http://www.swansea.ac.uk/library/researchsupport/ris-support/

Some Geometric Considerations Related to
Transition Densities of Jump-Type Markov
Processes

Yuanying Zhuang

Submitted to Swansea University in fulfilment of the requirements for the
Degree of Doctor of Philosophy

Department of Mathematics

Swansea University

2012



ProQuest Number: 10821346

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction isdependent upon the quality of the copy submitted.

Inthe unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

uest

ProQuest 10821346

Published by ProQuest LLC(2018). Copyright of the Dissertation is held by the Author.

All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code
Microform Edition © ProQuest LLC.

ProQuest LLC

789 East Eisenhower Parkway
P.O. Box 1346

Ann Arbor, M 48106- 1346






Statement 1

This thesis is the result of my own investigations, except where otherwise
stated. Other sources are acknowledged by explicit references. A bibliogra-
phy is appended.

Signed . ?candidate)

Date ... ..

Statement 2

I hereby give consent for my thesis, if accepted, to be available for photo-
copying and inter-library loan, and for the title and summary to be made
available to outside organisations.

Signed (candidate)

Date ........ ...



Contents

1 Introduction 1
2 Essentials from Analysis 4
3 Convolution Semigroups and Negative Definite Functions 8
4 A Brief Introduction of One Parameter Semigroups 13
5 Dirichlet Forms 26
6 Heat kernels and some of their estimates 31

7 A Geometric Interpretation of the Transition Density of a
Levy process 39

8 On Pseudo-Differential Operators Generating Markov Pro-
cesses 45

9 An Example for Diagonal Estimates in Case of a Simple Gen-

erator with Variable Coefficients 51
10 An Application of the Geometric Interpretation of the Tran-

sition Function 57
11 Some Graphical Experiments 65

12 Towards a Study of Transition Functions for Levy-type Pro-
cesses 88



Acknowledgments

I would like to express my gratitude to the persons who contributed over the
last few years in making this work a success. Firstly I would like to thank my
supervisor Prof. N. Jacob for all the interests and efforts he devoted to my
project as well as the confidence he had in me. I would also like to thank my
following colleagues for the helpful and interesting discussions which helped
my research and also made my time a memorable one: Sandra Landwehr,
N.D. Turgay, Hassan Jiad Suadi Al Haweer, Haitham Abdulsada Rukhis Al-
Hajjaj, Sajjad Sajjad, Simon Fairfax, Olena Sivak. I owe special thanks to the
following teachers in the Swansea University, without them, a lot of questions
of mine will remain unsolved: Prof. Tomasz Brzezinski, Prof. Kewei Zhang,
Prof. Eugene Lytvynov, Dr. Ian Davies, Dr. Vitaly Moroz. In addition I
would like to thank Prof. J.L. Wu for acting as my internal examiner and
Walter Hoh for acting as my external examiner and they provided me a lot of
helpful suggestions. I also thank my parents Yourong Zhuang and Ming Ye,
whom in spite of the distance between China and Wales, always supported
me.

I wish to thank my former master classmate Wei Zhao. Without his
encouragement, I am not sure whether i have this capacity to finish my
project prior to my research. Furthermore, I would like to thank Dehua
Zhu for his advices in university affairs, which saved me a lot of unnecessary
trouble outside of my academic life.

My final acknowledgment goes to the Department of Mathematics for
giving me financial support and the opportunities to teach.



Abstract

Several non-trivial case studies of Levy and Levy-type generators (with
variable coefficients) are investigated in order to shed some light on the be-
haviour of general Levy-type processes generated by pseudo-differential op-
erators.



Chapter 1

Introduction

Feller semigroups and sub-Markovian semigroups are basic objects to
construct stochastic processes. In case that the transition functions of these
semigroups have a density with respect to Lebesgue measure, estimates for
these transition functions lead immediately to estimates for probabilities.
However, in general not much is known about off-diagonal estimates for these
transition functions when dealing with Levy-type processes the generator of
which are pseudo-differential operators with negative definite symbols. We
refer to [17]-[19] and in particular to [12] and [13] where basic existence results
and some properties were discussed. The situation for diagonal estimates is
better . Since general results as presented in [34] and comparison results, see
for example [33], could be used.

Very recently, in [20], a geometric interpretation for the transition func-
tion of a Levy process was suggested. The basic idea is to try to get bounds
of Gaussian type but with different metrics. Metric measure spaces are since
some time employed to study diffusions, see [10] or [32] and the references
therein, more recently also jump processes where considered, see [2] and the
reference there in. However in these cases the metric is given and the process
already relates to that metric. A basic reference for the analysis on metric
measure spaces in [11].

The idea in [20] is different. Using the fact that the square root of a (nice)
negative definite function gives rise to a metric and that these are the only
metrics which induce a metric space isometric to a Hilbert space, see [30],
[31], or [5], in [20] it was suggested to express the diagonal estimate in terms
of the metric induced by the symbol. Moreover, since Fourier transform of
”Gaussians” should be ”Gaussians” it was also suggested to express the off-
diagonal term as a function decaying exponential with respect to (the square
of) another metric. All this was discussed for Lévy processes, only vague
indications were made for generators with variable coefficients.



The original aim of our investigations was to settle the case with variable
coefficients along the lines as elliptic diffusions can be treated using the Rie-
mannian metric associated with the principal symbol of the generator. This
programme was too ambitious since almost all basic concepts break down
when trying to transfer from the local to the non-local case.

However, we succeeded to make several case studies in non-trivial situa-
tions which we think shed some light on the problems we encounter in the
general situations.

In Chapter 6 we discussed subordinate diffusions for diffusions allowing
Aronson estimates. Here, given the Aronson estimates, the estimates are triv-
ial, however combined with the geometric interpretation for diagonal terms
in case of Levy processes, in Chapter 7 we derive a type of geometric in-
terpretation of the diagonal term of the subordinate elliptic diffusions. This
shows in particular that certain concepts of comparability shall carry over
to the general situation. Briefly, as a by-product we also give a geometric
interpretation of a passage-time result published in [25].

In Chapter 9 we construct a new class of examples of variable order sym-
bols which leads to diagonal estimates with natural geometric interpretations.

In Chapter 10 we pick up a different problem: What can we do with
these geometric interpretations. We take a symbol of a Levy process and
discuss the probability P(X;, € C;,X;, € C;) as an example. Assuming
a representation of the transition function as in [20] we see rather concrete
how probabilities are related to geometric notions such as balls in the metrics
determining the transition function. In this part we also start to investigate
the effect of non-isotropy which is the standard case whenever the process is
not a subordinate Brownian motion.

While Chapter 10 handles Levy processes, the idea to handle processes
generated by an operator with x—dependent symbol is to try some approx-
imation procedure by freezing coefficients. Here non-isotropy becomes even
more important. In Chapter 11 we made some graphical experiments. Start-
ing with a symbol ¢(z,y,&,n) we look at the corresponding metrics and
transition functions for the Levy process associated with g(zo,yo,&,n) and
study the change of geometric features in dependence of zy and yo. Of course
this serves as a first hint what we have to expect when treating state space
dependent metrics. In Chapter 12 we outline some ideas to proceed further
in the study of processes with variable coefficient symbol.

As already stated, we could not yet establish a complete geometric the-
ory to handle the general case, however we believe to have obtained some
interesting non-trivial insights in what a general theory shoud cover.

Let us briefly describe the remaining chapter not get covered.

In the second chapter we collect several auxiliary results from analysis.
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We introduce basic notions, for example function spaces and norms, discuss
the Fourier transform and in particular we discuss the convolution theorem.
We also discuss the Lax-Milgram theorem as a useful tool needed later on.

In Chapter 3 positive and negative definite functions in the sense of
Bochner and Schoenberg are introduced, their properties, especially Peetre’s
inequality, are treated and relations to convolution semigroups of measures
discussed. We also provide several examples of continuous negative definite
functions and we discuss the Lévy-Khintchine formula. Subordination in the
sense of Bochner is an important tool for us, so we introduce Bernstein func-
tions and subordinate convolution semigroups. Eventually we discuss func-
tion spaces related to continuous negative definite functions and the Sobolev
embedding theorem.

Next, in Chapter 4 we shift our focus to one parameter operator semi-
groups. The basic notions and properties are introduced. Furthermore, two
very important classes of semigroups, Feller semigroup and sub-Markovian
semigroup, are introduced and examples provided. We aslo discuss symmet-
ric Feller semigroups and extensions of symmetric Feller semigroups. Then
we handle the two important notions generator and resolvent which have
strong relationships to each other. In the final part we discuss the famous
Hille-Yosida theorem which builds the bridge between generators and semi-
groups of operators.

In Chapter 5 we introduce Dirichlet form which serves as a tool for esti-
mating heat kernel in Chapter 6.

In Chapter 8 we discuss the pseudo-differential operators generating Markov
processes under certain conditions.



Chapter 2

Essentials from Analysis

In this chapter, we recall some useful fact from analysis that we will
need in later chapters. As general reference for these results we refer to these
results from [17].

For a function v : G — C, G C R" open, we say that u vanishes at infinity
if for every € > 0 there exists a compact set K C G such that |u(z)| < ¢, if
z € K¢. We define

(2.1) Coo(G) := {u € C(G) | u vanishes at infinity}

where C(G) means all continuous functions from G to C. For any measure
space (2, A, u) the spaces LP(Q2, 1), 1 < p < o0, are the usual Lebesgue spaces
(of equivalence classes) of measurable functions

f: Q — C with finite norm

£ = ([ r@Pua) " 1sp<oo

The Schwartz space S(R™) consists of all functions u € C*°(R™) such that
for all my,my € Ny

Prs ma () = SUPern (1 + [2)™/2 37 10%u(z)]) < co.

laj<ma
The family (DPm,,my)mi,meeN, forms a family of separating seminorms. The
family (pa,s)apeny given by
Pa,s (1) = SUP,egn [2°0%u(z)]
is equivalent to the family (Pmy my)mi macNo-

Definition 2.1. Let G C R™ be an open set, C§°(G) be functions which
are arbitrarily often differentiable and have compact support in G. The
topological dual space D'(G) of C§°(G) is the space of distributions on G.
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Definition 2.2. The topological dual space S'(R") of the Schwartz space
S(R™) is called the space of tempered distributions. It consists of all dis-
tributions u € D'(G) having a continuous extension to S(R"), i.e. S'(R") C
D'(R").

Let (2, A) be an arbitrary measurable space. The total mass of a measure
poon (2, A) is denoted by ||u|| := w(2), and M;(Q) is the set of all bounded
measures on (2, A), t.e. p € MF(Q) implies ||u| < co. By M(Q) we
denote the set of all probability measures, i.e. measure p with total mass
Il = 1.

Definition 2.3. Let (A, D(A)) be a linear operator from X to Y, both being
topological vector spaces.

i). We call A continuous when A : D(A) — Y is continuous where D(A)
carries the topology induced by X.

ii). We call A a closed operator, if I'(4) is closed in X x Y where I'(A) is
the graph of A, i.e.

I['(A) :={(z,y) € X xY |y= Az for some z € D(A)}.
ili). The operator A is closable if it has a closed extention.
The graph norm for a linear operator (A, D(A)) from a normed space
(X, |l-llx) into the normed space (Y, ||.|ly) is denoted by
Izl axy = llzllx + [|Az]ly.

The strong operator topology on L(X,Y) where X and Y are normed
spaces is the topology of pointwise convergence, i.e. this topology is defined
by the seminorms indezed by z € X :

f lf @)y

Theorem 2.4. (Laz-Milgram theorem) Let H be a Hilbert space, whose inner
product and norm will be denoted by (-,-) and ||- ||, respectively. Assume that
E(-,-) is a quardratic form defined on H x H and that there ezist positive
constants C and c such that

(2.2) |€(u,v)| < Cllullllv]
and
(23) |E(u,w)| > cflulf®

holds for all w € H. Under these conditions, if F € H*, i.e. if F is a
continuous antilinear functional on H, there exists an element u € H such

that F(v) = E(u,v) for allv € H. Furthermore, u s uniquely determined by
F.



Next, we collect some results from Fourier analysis without proofs but first
we introduce the definition of Fourier transform on S(R").

Definition 2.5. Let u € S(R™). The Fourier transform of u is defined by

w(é) = (271')'"/2/ e 4u(z)dz.

W

Sometimes we will write Fy¢(u)(€) or F(u)(§) for 4(§).

Definition 2.6. On S(R™) we define the inverse Fourier transform by
(2.4) F~lu(n) := (27) ™2 [Rn e Vu(y)dy.

We also will use F;} (u)(n) for denoting (F~u)(n).

y—=n

Theorem 2.7. The Fourier transform F and its inverse F~! are continuous
linear mappings from S(R™) into itself.

Definition 2.8. For u € L'(R™) the function z — e™**%u(z) is an element of
L'(R™), its integral is well defined and therefore we have Fourier transform
on L!,ie.

(2.5) a(€) = (2m) 2 A e u(z)da.

Furthermore, we state Lemma of Riemann-Lebesgue

Theorem 2.9. The Fourier transform is a continuous linear operator from
LY(R™) into Coo(R™) and

12l < (2m)"/2|fu] 2
holds for all u € L}(R™).
The following result is called Theorem of Plancherel
Theorem 2.10. For all u € S(R")
lullo = l1&llo
hold where || - ||o is L2—norm.

Remark 2.11. The theorem implies that we can extend the Fourier trans-
form from S(R") to a bijective isometry on L?(R™).



We now introduce the convolution of two functions u,v € S(R"), i.e. the
function

(uxv)(@) = [ ulz—y)()dy
which is again an element in S(R™). The convolution theorem states:

Theorem 2.12. Let u,v € S(R"). Then we have

(u-v)ME) = (2m) ™ (@ * D)(€)

and

(uxv)"(€) = (2n)"*a(€) - 6(¢)-
Remark 2.13. Analogous results hold for F~.



Chapter 3

Convolution Semigroups and
Negative Definite Functions

In this chapter we collect basic definitions and results about convolution
semigroups of sub-probability measures on R™ and negative definite functions.
If not otherwise stated, our basic reference in [17]. We start with:

Definition 3.1. A family (u:):>0 of bounded Borel measures on R™ is called
convolution semigroup on R" if the following conditions are fulfilled

(3.1) u(R*) <1lforallt>0
(3-2) Ms * it = peys S, ¢ >0 and po = €o;
(3.3) us — €9 vaguely as t — 0,

where (g * 11:)(B) = fgn ts(B — y)p:(dy) for all B € B™.

Definition 3.2. A function u : R®™ — C is called positive definite if for
any choice of k € N and vectors £!,. .., &% € R™ the matrix (u(& —&'));u=1,.. &
is positive Hermitian, i.e. for all A;,..., Ay € C we have

k
> u(@ - 20

=1
Definition 3.3. A function ¢ : R® — C is called negative definite if

(34) $(0) > 0
and

(3.5) € = (2m) ™29 i positive definite for t > 0.



Theorem 3.4. Let (u:)i>0 be a convolution semigroup on R™. Then there
exists a negative definite function i : R® — C such that

(3.6) u(€) = (2m) 2™V
holds for all £ € R™ and t > 0.

Example 3.5. a where a > 0, &2, |£|* where a € (0,2) and [¢| are all
continuous negative definite functions.

Lemma 3.6. For any locally bounded negative definite function 1 there
exists a constant ¢y, > 0 such that for all £ € R™

P& < cp(1+[€%).

The next result is an inequality which in case of the function & — |€|? is
often called Peetre’s inequality.

Lemma 3.7. Let ¢ : R® — C be a negative definite function. Then we have

1+ [y(é)]
1+ [¥(n)]

The famous Levy-Khnichin formula states:

<201+ [¥(€ =)

Theorem 3.8. Every continous negative definite function ¢ : R* — C has
the representation

$(€) = c+i(d- &) +q(¢)

i iz €\ 1+ |z|?
+ / (1 — el _ ) dz
R~\{0} 1+ [z2) |z|? uldz)

with a non-negative constant ¢ > 0, a vector d € R", a symmetric positive
semidefinite quadratic form q, and a finite Borel measure p on R™\ {0}.

We want to introduce subordination of convolution semigroup. For this
we need the definition of Bernstein functions. A comprehensive monograph
about Bernstein function is [28]

Definition 3.9. A real-valued function f € C*((0,00)) is called a Bern-
stein function if

(3.7) f>0 and (—1)k%(:c—) <0

holds for all kK € N,



Example 3.10. The functions f(z) = 1—e** where s > 0, f(z) = log(1+x)
and f,(z) = z* where « € [0, 1] are Bernstein functions.

Theorem 3.11. Let f be a Bernstein function. Then there exist constants
a,b > 0 and a measure p on (0,00) verifying

© 3
(3.8) A  Hlds) < oo
such that
(3.9) flz)=a+bz+ / “(1 = e=)u(ds), z > 0.
0+

The triple (a,b, p) ts uniquely determined by f. Conversely, given a,b > 0
and a measure u on (0,00) satisfying (3.8), then (8.9) defines a Bernstein
function.

Next, we want to relate Bernstein functions to certain convolution semi-
groups of measures.

Definition 3.12. Let (7;):>0 be a convolution semigroup of measures on R.
It is said to be supported by [0, 00) if supp 7: C [0, 00) for all ¢ > 0.

Theorem 3.13. Let f : (0,00) — R be a Bernstein function. Then there
ezists a unique convolution semigroup (n;)i>o supported by [0,00) such that

(3.10) L(p)(z) =e @ z>0andt >0,

holds where L stands for Laplace transform. Conversely, for any convolution
semigroup (m;)s>o0 supported by [0, 00) there exists a unique Bernstein function
f such that (8.10) holds.

Lemma 3.14. For any Bernstein function f and any continuous negative
definite function ¢ : R® — C, the function f o % is also continuous and
negative definite.

Since f o1 is a continuous negative definite function, there exists a con-
volution semigroup (uf)i»o associated with f o .

Proposition 3.15. Let 1 be a continuous negative definite function with
associated convolution semigroup (u):>0 on R"™. Further let f be a Bern-
stein function with associated semigroup (7;):>0 supported on [0,00). The
convolution semigroup (s )t>0 on R™ associated with the continuous negative
definite function f o % is given by

[Rn ¢(z)pd (dz) = /) ” / _¢(z)us(dz)ne(ds), 6 € Co(R™).

10



Definition 3.16. In the situation of Proposition 3.15 we call the convolution
semigroup (uf )t>0 the semigroup subordinate (in the sense of Bochner) to
(14)t=0 with respect to (1):>o.

In the following, we will discuss function spaces related to continuous
negative definite functions.

Definition 3.17. The space H¥**(R™) consists of all tempered distributions
u € S'(R") such that

lull,sz = 1L+ ()D)72a() | L2wny < 0.
Now, we will establish some relations to classical Sobolev spaces.

Definition 3.18. Let s € R. The classical Sobolev spaces H™(R™) are defined
by
H'(R™) := {u € L*R™) | F7Y((1 + |.]))**a) € L*(R™)}.

These spaces are Hilbert spaces with respect to the norm

lallzs = = IE7H((L+ | )20) | 2
= (1 + 11%)*2a) 2.

The last equality is satisfied because of Plancherel’s theorem.

The classical Sobolev embedding theorem reads as follows

Theorem 3.19. A. Lett > 0. Ift > 2+ k, k € Ny, then for all o € Ng,
la| < k, we have
(3.11) [ D%ulloo < Cryellull e

and HY(R™) C CE (R™) := {u € C*¥R") | D?*u € C(R™), |a| < k}.
B. If for some T > 0 it holds

(3.12) (1+ ) < erp(1+9(€)), crp > 0,
then for s > 0 it follows that
(3.13) el < Cllullie.

and HY*(R") C H™*(R").
C. if (8.12) holds and rs > % then

(3.14) llullo < Or,s,nn/)”uluH"’"

11



and H¥*(R™) C Coo(R™).

Note that (3.12) is equivalent to the existence of R > 0 and Crry > 0
such that

(3.15) |61 < Crrut(€)
for all |£| > R.

12



Chapter 4

A Brief Introduction of One
Parameter Semigroups

In this chapter we will give a short introduction to the theory of one
parameter semigroups of operators which we will use in the rest of the thesis.
We mainly take the material from [17] and [24]. First of all we introduce the
notion of a (one parameter) semigroup of operators.

Definition 4.1. A. A one parameter family (7});>o of bounded linear oper-
ators T; : X — X (where X is a real or complex Banach space with norm
l.llx) is called a (one parameter) semigroup of operators, if Ty = id and
Tyt = TyoT; holds for all s,t > 0. B. (T3):>0 is called strongly continuous
if lim;_o ||Tiu — u]|x = 0 for all u € X. C. (T})s»0 is called a contraction
semigroup if |T;|| < 1 for all ¢ > 0, where ||T;|| denotes the operator norm
|IT:|lx,x. D. Furthermore, if X is an ordered Banach space, then (T}):>o is
positivity preserving if Tiu > 0 for any u > 0.

Now we give two examples of semigroups constructed by convolution semi-
groups which are important in stochastics.

Example 4.2. Let (u):>0 be a convolution semigroup on R™. On the Banach
space (Coo(R™), [|.]lcc) We define the operator

Tau(e) = [, ule - y)u(dy).

We claim (T});>0 is a strongly continous contraction semigroup. First, since

13



u € Coo(R™) is bounded we find

Tu(a)| < | [, ula - yuay)
< [, lu(z = y)lu(dy)
S kot (R") o

The last inequality holds because p:(R™) < 1. Therefore, ||Tiu||oco = Supern |Tiu(z)|
< |lu/lo which implies that T;, ¢ > 0, is bounded and a contraction on
Cw(R™). From the definition of the convolution of measures, we have

(Tersw)(€) = (u * pe4s)(€) = (2m) Fi(€)ers(€)
= (2m)¥i(g)(2m) ~Eem (WO
= G(§)eE+v(©)

= (T, ¢)
= (Tio T)(©)

which implies T} ,u = T; o Tyu. Since pg = €9, we have immediately Tp = id.
Thus (Ti>0):>0 has the semigroup property. Finally, we prove that (T3);>o is
strongly continuous for ¢ — 0. For this we use that any function in Coo(R™)
is uniformly continuous. Hence, for € > 0, there exists § > 0 such that

lu(z) —u(z —y)| <e for |yl <.
Moreover, the continuity of (u:):>0 in the Bernoulli topology implies that
lim 1e(B5(0)) = ea(B(0)) = 1,

i.e. u(B§(0)) <eand 1 — m(R™) <€ for 0 < t < ty. Now we find

[Tru(a) - u(e)] < | [ (@ = ) = u(e) ()| + Ju(z)|(2 - ()

< o lu(z — y) — u(z)|u(dy)

#1408 =) = wle)pla) + ool = eR)
< &+ 2¢ullo + elfufloo = £(1+ 3lullo),

which implies that (T}):>o is strongly continuous as ¢ — 0. Furthermore,
(Tt)i>0 is obviously positivity preserving.

This shows that (T}):>0 is a Feller semigroup in the sense of the following
definition.

14



Definition 4.3. (T});>¢ is a Feller semigroup if (T;):>o is a strongly conti-
nous contraction semigroup on (Cyo(R™), ||.||co) Which is positivity preserving.

Example 4.4. Let (u;):>0 be a convolution semigroup on R” as in the above
example. For u € S(R") we define as before

Tou(z) = Az w(z - y)u(dy)
and using Plancherel’s theorem, we have

ITeullo = [(Tew)llo = lle**Oa()llo
< llem™lollallo
< ll@llo
< llullo
where ||.]|o denotes the norm in L2(R™). Since S(R") is dense in L?(R™),
we find that each of the operators 7; has an extension to L?(R") and this

extension is a contraction. We denote this extention once again by T3, t > 0.
Furthermore, we find

1Tew—ully = [ e Oa() - ae)] ¢
= [ e -1 faceraz,

implying the strong continuity of (T3):>0 as t tends to 0. As in the previous
example using the convolution theorem we can prove the semigroup property
on S(R™). This extends to the L2—extension. Moreover, we have 0 < Tju <1
almost everywhere for 0 < u < 1 almost everywhere.

We have now proved that (T});»0 is an L?-sub-Markovian semigroup in
the sense of the following definition.

Definition 4.5. (T3):>o is a sub-Markovian semigroup on L?,1 < p < o0,
if (T;):>0 is a strongly continuous contraction semigroup on LP(R™) which
satisfies 0 < Tyu < 1 almost everywhere for u € LP(R") such that 0 < u < 1.

Now we come to the definition of symmetric Feller semigroups which we
will use in the Chapter 5

Definition 4.6. Let (T;):>0 be a Feller semigroup on C(R). We call (T3):>0
a symmetric semigroup if (Tiu,v)o = (u, Tyv)o i.e.

/n(il“tu)(a:)v(x)d:v = An u(z)Tiv(z)dz
holds for all u,v € Co(R"™) N L%(R™).
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The following theorem tells us about extensions of symmetric Feller semi-
groups

Theorem 4.7. Let (T;)i>0 be a symmetric Feller semigroup. Then for any
1 < p < oo there is a strongly continuous contraction semigroup (T®));>o on
LP(R™), such that T®) coincides on LP(R™) N Co(R™) with Ty, and for p > 1,
ll, + ’% = 1, this implies that

(Tt(p))* — Tt(p,)-
Furthermore, each of the semigroups (Tt(p ))tzo is sub-Markovian.

Nezxt, we define the generator of a strongly continuous semigroup which
plays an important part in the theory of semigroups of operators.

Definition 4.8. Let (T});>0 be a strongly continuous semigroup of operators
on a Banach space (X, ||.||x). The generator A of (T});>¢ is given by

Tiu —

Au ;= lim (strong limit)

t—0t

with domain

Ty —

D(A):={ue X: lim

m exists in X}
t—

Corollary 4.9. Let A be the generator of a strongly continuous semigroup
(Ti)t>0 on the Banach space (X,| - ||x). Then D(A) C X is a dense
subspace and A is a closed operator. Moreover, (T}):>o is a strongly con-
tinuous semigroup on D(A) when D(A) is equipped with the graph norm
llulla,x = ||Aul|x + ||u||x is Banach space.

We will need

Lemma 4.10. For all a > 0 and ¢t > 0 we have

@ ot < gt
1+ at
and ,
—at _
e tl + at < lazt
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Example 4.11. Consider the Feller semigroup defined in Example 4.2 we
have i, (€) = (2mr)~e~t¥() where 9 is a continous negative definitive function
defined on R". For any u € S(R"), we have

Ty — n __e—t¥le) _
Rt em [ e i

Since & € S(R™) and [ (&)| < Cy(1 + |€]?) from Lemma 3.6, we can define
the operator

Y(D)u(e) = (2m)7 [ = Eu(e)a()ds.

We want to prove that S(R*) C D(A®) and Ay = —¢(D)u for u €
S(R™), where A) is the generator of the (Feller) semigroup (7});>o from
Lemma 4.10. We have

e ™ — 14 ty(¢)
t

] < e < teo(1+ )

which implies

Tiu—u
t

+ ¢¥(D)u

<oy [ (LHIEPYIa(E))dg

where we use Theorem 2.9 in the above inequality which gives

. Tiu—-u
lim
t—0+ t

= —¢(D)u.

Generally speaking we cannot characterise D(A™) using function spaces.
But, this is sometimes possible for sub-Markovian semigroup on L*(R™) re-
lated to (ut)tZO'

Example 4.12. We consider the operator semigroup (7}):>o related to a
convolution semigroup (u:):>0 with associated continuous negative definite
function 7. As in Example 4.11 proved this is a sub-Markovian semigroup
on L%(R™). In order to find its generator we get first for u € S(R™)

— 2
Ty = em [ [ i) taceras
<o [ (1+1eP) e
= ¢}l
which implies that
e
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for all u € S(R™). We denote the generator of the sub-Markovian semi-
group in L2(R") by A® and we have shown that on S(R") it holds A® =
—(D)u. Next, we prove the operator —i(D) defined on S(R™) is closable in
L*(R™). To this end, we consider a sequence (u,),en, U, € S(R™), converg-
ing in L*(R™) to zero. Furthermore, assume that (—(D)u,),en converges
in L%(R") to some element —g € L?(R"). Our aim is to show that —g = 0.
For this take ¢ € S(R"™) and we find

A;" ¢(D)Uu$d$ = A" uu@(D)d’dﬂ?,

which implies (g,¢)o = 0 for all $ € S(R"), therefore —y(D) is closable.
Moreover, we know that the norm ||.||y 2 on S(R™) is equivalent to the graph
norm ||ullypy,2 = ||ullo + [|[¥(D)ullo. We know

lellyo = [ 1+ (@D ae)Pde

Therefore we have
[ull? 2 = [lW(D)ull + [Jull3,

which tells that ||.||y,2 is equivalent to ||.]|y(p),2. Therefore this implies that
the domain of the closure A of —¢(D) is given by

D(A) — S(Rn)"-llw(p)'lﬂ — —S—(TRT)”.IIWZ — H¢'2(Rn).

The notion we are going to introduce next is that of the resolvent which
has strong connections to both the generator and the semigroup.

Definition 4.13. Let (A, D(A)) be a linear operator on a complex Banach
space (X, ||.]lx). The resolvent set p(A) of A is defined to be the set of all
A € C such that (A — A) : D(A) — X is one-to-one mapping and its inverse
(A — A)~! satisfies the following two conditions:

) D((A-A)H=X;
i) (A — A)7!is bounded on X.

The set 0(A) := C\ p(A) is called the spectrum of A and {(A — A)~! |
A € p(A)} the resolvent of A. We denote resolvent by (Rx)aep4) and
Ry =(A—-A)™.

The following proposition shows connections between the resolvent and the
semigroup.

18



Proposition 4.14. Let (T;);>0 be a strongly continuous contraction semi-
group on the Banach space (X, |.||x) with generator (A, D(A)). Then
{A€C|ReA >0} C p(A) and

Ru=(—A)lu= A “ e MTudt, ue X, ReA> 0.

Lemma 4.15. (resolvent equation)Let A be a linear operator on X and
A, it € p(A). Then the resolvent equation

R\R, = R,R) = (A= ,u)_l(Ru — R))
holds.

To have a concrete understanding of resolvent, we give a short example
as follows

Example 4.16. Consider the sub-Markovian semigroup on L*(R") con-
structed using a convolution semigroup (u:)i>0 related to the continuous
negative definite function ¢ : R® = C. We have

Ta() = [ ulz - yuldy) = @n)2 [ e vOu()de
for u € S(R™). For A > 0 and u € S(R™) we have
o0
Ryu(z) =/0 e MTu(x)dt
—om)-E [T [ et th©y
= (27)" 2 A e An ete (&)dé€dt.

Due to the reason that (t,&) — e~ AH¥ENLG(€)e®¢ is L1((0,00) x R™) we get
from Fubini’s theorem

Rau(z) = (2m)% [ {[7 e O+vOrat)eta(e)de

= (2m)"% / ) e”";\—%ﬁ({)d{,

and this relation we can extend by continuously to L?(R") since |Ryul|rz <
|—§T|||U||Lz and S(R™) is dense in L.

To formulate the Hille-Yosida theorem we introduce the notion of dissi-
pativity.

Definition 4.17. A linear operator A : D(A) — X, D(A) C X, is called
(X —)dissipative if | Au— Au||x > Aljul|x holds for all A > 0 and u € D(A).
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Here is an example of a dissipative operator.

Example 4.18. Let ¢ : R®™ — C be a continuous negative definitve function.
On S(R™) which we know is a dense subspace of L%(R™) we introduce the
following pseudo-differential operator

$(D)u(e) = (2m)7F [ e (©)a(e)ds,

and we claim —(D) is L%(R")—dissipative. In fact, for A > 0 and u € S(R")
we find
[Au +4(D)ull§ = A2|lullf + 2 An Re(€)|a(€)[*d€ + [l(D)ully
> N?ull3,

which implies the L?—dissipativity of —(D).

Now, we come to the famous Hille-Yosida theorem which gives the con-
nection between generators and semigroups of operators.

Theorem 4.19. A necessary and sufficient condition that a densely defined
linear operator (A, D(A)) on a Banach space (X, ||.||x) is the generator of a
strongly continuous contraction semigroup (T3)i>o is that

a) A is dissipative;
b) R(MA-A)=X for some >0

Note that an operator satisfying the conditions of Theorem 4.19 is neces-
sarily closed. In application, the operators related to concrete examples are
often not closed. Therefore we have a more general version of Hille-Yosida
theorem:

Theorem 4.20. A necessary and sufficient condition that a densely defined
linear operator (A, D(A)) is closable on a Bananch space (X, ||.||x) and the
closure A is the generator of a strongly continuous contraction semigroup
(Tt)tz() is that

a) A is dissipative;
b) R(A—A) isdensein X for some A >0

Now we come to a characterisation of the generator of Feller semigroups
which we call positive mazimum principle.
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Definition 4.21. Let A: D(A) - B(R™, R) be a linear operator, D(A) C
B(R"™,R) where B(R™,R) is a bounded linear operator from R™ into R. We
say that (A, D(A)) satisfies the positive maximum principle if for any
u € D(A) such that for some z € R™ the fact that u(zo) = sup,cgn u(z) > 0
implies that Au(zq) < 0.

We claim that the generator (A, D(A)) of a Feller semigroup satisfies the
positive mazimum principle. To see this, we assume that (T})i>o is a Feller
semigroup on Coo(R™) with generator (A, D(A)), D(A) C Cx(R"). Suppose
that u € D(A) and that for some zo € R™ we have u(zo) = sup,egn u(z) > 0.
Since each of the operators Ty, t > 0, is positivity preserving we have

(Tru)(zo) = (Tew)(m0) — (Teu™)(zo) < (Tiu™)(zo0) < [u™ floo = u(zo)

which implies

Tz =)
It happens that the positive mazimum principle is a characteristic property
of generators of Feller semigroups. To this end, we need

Lemma 4.22. Suppose that a linear operator (A, D(A)), D(A) C Cw(R™),
on Cw(R™) satisfies the positive maximum principle on D(A). Then A is
dissipative.

Theorem 4.23. A linear operator (A, D(A)), D(A) C Coo(R™), on Co(R™)
is closable and its closure is the generator of a Feller semigroup if and only
if the three following conditions hold:

i)  D(A) C Cx(R™) is dense;

it) (A, D(A)) satisfies the positive mazimum principle;
i11)  R(A — A) is dense in Co(R") for some A > 0.

Example 4.24. Let ¢ : R®™ — C be a continuous negative definite function.
On C§°(R™) we define the operator

~$(Dju(z) = —(2m)7F [ e=¢p(e)a(€)de.

From Example 4.2 we know that (—4(D), C§°(R™)) has an extension gener-
ating a Feller semigroup, hence on C§°(R") the operator —y(D) satisfies the
positive maximum principle.

In order to introduce the notion of subordination for operator semigroup
of operators we need to state the following theorem first
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Theorem 4.25. Let (T});>0 be a strongly continous contraction semigroup on
Banach space (X, ||.||) and let (m:)i>0 be a convolution semigroup supported
on [0,00) and related to Bernstein function f. Define T/ u for u € X by the
Bochner integral

T u = /ooo Teung(ds).

The integral is well-defined and (th )t>o0 8 a strongly continuous contraction
semigroup on X.

Definition 4.26. The semigroup (T} ), defined in Theorem 4.25 is called
subordinate(in the sense of Bochner) to (7;):>0 with respect to (7:)i>0 or
equivalently with respect to f.

As always, we illustrate this construction by our two examples.

Example 4.27. Let (u¢)i>0 and (7:)¢>0, supp 7: C [0,00) be the two con-
volution semigroup related to a continuous negative definitive function 9 :
R™ — C and a Bernstein function f : (0, 00) — R respectively. Consider the
Feller semigroup (Tt(°°))t20 on the Banach space (Coo(R™; R), ||.||co) OF sub-

Markovian semigroups (Tt(z))tzo on the spaces L2(R™), constructed by (u:):>0.
On S(R") which is dense both in Co(R") and L2(R™) we have always

Tau(e) = [ u(z - yhudy) = @m)F [ e Ou(e)de,

where T; is the restriction of any of the operators T or T to S(R™).
From the definition of the subordinate semigroup T/ u(z), t > 0, we have

Tfu= Am T,um(ds)
= [ [ ule ~ vus(dy)n(ds)
= (@m# [T [ e Oi(e)den,(ds)
= (2m)7% [ ea(e)de [~ e On,(ds)
= (2m)7F [ L) (w(©)ale)d
(4.1) = (2m)2 [ eIV Oi(e)dg

We use Fubini’s theorem in the fourth equality above and we always denote
J&° us(dy)m(ds) by uf(dy) where (uf)>0 is the convolution semigroup on
R"™ related to the continuous negative definite function f o 1. Obviously,
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(4.1) is the subordinate semigroups to (Tt(p ))tZO, p = 2,00, related to f.

Furthermore, we have (" )i>0 ((Tt@)'f )e>o0) is also a Feller semigroup(sub-
Markovian semigroup on L?(R;R))

We can now find exactly the generator of (T )i>o. We only illustrate the
example of a subordination of a sub-Markovian semigroup associated with a
convolution semigroup, subordination of the Feller-semigroup follows along
the same line, however in this case we can not characterize the domain in
terms of a function space.

Example 4.28. We contruct sub-Markovian semigroup (7}):>0 as usual by
a convolution semigroup (u¢):>0 on R™ associated to the continuous negative
definitive function v : R* — C through i(¢) = (27)”7e~%® je. the sub-
Markovian semigroup (T});>0 on L?(R™;R) is given as follows

Tau(e) = [ u(e - y)u(dy) = (2n) % [ e ¥Oa(g)de.

The corresponding generator of (T3):>p is

n

Au(z) = ~p(D)u(z) = ~(2m)7F [ eu(ea(e)de

which has the space H¥"*(R™) as domain. We know from Example 4.27 that
the subordinate semigroup (T} )i>o0 is

thu(x) — (271.)—%/ eiwfe‘tf('/’(o)ﬁ(f)d{

R"
and from the definition of the generator, we have
T/ w(z) — u(z)
t

. _n iz e_tf("p(g)) — 1 R
= lim(2m)7# [ et ———a(g)d
n , —tf(¥(€)) _ 1
= (27r)‘5/ e lim e—t—ﬁ(ﬁ)df

t—o0

(42) =—(m)7F [ = Fw©)a(e)d

Alu(@) = Jim

with D(Af) = Hf*¥2(R"). Moreover, we know the Bernstein function f :
(0,00) — R has the representation

(4.3) f(z) =co+crz+ [) (1= e=)u(ds), >0,
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where cp,¢; > 0 and u is a measure on (0, 00) such that [7° ¥=u(ds) < oo.
Therefore, substituting (4.3) into (4.2) we have for u € S(R)

Au(z) = —(m)? [ €5 (co+erp(€) + [ (1= O (ds)) a(e)de
—cou() + c1Au(z) — (21)~ / / e7€(1 — e~ V%) i(€) u(ds)de
—cou(z) + arAu(z) — [ (2m)7 [ 61— e HO%)a(€)deu(ds)

= —cou(z) + e Au(z) + / (Tyu(z) — u(z))u(ds),

where in the third equality above we can change the order of integration since
for u € S(R"™) we find

e=4(1 - e#@)a(¢)] < (slP(E)l A DIUOI < (s AL+ REDIAE)],
(€)| is pu(ds) ® d¢ integrable.

and the function (s,&) — (s A 2)(1 + |[¢(&)
Thus the generator of (T} )i is

Alu = —cou + c; Au + AW(T,U — u)u(ds).

Finally, we introduce analytic semigroups. In this section, X denotes a
complex Banach space.

Definition 4.29. Let A be a closed operator densely defined in X. The
operator A is said to be of type (w, M) if there exist 0 <w < mand M > 1
such that p(A) D {\: |arg)| > w} and ||A(A — V)7 < M for A < 0,
and if there exists a number M, such that [|A(A — A)7!|| < M, holds in
|arg A\| > w + ¢ for all € > 0.

Theorem 4.30. Suppose there exist real numbers §, M and an angle w €
(0, 7] such that —A + B is of the type (w, M), then A is the generator of a
semigroup {T'(t)}. T(t) can be continued holomorphically with respect to t
into the sector {t : |argt| < I —w}, where T(t + s) = T(t)T(s) holds. Let
@ be an arbitrary angle satzsfyzng 0<0<3—w, then e PtT(t) is uniformly
bounded in the closed subsector {t|argt| 5 0} and, when t approaches 0
inside this subsector, T(t) converges strongly to I, for any natural number n
we have

d
(4.4) lim sup, o t*[|(5)"T(¢)]| = lim sup,., .o " AT (£)]| < o0

Definition 4.31. The semigroup described in Theorem 4.30 is called an
analytic semigroup or a parabolic semigroup.
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Note that analytic semigroups have the important property that

(4.5) Tu € () D(A¥)

k>1

forallu € X.
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Chapter 5

Dirichlet Forms

In this section we want to introduce Dirichlet forms.

Definition 5.1. Let H be a real Hilbert space with inner product (, ). £ is
called a symmetric form on H if the following conditions are satisfied:

i) & is defined on D(€) x D(E) with values in R', D(€) being a dense
linear subspace of H;

i) E(u,v) =E&(v,u), E(u+wv,w)=_E(u,w)+E(v,w),
a€(u,v) = E(au,v), E(u,u) >0, u,v,w € D(E), a € R,

We call D(€) the domain of £.

Given a symmetric form & on H

(5.1) Ea(u,v) = E(u,v) + a(u,v), wu,v e D(E)
D(Sa) = D(S)

defines a new symmetric form on H for each oo > 0. We know the space
D(€) is a pre-Hilbert space with inner product &,. Furthermore £, and &g
determine equivalent metrics on D(E) for different o, 8 > 0.

Definition 5.2. A symmetric form & is said to be closed if

un € D(E), &1(un — Um, Un — Um) = 0,n,m — 00
= Jue D(E),&(un — u,up —u) > 0,n — 0.

Definition 5.3. We say that a symmetric form £ is closable if the following
condition is fulfilled:

(5'2) Up € D(S), g(un — Um, Un — um) — 0,n,m — oo,
(Un,un) = 0,n = 00 = E(Up, up) = 0,7 — 0.
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A core of a symmetric form € defined on some L*(X, u) space with X
being a locally compact Hausdorff space is by definition a subset C of D(E)N
Co(X) such that C is dense in D(E) with £,—norm and dense in Co(X) with
uniform norm.

Lemma 5.4. A symmetric form (£, D(£)) is closed if and only if D(E)
equipped with the scalar product &,, a > 0, is a Hilbert space, i.e. complete.

Definition 5.5. A symmetric form £ is called regular if £ possesses a core

It’s clear that € is regular if and only if the space D(E) N Cy(X) is a core
of €.

Definition 5.6. A. Let (£, D(€)) be a closed bilinear form on L%(R"). If it
is symmetric and

Eut AL ut Al) <E€(u,u) for all u € D(E)),

then (£, D(£)) is said to be a (symmetric)Dirichlet form.

B. A Dirichlet form (£, D(€) having the property that for two functions
u,v € C°(R™) with disjoint support it yield £(u,v) = 0, is called a local
Dirichlet form.

In comparison to the Feller semigroups, we cannot make use of similar
pointwise statements such as the positive mazimum principle in an LP setting.
It turns out that the following concept is essential to obtain a characterisation
of generators of sub-Markovian semigroups, see e.g. Chapter 4.6 in [17]

Definition 5.7. A closed, densely defined linear operator A : D(A) —
LP(R™), 1 < p < oo, with domain D(A) C LP(R™), is called a Dirichlet
operator if

An(Au)((u - 1)) ldz <0
for all u € D(A).

Lemma 5.8. A Dirichlet operator A on LP(R™) is dissipative, i.e.
(A = Aullze 2 Allull e

For the rest of discussion related to sub-Markovian case we only con-
sider p = 2 and work with symmetric sub-Markovian semigroups (Tt(z))tzo on
L?>(R™). We know the generator (A, D(A)) of a symmetric L?-sub-Markovian
semigroup s a self-adjoint Dirichlet operator. The following theorem gives
us also the converse.
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Theorem 5.9. A self-adjoint operator A : D(A) — L*(R"), D(A) C L*(R")
dense, be a self-adjoint linear operator. Then it is a Dirichlet operator if and
only if it generates a symmetric sub-Markovian semigroup on L?(R™).

The fact that A is a Dirichlet operator implies
(5.3) An(—Au)udx = (—Au,u)2 > 0.

Hence — A is a non-negative anld self-adjoint operator. The following theorem
ensures the existence of (—A)2 and of a positive semidefinite bilinear form
(€,D(E)) on L%(R") defined by

(5.4) E(u,v) = (—Au,v)2 = ((—A)2u, (—A)Tv) 2

forve D(E) := D((-A)?) and u € D(A)ND(E). We quote the result from
[17], Theorem 4.7.5.

Theorem 5.10. Let (A, D(A)) be a closed and densely defined self-adjoint
operator on L?(R™), which satisfies (5.8). Then there ezists a closed, sym-
metric and positive semidefinite bilinear form (€, D(E)) on L2(R™) defined
by (5.4), which satisfies the Cauchy-Schwarz inequality

|(—Au,v) 2] < |[(—A)2ul| 2l (—A)?v]2, u € D(A),v € D(A%).

Further, we have D(A) — D(E) — L?*(R™), where these continuous em-
beddings are dense. In particular, (D(A),| - ||a) and (D(E),| - ) are
Hilbert spaces equipped with the graph norms |ul|la = |lullzz + ||[(—A)ul|L2
and Julle = ||ul|z2 + VE(u,w), respectively. Moreover, D(€) = D((—A)Y?)

In the following we will give an example of a symmetric translation in-
vartant Dirichlet form involving a real-valued continuous negative definite
function i : R® — R,

Example 5.11. Let ¢ : R™ — R be a continuous negative definite function.
Then the pseudo-differential operator —(D) defined on C§°(R") by

(5.5) ~$(D)u(e) = —(2m)# [ e tu(©)a(€)de

extends to a self-adjoint Dirichlet operator (A, H¥?(R")), see Exampl 4.12.
Further, for u € H¥?(R") we find

E(u,u) := /Rn(—Au)(x)u(g;)dx
— [ weuei@i - [ welaerd
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which implies that the symmetric Dirichlet form related to (4, H¥?(R")) has
the domain D(€) = H¥!(R™) and it is given by

(56) )= [ wOUONOE = [ WD)u- W(D)vde,

where —[y(D)]2u is given on C§°(R™) by (5.5) with 1(€)7 instead of ¥(£). In
particular, since (1 + 9(-))? is also a continuous negative definitive function
with values only in R, we see that for any continuous negative definite func-
tion ¢ : R® — R the space (H¥''(R"), (-,)y.1) is @ symmetric Dirichlet space
and therefore u € H¥!(R") implies always that u* A X and u A A\, A > 0,
belongs to H¥!(R™) too.

The operator —(D) is invariant under translation, i.e. for the operator
Ty R" =5 R, z— = —y, we have

m(~9(D)u)(e) = —(2m)F [ eI 4(e)ale)de
= (20 [ () () E)dE = ~p(D)(ru)(z).
Clearly this calculation applies also to —[¢(D)]*/? which yields
E(my(w), 7y (v)) = (W(D)]*(ryw), (D) /(r0),
= (Ty ([w(D)]l/2 ) ' Ty (W’(D)]I/ZU))O
= ([,(p(D)]l/?u’ [¢(D)]1/2U)0 = g(u’v)v

thus £ is translation invariant in the sense that

E(ry(u), 7y(v)) = E(w,v),

for all u,v € D(€) and y € R™

We are looking for another representation of £(u, v) for smooth functions.
We know the continuous negative definite function ¢ : R® — R has a Levy-
Khinchin representation

(5.7) P(§) =c+q(é) + R\© }(1—008( -§))v(dz)

Now, substituting (5.7) into (5.6) we can get
(58)  E(uv)=c A u(z)v(z)dz + / k;
+ %/n An(u(x +y) — u(z))v(z +y) — v(z))v(dy)dz.

Ou(z) Ov(x) Ov(z) ,

J,'k (9.1'1
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Let us consider (5.8) for u,v € C°(R") (or H¥!(R") with supp uNsuppv = 0.
This implies supp % M supp g—; = ( for 1 < k,l < n, by the locality of the
differential operator a%k, and therefore we find

Ewv)=3 [ [ (ue+y) - u(@)o+y) - vl@)vidy)ds.

Example 5.12. Let ¢ : R* x R™ — R be a continuous negative definite
function with Levy-Khinchine representation

69 Em=[[ o (1= cos(E z+n-y)w(ds,dy)

where v is the corresponding Levy measure on (R™ x R™) \ {0}. Associated
with 9 we introduce the scale of spaces H¥*(R" x R™), s > 0, by

(5.10) HY*(R" x R™) = {u € L*(R" x R™) | ||uly,s < 0o}
where
(5.11) lulld,e = [, [+ wle,m)lale mPdnde.

Here @ denotes the Fourier transform of u, i.e.

(512)  agm)=(@m T E [ [ e (e, y)dyde.

The Dirichlet form associated with 1/ has domain H¥}(R"™ x R™) and is given
by

¥(,v) /"/ (&, m)a(€, )D€ m)dnde

2 /n \/"‘/l;"XR"‘\{O}( (.’I?] —Z2,U1 — y2) - u(xl’yl))(v(xl — T2, Y1 — y2)

— (1, 91))v(dzs, dyz)dy:dz,.
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Chapter 6

Heat kernels and some of their
estimates

In this chapter, we will discuss estimates for the densities of transition func-
tions, i.e. the Markov kernels representing the semigroups under consider-
ation. We discuss mainly symmetric Feller semigroups since we can use
Hilbert space methods to obtain regularity results.

First of all, let (T3);>0 be a symmetric Feller semigroup which we consider
on Coo(R™) N L2(R™). From the definition of Feller semigroup, for z € R™
and t > 0 fized, the mapping u — Tyu(z) is a linear continuous and positive
functional on Cw(R™) N L2(R™). From Riesz’s representation theorem, it
follows that for = fized there exists a Borel measure py(z,dy) on B™ which
is uniquely determined and

(6.1) Tu(z) = [ u(w)p(z, dy)

holds for u € Coo(R™)NL2A(R™). We can extend (T}):>o0 to all constants using
the lemma below.

Lemma 6.1. Let (T;);50 be a Feller semigroup. Then we may extend T3,
t > 0, to all constant functions z — a € R, and for a > 0 we have

(6.2) Tia < a.
By monotone convergence we find using (6.2)
12 (T1)(@) = lim [ w@p(e,dy) = [ 1p(e,dy).

Therefore each of the measures p;(z,dy), = € R*, t > 0, is a sub-probability
measure. Hence we may extend T; to By(R™) just by defining the operator T,
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by
(6.3 Tw(e) = [ v(v)p(z,dy)

for all u € By(R™). Moreover, we find that

[Toutz)| < [ 1u(w)lpu(z, dy) < ullo,

or .
I Tulloo < flulloo,

ie. T, @ By(R™) = {u: R" = R | |lulc < 00} is a positive preserving
contraction. So we claim

Theorem 6.2. Let (T3)1>0 be a symmetric Feller semigroup and define p;(z, dy)
by (6.1). Then pi(z,dy) is a sub-Markovian kernel for every t > 0.

Now we are in the position to prove also the semigroup property of the
extended family (T;)i>0 of the Feller semigroup (T;)i>0. For u € Co(R™) and
t,s > 0 we can use Fubini’s theorem

Jon Prte(@ d2)u(z) = Tersu(a)
= L(Tw)(2) = [ pul@dy) [, pely.d2)u(z)
= [0 [ Prl@ 0.y, d2)u2)
and the uniqueness part of Riesz’s representation theorem gives
(6.4) Pea(,4) = [ Pz, dy)pa(y, 4)

forallt,s > 0, z € R* and A € B™. The equations (6.4) are called the
Chapman-Kolmogorov equations, and it follows that

(6.5) Tivo=ToT, =T, 0T,

In addition, since Ty = id, we find that

(6.6) u(z) = Tou(z) = [ ulylpo(z, dy),
implying that

(6.7) po(x, dy) = e2(dy)

for all z € R™, i.e. Ty = id. Therefore we have proved
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Theorem 6.3. Let (T;);>0 be a Feller semigroup. Then there exists a family
(pe(+,+))i>0 of sub-Markovian kernels on R™ x B™ satisfying the Chapman-
Kolmogorov equations (6.4).

For L%—sub-Markovian semigroups the situation is more complicated since
T Tt(z)u(:c) in this case is only almost everywhere defined. In the situations
we are interested in however, we can assume the ezistence of a sub-Markovian
kernels with similar properties as discussed for Feller semigroups. For details
we refer to Chapter 3 in [18] and Chapter 6 in [19]

Definition 6.4. An L?-sub-Markovian semigroup (7}):>o is conservative if
Til=1ae. forallt > 1.

Let (Ti)s>0 be a symmetric Feller semigroup or an L?—sub-Markovian
semigroup with representing kernels py(z,dy), i.e.

Tiu(z) = /u(y)pt(x,dy).

We want to find condtions for pi(z,dy) having a density with respect to
Lebesgue measure, i.e.

pi(z,dy) = pi(z,y) A (dy),

and then we long for estimates for the density p;(x,y). The following result,
due to Dunford and Pettis, is a tool for getting the existence of densities:

Theorem 6.5. Let K,, : L?(G) = L*(G), 1 < p < oo, be a bounded
linear operator. Then there ezists a kernel function K : G x G = C, K €
L*(G) ® L7 (G), zl) + # =1, such that

(6.8) Kopu(e) = [ K(@,y)u(y)dy.

Conversely, every operator defined by (6.8) with a kernel function K : G X
G—C,KeL®G) e L”(G), i+ z% = 1, defines a bounded linear operator
from LP(G) into L°(G). Furthermore, the operator norm of K, is given by

| Kopll = esssup,¢q | K (z, e

In case that the semigroup under consideration is also a conservative sym-
metric L?— Markovian semigroup the next result taken from N.Varopoulos[34]
gives estimates for the operator norms of Ty, and these estimates are diagonal
estimates for the corresponding densities.
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Theorem 6.6. Let (Ti)i>0 be a symmetric conservative sub-Markovian semi-
group on L?(R™) with related regular Dirichlet form (€, D(E)). Moreover, let
p>2and N = ;23’3 > 2. The following estimates are equivalent

(6.9) lull3r < cE(u,u) for allu € D(E);
(6.10) 234N < c&(u,w)lul| Y for all u € D(E) N L' (R™)
(6.11) I Tulli-zee < N2 for allt > 0,

where || B||x_y denotes the operator norm of B: X =Y.

Note that (6.9) is a Sobolev-type inequality and (6.10) is a Nash-type
inequality.

Note that the symmetry of p:(x,y) implies by the Chapman-Kolmogorov
equations and the Cauchy-Schwarz inequality

pi(z,y) < pi (2,007 (,),
which gives
€55 5UP, e P1(2, ) < (655D crr P (2, 7)) (655 5P, cne 1Y (4,9))
= (esssup,egn P1(7, ) < (esS8UP, yegn P1(2,Y))
i.e.
(6.12) (esssup, ,cgn P¢(Z,y)) = (€8S SUDP,cgn P1(7, T)).

Therefore (6.11) is a diagonal estimate for pi(z,y), i.e. an estimate for
pi(x, z) which controls also py(z,y).
In case we have instead of (6.9) a Gdrding-type inequality

lullZs < caba(u,u) = ca(€(u,u) + Ay, u)o), A>0,

we obtain instead of (6.11)

e)\t

ITill 21— zeo < e3(X) 1577

and
At

e
ess SUP; ,cRrn p(z,y) < ca(A) tN/2

The following result which is due to R.Schilling and J. Wang[29] relates The-
orem 6.6 to subordiante semigroups.
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Theorem 6.7. Let (T;);>0 be a strongly continuous contraction semigroup of
symmetric opertators on L*(X, m) and assume that for eacht > 0, Ty|12(x,m)nL! (X,m)
has an extension which is a contraction on L}(X,m), i.e. | Tyully < |jully for

allu € L} X,m) N L?(X,m). Suppose that the generator (A, D(A)) satisfies

the following Nash-type inequality:

(6.13) lullzB(lull}) < (Au,u), u € D(A), lulh =1,

where B : (0,00) — (0,00) is an increasing function. Then, for any Bern-
stein function f, the generator f(A) of the subordinate semigroup satisfies

619 157 (5 (1)) < (rap ), we DA, Tulh =1,

The following example gives a diagonal estimate of transition function in
the context of the Cauchy semigroup. The aim is to have diagonal estimates
of transition function of subordinate Cauchy semigroups in the end.

Example 6.8. Let (X;):>0 be the two-dimensional Cauchy process whose
symbol is ¥(£,n) = /&2 + 12 and the transition function is

1 t
6.15 ¢ == :
( ) yo (CL‘,y) 2T ((272 + yg) + t2)3/2

Therefore we have ||T; |1~ = p:(0) = %W re0ye0™ = 5-t72. Us-

ing Theorem 6.6, we know from (6.15) that N = 4 in the inequality (6.11)
which implies

(6.16) lull2: < cE(u,u), ue€ D(E)NLY(R?), |luljp =1.

In order to apply Theorem 6.7, we rewrite (6.16) as
1
lullZ2 B(llullZ2) < (Au,u) where B(z) = Ewl/z,

therefore we can deduce from Theorem 6.7 that if we let f(z) = z%, (0 <
a < 1), we have

fulef (B (142 < a0, we DA, Julls =1

2\ 3
ks (% (Lukz) ) < (A%,

fula(a/e) (1) < atu
(6.17) lul33® < ¢ (Afu,u).
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Using Theorem 6.6 this implies
IT/ 1oz < ¢'t7F, £>0, N'=4/c

which is equivalent to p{(0) < ¢” =5

We want to prepare some considerations for following sections. Let

n

0 0
(6.18) L(z,D) = g::l 8_:mc(akl(x)3_acz)

be a uniformly elliptic differential operators with coefficients ar = aj €
C3(R™). Thus with 0 < \g we have

(6.19) Mlé? < 37 an(z)éné < AgIE*

k=1
It is well known that in this case there exists a fundamental solution
[': (0,00) xR™xR"™ — R to the operator & —L(z, D) such that '(t,z,y) > 0,
z — I(t,z,y) is a C?—function, t = [(t,z,y) is a C'—function, I'(¢, z,y) =
(¢, y,x) and

(6.20) %8’:’@ — L(z, D,)T'(t,z,y) = 0
and

(6.21) limeso [ T(t,2,9)f(W)dy = f(2)
for f € Co(R™). Moreover it holds

(6.22) Lf(e) = [ T(ta,y)fwdy, t>0,

where (Ti)t>0 is the Feller (or LP—sub-Markovian) semigroup generated by
an extension of L(z,D). (Compare Theorem 2.9 in [18] or A.Friedman/8],
or S.Ito[14].)

Thus T'(t,z,y) is a heat kernel and we long to estimate it. Under our
assumptions two-sided estimates were obtained by D.Aronson[1]:

Theorem 6.9. For I' as above it holds

(6.23) sl (¢, z,y) < T(t,7,y) < koI ™(¢,2,y)
where

1 —|z—y|/4vyt
(6.24) (¢, z,y) = mty )2 ° kvl

is the heat kernel associated with YAy, Any being the Laplace operator in
R™.
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Now let f be a Bernstein function associated with the convolution semi-
group (n:)e>o0, supp n:([0,00}). We consider the subordinate semigroup

(6.25) Tuw) = [ [ T(s2,y)u(v)dyn(ds)
With

(6.26) M(ta,9) = [ Tz y)m(ds)

we find

(6.27) T/u(z) = [ T/(t,2,y)uly)dy.

Now (6.28) implies with

(6.28) F”’f(t,z,y) = Aoo (s, z,y)n:(ds)
the estimates
(6.29) D™ (2, y) ST/ (4, 2,y) < koD (8,2, p).

We will try to interpret (6.29) in geometric terms later on, see Chapter 7.

Finally, we want to state a comparison theorem on Dirichlet forms which
we take from the paper [33]. Fori = 1,2, let (£, D(EM)) be a symmetric
Dirichlet form on L? and {Tt(i) : t > 0} the symmetric strongly continuous
Markovian semigroup on L? associated with E®.

Theorem 6.10. Assume that D(EM) D D(€®@) and that there is a positive
number C such that

(6.30) ED(u,u) < CE@(u,u), ue DEW),
and mOoTeover suppose
(6.31) 1T im0 < 9(E), ¢ >0,

where g is a right continuous nonincreasing function and satisfies the follow-
ing condition: H(§) = [°{G(n)/9(G(n))}dn < +o0, £ > 0, G being the left
continuous inverse function of g. If Tt(z)l =1 m—a.e., t >0, then it holds
that

(6.32) 1T |15 < 2R(£/2C), t >0,
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where h s the inverse function to H.
In particular, if tg(t) is continuous and nondecreasing, then

(6.33) IT? 1000 < 29(2/2C), t>0.
Therefore, if tlth(l)Hl_m is continuous and nondecreasing in t, then
||Tt Mhoeo < 2“Tt/20”1—>oo: t>0.

We immediately obtain the following
Corollary 6.11. Let D(€M) = D(£®) and assume that

CLED (u,u) < EW(u,u) < CLEP(u,u), ue&W,

for some C; > 0,1 =1,2. If T"1 =1 m—ae. ,t> 0, and t|T 1000 is
continuous and nondecreasing in t for each ¢, then

(6.34) (U/2DITZ 1s00 < 1T hoeo < 2T jayellisess  £>0

Since we know ||Ti|l1m00 = pt(0) in case of a Levy process, we can write

(6.34) as
1
(6.35) 5P38:x(0) < V(0) < 26(, 2(0)
in the translation invariant case or
1
(6.36) 5P30u(0) < PV (2, 2) < 29(2) 1, (0)

in the general case.

Remark 6.12. p(2) is still translation invariant in the general case.
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Chapter 7

A Geometric Interpretation of
the Transition Density of a
Levy process

In this chapter, we mainly summarize some results from the paper [20]
which will be used in the next chapters. From now on, (X7 )e>0 1S @ symmetric
Levy process, i.e. Y is real-valued, in addition, in Levy-Khintchine formula,
we let ¢ = d; = qi = 0 which means

Y(€) = ./Rn\{o}(l — cosyé)v(dy), v Levy measure

and Y(€) =0 if and only if € = 0. Then
dy(&,m) = P2 (€ — )

is a metric on R™.
First of all, we introduce the notion of a metric measure space.

Definition 7.1. A metric measure space is a triple (X, d, u) where (X, d)
is a metric space and p is a measure on the Borel sets of the space X.

We are mainly interested in metric measure spaces whose metric is in-
duced by a negative definite function. In particular, every locally bounded,
non-periodic negative definite function with ¥(0) = 0 induces a metric on R™

by
(7.1) dy : R" xR™ — [0,00), d¢(§,n) =y W —mn)

The metric dy is invariant under translations, i.e.
dy(§ + ¢, m+¢) = dy(&,7)-
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To proceed further, consider dy(€,n) = ¥'/2(€ —n) and
B¥(&,r): = {n € R" | dy(¢,n) <1}
={neR"|Y(¢—n) <r’}
Notice that B%(¢,7) = £ + B%(0,7). We set
m(r) := inf{[n| | $*(n) = r},
M(r) :=sup{|n| | v*/(n) = r}.
When B(z, p) denotes the Euclidean ball with center x and radius p,
B(¢,m(r)) € B*(¢,7) C B(€, M(r)).

Lemma 7.2. The metric d,, generates the Euclidean topology if and only if
limjej 00 ¥(€) > 0.

Definition 7.3. Let 9 : R® — R non-periodic, continuous negative definite
function such that dy is a metric which generates the Euclidean topology.
Then we call 9 to be metric generating on R™ and this class is denoted by
MCN(R"), i.e. p € MCN(R™).

In the following we assume always ¥ € MCN(R™).

We want to study the metric measure space (R™,dy, A™). For this we
need to introduce the notion of volume doubling which plays a central role in
the analysis on metric measure spaces.

Definition 7.4. Let (X,d,u) be a metric measure space. We say that
(X,d,p) or p has the volume doubling property if there exists a con-
stant ¢y such that

(7.2) w(B(z,2r)) < cou(B(z,T))

holds for all metric balls Bé(z,r) = {y € X : d(y,z) < r} C X. If (7.2)
holds only for all balls with radii r < p for some fixed p > 0, we say that
(X,d,p) (or p) is locally volume doubling. If volume doubling holds, then
for R >1,

u(B%(z, R)) < &5 (B (2, 1)) = R°%*u(B%(z,1)),

ie. R+~ u(B% =z, R)) has at most power growth.
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An important class of metric measure space are so called homogeneous
spaces (in the sense of Coifman and Weiss): (X,d,p) is a homogeneous
space if there exists N > 1 such that for all x € X and all radit v > 0 the
ball B4(z,r) contains at most N points x,--- ,zn such that d(z;, zx) > /2

for j # k.

Lemma 7.5. If (R™,dy, A™) has the volume doubling property, where 1 €
MCR(R™), then it is a homogeneous space.

The aim is to understand the transition density pi(z) of a given Levy
process in geometric terms using the fact that ¥'/? is a metric. We assume
in the following always that (Xt'/' )t>0 is a symmetric Levy process, that its
transition function has a density p; given by

(7.3) pi(z) = (2m)™ [ emtevOdg,

R»

and that dy(€,m) = */2(€ — ) is a metric on R™ which has with respect to
the Lebesgue measure \™ the volume doubling property.
The first observation is that

(7.4)  p(0) = (27)™" / e ¢ = (2m)™ / ~A™ (B (0, \/f)e-fdr
R? 0 t
which yields under the assumption of volume doubling:

Theorem 7.6. ([20] or [22]) If the metric measure space (R™, dy, A(™) has
the volume doubling property then we have with constants 0 < v < e

(7.5) AP (B (0, %)) < pi(0) < 1A (BH(0, —%».

Thus we can interpret the diagonal term in the setting of the metric mea-
sure space (R™, dy, \™).

Following further [20] we note that Theorem 7.6 also extend to foy where

f is a Bernstein function with corresponding convolution semigroup (m:)i>o,
i.e. we have

(16) i [ AD B0, nds) < AV(BY(0, )

<o [T ADBS(0, Zm(ds)

provided the metric dsoy has again the volumn doubling property.
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We can apply these results immediately to the Aronson estimates (6.17)
and (6.23). First we observe that (6.17) implies

(7.7) k1T (¢, z,2) < T(t,z,2) < K T22(t, 2, 7)
but
(7.8) I(t,z,2) = p{(0) = (4myt)™"/*

where p] (x) is the transition density corresponding to YA ).
Thus we get

(7.9) k1Pt (0) < T(¢, 2, 2) < Kkop)?(0).

Note that z — I'(t,z,x) is in general non-constant, i.e. it is z—dependent,
but the lower and upper bounds are independent of x and are understood in
the metric measure spaces (R™, ds(y |2y, A™) and (R™, djeyp, 2y, A™). Note
that by Lemma 3.9.34.A in [17] the two metrics df(y,.j2) and dg(y,2) are
equivalent. In case that f is a Bernstein function such that f(| - |2) induces
a metric on R™ having the volume doubling property with respect to Lebesgue
measure, using (6.23), we first arrive at

(7.10) kI (2, 2) ST (t, z, 1) < Kol (8,2, 7)
and since
(7.11) ™ (tz,2) = [ I(s,2,2)m(ds)
it follows further
o0 o0
(7.12) m [P (O)ni(ds) STV (tz,2) S ke [ P (O)mu(ds).

Now we can use (7.5) and (7.6) to deduce
sy (n : 1 “\(n , 1
(7.13)  &IA®(BI0I)(, 7_2)) < T (t,z,2) < wEAM(BI0IP)(Q, %))

Again we conclude that T/ (t,z,x) is controlled in terms of two metric mea-
sure spaces carrying equivalent metrics and these controls are t—independent.

So far we dealt only with p,(0) = p¥(0). As discussed in [20] there are
good reasons to conjecture that in many cases there exists a second metric,
in general depending on t, such that

(7.14) pi(z — y) = py(0)e~eu V).
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Clearly the metric must be translation invariant too.
Here are some examples:

In case of the Brownian motion we have

(7.15) ot 2(z,y) = \/—l yl,

for the Cauchy process we have in one dimension

z —y|* + 12
(7.5 bue3) = a2
for the symmetric one-dimensional Meizner process we have
: 2
r(tie) © 2 |z —yl?
7.17 J y)=—In|—==2—| =Y In(1+-—2%).

Moreover, Theorem 7.1 in [20] gives classes of examples where (7.14) holds
for subordinate Brownian motion in dimension n = 1,2, 3.

Again we can apply this to the Aronson estimates, assuming that fo|-|?
leads to a representation (7.14). In this case we can apply (6.28). For this
we note first that now

06 a3) = [T,z 9l

- / p(0)e T n,(ds)
f('7| | )(0) t Jvl I)(Ivy)

which yields
(7.18)
nlptf(71"|2)(0)e‘ B 12 ) <T(t,z,y) <k pf(vzll )(O)e sl ’”),

and hence we have in this case a rather uniform geometric control on T (¢, z,y).

Eventually we want to give a probabilistic application of these results. For
this let (X;" )t>0 be a symmetric Levy process such that the metric measure
space (R™,dy, \™) has the doubling property. For R > 0 and z € R™ we
introduce the first passage time of Br(z) = {y € R" | |z — y| < R} as

(7.19) or:=inf{t > 0] |Xy —z| > R}.
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Following R.Schilling[25] the estimates
—_C
supjg<1 ¥ (%)

Cn

7.20 suppere; V(E5)
(7.20) supjei<1 Y(5 %)

< E*(og) <

hold. However, within the metric measure space (R", dy, \(V) these estimates
become
Cn

< B*(02) < =

(7.21) < < —
supj¢i<1 diy (0, %) supjgi<1 4% (0, iE

i.e. they have a geometric meaning.

Note that (7.21) is an estimate for an expectation, hence the metric should
be that we encounter in the Fourier-transformed space: E*(og) is the Fourier
transform of the distribution of op at 0 € R™.
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Chapter 8

On Pseudo-Differential
Operators Generating Markov
Processes

Already in the previous two sections we discussed non-translation invariant
generators of Feller and L*—sub-Markovian semigroups, namely the genera-
tors of the subordinate semigroups (T/ )t>o where f is a Bernstein function
and (T;)i>0 15 generated by (an extension of) L(z, D) as given by (6.18). In
the section we want to summarize some basic results on pseudo-differential
operators generating Markov processes. Our main reference is W.Hoh[18]
and [17]-[19).

Let ¢ : R™ x R® — C be a locally bounded function such that for any
z € R™ the function ¢(z,-) : R™ — C is continuous and negative definite. On
C(R™) or S(R™) the operator

(8.1) a(z, Dyu(x) = (2m) ™" [ &q(z, £)a(€)dt

is defined and is called a pseudo-differential operator with negative
definite symbol q(z,§).
As a first result we state

Theorem 8.1. Let g : R x R™ — C be a locally bounded function such that
for any x € R™ the function q(z,-) : R® — C is continuous and negative
definite. Define on C§°(R™) the operator

(82) ~q(z, DYu(z) = —~(2m)F [ &= q(z, E)alE)de.

Then the operator (—q(z, D), C§°(R™)) satisfies the positive mazimum prin-
ciple.
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Proof. First note that by Lemma 3.6 we have

la(z, €)| < &=)(1 + &)%)

for all z € R™ and £ € R", which implies that the operator g¢(z, D) is
well defined on C§°(R™). Now let u € C§°(R") and zo € R™ such that
u(Zo) = sup,cgn u(z) > 0. We have to prove that —[g(z, D)u](zo) < 0 holds.
Consider the function ¢,, : R* = C, ¢,,(¢) = ¢(z0,€). By our assump-
tions £ — ¥,,(€) is a continuous negative definite function and the operator

—1),(£) is a continuous negative definite function and the operator —,,(D)
defined on C§°(R") by

~Yun(D)u(a) = =(2m)72 [ =40, (€)i(E)de
=—(m)% [ ™qlan, §)a(e)de

satisfies the positive maximum principle, thus we have

_wwo (D)u(wo) <0

for u(zo) = sup,ern u(z) > 0. But for any u € C§°(R™) we have

~lae, D)ul(zo) = —(2m)7# [ e <q(ao, £)a(€)d
= —m)F [ e (e)ile)de
= ~ua(D)u(a0)

which implies the theorem. ]

Having the Hille-Yosida-Ray theorem in mind or the results about sym-
metric Dirichlet forms we may ask when is is possible to extend —q(z, D) as
in Theorem 8.1 to a generator of a Feller semigroup or L?—sub-Markovian
semigroup.

In the affirmative case we may ask whether the transition functions of
these semigroups have densities and we may try to estimate these densities
and to give these estimates a geometric interpretation.

For constructing semigroups with a pseudo-differential operator as gener-
ator we introduce two approaches. The first uses Hilbert space methods and
a pertubation argument and is taken from [15], see also [17].

Note that we just recall the results in a straightforward way, neither do
we go into detailed proofs nor do we optimize conditions on the symbol class.
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Let 1 : R® — R be a continuous negative definite function and assume

(8.3) B(E) > cler

for all || > 1 with some ¢ > 0 and r > 0. We consider now a symbol
(8.4) ¢g:R*"xR*"—> R

with decompostion

(8.5) 9(z,8) = @1 (&) + 2(z,€)

where ¢ and ¢(z,-) are continuous negative definite functions.
In addition we assume for some constants 0 < ¢y < ¢;

(A.1) co(1+9(£)) < qa(§) < cr(1 +9(E))

forall§ e R™, |€] > 1.
We define the constant yp as

-1
(8.6) e = (80w (2(1 + )? [ (1+16P) ™+ dg)
R
where cy s such that

(8.7) 1+ 9(€) < (T+cy)(1+ €%

holds for all £ € R™, and C)y is a constant such that

(8.8) A+ <on Y 1Pl meN;.
IBI<M

We need the following assumptions

(A.2.M) The symbol q;(z,€) is M-times continuously differentiable with
respect to z and for B € N2, |8| < M, there are functions &5 € L}(R") such
that for M >n +1

(8.9) 10202(z, )| < @5(2)(1 +9(€))
(A.3.M) With the constant ypr > 0 as in (8.6) we have
(8.10) > 1%l < vm - co,

|BI<M

where ¢y is taken from (A.1)
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Theorem 8.2. Let ¢ : R® — R be a continuous negative definite function
satisfying (8.8) for some r > 0. Assume that (A.1), (A.2.M) and (A.3.M)
holds with an integer M > (2V 1)+ n. Then (—q(z, D), Cg°(R™)) is closable
in Coo(R™) and the closure is the generator of a Feller semigroup.

Remark 8.3. This theorem is due to Jacob [15], we followed in our pre-
sentation Hoh [13]. The interpretation of the result is that certain pertur-
bation —gy(z, D) of —g;(D) are admissible in the sense that —g(z,D) =
—q1(D) — g2(z, D) is also a generator of a Feller semigroup.

Let q(z, D) be as in Theorem 8.2 and denote by By the corresponding
bilinear form

(8.11) By (u,v) = (—q(z, D)u,v)o + A(u,v)o, A>0.

Originally defined on CP(R™) one can prove, see [12], [13], that By has a
continuous extension to H¥!(R") and that —q(z, D) extends to a Dirichlet
operator with domain HY2(R").

The following resulte is taken from [18], Corollary 8.4, however, it is
essentially contained in [12]. We simply write B for By:

Theorem 8.4. Under the assumption of Theorem 8.2, and in case q(x, D) is
a symmetric operator on L2(R™), then (B, H¥'(R™)) is a regular symmetric
Dirichlet form.

The results of Theorem 8.2 and 8.4 depend on certain estimates which
we collect in the following. Details are given in [12] and [13]. Under the
assumptions of Theorem 8.2 we have

(8.12) la(z, D)ully,s < cllullys+z
fors€R, [s—1]+14+n< M, and u € H»**3(R");
(8.13) |Ba(u, v)] < cllullyallvlly,

for M >n+1 and all u,v € H¥(R").
Moreover, using (A.3.M) it holds for all A > XAy for some Ay € R

Co n
(814) Bi(w,u) 2 Zlullyy ue H(RY).
Finally for s >0, M > |s — 1|+ 1+ n and u € H»**2(R") we have
(8.15) lully,s+2 < clllg(z, D)ully,s + l|ullo)-

The second method of constructing Feller semigroups starting with a pseudo-
differential operator with a negative definite symbol is using a symbolic cal-
culus introduced by W.Hoh[12], see also W.Hoh[13].
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Definition 8.5. A. A C* function g : R®™ x R® — C is said to be a symbol
in the class Sg"(¢> if for all o, B € Nj there are constants c, g > 0 such that

(8.16) 182089(2,€)| < Cap(1+ (€)= 2"

holds for all z € R", £ € R™ with m € R called the order of q. Here the
function p is defined as p : Ng — Ny, p(k) =k A 2.
B. If instead of (8.16) we have

(8.17) |6802q(z,€)| < cap(l + (€)™

we called ¢ a symbol in the class Sg* W)
The following result is due to W.Hoh, see also [18].

Theorem 8.6. Assume that (8.3) holds. Let ¢ € S>¥) and assume that
& q(z,§) ts for every z € R™ continuous and negative definite. If

(8.18) q(z, &) 2 6(1 +9(¢))

for some § > 0 and all |§| > R > 0, then —q(z, D) defined on C$(R™) is
closable in Co(R™) and its closure generates a Feller semigroup.

Note that (8.18) implicitely requires q(z,€) to be real-valued.

Theorem 8.7. If q is as in Theorem 8.6 and q(z, D) is a symmetric operator
on L%(R"), then (B, H¥'(R™)) is a regular symmetric Dirichlet form.

Using Hoh’s calculus, in his thesis [{] , see also [5] , B. Bottcher succeeded
to construct a fundamental solution to the problem

Ou
E + Q(-'L', D)U’ - f
. _ 2(mpn
lt%lu( ,t) = uo € L*(R").
His results allow to consider the expression
(8.19) (2m)~"2 A ¢t e=1@ O () dg
as approzimation (fort > 0 small) of Tyu, (T3):>0 being generated by —q(z, D),

compare [5], p.1241.
We will return to this result later on.
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As outlined in [16] or [20], see also R.Schilling[26], given a "nice” Feller
process, we can calculate the symbol of its generator as
Er(eiXi=2)¢ _ 1)
; .

(8.20) —q(z,&) = lim
This formula enables us to identify many subordinate processes as being gen-

erated by a pseudo-differential operator. This applies for example to the pro-
cesses associated with (T )10, T given as in (6.19).
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Chapter 9

An Example for Diagonal
Estimates in Case of a Simple
Generator with Variable
Coefficients

A magor aim of our thesis, as indicated in the introduction, is to explore
in geometric terms how the non-isotropy with respect to the co-variables of a
negative definite symbol is reflected in the behavior of the transition density
of the corresponding process. Moreover, we want to include the case of non-
translation invariant generators and use the idea of freezing coefficients to
get some insights. In this section we want to provide a class of toy-examples.

Let 9, : R™ = R and 95 : R™ — R be two continuous negative definite
functions with Levy-Khinchine representations

(9.1) (€)= [ (1= cos(a€)(da)
and
(92 val) = [ (1= cos(ym)a(dy),

respectively. Let a; : R® = R and ap : R™ — R be two continuous functions
such that 0 < a;(z) < ||laillze < 00 and 0 < as(y) < ||az]lLe < 00. Then on
R™ x R™ a negative definite symbol is given by

(9.3) q(z,y,&,n) = (& n) + az(y)1(§) + ar(x)a(n),

where ¥ : R™ x R™ — R is a further continuous negative definite function
with corresponding Levy measure v.
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We assume with a constant k, that

L+ 91(€) + 2(n) < ka(1+¥(€,7))"

for some a € (0, 1].
Let g(z,y, Dy, Dy) denote the pseudo-differential operator

a(z,y, Dz, DyJule,y) = @m)™5 [ [ eeiq(z,y, €, m)i(g, m)dnde.

Proposition 9.1. The operator ¢(z,y, D,, D,) maps H¥(R" x R™) contin-
uously into L*(R™ x R™).

Proof. We need to show
lg(z,y, Dz, Dy)ullrz < Cllully.z-
First we note

”q(‘r’va:m Dy)u”L2
< [¥(Dg, Dy)ul| 2 + [laz()¥1(Da)ullzz + [lai(-)v2(Dy)ull 2.

Now, by the definition of ¢(D,, D,) it follows from Plancherel’s theorem that
[%(Dz, Dy)ullz = ||F(¥(Dz, Dy)u)|| 2
and since ¥(Dg, Dy)u = F~1(¢(-,-)a(, ) we find
1%(Dz, Dy)ullzz = |F(FH(W(, )al, )z

= il = ([ [ v mlaten)Pande)
<([. /,;mu + (e m)Pla(e, ) Pande)
= lulyz
Next we find
(0.4) Jaa()r(Deyulza < a9 (De
Note that
©5) W(Douz,y) = F W (i, )
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and again, by Planchrel’s theorem we get

lo1(De)ullze = [[$1()a(:, )l
< X+ 9)% a0, )z < mall(X+9)al, )l e

= Klllu”ll'ﬂ’
implying
(9.6) laz(-)%1(Da)ullze < K1llaz]leollullv2-

Analogously we find

(9.7) lla1 ()2 (Dy)ullrz < Killafloo|lully.2

proving the proposition. a
We define on S(R™ x R™) the quadratic form

(9.8) E(u,v) = (q(z,y, Dz, Dy)u,v) 2

Proposition 9.2. The quadratic form £ has a continuous extension to
HYY(R" x R™), i.e. for all u,v € H¥!(R" x R™) it holds

(9.9) 1€ (u, v)] < Kollullyallv]ly,-
Proof. Since

(9.10)
g(u, U) = (Q('T7 Y, Dx) Dy)u) U)L2

= (¢(Dx, Dy)uaU)L2 + (a2(')¢l(Dm)u,v)L2 + (al(')%(Dy)U,U)Lz

We can treat each term separately. First we note

|(¥(Dz, Dy)u, v) 2] = |(F7 (-, )a(, ), o)) e
[®C,)al, ), () el
|82, )al, ), 93 ()0, )l
|

|

[ 2al| 2 979 2

<
< Nlullyallvlly,-

(9.11)

The second equality derives from Plancherel’s theorem.
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Next we consider (ag(-)¥1(Dz)u,v)z:

(a2(-)¢2(Da)ul’, ), (-, ))re
= [Rm az(y)(An Y1 (D;)u(z, y)v(z, y)dz)dy

= / ax(y) / D1(€)(Farsgu) (€, ) (Fargv) (€, y)dﬁ) dy
= [ as®) ([, oHOFumc) (€ 900} O Fme) € ) ) dy
—/ as(y) / 1/’1 u(z,y ¢1 (Dz)v(z, y)da:) dy

which implies

(@2 ( Y1 (Do) 0)aal < laallzes [ [ 1o (D)ulz, lIwf (Da)olz, y)ldzdy
< llasllo 163 (D )ule e (DaJolles,

Since
3 2 _ N 2
(9.12) s (Dyullte = [ [ wa(©)la(,m)l*dedn
al A 2

< o fo (L€ m)°la(e, m)Pdedn

< kallully,q,
we arrive at
(9.13) [(a2()¥1(Dz)u, v)r2| < killaz Lo [ullpal[v]lv
Analogously we get
(9.14) |(a1(-)%2(Dy)u, v) 12| < Kallar |l Lo l|ufly vl

Combining (9.11), (9.13) and (9.14) gives (9.9) with
(9.15) k2 2 14 K1([lar]|oo + [|azlleo)-
(]

Theorem 9.3. The quadratic form (€, H¥!(R™ x R™)) is a closed and sym-
metric form in particular €(u,u) > 0, and sub-Markovian. Hence (€, HY'(R"x
R™)) is a symmetric Dirichlet form
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Proof. 1t remains to prove that £(u,u) > 0 and is sub-Markovian. We claim
that each of the three terms in the decomposition (9.10) is non-negative.
For each term we use the Levy-Khinchin representation of v, ¥; and
respectively to find

(9.16)
1
(¥(Da, Dy)u, v)r2 = 3 /n /m /R"me\{O}(u(xl = 2,51 — ¥2) — u(z1,%1))
X (v(z1 = 22, Y1 — y2) — v(Z1, 1))v(dT2, dy2)dy: dz

and

O.17) (MWDo v)ea = 5 [, ) [, [, (ular = 22,9) ~ u(a)
x (v(z1 — T2,y) — v(z1))v1(dz2)dzrdyr

as well as

(9.18)

@Dl =5 [ @) [ [ (ulasn =) — e
X (v(z,y1 — y2) — v(z, y1))ve(dyz)dyrdz

Since a1(z) > 0 and az(y) > 0 it follows that £(u,u) > 0. Furthermore, from
the book [17] or [9] we also know & is sub-Markovian. O

Thus we can associate with (€, H¥!(R™ x R™)) or with —q(z,y, Dy, D,) a
symmetric sub-Markovian semigroup. Clearly, a further symmetric Dirichlet
form is (E¥, HY(R™ x R™)) the generator of which is —(D,, D,) and

(9.19) E¥(u,u) < c&(u,u).

Thus adding the assumptions ¥(0,0) = 0, and the conservativeness of the
semigroup (T3)t>0 generated by —q(z,y, Dy, D), we obtain by Theorem 6.6
diagonal estimates for (T)i>o in terms of geometric conditions related to
(T )eo.

To provide an example we need the following result taken from Page 132
in [18]

Theorem 9.4. Let (T}):>0 be a Feller semigroup with generator (A, D(A))
such that C*(R™) C D(A) and A|CX(R™) = —q(z, D) with symbol q(z,§)
in the similar form as (9.8) satisfying sup,egn |9(z,€)| < (1 + |£]?). The
semigroup {T;}1>0 is conservative, if ¢(z,0) = 0.

Conversely, if {T; }+>0 is conservative and q(-,0) continuous, then g(z,0) =
0.
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Example 9.5. In the following example we do not use the result of Theorem
8.2 and 8.4, but we rely on their proofs. The structure of the coefficients
imply that all commutators of importance are zero, hence no regularities of
the coefficients is needed to get estimates. Take (£,7) = (J€|2 + |n/*)'/?,
V1(€) = |€]Y2, ba(n) = |n|'/?, first of all, we need to check that (T});>o is
a Feller semigroup using Theorem 8.6. We let ¥(€,7) = (|€]2 + |n|?)? in
Theorem 8.6. Since ([¢[2 + |7|2)? is equivalent to (1 + |€]2 + [7]2)7 — 1, we
have g(z,y,€,1) = (1+1€1* + [1[*)2 — 1+ az(y)[€]? +as () [|2. Moreover, we
can choose |£] and || large enough so that we have ay(y)|€|2 +a,(z)|n]z —1 >
0. Furthermore, g(x,y,£,7) > (14 (€2 + |7]?)%) satisfies condition (8.18).
Therefore, —q(z,y, D¢, D,) is a generator of a Feller semigroup. Secondly,
we can use Theorem 9.4 to verify that the Feller semigroup associated with
our generator —q(z,y, D¢, Dy) is conservative. To this end, we need to verify
that sup, ,er la(z,y,€,m)] < (1 + [€]* + |n]?) which is obvious since 0 <
a1(z) < |la1||z» < oo and 0 < az(y) < |lag|lL= < oo. Then we can use
Theorem 6.10 to get an estimate of our symbol we stated beforehand. In
Theorem 6.10 we take £ as the Dirichlet form associated with (¢, n) and
£® as the Dirichlet form associated with ¢(z,y,&,n). From Example 6.8
we can get that ||T3||;~c0 = 1¢72 which means we can take g(t) = 2t~2 and
H(§) = 3¢7Y/% and h(z) = jz7'/2. Therefore, ITS)| < 2C%~2. Then we
can use Theorem 6.6 and Theorem 6.7 to get the estimate of subordination
of our symbol which is the same as Example 6.8 except the coefficients.

Unfortunately, so far this approach does not provide examples for off-
diagonal estimates.
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Chapter 10

An Application of the
Geometric Interpretation of the
Transition Function

With this chapter we start the second part of our thesis where we want to
show how a geometric interpretation of transition functions might become
useful in probability theory. Qur contributions are more case studies than
complete theories, but we believe that they still give some new insights.

In this chapter we study first transition functions of certain Levy processes
with state space R™ and then we move to a more concrete (class of) exam-
ple(s) in order to get a better understanding of the non-isotropic behaviour
of certain (classes of ) Levy process(es).

Let (XZIJ )i>o0 be a symmetric Levy process with state space R™ and transi-
tion function p, which we assume to exist as element in Coo(R™) given by

(10.1) pe(z) = (21)™" /R _eitem O,
Furthermore, we assume that p; has the form
(102) pt(z — y) — pt(o)e—éi,t(z,y)

with p(0) as in (7.4), i.e.
(10.3) n(0) = (2n) ™ [ AO(BH(, D)),

where dy(&,m) = Y/%(€ —n) is assumed to be a metric, in fact we assume
that the metric measure space (R", dy, )\(")) has the volume doubling property,
and hence we have, compare Chapter 6, that

(10.4) p:(0) < XM (B%(0, %)) t > 0.
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Moreover we assume that 6,,(-,-) is a metric on R™.

In order to get some idea how to use the geometric interpretation in the
following we pick up one simple problem, namely to estimate some probability.

Let the process start at z € R™ and try to find, i.e. estimate, the proba-
bility
(10.5) P*(X, € C, Xy, € Cy)

for Borel sets Cy, Cy C R™ and t, < ty. For reasons which become clear in
Chapter 12 we prefer here to have an arbitrary starting point z € R", not
just O € R"™. Using the very definition and properties of (Levy) processes we
find, see R.Schilling [27],

(10.6) P*(Xy, € C1, Xy, € C2) = Ty (X, Tra-t: X, ) (2)
or
(10.7) P*(X, € C1, Xy, € C)

= A (2 — z)xcn (2) ( A Pta—t, (T — y)sz(y)dy) dz.
Now we use the representation (10.2) for p; to find

P*(X;, € C1, Xy, € C3)
- 2,z —62 T
=[x @pu 0 % ([ xe,@)pu— (0)e %m0V dy) do
62 (z,x) —62 ,
= ptx(o)ptz—tl (0) A{n (./l;n X (x)X02 (y)e %'tl( x)e 5w.c2—t1( y)dy) dz

(10.8) =Pt1(0)Pt2—t1(0)/C /c e %% 5P a0 OV gy
1 2

For bounded Borel sets Cy and Cy the formula (10.8) allows us to obtain
further estimates. For this observe that

//6_6'2%1(Z’z)e_éz"‘2"1(x'y)dydx
C1 JC2

> g™ HPaecy,veCy (5,4, B2+, G A () (0 ) A ()
With (10.4) we obtain (with constants depending only on v and the volume
growth function)

Pz(th € Cl,Xt2 € 02)

> coA®(B%(0, Z)A(BY(0, —=
1

Jasn)

e~ SUPaecy vecy (B (z’z)+6‘21"t2_tl(x’y))A(n)(Cl)/\(n) (Cy).
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Furthermore we have

1
Vo)

e infzecy, yec, wi,tz (z’w)+65),t2-t1 (z.y)) )\(") (Cl))\(n) (Cz) .

1
P*(X,, € C1, Xy, € C3) < c;A™(B%(0, —\/t=)),\<">(3dw (0,
1

Of course we now can specific the sets C, and C,. In particular when pre-
scribing both sets with the metric dy or with the metrices dyy, and 8y t,—4,,
respectively, we obtain purely geometric bounds.

As Cy,Cy are considered as sets in the state space it would be natural to
characterise both sets with the metric dy,.. For example we may take

(10.9) Cy = B%u (zo,11),

(10.10) Cy = B%a=41(yo, 1),
and we may assume C;NCy =0, 2 ¢ C; U C,.
We want to use these considerations to get some more ideas on what

happens in non-isotropic situations. For this we split R® = R™ x R™ and
consider the symbol

(10.11) ¥ :R™ x R™ -5 R
Y& n) = ¥1(§) +P2(n)
Now, to v, corresponds a Levy process (XY )t>0 with state space R™, j =
1,2, and for the corresponding transition functions we assume representations
analogous to (10.2), i.e.,
. . 52 iU
(10_12) P,:(J)(xj _ yj) —_ P,:_(J)(O)C ‘5¢j,¢( er])‘

For this case it follows now with C;,Cy C R™*72

(10.13) P*(X;, € C1, Xy, € Ca) = Ty, (x1 To-1 X2 ) (2)
= [ Pz oxe @) ([, - (@ v)xca(v)dy) do.

Using our previous estimates we obtain
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(10.14)

Pz(de € Clath € 02) >

(1)2 (2)2
Dt (0, O)ptz—tl (0, 0) Xc, (-Tla 1‘2)6—6‘1 (z1,21)—6;,"" (22,%2)

R"1+7m2

—  sup (5§2)_2t1(x1,y1)+5( ) (z2,32))
Amﬂzze Fecrveca Xcz(yl)yz)dyldyZ dzidz,

- sup (622 t) (zlyyl)+6t2 tl(z2)y2)) n
Zptl(ovo)ptz—tl(()»())e z€C1VECy /\ (CQ)

1)2
z1,T1 5 22,T
_/l;“1+"2 xc (21, 372)@ SE 2)dxldxg

> (0 0) (O 0) - ecsupeC' (61(:;)2t1 (31,y1)+5( )2 ("Ez,yz))
2 P, (0,0)pey—1, (U, 0)e *==1¥

e—zseupl(rh2 2 (zLm) 48027 tl(zz,xz)) A(CON(Ca),
and
(10.15)

P*(X;, € C1, X, € Cy) <

P (0,0)pt,-1,(0,0)

]R"'l +n2

1)2
21,T 6 22,T2
xc, (z1, z2)e” (z1,21) -8 0%( )

— inf (2, (z1,y1)+62%, (22,92))
(/ € recMhec,Biat FLU)H, (enn Xc (Y1, Y2)dy1dys | dzidzs
Rr1+n2

(6 ( )2, (22,y2))
Sptl(ovo)ptz—h(ovo) IECI yEC o = tl o )‘n(CZ)

—58)2&1,xx)—éif”(zz,xz)dx dIEz

. (1)2
—:eCir.lgecz 5:2 ~h
S Dty (0; O)ptz—tl (0’ 0)6

[mﬂz Xy (21, T2)e

(z1 ,y1)+5t2 t1 (x2,92))

— inf (6{1%(21,21)+6{7%(22,22))

e zeCy /\n(Cl))\n(Cz)
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We now want to specialize further. We consider the case where C; = Cj1 X
erg, ] = ].,2, and Cj,i - ]an‘

P*(Xy, € C1, Xy, € Cy) =
ptl (O, O)ptz—tl (O) 0) R™1+n2

(1)2 (2)2
(.[R"I"'nz C_Jtz—tl (l‘l,yl)e_‘stz—tl (rz,yz)X02 (yl, y2)dy1dy2) dxldxz

(2)2
4

12 2)2
XC)($1,$2)6—6‘(1) (21"”1)‘551) (22,x2)

1)2
_551)

(Z] lxl)_a (zz,:cz)

= Pu (07 0)ptz—f1 (0’0) ch(xl)XCn(%)e

R™1 +ng

_sm2 _(2)2
(Agnﬁnz ¢ 5c2-:1( hyl)e 6¢2_¢1($2»y2)xcm (yl)Xczz(yZ)dyldy2) dxlde
502, 52,
= py, (0, 0)ps,—t, (0, 0) /]-z"l Xon (T1)e 6" (z1,21) - Xou, (T2)e 8, (z2,22)

_g(b2 _s(2)2
([Rnl e ftn @)y (yl)/nm e 6‘2—'1(”2’”))@22(yz)dyldyz) dz,dz;
= P*(X}' € Cn, X' € Ci) P*(X][" € O, X3! € Ca).

Now for P*(X{' € C'u,Xt'ﬁ‘ € Cy2) and P"Z(Xt’f2 € C’gl,Xfﬁ’ € Cy) we can
apply the previous results.

Remark 10.1. The process (thzo) associated with the characteristic expo-
nent, i.e. symbol, (10.11) splits into the processes (X )i»0 and (X¥?)is0,
ie.
(X = (X, XP))ezo0

In case we consider product sets C; x C; C R™ x R™ the process (Xt'l’ )t>0
is decoupled, we need only consider the components to obtain results for
(Xtd’ )t>o- This is of course the content of the last calculation. From the
geometric point of view matters are easy too, we are dealing with products
only. However, in case that C C R™ x R™ is not of product structure, we
start to observe a type of coupling of (X;*);>0 and (X2),»0 of both processes.
In particular, due to the non-isotropy we discover that while the products of
balls in (R™ x R™2, 6" ® 6¥2) and the balls in (R", 6¥) give rise to the same
topological space, their geometric impact (for example on estimates) is quite
different.

If C; # Cj x Cjo, 3 = 1,2, in general, it’s complicated to estimate if
we take arbitrary C;, but if we take C; = B (0), Cy = o=t (0), where

6 = 5t(11 2 4 5t(12 2 and 0, = t(ll)_ztz + 5t(12)_2t2, therefore, we have

P*( Xy, € C1, X1, € Cy) = /R _ph(2,7)xc (x) [Rn Pl X, (y)dydz

- =z _52
= P (Opu,(0) [ e, (@) [ ek x, (2)dyde
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So we have upper bound and lower bound of P*(X;, € C1,X3, € Cs),

(10.16) pr, (0)pt,—s; (O)A™(B21 (0))A™(Br2™(0)) < P*(X,, € C1, Xy, € C3)
< Piy (0)pt, 1y (0)e ™I A™(B21(0))e "2 A™(Bri2 ™" (0))
Example 10.2. If we take C; = BY*(0) x BY?(0), Cy = B¥'(a1) x BY*(a,),

where 9;(£) = |£]? and ¢1(n) = |n|, therefore, from (10.14) and (10.15), we
have

P*(X;, € C1, Xy, € Cy) >

- sup (65;)_2:1 (zlvyl )+6g(;)_2¢1 (zZ)UZ))

Pa(0, 0P, (0,0)c =<crec N (Ce)
— sup (6 (z1 £1)+5( » , (22,22))
e T€C] A2(Cl)
1 1 1 1 1

>_X—‘X—X‘—X X —
- 2\/7l't m t 2 (t2_t1) m t, — 4

e (‘(T—S 2In((t2—1)2)+In((t2~t1)*+max{jas —1},]1+a1]}2 ) +In((t2—t1)2+max{laz—1],laz+1} ))
22422 14+(tp~t))?

X4 Xe (41‘2 T2 ( (ta—t1) )) X 4

and

P*(X;, € C1, Xy, € Cy) <

(G52, (@1,50) 482, (z2.42))

Pty (O O)ptz—tl(o 0)6 zecl yEC 2(02)

— inf (651)2 (21, :::1)+5 (22 x2))

e *€C1 2(01)
<__Xlxlx;xlx;

T2ymty ot 2wt —t) T ta—t

e ~ (aeEry ~2n((t2—11)?) +In((t2—t2)*+max{sgn((a1 ~1)(1+a1)) 0} min{las —1}1-+a1]}2))

X e~ ln((tz—tl)2+max{sgn((a2—1)(az+1)),0} min{|a2—1|,|az+1|}2)

2242 1+(t2—t])2))
X4 xe (‘“‘2 5+2]"( (t2=t1) x 4

Example 10.3. If we take C; = BY(0,0), C, = BY (a1, az), where ¢(€,7) =
|€|2 + |n|, therefore, from (10.14) and (10.15), we have
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P*(X:, € Ch, X, € Co) 2

— sup (5(1)2 (xx,y1)+6( )2 , (z2,92))

P, (0 0)pt2—t1(0 O) Z€C1VE )\2(02)
- sup (6 (z1,21)+5§ 2 (22,22))
e o X(Cy)
1 1 1 1 1 1

> —X— X=X ———— X — X ————
= 27t ™ t1 2 (t2 — tl) ™ to — 11
» e—(m 21n((t2—t1)2)+In( (t2—t1)2+max{lar —1],|1+a1[}? ) +In( (t2—t1)2+max{|az 1], |a2+1|}2))
22442 to—t1)2
X M X e (4(1.‘2 5+2] (IE(Z—‘:)E) )) X §\_/_..§
3
and
Pz(th € Cl,th € Cz) <

(6( )2 ,( )62 2 (z2,92))
b, (0 0)pt2 —t (O 0)6 zecl UEC TLY1) 7Ot~y \T20Y2

e_z'encf‘ (6() (zl,z1)+5 tl(lz,wz))

A (Co)

N (Cy)

< 1 N 1 y 1 y 1 N 1 y 1

2wty wm oty 9 m(te—t;) T ta—th

x e_(mz_5 ~21In((t2~t1)?)+In((t2—t1)2+max{sgn((a1 ~1)(1+a1)),0} min{|as — 1||1+a.1|}2))

X e~ ln((tz—t1)2+max{sgn((a2—1)(a2+1)),0} min{|a2—1|,|a2+1|}2)

22422 14+(tg—t1)?
X M X e (41‘2 5+21 ( —ty) )) X 8__\/5
Example 10.4. If we take C; = B2 (0 C'2 6“ ~*2(0), where § is related
1
to ¥(&,n) = |€]2 + |n|, we calculate d as follows
— —(n1+n2) i(x1,x2) (§,m)
pu(ar,z0) = (2m) =) [ e dédn
= (Qﬂ)—(nﬁnz) e—i(x1£+r2n)e—t(lE|2+lnl)d§dn

R™ xR"2

— -n —iz1€ —t|¢]? y¢ | —n2/ —izan ,—t|n|
(2m) [Rnl e keI dE - (2m) s € e Mdn

= pe(21)pe(z2)

Since we know the § values of Gaussian and Cauchy process from the paper
[20], therefore we can deduce that

2

8(z1,z0) = 4t

— In(#?) + In(¢2 + z2),
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from(10.16), wehave P*(X;, € C1, X4, € Cy) >
1 y 1 N 1 N 1 y 1 y 1
2ymty Tt 2ym(t,—t) T ta—t

and

PZ('th € Cl)th € CZ) S
1 1 1 1 1 1

—F X — X — X —F/—= X — X ————6_1)\2 B‘Stl 0 6—1)\2 sttz—zl 0
2\/7('t1 Vs tl 2 W(tz—tl) T t2_t1 ( 1 ( )) ( 1 ( ))

Since the volume of the metric balls are hard to calculate even using Math-
ematica, we can not calculate the exact estimates of the above.
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Chapter 11

Some Graphical Experiments

We have seen that in many cases of Levy processes there is a natural
geometric interpretation of the transition functions involving two t— dependent
families of metrics. These metrics are in general non-isotropic.

In case we are dealing with Markov processes generated by non-translation
tnvariant operators, i.e. by pseudo-differential operators having an — dependent
symbol, in general we do have neither explicit formula for the transition func-
tion nor so far a geometric interpretations of these transition functions. How-
ever, using some symbolic calculus or other approximation procedures, com-
pare [29] or [6], it is possible for small time and locally with respect to some
point o in the state space to compare such transition function with those of
the corresponding Levy process obtained when freezing the coefficients of the
generator, i.e. the x—dependence, at xo. Thus one might have the idea to
approzimate a probability such as

P*(X;, € Gy, Xy, € Gs)

by probabilities calculated with the help of transition functions of certain Levy
processes. Thus it is a natural question to study, i.e. to compare the tran-
sition functions (and the underlying metrics) of Levy processes obtained by
freezing the coefficients of a given generator at different point, i.e. to compare
transition functions

ptxj (z—y)= (27r)‘"/2 A&n ei(m—y)‘fe—tQ(w",E)dg

for a sequence (:cj)jeN in state space.

We know that in general we have to handle non-isotropicc operators (met-
rics, transition functions) and hence it is important to have some knowledge
how the non-isotropy develops when x; runs through a set of points.
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In order to have concrete functions and an affordable amount of calcula-
tions we restrict the case study to the symbol

a(z,y,€,n) = a(y)|E* + b(z)|7]

where z,y € R as are £,n € R. Freezing the coefficients leads to consider the
characteristic functions

a(yo) €| + b(zo)In|

and the corresponding Levy processes. In this case we find

(z0,y0) (

P! p(mo yo)(o 0)e” 82 (20.v0) ((B1¥1):(%2.,42))

Ty — T2, 0% — yz)

h
where 1

2m3/2t3/2, [a(yo)/b(o)
with corresponding metric d(””0 W ((&1,m), (E2,m2)) = V(€ —n) and

5 e (01,30) 22,10)) = 2 1n((20)) (60 + (12— )

pE¥(0,0) =

The following plots show the balls with respect to the metric d(z’ 1) , the balls

with respect to the metric & zJ V1) and the transition function p( ) for dif-
ferent values of t and x, yo

In order to have a good understanding of the Levy-type transition function
p(z1, x3) = p(0,0)e~%@122)  we need to understand the metric ball

BY(0) = {(&1,&) € R? | a(yo)é1|* + b(z0) &2 < t}

and the metric ball

772
4ta(yo)

Bs,(w0.20)(0,1) = {(m, m2) € R* | ~In(£*b(z0)) +1n(t*b(z0)* +n3) < 1}.

The first set of plots shows B%(O) fort =0.3, a=1 and b running through
a set of values for b, b = 1,1.5,2,2.5,3,3.5. The second set of plots shows
Bi/’/z(O) fort=10.3, b=1 and a set of values fora, a =1,1.5,2,2.5,3,3.5.

Remark 11.1. In the following graphics we replace a(yo) and b(zo) by a and
b since we want to see the effects of isotropy and simplify the notation.
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First Set of Plots for Béb (0)

(c)t=03,a=1,b=2
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Figure 11.1: t = 0.3, a = 1, b takes the values from 1 to 3.5 in the interval of

0.5

(e)t=03a=1b=3
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Second Set of Plots for B¢(O)
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(e)t=03,a=1,b=3 (f)t=03,a=1,b=35

Figure 11.2: t = 0.3, b = 1, a takes the values from 1 to 3.5 in the interval of
0.5

The second set of plots for BY (0) shows the more interesting phenomenon,
namely a more visible change of the non-isotropic character of the ball BZb (0).
Note that we can consider each plot as belonging to one fixred Levy process,
but we can also consider the series as change of local approximation for the
transition function associated with a generator —q(z,y, D, D,) with symbol
q(z,y,€,m) = a(y)|€]® + tb(z)|n| where a and b are nice functions taking the
appropriate values for z,y € {1,1.5,2,2.5,3,3.5}.

Now we turn to the ball Bs,(z;40)(0,0) where

=t

(11.1)  &((zo, %), (0,0)) = y/ —— — In(t2b(z0)?) + In(t2b(zo)? + z3).
\/4'50(3/0)
The first set of plots refer tot =0.3,a =1 and b € {1,1.5,2,2.5,3,3.5}, i.e.
this corresponds to the first set of values consider for BZ” (0). For the second
set of plots in this case we have chosent=0.5,a=1andbe {1,...,3.5};
a third set is considered witht = 0.75, a =1 and b € {1,...,3.5}. Especially
the second and the third series of plots show very clearly how the non-isotropy
of the balls change. Next we consider the some three values of t, i.e. t =
0.3,0.5 and 0.75, we fit b =1 and let run now a through the set {1,...,3.5}.
Having in mind for example the estimates in the last chapter, we get a
better understanding by these plots to which extent the non-isotropy geometry
will affect the probabilities.
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Figure 11.3: t = 0.3, a = 1, b changes from 1 to 3.5 in the interval of 0.5
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Second Set of Plots for By,
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Fourth Set of Plots for B,
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Fitth Set of Plots for By,

1 sF

]

4 &t

- 2._
-6

....................

(a) t=05,a=1,b=1

79

(b)t=05a=15b=1




6F ] 6F

s 14k

2. 2

-2} 1 -2

-4 4 -4

-6 L L s L L q -6” \ N L L |
-4 -2 0 2 4 -4 -2 0 2 4

()t=05a=2b=1 (d)t=05a=25b=1

6 T T T T T T T T ) 6F T T LR A S s T

4 41

2 Flg

—— —

: < > S -

af 15

-4 4 -4

-6F 1 F I T S S PR :' -6L, I - M I 1
-4 -2 0 2 4 -4 -2 0 2 4

(e)t=05,a=3,b=1

80

(f)t=05,a=350b=1

Figure 11.7: t = 0.5, b = 1, a varies from 1 to 3.5 in the interval of 0.5
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Sixth Set of Plots for B,
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We come to the graphic study of p(z1,z2). We know

, ——L + In(t?6%) — In(t%° 2)
e, 2) = 5 (— 2L + () — (P8 + )

The following plots corresponding in the first set tot = 0.3, a = 1 and
be{1,...,3.5}, while in the second settot = 0.3,b=1anda € {1,...,3.5}.
It is the first series which shows best character the non-isotropy may develop.
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Chapter 12

Towards a Study of Transition
Functions for Levy-type
Processes

Before we start to address how we may study and interpret the transition
function of a stochastic process generated by a pseudo-differential operator
with variable coefficients, i.e. an operator —q(z, D) with a symbol q(z,&)
which is with respect to € a continuous negative definite function and not
constant with respect to x, we need to collect more information on the trans-
lation invariant case. In this case q(z, &) = (&) is just a continuous negative
definite function. As such v need not be smooth, take as example the func-
tion ¥(€,n) = |€|*+n?, 0 < a < B <2, £ € R", n € R™. Further ¢ need
not be convexr and in addition, in general we can not decompose in a series
of homogeneous terms, and even in case where this is possible, the highest
order form does in general not provide us with a reasonable principal symbol.
Just have a look at Y(&,n) = [€]*+n)f, 0 <a< B <2 R, n<R™
The leading homogeneous term is |n|?, but it does not give any control on the
&—dependence. This example highlights also a further problem, namely the
fact that in general a continuous negative definite function is non-isotropic.

Thus the idea to transfer ”standard” techniques used to handle elliptic
operators, i.e. operators with a well-defined homogeneous, isotropic principle
symbol which is eventually smooth (everywhere but at the origin) and which
controls the full symbol, hence the operator, this idea does not look promising,
not even in case of translation invariant operators, i.e. generators of Levy
processes. In fact already the definition of the spaces HY*(R™) takes this into
account, we use the full symbol, not a part of the symbol. Note that we may
decompose v according to 1 = 1 + 2 and assume that limp_eo %g = 0.
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In this case H¥*(R™) and the two norm || - ||y, s and || - |ly,s are equivalent,
however this decomposition is in general not unique.

Further, when looking at symbols depending on z, i.e. q(z,€), for differ-
ent x1,22 € R" the symbols q(x1,£) and q(xo,&) with "frozen” coefficients
may have different order which need not be varied in discrete steps, consider
the symbol q(z,€) = |€]°®, 0 < a(z) < 2 for all z € R™. Thus, even in
case we can develop a "good” theory for the operator — (D), and the asso-
ciated semigroup and stochastic process, we can not expect to transfer it to
operators —q(zx, D) and their associated semigroups and processes since the
properties of —q(x, D) and —q(ze, D) may change and become quite unre-
lated. Subordination of variable order, i.e. symbols of type of f(z,¥(&)) or
even f(z,q(z,€)) give examples, compare [6] or [7] . Here for every x the
function v — f(z,r) is supposed to be a Bernstein function.

Despite all these obstacles, there are some thoughts we may follow up and
for this we first want to sketch some basic ideas, some of which we indicated
already in Chapter 7. Let q(z,&) be a negative definite symbol, i.e. for every
z € R" fized £ — q(z,€) is a continuous negative definite function. Suppose
—q(z, D) is (or extends to) a generator of a Markov or Feller semigroup
(Ti)i>0 and assume that T; has a density, i.e.

m /N f NN T

Denote the corresponding process by ((X;)es0, P?)zern. Thus

(12.1) P*(X, € C) = Tyxc(2) =

| = Jon XeW)pi(2,y)dy = /Cpt(z,y)dy-
= | xc(y)p

[ xeWp(z,9)dy = [ pulz,v)dy.

Next we freeze the coefficient of g(z, D) at x € R™, hence we obtain a contin-
uous negative definite function ¥, (€) = q(z,€). Denote by ((Y{)e>0, 11Z)ern
the corresponding Levy process i.e.

(12.2) E* (Y5 = (2m) ™2 / 4TI y e (dw)
= (2m)™? [ 0y (dw)
with

(12.3) fi(£) = e~ta(=4),
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Here IIZ ys denotes the distribution of Y," under II7. Thus, from (12.8) we
deduce for the density pf of (S¥)i>0, where

(12.4) Stu(z) = [ u(z = wp(dw) = [ u(w)pi(z - w)dw,
that
(12.5) pi(y) = (2m) ™2 [ eeaelge,

We may agree that the process ((Xt)tzo, P?*),crn and the processes
((Y{®)t>0,112) ,crrn are all defined on the Skorohod space D and that the ran-
dom variables are just the projections, which allows us to write X, for X, as
well as for Y7, t > 0. Thus we only need to deal with the probability measures
P? and 11z defined on D.

Following B.Bottcher, compare [4] and [5], see also Chapter 7, we know
that under suitable conditions on the symbol q(x,&) we have for the symbol
o(Ti)(z,&) of the semigroup generated by —q(z, D) the asymptotic formula

(12.6) o(T.)(z,€) = e + 1o(t,0; 2, €)

withro(t,0;z,€) — 0 ast — 0, weakly in some locally convez topology induced
on an appropriate symbol class.

Thus we may try to get an approzimation for py(z,y) by pF(z—y). We may
even think P*, z € R™ fized, "embedded” into a field of probability measures
(112)zern. While Bottcher’s result is precise it does not allow direct calcula-
tions of approximate probabilities so far. Nonetheless the idea is striking to
find for example

(12.7) P*(X,, € Cy, Xy, € Cs)

by using the probabilities (I1),crn and we want now explore on an heuristical
level how this may work out.
The starting point is of course

Pz(th € Clvxtz € 02) = T;flxcl (th—t;XCz)(Z)
= [ Pu(zv)xe ) [, Pa-n v wixe, (w)dudy
(12.8) = /01 P, (2,9) /Oz Pty—t, (Y, w)dwdy.

Clearly, we have to assume t; and ty — t; to be small, and Bottcher’s result
also suggest that |z — y| and |y — w| are small. However, y varies in C; and
w in Cs.
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Suppose we can get a good approzimation (given some error bound €)
where |z — y| and |y — w| are small. Thus assume the ezistence of a € R™
and b € R™ such that

(12.9)
max (sup{la — y| | y € Ch},]a — 2|,sup{|b - y| | y € C1},sup{|b — w| | w € C3})
<é

implies we get a good error bound, then we may replace

(12.10) /c 1 P (2,9) /C2 Pto-1, (y, w)dwdy
by
(12.11) L Pz =9) [ Pl (v = w)dudy.

Before we discuss further the problems of getting estimates, let us discuss
(12.11) in light of our non-isotropy problems and the geometric interpretation
of the transition function of a Levy process.

Suppose that the transition density of a Levy process is given by

(12.12) pt(m —_ y) f— pt(o)e_atz($1y)

with a metric & on R™. Due to the translation invariance, in the following
it s sufficient to restrict ourselves to the case x € R™ and y = 0. Since

1
12.13 e~ @0) gy —
( ) —/" Pt(O)

we know that given € > 0 there erists R = R(€) such that

(12.14) / e %0z < €
B (0)

However our studies in Section 10 suggest that not the Euclidean balls B%(0)
captures the shape of p;(-) best.
In case we know that

(12.15) limyz| 00 67 (2,0) = 00,

then for every € > 0 we can find some r = r(€) such that

(12.16) / e gy < ¢
(B (0))°
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In this case we find

(12.17) P'(X,€C) - / pi(0)e= @0z < ¢,

(B7 (0))nC
and it is the knowledge of the metric geometry, i.e. the shape of the ball
B%(0), which allows to get an approzimation of P°(X; € C). Clearly, a
more detailed knowledge of C' will lead to an improved estimate.

Now we return to (12.11) and under the assumptions made above we note
that given € > 0 we can find r; and ry such that

e_ég,tl(y)o)dy C_Jg'tZ_tl(y'O)dy

(1218) 20 (0p4(0) |

s Sp.t0—
Ci1NB; ' (a) CanB,y*2 7" (b)

is an approzimation of (12.11). Note that we have to deal with two different
metrices reflecting the fact that at different points in general we have to expect
a different (metric) geometry governing the process.

So far the consideration in the section form a programme for future re-
search. We pointed out in a heuristical manner what we expect to hold in lack
of any knowledge of off-diagonal estimates for transition functions of pro-
cesses generated by (non-isotropic) pseudo-differential operators —q(z, D).
The emphasis is on the geometric structure of the transition function.

Of course, the example used in Section 10 may serve once again for cal-
culation.

A more challenging problem is to find first evidence in form of estimates
which turn our ideas into theorems. While for the considerations leading
to (12.18) estimates are attainable in such concrete case, it seems that the
current state of the art does not allow to derive estimates for

| /Cl P, (2,9) /CZ Pty—t, (Y, w)dwdy — /C1 pi (2 —y) /CZ Py, s, (y — w)dwdy|.
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