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Abstract

Nowadays, stochastic differential delay equations with jump processes are
playing an important role in science and industry, particularly, in economics,
finance and engineering. This thesis focuses on studying the strong con-
vergence and almost sure stability of many kinds of stochastic differential
delay equations with jumps and its approximations. First of all, we intro-
duce the uniqueness and existence of the global solution of neutral stochastic
differential delay equations with jumps under the local Lipschitz condition
by using the Lyapunov function and semi-martingale convergence theorem.
Then the convergence of Euler-Maruyama method for neutral stochastic dif-
ferential delay equations with jumps has been proved and the rate has been
estimated both under global Lipschitz condition and local one, for this pur-
pose we also define the continuous approximate solution from the discrete
approximation. Meanwhile, we analyze the almost sure exponential stability
of Euler-Maruyama method for neutral stochastic differential delay equa-
tions with jumps, which is derived from the moment stability. Furthermore,
we study the strong convergence and almost sure stability of theta Euler-
Maruyama method for neutral stochastic differential delay equations with
jumps under the local Lipschitz condition and the monotone conditions us-
ing the discrete semi-martingale convergence theorem. Then we introduce
the Skorokhod problem, and estimate the uniqueness and existence of the
solution of reflected stochastic differential delay equations with jumps, es-
pecially, we separate the jumps into the large and small jumps and study
the stability in distribution under the local Lipschitz condition. At last we
estimate the strong convergence of implicit balanced methods for neutral

stochastic differential delay equations with jumps.
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Chapter 1

Introduction

1.1 Background

Stochastic differential equations (SDEs) are increasingly playing a significant
role in many branches of science and industry. Such models have been used
with great success in a variety of areas, including biology, epidemiology, me-
chanics, economics and finance. The models have been well developed in
extensive literature, for example, [5, 15, 17, 20, 31, 34, 38]. The numerical
methods on SDEs have been further established and they can be referred
to, for instance, [8, 9, 11, 26, 29, 37, 39, 44, 56, 40, 55]. The importance
of stochastic differential delay equations (SDDEs) derives from the fact that
many of the phenomena around us do not have an immediate effect at the
time when they occur. A patient, for example, may show symptoms of ill-
ness days (or even weeks) after he or she was infected. Generally speaking,
in almost any area of science (medicine, physics, ecology, biology, economics,
etc.) we can end many systems for which the principle of causality, i.e., the
future state of a system is independent of the past states and is determined

solely by the present, does not apply. Many dynamical systems do not only



|

depend on present and past states but also involve derivatives with delays.
In order to incorporate this time lag (between the moment an action takes
place and the moment its effect is observed) into our models, it is necessary
to include an extra term which is called time delay.

Furthermore, the neutral stochastic functional differential equations are
important for their applications to chemical engineering systems and aeroe-
lasticity [31, 32]. In [40], neutral stochastic differential delay equations (NS-
DDEs) depending on past and present values but that involves derivatives
with delay as well as the function itself, such equations are difficult to mo-
tivate but often arise in the study of two or more simple oscillatory systems
with some interconnections between them. Mao investigated existence and
uniqueness, moment and path-wise estimates, exponential stability of neu-
tral stochastic functional differential equations. In the past few decades, the
theory of NSDDEs has also received a great deal of attention.

Moreover, stochastic differential delay equations with jumps (SDDEwJs)
have been widely used in many areas of science and industry, especially, in
economics, finance and engineering, for example [13, 36, 52, 49]. Since most
SDDEwJs cannot be solved explicitly, numerical methods have become essen-
tial. There is extensive literature on the numerical simulation for stochastic
differential equations with jumps (SDEwlJs) [23, 24, 12] and for SDDEwJs
(35, 53, 27].

On the other hand, most of the existing results of the solutions for SDEs
are proved under the global Lipschitz condition. However, there are many
SDEs that only satisfy the local Lipschitz condition. It is very useful to

establish solutions for them.



1.2 Overview of Study

In this paper we focus on the analysis of neutral stochastic differential de-
lay equations with jumps (NSDDEwJs). Chapter 2 shows some notions for
instance Brownian motion, jump process and some useful inequalities. For
SDEs, there are two very natural concepts, namely mean-square stability
and asymptotic stability. Asymptotic stability is more amenable to analyze,
and hence this property dominates in the literature, especially [43] works in
the almost surely asymptotic stability of NSDDEs with Markovian switch-
ing, so in chapter 3 we investigate the almost sure asymptotic stability of
NSDDEwJs under the local Lipschitz conditions by using Lyapunov func-
tion and semi-martingale convergence theorem. By the elicitation of [27]
and [54] which study the strong convergence of Euler-Maruyama method
for stochastic differential delay equations with jumps (EMSDDEwJs) under
the local Lipschitz conditions and calculate the convergence rate, we change
the model to the NSDDEwJs in chapter 4 which analyze the strong con-
vergence of EMNSDDEwJs, under the global Lipschitz conditions as well
as the local one, and obtain the rate of convergence as well. Under the lo-
cal Lipschitz conditions, [54] studies the almost sure exponential stability of
Euler-Maruyama method for neutral stochastic differential delay equations
with jumps (EMNSDDEwJs), which is derived from the moment stability;
and [51] uses the monotone conditions to solve the strong convergence and
almost sure stability of several EM type methods for SDEs. In chapter 5
we continue to work with the almost sure exponential stability of EMNS-
DDEwJs and strong convergence and almost sure stability of theta-Euler-
Maruyama method for neutral stochastic differential delay equations with
jumps (TEMNSDDEwJs) respectively under the local Lipschitz conditions

based on the continuous and discrete semi-martingale convergence theorems.
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Chapter 6 focuses on the stability in distribution of reflected stochastic differ-
ential delay equations with jumps (RSDDEwJs) under local Lipschitz condi-
tions by [10] which using the notion of Skorokhod problem. The last chapter
proves the order of strong convergence of implicit balanced method for neu-
tral stochastic differential delay equations with jumps (BNSDDEwJs) which

can be referred in [46] by using an important theorem in [45)].

11



Chapter 2

Notation

2.1 Basic Probability Theory

The outcome of studying mathematical of trials depend on chance by using
probability theory. All the possible outcome which we call the elementary
events are grouped together to form a set {2 with an typical element, w € €.
Usually we only group the observable or interesting events together as a
family F of subsets of {2 because which are not include every subset of €.

For the purpose of probability theory, F should have the following properties:

e () € F denotes the empty set;
e Ac F = A° € F, where A° = () — A is the complement of A in ;
) {Ai}iZI CF=> U?ilAi e F.

A family F with these properties is known as a o-algebra. The pair (2, F)
is called a measurable space, and the elements of F is called F-measurable

sets.
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A real-valued function X : 2 — R is said to be F-measurable if
{w: X(w)<a}eF forallaeR.

The function X is also called a real-valued random variable. An R™-valued
function X(w) = (X1(w), ..., Xn(w)) is said to be F-measurable if all the
elements X; are F-measurable. Similarly, a n x m-matrix-valued function
X(w) = (Xij(w))nxm is said to be F-measurable if all the elements X;; are
F-measurable. The indicator function /4 of a set A C Q is defined by
La(w) = { 1 for weA,
0 for w¢g A
The indicator function /4 is F-measurable if and only if A is an F-measurable
set,i.e. A€ F.
A probability measure P on a measurable space({2,F) is a function P:

F — [0,1] such that

e P(Q)=1;

e for any disjoint sequence {A;}i>1 C F,

PUR,A:) = > _P(A)).
i=1
The triple (2, F,P) is called a probability space. It is called a complete
probability space if we set
F={ACQ:3B,C€F suchthat BC AcC C,P(B)=PC)}.

Then F is a o-algebra and is called the completion of F.
In the sequence of this section, we let (2, F,P) be a probability space.
If X is a real-valued random variable and is integrable with respect to the

probability measure PP, then the number
EX=/X@W@)
Q
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is called the expectation of X with respect to P. For p € (0,00), let L? =
LP(Q;R") be the family of R™-valued random variables with E|X|? < co. In
L', we have EX < E|X]|.

Moreover, the following two inequalities are very useful:

Holder’s inequality
[E(XTY)| < (E|X]?)7(E|Y )3 (2.1)

fp>1,1+1=1,Xelr,YeLy
Chebyschev’s inequality

P{w: |X(w)| > c} < cPE|XP (2.2)

ife,p>0, X € LP.
Let X and Xk, k£ > 1, be R"-valued random variables. The following four

convergence concepts are important:

o If there exists a P-null set {2y € F such that for every w not in {2y, the
sequence {Xy(w)} converges to X(w) in the usual sense in R", then
{ X4} is said to converges to X almost surely or with probability 1, and

we write lim,_,. X = X a.s.

o If for every € > 0, P{w : | Xi(w) — X(w)| > €} — 0 as k — oo, then
{X4} is said to converge to X stochastically or in probability.

o If X, X € L? and E|X) — X|P — 0, then {X\} is said to converge to
X in LP.

e If for every real-valued continuous bounded function g defined on R”,
limg_,00 Eg(Xk) = Eg(X), then { Xy} is said to converge to X in distri-

bution.
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Both the convergence in L” and the a.s. convergence implies the convergence
in probability which leads the convergence in distribution. There are some
important integration convergence theorems and lemmas in the follows (see

[65, P8 Theorem 1.1, 1.2] and [1, P7 Corollary 1.1.2] respectively) that

Theorem 2.1 (Monotonic convergence theorem) If {X,} is an in-

creasing sequence of non-negative random variables, then
lim EX, = 1E< lim Xk>.
k00 k—o0

From this we easily deduce

Lemma 2.1 (Fatou lemma) If { X} is a sequence of non-negative random
variables, if there exists a integrable random variable Y such that X <Y
for all k, then

E(limsup Xk> > limsup EX.

k—oo k—oo
Theorem 2.2 (Dominated convergence theorem) Let p > 1, {X)} C
LP(;R™) andY € LP(Q;R). Assume that | Xi| <Y a.s. and {X;} converges
to X in probability. Then X € LP(Q;R™), { X} converges to X € L?, and

klim EX, =EX.
Now let {Ax} be a sequence of sets in F. The set of all those points

which belong to all Ay is called the inferior limit of Ak, and is denoted
by liminfy_,,, Ag. Clearly,

lim inf Ak = U?il ﬂz‘;i Ak.
k—oo

The set of all those points which belong to infinitely many A, is called the

superior limit of A; and is denoted by limsup,_, ., Ax. It is easy to see

limsup Ay = N;2; Upz; Ay.

k—oo

15



Moreover,

li,zn inf Ay C limsup Ag.

k—o00

With regard to their probabilities, we have the following well-known lemma

[55, P10 Lemma 1.2].
Lemma 2.2 (Borel-Cantelli lemma)
o If {Ak} C F and 3 ;7 P(Ar) < 00, then

P(lim sup A;) = 0.

k—o0

That is, there exists a set 2y € F with P(2;) = 1 and an integer-valued
random variable k; such that for every w € 1y we have w is not in Ag

whenever k > ky(w).
o If the sequence {Ar} C F is independent and Y o P(Ax) = oo, then

P(limsup Ax) = 1.

k—o0

That is, there exists a set dp € F with P(22) = 1 such that for every
w € Qy, there exists a sub-sequence { Ay} such that the w belongs to

every {Ax,}.

Let A,B € F with P(B) > 0. The conditional probability of A under

condition B is
P(AN B)
P(B)
We also need the more general concept of condition expectation. Let X €

L'(;R). Let G C F be a sub-o-algebra of F so (£, G) is a measurable space.

P(A|B) =

In general, X is not G-measurable. We now seek an integrable G-measurable
random variable Y such that it has the same values as X on the average in

the following sense
E(IgY) =E(lgX) ie. /GY(w)]P’(w) = /GX(w)]P’(w) VG e g.

E(IgY) = E(IgX) ie. /G Y ()P(w) = /G X()P(w) VG eG.
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Any such random variable Y is called the conditional expectation of X given

G and it is written

Y = E(X|G).

2.2 Stochastic Processes

Let (2, F,P) be a probability space. A filtration is a family {F;}s>0 of
increasing sub-o-algebra of F. (ie. Fs C Fy C Fforal 0 < s <t < o0).
The filtration is said to be right continuous if F, = N, F, for all ¢ > 0.
If the probability space is complete, we say the filtration satisfies the usual
conditions if it is right continuous and F; contains all P-null sets.

From now on, unless otherwise specified, we let (Q,F, {F:}i>0,P) be a
complete probability space with a filtration {F;}:>¢ which satisfies the usual
conditions and any stochastic processes will be defined in this space.

A stochastic process is a family of R"-random variables {X;};>0, indexed
by a real parameter ¢t and defined on a common probability space (2, F,P).
The parameter set ¢ usually represents time and so its parameter set [ is
usually the half line Ry = [0,00), but it may also be an interval [t;, 5] or
{0,1,2,...}. It is worth noting that for each fixed t € I we have a random
variable

Q35w — X (w) e R™.
Meanwhile, for each fixed w € 2 we have a function
I>t— Xi(w) eR",

which is called a sample path of the process. Sometimes we write X (¢,w)
instead of X;(w), and the stochastic process may be regarded as a function
of the two variables ¢ and w from I x Q to R™. A stochastic process {X}}:>0

may sometimes be written as {X,}, X; or X(¢).

17



An R™-valued stochastic process { X;}:+>¢ is said to be continuous (respec-
tively right continuous, left continuous) if for almost all w € §2 the function
X:(w) is continuous (respectively right continuous, left continuous) on ¢ > 0.
It is said to be integrable if X; is an integrable random variable for every
t > 0. It is said to be {F;}-adapted (or more simply, adapted) if, for every
t, X; is J; measurable.

An {F;}-stopping time is a random variable 7 : Q@ — [0, 00] (it may take
the value 0co) for which {w : 7(w) < t} € F; for any ¢t > 0.

An important type of random process which we must introduce is the
martingale process. A martingale with respect to {#;} (or more simply,
martingale) is an R"-valued {F;}-adapted integrable process {M,}:>o satis-
fying

E(M}|Fs) =M, as. forall 0<s<t<oo.
The process is said to be a super-martingale (respectively sub-martingale)
if equality is replaced by < (respectively >). A right continuous adapted
process M = {M,;};>0 is called a local martingale if there exists a nonde-
creasing sequence {7 }x>1 of stopping times with 7, 1 0o a.s. such that every
{Mipr, — Mo}s>0 is a martingale. While every martingale is a local martingale
by [565, P15 Theorem 1.5], the opposite is not true.

We can describe a stochastic process X = {X;};>0 as being square-
integrable if E|X;|?> < oo for every ¢t > 0. Let M = {M;};>o be a real-valued
square-integrable continuous martingale, there exists a unique continuous in-
tegrable adapted increasing process denoted by {(M, M),}, and called the
quadratic variation of M, such that {M2 — (M, M),} is a continuous mar-
tingale vanishing at t = 0. If N = {N;}:>0 is another real-valued square-
integrable continuous martingale, we define (M, N); = 3((M+N,M+N), -
(M,M); — (N,N);), and call {(M, N);} the joint quadratic variation of M

18



and N. It is useful to know that {(M, N);} is the unique continuous inte-
grable adapted process of finite variation such that {M;N; — (M, N),} is a
continuous martingale vanishing at { = 0. For two real-valued continuous
local martingales M = {M,};>0 and N = {N;}>0, their joint quadratic vari-
ation {(M, N),} is the unique continuous adapted process of finite vanishing
att=0.

For R™-valued martingale we have the following well-known Doob’s mar-

tingale inequalities [55, P18 Theorem 1.11].

Theorem 2.3 (Doob’s martingale inequalities) Let {M,;};>o be an R"-

valued martingale. Let [a,b] be a bounded interval in Ry,

e Ifp>1,c>0 and M; € LP(Q;R"), then

E|M,?
P{w: sup |My(w)| > c} < A (2.3)
a<t<b cP
e If p>1, and M, € L?(Q2;R™), then
P p
IE( sup |Mt|”) < (—) E|M,|P. (2.4)
a<t<b p—1

2.3 Brownian Motion

Brownian motion is the name given to the irregular movement of pollen, sus-
pended in the water. It was first observed by the Scottish botanist Robert
Brown in 1828. The range of applications of Brownian motion covers areas
such as physics, biology, economics and many more. The first quantitative
work on Borwnian motion is due to Bachelier (1990), but Einstein (1905) de-
rived the transition density for it. A rigorous treatment of Brownian motion

began with Wiener (1923), who gave a mathematical representation.
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Definition 2.1 Let (2, F,P) be a probability space with a filtration {Fi}:>0-
A 1-dimensional Brownian motion is a real-valued continuous {F;}-adapted

process { B(t) }1>0 with the following properties:
e B(0) =0 a.s.;

e the increment B(t) — B(s) follows a normal distribution with mean zero

and variance (t — s) for 0 < s <t < oo;

e for 0 < s <t < oo, the increment B(t) — B(s) is independent of F.

Definition 2.2 A d-dimensional stochastic process { B(t) = (B(t), ..., B4(t))}
is called a d-dimensional Brownian motion if every B'(t), with 1 <1 <d, is

a 1-dimensional Brownian motion and {B'(t)},. .., {B%t)} are independent.

The increment B(t) — B(s) is normally distributed with mean zero and co-

variance matrix (¢ — s)Iy, where I is the d x d identity matrix.

2.4 Stochastic Integrals

In this section we shall define the stochastic integral

/ ' F(9dB()

with respect to a d-dimensional Bro /0 F($)dB(t), {B(t)} for a class of m x d-
matrix-valued stochastic process {f(¢)}. Since {B(t¢)} has unbounded vari-
ations, for almost all w € 2, the Brownian sample path B(w) is nowhere
differentiable, and so the integral cannot be defined in the usual sense. How-
ever, K. Ito succeeded to give a definition of the stochastic integral using the

stochastic nature of Brownian motion.

20



Let (22, F,P) be a complete probability space with a filtration {F;}+>0
satisfying the usual conditions. Let B = {B(t)}:>0 be a 1-dimensional Brow-
nian motion. Let L%(Q,R) denote the space of all Fi-adapted stochastic
processes f; = fiy(w) such that

]Elft|2 <o

The space of all R-valued, F;-adapted stochastic processes f; = fi(w) such
that

b
1712, = / F(B)Pdt < oo
is denoted by M?([a, b]; R).

A real-valued stochastic process f = {f(t)}:>0 is called a step process if
there exist a partition a =ty < t; < --- < t, = b of [a,b], and bounded

random variables &;, 0 < i < n — 1 such that & is a F;,-measurable and

n—1
() = &0l (t) + Z&I(t,-,uﬂl(t)-
i=1

For this step process f, the stochastic integral of f with respect to B(t) is

defined as a random variable

b n—1
f F(®dB(t) = 3 &(Buss - Bu).

i=0
Definition 2.3 Let f € M?([a,b];R). The Ité integral of f with respect to
B(t) is defined by

b b
[ 10dB0 = tm [a0iBe) o @)

where {g,} is a sequence of step process such that

b
lim E / 1£(8) = ga(t)Pdt = 0.

21



Definition 2.4 The total variation of a real-valued stochastic process f, de-

fined on an interval [a,b] C R is the quantity,

np—1

VA(f) = sup Z |f (Xi1) = FOX)I.

where the P = {p = {Xo, ..., Xn, }|p is a partition of [a,b]}. A real-valued f

defined on [a,b], if its total variation is finite.

Definition 2.5 Let X = {X}1>0, Y = {Yi}i50 be two real-valued stochastic

processes, the quadratic variation of X is
n
(X, X)e = lim 3 (X, ~ Xy )%,
llpll—0 4=
where p ranges over partitions of the interval of [0,t], the ||p|| s the longest

of these subintervals, that is max{|X; — X,;_1|: j=1,...,n};
(X,Y) = "’l)i"IEOZ(th = Xo ) (Yo, — Youoo)-
k=1
We shall now extend the It6 stochastic integral to the multi-dimensional case.
Let {B(t) = (B(t),. .., B4t))T };>0 be a d-dimensional Brownian motion de-
fined on the complete probability space (€2, F,P) adapted to the filtration F;.
Let M2([a, b]; R"*¢) denote the family of all m x d-matrix-valued measurable

Fi-adapted processes f = {(fi;(t))mxd}o<t<r such that

b
]E/ | (s)|?ds < oo.

Here, and throughout this thesis, |A| will denote the trace norm for matrix
A, ie. |A| = /trace(ATA).
Definition 2.6 Let f € M?([0,T];R™*¢), define It6 integral
: : fu(S) . fld(s) dBl (5)
| foaee = [ | : :
fm1(s) oo fma(s) dB(s)
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to be the n-column-vector-valued process whose i-th component is the follow-

ing sum of 1-dimensional Ité integrals

d t
Z /0 fii(s)dB(s).

The It6 integral has a number of nice properties. For f, g € M?([a, b]; R"*%)

and a, 3 are two real numbers, we note the following
e [ f(t)dB(t) is Fi-measurable;
o Ef’ f(t)dB(t) = 0;
o E| [} f(®)dB{)]? =E [ |f(t)]*dt;
o [[lef(t)+Bg(D)dB(t) = a [, f()dB(t) + 8 [, 9(t)dB(2).

Let £?(R,;R"*9) denote the family of all m x d-matrix-valued measurable

{F:}-adapted processes f = {f(t)}:>0 such that
T
/ |f(t)|?dt < 0o a.s. for every T > 0.
0

The following theorem is known as the Burkholder-Davis-Gundy inequality

[55, P70 Theorem 2.13].

Theorem 2.4 (Burkholder-Davis- Gundy inequality) Let g € M?(R,; R™*9).

Define, fort > 0,

X(t) = /Otg(s)dB(s) and A(t) = /Ot lg(s)|?ds.

Then for every p > 0, there exist universal positive constants c,, Cp depending

only on p, such that

SEIAWE < E( sup [X()P) < GBI (25)

0<s<t
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for allt > 0. In particular, one may take
cp = (p/2)P, C, = (32/p)P/? if 0<p<2
=1, Cp=4 if p=2
& =027 Cp=(p/2(p - 1) if p>2.

FEspecially, fort > 0,
B sup IX()]) <3O (26)
0<s<t

Theorem 2.5 (Gronwall’s inequality) [55, P54 Theorem 2.2] Let T > 0
and ¢ > 0. Let u(-) be a Borel measurable bounded nonnegative function on

[0,T], and let v(-) be a nonnegative integrable function on [0,T]. If

i
u(t) < c+/ v(s)u(s)ds forall 0<t<T,
0

then
14
u(t) < cexp {/ v(s)ds} forall 0<t<T. (2.7)
0
(Discrete Gronwall’s inequality) [55, P56 Theorem 2.5] Let M be a
positive integer. Let ux and vy be non-negative numbers for k =0,1,..., M.
If
k-1
u < ug+ZvjuJ~, forall k=1,..., M,
3=0
then
k-1
ukguoexp{Zv,}, foral k=1,...,M. (2.8)
7=0

2.5 Poisson Stochastic Integrals

Let X = {X:i}i>0 be a stochastic process defined on a probability space
(2, F,{F:}+>0,P). We say that it has independent increments if for each
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n € N and each 0 < {; < &, < ... < {41 < o© the random variables
(X(tj31) — X(t;),1 < j < n) are independent and that it has stationary
increments if each X (¢;41 — X (¢;)) is equal in distribution to X (tj+1 —¢t;) —

X(0). Then we say that X is a Lévy process if
e X(0)=0as,;
e X has independent and stationary increments;

e X is stochastically continuous, i.e. for all @ > 0 and for all s > 0
Pm]P’(|X(t) - X(s)| >a)=0.

Here we need to mention a notion, which would be useful in the following
definitions that let S be a subsets of RZ. We equip S with the relative
topology induced from R¢, so that U C S is open in S if UN S is open in R<,
Let B(S) denote the smallest o-algebra of subsets of S that contains every
open set in S. We call B(S) the Borel o-algebra of S. Elements of B(S) are
called Borel sets and any measure on (s, B(S)) is called a Borel measure.

Let 0 <t < oo and A € B(R? — {0}), define

N(t,A) :=t{0< s <t;AX(s) € A} = D xa(AX(5)).

0<s<t
Note that for each w € Q, t > 0, the set function A — N(t, A)(w) is a

counting measure on B(R? — {0}) and hence

B(N(t,4)) = [ N, 4)(0)dP()
is a Borel measure on B(R? — {0}). We write v(-) = E(N(1,-)) and call it

the intensity measure associated with X.
Let v be a Borel measure defined on R? — {0}, we say that it is a Lévy

measure if

/ (2> A D)v(dz) < oo.
Ré—{0}
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Let N be a Poisson random measure on R* x (R™ — {0}) with intensity
measure v. We assume that v is a Lévy measure. Let f be a Borel measurable
function from R® — R™ and let A € B(R™— {0}); then for each t > 0, w € Q,
we may define the poisson integral of f as a random finite sum by

| f@Nd)w) = X 1N D))
z€A
Note that each [, f(z)N(t, dz) is R"-valued random variable and gives rise to
a cadlag (right-continuous) stochastic process as we vary ¢. Since N(¢, {z}) #

0 & AX(u) = z for at least one 0 < u < ¢, we have [1, (2.5) pp91]
f@)N(t,dz) = Y f(AX(u))xa(AX (u)).

j IR AT ua fEET g canuy g KA ).
0<u<t

Now taking N be the compensated Poisson processes, then in [1, P207]

/ /f(a:)N(dt dz) = / /f(x)N(dt dz) — /TAf(x)u(dx)dt

2.6 Stochastic Stability Theory

AM. Lyapunov introduced the concept of stability of a dynamic system in
1892. Generally speaking, a system is stable if it is insensitive to small
changes in the initial state or the parameters of the system. Lyapunov devel-
oped a method for determining stability without solving the equation, but
as the theory of SDEs developed it became clear that a similar method of
stochastic concept was necessary. In this section we shall introduce various

type of stability for the n-dimensional SDEs

dX(t) = f(X(t),t)dt + g(X(t),t)dB(t) (2.9)

on t > tg. As a standing hypothesis we assume that both f and g are

sufficiently smooth so that (2.9) has a unique solution. Moreover, assume that
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f(0,¢) =0 and g(0,t) = 0 so (2.9) admits the trivial solution X (¢;¢y,0) = 0.

Let us now present the different kinds of stochastic stability.

Definition 2.7 (Almost sure asymptotic stability)
The trivial solution of equation (2.9) is said to be almost sure asymptot-
ically stable if
IP(}B’& | X (t;t0, Xo)| =0) =1 a.s.

for all X, € R™.

Definition 2.8 (Almost sure exponential stability)
The trivial solution of equation (2.9) is said to be almost sure exponen-
tially stable if
lim sup % log | X (t;t0, Xo0)| <0 a.s.

t—o0

for all Xy € R™.

Definition 2.9 (Moment exponential stability)
The trivial solution of equation (2.9) is said to be p-th moment exponen-

tially stable if there is a pair of positive constants Cy,Csy such that
E|X (¢;t, Xo)|? < Cy| Xo|Pe~C2(t10)

ont > iy, for all Xo € R™. It is usually said to be exponentially stable in

mean square when p = 2.

Definition 2.10 (Asymptotic stability in distribution)
The process X (t) is said to be asymptotically stable in distribution if there
exists a probability measure m(-) on R™ such that the transition probability

p(t,&,d¢) of X(t) converges weakly to w(d¢) ast — oo for every £ € R™.
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Chapter 3

Almost Sure Asymptotic
Stability of Neutral Stochastic
Differential Delay Equations
with Jumps

3.1 Introduction

Many dynamical systems not only depend on present and past states but also
involve derivatives with delays. Hale and Lune [18] have studied deterministic
NSDDEs and their stability. Taking the environmental disturbances into
account, Kolmanovskii and Nosov [30] and Mao [40] discussed the NSDDEs.
Kolmanovskii and Nosov [30] not only establish the theory of existence and
uniqueness of the solution but also investigate the stability and asymptotic
stability of the equations, while Mao [40] studied the exponential stability
of the equations. [18] studied deterministic NSDDEs and their stability. For
NSDDEs, [43] studied the almost sure asymptotic stability of the equations.

28



In this chapter we will mainly discuss the almost sure asymptotic stability

of NSDDEwJs.

3.2 Non-Linear Neutral Stochastic Differen-
tial Delay Equations with Jumps

Let (Q, F, {Fi}i>0, P) be a complete probability space with a filtration {F; }:>0,
which is right-continuous having left-limit and satisfies that each {F;}:>o con-
tains all P-null set in F.

Let {B(t) := (Bl(t),Bz(t),...,B”‘(t))T, t € [0,T]} be a m-dimensional
Fi-adapted standard Brownian motion independent of Fy.

Let N(dt,dz) be a d-dimensional Poisson processes and denote the com-

pensated Poisson processes by

N(dt,dz) = (Ny(dt, dz1), .. ., Na(dt, dza))”
= (Ny(dt, dz1) — vy (dz1)dt, . . ., Na(dt, dzg) — va(dza)dt)”,

where {N;,j = 1,2,...,d} are independent d-dimensional Poisson random
measures with intensity measure {v;,j = 1,2,...,d}. We assume that B(t)
and N(dt,dz) are independent. For more details regarding possion stochastic
integral, see e.g. [1, P207].

Let | - | be the Euclidean norm as well as the matrix trace norm. Let
7 > 0 and denote D([—7,0];R") be the family of all right-continuous and
left-limit R"-valued functions ¢ from [—7,0] to R™ with the norm | 4] =
SUD_,<;<o [#(t)], and D% ([-7,0];R") be the family of all Fo-measurable
bounded D([—7,0}; R")-valued random variables £ = {£(t),t € [-7,0]}.
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Consider the nonlinear n-dimensional NSDDEwJs

diX(t) = G(X(t —7))] = f(X(8), X (¢ — 7))dt + g(X (¢), X (¢ — 7))dB(¢)

+ / X)X (- 1)), DNt d2),

(3.1)

with the given initial segment
€ = {£(t),t € [-7,0]} € D%, ([-7,0R™), (3.2)
forany t > 0,7 >0and v = (v,...,v4)7 are bounded Lévy measures, i.e.,

v(R?) < oo and v(A) = v(—A) for all Borel sets A € R?, where X(t~) =
limsy; X (s), and G : R* —» R”, f: R* x R® —» R™ and g : R* x R* — R**™
as well as h : R” x R” x R? — R™*¢, We denote that each column A%) of the
n x d matrix h = [h;;] depends on z only through the k-th coordinate z, i.e.,
r®) (z,y,2) = h®(z,y,2), z = (21,...,24) € R% Furthermore, all values
&(t) of the initial segment are assumed to be Fy-measurable for ¢t € [—7,0].
Using the notation above, we can rewrite the components X;(t), i =

1,...,n,in (3.1) that is

diXi(t) = Gu(X (¢ = 7)) = filX (), X(t = 7))dt + ) gis(X (2), X (¢ — 7))dB;(t)

=1

d
+ ; /R hij(X(t_), X((t - 7')_), Zj)Nj(dt,de)

(3.3)
Assumption 3.1 (Local Lipschitz condition) For each integer R > 1

there exists a positive constant Kg, such that

|f($1, yl) - f(xz,y2)|2 + |g($1, yl) - g(2, yz)lz
d
+ Z/ RO (1,31, 24) — h®) (22, 42, 26) Pre(dzr) < Kr(|z1 — 22 + |y1 — 1),
k=1YR
(3.4)
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for z1,z2,y1,y2 € R™ and t € [0,T), where |z1| V |y1] V |z2| V |y2] < R. We
also assume that there is a constant K € (0,1) such that
IG(y1) — G(yo)| < Kly1 —el, for all y1,y, € R™ (3.5)

Let C%(R™;R,) be the family of all nonnegative functions V' (z) on R™ that
are continuously twice differentiable in z. If V € C?(R™;R,), define an

operator LV from R™ x R™ to R by
LV(@,3) = Vale — G(w))/ (z,) + ytracelg” (2,4)Vaa(z ~ G1))g(z,v)]
d
+3° [ V(- 6w) + 19,0, 2)) - V(e - 6w)
k=1 "R

— Ve(z — G)r ¥ (2, y, zi) | v (dar),
(3.6)

where

Vila) = (8V(x) 8V(x)>’ Veota) = (82V($))nxn’

3.’31 ’ ’ 81',, Bmiaxj

and we will use X(t) instead of X (¢~) sometimes in the following because
this will not effect on the Lebesgue integrals involved. Then the It6 formula

gives that if V € C*(R™;R,), then for any ¢ > 0
V(X(t) - G(X(t- T))) — V(X(O) -~ G(ﬁ(—r)))
_ /O LV(X(s), X (s — 7))ds
+ [ Va(X(6) = GOK(s = ))gX(5), X — B
~ [ (k)
§7)— §—T)" k s~ §—T) ),z
+k§=:1/0/R[V((X( )= G(X((s = 7)7)) + KX (s7), X (s = 7)7), )

—V(X(s7) = G(X((s — 7)7)))] Ne(ds, dz).
(3.7)
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Lemma 3.1 (Semi-martingale convergence theorem) Let A;(t) and
Ao(t) be two adapted increasing processes on t > 0 with A;(0) = A2(0) =0
a.s. Let M(t) be a real-valued local martingale with M(0) = 0 a.s. Let  be

a nonnegative Fo-measurable random variable such that E¢ < co. Define
X(t) = ¢+ Ay(t) — Ay(t) + M(t) for any t>0.
If X (t) is nonnegative, then
{tl_igloA](t) < oo} - {tETOX(t) < oo} N {tllxgloAz(t) < oo} a.s.,

where C C D a.s. means P(C N D) = 0. In particular, if lim; o, A;(t) < 00
a.s. then, with probability 1,

lim X(t) < oo, lim Ay(t) < 00
and
-0 < tlim M(t) < 0.

That is, all of the three processes X (t), Ao(t) and M(t) converge to finite

random variables.

3.3 Almost Sure Asymptotic Stability for Neu-
tral Stochastic Differential Delay Equa-
tions with Jumps

Let D(R™; R, ) be the family of all right-continuous and left-limit nonnegative
functions defined on R™. If K is a subset of R®, denote by d(z, K) the

Haussdorff semi-distance between z € R™ and the set K, namely d(z, K) =
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inf e |z — y|, If W is a real-valued function defined on R™, then its kernel
is denoted by Ker(W), namely Ker(W) = {z € R": W(z) = 0}.
For the purposes of stability, we shall assume that for all t € R,

G(0)=0, f(0,0)=0, g¢(0,0)=0, h(0,0,2) =0, (38)
which admits the trivial solution £ = 0 for (3.1).

Theorem 3.1 Let the assumption 3.1 holds. Assume that there are three

functions V € C2(R%;R,), U € C(R%;R,) and W € C(R™;R,.) such that
LV(z,y) < —\U(z) + XU (y) — W(z - G(y)), (3.9)
for (z,y) € R™ x R™ with A\; > Ay > 0, and
lim V(z) = 0. (3.10)

|z|—o0

Then for any initial data £ = {£(t),t € [-7,0]} € D% ([-7,0];R"), the
(3.1) has a unique global solution which is denoted by X (t;€). Moreover, the

solution obeys that

1iﬂi}p V(X(t¢) — G(X(t - 7;8))) <A 0 a.s. (3.11)
and Ker(W) # 0 and
tlgg d(X(t;:€) — G(X(t - 1;€)),Ker(W)) =0 a.s. (3.12)
In particular, if W moreover has the property that
W(z)=0 ifand onlyif z=0, (3.13)
then the solution further obeys that

tlim X&) =0 as. (3.14)
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Before we prove the theorem 3.1, we now first show the uniqueness and

existence of the global solution to (3.1) as follows.

Theorem 3.2 Let the assumption 3.1 holds. Assume that function V €
C%*(R™;R,), there exists a positive constant C, which may different line by

line, such that

LV(z,y) < —\U(z) + XU (y), (3.15)
for (z,y) € R® x R™ with A\; > A2 > 0, and

lim V(z) = 0. (3.16)

] —o0

Then for any initial data £ = {£(t),t € [-7,0]} € D%, ([-7,0];R™), the (3.1)

exists a unique global solution which is denoted by X(t) ont > —7.

Proof. Let ¢ be the bound for &. For each integer R > £, define

[P (z,y) =f('“”'AR vl AR )

|z "yl
where we set (|z| AR/|z|)x = 0 when z = 0. Define ¢®(z,y) and h(F)(z,y, 2)
similarly. Consider the NSDDEwJs
d[Xr(t) = G(Xg(t — 7))] = f®(Xr(t), Xr(t — 7))dt

+ g (Xn(t), Xn(t — 7))dB(t) + /R RO(Xa(t), Xn((t = 7)), )N (dt, ),
(3.17)

on ¢t > 0 with initial £&. By the assumption 3.1, we observe that f(®), g(F) and
h(®) satisfy the global Lipschitz condition and the linear growth condition.

By the known uniqueness and existence theorem [1, Theorem 6.2.3 P304,
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there exists a unique global solution Xg(¢) on ¢t € [0, 7] to the equation
Xalt) = £0) + G(€(t =) = Gle(=r) + | FP(Xa(s), (s = )i
+ [ 9(Xa(o), (5 - )BG)
0

+/0‘ /Rd KB (Xp(s™),&((s = 7)7),2)N(ds, dz).
(3.18)

Once we obtain the unique solution on [0, 7] we can regard them as the initial

data and consider (3.17) on t € [r,27]. In this case, (3.17) can be written as

Xa(t) = €(r) + Glele — 7)) — GleO) + [ B (Xr(s),€(s — 7)ds

T

+ [ 9 0Xn(s), €65 = )dB6)
+ /t /Rd KB Xp(s7),&((s = 7)7), 2)N(ds, dz).

Again, (3.17) has a unique solution Xg(t) on [, 27]. Repeating this procedure
on intervals [27,37], [37,47] and so on we obtain the unique solution Xg(t)

to (3.17) on t > —7. Let us now define a stopping time

or =inf{t > 0: |Xg(t)] > R}.
Clearly, | Xgr(s)| V| Xgr(s — 7)| < R for 0 < s < og. Therefore
F®XR(s), Xr(s = 7)) = fF*D(Xr(s), Xr(s - 7)),
9P (Xr(s), Xa(s — 7)) = "V (Xr(s), Xr(s — 7)),
KB (Xr(s7), Xr(s = 7)7), 2) = KD (Xg(s7), Xr(s — 7)7), 2),
on 7 < s < og. These implies

Xr(tAog) =£(0)+ G(Xr(tAor —T)) — G(&(—T))
+ /0 o f(R"'l)(XR(s),XR(s —71))ds +/0

tAOR (R+1) s s— 7)) 2 - < do
+/0 /Rdh (Xr(s™), Xr((s = 7)7), 2)N(ds, dz).

tAo,

" GBI (X p(s), Xn(s — 7))dB(s)
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So we have

XR(t) =XR+1(t) if 0 S t S OR-

This implies that og is increasing in R. Let ¢ = limg_,, cg. The property

above also enables us to define X (t) for ¢t € [-7,0) as follows

X(t)=XR(t) if —TStSO’R.

It is clear that X (t) is a unique solution to (3.1) for ¢t € [—7,0). To complete
the proof of global solution, we need to show that P{c = oo} = 1. By the

generalized It6 formula (3.7), we have that for any ¢ > 0,

EV[Xg(t Aor) — G(Xr(t Aor —T))]
tAcR (3.19)
= EV[£(0) - G(E(~7))] +E / LV (Xg(s), Xa(s — ))ds,

where the operator L(F)V is defined similarly as LV which replaced f, g and
h by f®, g(R) and h(®) respectively. Due to the definitions of f(® g(®) and

h®) we hence observe that

LP®V(Xg(s), Xr(s — 7)) = LV(Xg(s), Xr(s — 7)) if0<s<tAog.
Using (3.15), we can then derive easily from (3.19) that

E(V[Xg(t Aog) — G(Xr(t Aok — 7)) Iiop<s)
S EV[Xgr(tAor) — G(Xr(t Aor —T))]

<EVIE©) - Gle(-m))+ ME | Ule(s)ds .20
- [ BU(Ka()ds

<= BVIE(0) - G(e(-)] + M | Ug(s)ds.
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On the other hand, for any w € {or < t}, we have |X(og)| > R and
X(ogp—T) < R so

| Xr(tAor) — G(Xr(tAog—T))|

> |Xr(t AoR)| - |G(Xr(t Aor — 7))

> (1- K)R.
It then follows from (3.20) and (3.16) that

P
P{or <t} < m

Letting R — oo, we obtain that P{c < t} = 0. Since ¢ is arbitrary, we must

have

P{oc =00} =1

as desired.
Now let us divide the proof of assertions in theorem 3.1 for five steps.
Step 1. Let us first show assertion (3.11). For fixing any initial data
€ and writing X (¢;£) = X(t) for simplicity, by the generalized It6 formula
(3.7) and condition (3.9) we have

V(X(t) - G(X(t—))) < V(EO) - GE(-))) + M(2)

+ /0 [ = MUX(5)) + XU (X (s = 7)) = W(X(s) = G(X (s — 7)))]ds

<V (£(0) - G(g(-m)) + /\2/_ U(¢(s))ds — /Ot W(X(s) - G(X (s — 7)))ds + M(t),

(3.21)

= V(X(s7) = G(X((s = 7)7))))] Ne(ds, dzs),
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which is a local martingale with M(0) = 0 a.s. Applying lemma 3.1 we

immediately obtain that

limsup V(X (t) - G(X(t — 1)) < oo as.

t—o00

which is the required assertion (3.11). It then follows easily that

sup V(X(t) —G(X(t—7))) <oco as.

0<t<oo

This, together with (3.10), yields

sup |X(t) — G(X(t —7))| < oo. (3.22)

0<t<oo
But for any 7" > 0, by assumption 3.1, we have if 0 < ¢ < T
X&) S IG(X(E = 7))+1X(t) - GX(t - 7))
<K|IX(t-1)|+|X(t) - GX(t—-1))
This implies

sup X (8) < K sup |X(¢—7)|+ sup |X(t) - G(X(t—7))|
0<t<T 0<t<T

0<t<T

<K&+ K sup |X(t)|+ sup |X(t)— G(X(t—T)),
0<t<T 0<t<T

where £ is the bound for the initial data £&. Hence

sup X1 < 12 (RE+ . 1X(0) - G- ).

0<t<T - 0<t<T

Letting ' — oo and using (3.22) we obtain that

sup |X(t)| < oo as. (3.23)

0<t<oo

Step 2. Taking the expectations on both sides of (3.21) and letting t — oo,

we obtain that
]E/ W(X(s) — G(X(s —7))ds < oo. (3.24)
0
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This of course implies

/oo W(X(s) - G(X(s—71))ds < oo as.

(3.25)

Set y(t) = X(t) — G(X(t — 7)) for t > 0. It is straightforward to see from

(3.25) that
litn_1)ci’£1fW(y(t)) =0 as.
We now claim that
tlilg W(y(t) =0 as.

If this is false, then

IP’{ lim sup W (y(t)) > 0} > 0.

t—o0

Hence there is a number £ > 0 such that

]P(Ql) 2 367

where

0, = {lim sup W (y(t)) > 25}.

t—o0

(3.26)

(3.27)

(3.28)

Recalling (3.23) as well as the boundedness of the initial data &, we can find

a positive number R, which depends on ¢, sufficiently large for

P(QZ) 2 1- &,

where

o= { _swp (ol < R}

—7<t<00
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It is easy to see from (3.28) and (3.29) that

We now define a sequence of stopping times,
Tr = inf{t > 0: |y(t)| > R},
o1 = inf{t > 0: W(y(t)) > 2¢},
Ol = lnf{t 2 0211 - W(y(t)) S 5}1 l= 1a2’ ey
oy =inf{t > 09 : W(y(t)) > 26}, 1=1,2,...,

where throughout this chapter we set inf @ = co. From (3.26) and the defi-
nitions of §2; and 2, we observe that if w € €, N Qy, then

TR=00 and o, <oo, VIi>1. (3.31)

Let I, denote the indicator function of set A. Noting the fact that o5 < 00

whenever og_; < 00, we derive from (3.24) that

o0 >E /0 " W y(t)dt

g2

Z E [1{021—1<oo,021<oo,7'11=°°} W(y(t))dt] (332)
l

o211

=1
oo

=€ Z Ell{os_1<corrr=o0}(021 — O21-1)]-
=1

On the other hand, by assumption 3.1, there exists a constant Lg > 0 such

that

d
|f($1 y)|2 \% |g(ﬂ3, y)|2 \% Z/R |h(k)(m7 Y, zk)lzyk(dzk) S LR (333)
k=1
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whenever |z|V |y| < R. By the Holder inequality (2.1), the Doob martingale
inequality (2.4) and (3.33), we compute that, forany T >0and [ =1,2,.. .,

]
[TRA(021_1+t) 9(X(s), X (s — 7))dB(s)

RAO2I—1

E [qmw_m} sup [5(ra A (01 + 1)) — y(ra A am_l)r*’]
o<tLT

TRA(021-1+t)
/ F(X(), X (s — ))ds

RAG21-1

S 3E [I{TRA02[_1<OO} Sup
0<t<T

2]

+ 3E {I{TRA021_1<00} Osup

<t<T

+ 3]E |:I{TR/\0‘21_1<00} Osup

<t<T RAG2I-1

TrRA(021-1+T) 9
S — F(X(6), X (5 = )P

RAO21-1

TrRA(021-1+T) 9
S [— 90X (5) X(s = )P

RAO21-1

d TrA(021-1+T) X )
REY 3 — [ OX(6), X6 =), )P dae)is]
k=1 T R

RAO21—1
< CrlLg,
(3.34)

where we use X(t) instead of X (¢7) because this will not efect on the
Lebesgue integrals involved, and Cr is a positive constant which may dif-
ferent line by line. Since W is continuous in R", it must be uniformly con-
tinuous in the closed ball Sg = {z € R™: |z| < R}. We can therefore choose

0 = 0(e) > 0 so small such that
|W(z) - W(y)| < % whenever z,y € Sg, |z —y| <é. (3.35)

We furthermore choose T = T(g, 6, R) > 0 sufficiently small for $Zz2 < ¢. It
then follows from (3.34) that

P({TR Nog_1 < oo} { sup |y(Tr A (0911 +1)) — y(TR A O91—1)| 2> 5}) <eE.

0<I<T
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Noting that

{TR = 00,0911 < 00} ={TR A o911 < 00,7TR = 00} C {7 A 0911 < 00},

we hence have

P({TR = 00,021 < 00} N { iltlgT ly(o2-1+t) — y(o2-1)| > 6}) <E.

0

By (3.30) and (3.31), we further compute

P({TR = 00,091 < OO} N { sup ’y(0'2[—1 + t) - y(021_1)| < 5})
0<t<T
= ]P’({TR =0,09-1 < OO})
— ]P’({TR = 00,09;-1 < 00} N { sup |y(o2—1 +t) — y(ou-1)| = 5})
0<I<T

> €.
By (3.35) we hence obtain that
IP’({TR = 00,091 < 00} N { OiltlgT W (y(ou-1 + 1)) — W(y(oa-1))| < E}) > €.

(3.36)

Set

Q= { sup. [W (y(oas +8)) — W (y(oa_)| < }

0<t<T

Noting that

oa(w) —oy_1(w) > T ifw € {Tpr = 00,091 < 00} N,
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we derive from (3.32) and (3.36) that

o0
00 > €Y Ellfrpmcom_1<o0} (02 — 021-1)]
=1

o0
2 € Z ]E[I{TR=OO,O'2[_ 1<Oo}ﬂﬁl (021 — 0911 )]
=1

> TEEIP({TR = 00,091 < OO} n Ql)
=1

[e o}
> TEZ€=OO,
1=1

which is a contradiction. So (3.27) must holds.
Step 3. Let us now show that Ker(W) # 0. From (3.27) and (3.22) we
see that there is an g C Q with P(£) = 1 such that

tlim W(y(t,w)) =0 and sup |y(t,w)| < oo for all w € Q. (3.37)
—00 0<i<oo

Choose any w € €. Then {y(t,w)}t>0 is bounded in R™ so there must be
an increasing sequence {t;};>1 such that ¢, — oo and {y(t;,w)}i>1 converges
to some § € R*. Thus W(7) = lim;_,c W(y(¢;,w)) = 0, which implies that
7 € Ker(W) whence Ker(W) # 0.

Step 4. We can now show assertion (3.12). It is clearly sufficient if we
could show that

lim d(y(t,w), Ker(W)) =0 forall w € Q. (3.38)

t—o0

If this is false, then there are some @ € )y such that

limsupd(y(t,@), Ker(W)) > 0.
t—o00
Hence there is a subsequence {y(t;,@)}i>0 of {y(t,@)}:>0 such that
limsup d(y(t;,®), Ker(W)) > &

l—o00
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for some & > 0. Since {y(t,®)}i>0 is bounded, we can find its subsequence
{y(t,®) }i>0 which converges to some § € R". Clearly, § is not in Ker(W)
so W(§) > 0. But, by (3.37), W(§) = limj_e W(y(f,@)) = 0, It is a
contradiction. Hence (3.38) must holds.

Step 5. Finally, let us show assertion (3.14) under the additional condition
(3.13). Clearly, (3.13) implies that Ker(W) = {0}. It then follows from
(3.12) that

tl_igz[X(t) -G(X(t-7)]= tllrg y(t)=0 as.

But, by (3.5),
X ()] < |G(X(t = )|+ |X(t) — G(X(t — 7))
<K|X(t—7)|+|X1) - GX({t-1))
Letting ¢ — oo we obtain that
limsup | X (t)] < K limsup [X ()| as.
t—oo t—o0
This, together with (3.23), yields

limsup | X ()| =0 a.s.

t—o0

which is the required assertion (3.14). The proof is therefore complete.

3.4 Example

Let B(t) be a 1-dimensional standard Brownian motion, N(t,z) be a 1-

dimensional Poisson process and denote the compensated Poisson process

by

N(dt,dz) = (N(dt,dz) — v(dz)dt).
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We assume that B(t) and N(dt,dz) are independent. Consider a scalar non-

linear NSDDEwJs of the form
dlX(t) - G(X(t — 7))] = f(X(2), X(t — 7))dt + g(X(t), X (t — 7))dB(¢)

4 /R X (), X (£ = 7)), 2) N (dt, dz).

Suppose that

G(y) = -0y, f(z)=-2"-2z, g¢(y)=y’sint
hz,y,2z) = A(z)H (z,y), K(z,y)=0.1(z" +4?),

/Az(z)z/(dz) =1
R
Define V (z) = x2, therefore the operator
LV:RxR—R
takes the form
LV (zx,y) < —1.83z* — 2.32% 4+ 1.07y* + 0.53y% — 0.1(z + 0.1y)?,
By defining U(z) = z* + 1.222, W(z) = 0.122, we hence have
LV(z,y) < -1.83U(z) + 1.07U(y) — W(z — G(y))

which follows the theorem 3.1.
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Chapter 4

Convergence of
Euler-Maryuama Method for
Neutral Stochastic Differential

Delay Equations with Jumps

4.1 Introduction

Most of NSDDEwJs do not have explicit solutions and hence require numer-
ical solutions. However, there are seldom explicit formula for solutions to
NSDDEwJs, and several numerical schemes have been developed to produce
approximate solutions. Mao and Sabanis in [42] have proved that the numer-
ical solution of the Euler scheme converges to the true solution in the sense
of strong convergence for SDDEs under a local Lipschitz condition and a
linear growth condition, in [24], Higham and Kloeden have investigated the
strong convergence of numerical solutions for SDEwJs. Moreover, in [27],

Jacob, Wang and Yuan estimated the rate convergence of numerical solu-
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tions of SDDEwJs. The main aim of this chapter is to investigate that the
Euler-Maruyama numerical solutions will converge to the true solutions of
NSDDEwJs under the local Lipschitz condition, and we do not only show the
convergence of the Euler scheme, but also reveal the rate of the convergence.
It is the first time that the rate of convergence has been obtained under local

Lipschitz condition for NSDDEs to the best of our knowledge.

4.2 Euler-Maryuama Method for Neutral Stochas-

tic Differential Delay Equations with Jumps

Let the time step-size A € (0,1), and A = % = = for the sufficiently large
integer N, we also let ¢, = nA for n = 0,1,...,N. Compute the discrete
approximations Y, = X (t,) by setting Yy = X(¢) and performing

Yn+1 - G(Yn+1—m) = Yn - G(Yn—m) + f(Yna Yn—m)A + Q(Yna Yn-—m)ABn
+ / h(Yp, Yom, 2) AN, (d2)
R4
(4.1)

where AB,, = B(tn41) — B(t,) and AN, (dz) = N(tp41,dz) — N(t,,dz).

Let us introduce the following notations Y (t) = Yy, Y(t — 7) = Y,_n,
for t € [tn,tnt1), with the initial value Y (0) = £(0). The continuous EM
approximate solution Y (¢) is to be interpreted as the stochastic integral

t
Y(0) = £(0) ~ Gle(=n) + G (¢ = 7))+ [ 1(7(5), V(s = m)ds
0
t t
+/ g(Y(s),Y (s — 7))dB(s) +/ / (Y (s7),Y((s — 7)7),2)N(ds,dz),
0 0o JRre
(4.2)

for t € [0, T] with initial data £ = {£(t),t € [—7,0]}. Therefore we have for
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any t > 0,

nA
Y (t) = £(0) — G(E(~7)) + G(¥ (t — 7)) + / (¥ (s), ¥ (s — 7)ds

nA _ _ nA _ = _ -
+ /O (P (s), P (s — 7))dB(s) + /0 /R (P (s7), P (s — 7)), 2)N(ds, )

+ / (), V(s = r)ds + / _9(7(), ¥ (s = )dB(s)
+ / . /R BT (s7), V(s = 7)), )V (ds, dz),
(4.3)

Clearly, Y (t,) = X(t,) = Y, = Y(t,), that is, Y () and Y (¢) coincide with
the discrete approximate solution at the grid-points.

Assume that f, g, h satisfy the linear growth condition that

d
| £z, 9)* + 1g9(z, 9) [ + Z/R 1h® (z,y, z)Pve(da) < K1+ |2 + [y]),
k=1
(4.4)

and

d
> [0y Puldn) < KO+l + P (@5)
k=1YR
forz,y e R*, p > 2.

Lemma 4.1 Under the linear growth condition (4.4) for anyp < 2 and (4.5)
for any p > 2, there exists a positive constant H, which is independent of A
such that
IE( sup |X(t)|") VIE( sup |Y(t)|”) < H,. (4.6)
0<t<T 0<t<T
Proof. Consider the proof of the first part is more simple which can be
contained by the second one, hence we here only prove the complicated one

as follow.
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By using (3.5) and the inequality |a +b? < (1+ ;1)” Y(lalP + L|b[7) we

have, let a = (—r)”'l,

( sup V(o))

0<s<t

< (1+e) " (B sup V() - 676 - P + 2B sup [G(7 (s = )
= (1 —1 f()p—
= (1 —l f<>p_l

1

< (12%) E o) - GF (=P + L aup [e(o)F

1- 0<s<t —7<s<

1

E sup |Y(s) — G(Y(s —7))|P+ KE sup |V (s — 7)
0<s<t

0<s<t

E sup |Y(s) — G(Y(s —7))]P + KE sup |Y(s)|” + KE sup ¥V (s)P

0<s<t -1r<s<

Using the form of EM approximation (4.2) and Hélder’s inequality (2.1), we

compute straightforward

» 5p—1 » 5P _ »
B g, V() < S BEO)P + o BIGE(- )

)

K E o 5!
+——=E s ~ S
e S ROP+ 7y (0 2ot

Sl
+ —IFE( sup
(1 - K )1J 0<s<t

+

/ FY(u),Y(u—7))du

)
(l—K)P (O«t / /R BT @), ¥ ((u = )7),2) ¥ (d, d) ,,)

5! P 5! —7\P _L su
< T PO + T BECDP + T 2E s ()

RCI0 / "E|f(V (W), ¥ (u - 7)) Pdu
)

(1-K)
//Rd u”), ¥ ((u—17)7),2)N(du,dz)

/ o(¥ (), ¥ (u — 7))dB(u)

/ "g(V (w), Y (u — 7))dB(u)

5p-1
+ = IE( sup
(1 - )P 0<s<t

su
(1 — (0<sEt

)
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By using Burkholder-Davis-Gundy’s inequality (2.5) we have

B | [ o7, Pl - )iz )

<CIE(/ l9(¥ u—T))|2du>g

< CpTz‘lE/ lg(Y (u), Y (u — 7))|Pdu,
0

where C, is a positive constant, which depends only on p. We also have

(osii‘it / / (P (W), ¥ (u = 7)), 2) N (du, dz) )

<CIE/ ( 2 /R|h(k)(}7(u),)7(u—T),zk)lzl/k(dzk)>2du

+c,,tZE / / A®(F (w), ¥ (u — 1), 2) Prie(dze)dus

k=1
where C,; is also a positive constant, which depends only on p and ¢, which

follows from [3, Theorem 2.4] (see also [28]). Then we have by using (4.4)
and (4.5)

£ sup |Y(s>|")

0<s<t
5v- - Kr5e~! K
< T EEOP + (G + o s (P
(KP(ST)”‘I KP5P-1C, T3 C, KP5P~ 1)
= + = + =
(1-K)» (1-K)» (1-K)r
y ( / "E|P (W) + B[ (u— 'r)|pdu>
5P-1 Kr5p1 K )
< G EOP + (G + 1o JE s kG
(KP(ST)"‘l N Kr5P-1C, T3 C’p,tK”5”‘1)
(1-K)» (1-K)» (1-K)»

y (T]E sup |E(s)P + 2 / E sup |}7(r)|”du)
0 0<r<u

—-7<s<0

< C’1+C'2/ E sup |Y(r)[Pdu,

0 0<r<u
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where C) and C; are two different positive constants depend on p. Then the

Gronwall inequality (2.7) shows that

]E( sup |Y(s)|”> < C1e%T .= H,,

0<s<t

which complete the proof.

4.3 Convergence of Euler-Maryuama Method
for Neutral Stochastic Differential Delay
Equations with Jumps

Assumption 4.1 (Global Lipschitz condition) For a positive constant

K, we have

|f(@1,31) = f(@2,92)* + |9 (z1,91) — 9(2, )
+ i/ﬂ; [R®) (21, 31, 26) = RO (22, 92, 2)Pvi(dar) < K2(|22 — 21> + |y2 — 0 f?),

k=1
for z1,22,y1,y2 € R™ and t € [0, 7).
Moreover there is a positive constant K such that the initial data ¢ obeys
El¢(v) — £(u)] < Ko — ], (4.7)
where —7 < v <u<0.

Theorem 4.1 Under the the assumption 4.1, we have

im ]E( sup |X(t) — Y(t)|2) =0 forall tel0,T]. (4.8)

1
A—0 0<t<T
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Proof.
]E( sup [X(s) — Y(s)P)
0<s<t

<

L_E sup [X(s) = G(X(s — 7)) = Y(5) + G(¥ (s — 7))

1—- K o<s<t

+—E sup |G(X(s — 7)) - G(¥(s - )P

0<s<t

lk]E sup 1X(s) —G(X(s—7))=Y(s) + G(Y(s — 1))?

+KE sup [X(s—71)—Y(s—7)?

0<s<t

< 7B sup IX(s) = G(X(s = 1) = Y (5) + G(Y (s — 7))

1-K

+ \/I_(IE sup |[X(s—7)=Y(s—7)]*+
0<s<t

1-— K 0<s<t

1 —_—
E su 5)—GX(s=7) =Y () +GY(s—7)|?
S(l_m_f) S, IX(5) = GX(s = 7)) = ¥ () +G(F (s = 7))
. VE
E su s—7)=Y(s—71)]? E sup |X(s)—Y(s)2
(1—\/ K)? 0<sEtY( )= Y( ) +1—\/E _TSE | X (s) = Y(s)|
K
E su s—1)=Y(s=17)?
< /R V=) = V=)
+ . 3 —E sup /sf(X(u)’X(u—T))_f(?(u)’?(u—f))du2
(1-K)1-VK) 0ssstlJo
3 s
E su X(u u—T Y(u),Y(u—7))dB(u
Tev— sup | [ g(X(), X(u= 7)) = o0V (), V(= )B(w)
3
]Esu Xu , u-T ,
U Ra- VR 0533:/ e X )),2)

~h(¥ (™), ¥ ((u—7)7),2)N(du, dz)

By Hélder’s inequality (2.1), Doob’s martingale inequality (2.4) and the as-
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sumption 4.1, we estimate the following three terms that

E sup

| rox.x

0<s<t 0

u—1)) = f(Y(u),Y(u—7))du

< TKZ/0 E|X(u) - Y (@) +E|X(u~—7)—Y(u-1)du,

E sup

0<s<t

< 4K? /0 "E|(X(w)

/0 ) /R (X

t
§4K2/ E|X(u) - ¥
0

E sup

0<s<t

/0 " 9(X (), X (u — 7)) — 9(V (w), ¥ (u — 7))dB(u)

2

~ YW +EX(u—-7)-Y(u-7)du

2

), X((uw=7)7),2) = h(Y (), ¥ ((u ~ 7)7), ) N (du, dz)

W +E[X(u-7)—-Y(u-1)|*du.

By combination we have

E( sup [X(s) = Y (5)

0<s<t

< K
T - \/_)2 0<s<t

)

Esup |[Y(t—7)=Y(t—1)]

/ E|X (u) — ¥ (W)]? + E|X (u — 7) — ¥ (u — 7)Pdu

E sup |Y(t—17)~Y(t— 1)

N 3K%(T +8)
(1-K)(1-VE)Jo
< K
- (1- \/f(-)z 0<s<t
N 6K%(T + 8)
(1- K)(1 - VEK) Jo
6K2(T + 8)

/ E|X(u) - Y@ +EX(u-7)-Y(u—-7)du

) / E|Y (u) — V() + E|Y (u — ) — ¥(u — 7)|2du.

1-K)a-VE)Jo

For any ¢ € [0,T] choose n such that ¢t € [nA, (n + 1)A). Then

/n 97 (s), ¥

Y(t) - P(t) = Y(t) - Y (nA) = / F(V(5), 7 (s — 7))ds

S—T)dBS)+/ /Rd s7), Y((s — 7)7),2)N(ds, dz),
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by the linear growth condition (4.4) and (4.7)

E[Y ()~ V(O <E sup [¥(s) - 7 (s)P

<@a+20K" [ V@ +EY@-n)fd @9

nA

< K'A,
as well as

EYt-7)—Y(t—-7)P<E sup |[Y(s)=Y(s)?+E sup |Y(s) =Y (s)*

-7<s8<0 0<s<t

<Kt —7—(n—m)AP+E sup |Y(s) - Y(s)?
0<s<t
< K"A+E sup |[Y(s)—Y(s)]?
0<s<t

S K//A
(4.10)

holds for all ¢ € [0, T as required, where K’ and K" are two different positive
constants.
Then we can come back to the proof of theorem 4.1 that

B sup 1X() - Y9

0<s<t
% 2 / "
K un , SKXT+8)T(K'A+K"A)

< -
T (1-VE)y (1-K)1-VEK)

6K(T +8) | u) =Y (u)|? u—1)—Y(u—7)|du
R X - YR B =) - Y- )
K s 6K%(T+8)T(K'A+ K"A)
<——F—K'A = =
G- VRE O a-Ra-VR)
2KXT+8)  [b vy - v P
ra VT B X0 - ra

that is by using Gronwall’s inequality (2.7)

]E( sup |X(t) — Y(t)|2> < C3e% < C5A, (4.11)

0<t<T
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2 ! " 2
SK2(TH8)T(K'A+K"A) 0 9 Cy = _12K%(T+8)

here C3 = —X—K"A .
WASe s = VR 1-R)1-VE) (1-k)1-VE)
Remark 4.1 Since proving as several cases in (27, Lemma 2.4] is not neces-

sary for our fized time delay models, we choose more easily way as the proof

of (4.9) and (4.10) to deal with E|Y (t) — Y (¢)|2 and E|Y (¢t —7) — Y (t — 7)|2.

Theorem 4.2 Let the assumption 3.1 and (4.5) hold, the EM approzimate
solution converges to the exact solution of the NSDDEwJs (3.1), in the sense

that
zl&i—%E(oi?gT | X (t) — Y(t)|2> =0
Proof. Define two stopping times
or=1inf{t > 0:|X(t)| > R},
dp=inf{t > 0:|Y(t)| > R},
and write pp = o A 0r. Recall the Young inequality for a=! + b1 = 1, and

all a,8,7> 0

1
of < Yot + — .
a b’)’_

a

Thus, for any v > 0,

EOR0

0<t<T

_ E( sup |X (1) - Y(t>|21<aR>T,JR>T}) + E( sup |X(8) = Y (O Lioner o m})

0<t<T 0<t<T

2
< ]E( sup |X(tApr)=Y(tA pR)|21{,,R>T}) + ;VIE( sup |X(t) — Y(t)|”>

0<t<T 0<t<T
2

+—2P(or <T or 0g<T),
yP-2

then we deduce that

X(og)IP 1 H
Plor < T) = E(1op<ry) < E(l{aRST}M) < @E( sup IX(t)Ip) < sz’

Rr 0<t<T
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and we have
Plog <T or op<T)<
(or<T or 6p<T)< T
These bounds give

E(OZ?ET | X(¢) - Y(t)IQ) < E(OZI:ET | X(EApr) =Y (tA PR)|2)

N 2PV H, N 2(p — 2)H,
. :
P pyr2RP

Then given any ¢ > 0, we can choose v such that ﬁ%)'y—Hﬂ < 35, and then we

choose R such that &:—2%12 < £. Note for any sufficiently small A it follows
pyP~ RP

that CsA < §,combining the bounds above we finally get

B sup 1X() - Y0P ) <

0<t<T

which complete the proof.

4.4 Convergence Rate of Euler-Maryuama Method

for Neutral Stochastic Differential Delay
Equations with Jumps

Now let us consider the rate of convergence.

Assumption 4.2 (Logarithm growth condition) For each R € N which is
in the definition of stopping time, and Kg in the assumption 3.1, there exist

positive constants p and o such that

aK% < plogR, (4.12)

where a = —%w)—f.
a-k)a-Vk)
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Theorem 4.3 If the assumption 3.1 and 4.2 hold, then the order of conver-
gence of the EM approzimation is 1/2.

Proof. For each R > 1, define the function

[zlAR IyI/\R)
z[ 7yl 7))

1) =1

where (|z| A R/|z|)z = 0 when z = 0 and g(®(z,y) and hF)(z,y,2) are
similar. Let Yg(t) be the EM approximation to the following NSDDEwJs

dIXR(t) - G(Xr(t — )] = fP(X(t), Xn(t - 7))dt + g (Xn(t), Xr(t — 7))dB(t)
+ / RB(Xp(t™), Xp((t — 7)7), 2)N(dt, d2)
Rd
with Y»(0) = X(0) and
Yr(t) - G(Yr(t — 7)) = Yr(0) — G(Yr(-7)) + /Ot F® (Vr(s), Ya(s — 7))ds
+ /0 9™ (Ya(s), Ya(s — 7))dB(s) + / /R WO(Fr(s7), Val(s = 7)7), 2) N (ds, d2).
By (4.11) we have
E sup |Xr(t) - Yr(t)]? < [B+T(K' + K”)%a K2)Aerokh
< [BraK} + T(K' + K" 2aKdacksh
< [B+T(K'+ K")]e*KRA,

where 8 = K—K" and a = A_‘lﬂ% Let
g RERVISE (1-K)1-VR)

X()= sup [X()), V(&)= sup Y
0<t<T 0<t<T
Define the stopping time
pr =T Ainf{t € [0,T] : | Xr(t)| V |Yr(t)| > R}.
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Clearly, | Xg(t)| V |Xgr(t — 7)| < R for 0 < ¢t < pg, hence
S (XR(1), Xr(t = 7)) = [ (XR(L), Xr(t - 7)),
9P(Xr(t), Xr(t — 7)) = g™+ (Xr(8), Xr(t - 7)),
EB(Xr(s7), Xr((s — 7)7), 2) = R (XR(s7), Xr((s — 7)7), 2)

on —7 < t < pg. Therefore,

XR(t) = XR+1(t) and YR(t) = YR+1(t) if 0 <t< PR-

This implies that pg is increasing in R, and let p = limpg_,, pgr, the property

above also enables us to define X (t) for t € [—, p) as follows

X(t)=Xg(t) if —7<t<pg

It is clear that X (t) is the unique solution to equation (3.1) for t € [—7, p).
On the other hand, for ¢ € [0, T], we compute

E sup |X(s)| =E|£(0)] - El¢(—7)]

0<s<tApr

+KE swp |X(s=7)+E_sup /|f(X(u) X (u = 7))|du

0<s<tApr <s<tApr

L EEO)]+ KT - (1—K>>EI£(—T>| ~]E sup / X ()| du,

1-K 1 - 0<s<tApr

and by the Gronwall inequality (2.7), we get

E|X (¢ A )| < E|£(0)] + (2KT1—_(11?— K))Elé(——T)'elzTKf{-_

Noting that | X (pgr)| > R, and therefore we derive

E[£(0)] + KT — (1 — K))EJ¢(-7)] 2

RP(pr < T) < E|X(t A pr)(pp<ry| < i

that is

E£(0)] + (2KT — (1 - K))E[§(-=7)| ax
P(pr <T) < PR i
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Letting R — 0o, we obtain P(pgr < T) = 0, this implies limg_,o, pr = T a.s.

We compute, for t € [0,T)

X () -Y()| = Z |X(t) = YOIl gorcxwvrm<ry
R=1

= Z | Xr(t) = Y| (po1<x(ryvomy<R)-
R=1

Therefore

E sup |X(t)— Y ()| <D (E sup |Xa(t) - YR()?)2 (B p_icxrpymscry)?
0<t<T R=1 0<t<T
-3 ®
R=1

and from the logarithm growth condition (4.12), it follows that

sup |Xa(t) — Ya(®)P)iy/P(R—1 < X(T) vV ¥(T) < R)
0<t<T
E sup |Xa(t) = Ya()[* < [8+T(K' + K"]ReA.

On the other hand, if ¢ > 2 then by Chebyschev’s inquality (2.2)

P(R—1<|X(T)V¥(T)] < R) <B(R-1<|X(T)v V(7))
_EX@P+EYDLF _, H,

- (R-1)1 ~"(R-1)7
and therefore,
E sup |X() - () <3 VBT TE T KRR
osi<T VR=1)

i A /2"+1Hp
<N VIB+T(K' + K"|ReX—2V/A.
Rg [ ( )] Vi

Let g be sufficiently large such that ¢ > p, we see the right hand side is
convergent, whence we get the rate of convergence is %, which complete the

proof.
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Chapter 5

Almost Sure Stability of
Numerical Methods for Neutral
Stochastic Differential Delay

Equations with Jumps

5.1 Introduction

The stability theory of numerical solutions is one of the central problems
in numerical analysis. Stability analysis of numerical methods for NSDDEs
has recently received a great deal of attention. The stability concepts of nu-
merical schemes for NSDDEs are included due to the stochastic nature, for
example, moment stability (M-stability) and almost sure stability or trajec-
tory stability (T-stability). Regarding the almost sure stability of numerical
methods for SDEs, it was shown, by the Chebyshev inequality and the Borel-
Cantelli lemma, that the moment exponential stability implies almost sure

exponential stability under certain conditions. Using the technique based
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on the continuous semi-martingale convergence theorem in [54], the stabil-
ity of SDEs has been examined. Note that there are similar expressions for
the continuous and discrete semi-martingale convergence theorems. To our
knowledge, there is no similar result using martingale techniques for numer-
ical solutions of nonlinear NSDDEwJs. In the last section we shall use the
martingale techniques to investigate whether numerical methods can repro-
duce the almost sure exponential ability of the exact solutions to nonlinear
NSDDEwJs.

Recently, most of the existing convergence theory for numerical methods
requires the global Lipschitz condition. However, it was observed that the
classical one, which guarantees the strong uniform convergence of the Euler-
Maruyama method to the true solution, can be significantly relaxed. They
proved that under the local Lipschitz condition the uniform bounded-ness
of moments of the true solution and its approximations are sufficient for
strong convergence. They immediately raises the question that which type
of conditions can guarantee such a uniform bounded-ness of moments. It is
well known that the classical linear growth condition is sufficient to bound the
moments for both SDEs and EM methods, and it is also known that in the
case of a continuous solution, the first useful step to relax the linear growth
conditions is to apply the Lyapunov function technique. All these above
lead us to the monotone condition, and the introduction of the monotone
condition will be given in section 2. To our best knowledge, there is no
result about numerical approximation of NSDDEwJs under the monotone
condition. It allows us to develop bounds for polynomial coefficients. In
this chapter, we will investigate the almost sure stability of theta method of
NSDDEwJs under monotone condition, and give a particularly introduction

of the theta Euler-Maruyama method in the following section.

61



5.2 Almost Sure Exponential Stability for Euler-
Maryuama Method for Neutral Stochas-
tic Differential Delay Equations with Jumps

Theorem 5.1 Let the assumption 3.1 holds. Assume that there are five

nonnegative constants H,-Hs such that

2(.’]&' - G(y)) f(l:a 0)) S —H1|IE|2 + H2|y|2)

|f(z,y) — f(=,0)| < Haly| (5.1)

d
9@+ Y [ 10y, 2)relda) < Hulal + Helyl
k=1 YR
forallz,y e R. If

H, > Hy+2H;+ Hy+ Hs (52)

then for any given initial data € € D% ([—7,0);R™), there exists a unique
global solution to (3.1) and this solution denoted by X (t;&), has property
that

1 -
limsup - log(|X (£ €)]) < —=  a.s (5.3)
t—o0 t 2
where & > 0 s the unique positive root of
Hy — Hy — Hy— &= (Hy + Hy + H5)e™ (5.4)
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Proof: Let V(z) = |z|2. Using the assumption (5.1), we compute
LV (z,y) = 2(z = G(y), f(z,y)) + lg(=,y)* + kzd: /R Ih® (2, y, z¢) *vi(dz)
=1
< 2(z - G(y), f(2,0)) + 2|z|| f(z,y) — f(=,0)]
+lg(z, )l + ki/ﬂ‘ IR0z, y, 1) Pri(dz)
-1

< —H|z|? + Holy|* + 2Hs|z||y| + Ha|z|> + Hs|y|®
< —Hi|z|* + Holy* + Hs(|z|* + |y|*) + H4|z|* + Hs|y|?
= —(H, — Hs — Hy)|z|* + (H2 + H3 + H;s)|y|*.

Now the conclusion follows from [41, Corollary 3.2], which complete the proof.

Let AB, = B(tn41) — B(tn) and AN, (dz) = N(tns1,dz) — N(tn, dz) with

A= % = L for sufficiently large integer N, where n = 1,2,...,N, and

Y, = X (t,) by setting Yo = X (0) that
Yot1 = G(Ynt1-m) = Yo — G(Yom) + f(Ya, Yo-m)A + g(Ya, Ya-m)AB,
+ /R ) h(Yr, Yo_m, 2) AN, (d2).
(5.5)
Theorem 5.2 Let the assumptions 3.1 and (5.1) hold. Assume that f satis-

fies the linear growth condition, namely, there exists a constant K > 0 such

that

[f(z,9)I < K(lz]* + [y (5.6)

Let & be the positive number which is defined by (5.4) and € € (0,5) be
arbitrary. Then there exists a A* > 0 such that if A < A*, then for any given
finite-valued Fy-measurable random variables {(nA), n = —m,—m+1...,0,

the EM approzimate solution of (5.5) obeys

1 a
i — < —— .8. .
hin_'s;}p — log(|Yn]) < 5 +e as (5.7)
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Lemma 5.1 (Discrete semi-martingale convergence theorem) Let
{A:i}, {U:} be two sequences of nonnegative random variables such that both
A; and U; are F;_i-measurable for i = 1,2,..., and Ag = Uy = 0 a.s. Let
M; be a real-value local martingale with My = 0 a.s. Let { be a nonneg-
ative Fo-measurable random variable. Assume that {X;} is a nonnegative

semi-martingale with the Doob-Mayer decomposition

Xi=(+A-U+M,.
Iflim; o A; < 00 a.s. then, for w € Q,

lim X; < oo, lim U; < oo,

1—00 i—00
for all of the three processes X;, U; and M; converge to finite random vari-

ables.

Proof of theorem: Noting that

|Yn+1 - G(Yn+l—m)|2
= IYn - G(Yn—m)|2 + 2(Yn - G(Yn~m)a f(Ynay'n—m)A> + |f(yna Yn—m)A|2

d
+19(Ya, Yam)PA + D / |R®(Ya, Yoo, 26) P Avk(dzy) + AMy 1,
k=1 "R

where
AM,yy = |g(Yn, Yoom)P(AB)2 — A) + 2(Y, — G(Ynm)
f(Ym Y‘n—’rn)A7 Q(Ym Yn—m»ABn

+

+2<g(Yn,Yn_m)ABn, / h(Yn,Yn_m,z)ANn(dz)>
Rd

+2<

§

Vo= Glaem) + S Yom)D, [ WY, Yoo, z)ANn(dz>>
]Rd

/ R(Yp, Yoo, 2) AN, (d2)
]Rd
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Then we have

|Yn+1 - C’v(}fn+1—m)|2
= Yo = G(Yaerm)® + 2(Yn = G(Ynrm), f (Yo, Vo) A) + | f (Ya, Yoom) P A?

d
+19(Yny Ynom)|?A + Z / |R® (Y, Yoem, z6) |2 Avi(dzi) + AMpiq
k=1YR

< |Yn - G(Y —m)|2 + 2(Yn - G(Yn—m), f(Ym 0))A
+2(Yn — G(Ya—m), f(Ya, Yo-m) — f(Ya, 0))AA

d
+ If(yn) Yn—m)|2A2 + |9(Yn> Yn—m)|2A + Z/ |h(k)(Ym Yn—m» zk)leVk(dzk) + AMn+1
k=1"R

< Yo = G(Yoem) P — Ha|YaPA + Ho|Yy_m[*A
+ Ha|YalP A + Hy[Yom A + K(|Yal? + [Yoom[2) A2
+ Hy|YVa|*A + Hs| Yo n[?A + DMy
and for a positive constant C > 1, we have
CrHVAY, 1 — G(Yagr-m)|? — C™2 Y, = G(Yoom)?
= CHY2(Y, 01 — CYnirom)? = |V = G(Yoem)|?)
+ (CHDA _ CnAY 1Y, — G(Yaem)?
<CMUAIKAY - HiA + H3A + HA)|Y,?
+ CPAH,A + HyA + HsA + KAV 2
+ C("+1)AAMn+1 + (C(n+1)A _ CmA)lyn _ G(Yn—m)|27

which implies that

n—1
CnAlyn - G(Yn—m)|2 < |Y0 - G({(—T))|2 + Z C(HI)AAMiH

i=0

n—1
+ %(1 — C™®) — HhA + H3A + HyA + KAZ] Ay
1-K P
5 n—1
+[K(1 - C™2) + HoA + HsA + HsA + KA ) CODAY, 2
i=0
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Since

n—1 -1 n—1 n—1
ZC(HI)AM—MZ — Z C(i+m+1)A|Yi|2 + ZC(i+m+1)Am|2 _ Z C(i+m+l)A|Yi|2,
i=0 i=—m =0 i=n—m
we have
n—1
[K(1 = C™®) + HoA + HsA + HsA + KA Y Cm D4y 2
i=n—-m (58)

+ C™|Y, — G(Yn_m)|? < O,
where

On i = Yo — GE(-7))]* + [(R’(l — C™%) 4+ HyA + H3A + HsA + 2K A% C™8

1 n—1 .
+ —HA+2HA+HA+KA2+—~1—C‘A>} CcG+A 1y |2
(- A+ 2t + b R-0)| T et

-1
+(K(1 = C™2) + HyA + HsA + Hy A+ KA?) Y ClOrmDA 2
n—1

+Y COIAAM,,,.
i=0
Now we need to show M(N) := SN ' CG+DAAM,,, is a local martingale,

which is equivalent to prove
E(M(N)|Foy_,) = M(N - 1). (5.9)

Indeed,

E(M(N)|Fey_,) = M(N — 1) + E(AMy|Fy_,)
= M(N - 1),
thanks to the fact that
E(lg(Yn-1, YN-m-1)?(|ABN_1* = A)| Fey_,)

= |g(YN—17 YN—m—l)l2E((|ABN—1|2 - A)|]:tN—1) =0,
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since |g(Yn-1, YN-m—-1)|? is F;)_,-measurable, and |[ABy_;|?> — A is indepen-

dent of F;,_,, we can obtain the following results similarly
E((F(Yn-1),9(Yn-1,YN-m-1))ABNn_1|Fiy_,) =0,

E((f(YN—la YN—m—l)A; g(YN—la YN—m—l)>ABN—l|]:tN_1) = 01

and we can also obtain

]E(/]Rd(F(YN—l))h(YN—I,YN—m—laz»ANN—l(dz)

-7:151\/_1) = Oa

]E(/Rd (f(Yn-1, YNom-1)D, h(YN-1, YN_m—1,2)) ANy_; (d2)

ftN_l) = 07

where AN ~N-1 is independent of F;, _, as well, and

*(

d
—Z/ |R® (Yiv_1, Yvem-1, 2¢)|?Avi(d2x)
k=1 YR

2

/ h(¥no, Yo, 2)ARN (d2)
R

ftN—l) == O

Then we prove the following form for the reason of ANy_; independent of

ABN_I that

E ( /d(g(YN—lv YN—m—l)u h(YN—h YN—m—l, z))ANN_l(dZ)ABN_l
R

ftN—l) = 0

Since we have

E(ANy_1ABy_1|Fiy_,)
= E((Ny — Ny-1)(By — Bn-1)|Fn-1)
= E(NyBn|Fn-1) + Ny_1Bn_1
— E(NyBy_1|Fn-1) — E(Ny_1Bn|Fn_1)
= E(NyBn|Fn-1) — Nn-1Bn-_1,
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where ]E(NNI}'N_l) = Ny_; and E(Bn|Fn-1) = Bn-1 by using the martin-
gale property. Now we only need to check

E(NnBw|Fn-1) = Ny_1Bn-1. (5.10)

Noting that, for two martingale processes N (t) and B(t), N(t)B(t)—[N, B](t)
is a martingale, where [JV , B] is the corresponding quadratic covariance pro-
cess (see [55, P15]). Hence, if we can show [N, B](t) = 0, then (5.10) follows

immediately. Moreover, for two semi-martingales X and Y

[X,Y)(t) =) AX(s)AY (),

s<t
where AX(s) = X(s) — X(s~), provided that one of the processes N(t) or
B(t) is of finite variation [55, P16] and [1, P233]. Compute
[N, N](t) = [N(t) — At, N(t) — ]
= [N, N](t) — 2A[N(t), t] + A*[t, 1]

= Z(AN(s))Z —2X Z(AN(S)AS) + 22 Z(As)g

s<t s<t s<t

= Y (AN(s))? — max(At)2A S AN(s) + max(A)X® S (As)

8<t s<t s<t

= Y (AN(s) = N(v),

s<t
which means N(t) is the finite variation, since A — 0 and AN(t) = 0 or 1.

Then [N , B](t) = 0. Consequently, By Ny is a martingale, and

E(NyBn|Fn-1) = Ny-1Bn-1

as required. So Y1) CC+DAAM,,, is a local martingale. Let us now intro-

duce the function

h(C):=(K(1—C™2)+ HoA + HsA + Hs A + KA?)Cm+DA

+(—H1A+H3A+H4A+KA2+—1—~>0A__1,'
1-K 1-K

(5.11)
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Choose A} > 0, such that for any A < A}, 1Tll?—HlA—I—H3A-+-H4A—1—KA2 >
0. We therefore have h'(C) > 0 for any C > 1. Clearly,

h(1) = 2KA? + (—H; + Hy + 2H3 + Hy + Hs)A.

Hence, there exist two solutions that A; and A,, and then for any A < A} =
(Hy — Hy — 2H3 — Hy — H5)/2K, h(1) < 0, where A; < A} < A,, which
implies that for any A < A} A A3, there exists a unique C3 > 1 such that
h(CA) = 0. Choosing C = C%, we therefore have

On = Yo — GE(=T))* + (K1 — C™2) + HoA + HsA

-1 n—1
+ HsA + KAz) Z C(i+m+1)A|K|2 + z C(H_I)AAMH.L
i=—m 1=0

Noting that the initial sequence Y; < oo for all ¢ = —m, ..., 0, by the lemma
5.1, for C = C}, lim, 00 |V, — G(Yn-m)| < o0 a.s. By (5.8), therefore we

have

limsup CX"2|Y;, — G(Yn_m)|?

n—oo

< limsup (c;mm —GYn_m)?+ (K(1 - C™2) + H,A
e i (5.12)
+ HsA + HyA + 2KA%) S clmaay, |2)
< lim O, < o0 a.s.
Noting that mA = 7, by (5.11),
KQQ-c*2
(—(-A—) + Hs + H3 + 2H5 + KA)CZT
L oeea (5.13)
+———— —H, +Hs+2H, + KA = 0.
(1-RK)A 1 3 4

Choose the constant p such that C = e* and hence 1 — C™2 = 1 — e7#4,
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Define

. K(1-e#a
hA(,U,) = (-—-—(———e——)+H2+H3+H5+KA)e“T

A
1—erA
+HTEZ_m+m+m+KA

Letting uj = log Cj, by (5.11), for any A < A} A A}, we have

ha(pa) = 0. (5.14)

—‘rA)

Noting that lima_o(1 — e772)/A = p, we have

AIH%BA(M) = (Rp, + Hy + Hz + H5)6’”

+—H—..—-H1+H3+H4.

1-K

(5.15)

By definition of &,(5.13) and (5.15) we have

lm pu) = @&
A—-»O’JA )

which implies that for any positive € € (0, %), there exists a A3 > 0, such

that for any A < A3, we have
A > @ — 2¢.
Note that (5.13), together with the definition of u} shows that
lim sup e*a™2|Y,, — G(Yp_m)|? < 00.
n—00

Because we have

Yal? < R|Ynoml? + ﬁm GV,
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S0,

. anA(y |2
lim sup e¥a"2|Y,,|
n—oo

g - ]. *
< K limsup e#a"™2|Y, _.|> + - lim sup e*2™2[Y,, — G(Yn—m)|*

n—00 - n—00

< ——— limsupea™|y, - G Yoem)|?
S ARy et Y = Gam)

< 0.

We therefore obtain that for any A < A} A A3 A Aj,

limsuplog |Y,| < —% +¢e as.

n—oo

5.3 Theta-Euler-Maryuama Method for Neu-
tral Stochastic Differential Delay Equa-
tions with Jumps

In this section we will define the TEMNSDDEwJs (3.1). Let AB,, = B(tp+1)—
B(t,) and AN,(d2) = N(tni1,d2) = N(ta,dz) with A = L = Z for suffi-
ciently large integer N, where n = 1,2,..., N, and Y,, = X (¢,) by setting
Yo = X(0) that
Yoi1 — G(Ynt1-m) =Yn — G(Yn-m) + 0f (Yoi1, Yns1-m)A
+ (1= 0)f (Yo, Yam)A + g(Yn, Yo-m)ABn  (5.16)

+ / h(Yp,Yn-m, z2) AN, (dz)
]Rd

where 0 € (0,1).
Now, we need to ensure this scheme is well defined. For this purpose, we

impose the following one-sided Lipschitz condition on f in z: there exists a

71



constant K such that for any z;,z,,y € R* and t > 0,

(z1 = 2, f(71,9) — f(z2,9)) < K|z — 7. (5.17)

Under this condition, let A < K~! and for n € [-m, 0] we can rewrite (5.16)

as

Yor1 = GE(n+1-m)) =£(n) - GE(n —m)) +0f(Yns1,{(n+1—-m))A

+ (1= 0)f(&(n),&(n —m))A + g(£(n),£(n — m))AB,

+ /Rd R(€(n), E(n — m), 2) AN, (dz).

Then let Y,,+1 = ¢, and

G(¢(n+1-m)) - G(E(n—m))+¢(n)

+ (1= 0)f(¢(n),&(n — m))A + g(£(n),&(n —m))AB,

+ / h(E(n), £(n — m), 2)AN(dz) = d.

Re
Define Z : R® — R" by
Z(c):=c—d—0f(c,(n+1—-m))A

In the follows we shall use the uniform monotonicity theorem [50, Theorem
C.2 in Appendix C, P656] to show that the equation Z(c) = 0 has a unique

solution.

Theorem 5.3 (Uniform monotonicity theorem) Suppose that G : R* —

R™ is continuous and for a positive constant C that
(G(v) — G(w),v —w) > Cllv—w|?® Vov,weR™
Then there erists a unique u € R"™ such that G(u) = 0 and, furthermore,

1 n
lu—vl < NG ¥ veR™
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Then by one-sided Lipschitz condition (5.17) we have

(Z(c) = 2(¢),c— )

={(c—d)—0f(c,é(n+1—-m))A - (¢ —d) +0f(¢,((n+1—m))A,c— &)
=(c—¢&c—¢ —(0f(c,€(n+1—-m)) —0f(E,&é(n+1—m)),c— A

> (1 - K0A)|c— &,

for n € [-m,0]. Then repeating this procedure we can obtain the same
result for n € [0,m] and so on. Then combine all integrals from [—m, 0]
to [(N — 1)A, NA] we have the following result that for n € [-m, NA]
the existence of a unique solution ¢ € R" such that Z(c) = 0 follows from
the uniform monotonicity theorem. Hence there exists a unique solution to
(5.16).

(Monotone condition) Let the assumption 3.1 holds, for all z,y € R

and ¢ € [0, T, there exist positive constants o and 3 such that
1 1
(@ = 6w, f@) + lole ) +5 3 [ 9y, 20funda)
k=1

1-26 0 s 1o 1 (1-K)?
= < i Sl

+ 521 wnrs <+ paP + ), vae (omax{ 5 007
(5.18)
for all z,y € R". Clearly, for § > —;— the above condition does not need to

add 152 f(z,y) A

Theorem 5.4 Let the assumptions 3.1 and (5.18) hold. There exists a
unique, global solution X (t) to (3.1). Moreover, the solution has the proper-
ties that for any T > 0,

E|X(T)P <C,
where C' is a positive constant.
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Proof: Applying the It6 formula to the function V(z) = |z|?, we have

LV (z,y) < 20+ 26(|z]* + |y ).

Define a stopping time

or =inf{t > 0:|X(¢)| > R},

therefore

E|X(tAog) — G(X(tAor— 1)) < |Xo— G(X(—7))|? + 2T«

tAoR
+ 2,5/ E| X (s)|*ds + 2,3/ E|X (s — 7)|%ds,
0 0

where
tAoR INOR—T
23 / E|X(s — r)[’ds = 28 E| X (s)|2ds
0 -7
0 tAoR
<28 / E|¢(s)[?ds + 23 / E| X (s)[2ds.
-7 0
Therefore

E|X(tAog) — G(X(tAor—1))|* < |Xo - G(X(=7))|> + 2T

+278 sup E|¢(s)|* +48 /tIE|X(s Aog)|*ds.
0

—7<s<0

By using (a + b)% < ‘7’; + %{— with 0 < K < 1 and (3.5), we have

IXEAor)?=|X({tAoR)—G(X({tAop—T))+G(X(tAor—T))

<K|XtANop—T1)*+ 1—1E|X(t Aag) — G(X(tAor— 1))
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Taking the expectation in both sides, we have

sup E|X(s Aag)|?

0<s<t

< K sup E|X(sAor—17)|* + ! ~ sup E|X(s Aog) — G(X(s Aagr — 1))

0<s<t — K o<s<t

<K sup E[¢(s)]2+ K sup E|X(s Aog)|?
0<s<t

—7<s<0

+ = — sup E|X(s Aor) — G(X(s Aar—T)))?

1 — K o<s<t

1 9 2T
< mpfo - GE(-7)I* + _——(1 "Ry

(1-K)K +27p ) 48 /t .
7 E + — E|X A du.
(1-K)? —E‘slspso €(s)] 1-K)2Jo Osslifs’s | X (u A og)|*du

Then by using Gronwall’s inequality (2.7) we obtain

sup E|X(t Aog)|?

0<t<T
2 _ KK 2
com (2]E|X0| +2Ta (1= K)K +2R?+2rf 1E|£(s)|2>
(1-K)? (1-K)? —7<s<0
ox { aTp }
la-kpS

Hence for og < t we have

P(or < T)R* = ]E(l{,,RSt})RZ <E(X(tA 0R)|21{anst}) <C.

It implies that P(cg < T) — 0 as R — oo, that is o — 00 as R — oo.
Next, let R — oo and applying Fatou’s lemma 2.1, we obtain E|X(T)? <
C, which completes the proof. From now on we always assume that A €
(0,maxx { 25, CA2 ).

(Polynomial growth condition) For three positive constants C, p and

q, we have

d
[f (9 Vlg(e,y)l VZ/R K9 (2, y, 2)lva(dze) < C(1+ [z + [yl7), Va,y €R™
k=1

(5.19)
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Theorem 5.5 Let the assumption 3.1, (5.18) and (5.19) hold, and let A* €

(O,max{%, glzﬁ# ] be sufficiently small such that whenever A < A* we

have

[e® 1]

A <2 and ed < 2.

Then, forA < A* and T > 0 there exists a constant C > 0, such that
ElY,|? < C.

Proof: Let ogr = inf{n : |Y,| > R} be a stopping time with respect to
{F:. }n>0. We then define a function

F(z) =z - G(y) — 0f(z,9)4,
such that we represent (5.16) as

F(Yn+1) =F(Yn) + f(Ym Yn—m)A + g(Yn, Yn—m)ABn

+ / h(Yy, Yo—m, 2) AN, (dz).
Rd
Now we have the following equation

|F’(}/n+1)|2 = |F(Yn)|2 + If(ym Y‘n—m)le2 + |g(Yny }/n—m)|2A + A-]\4n+1
d
+ 2(F(Yn)’ f(Yn’ Y'ﬂ—m))A + Z / Ih(k) (Yna Yn—ma Zk)|2AVk(dzk)
k=1 YR

= [PV + AMyr + (2<Yn GV, F(Yay Yaom)) + 19V Yoo

d
+ kz /R |R®) (Y, Yo, 26) P (dzs) + (1 — 20))] f(Yn,Yn_m)PA)A,
=1
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where

AMny1 = |g(Yn, Yaor) F(AB] = A) + 2(F(Y), 9(Ya, Ya-r)) AB

2<g(Yn,Yn _)AB., / h(Ya, Yo, 2) AN, (dz)>
n 2< F), [ Y Yoo, z)ANn(dz)>

+2< T (Y, Yaom)A, / h(Yn,Yn_m,z)ANn(dz)>
R4

2 d A
+ (‘ / B(Ya Yo 2)AN(d2)| =3 / |h(’°)(Yn,Yn_m,zk)|2Auk(dzk)).

It is possible to rewrite as

|F (Y1) > = |F(Yo)? + A(YR)A + AM, 1,

where

AlY,) = 2(Y, = G(Ya), f(Ya, Yaom)) + |g(YmYn—m)|2

d
+y / |R®) (Yo, Yo, 20) P (d2i) + (1 = 260)| £ (Yn, Yoo PA.
R

Therefore, let N be any nonnegative integer such that NA < T. Summing
up the inequalities above from n =0 to N A o, we get

NAog NAog

IF(Ynnors1)? = |F(Yo)P + AY)A+ AMo+ > A(YV)A+ > AMoy,

n=1 n=0
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then we have

NAoRr NAog
1
Y nonti]? < < f( (|F(y0)|2 +AY)A+AMy+ Y AY)A+ Y AMup
n=1 n=0
(NAog)+1
n 20 Y, — C(Yaor), f(Ya, yn_m)m) + Y 2C(Yan)?
n=1 n=1 K
N
S (IF(YE))P + A(YO)A + AM,y + Z A(Yn)l[o,gR](n)A
n=1
N N
+ 3 AMppilpo(n) + Y 20(Ys = G(Yam), f(Ya, Yaem)) Loop (M)A
n=0 n=1
+20(YNror+1 — G(YNrort1-m)s f(YNAoR+1, YN/\oR+l—m)>A)
Y1 1
+ 3 260 PLiooni(m) + ZIGVnnoniam)
n=1

Applying the assumptions 3.1, (5.18) and (5.9), we then take the expectation

on both sides of the inequality above and get

N
1
E[Ynropnl* € — RE(lF(YO)Iz + A(Y))A +E Y (4o + 48(1Yal + [Yaeml?)) Lo,on (M)A

n=1

+ 20(YN/\GR+] - G(YN/\O‘H+1—1TL)) f(YN/\UR+17 YN/\O'R+1—’ITL)>A>
+ ]E(Rlyn—mPl[O,ch](n) + f{lyN/\oRH—mlz)

<

=E(F(Yo)l” + A(Yo)A +8Na) + — ZE(lY 1i0,01(7))

468A
+KZE IYn m|21[003](n))+ ﬂ ZE(IYn ml 1[00}1]("’))

n=1

20A
+ 2 Bl iwnarl? + EWornogysa-mP) + KEYirnons-n
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Then
E sup |V

0<n<NAogp+1
C 4pA
< % + E[|Y,|*1j0,0
= (I-K)2—480n " (1- K)2— 4600 0<ns<u1?A,RZ [1Ya* 110,051 ()
K - K) +48A

(1- ) —460A 0<n<N/\aRZIE“Y" —m|? Ljo,oq)(n)],

where C' is a positive constant may different line by line. Now by discrete

Gronwall’s inequality lemma 5.1,

86A + K(1 - K) }
E Y. |10, < _ ~
veneal el Toen(m] < g =58 &P { (1— K)? — 4607

where we use the fact that NA < T. Thus, letting R — oo and applying

Fatou’s lemma 2.1, we have E|Yy,;|? < C, which complete the proof.

5.4 Almost Sure Stability for Theta-Euler-
Maryuama Method for Neutral Stochas-
tic Differential Delay Equations with Jumps

Theorem 5.6 Let the assumptions 3.1and (5.18) hold. Assume that there
erist two functions w € C(R™;R,) and W € C(R™;R,) such that

(@ - GW)), f=z,y)) + —Ig(w WP+ =2 @y

*3 E:/R [ (Yo, Yoo, 20)Pri(dz) < =Mieo() + dow(y) = Wz = G(y)),

(5.20)

for all z,y € R" and A € (0, max {5, G2}] with A > Ay > 0. Then the

solution of the theta EM method (5.16) obeys

limsup |Y,|> < o0, a.s.,
Nn—00
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and

> E(w(Ya))A < co.

n=0

If additionally w € K

lim Y, =0, a.s

n—00

where KC denotes the class of continuous, non-decreasing functions u: Ry —

Proof: Let F(z,y) = z—G(y)—0f(z,y)A and define og = inf{n : |Y,| > R}
is a stopping time with respect to {F;, }n>0. We have the following inequality

|F(Yn+1)|2 = |F(Yn)|2 + |f(ym Yn—m)le2 + |g(yn7 Yn—m)le
d
+ 2(F(Yo), f (Yo, Yam))A + > / |RE) (Yo, Yo, 26) P Av(d2k) + AMpy
k=1 "R

= |[F(Y,)? = A(Y)A + AMp s,
(5.21)

where

A(Yn) = (2(Yn - G(Yn), f(Ym Yn—m)> + |9(Yna Yn—m)|2

d
+ kz /R |R®) (Y, Yo, 20) P (dz) + (1 = 260)|f (Ya, Yn_m)|2A),
=1
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and
A1Mn+1 = Ig(Ym Yn—m)lz(ABi - A) + Q(F(Yn)ag(ym Yn—m»ABn
+ 2(f(Yn, Yo-m)A, g(Yn, Yn_m))AB

+2( g(Yp, Yn—m)AB,, / h(Yn,Yn_m,z)ANn(dz)>
d

+
o]

-
<F h(Yo, Yoo, 2)AN, (dz)>
“2(s

Yo Yor)Ds | B(Yo, Yo 2) A, (dz>>
R

h(Y, Yem, z)ANn(dz)
Rd

i

For any integer N > 1, by (5.21) it is easy to see that

- Z/ |h(k)(Yn1Yn—mazk)|2AVk(de)).
k=1YR

N N
F (Yo ) = [F(Yo)? = Y A(Y2) A+ AM,yy. (5.22)

n=0 n=0

It suffices to verify that

N N
Z A(Y,) > 0and M(N) := Z AM,,, is a local martingale.

n=0 n=0
In what follows we shall show both of them one by one. Note by (5.20) and
(3.2) that

ZA(Y ) > )\IZw y)—,\zzw(Yn m)

n=0 n—O
m N
Z A1 Zw(yn) - )\2 Zw(Yn—m) - A2 Z W(Yn—m)
n=0 n=0 n=m+1
N m N
> MY w(Ya) =AY w(¥nom) = A2 Y w(Yy)
n=0 n=0 n=0

N m
> (A= 2) Y w(Ya) = 2 > w(Ynom)

n=0

N
2 (0= %) ) w(¥a) =X sup w(E(s))r

'—T S
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Due to A; > Az, we have (A\; — Ag) ZTIY:Ow(Yn) >0, and by (5.9) M(N) is a
local martingale. Now the (5.22) can be rewritten as

|F(Yon,)I? < [F(Yo)? + X2 sup w(é(s))T

—7<8<0

N N
— (M= A) Y w(Y)A+) AM,,.
n=0

n=0

(5.23)

Then we are in a position to apply the lemma 5.1 to obtain

lim |F(Y,)]? < co.

n—oo

Observing the fundamental inequality [7] that for any a,b € R and a > 0,

b2
20b < aa’® + —,
a

and let @ = K and by the Assumption (5.18), it is easy to show that
[Yn = G(Yam)? = |Yal* = 2(Ya, G(Yo-m)) + |G (Yo-m)|?
> Val? = IVl = ZIGWaem)? + [G(¥aom)
> (1= K)|Yal* = K1 = K)[Yaoml?,
and
|F(Ya)]? = Yo — G(Ya-m)* = 20(Ys — G(Yaom), f(Yn, Yaom))A
+ 02| f (Yo, Vo) P07
> |V, = G(Yam)? = 200A(|Yo|? + |Yaom[?)
+ 02| f (Yo, Ynem)|PA% — 206A
> (1 - K —=280A)Y, > — (K(1 — K) +280A)|Y_m|? — 2004,
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taking lim sup,,_,., on both sides that

lim sup||F(Y,)?]

n—oo

> limsup[(1 — K —~ 260A)|Y,|?]

+ limsup[— (K (1 — K) + 280A)|Yy_pm|?] + lim sup[—2026A)]
> (1 — K — 266A) lim sup[|Y,|?]

n—oo

— (K(1 — K) +286A) lim inf[|Y; _ .|| — lim inf[200A]

> (1 - K — 260A) lim sup][|Y,|]

n—oo

— (K(1 — K) + 286A) lim sup||Yy—m|?] — lim inf[206 A]

n—oo

> ((1 - K)? — 480A) lim sup[|Y,|?] — lim inf[2a0A].
Choosing A sufficiently small which further yields that

limsup |Y,|? < 00, a.s.
By lemma 5.1,
Zw(Yn)A < 00, a...

n=0

which implies

lim w(Y,) =0, as.

n—oo

If additionally w € K

lim Y, =0, as.

n—oo

as required. Summing up the both sides of (5.21) we have

00 N
Zw(Yn)A <|FYO)P+ A sup w(é(s))T+ Z AM,.
n=0 —7<s<0 n=0

Then taking expectation on both sides, the proof completed.
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Chapter 6

Stability in Distribution for
Reflected Stochastic
Differential Delay Equations
with Jumps

6.1 Introduction

Since the importance of delay equations derived from the fact that many
phenomena witnessed around us do not have an immediate effect at the mo-
ment of their occurrence, delay dynamical systems are used in a lot of models
of science and engineering. Moreover, in applications of some quantities of
interest needed to be positive, Kinnally and Williams [33], Bo and Yuan [10]
present the reflection which is positively constraint. Furthermore, [30] has
not only established the existence-and-uniqueness theory, but also investi-
gated moment asymptotic bounded-ness and moment exponential stability

of the equations. Most of the existing papers are concerned with the stabil-
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ity of RSDDEs in respect of sample paths or moments. However, in many
practical systems, such stability is sometimes too strong and in this case it
is useful to know whether or not the probability distribution of the solution
will converge weakly to some distributions (but not necessarily to zero). In
this chapter, we will couple the Bownian motion, small jump and large jump
terms (referred to [4]) separately to the system and study the stability in
distribution of RSDDEwJs by using the Skorokhod problem which will be

introduced in section 2.

6.2 Reflected Stochastic Differential Delay Equa-

tions with Jumps

Consider the nonlinear n-dimensional RSDDEwJs

dX(t) = f(X(t), X (t — 7))dt + g(X(¢), X(t — 7))dB(t)
+/|s< R(X(t7), X((t — 7)7), 2)N(dt, d2) 6.1)
+ /| | K(X (), X((t — 7)7), 2)N(dt,dz) + dL(t),

for any ¢t > 0. Here the given initial segment

£ ={&(),t € [-7,01} € D ([-7,0]; R™), (6.2)

where X (t7) = lims; X(s), f : R* x R* — R™ and g : R® x R®* — R™™ as
well as A, ' : R® x R® x R¢ — R™*¢ the positive number r plays the role
here of separating small jumps (which are compensated) from large jumps
(which are not) [4]. We denote that each column A of the n x d matrix
h = [h;;] depends on 2 only through the k-th coordinate z, i.e., R (z,y, 2) =
&) (x,y, ), 2 = (21, .., 24) € RL Furthermore, all values £(t) of the initial

segment are assumed to be Fyp-measurable for ¢t € [—T,0].
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The R7%-valued processes L(t) = (L1(t), L2(t), ..., La(t))T is called the
regulator of the solution processes X = (X (t);t > —7). Specially, the i-
th component of L(t) can only increase when the i-th component of X (t)
reaches the point zero. Hence, the action of L(t) is termed reflection at the
boundary of the orthant R”. Further, the regulator L(t) satisfy the following
properties: [19] The é-th component of L(t) is continuous, nondecreasing F;-
measurable and L;(0) = 0,7 = 1,2,...,n, and for all £ > 0, it holds that
P-as.

/0 t X(s)TdL(s) = 0.

Then we will refer to [33, Definition 2.1.1] for the definition of solution to
equation (6.1). For the existence and uniqueness of the solution we shall

impose a hypothesis:

Assumption 6.1 Assume that f,g,h,h’ satisfies the local Lipschitz condi-
tion and the linear growth condition, i.e. for each integer R > 1 there exist

a positive constant Kr and another positive constant K, such that

|f(z1,1) — F(@2,92)* + 1921, 91) — g2, 12)

d
+3 / IR (21, 1, 26) — A (3, va, 22) P (d)
k=1 lzk|<r
d

+ Z / |hl(k) (xh Y1, Zk) - hl(k) (.’L‘g, Y2, 2k)|2yk(dzk)

k=1 ¥ lzxl2r

(6.3)
< Kp(lz2 — z1)* + |y — w1]%),
d
|F(z, )1 + lg(z, y)|* + Z " |h®)(z, y, i) |Pvi(dzx)
k=1 zZk|<T

d
3 /| )P < Kl + ),
k=1 VI%|=T

for x1,22,y1,92 € R® and t € [0, T, with |z1| V |y1] V |z2| V |y2| < R.
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Let C?(R",R,) denote the family of all nonnegative functions V(z) on R™
that are continuously twice differentiable in z. If V € C%(R", R, ), define an
operator LV from R™ x R" to R by

LV (@,9) = Va(&)(2,3) + g tracelg” (@, u)Veu()g(,v)]

+ Z / V(2 +h* (2, y,2)) — V(z) — Va(@)h® (2, y, 2) i (d2x)

|zg |<T
i Z/I 1> V(z + ¥ (z,y, %)) — V(@)vi(d2),

where

_ (0V(x) oV (z) _ [ 8°V(2)
Va() = < or; ' Oz, )’ Veol@) = (Bx,-axj )nxn
Then the It6 formula gives that if V € C?(R", R,.), then for any ¢ > 0
V(X(t)) - V(x(0))
= / LV(X(s),X(s—7))ds+ ‘/0 Ve(X())g(X (s), X (s — 7))dB(s)

+ Z / / LVEED+ RO(X (s7), X ((s = 7)7), 2&)) — V(X (7)) Ne(ds, dz)
+ Z /0 /| 5 [V(X(s™) + B (X (s7), X((s = 7)7), ) — V(X (57))|Ni(ds, dz)

t
+ [ VaxX()ares),
0
Then let us come to discuss the existence and uniqueness of (6.1).

Theorem 6.1 Let £ = (£(t);t € [—7,0]) be an element of D% ([—7,0}; R7).
Assume the assumption 6.1 holds. Then there ezists a unigque solution X (t)

to equation (6.1) with initial data Xy = & and Xo(t) = £(0).

Proof At first we shall give some definitions about the Skorokhod problem
and its solutions from [48] and [14]. Let B be a closed set in R™, and for each
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z € 0B, let d(z) denote a set of unit vectors, which is called directions of
reflection. For ¢ € D([0,T];R"), let |¢|(T) denote the total variation of v
on [0,7]. For a set B C R", and « € R, we define aB = {az : z € B}.

Definition 6.1 (Skorokhod problem) Let ¢ € D([0,T]; R™) with ¢(0) € B be
given. Then (¢, p, 1) solves the Skorokhod problem if

° =+, ¢(0) = ¢(0);

o ¢(t) € B forte[0,T);

o [%[(T) < oo;

o [¥1(t) = foq Lis(rcomydll(s);

e There exists measurable ~y : [0,T] — R™ such that v(s) € d(¢(s)) (d|¥|
0.5.) and (t) = fio g V()dlvI(5)

Hence ¢ never leaves B, and ¢ changes only when ¢ € 0B, in which case
the change points in one of the directions d(¢). The % term is related to the
local time spent on OB.

By [33, Appendix A], given an adapted stochastic process {¢(t),t > 0}

taking values in R%, all defined on some filtered probability space (2, F, {F:}:>0, P),

we define
S(Q)(t) = ¢(0) + / FCs), (s — T)ds + / 9(¢(5), ¢(s — 7))dB(s)
h(¢(s™), —T",sz,dz .
+//II (€57, ¢((s = 7)), )N (ds, d2) (6.4)
K¢ (s7),¢((s = 7)7),2)N(ds,dz),
+/o/|z.2r (€7, ¢((s = 7)), 2)N(ds, dz)

For a solution X of the (6.1),

X(t) = S(X)(t) + L(¢t)
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for t € [0, 7], where the regulator term L has the following explicit formula

in terms of S(X): for eachi=1,...,n,

Li(t) = max((S(X))(s), ¢ 20.

s€[0,t)
For any adapted process { = ({(t);t > 0) taking values in R7}. Using the
form of solution to Skorokhod problem, there exist Lipschitz functions ¢ and

¥ with K4 > 0 and K > 0 respectively, such that

X(t) = ¢(S(X))(t), and L(t) =9(S(X))(t), on te[0,T]. (65)

Because of the uniqueness of solution to the Skorokhod problem; L is a
function of X that L*(t) = maxg<s<:(X*(s))™, ¢ = 1,...,n. Then as a

consequence of [33, Proposition A.0.1(i)], we have the following lemma.

Lemma 6.1 Forany0<a<b< oo

mi sup |X'(2) = X'()

i=1 s,t€[a,

< Kymax sup [(S(X)) (&) = (S(X))'(s)].

=1 st€la,
Now let £ be the bound for £&. For each integer R > £, define
lzZ| AR _|y|AR >
=l 7yl )
where we set (|z| A R/|z|)z = 0 when z = 0. Define ¢'®(z,y), hF)(z,y, 2)
and h'®)(z,y, ) similarly. Consider (6.4)

1) =1

S(Xr)(t) = Xr(0) + /0‘ F®(Xgr(s), Xr(s — 7))ds
+ /t g(R)(XR(S),XR(S _ T))dB(S)
r ) (6.6)
+/0 Alq R (Xr(s7), Xr((s = 7)7), 2)N(ds, dz)
-+-/0 [|> KB (Xp(s™), Xr((s = 7)7), 2) N(ds, dz),
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on t > 0 with initial £. By assumption 6.1, we observe that f(® g
h®) and A/R) satisfy the global Lipschitz condition and the linear growth
condition.

By [2, Theorem 6.2.9 P374] (also [47, Proposition 3.1]), the uniqueness
and existence on t € [0, 7] of (6.6) can be proved. Once we obtain the unique
solution on [0, 7] we can regard them as the initial data and consider (6.6)
on [7,27]. Repeating this procedure on intervals [27,37], [37,47] and so on,
we obtain the unique solution S(Xg)(t) to (6.6) on ¢t > —7. Then it follows
from the proof of (3.17), which is showing that P{o = oo} = 1, by defining a
stopping time and using the Lipschitz functions ¢, ¢ and (6.5), we obtain that
(6.1) exists a unique, {F;}:>o-measurable, right continuous and left limited

global solution X (t).

6.3 Stability in Distribution for Reflected Stochas-

tic Differential Delay Equations with Jumps

The main purpose of this section is to discuss the stability in distribution of
the solution (6.1). We now first give the definition of stability in distribution.
For the segment processes X; = (X (t + s); —7 < s < 0). Let X¢(¢) denote
the solution of (6.1) with initial data X, = £ € D% ([-7,0];R7%) and Xi =
(X¢(t +s);—7 < s <0) fort > 0. Let p(t, & d¢) denote the transition
probability [40, P84] of the process X (t). Denote by P(t,£,T") the probability
of event {X(t) € '}, i.e. with I € B(R"}), which denotes the Borel o-algebra

of R:, P(t,,T) = [L.p(t,&,dC).

Definition 6.2 The processes X; is said to be stable in distribution if there

ezists a probability measure w(-) on D([—7,0];R%}) such that the transition
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probability p(t,€,d() converges weakly to w(d() as t — oo for every { €
D([—7,0];R%). In this case, (6.1) is said to be stable in distribution.

Theorem 6.2 Suppose that the segment X, satisfies the following properties:
(P1) For all £ € D([-T,0];R%}),

sup E||X¢|? < oo. (6.7)

0<t<oo
(P2) For any compact subset M of D([—7,0]; R%),
Jim E|X: - X7|>=0 (6.8)
uniformly in £, m € M. Then X (t) is stable in distribution.

To prove this theorem we need to introduce more notations. Let P(R?%)
denote all probability measures on R". For P;,P, € P(R") define metric dy,

as follows:

) =sup| [ rERiae) - [ 1(@P(as)

and
L={f:D([-7,05R") = R: [f(§) — f(n)| < |I€ = nll and |f(-)| < 1}.
Let us now present three lemmas.

Lemma 6.2 Under the assumption 6.1, for every p > 0 and any compact

subset M of R",

supIE( sup |X§(s)|p) <oo Vt2>0.

¢eM  \ 0<s<t
Lemma 6.3 Let the assumption 6.1 holds and (6.1) have property P2. Then,
for any compact subset M of R™,

lim d (p(t,€,), p(t,m, 7)) = 0
uniformly in £, € M.
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Lemma 6.4 Let the assumption 6.1 holds. If (6.1) has properties P1 and

P2, then for any x € R", {p(t,&,-) : t > 0} is Cauchy sequence in the space

P(R™) with metric dp.

The proof of lemma 6.3, 6.4 and theorem 6.2 are similar with [19, Lemma

3.3, Lemma 3.4,Theorem 3.1] without Markovian switching.

Then let us derive results on the stability in distribution for the processes

X (t), i.e. we shall establish some sufficient criteria for (P1) and (P2) of

Theorem 6.2. We first proof (P1).

Proposition 6.1 Let the assumption 6.1 holds and c; be a positive number

and Ay > Xy > 0. Assume that there ezist functions V(z) € C*(R%;Ry) and

wi(z) € C(R%;R,) such that

alz’ < V(z) < wi@),

for allz € R%} and

0
MSO, l=12,...,n,
Bx,
where
0= (z1,...,21-1,0,T141, - - -, Tn)

with z; > 0 (i #1), and

LV (z,y) < —\wi(z) + dawi(y),

for all (z,y) € R? x R%, then

sup E||X{|? < oo, V€€ DY ([-7,05R).

0<t<o0
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Proof. For convenience, we write X¢(t) = X (¢) for any initial data X (0) = £.
Define a stopping time by

or =inf(t > 0;|X ()| > R),

where we set inf § = oo as usual. By the generalized It formula, we have

that for any ¢ > 0,
EV(X(t A or)) — EV(X(0))
—E /0 M LV(X(5), X (s — 7))ds + B /0 L (XO(5))dL(s)
+ ]E( /0 o Vo (X (s))g(X(s), X (s — 7))dB(s)
i rinon
+ ;/0 /IZqu[V(X(s-) +RP(X(s7), X((s=7)7), %)) (6.13)
— V(X (s7))]Ni(ds, dz)
d o - (k) - -
' Z/ /W["(X(S )+ KX (57), X (5= 7)) )
~ VLN, d) ).
By using (6.10) and the fact of dL(t) > 0 for all ¢ > 0, P-a.s.
E /0 Va(XP(s))dL(s) < 0.
Furthermore, by (6.11), we then derive from (6.13) that

EV(X(t Aor)) <EV(£(0) + A / " o (E())ds. (6.14)

Letting R — oo we have

0

EV(X() SEV(E©) + e | wn(€()ds (6.15)
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This implies

sup EV(X(¢)) < oo. (6.16)
0<t<o0
Hence by the condition (6.9),
1 0
sup EIXOP < = (BV(E0) + % [ wn(ele))ds) <o
0<t<oo —r
In what follows, we shall estimate the segment processes X;. Let ¢ > 7 and
6 € [0,7]. From (6.1) and the It6 formula, it follows that
X (t = 0)* = |X(t - 7)

t—0

t—-0
= [ 10X, X(s = Pds+2 [ X HX(6), X5 = )
t—6 t—0
+2 X(s)Tg(X(s), X(s — 7))dB(s) + 2 X(s)TdL(s)

t—7 t—7

+QZ/ -/|zk|<r |[REY (X (8), X (s = T), 2k) |*vi(d2k)ds

(k) - — 7)), z)?

+2X(s7)TR® (X (s7), X ((s = 7)7), z)] N (ds, dzx)

d t—6
k) (X (s~ s—1)7), z)|?
+3[ [ )X (e =m0

+2X(s7)TR® (X (s7), X ((s — 7)), z)] Ni(ds, dz)
+ Z/ /|zk|>r |R® (X (s), X (s — 7), z)|*ve(dzs)ds

+ ;/t_f /lz'clerX(S) + h/(k)(X(s),X(s - T)’Zk)lz _ |X(3)|2]Vk(d2k)ds.

(6.17)

By the property of regulator L(t), we have P-a.s.

t—-0 t—0 t—r
X(s)TdL(s) = i X (s)TdL(s) - /0 X(s)TdL(s) = 0.

t—7
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Then we estimate the terms as follow

d t—0
E sup Z/t_ Ak|<r|h(k)(X(5),X(5—T),zk)lzuk(dzk)ds

0<o<T k=1

d t—0
®(X (s~ s—1)7), 2|2
DY B I G R

+2X(s7)ThM (X (s7), X ((s = 7)7), 2)] Ni(ds, d2)

=E sup
0<6<r

d t-0
B X (s~ s—1)7), z)? s.dz
S [ O X (o =Nl )

d t—6
s7)Th(®) s~ s—1T7) zk~ s,dzi)l,
30 [ PXETROXE, X (7)) el da)

(6.18)
where
d t—0
Esup |2 / / (RO (X (57), X ((s = 7)7), )" Ne(ds, dz)
067 | jemy Wt |zl <r

_EZ/ /! 5 |R® (X (s7), X ((s = 7)7), z&) |2 Nk (ds, d2x)

=1EZ/ /| - |R® (X (s7), X ((s — 7)7), z)|*Ni(ds, d2x) (6.19)
d

+IEZ/ /||< |R® (X (s7), X ((s = 7)7), z) [Pv(dzk)ds

N Z/t T/Izk|<1'E|h(k) s7), X ((s = 7)7), z) Pv(dze)ds,

k=1
so does the large jumps term. In the meanwhile,

d t—8
E sup |, / /l 5 [1X (s) + K® (X (s), X (s — ), 26)|* = | X (5)*]vne(dze)ds

0<o<r | =7 Ji-

d t
<) [ /I  IWOX(), X (s = ), 20z
k=1 t 2|27

d st
+EY / / | X (5)|ve (dzi ) ds
k=1 t—T1 Izk|2'r
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which implies that

d

-/ |X(s>|22uk(|zk|>r>ds—2uk w2 [ X

k=1 -T

where 3°¢_, vx(|zx| > 7) < co. By the Burkholder-Davis-Gundy inequality
(2.6) and 2ab < 1a% + ab? for a > 0,

t—0
E sup / X ()T g(X(s), X (s — 7))dB(s)
0<6<r t—
t s
< 3]E( sup |X(t - )2 / lg(X(s),X (s—T))IzdS)
0<o<T
< = sup |X(t—0) +27E / X(s), X (s — 7)) [ds,
12 0<0<r
as well as
E sup / / X(S_)Th(k)(X(S_),X((S —T)_),Zk)Nk(dS,de) )
0<0<1 =1t |zk|<r
< - _ 2
= 12E0i35T'X(t o)l

+27IEZ / T /| RO, X (=), (s
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and the large jumps term. Then we have

E sup |X(t—0)?

0<6<r

d t
S2EIXE-T)P+(2+ ) vzl >7) E|X (s)|*ds
(2 Rtz n) [
+2/t 1E|f(X(s),X(s—'r))|2ds+110/t_ E|g(X(s), X (s — 7))|*ds
+C’/t ]EZ/ | |R® (X (s), X (s — 7), z)|*vk(dzs)ds

' ]E E hl( ) }( S .X S — 1T V4 21/ dZ dS.
C /fj - ./I;k|>rl ( ( )7 ( )7 k)| ( k)

Therefore by linear growth condition (6.3) we have

E sup |X(t—6)|

0<o<r

t t
<2E|X(t-T)*+C E|X(s)|*ds + C’/ E(X (s)]> + | X (s — 7)*)ds
t—r t—1

< C+C'E sup |X(t)]

0<t<oo

where C, C’ > 0 are constants which may different line by line. Using (6.16)
we obtain (6.12), which complete the proof.

Remark 6.1 Using the definition of compensate Poisson processes twice to
prove the terms of (6.18) and (6.19) and the fact of Poisson measure is a
counting measure to take off the superior are more convenient than the proof

of [47, Proposition 3.1] and [6, Proof of (4.7)].
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To solve property (P2), we need to consider the difference between two solu-

tions of (6.1) starting from different initial values, namely
X¢(t) - X7(t) - (£(0) — 7(0))
- / F(XE(), XE(s — 7)) — F(X7(s), X"(s — 7))]ds
+ / [9(X4(s), XE(s — 7)) — g(X7(s), X"(s — 7))]dB(s)
+ / / [h(XE(s™), XE((s = 7)), 2) = h(X7(s™), X7((s — 7)), )|V (ds, d2)
Ot Jz|<r
R(X4(s7), X((s = 1)7),2) — K (X"(s7),X"((s — 7)7), 2)| N(ds, dz
+/°t/'"2’[( (), XE((s = 7)), 2) — K(X"(s7), X7((s — 7)°), 2)}N (ds, dz)
+f d(L5 — L")(s),
(6.21)

where the initial datum &,7 € D([-7,0);R%). In addition, the pair of
processes (X¢|rn L) and (X7|gy L") solve the Skorokhod problem X (t) =
S(X)(t) + L(t) with different initial datum, respectively. For given function
U € C*(R™R,), we define an operator L'U : R"** — R associated with
(6.21) by

L'U(z1,91, 2,%2) = Un(z1 — 22)(f(21,91) — f(%2,92))

+ ltrace[(g(xl, 1) — 9(x2,%2)) Use (21 — 22)(9(21,91) — 9(22, 2))]

2
d
+ Z/ | [U(xl -T2+ (h(k)(xhy?’zk) - h(k)(x2 — Y2, zk)))
k=1 |zk <r
- U(z: ~ x2) - Ux(l“l - xz)(h(k)(xl,yz, Zk) - h(k)($2 — Y2, Zk))]Vk(dzk)
d
* Z/I l [U(z1 — 22 + (WP (21,92, 26) — ' ® (22 — 32, 2t))) — Ulz1 — 22)|vic(d).
k=1Ylzk|2r

For the future use, we shall impose anther hypothesis:
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Assumption 6.2 There is a K > 0 which may different of the previous one

such that

(z1 — @2, f(x1,11) — f(@2,92)) + |9(x1,31) — 9(22,%2)

d

k=1 Y l2kl<r

d
+ Z/I |W®) (21, 91, 2) — by (2, Yo, 26) [P (dz)
k=1

z|>r
< K(lez — 1> + ly2 — 91 ?)

for z1, 22, 91,92 € RY.

+ Z/ |h®) (1,41, 2t) — hery (22, Y2, 2i) |Pvi(d2k)

Proposition 6.2 Let the condition of proposition 6.1 and the assumption

6.2 hold. Assume that there exist positive numbers c; and A3 > Ay > 0 and

U(z) € C?}(R™;R,), we(z) € C(R™;R) such that
U(0,0) = 0.

co|z| < wa(z) AU(2),

and

for

xl:F = (xla ey Ti-1, XL Tig1, - - ,(L'n)

with all z; € R(Z # 1) and z; € Ry, and
| L'U(z1,22,y1,y2) < —Aswa(z1 — Z2) + Aawa(y1 — y2),
for all x1,z3,1,y2 € R}, then
tllglo IXF = X2 =0 wuniformlyin &ne M,
for any compact subset M of D([-,0]; R%).
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Proof. First we prove
tlim |X4(t) — X?(t)|]? =0 uniformly in &,7 € M. (6.26)
Let R be positive number and define a stopping time by

or = inf{t > 0;|X%(t) — X"(¢t)| > R}.

Setting Tr = pgr At and applying the Ité formula to (6.21) we conclude that
0

EUX4(TR)) — X"(Tr)] < EU(E(0) — n(0)) + AeT / wa(€(s) — n(s))ds

~ (\s— M)E /0 ® X (s) = X7(s)[ds

+E /0 UL (XE(s) — X7(s))d(LE — L7)(s).

(6.27)

We conclude that by employing the condition (6.23) and property f(: X(s)TdL(s) =

0, P-a.s.
/TR Uz(X® = X")(s)d(L* — L")(s)
0

Tr Tr
= [ ra(x€ = Xn)()d(LE)(s) - / U, (X — X7)(s)d(L™)(s)

0

= [ U0 = XD, (K~ XL, = XT6),
(Xfys = XD)(5)y -, (XE = X2)(3)d(LE) (o)
[ U D, X~ X6, X6
Xy = X12)(9), . (X = X)()d(L7)(3) <,
since dL4(t) > 0 and dL"(t) > 0. This implies
fo ” E|X%(s) — X"(s)|*ds

(6.28)
<

0
A3 1 )‘4U(5(0) - n(0)) + )‘3&1)\47/_Tw2(§(3) —7(s))ds < oo.
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Then we claim
lim E|X4(t) — X"(t)]* = 0.
If (6.29) false, then there exists a constant A > 0 such that
limsup E| X¢(¢) — X"(t)|> = A.

t—o00

A

So there is a positive number ¢ < & and a sequence (t,,n =

11

t, — 0o as n — oo such that

E| X (ta) — X"(t)|> > A — €.
Let t > t, and |t — t,| < 1. Then by (6.21)
X(t) — X"(t)

= X¢(t,) — X"(tn) + /t d(L* — L")(s)

tn

+ / FOXE(s), XE(s — 7)) — F(X7(s), X" (s — 7))]ds

1,2,...

[ 1006, K45 = 7)) = g(X7(6), X7(s — )]aB(s)

+ / /| XX (5= 7)),2)
— h(X"(s7), X"((s — 7)7), 2)|N(ds, d2)

t "(X&(s™ s—T)), z

+/t,. /.z,zr[" (XE(s7), XE((s = 7)), 2)

— K (X"(s7), X"((s — 7)7), 2)|N(ds, dz).
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As a consequence

| X4(t) — X))
1

> | XE(tn) = X7(ta)[* —

/ Cd(LE - I7)(s)

tn

2

+ LFXE(s), XE(s = 7)) — FX7(s), X7(s — ))lds

2

—| [ [9(X*(s), X*(s = 7)) = 9(X"(s), X"(s = 7))ldB(s)

in

2

- / t /| O X =) 0,2) = AX(), X = 7)), 21 s d2)

2

) / | /| W), XE (s = 1)7),2) = KX, X7 (s = 1) N (s, d2)
This implies that
E|X¢(t) — X7(¢)[?

2

> %Ele(tn) _ X"(t,)[? - 2E

/ t d(L¢ — L™)(s)
tn )
—2E

/ FXE(s), XE(s = 7)) — FOX(s), X7(s — 7))]ds

2

—E / l9(X4(s), X¥(s — 7)) — g(X"(s), X"(s — 7))]dB(s)

) /t /lzlq[h(xa(s‘),xai((s —1)7),2) — K(X"(s7), X"((s — 7)7), 2)| N (ds, dz)

- t "(X4(s7), Xo((s —7)7),2) = K (X"(s7), X((s — 7)7), 2 s,dz
E /tn/|z|zr[h(X( ), X (s = 7)7),2) — B(X"(s7), X"((s — 7)7), 2)|N (ds, d2)
(6.30)

Note that
2

oF / Ca(LE - I7)(s)

=2E|(Lf(t) — L*(ta)) — (L(t) — L"(ta))I*
<AE|(L(t) — LE(ta))I” + 4E|(L(2) — L(ta))I

(6.31)
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From (6.1), for any ¢ > t,, we have
L(t) = L(ta) = X(£) — X(ts) - / " HX(5), X (s — 7))ds
/ 9(X(s), X (s — 7))dB(s) — / /| ) “), X((s = 7)), 2) N (ds, dz)

_/t,., /|z|zrh/(X (s7), X((s —7)7),2)N(ds, dz).

Hence

2

E|L(t) — L(t,)|> = 5E| X (t) — X(tn)|2 + 5E

f (X(s),X(s—7))ds

+ 5

+5]E

/t o(X(s), X (s — 7))dB(s) [ /| ! (X (s7), X((s — 7)7), 2) N (ds, dz)

+ 5E

/t /II> h'(X(S_),X((s—T)'),z)N(ds,dz) ,

Substituting this into (6.31) yields

/tt d(LE — L")(s) 2

< 0E[X4(£) — XE(8,)|? + 20 X7(8) — X7(t)[?

2E

+ 20E / t F(X4(s), X4(s — 7))ds 2 + 20E t X"(s), X"(s — 7))ds :

2
+ 20E

+ 20E /ttg(Xﬁ(s),Xﬁ(s — 7))dB(s) 2

/t 9(X"(s), X"(s — 7))dB(s)

2

+ 20E -/tt./||< R(X4(s™), X¢((s — 7)7), 2)N(ds, d2)

+20E /t /| ROX(7), X7(5 = 7)), s, )

2

+20E /t /||> "(XE(s7), XE((s — 7)7)), 2)N(ds, dz)

+ 20E /t /||> h'( X”(s—),X"’((s—T)‘),z)N(ds,dz) .

(6.32)
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In what follows it is sufficient to estimate the following two terms E|X¢(¢) —

X¢(t,)|? and E|[X7(t) — X"(t,)|*>. Next applying the It6 formula
| X5(8) ~ X4 (ta)

=2 [ [X4(9) = XTI X4(9), X4 (s = s
[ 1X4(0) = X4 aX4(5), X¥(s = 7)aB()
- Z / [ I = X+ KOO ), X4 = 7)) )P
- IXE(T) = X Pl da) + [ 19(X5(9) X5 = )P
+ Z / [ ) = X6 + RO ), X (s = ) ), 2
- X)X P, o) + 2 [ X9 = XA ()
+ Z / / - |h®)(XE(s), XE(s — 1), &) | *ve(d2x)ds

+ Z/ /zkpr[le(S) - X4(t,) + h’(’“)(Xf(s),XE(s —7), z)?

— | X4(s) = X*(tn)[*Jn(d2r)ds
(6.33)

Observe that
t
-2 / (X(t,),dL(s)) <0
tn
since from the definition and the increasing property of the regulators we

have

2 /t (XE(s), dL(s)) = 2 /0 (XE(s), dL(s)) — 2 /0 " (X%(s), dL(s)) = 0.
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Thus, taking expectations on both sides of (6.33) and estimate it using the
method, which is same as the proof from (6.17) to (6.20), we obtain

E sup | X%(s) — X*(t,)|?

0<s<t
d t
< (2 + Zuk(|zk| > r)) / E|X¢(s) — X%(t,)|?ds
k=1 tn

E|f(X(s), X4(s — 7))|%ds + 110/ Elg(X¢(s), X*(s — 7)) |*ds

tn tn

+ C/n IEZ /Zk|<r |RE)(XE(s), XE(s — 7), zi)|*vi(dzi)ds

c / ]EZ / WO (XE(s), XE(s — 1), 22) Pw(dze)ds
tn k=1 |z |27

Consequently, thanks to the Hélder inequality (2.1) and Doob’s martingale
inequality (2.4), (6.32) gives

E /t d(L& — L™)(s) 2

d t
<20 (2 +5 wllzel = r)> / E|X¢(s) — XE(t)[2 + [ X7(s) — X7(t,)[2ds

k=1

+40(t — t,) / E|f(X(s), X¥(s — T)2 + |F(X"(s), X"(s — 7)) ds

+80 x 110 /tIE|g(X€(s),X€(s =)+ 19(X"(s), X"(s — 7))|*ds

tn

t d
20 [EY [ O, X6 - ), 0P
tn k=1 |Zk|<1‘

+ lh(k) (X"(s) Xﬂ(s - ’I') Zk)lzl/k(de)dS
/ ]EZ IWEY(XE(s), XE(s — 7), )|
tn |zx|>7

+ |h’(k)(X"(s),X"(s — 1), 2) P (dzi ) ds.
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Putting this into (6.30), and using the linear growth condition to f, g, h, #/,

we have
EIX4(0) = X7(O 2 gBIX¢(tn) — X7(t0)]
- OkE [ ((XEOP +1X4(s = 1P +1X7(s) + X5 = 7)),
(6.34)

where Ck is a positive constant which may different line by line. From

proposition 6.1 it follows that there exists 0 < § < 1 such that
1
CxE [ (X + XE(s = ) + XIS + X5 = 1)2)ds < e
tn

whenever |t — t,| < 8. This, together with (6.34), yields

EIX4() — X)) > T (6.35)
whenever |t — t,| < 4. It follows that
/ E|X¢(t) — X7(¢)[2dt = oo. (6.36)
0

Since this contradicts with (6.28), we must have (6.29). We finally can follow
the desired (6.26) by a similar argument of [58]. Next let t > 7 and 6 € [0, 7],
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by It6’s formula and (6.21) we obtain
IXE(t = 0) — X7(t — )|
t—0
= X4t —7) = X"(t—-7)* + 2/t_ (X4(s) — X"(5))Td(LE — L")(s)
t—0
- / 90X (5), XE(s = 7)) = g(X"(s), X7(s = 7))
t—0
+Z /t T /| | ROXE(8), X5 = ), 20 = KT8, X7 = 7), )Pl da)ds
+ Q/t_ (X4(s) = X(s))TIF(X(s), X*(s — 7)) — F(X(s), X"(s — 7))]ds
t—0
+ 2/ (X(s) = X7(s))" [9(X(s), X2 (s — 7)) = g(X"(5), X"(s — 7))]dB(s)
t—6
R®(XE(s™ X5 $—1T)7), 2k — RE(X(s7), X"((s — 7)7), z)|?
+Z/ /Wu (X4(s7), XE((s = 7)), ) — AOX(57), X (s = 7)), 20)

+2(X4(s7) = X(s7)T (RW(X4(s7), X4 (s — 7)), )
— h®(X7(s7), X"((s — 7)7), 2)) | Vi (ds, dzi)

+Z/ /I > [[R®(XE(s7), XE((s — 7)7), z1) — RO(X(s7), X"((s — 7)7), z)|?

+2(X4(s7) = X7(s7) T (KB (X4 (s7), X4((s = 7)7), 2x)
— K®(X(s7), X"((s — 7)), 2)) | Ni(ds, dz)

+Z/t /;k]>1-[|h’ )(X4(s), XE(s — 7), 2) — KBV (X7(s), X7 (s — 7), 2) |

+2(X%(s) — X7(s))T (KO(XE(s), X (s — 7), )
— KE(X"(s), X"(s — T), 2)) v (d2x)ds

(6.37)
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Compare with the calculation from (6.17) to (6.20), and the assumption 6.2

we have

E sup |X¢(t—0) — X7(t - 6)|?
0<o<T

< BE|X4(t—7) — X(t — 7)|* + 5E / H(Xﬁ (s) — X"(s))Td(LE — L")(s)
+ Cl_(]E/t_ (1X4(s) = X7(s)|> + | X%(s — 7)) — X"(s — 7)|*)ds
< BE|XE(t — 1) — X(t — 7)?
+CRE [ (IX4(s) = X'(9) +X¥(s = 7)) = X7(s = 7)),
(6.38)

because we can use a fact therein, P-a.s.
[ ex = xnoyraus - )
= /0 t X¢(s)Td(LE — L")(s) — /0 t X"(s)Td(L* — L")(s)
= - /0 t X4(s)TdL"(s) - /0 t X"(s)TdLé(s) <0, Vt>0,

since dL"(t) > 0, dL4(t) > 0, X]'(t) > 0 and X{(t) > 0foralll=1,2,...,n.
The required assertion (6.25) finally follows from (6.26) and (6.38). The

proof is hence complete.

6.4 Examples

In this section we first show an Corollary that

Corollary 6.1 Let Assumption 6.1 and 6.2 hold, and let c be a positive
number, As > A¢ > 0, Ay > Ag > 0. Assume that there exist functions

V(z) € C%(R,) satisfying %j’) <0, U(z) € CYR) obeying g_;}l(xl—) <0,
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and ZZ(z}) > 0, and w(z) € C*(R) such that

clzf* < V(z) < w(z), Vz € Ry,
cz|* < U(z), Vz € R,
LV(III,y) < —/\5w(:v) + ’\Gw(y)’ V.’II,y € R+a

LU(z1 — y1,22 — ¥2) < —Aw(z1 — 1) + Asw(z2 — ¥2), VZ1,y1,22,y2 € Ry,

Then

sup ((sup EIX<OI) <oo,

£eEM \ 0<t<oo

and
Jim E|X¢ - X7? =0,
uniformly in £,m € M, where M 1is a compact subset of D([—T,0];R,).

Now we turn to give an simple example. Let B(t) be a 1-dimensional standard
Brownian motion, N (¢, z) be a 1-dimensional Poisson process and denote the

compensated Poisson process by
N(dt,dz) = (N(dt,dz) — v(dz)dt).

We assume that B(t) and N(dt, dz) are independent. Consider a 1-dimensional
linear RSDDEwJs of the form

dX(t)=AX@#)+ Xt —-1))dt+CX(t —1)dB(t) + / DX (t7)N(dt, dz)

|z|<r

+ D'X(t7)N(dt,dz) + dL(t),

227

Xo =¢& € D5 ([-1,05;Ry),

on t > 0, where the R, -valued reflected term L(t) satisfies the properties

that ¢ — L(¢) is a nondecreasing and continuous random process and it
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satisfies foooX(s)TdL(s) = 0. Define f : Ry xR, = Rand g: R, — R as
well as h,h' : R, — R by f(z,y) = A(z +v), 9(y) = Cy and h(z) = Dz,
h(z) = D'z.

Assume that there is a positive number § such that

v(dz) + D’/ v(dz) <0,

2|27

3AB + D’/

|z|<r

AB+C*B > 0.
Next we examine the stability in distribution. We first construct the functions
V:Ry >R, and U:R — R, by V(z) = U(z) = B|z|?. It is easy to check
that the operator LV from R, — R, to R has the form

LV (z,y) = 282A(z + y) + BC?|y|* + D?|z|?v(dz) + / 2(D"” +1)|z|*v(dz)

|z|<r |z|>7

< [3Aﬂ+D2/

|z|<r

v(dz) +2(D? +1) /I | el + 148+ OB,

similarly for z1,z2,y1,¥2 € Ry,

LU(xl,fBz,yl,yz)

= 20(z1 — 22)A(z1 — 22 + (11 — ¥2)) + BC?|y1 — wo* + D?|zy — zo|*v(dz2)

|z|]<r
+/ 2(D? +1)|z; — z2|*v(d2)
|z|27
< [3AB8+ D? /

|z|<r

v(dz) +2(D? + 1) / v(d2)]|z1 — 222 + [AB+ C2B]lys — 1l

2127

Suppose [, v(dz) < oo, then the jump term satisfies the Assumption 6.1.
On the other hand, since V,(z) = 20z, for all the vectors having the form

) = (z1,..,T1-1,0,T141,- - -, Tp) With z; Ry (1 # ) and 1 =1,2,...,n, it

(=9) _ _ .. L
e = 28%0 = 0, similarly, zf = (21, .., Ty, FC, L1, -+, Tn)

is easy to get 82
with all z; € R (i # 1) and z; € Ry, we have for [ = 1,2,...,n, -g%(xl_) =
—20z; <0, and g—g(wf) = 20z; > 0, because of § > 0. By Corollary we can

conclude that the solution process X; is stable in distribution.

110



Next we shall give another example considering an 1-dimensional non-

linear RSDDEwJs,
dX(t) =[-2X(t) — DX(t — 1)]dt + g(X (t), X (t — 1))dB(t)
+ / h(X(t), X (t — 1), 2)N(dt, dz)
|z]<r
+/ R'(X(t), X (t — 1), 2)N(dt,dz) + dL(t),
227

Xo=¢ € Dy, ([~1,0;Ry).

We now shall give some conditions to support the corollary above. Suppose

that
1 1
< 2 a2
| zD(y) < fglal” + gl

z|<r

1 1
2 « 2102 & Zyyl2
lg(z,y)* < 8I%I +8|yl

1 1
[ WP + 20k @y, 2lda) < ol + 6lul
2|27

and

1 1
(1 — 22)(D(y1) — D(y2)) < Télxl —z)? + 1—6|y1 - 1ol?,

1 1
/ |h(z1, 91, 2) — h(T2, 32, 2)|*v(d2) < 1—6|9«”1 —zo + Elyl - pof?

|z|<r
1 1
l9(x1,91) — g(z2,30)° < <lwy — 22* + §|y1 — yo|?
/ |h/($1, Y, Z) - h,(x27 Yo, Z)|2 + 2(:L‘l - 1'2)(}1,(331, Y, Z)
z|>7

K (22,12, )(d2) € 55l = 2l + ol — vl

e — 16 16

Let the functions V : Ry — Ry, U : R — Ry, and let V(z) = U(z) = |z/?,
we have

IV(z,9) < ~glaf? + Syl
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and

5 3
LU(z1,%2,y1,¥2) < —§|$1 — zo|* + §|y1 — 3|2

Then the conditions of the corollary hold.
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Chapter 7

Convergence of Balance
Method for Neutral Stochastic
Differential Delay Equations
with Jumps

7.1 Introduction

During the last few years several authors have proposed implicit numerical
methods for stochastic differential equations in respect of strong and weak
convergence criteria. The balanced method can be interpreted as a family of
specific methods providing a kind of balance within approximating stochastic
terms in the numerical scheme [46]. One can hope that by an appropriate
choice of the parameters involved in these schemes one is able to find an
acceptable combination suitable for the integration of a given stiff stochastic
differential equation. Numerical experiments show a better behavior of the

balanced method in comparison with the explicit Euler method. For example,
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the balanced method is having a larger range of suitable step sizes where
they work without any numerical instability in contrast to the explicit Euler
method. In this chapter we will investigate the convergence of balanced

method for NSDDEwJs.

7.2 Balance Method for Neutral Stochastic
Differential Delay Equations with Jumps

In this chapter we shall let the coefficients of (3.1) satisfies the global Lips-

chitz condition and linear growth condition.

Assumption 7.1 (Global Lipschitz condition) There ezxist a positive

constant K, such that
|f (@1, 91) = f(22,92) > + |g(21,91) — 9(22,92) [
d
+ Z/}R IR (@1, 91, 2) — BE) (@2, y2, 20) [P (dar) < K (22 — 21 + g2 — 11 ]?),
k=1
(7.1)

for x1,Z2,91,y2 € R™ and t € [0, 7). Assume moreover that f, g, h satisfy

the linear growth condition that

d
£ (@, 9)I” + lg(z, y)I” + Z/R R0 (@, y, 22) Pra(da) < Ki(1+ |z + yl),
k=1

for z,y € R, p > 1. We also assume that there is a constant K e (0,1)
such that

IG(1) — Gya)| < Klya — 2|, for all y1,y, € R™ (7.2)
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Now let us introduce the family of balanced methods. A balanced method

applied to (3.1) can be written as the general form that

Yn+1 - G(Yn+l—m) = Yn - G(Yn—m) + f(Ym }/n,—m)A + g(Ym Yn—m)ABn

+ / h(Yr, Yo, 2) AN, (d2) + (co(Yn, Ynom)A
Rd

+ Zcz‘(ym Yn—m)|ABn|)[Yn - G(Yn—m) - (Yn+1 - G(Yn+1—m))],

i=1

(7.3)
where AB,, = B(tn41) — B(tn), AN,(dz) = N(tny1,d2) — N(tn,dz) and
¢ = Cg,C1,. .. ,Cq Tepresent n X n-matrix-valued functions. We assume that
for any sequence of real numbers (a;) with og € [0,&], a1 > 0,...,a, >0,

where & > A for all step sizes A considered and z,y € R", the matrix
n
M("an) = I+0060(x)y) +Zaici(x’y) (74)
i=1

has an inverse and satisfies the condition [(M(z,y))™!| < K < co. Here I is
the unit matrix. Obviously (7.4) can be easily fulfilled in keeping cq, ¢3, ..., ¢n
all positive definite. Thus, under these conditions one obtains directly the
one-step increment Y, .1 — G(Yniy1-m) — (Yo — G(Yn—m)) of the balanced
method via the solution of a system of linear algebraic equations. Further-
more, we suppose that the components of the matrices ¢, ¢y, ..., c, are uni-
formly bounded. That is to say, there exists a positive constant B, such

that

;] < B, (7.5)

where ¢ = 0,1,...,n. Then we illustrate the following lemma before show

the main result.
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Lemma 7.1 Let the assumption 7.1 holds, there is a positive constant H

such that
E sup |X?|* < H(1+ [y[*), (7.6)
0<s<t

where X} denote the value of a solution of (3.1) at time t which starts from

y € R™

7.3 Convergence of Balance Method for Neu-
tral Stochastic Differential Delay Equa-
tions with Jumps

Theorem 7.1 Under the assumption 7.1 and (7.5), the balanced method
(7.3) converges with strong order v = 0.5, that is for all k = 0,1,...,n,
wheren=0,1,...,N and step size A=T/N = 7/m,

(EIX,, ~ Ya)? < O+ |Xo)3A%, (7.7)
where C does not depend on A.

To prove the theorem 7.1 we recall the following theorem concerning the

order of strong convergence (see [44], [45]).

Theorem 7.2 Assume for a one-step discrete time approximation Y that
the local mean error and mean-square error for all N = 1,2,..., and n =

0,1,..., N satisfy the estimates

—

2
[E(Xpn, — Yar)| < C (1 +E sup ]|Yk|2) AP (7.8)
k€[-m,n
and
_;_
(EIX5, = V|22 < 0(1 +IE|Yn|2) AP? (7.9)
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1

5, Where the positive constant C' may different line

with py > 1 and p; > pa+
by line. Then

(BIX2° - Yal?)2 < C(1+|Xol?)2A%"2 (7.10)
holds for each k =0,1,...,n.

Proof of Theorem 7.1. At first, we show that the estimate (7.8) holds
for the balanced method (7.3) with p; = 2. For this purpose, the local Euler
approximation step

qup] = Yn - G(Yn—m) + G(Yn-H—-m) + f(Yn; }/n—m)A + g(yrn Yn—m)ABn
+ / h(Yy, Yo—m, 2)AN,(d2),
Rd
(7.11)

which can be deduced for n =0,1,..., N — 1 that

Hy:= |]E(X3:::_1 - G(Xti'll_m) = (Yn41 — G(Yn+l—m)))|
< E(XE, - GXn, ) = (Yah = G(Yasi-m))
+ |E(Yn€-1 - G(Yn+1—m) - (Yn+l - G(Yn+l—m)))|a

by Holder’s inequality (2.1) and global Lipschitz condition we have

Hy: = E(X™

tnt1

- G(thz_l_m) - (Yn}il - G(Yn+l—m)))|

=3’IE /t n+1[f(XtYn“,XY" ) = f (Yo, Yom)ldu

tn—m

tn41 1
< 3n} / (BIF (X, X2 ) = £ (Yo, Yoo ) Hdu
tn

tn—-m

=

<BKA(E(IX* - Vil +1X%  — Yiewl[?)

-

2
< 3KA <2]E sup | Xk — Yk|2)

ke[-m,n]

< CAY1 +E|Y,[%)3,
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then by using E|AB,| < vVmA, and (7.5) we also have
‘]E Y,ﬁl Yoti-m) — (Yag1 — G(Yn+1—m)))‘

‘]E (I 4 co(Yn, Ya_m)A + (Yo, Yo ) |AB,|) ™

x (co(y,,, Yo m)A + i ci(Ya, Yn_m)lABn|) F(Ya, y,,_m)A> ‘

i=1

D=

< CA? (1 +]E|Yn|2) ,

and we obtain

=

Hs < CA3 (1 +1E|Y,,|2|> ,

and

W=

Hy < CA? (1 +]E|Yn|2|> .
Since we have H; = H,y + Hs, we deduce that

— G(X*

tet1— m)

sup [E(X}% —Yip)| = S (X

ke[0,7] bty
+E(G(Xk, ) — G(Yes1-m))]
< s (Hi+ E(GOXE, ) = GOur-n))
€|0,n

< sup (Hy+ KIE(X;E:, | = Yeram)l)

ke[0,n]

< ?up | (Hy + I~(|]E(Xt},:’jr1 = Yit1)|)
k€[-m,n

< sup H;+ sup K|1E(th+1 Yit1)|
ke[-m,n] kelo,n)

+ sup 1”(|1E(Xt{k+1—yk+1)|
ke[-m,0]

< sup IRH1=0A3<1+IE sup |Yn|2|> :

ke[-mym] 1 ke[-m,n]
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Thus the assumption (7.8) with p; = 1.5 in theorem 7.2 is satisfied for the
balanced method. Similarly, we check assumption (7.9) for the local mean-

square error of the balanced method (7.3) and obtain by standard arguments

N

Hy: = (E|X," - GX" )= (Ynr1 — G(Yns1-m))?)
S (]E|Xt)::'.1 - G(Xt‘zzl_m) - (Y’If;-l - G(Yn+l_m))|2)
+ (E|Yn€-1 - G(Yn+l—m) - (Yn+1 - G(Yn+1—m))|2) )

=

Nl

by using Hoélder’s inequality (2.1), Doob’s martingale inequality (2.4) and
assumption 7.1 we have

- G(X,7, )~ (Yo — GVan-m))?)*
2

Hs: = (E|X]"

tnt1
<

tni1
[ (X X2 ) = g(Ya, Yoom)dB(u)

‘/tn-{—l [f(th:n)Xt);ﬂ_m) - f(yna Yn—m)]du

2
+

+

[~
—_
N———
N

tn+1 -
/ [h(Xt);",Xtt";m,z) — h(Yn, Yn_m, 2)|N(du, dz)
tn R4

< CA(L +E|Y,[%)3,

then by using (7.5) we have

(ST

He: = (ElY,5, — G(Ynt1-m) — Yat1 — G(Ynt1-m))|?)

= (]E‘(I + co(Yn, Yaem)A + c(Yy, Yo_m)|AB,)

% (ca(Ya Var) A + (Yo Yool ABa]) (f(Yn, Ym)A

)

o

+ 9(Ya, Ya_m)AB, + /

R4

h(Yn, Yon—m, z)ANn(dz)>

< CAY(1+E|Y,2)} +2CA(1 + E|Y, %)}
< CA(1 + E|Y, ),
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we also have since Hy = Hy + Hg,

1

2

(E sup | Xk, — Yk+l|2)
kelo,n]

1

2
<Ek21[tp |X:Z:-1 G(th+1 m) (Yk+1 - G(Yk+1—m))|2>

1

2

+ (]E sup |G(X*  )- G(Ykﬂ_m)P)
kelo,n)

1

- 2

< Hs+ (KzlEks?p] X Yk+1_m|2)
€lo0,

N

< H,+ K(]E s1[1p Ith+1 — Y1) )
ke[o

1
1-K

<

_H,.

Thus we can choose in theorem 7.2 the exponent p, = 1.0 together with
p1 = 1.5 and apply it to finally prove the strong order v = 0.5 of the balanced
method as follows with a useful lemma (see [45, pp-739-740]).

Lemma 7.2 The following representation holds,

(Xt +A)-GXt+A-1)] - [X"t-A)-GX"(t-A-7))]|=¢-n-Z,

(7.12)
where
EIXE(t+A) = X(t+ AP < ¢ —nlP(1-CA),  (713)
and
E|Z* < Clig —nl*A, (7.14)

with two different initial data & and n, for a positive constant C may different

line by line.
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Proof of lemma 7.2.

E sup |X%(s)~ X(s)]”

1<s<t+A

=E sup [[X*(s) - G(X*(s = 7))] = [X"(s) = G(X"(s — 7))]

t<s<t+A

+[G(X4(s = 7)) = G(X"(s — )]

< ——E sup [[X5(s) — G(XE(s — 7)) = [X"(s) — G(X"(s — )]

1 - K t<s<t+A

+=E sup [G(X¥(s =) - G(X"(s — )P

t<s<t+A

1 1 Esup;c,<tia |Z|2
< ————=E|£(0) — n(0)]? + ——=E|¢(=7) — n(=7)|* + =830
< TR O O + T Ele(T) (P + SR
+KE sup |X¢(s—7)— X"(s—71)]?

t<s<t+A

2 ~
< ——F=E|¢ -n||?+ KE su X4(s) — X"(s)|?
< ToRpRle P RE | s X4(s) - X7(9)

2(A+C) [HA

= E su X¢(s) — X"(s)|?ds,
a_Re J, t_TSgHAI (s) (s)l

where for two positive constant C and C’

E sup [X*(s)— X"(s)]?

t—1<s<t+A
<[€-nl*+E sup [X*(s)— X"(s)]?
t<s<t+A

t+A
<Cle-nP+C / E sup  |X4(s) = X7(s)ds,
t

t—7<s<t+A

by Gronwall’s inequality (2.7) we derive that

E sup [X¢(s) ~ X"(s)* < Cli€ = )%

t—7<s<t+A

So we have

t+A
E sup |Z]*< C’/ E sup |X%(s) — X"(s)|’ds < C||€ — 5|]*A.
t

t<s<t+A t—7<s<t+A
Then
EIX(t+A) = X"(t+ A)P < Cll€ —nlI* + C'llE — nlPA < i€ = nlP(1 + CA),
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which is the proof complete. Now we focus to proof the theorem 7.2, we have

XX(tng1) = YX(tn11) = XXt (tn41) = Y7 (tn11)
= [X0 (tas1) = X" (tne1)] = [X7 (tns1) = Y7 (tns)],
then
E|I XX (tp41) = Y (tn41)?
< 2E| XX (tn11) = X (tpaa)|? + 2E[X " (bng1) = Y™ (tnia) P,
where by lemma (7.2), (7.9) and lemma 7.1,
E|X*% (tny1) = X" (tnr) ] < E|X,, — Yal? (14 CA),
E[X™ (1) = Y (tar1)? < C(1 + E|Y,[?) A%
< C(1 +E|Xq|*)A%e,

Then we introduce the notation €2 = E|X;, — Y,|2, noting that the condition

p1 < pa+ 3, we have

enp1 S ex(L+ CA) + C'(1 +E|Xo|*) A%

By iteration for n = 0,1, ... we obtain that

n—1
€, < C')_(1+CAY (1 +E[Xo[)A%* < O(1+ E| Xo[) A%~
=0

as was claimed on theorem 7.2. Then theorem 7.1 follows.
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