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A B S T R A C T

The heavy-io n  co llis ion  experim ents at R H IC  and CERN have p re 
sented the o p p o rtu n ity  to  s tu d y  the p roperties o f s tro ng ly  in te rac ting  
m a tte r u n d e r extrem e cond itions. These have been subject to  in tensive  
theore tica l in ves tiga tion  and, in  th is  thesis, we w i l l  s tud y  the tra nsp o rt 
p rope rties  o f Q C D  m a tte r [1—6].

The tra n sp o rt coefficients k n o w n  as shear and b u lk  viscosities as 
w e ll as the  e lectrica l co n d u c tiv ity  have been s tud ied  w ith  pe rtu rba tive  
m ethods to  fu l l  lead ing  o rde r in  the s trong  co u p lin g  ocs [7, 8]. H o w 
ever, these resu lts are in  tension w ith  phenom eno log ica l observations, 
w h ic h  h in ts  to  the fact tha t, in  the range o f tem peratures reached in  
the experim ents, the m e d iu m  created is s tro ng ly  in te rac ting  and non - 
p e rtu rb a tive  m ethods need to  be em ployed.

I t  is th is  h ig h ly  desirable to  p e rfo rm  a f irs t p rin c ip le s  ca lcu la tion  o f 
the tra nsp o rt coefficients o f Q C D  at a tem pera ture  o f a few  hund reds  
MeV. In  th is  w o rk , we em p loy  la ttice  Q C D  s im u la tions  to  study, fo r 
the f irs t tim e , the tem pera ture  dependence o f the e lectrica l co nd u c tiv 
ity  and the charge d iffu s io n  coeffic ien t in  the range o f tem peratures 
between 100 — 350 MeV.

In  o rd e r to  achieve th is, we use an an iso trop ic  la ttice  action w ith  2 - f  1 
flavors o f c lover fe rm ions [9, 10]. The use o f a f in e r la ttice  spacing fo r 
the tim e  d ire c tio n  p rov ides a bette r tem pora l reso lu tion  o f the corre la 
tio n  fun c tio ns  w ith o u t increasing the com pu ta tiona l cost s ig n ifica n tly  
and i t  represents one o f the novelties o f th is  w o rk .

We s tu d y  the conserved vector cu rre n t co rre la to r bo th  in  the lig h t 
and strange qua rk  sectors at d iffe re n t tem peratures. We com pare th e ir 
b ehav iou r w ith  the free theo ry  and w ith  the zero tem pera ture  case and 
lo o k  fo r  the rm a l effects. A  Bayesian approach called M a x im u m  E n tropy  
M e tho d  (M E M ) is used to  extract the e lectrom agnetic spectra l func tions  
fro m  these corre la tors. This is a n o n -tr iv ia l task since i t  invo lves an 
ana ly tica l co n tin u a tio n  o f the co rre la tion  func tions  fro m  Euclidean to 
real tim es.

The e lectrica l co n d u c tiv ity  is ob ta ined  fro m  the spectral func tions  v ia  
the so-called K ubo  re la tions, w hose d e riva tio n  is review ed. A  de ta iled  
s tu d y  o f the system atic uncerta in ties tha t the M E M  in troduces on the 
fin a l observable is presented and discussed.

The flu c tu a tion s  o f conserved quantities , lik e  ba ryon  num ber, isosp in  
and e lectrica l charge, are then s tud ied  us ing  stochastic techniques. In



particu la r, the e lectrica l charge suscep tib ility  w i l l  a llo w  fo r the firs t 
la ttice  de te rm ina tio n  o f the charge d iffu s io n  coeffic ien t fo r lig h t quarks.
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I N T R O D U C T I O N

Quantum ChromoDynamics (Q C D ), is a n on -A be lian  gauge the o ry  tha t 
describes the in te rac tions w h ic h  govern the dynam ics o f quarks and 
g luons. In  na tu re  there are s ix d iffe re n t flavors o f quark: up , d ow n, 
charm , strange, top , and  bo ttom . They represent the fe rm io n ic  con
ten t o f Q C D  and ca rry  e lectric, w eak and s trong  charge. The qua n tu m  
num be r associated w ith  the la tte r is ca lled co lo r and i t  comes in  N c =  3 
d iffe re n t states. The g luons are the bosonic carriers o f such force, b u t 
since they posses a co lo r q ua n tu m  num ber themselves, they in te ract 
w ith  each o the r as w e ll.

In  o rde r to  describe th is  r ic h  dynam ics, w e w i l l  in troduce  in  th is  
chapter the fun d am en ta l too ls o f the Q ua n tum  T heory  o f F ie lds (QFT) 
and in  p a rticu la r w e w i l l  describe the Lattice  Gauge T heo ry  (LG T) fo r
m a lism  as a n o n -p e rtu rba tive  re g u la riza tio n  o f QCD. The s ta rting  p o in t 
w i l l  be the pa th  in te g ra l fo rm a lism  fo r  a scalar theo ry  and w e w i l l  then  
re v ie w  the E uclidean  fo rm u la tio n  o f QFT, fo llo w e d  by  its  d iscre tiza tion  
on a hype r-cub ic  la ttice . The same scheme w i l l  be fo llo w ed  fo r the in 
tro d u c tio n  o f n o n -A b e lia n  gauge theories, w h ic h  w i l l  then b r in g  us to 
the fo rm u la tio n  o f Q C D  on a lattice. A  m ore  de ta iled  trea tm ent can o f 
course be fo u n d  in  a v a rie ty  o f textbooks and rev iew s [11-15].

E veryw here  in  th is  thesis, w e em p loy n a tu ra l u n its  h =  c =  1 as w e ll 
as E inste in 's su m m a tio n  conven tion  on  repeated indices.

1.1  P A T H  I N T E G R A L  F O R M A L I S M

In  th is  Section we w i l l  in tro du ce  the pa th  in te g ra l fo rm u la tio n  o f QFT. 
The im a g in a ry  tim e  fo rm a lis m  is then in tro du ce d  and the re su lting  
Euclidean fie ld  the o ry  w i l l  be defined  on a d iscre tized  space-tim e, in  
the fo rm  o f a la ttice. These concepts w i l l  be illu s tra te d  us ing  a scalar 
fie ld  theory.

In  one spatia l d im ens ion , the quan tum  m echanical tra ns ition  a m p li
tude  fo r  one p a rtic le  is w r it te n  as:

( x ' , t ' \ x , t )  =  (x ' \ e x p  [—i H ( t '  — t ) ]  \x) , (1)

1



I N T R O D U C T I O N

w here  the in fin ite s im a l generator fo r the tim e  trans la tion  is the H a m il
ton ian  H  and is com posed o f a k ine tic  and a p o te n tia l term :

H = £  +  V { x ) =  H 0 +  V ,  (2)

w here  V  is tim e -independen t and is on ly a fu n c tio n  o f the spatia l co
o rd ina te  x. We can d iv id e  the tem pora l in te rva l in  Eq. (1) in to  tw o  
parts  [ t , t i ]  and [ t i , t f]. Since H  is tim e independent, the exponentia l in  
Eq. (1) t r iv ia l ly  fo llo w s  algebraic rules and decomposes in to  a p ro du c t 
o f exponentia ls:

e - i H T - e - i H ( T - A t ) e - i H * t f ( 3 )

w ith  T =  ( t f — t) and At  =  ( t i  -  t). We can inse rt a com plete set o f 
coord ina te  eigenstates,

1 =  J d x i  \xi)(xi  \ , (4)

between the tw o  exponentia ls o f Eq. (3), w h ich  can then be used to 
re w rite  Eq. (1) as:

{ x ' , t ' \ x , t )  =  I  d x , <x '|e -iH<T- A,> |xi)<x1|e - |'HA,|x ). (5)

N o w  we can d iv id e  T  in to  n equal parts, T =  n A t  and insert the reso
lu t io n  o f the id e n tity  a fu rth e r (n — 1) times, ob ta in ing :

( x ' , t ' \ x , t )  =  J  dx - [ . . .  d x „ _ i  (x f \e~lHAt\xn- i )  x

x  (xM_ i \e~lHAt\ x „ - 2) . . .  (x i \ e~ tH^ \ x )  , (6)

w here  we id e n tify  x =  xq and x1 =  xn. In  each o f the m a trix  elements 
above, w e w a n t to  separate the con tribu tion  fro m  the k ine tic  and the 
po te n tia l p a rt o f the H a m ilto n ia n  in  Eq. (2). In  o rde r to  use the firs t o r
der a pp ro x im a tio n  o f the B aker-C am pbe ll-H ausdorff fo rm u la , we need 
to  have A t  1 so that:

(xk+1\e~,HAt\xk) ss

(xM \e~iHoA‘ e - iVAI\xk) = { x k+1\e- iH°A‘ \xk) e - i v M * f , (7)

w here  we used the fact tha t V  is a func tion  o f o n ly  the space coo rd i
nates. The o the r m a tr ix  e lem ent can be calculated b y  inse rting  a com 
ple te  set o f m o m e n tu m  eigenstates and p e rfo rm in g  the F ourie r trans
fo rm . The resu lt is:



1.1 P A T H  I N T E G R A L  F O R M A L I S M

(8)

R eite ra ting  th is  ope ra tion  fo r every m a tr ix  e lem ent, w e ob ta in  fo r the 
a m p litu d e  (1) the f in a l fo rm :

(x ' \e~l ” T \x) =  ( ^ )  ’ /  d x j . . .  Q  e A>

(9)

I f  w e set the n u m b e r n o f in te rva ls  to  d ive rge  and take the l im it  A t  —>■ 0, 
then  the exponent in  Eq. (9) becomes:

n—1

E Af
k=0

•T
df

[  dt L ( x , x )  =  S [ x ( t ) ] , (10)
Jo

w h ic h  is n o th in g  b u t the classical action fo r the p a th  x ( t )  fro m  x  to  
x f w ith  Xk =  x (kA t ) .  The in teg ra tio n  over the x^ is then in te rp re te d  as 
an exp lo ra tio n  o f a ll possib le  paths o f the system. The measure fo r  the 
pa th  in teg ra l is de fined  as:

/ ffi \ m/2
3>[x] =  c o n s t d x ( t )  =  ^irn^ ^ X l ' ' '  ^ Xn~ l ' ^1:L^

The a m p litu d e  in  Eq. (1) can then be cast, us ing  the d e fin itio n s  above, 
in to  the com pact fo rm :

(x'\e~lHT\x) =  J@[x\  elŜ  , (12)

w h ic h  is an in teg ra l over a ll possible paths, s ta rting  at x '  and end ing  
at x, w e igh ted  by  the classical action. I t  can also be im m e d ia te ly  gener
alised fo r N ^-d im ens iona l paths Xj(t )  w ith  i  =  1, . . . ,  N^.

In  the fra m e w o rk  o f QFT, w here  re la tiv is tic  effects are taken in to  
account, the focus is p laced on the fie ld  <£(*), fu n c tio n  o f a space-tim e 
vector x =  ( f ,  x ) ,  w h ic h  can be in te rp re ted  as a com b ina tion  o f creation 
and destruc tion  operators, in  a certa in  basis. M u ch  in fo rm a tio n  about 
the physics o f the system  is then conta ined  in  objects called Green 
functions:

G ( x i , x 2, . . . , x ») =  (O|0 (xi)tf>(x2) •••</>(>«)|°)« (13)

These are vacuum  expecta tion  va lue  o f a p ro d u c t o f n fie lds  at d iffe re n t 
space-tim e po in ts . The pa th  in teg ra l fo rm a lism  can be deve loped in  
th is  context as w e ll, b u t a fo rm a l d e riva tio n , lik e  the one g iven above,
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is o u t o f the scope o f th is thesis. The result, though, is concep tua lly  
equ iva len t, so tha t w e can s im p ly  translate variables X j ( t ) in to  fie lds 
<p ( x , t ) , in  such a w ay tha t the in teg ra tion  measure becomes:

The Green functions in  Eq. (13) are then represented as fu n c tio n a l in te 
gra ls carried  o u t over a ll the fie ld  configura tions

(O|<Kxi)0(x2) . . .<K*w)|O) =  t,  J@[(l>](p(x1) ( l ) ( x2 ) . . . (p (x „ )e lSM ,  (13)

The fie ld  con figu ra tions are again w eighted by the exponentia l o f the 
classical action  S, w h ich  can be w ritte n  as an in teg ra l over a Lagrangian 
density:

The fo rm  o f «£? dictates a ll the possible a llow ed in teractions am ong the 
fie lds. For exam ple:

represented b y  an osc illa ting  exponentia l. This tu rns  ou t to  be p rob lem 
atic at a p rac tica l level, w hen  convergence o f the in tegra ls in  Eq. (15) is 
questioned. In  the fo llo w in g , we w i l l  make use o f an im a g in a ry  tim e  
p re sc rip tion  to  address th is  problem .

1 .2  E U C L I D E A N  F U N C T I O N A L  I N T E G R A L

In  th is  section we w i l l  in troduce  the so-called Euclidean co rre la to r Ge, 
w h ic h  w i l l  be o f centra l in terest th roughou t the w ho le  thesis. Let us 
consider an opera to r O, w h ich  can create o r ann ih ila te  states a n d /o r  
measure a certa in  quantity. A  Euclidean corre la tion  fu n c tio n  is defined 
as:

] 3  dXj(t) <— > J 3  d<p(x,t) e e  9 [<p]. (14)
t , X

w ith  the n o rm a liza tio n

(16)

S =  S[(p] =  J  d t  d x i f ( f , x ) . (17)

(18)

describes the so-called A(p4 theory. N ote  tha t in  Eq. (13) the w e ig h t is

Ge( t )  =  (O ( t )O(O))p =  ^ - T r  [ e - ^ H O e ~ THo ]  , (19)

w here  the n o rm a liza tio n  is g iven by:

Z p =  Tr e~PH . (20)
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H ere  H  is as usua l the H a m ilto n ia n  operator, and the  trace is evaluated 
over a com plete  set o f eigenstates. The param eters r  and /3 are rea l and 
non-nega tive  and denote a E uclidean  tim e  distance. N o te  tha t r  is the 
actua l separa tion  w e are in terested in , w h ile  jS can be regarded as a 
m a x im a l a llow ed  extension. La te r we w i l l  show  th a t /3 represents the 
inverse o f the phys ica l tem pera ture.

We need to  choose an o rth o n o rm a l basis in  o rd e r to  p e rfo rm  the 
trace and, fo r convenience, w e use here the eigenstates o f H . We can 
regard  the spectrum  |n) o f H  as discrete, so tha t the secular equa tion  
reads:

H \ n ) =  En |n)  ,

w here  the in teger subscrip t n labels the eigenvalues, w h ic h  can be o r
dered accord ing  to  Eo <  E i <  £ 2  The co rre la to r in  Eq. (19) can then
be evaluated b y  in se rting  the id e n tity  1 =  Yin \n ) (n \ between the tw o  
operators:

(O ( t )O(0 ))»  =  -J - V ]  (m\e  ^  T^H0 \ n ) ( n \ e  t H 0  \m)
p Z P n,m

=  J -  E  I H  O | ' i ) | 2e " (' i“ T)E” e“ TE” • (21)
Z P n,m

N o w  the n o rm a liza tio n  Z^, de fined  in  Eq. (20), can be easily w r itte n  as 
e~PE", so tha t in  b o th  num era to r and d enom ina to r w e can p u ll o u t 

a factor e~PE°, ob ta in ing :

y  \(m\ O \n) \2 p~(P~T) g —T&En
( O ( r ) o m ,  =  {Z ° Z ' e^ + .. ’ (“ )

w here  we defined  A En =  En — Eo. Then i t  is apparen t tha t the E uc li
dean co rre la to r depends o n ly  on  the energy d ifferences w ith  respect to 
the vacuum . We can then renorm a lize  the la tte r to  Eo =  0 and d ro p  the 
no ta tion  A E „ in  w h a t fo llow s.

Let us n o w  exp lo re  w h a t happens in  the l im it  w he re  —» 00. I f  the
vacuum  is non-degenerate, i.e. AE, >  0 fo r i >  0, then  the den o m in a to r 
is equal to  1. In  the num erato r, a ll the term s w ith  Em 7  ̂ 0 vanish, so 
tha t we are le ft w ith  the expression:

l im  ( O ( t )O (O )> 0 =  £ | ( 0 | 0 | K ) | 2 e ~ TE" .  (2 3 )
p  n

This fo rm u la  can be used to  extract phys ica l in fo rm a tio n  fro m  the Eu
clidean correlator. For exam ple, suppose tha t O =  O n is the ope ra to r 
tha t creates a p io n  w ith  zero m om en tum . Then | (0 | O n \n) | w i l l  van ish  
fo r  a ll the Fock states w h ich  do n o t have the q ua n tu m  num bers o f a 
p io n  at rest. M oreover, i f  we take r  to  be large, then  Eq. (23) can be
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used to  extract the low est energy level, i.e. the mass o f the p io n , fro m  
the exponen tia l behav iou r o f the Euclidean correlator.

In  the p rev ious  section, we in troduced  the path  in teg ra l fo rm a lism  
as a fo rm a l too l to  evaluate the Green functions in  Eq. (13). We w o u ld  
like  to  show  here tha t, w ith  some m od ifica tions, the path  in te g ra l can 
be app lie d  to  the Euclidean corre lators in  Eq. (19) as w e ll. We s ta rt by 
reca lling  that, in  the Heisenberg p ic tu re , the operators evolve in  tim e  
accord ing to:

The Euclidean corre lators in  Eq. (19) can then be v iew ed as a tw o - 
p o in t Green fu n c tio n  (see Eq. (13) w ith  n =  2) a na ly tica lly  con tinued  
to  im a g in a ry  tim es, i.e. w ith  the substitu tion

and the a d d itio n  o f an extra im a g in a ry  tim e transporter e PH, w h ich  
projects to  the vacuum  in  the l im it  —> 00. The tra ns fo rm a tio n  in  
Eq. (25) is ca lled Wick rotation, and i t  changes the M in k o w s k i m e tric  
to  a Euclidean one, according to:

—ds2 =  —dt2 +  dx2 +  dx2 +  dx3 —» d r 2 +  dx2 +  dx2 +  dx$ . (26)

Th is observation a llow s us to  use the fo rm u la  in  Eq. (13) to  evaluate 
Ge as:

G e ( ( t i , x i ) ,  • • • / ( t m, x „ ) )  =  G ( ( - z t i , x i ) ,  . . . ,  ( - zt„ , x „ ) )

0 ( 0  = e i tH 0 (  0 )e ~ itH (2 4 )

t — —i r (25)

w ith

(28)

Se denotes here the Euclidean action:

S e W I  =  /dTdxLÊ (T,x),â (T,x)]

=  I  d r d x  + ^ ( V ^ ) 2 +  ^ m V + i A < / > 4

=  I  d x  ^ ( a ^ ) 2 +  im 2</>2 +  ^ \<p* , (2 9 )

w h ic h  is a pos itive  de fin ite  quantity . In  chapter 3, we w i l l  re tu rn  to  th is  
top ic  and the correspondence between rea l-tim e and im a g in a ry -tim e  
corre la tors w i l l  be fu r th e r explored.
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F ro m  n o w  on  w e sha ll rem a in  in  the Euclidean space and suppress 
the subscrip t E. N o te  tha t in  Eq. (27) each fie ld  co n fig u ra tion  is n o w  
w e ig h te d  b y  an expo n en tia lly  decaying fac to r e~s, w h ic h  is a be tte r 
behaved object than  the one appearing  in  Eq. (15). In  the fo llo w in g , 
th is  w i l l  a llo w  to  d ra w  a fo rm a l com parison w ith  the fra m e w o rk  and 
too ls  gene ra lly  used in  s ta tis tica l mechanics, m a k in g  i t  possib le to  use 
its  w e ll-k n o w n  n um erica l a lg o rith m s to s im u la te  the theory.

1-3 N O N - Z E R O  T E M P E R A T U R E

The centra l top ic  o f th is  thesis w i l l  be the s tu d y  o f h ow  certa in  p ro p e r
ties o f Q C D  depend on the tem pera ture. In  th is  section we w i l l  b r ie f ly  
re v ie w  h o w  the tem pera tu re  can be in tro du ce d  in  the d iscussion above.

In  the rm odynam ics , the canonical ensemble represents a ll the ava il
able states o f a system  in  the rm a l e q u ilib r iu m  w ith  a heat ba th  o f tem 
pe ra tu re  T. I t  is described b y  the p a r tit io n  fu n c tio n  Z ( T ) ,  w h ich , in  the 
q u a n tu m  m echan ica l case, assumes the fo rm :

Z ( T )  =  T re ~ ^ T =  Tr e~PH , (30)

w he re  H  is the H a m ilto n ia n  o f the system  and /3 denotes the inverse 
tem pera ture . In  the fo llo w in g , w e w i l l  use u n its  w here  B o ltzm ann  con
s tan t kg =  1, so tha t the tem pera ture  is g iven  in  u n its  o f energy o r 
mass. One im m e d ia te ly  realises tha t Eq. (30) is ide n tica l to  Eq. (20), in 
troduced  in  the p rev ious  section. Th is means tha t we can express the 
p a r tit io n  fu n c tio n  v ia  the pa th  in teg ra l fo rm a lism  o f Eq. (28):

Z (T ) =  J e - sM  , (31)

w here  th is  tim e  the in teg ra tio n  is carried  o u t w ith o u t ta k in g  the l im it  
—> 00, b u t on a f in ite  E uclidean tem po ra l in te rva l:

SE[(p] =  d r  J  d x L E [ p { T , x ) , a ^ ( T , x ) ]  . (32)

F rom  th is  equa tion  we can id e n tify  the Euclidean tim e  extent w ith  
the inverse o f the tem perature:

1
E uclidean  T im e Extent =  /3 =  — , (33)

w h ic h  means tha t in  the p rev ious  section, by  tak ing  the l im it  /3 —> 00 
we were e ffec tive ly  m easuring  the Green func tions  at zero tem pera ture. 
We w i l l  see in  the next section o the r im p o rta n t consequences o f h av ing  
a f in ite  tem po ra l extent jS.

These s im p le  b u t fun dam en ta l steps are the basic ing red ien ts  neces
sary to in tro d u ce  the tem pera ture  in  a QFT ca lcu la tion . These concepts 
w i l l  be o ften  used in  th is  thesis and w i l l  be illu s tra te d  w ith  p ractica l 
examples.
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1-4  F I E L D  T H E O R I E S  O N  A N  H Y P E R C U B E

The p a th  in teg ra l representation o f the Euclidean corre la tion  functions 
in  the fo rm  o f Eq. (27), despite being fo rm a lly  elegant, is s t il l d if f ic u lt  
to  approach fro m  a p ractica l p o in t o f v iew , since i t  invo lves an in fin ite  
n um be r o f degrees o f freedom . The approach fo llow ed  here consists 
in  re g u la riz in g  the theo ry  on a Euclidean hypercub ic  lattice, w here  a 
p os ition  is specified by  a vector as:

x ¥ =  an¥, n ¥ G Z. (34)

The q u a n tity  a is ca lled lattice spacing and i t  represents the m in im u m  
a llow ed  distance. The scalar fie ld  cp(x) is n ow  defined on the la ttice 
po in ts  x  only. The la ttice  action in  Eq. (29) assumes the d iscretized 
fo rm :

• the fu n c tio n a l in teg ra l o f Eq. (27) is n o w  equ ipped w ith  a measure 
in v o lv in g  o n ly  a discrete set o f la ttice points:

A n o th e r advantage o f fo rm u la tin g  the theo ry  on a d iscretized la ttice  
becomes clear w hen  we sw itch  to m om en tum  space. In  fact, the Fourie r 
tra ns fo rm  <p(p) o f the fie ld , defined by

H ere  we have in tro du ce d  the fo llo w in g  changes:

• deriva tives o f the fie ld  (f> have n a tu ra lly  been replaced by  fin ite  
differences:

(36)

• space-tim e in tegra ls  have now  become sums:

X

(3 7 )

&[<p] = Y [ d < p ( x ) . (38)
X

<p{p) =  E f l 4« ,px <p (x ) ' (3 9 )
x

is p e riod ic  and the m om enta  are restricted to  the so-called B r illo u in  
zone p G { —n / a ,  n / a ] .  Th is means tha t the inverse F ourie r trans fo rm
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L

T

Figure i:  Example of a lattice in  d — 3 dimensions.

has n o w  an u ltra v io le t c u to ff |/ty| <  n j a ,  w h ic h  acts as a n a tu ra l regu
la to r o f the d iscretized fie ld  theory.

A s we m en tioned  in  the end o f the p rev ious  section, the u ltim a te  
a im  w i l l  be to p e rfo rm  num erica l s im u la tions. I t  is then necessary to 
res tric t ourselves to  fin ite  lattices. Let us assume a hype rcub ic  la ttice  
w ith

Xp — an^, — 0, 1, 2, . . . ,  Ljt 1, (4 i )

w here

L _  I Ls fo r p =  1, 2,3 
^ \  L t fo r  pi =  4 ,

(42)

w he re  every spatia l d irec tion  has a leng th  o f asLs, w h ile  in  Euclidean 
tim e  we have atL t =  f$, so tha t the to ta l vo lum e  is V  =  (asLs)3(atL t ). 
Here we have genera lized to  the case w here  the la ttice  spacing in  the 
spa tia l d ire c tion  as d iffe rs  fro m  the tem pora l one at.

In  a fin ite  vo lum e  one has to  spec ify  b o u n d a ry  cond itions. We w i l l  
choose p e riod ic  b.c., i.e. (p(x) =  (p(x 4- aL 1), fo r  a ll the spa tia l d irections. 
They im p ly  tha t the m om enta  are also d iscre tized, accord ing  to:

2n l i  . , , L L
Pi  =  — Z  W l t h / ,  =  - - + l ................ (4 3 )

and there fore  in teg ra tion  over the th ree -m om en tum  is replaced b y  f i 
n ite  sums

/ d p  
(2n) : L -

u
(44)
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I f  we look  at the Euclidean co rre la to r in  Eq. (19) and tak ing  in to  
account the cyclic p roperties  o f the trace, then i t  is possible to  show 
tha t i f  the fie ld  (f> (anti-)com m utes, then i t  m u s t have (an ti-)pe riod ic  b.c. 
in  the Euclidean tim e  d irection :

S im ila r ly  to  the th ree -m om entum  case, the Fourie r tra ns fo rm  over the 
tim e  variab le  y ie lds  a discrete set o f variables u?n ca lled Matsubara 
frequencies:

This concludes o u r construc tion  o f a QFT regu la rized  on a fin ite  lattice. 
We note that, in  o rd e r to  recover the co n tin u um  physics, results shou ld

spacing is sent to  zero. This shou ld  be done in  such a w ay tha t the 
phys ica l vo lum e  rem ains unchanged. In  practice, one w o u ld  s im ula te  
the theo ry  at sm a lle r and sm alle r va lue o f the la ttice spacing, w h ile  
accord ing ly  ad jus ting  the extent o f the la ttice  to  m a in ta in  V  constant.

In  the p rev ious sections, we have a lready antic ipa ted h o w  the Eu
clidean fo rm u la tio n  o f Q ua n tum  F ie ld  T heory  bears m any s im ila ritie s  
w ith  the fo rm a lism  o f S tatistical Mechanics (SM). F irs t o f a ll, the func
tio n a l in tegra ls , regu la rized  on a hyper-cub ic  lattice, have the fo rm  o f 
p a r tit io n  functions:

w here  we have seen in  the p rev ious section h ow  the action  has the 
same ro le  tha t the H a m ilto n ia n  fu n c tio n  has in  the SM case:

F in a lly  in  Eq. (23), we noticed h o w  the mass o f a bound  states can be

(p( t ,x ) (Bosons)

<p( r ,  x ) (Ferm ions) .
(45)

(Bosons)

(Ferm ions)
w ith  n =  0 , . . . ,  Nt — 1. (46)

in  p rin c ip le  be extrapo la ted  by  a l im it in g  procedure w here  the la ttice

S[(p] <— ► f $ H .

extracted b y  lo o k in g  at the exponentia l decay o f an ad-hoc co rre la tion  
func tions  in  the large Euclidean tim e:

G ( t )  ~  e mT <— > G (x )  ~  e 1* 1̂ ,

w h ic h  is the analogous o f the inverse o f the co rre la tion  leng th  
o f a s ta tis tica l ensemble. This fo rm a l ana logy a llow s us to  use w e ll- 
established m ethods o f statistica l mechanics in  fie ld  theo ry  and vice
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1.5 L A T T I C E  F O R M U L A T I O N  O F  Q C D

A  gauge the o ry  is a fie ld  th e o ry  tha t is in v a ria n t u n d e r a loca l trans fo r
m a tion . Such tra ns fo rm a tio ns  m ay be a con tinuous fu n c tio n  o f several 
param eters and in  general need n o t com m ute. Those g roups th a t con
ta in  n o n -co m m u tin g  elem ents are gene ra lly  ca lled non -A be lian . Since 
Q C D  belongs to  the class o f n on -A b e lian  gauge theories, we w i l l  re
v ie w  some o f th e ir  basic p rope rties  in  th is  section. A s i t  is custom ary, 
w e w i l l  s ta rt fro m  the c o n tin u u m  fo rm u la tio n , in  o rde r to  then  a p p ly  
the d isc re tiza tion  p rocedure  a lready o u tlin e d  in  the p rev ious section 
fo r a scalar theory. The top ics  here exposed can be fo u n d  in  a n u m 
ber o f textbooks [16-20], to  w h ic h  w e re fe r fo r a m ore  de ta iled  treat
m ent. We are in terested in  the E uclidean  space, w h ic h  is w here  the 
equations o f th is  section w i l l  be fo rm u la te d . The Lo ren tz  in d ex  ]i is 
then  Euclidean, i.e., we do  n o t d is tin g u ish  between covarian t and  con- 
tra va ria n t ind ices. The m e tric  tensor is t r iv ia l g^v =  d ia g j l ,  1, 1, 1}  and 
fi =  1 ,2 ,3,4  s im p ly  labels the d iffe re n t com ponents.

The fe rm io n ic  content o f Q C D  is represented b y  m assive quarks, de
scribed by 4-sp in o r D irac  fie lds  if>cu{x ) and The space-tim e pos i
t io n  is denoted b y  x, w h ic h  is a sho rthand  fo r { xV} w ith  j i  =  1 ,2 ,3, 4, 
the D irac  in d ex  b y  a =  1, 2, 3,4  and the co lo r q uan tum  n um be r is la 
be led  b y  c =  1, . . . ,  N C/ w here  the m ean ing  o f N c w i l l  be c la rifie d  below.

The action is b ilin e a r in  the fe rm io n  fie ld s  and reads:

w here  7^ are the so-called D irac  m atrices in  Euclidean space (see A p 
p en d ix  A . i  fo r  th e ir e x p lic it fo rm ) sa tis fy ing  the a n ti-com m uta tio n  re
la tion :

Th is theo ry  has a g loba l sym m e try  S U ( N C), the special g ro up  o f u n i
ta ry  N c x  N c m atrices, w ith  u n it  de te rm inan t. A  m a tr ix  A  G S U ( N C) 
w i l l  act on the co lo r index  c o f the fe rm io n  fie lds xf)c as (in  m a tr ix  no ta 
tion):

(47)

J  d 4*  K ( x) { dv'r%S«b +  </$(*)

(4 8 )

(49)

and the action  in  Eq. (47) is in v a ria n t u n d e r such a trans fo rm a tion .
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The tra ns fo rm a tio n  in  Eq. (49) is then p rom o ted  to  be a loca l one, 
so tha t the m a trix  A  —> A ( x )  acquires a space-tim e index x and the 
tra ns fo rm a tio n  becomes:

xp'(x) =  A ( x )  xp(x)

1p ' ( x )  =  ip(x)  A +(x )
A  G S U ( N C) , (50)

In  o rde r to  keep the ac tion  in  Eq. (47) in va ria n t und e r Eq. (50), the 
o rd in a ry  de riva tive  3^ m u s t be replaced b y  a covarian t one D^:

3^ >• Du =  3^ +  i A }i(x)  (51)

w here  is ca lled the gauge fie ld . I t  belongs to  the algebra su (N c) o f 
the gauge g roup , hence i t  is a H e rm itia n  traceless m a trix . Ay, trans
fo rm s accord ing  to:

A f (x ) A y ( x )  =  A { x ) A y ( x ) A ( x ) i  +  i ( d y A ( x ) ) A ( x ) * ,. (52)

fro m  w h ic h  the tra ns fo rm a tio n  ru le  fo r the covarian t deriva tive  can be 
deduced:

=  A  ( x ) D l<tp(x).  (53)

W hen we replace 3^ —> Dy  in  Eq. (47), the action  becomes in va ria n t 
u nd e r loca l gauge transfo rm ations:

Sip =  J  d 4*  [xp{x) (W +  m) tp(x)]  (5 4 )

=  J  d Ax \xp{x) (3  +  m) xp(x) +  ixp(x) ry]iA }l ip(x)]  ,

w here, in  the last te rm , we can see h o w  the fie ld  Ay  mediates the 
in teractions between the quarks. Since Ay  G su (N c), then i t  can be 
re w ritte n  as a co m b ina tion  o f — 1 generators Ta o f the group:

n 2- i

( A h ( x ) ) i j  = S s  E  A h A x ) T f j ,  (55)
a=1

w here  gs is ca lled the co u p lin g  constant o f the theory. The Ta sa tisfy 
com m uta tion  re la tions p ro p e r to  the g roup :

[Tat Tfc] =  ifabcTct Tr (TaTjj) =  —Sab (56)

w here  f abc are the s truc tu re  constants o f the g ro up  itse lf. The g lu o n  
fie ld  is then id e n tif ie d  w ith  the — 1 com ponents A y /Cl.

A n o th e r reason to  requ ire  the su bs titu tion  in  Eq. (51) can be fo u n d  in  
the eva lua tion  of  xp(x +  d x )  — xp(x). The gauge trans fo rm a tion  m a tr ix  
depends on x  and the d iffe rence  between A ( x  +  d x ) and A ( x )  m ust be
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taken  in to  account. Th is  is obta ined by  the in tro d u c tio n  o f a pa ra lle l 
tra nsp o rte r tha t m aps the vec to ria l space VX/ re la ted to  the vector ip(x) 
in to  the one Vx+dx o f ip(x +  d x ). Le t us ca ll etfyX a curve between tw o  
space-tim e p o in ts  x  and  y. Th is can be associated to a S U ( N C) m a trix , 
tha t defines a m a p p in g  fro m  Vx to  Vy and transfo rm s u n d e r Eq. (50) as:

U s in g  the p a ra lle l tra nsp o rte r ope ra to r U.(^?x+&XiX)  on  a s tra ig h t pa th  
fro m  x  to  x  +  dx,  the covarian t d iffe re n tia l can be w r itte n  as:

A s the pa th  ĉ ’x+dx,x is in fin ite s im a l the opera to r I f  ( (̂ c+(iXfX) is a m a tr ix  
close to  the id e n tity :

w h ic h  is then  consistent w ith  the d e fin it io n  Eq. (51). For a fin ite  pa th  
^x,y, we can ob ta in  U  b y  exponen tia tion :

In  o rde r to  m ake the g lu o n  fie ld  dynam ica l, we m u s t in troduce  
ano the r te rm  in  the action. Th is has to  be in va ria n t u n d e r the trans
fo rm a tion s  in  Eq. (52) and i t  m u s t be a fu n c tio n a l o f o n ly  the gauge 
fie lds  and its  derivatives. A  good candidate is the com m uta to r o f tw o  
covarian t deriva tives, w h ic h  w e w i l l  ca ll the fie ld  s treng th  Fyv

Fyv — i [U ^ ,D vj — dyA v (x)  dvA y ( x )  +  i (61)

F rom  a geom etrica l p o in t o f v iew , th is  tensor is re la ted to  the pa ra lle l 
tra n sp o rt o f a vector a ro un d  an in fin ite s im a l p a ra lle log ram

fro m  w h ic h  we can deduce tha t F gauge-transform s u n d e r Eq. (52)

U ( % ,x) ->  U '  ( % ,x) =  A ( y ) U  (% ,x) A ( * ) + . (57)

D ip(x)  =  ip(x  +  d x )  -  U  (Vx+ ix ,x) 1p ( x ) . (58)

U (&x+dx,x) =  1 +  i A f {x )  d x ' ' , (59)

(60)

(62)

as F ' ,  =  A ( x ) F l,v ( x ) A ( x ) ' >. I f  w e m ake e xp lic it the generators T a o f 
S U ( N C) w e can fac to rize  the fie ld  s treng th  tensor as:

N2- 1
F } i v ( x ) i j  —  Y h  F} t v, a( x ) T j j  

a= 1

w here  each com ponent FuV,a is:

(63)



14 IN T R O D U C T I O N

The so-called Y ang -M ills  action is then defined in  term s o f the fie ld  
streng th  as:

SvM = lJd4x(F;v)2- (65)

I t  conta ins term s quadra tic  in  A^  and its derivatives p lu s  qua rtic  and 
cubic term s tha t account fo r the se lf-in teraction  o f A^,  w h ic h  is one o f 
the pecu lia rities  o f the non -A be lian  gauge theory.

The Q C D  action  is then obta ined by  p u ttin g  together Eq. (54) and 
Eq. (65)

Sqcd =  Sip +  Sym • (66)

In  o rde r to define the Euclidean theory and its  pa th  in teg ra l eval
u a tio n  in  Q C D , we need firs t to in troduce  the G rassm ann variables.
These are com plex to ta lly  an ti-com m uting  fie lds, w h ich  are de fined  by
the algebra o f elements rjj and 77,, w h ich  obey:

{7  =  °  (67)

= 0 (68)
{ 7i / 7/ }  =  (69)

In  th is  algebra we can fo rm a lly  in troduce  an in teg ra tio n  procedure  
defined  by:

J d t j i  (a +  brjj) =  b (70)

fo r a rb itra ry  com plex num bers a, b. We can then re in te rp re t the quan
tu m  fie ld  xp,ip in  Eq. (54), as Grassmann variables at every space-tim e 
p o in t. The fe rm io n ic  pa th  in tegra ls are then represented as in tegra ls  
over fe rm io n ic  and an ti-fe rm ion ic  Grassmanian fie ld  configu ra tions:

4
@[xp] ^[xp] =nn dxpa(x)dif)u(x).  (71)

*  Ci — 1

The q uan tum  expectation value o f any observable O [ip, ip, A^]  in  Q C D  
is then evaluated as:

(O) =  ^  JQ>\\p,xp>,AY\ 0 [ if , t/7,A ^ ] <TsQcd. (72)

Since Sy, is b ilin e a r in  the fe rm ion ic  fie lds, we can re w rite  i t  in  the fo rm :

S f  =  J d 4x  t p ( x )D [A l:]t l>(x), (73)
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0
A

------

Figure 2: Representation of a lin k  variable, w h ich  represents the gauge paral
le l transporter on the smallest possible path on a lattice.

w here  D  is the so-called D irac  operator:

D lA }i] = 7 HD>i +  m.  (74)

We can then use the Grassm ann in te g ra tio n  ru les o f Eq. (70) to  fo rm a lly  
evaluate the fu n c tio n a l in tegra l:

J@[ty,*p]  e~ =  d e tD [A ^ ] ,  (75)

w h ic h  is ca lled  the fe rm io n  de te rm inan t. We w i l l  see in  the next section 
h o w  we can p u t the Q C D  action  on a la ttice. Even then, D  w i l l  be 
represented b y  a huge m a tr ix  and  the eva lua tion  o f its  de te rm inan t 
w i l l  rem a in  a n o n -tr iv ia l task.

We n o w  w a n t to  define the gauge the o ry  o u tlin e d  in  the p rev ious 
pages on a la ttice. A  local gauge tra ns fo rm a tio n  is n o w  defined  on the 
site x o f the la ttice:

tp(x) —> ip' {x) =  A (x ) ip(x)  . (76)

In  o rde r to  define  in  a m e a n in g fu l w ay fin ite  d ifferences o f nearest- 
n e ighbou r fe rm io n ic  fie lds, we need the sm allest p a ra lle l transporte r 
tha t exists on a la ttice. Th is is ca lled  a l ink  and i t  is a g roup -va lued  
object connecting  each site w ith  its  nearest-neighbour, as w e can see in  
Fig. (2). We w i l l  denote b y  U}4(x)  the l in k  connecting  the site x  w ith  
its ne igh b ou r x  +  afi in  the d ire c tio n  \i. The lin k  variables trans fo rm  
accord ing to:

link

x +  ap,

— > A ( x ) U f , ( x )  A +(x  +  a/2) . (77)
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u u ? )

U U x  +  a(i +  Olu)

Figure 3: Plaquette U}{V(x) located at the four vertices x ,x  +  pa, x +  pa +  Va 
and x +  va.

In  the la ttice  fo rm u la tio n , the g luon ic  content o f the theo ry  is rep 
resented by  the lin ks , ra the r than the gauge po ten tia l A^  (the tw o  are 
re la ted  v ia  the re la tion  Eq. (59)). This is a substantia l d ifference, since 
the An is an elem ent o f the su (Nc) algebra, w h ile  the lin k  U  E S U ( N C).

In  o rde r to  describe the dynam ics o f the lin k  variables, w e need a d is 
cre tized  vers ion  o f the Y ang-M ills  action (65). Therefore we need to  fin d  
a candidate fo r the tensor on the lattice, where the sm allest closed 
pa th  is represented b y  a square o f side a de lim ited  by  4 links . The p a r
a lle l transpo rte r a round such elem entary loop is called the p laquette  
va riab le  and i t  is the o rdered p ro du c t o f the lin k  variables a round  it. In  
Fig. 3 i t  is d isp layed a p laquette  U^v(x)  located in  x  o rien ted  a long the 
d irec tions p and v. The la ttice  gauge action

Sgw  =  P Y
X  } l ,V

1 - —  R e T r lV M (78)

w as in tro du ce d  in  1974 b y  W ilson  [21] and features a sum  over a ll the 
possible  p laquettes conta ined in  the lattice vo lum e  w ith  ju s t
one o rien ta tion . The action Eq. (78) is m an ifestly  gauge in va ria n t b y  
construction .

I f  w e w r ite  d o w n  the dependence o f the lin k  variable  on the gauge 
file d  A }i(x)  us ing  Eq. (59), we obtain:

l l p i x )  =  e“ ^ W .  (79)

W hen  w e then substitu te  th is  expression in  the action Eq. (78) (fo r a 
rig o ro us  d e riva tio n  see e.g. [13]) the result is:

SGW =  - A - £ a * T r F llv(x )F l ‘ ' ' (x)  +  O  (a 2)  . (80)



1.5 L A T T IC E  F O R M U L A T IO N  OF Q C D  17

This proves tha t, w h e n  the la ttice  spacing vanishes a —> 0, Sgw co in 
cides w ith  the Y ang -M ills  action  o f Eq. (65) i f  we id e n tify

o 2 N c
P =  (81)

For the q u a n tu m  theo ry  we have to  specify  h o w  to  do  fu n c tio n a l 
in tegra ls. In  Eq. (72), the fu n c tio n a l in teg ra l over A ^ { x )  is replaced b y  
a g ro u p -in te g ra l over a ll the l in k  variables U^(x ) :

— » n d iW '  (§2)
x,v

w here  the in te g ra tio n  is carried  v ia  the so-called H aar measure. I t  has 
the fo llo w in g  d e fin in g  properties:

• I t  m u s t be gauge in va ria n t

d U h (x)  =  d t f ' ( x )  =  d ( A ( x ) U H( x ) A i {x +  a f i ) ) / (83)

• I t  m u s t be in v a ria n t u n d e r le ft and r ig h t m u lt ip lic a t io n  by ano ther 
g ro up  e lem ent V  G S U ( N C)

d U =  d ( V U )  =  d ( U V ) ,  (84)

• i t  is n o rm a lize d  to  u n ity :

j d U  = \ .  (85)

The expectation  va lue  o f any observable O is then  w r itte n  as:

(A > =  \  / i l  d ^ ( i ) O e - s™ ,  (86)
Z J  X , f l

N ote  tha t the choice fo r the gauge action  is n o t u n ique  and a d iffe re n t 
gauge ac tion  w i l l  p roduce  d iffe re n t d isc re tiza tion  effects.

In  Eq. (54), we w ro te  the fe rm io n ic  p a rt o f the Q C D  action. Th is 
can be d iscre tized  b y  rep lac ing  the covarian t de riva tive  w ith  a fin ite  
d iffe rence o f n e ig h b o u rin g  fie lds:

r, \ UA n)'l)(x + fi) ~ Ul ( x ~ tO’/’t * - / 3)Drfix) ->------------------------------27 ---------------------------- ■ (87)

w here the p a ra lle l transpo rte r U ^(n )  is inserted accord ing  to  Eq. (58) 
in  o rder to  ensure gauge invariance. The so-called "n a iv e " fe rm io n ic  
action is de fined  b y

Sy = a * J ^ m 0 :ip{x)xf)(x) +
X

Ui l {x)^>(x +  f i ) - U l ( x - p ) ^ ( x - } i )  (88)

= fl4 X ] ? ( * ) D ( * / 2/ M y ) .  (89)
x,y
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w here  D ( x , y ) is the d iscre tized version  o f the D irac opera tor in tro 
duced in  the co n tin u u m  case in  Eq. (74). I t  has the fo rm :

D ( x , y )  =  m0 6Xty +  ?£  Uy(x)Sx+fity -  U * ( x  -  • (90)

W hen  the la ttice  spacing is sent to zero, the con tinuum  action is recov
ered m o d u lo  a d iscre tiza tion  e rro r o f o rder 0 ( a 2).

In  m om e n tu m  space, the D irac opera tor Eq. (90) becomes:

D ( q ,p )  =  D ( p ) S ( p - q ) ,  (91)

w ith

D ( p )  = m 0 +  ^  s in (pHa ) . (92)

In  the massless lim it ,  one w o u ld  expect i t  to vanish on ly  at p =  0, b u t 
in  a d d itio n  to  th is , there are 15 o ther so lu tions located at

p =  ( n / a ,  0 ,0 ,0 ), (0 ,7 r / f l,0 ,0 ) , . . . ,  ( n / a ,  n / a ,  n / a ,  n / a )  (93)

Th is is kn o w n  as the fermion doubling problem and the unw an ted  poles in  
Eq. (93) are called the doublers. In  o rde r to  cure this, W ilson  in troduced  
in  [21] an a d d itio n a l tw o -deriva tive  te rm  D A to the naive D irac opera tor 
o f Eq. (90):

~  +  U p ( x  — f t )  & x - y , y

D  = L ----------------------------- 2a------------------------------' (94)
v= 1

In  m om entum -space, the D irac  opera tor w ith  this a d d itio n  becomes:

~ i  1 4
D w (p) =  mo +  ~7y  s in (p }ia) +  -  £  [ l  -  cos(p^a)] . (95)

a a y = \

By com parison w ith  Eq. (92), the last te rm  is the n e w ly  added one. I t
becomes irre levan t in  the l im it  a —> 0 and fo r pa <  1, b u t in  the reg ion  
p ~  1/ a  removes the a d d itio n a l doublers. In  th is  new  fo rm , the action 
takes the nam e o f Wilson fermion action Sw and in  coordinate space is 
g iven  by:

Sw  =  - a4 Y j P ( x ) D w (x ,y ) ip ( y )  (96)
x,y

w ith

D w ( * , y )  = ~  +  K y

+  ^  2a ^ )  U}i(x )tx+F,y

+  ( “ ^ )  ' ( 9 7 )



1.6 N U M E R I C A L  S I M U L A T IO N S

X

Figure 4: P ictoria l representation o f the clover-leaf Q}lv.

For the W ilson  action, d iscre tiza tion  effects enter at the level 0 (a) in  
contrast to  the naive and the gauge action. S ym anzik  [22,23] has show n 
tha t the lea d in g  d isc re tiza tion  effects can be rem oved b y  a d d in g  an ap 
p ro p ria te  coun te r-te rm  to  the action. By a p p ly in g  S ym anzik 's  fo rm a l
ism  to W ilson  fe rm ions, Sheikho leslam i and W oh le rt [24] have added 
a 5-d im ens ion  opera tor to  the W ilson  action:

1 — ^
Ssw — Sw +  csw fl5 2 *P(X) ' (98)

X  } 1 < V  ^

w h ic h  requires the tu n in g  o f the param eter cgw to  rem ove lead ing  la t
tice artefacts, e.g. in  p e rtu rb a tio n  the o ry  [25], th is  has been estim ated 
as csw =  1 +  0 .36533(4 )g 2 +  0 (g4). In  Eq. (98) is the la ttice  fie ld  
s treng th  tensor:

F}iv(n) — — g^2 ( Q M n )  — QV}i(n)) / (99)

can be constructed fro m  the so-called " clover leaves"

Q Fv(n)  =  PFv(n)  +  P}iv(n ~  f i ) +  P}iv(n - v )  +  PFV(n - f i - v ) ,  (100)

w here  each consists o f fo u r p laquettes as show n in  Fig. 4. In  th is  thesis, 
we w i l l  use a genera liza tion  o f th is  action  fo r an iso trop ic  lattices, w h ic h  
w i l l  be described in  de ta il in  chapter 3.

1 .6  N U M E R I C A L  S I M U L A T I O N S

In  the p rev ious  sections we have seen h o w  i t  is possible to  define  Q C D  
on a fin ite  d im ens iona l la ttice, so tha t we can w r ite  d o w n  the p a r tit io n  
fu n c tio n  as:

z q c d  =  / n  d u A n ) ( d e tD w [U ])N/  e- sGw|(J]  ̂ ( l0 l )
J n 11
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w here  the de te rm inan t o f the D irac opera tor D \y comes fro m  the in 
teg ra tion  o f the fe rm io n ic  degrees o f freedom , Ny is the n um be r o f 
qua rk  flavours and the in teg ra l is carried  o u t over the g ro up  m a n ifo ld  
S U ( N C).

Even i f  the in teg ra tio n  variables are fin ite , the con fig u ra tion  space is 
s t il l too large to  p e rm it d irec t evaluation. Th is is the reason w h y  these 
in teg ra tions are carried  o u t by means o f statistica l tools. The M on te  
C arlo  m ethod  consists in  sam p ling  the space U  o f possible co n fig u 
ra tio n  b y  generating an ensemble I t  is p a rtic u la r ly  advanta
geous in  those cases w here  in tegra ls have a h ig h  num be r o f d im e n 
sions, w h ich  in  o u r case exceeds ^ (1 0 7).

A  n um erica l eva lua tion  o f the in tegra ls is then achievable b y  means 
o f so-called importance sampling. The huge sum  appearing  in  Eq. (101) 
is app rox im a ted  by  a com para tive ly  sm a ll subset o f con figu ra tions, 
w h ic h  are sam pled accord ing  to  the w e ig h t factor:

W  =  - i ( d e t D [ U ] ) N/ e “ SG|ui. (102)

F rom  a p ractica l p o in t o f v iew , one starts fro m  some a rb itra ry  con
fig u ra tio n  and then  constructs a stochastic sequence tha t re lax to  the 
e q u ilib r iu m  d is tr ib u tio n  defined  by Eq. (102). This is done w ith  a so- 
ca lled hom ogeneous Markov chain, w here  the con figu ra tions U, are gen
erated sequentia lly

lio  —  ̂ U i —  ̂ U-2 —  ̂ • • ■ (1 0 3 )

w here  i labels the co n fig u ra tion  in  the o rde r i t  appears in  the chain.
The change o f a fie ld  con fig u ra tion  to  a new  one is ca lled an "u p d a te "
o r a M on te  C arlo  step.

A  num be r o f a lgo rith m s  are available to  construct such a chain. In  
th is  w o rk , we m a in ly  use a g loba l upda te  step based on the concept o f 
the Hybrid Monte Carlo a lg o rith m , w h ich  com bines Molecular Dynamics 
w ith  the M on te  C arlo  a lg o rith m , see e.g. [26] fo r  m ore deta ils.

A  num erica l estim ate fo r the opera tor O can then be obta ined  fro m
a set o f N  co n fig u ra tion  b y  eva lua ting  its  m ean and variance:

°  =  h L ° i >  va r [O] =  j j C r  £  (O, -  O )2 , (104)
1=1 1 i= 1

w here  0 / corresponds to  a measure obta ined fro m  the z-th M on te  C a rlo 
generated con figu ra tion . This average va lue O is a ra n do m  variab le  
itse lf and i t  comes w ith  an in tr in s ic  statistica l uncerta in ty, w h ich  w i l l  
vanish  in  the l im it  w here  the to ta l num be r o f available con figu ra tions  
N  becomes ve ry  large. Th is e rro r can be estim ated b y  eva lua ting  the 
variance va r [O], w h ic h  fo r  uncorre la ted O, is:

va r [O] =  ^ v a r [ Q ] 2 . (105)
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The s ta tis tica l e rro r is then defined as the square-root o f Eq. (105) and 
i t  decreases lik e  N -1 ^2 w ith  the n um be r N  o f uncorre la ted  con figu 
rations. The s ta tis tica l analysis o f f itte d  o r derived  quan tities  is then 
achieved b y  the w e ll-k n o w n  Jackknife procedure , see e.g. [27-29] fo r 
m ore  deta ils.

This concludes o u r b r ie f in tro d u c tio n  to  the la ttice  regu la riza tio n  o f 
QCD. In  the next chapter we w i l l  re v ie w  some o f the m a in  p roperties 
and sym m etries o f Q C D , m ak in g  contact w ith  the experim enta l p o in t 
o f view .
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2 .1  I N T R O D U C T I O N

In  th is  thesis, we w i l l  s tud y  the state o f m a tte r above a tem pera tu re  
T =  Tc ~  100 — 200MeV, w h ic h  is equ iva len t to  about 150000 rim es 
the core tem pera ture  o f the Sun. Th is phase is called the Q u a rk -G lu o n  
Plasma (QGP), since the co lo r charge is transported  b y  quasipartic les 
c a rry in g  e ither qua rk  o r g lu o n  quan tum  num bers. In  the past fe w  years, 
m u ch  e ffo rt has been devoted to  the u nde rs tand ing  o f the d yna m ica l 
and static p roperties  o f the QGP. In  th is  thesis, the tra nsp o rt p rope rties  
o f the QGP w i l l  be s tud ied , and in  pa rticu la r, the e lectrica l co nd u c tiv ity , 
w h ic h  is o f great in terest to the u nde rs tand ing  o f the o u tp u t o f the 
heavy-ion  co llis ion  experim ents at R H IC  and CERN.

A t  the m om ent, the theore tica l in te rp re ta tio n  o f these experim ents 
consists o f a hyd rod yn am ica l d escrip tion  o f the evo lu tio n  o f the f ire 
b a ll [30-33]. This tu rns  o u t to be a ve ry  usefu l too l and i t  re lies u po n  
an early  the rm a liza tio n  o f the QGP m e d ium . In  th is  context, Q C D  has 
the im p o rta n t ro le  o f g iv in g  a descrip tion  o f the QGP at a m icroscop ic  
level, p ro v id in g  the lo w  energy param eters w h ich  are used in  the h y 
d ro d yn a m ic  equations, kn o w n  as the tra nsp o rt coefficients.

The question  o f w h ic h  o f the availab le  theore tica l fram ew orks  in  
Q C D  is the m ost app rop ria te  fo r  these ca lcu lations is reso lved by  the 
expe rim en ta l results fo r the shear v iscos ity  to  en tropy ra tio  t ] / s ,  w h ic h  
is fo u n d  to  be sm a lle r than  fo r  any o the r kn o w n  system  [32]. F rom  
the p o in t o f v ie w  o f k in e tic  theory, th is  means tha t w e are dea ling  
w ith  s tro n g ly  in te rac ting  m atter. As a consequence, p e rtu rb a tive  ca lcu
la tions show  p oo r convergence in  the regim es tha t we are in terested in  
(see [8, 34] fo r pe rtu rba tive  results and [35] fo r a rev iew ).

The use o f la ttice  Q C D , as a n on -pe rtu rba tive  too l to  address th is  
p rob lem , presents its ow n  issues. In  fact, i t  is fo rm u la te d  on an Eu
c lidean  space-tim e, m ean ing  tha t the transpo rt coeffic ients can be ac
cessed o n ly  upo n  ana ly tic  co n tin u a tio n  to  real times. Nevertheless, i t  
has recently  p roduced  a h a n d fu l o f resu lts [3, 36-41], w here  the s tud y  
o f the system atic uncerta in ties takes a centra l role.

In  th is  chapter we w i l l  in troduce  the basic no tions about the  QGP, 
s ta rting  fro m  its  b u ild in g  b locks, nam e ly  the properties  o f Q C D  at n o n 
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zero tem pera ture. In  the la tte r case, emphasis is p u t on la ttice  Q C D  
resu lts fo r  the rm odynam ics. F ina lly, a b r ie f in tro d u c tio n  to  heavy-ion  
co llis ion  experim ents is p rov ided .

2 .2  Q U A R K S ,  G L U O N S  A N D  Q C D

From  the earliest o f tim es, ph ilosophers and then scientists have at
tem pted  to  exp la in  the w o r ld  around them  by g iv in g  a descrip tion  o f 
m a tte r in  term s o f forces acting  upon  m ore  e lem entary constituents. 
The ve ry  w o rd  "a to m " comes fro m  the ancient Greek - atomos,
m ean ing  in d iv is ib le  - and was in troduced  fro m  the f if th  cen tu ry  B.C. 
by  Leucippus, D em ocritus, and E picurus, re flecting  the ir p u re ly  specu
la tive  belie fs tha t m a tte r was n o t a continuous entity, b u t ra the r m ade 
u p  o f d iscrete un its . This pa rad ig m  has su rv ive d  across the centuries 
and today, o u r latest m ode l suggests tha t nucleons are n o t e lem entary 
entities, b u t bou n d  states o f quarks, sp in  1 /2  partic les, w h ic h  in teract 
by  the exchange o f g luons, the bosonic carriers o f the co lo r force. The 
la tte r gives the nam e to the theo ry  describ ing  them , Q uan tum  C h rom o
dynam ics (Q CD), whose fo rm u la tio n  has been o u tline d  in  section 1.5.

G luons (like  photons in  QED) have no mass, b u t since they carry  
a co lo r charge, they are able to  in te ract w ith  themselves as w e ll, as 
we have show n in  Eq. (64). This a dd itio n a l 's tickiness' is w h a t makes 
Q C D  such an in te res ting  and rich  theory. In  particu la r, Q C D  features 
three ve ry  special p roperties, w h ich  we w i l l  b r ie fly  discuss. F irs t o f a ll, 
na tu re  confines quarks and g luons inside  the hadrons, m ean ing  tha t 
the o n ly  phys ica l excitations tha t are a llow ed  are singlets u n d e r the 
gauge g roup . Th is feature is ca lled confinem ent and it  im p lie s  tha t, at 
large distances, the po ten tia l between tw o  heavy co lo r charges rises 
lin e a r ly  as:

V ( r )  ~  a r , (106)

w here  the param eter a  is kn o w n  as the s tr in g  tension and has an 
app rox im a te  va lue  o f a  ~  880M e V /fm  ~  (420M eV )2. Th is nam e de
rives fro m  the fact tha t the chrom oelectric f ie ld  lines rem a in  concen
tra ted  in  a reg ion  o f space called the f luxtube.  In  th is  p ic tu re , one can 
consider hadrons as lit t le  pieces o f sp in n in g  chrom oelectric  "s tr in g " , 
w hose ends are defined  b y  the tw o  qua rk  sources, m o v in g  at re la tiv is tic  
speeds. Eq. (106) suggests tha t an in fin ite  am oun t o f energy is needed 
to  p u l l  apart the tw o  quarks, b u t th is  classical p ic tu re  is b o u n d  to  fa il 
w hen  re la tiv is tic  effects appear. In  fact, w hen  the energy dens ity  is 
enough, a new  q — q p a ir is created, w h ich  then breaks the s tr in g  and 
becomes a new  source fo r  the b roken  fie ld  lines, so tha t the system  can 
e ffec tive ly  low e r its  free energy.
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O n the o the r hand , experim ents p e rfo rm ed  at SLAC  d u r in g  the 1960s 
have show n  th a t processes in v o lv in g  h ig h  energy electrons scattering 
o ff a h a d ro n  ta rge t were dom ina ted  b y  e lectrom agnetic in teractions. 
Th is was exp la ined , in  1973 b y  Gross, W ilczek and  Politzer, w h o  fo u n d  
tha t the c o u p lin g  constant g  o f Q C D  depends on  the energy scale q2 at 
w h ic h  the th e o ry  is considered. In  pa rticu la r:

2/ 2\ 16n 2 u 11 N c 2N fg (r) = ri— / 2 / a2— b = —5 ,  • ( i o 7)
/ - ^ q c d )

I f  the scale q2 is la rge then  the co u p lin g  is sm a ll, so tha t quarks and 
g luons are a sym p to tica lly  free. B u t w hen  the reg ion  o f lo w  energy is 
approached, th e ir  in te rac tion  becomes strong. Even i f  the c o u p lin g  g  
is d im ension less, the theo ry  d yn a m ica lly  generates a param eter A qcd  
w h ic h  is the scale at w h ic h  i t  becomes non -pe rtu rba tive . I f  a ll the qua rk  
masses are set to  0, A  q cd  is also the o n ly  d im e n s io n fu l q u a n tity  o f 
Q C D , and in  th is  case i t  o n ly  reflects o u r choice o f un its . In  standard  
un its , A  q c d  — 200 M eV  ~  1 fm -1 . N o te  tha t hadrons indeed have sizes 

r  ~  A q c d •

2 .3  S Y M M E T R I E S

Beyond th is  r ic h  dynam ics, w h ic h  is in tim a te ly  connected w ith  the non- 
A be lia n  n a tu re  o f the loca l S U (3 ) gauge sym m etry, there is ano ther fac
to r  w h ic h  m akes Q C D  so pecu lia r: the pa tte rn  o f its  g loba l sym m etries. 
Q ua rk  flavors are u sua lly  separated in to  tw o  sets: the charm , b o tto m  
and top  are too heavy to  be considered a s ig n ifican t facto r in  the ana l
ysis o f the system , leav ing  o n ly  the up , d o w n  and strange quarks as 
ones to  be in c luded . In  the fo llo w in g , N f  w i l l  denote the n um be r o f 
q ua rk  flavors  considered.

W hen a ll the qua rk  masses vanish, i.e. in  the ch ira l lim it ,  the le ft and 
r ig h t-h an d ed  fie lds, de fined as

^L,R =  ^ ( 1 ± 75)VV (108)

decouple  fro m  each o the r and the Lagrang ian  becomes in v a ria n t u n 
der independen t fla vo r trans fo rm a tions  o f the le ft-handed  and r ig h t-  
handed fie lds. These transfo rm a tions are represented b y  the U ( N f )  r  x  

U ( N f ) l  g loba l g roup :
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w here  cc^L are the coeffic ients o f the generators Ta. N o te  tha t w hen  we 
d iscre tized  the Q C D  action  in  section 1.3, the W ilson  action o f Eq. (96 
e x p lic it ly  breaks ch ira l sym m etry,

In  fact, N ie lsen and N in o m iy a  showed in  [42] tha t any local la ttice  reg
u la r iz a tio n  cannot be free o f the doublers o f Eq. (93) w h ils t p reserv ing  
c h ira l sym m etry. Th is is kn o w n  as the No-Go-Theorem. One o f the m ost 
im p o rta n t consequences o f Eq. (110) is tha t the W ilson  fe rm io n  action 
generates an a dd itive  reno rm a liza tion  fo r the quark  mass m, w h ich  
then  needs to  be taken in to  account d u r in g  the tu n in g  p rocedure  o f the 
bare param eters.

The ch ira l g ro up  is u su a lly  rearranged in to  the fo rm  o f u n ita ry  vector 
and  axia l transfo rm ations:

The tw o  g roups are isom orph ic  w ith  ocy =  ( a : r  +  oc i ) /2, a A  =  ( a : r  —  

Oil) / 2 . M oreover, we can also decompose the u n ita ry  groups in  Eq. ( m j  
in to  the d irec t p ro d u c t o f a special u n ita ry  g roup  and a com plex phase:

w here  o ther tw o  U (  1) g loba l sym m etries appeared. The firs t one cor
responds to  the conservation o f the baryon  num ber in  Q C D  and it  is 
exact even w h e n  the qua rk  masses are taken in to  account:

The o the r one is an axia l transfo rm a tion  and i t  acts on the le ft and r ig h t 
sp inors as fo llow s:

i t  is b roken  b y  q uan tum  corrections. This phenom enon is re ferred  to 
as an anom a ly and the divergence o f the 11(1) a  cu rren t is g iven b y

w here  F“v — e ^ f F ^ / 2  is the dua l o f fie ld  strength tensor in troduced  
in  Eq. (61).

{  D w , 75 } 7̂  0 . (110)

U ( N f ) r  x U ( N f )L ~  U ( N f )v  x U ( N f ) A . (111)

U ( N f )R x  U ( N f )L ^  S U (N f )R x S U (N f )L x  U (1 )R x U(  1) L
(112)

^  S U (N f )R x S U (N f )L x U ( l ) v  x  l i ( l ) * ,

(113)

(X14)

(115)

This ho lds  at the classical level on ly  w hen  the quarks are massless b u t

16n 2l' }iv±vv' (116)
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In  the rea l w o r ld  though , quarks have non-zero  masses, w h ic h  break 
e x p lic it ly  the ch ira l sym m e try  o f Eq. (111). The mass te rm  is:

f  mi f  =  f R mi \pl  +  f tL m{ tplR . (117)

Nevertheless, i f  the quarks are g rouped  in to  a isosp in  sym m etric  p o in t, 
e.g. mu =  m^ fo r  N f  =  2, then the mass te rm  in  Eq. (117) preserves an 
S U ( N f ) v  sym m etry , w h ile  a ll ax ia l sym m etries are e x p lic it ly  broken. 
In  na tu re  though , q u a rk  masses e xh ib it a s trong  h ie rarchy:

mu ~  md <C ms <C mc <  mb <C m t , (118)

so tha t o n ly  an app rox im a te  S U (2) y  isosp in  sym m e try  rem ains present.
Despite the e x p lic it b reak ing  described above, the rem arkable  fact 

is tha t ch ira l sym m e try  is also spontaneously b roken  b y  the g ro un d  
state o f the theory. In  fact, at zero tem pera ture  and density, the Q C D  
in teractions m o d ify  the vacuum , m a k in g  i t  unstable  w ith  respect to  the 
fo rm a tio n  o f a condensate o f t ig h t ly  b o u n d  qq pairs:

(xpxp) =  (0\xpLipR +  $ r $ l \ Q )  ^  (250M e V )3 , (119)

w h ic h  im p lies  tha t the condensate pa irs  i/?l w ith  if>R and \pR w ith  tpR. 
The net effect o f th is  p a ir in g  is tha t a quark , tra ve llin g  th ro u g h  the 
vacuum , w i l l  f l ip  its c h ira lity  at a rate p ro p o rtio n a l to  (tftp) as i f  i t  
had a mass. Th is d yn a m ica lly  generated mass, ca lled constituen t mass 
E, accounts fo r  the 30 — 40% o f a nuc leon 's  mass, w h ic h  cannot be 
exc lus ive ly  exp la ined  b y  the in tr in s ic  masses m o f the constituents. 
C h ira l sym m e try  b reak ing  Xsb Is a ve ry  im p o rta n t phenom enon to  
unders tand  the lo w  energy behav iou r o f Q CD. The b reak ing  pa tte rn  
S U ( N f ) l  x  S U ( N f ) r  —» S U ( N f ) y  has a great im pac t on  the dynam ics 
at lo w  energy. In  fact, the G oldstone theorem  show s us tha t the N j  — 1 
broken  generators g ive  rise to  an equ iva len t n um be r o f (app rox im a te ly ) 
massless excitations. For N f  — 2 the la tte r are represented b y  the three 
p ions, over w h ic h  the effective ch ira l Lagrang ian  is constructed.

A fte r  e xp lo rin g  the sym m etries w h ic h  represent the b u ild in g  b locks 
o f Q C D , we can a ttem p t a descrip tion  fro m  a s ta tis tica l m echanics v ie w 
p o in t, i.e. a system  w here  a few  g loba l observables can specify  the aver
age properties . These can e xh ib it a fu n d a m e n ta lly  d iffe re n t behav iou r 
depend ing  on the va lue  o f tem pera ture , energy dens ity  o r ne t charge, 
co rrespond ing  to  d iffe re n t states o f m atter, w ith  "phase " trans itions  
occu rring  w h e n  the system  changes fro m  one state to  the other.

2.4 T H E R M O D Y N A M I C S

In  th is  section we w a n t to explore the behav iou r o f Q C D  w hen  the 
tem pera tu re  is ra ised above A  q c d - A cco rd in g  to  Eq. (107), w hen  a large
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energy scale, such as a h ig h  tem perature in  th is  case, is in tro du ce d  
in to  the system , even tua lly  we m ig h t expect tha t the s trong co u p lin g  
constant runs  tow ards zero, fo llo w in g  asym pto tic  freedom , and tha t 
quarks and  g luons become a plasm a o f w eak ly  in te rac ting  partic les 
c a rry in g  a co lo r q uan tum  num ber [43, 44].

We can ga in  some in s ig h t in to  th is trans ition  b y  construc ting  a s im p le  
m ode l fo r  the equation  o f state (EoS). As we said before, at some h ig h  
tem pera tu re  we w o u ld  expect weak in teractions ins ide the m e d ium , 
so we can app rox im a te  its  pressure P and energy density  € w ith  the 
expressions va lid  fo r non -in te rac ting  massless particles:

w here  £ accounts fo r the statistics and d is the num ber o f degrees o f 
freedom . Specifically, £ is equal to  1 fo r  bosons and 7 /8  fo r  ferm ions, 
w h ile  in  a q ua rk -g lu o n  plasm a there are dq = 4  N f N c quarks and dg =  
2(N% — 1) g lu on ic  degrees o f freedom . I f  we consider o n ly  2 flavors we 
ob ta in  deff =  dg +  dq7/ 8 =  37 so tha t Eq. (120) becomes:

O n  the o the r hand, w hen  the tem perature is sm a ll com pared to  A  qcd , 
quarks and  g luons rem ain  confined inside  the hadrons. In  th is  regime,

can be considered to  be massless near Tc. U nde r these assum ptions 
d =  (N j  — 1). For N f  =  2 we get d =  3 and

C o m p arin g  the tw o  values fo r the pressure obta ined above, a m ism atch 
is observed, because at lo w  T, Phad is always smaller. Since the system 
chooses the state w ith  m a x im u m  pressure, th is  w o u ld  m ean tha t the 
phase w ith  ch ira l sym m etry  b reak ing  is never favored. A  s im p le  solu
t io n  to  th is  p ro b le m  comes fro m  the bag m odel, w h ich  attem pts to  take 
in to  account non -pe rtu rba tive  effects b y  assigning a negative vacuum  
energy and  a pos itive  pressure to the vacuum . In  th is  m odel, quarks 
can free ly  m ove ins ide  a space bounded  by the size o f the hadron , but 
cannot trave l fu r th e r because o f the pressure app lied  by  the confin ing  
vacuum . We start b y  w r it in g  the vacuum  energy m om en tum  tensor, 
w h ic h  b y  Lo ren tz  invariance  assumes the fo rm  T^v =  Bg^v and

£vac — — Pvac =  ( 124 )

7r2
P =  d l — T4S o  ' (120)

(121)e =  3P ,

(122)

the G oldstone  bosons w i l l  be the re levant degrees o f freedom  and they

(123)
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the param eter B characterises the m o d e l and carries in fo rm a tio n  abou t 
the n on -pe rtu rba tive  behav iou r o f Q CD. W ith o u t go ing  in to  too  m uch  
deta il, th is  can be estim ated v ia  the so called Q C D  trace a nom a ly  re la 
t io n  [45]. I t  characterises the energy o f the vacuum , y ie ld in g  the re su lt 
evac ~  —0.5 G e V /fm 3. The pressure p red ic ted  b y  the bag m o d e l in te r
sects P h a d  a t  a  c ritica l va lue Tc fo r the tem pera ture, w here  the tra n s i
t io n  fro m  h ad ron ic  m a tte r to  free quarks and g luons takes place. We 
can estim ate Tc as:

/  45B \ 1/4
T c = ( l 7 ^ 2 )  - I S O M e V ,  (125)

w h ic h  is over one t r i l l io n  ke lv in . The tw o  phases are characterized b y  
ve ry  d iffe re n t values fo r the en tropy  and energy density. A n  estim ate 
fo r the la tte r above and b e low  Tc can be g iven  as:

c h a d  =  l im  e(T )  =  — Tf ~  130 M e V /fm 3, (126)
T—»TC_ 3U

0 7 -7.2
eoG P = lim  e (T)  = - — 7^  + B ~2 0 0 0  M e V /fm 3 , (127)

T-*T+ 3 0

w here  the la ten t heat o f the tra ns ition  exceeds i  GeV /  fm  .
We can see tha t the bag m ode l, though  crude, is able to  p ro v id e  

usefu l in fo rm a tio n  about the Q C D  therm odynam ics. O ver the years, 
la ttice  Q C D  (LQ C D ) has become the p re fe rred  fra m e w o rk  used to  ca rry  
o u t m ore re fined  ca lcu lations (regard ing  the Q C D  the rm odynam ics) 
[46-51]. Th is has received a great a m oun t o f in terest recently, since 
the deconfined phase o f Q C D  has become rep roduc ib le  in  labora tories, 
such as those at C ER N  and R H IC . Th is has m ade i t  possible to  deepen 
o u r und e rs tan d in g  o f m a tte r und e r extrem e cond itions, a llo w in g  fo r  a 
rich  in te rp la y  between experim en t and theore tica l in te rp re ta tion . The 
equation  o f state (EoS) is obta ined fro m  the assum ption  tha t in  the 
the rm od yn am ic  lim it ,  w here  the three d im ens iona l vo lum e  V  d iverges, 
the pressure is re la ted  to  the free energy dens ity  /  =  — y  log  Z as:

P =  ~  l im  / .  (128)
V —>00

The o the r observables, such as en tropy  s and energy e densities, are 
then reconstructed v ia  the rm od yn am ica l re la tions fro m  the pressure 
p(T ).  F rom  the n um erica l p o in t o f v iew , the p a r tit io n  fun c tio n  Z =  
Z(/5, m) is n o rm a lly  o n ly  accessible th ro u g h  its  derivatives w ith  respect 
to  the bare la ttice  param eters. One o f the m ost-used m ethods to  recon
s truc t the pressure p is to  p e rfo rm  several s im u la tions at d iffe re n t v a l
ues o f {jS, m ]  and then a p p ly  a care fu l in teg ra tion  procedure, w h ic h  
goes beyond  the scope o f th is  thesis. We show  in  Fig. 5 the "state o f the 
art" resu lt fro m  the W upperta l-B udapest co llabora tion  fo r the energy 
dens ity  e over the tra ns ition  reg ion .
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Figure 5: Results for Energy density normalized by T4 from [49] as a func
tion of the temperature for several lattice spacings. The Stefan- 
Boltzmann lim it c$B — 3Fsb is indicated by an arrow.

2.5 D E C O N F I N I N G  T R A N S I T I O N

A no th e r im p o rta n t aspect tha t LQ C D  has c la rified  is the nature  o f the 
deconfinem ent trans ition . The value o f the quark masses, w h ich  are 
the o n ly  d im e ns ion fu l param eters in  the Q C D  lagrangian, have a great 
im pact on the o rde r o f the transition . Since the up and dow n  quark 
masses mu, ni4 are very s im ila r, w h ile  the strange quark is m uch heav
ier, it  has become custom ary to represent the various phases in  a mass 
d iagram  where the lig h t quarks are p u t together on the abscissa, and 
the strange qua rk  mass is represented by the value o f the ord inate. This 
d iagram , called the Columbia plot after the in s titu tio n  where it  firs t was 
in troduced  [50, 52], is show n in  Fig. 6.

The ch ira l p o in t, where a ll the quark masses vanish, is represented 
by the o rig in  in  Fig. 6, where the trans ition  is o f firs t o rder [52]. In 
th is regim e, the phase trans ition  is associated w ith  the b reaking  o f the 
ch ira l sym m etry, d riven  by a non-zero value fo r the ch ira l condensate 
in  Eq. (119), w h ich  can be used as an o rder parameter.

The pure  gauge theory is represented by the upper r ig h t corner in 
Fig. 6, w here  a ll quark  flavors are in fin ite ly  heavy and the trans ition  
is s till f irs t o rder [53, 54]. In th is case, the o rder param eter is the ex-
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Figure 6: Nature of the deconfining transition as a function of the number of 
flavors and the value of the quark masses. Plot from [50, 52].

pectation value (T (x ) )  o f the Polyakov loop, w h ich  is the tim e  ordered 
p ro du c t o f tem pora l lin ks  at a g iven spatia l pos ition  x:

nt -  1
L (x ) =  Tr Y l  U 4( x , t ) . (129)

T= 0

This opera tor vanishes in  the confined phase, w h ile  it  acquires a n on 
zero value in  the deconfined one. Physically, the expectation value o f 
the Polyakov loop can be in te rp re ted  as the free energy o f an in fin ite ly  
heavy quark  v ia  (T (x ) )  ~  e x p ( — Fq / T ) .  A  van ish ing  (T (x ))  im p lies 
tha t the free energy diverges or, in  o the r w ords, the co lor charges are 
confined. In  fact, the S l l ( N c) pu re  gauge theory adm its  a g lobal Z ( N c) 
sym m etry  and the action does no t change w hen m u lt ip ly in g  a ll tim e 
like  lin ks  at a g iven spatia l p os ition  x by an elem ent z =  exp ( i2 n n / N c) 
o f the centre Z ( N C) o f the gauge g roup . This centre sym m etry  is then 
broken spontaneously w hen, in  the deconfined reg ion, the Polyakov 
loop acquires a non-zero  expectation value, s igna lling  a phase trans i
tion.

The tw o  firs t-o rd e r po in ts  described above ac tua lly  extend in to  re
gions bounded by c ritica l lines o f second o rder phase trans ition . There, 
the u n ive rsa lity  class is the one o f the Z (2 )  Is ing m odel. The massless 
N f  =  2 case is located in  the uppe r le ft corner, where the strange quark 
is in f in ite ly  heavy. Here, the tra ns ition  is o f second o rder and it lies in  
the 0 (4 ) u n ive rsa lity  class.
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Figure 7: Plots from [48]. Behaviour of the renormalized chiral condensate 
(left) and renormalized Polyakov loop (right) in the transition 

region. In both figures, the different symbols correspond to different 
Nt, while the grey band is a continuum estimate. See reference [48] 
for more details.

A t the physical p o in t though, due to the p a rticu la r values that quark  
masses assume in nature, the trans ition  has been show n to be a cross
over [47]. This means tha t a ll observables w i l l  have an ana ly tic  be
hav iou r w ith  the tem perature and m ig h t e ither develop a sharp peak or 
e xh ib it a rap id  change, so tha t no p roper o rder param eter exists. Even 
if  no s in g u la rity  occurs, one m ig h t decide to  locate Tc e ither at the 
peak pos ition  o r at the in flec tion  po in t, w h ich  are always w e ll defined. 
N ote though  tha t th is d e fin itio n  o f the trans ition  tem perature w il l  be 
d iffe re n t depend ing  on the observable considered; it  is the m anifesta
tion  o f the broad nature  o f the ana ly tic  trans ition  [46, 47, 51]. For this 
reason, studies o f the Q C D  crossover trans ition  take in to  considera
tion  the w ho le  behaviour o f the stud ied observable, w h ich  is perhaps 
m ore in fo rm a tive  than Tc and gives a measure o f the broadness o f the 
trans ition . In [48] d iffe re n t observables are stud ied  and the resu lting  
trans ition  tem perature lies in  a region between 150 and 170 MeV, see 
Fig. 7 fo r tw o  examples.

2 .6  H E A V Y - I O N  C O L L I S I O N S

The s tudy  o f QGP, a lbe it in teresting  in  itse lf, is re levant to the und e r
stand ing  o f tw o  m a in  physical scenarios: the early-un iverse  cosm ology 
and heavy-ion  co llis ion  experim ents (H IC ).

In the firs t case, fo llo w in g  Friedm ann 's so lu tion  (F riedm ann, 1922) 
to E inste in 's g rav ita tiona l equations, we kn ow  that the Universe ex
perienced an expansion from  a s in g u la rity  at tim e  zero. The so lu tion  
relates the rad ius R o f the observable universe to its age t (tim e after 
the Big Bang) and its tem pera ture  T, e.g. before m atte r cooled dow n 

and became n on -re la tiv is tic , the behaviour was R oc T -1 oc fz. We can
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2 R

2R h

Figure 8: Overview of a heavy-ion event. In the left figure the two nuclei col
lide along the beam axis usually labelled as z. Due to relativistic 
energies the nuclei appear length-contracted in  the centre of mass 
frame. The righ t figure shows a schematic view  of the transverse 
plane. Both the magnitude and direction of the impact parameter 
b can be determined on an event-by-event basis. X  and Y label the 
reaction plane axes and the dotted lines indicate the lab axis. Y rp  
is known as the reaction plane angle. Note the almond shaped area 
where the interactions take place.

use th is  p re d ic tio n  to  in fe r the existence o f the QGP between t ~  10-5  
and t ~  10-4  seconds. The dyna m ica l p roperties  o f the QGP are then  
im p o rta n t to  constra in  those cosm olog ica l m odels a im in g  to  describe 
th is  p a rt o f the e vo lu tio n  o f the universe. For exam ple, i f  the co n fin in g  
tra ns ition  was f irs t order, i t  w o u ld  have been d rive n  b y  inhom ogeneous 
processes, e.g. g ro w th  o f h ad ron ic  bubbles. Th is w o u ld  resu lt in  loca l 
flu c tu a tion s  in  ba ryon  concentra tion , w ith  p o te n tia lly  observable con
sequences in  the re la tive  abundances o f l ig h t elem ents fo rm ed  at the 
nucleosynthesis epoch at t ~  10 m inu tes  [55].

In  the H IC  experim ents, the m a in  to p ic  o f th is  section, a b u lk  state 
o f had ron ic  m a tte r is a r t if ic ia lly  p ro du ce d  in  la b o ra to ry  fo r  a tim e  o f 
the o rde r o f 5f m / c .  They have been the m a in  "p ro b e " fo r the s tu d y  o f 
the QGP since the m id  1970's, at fac ilitie s  lik e  the A lte rn a tin g  G rad ien t 
S ynchro tron  (AGS) in  B rookhaven and  the Super P ro ton  S ynchro tron  
(SPS) at CERN. M ore  recent experim ents  are the R e la tiv is tic  H eavy 
Ion  C o llid e r (R H IC ) at B rookhaven N a tio n a l L abo ra to ry  and the Large 
H a d ron  C o llid e r (L H C ) at CERN. A t  R H IC , g o ld  (A u ) n uc le i are the 
largest used, w ith  a re la tiv is tic  energy in  the centre o f mass fram e o f 
Ecm ~  200A  GeV, w here  A  is the n u m b e r o f nucleons in  the nucleus. 
A t  L H C , lead (Pb) ions are used, reach ing  m uch  greater energies o f 
2.76 A  TeV.
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Hadrons
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Thermalization

Figure 9: A  schematic v iew  of the d iffe rent stages o f a heavy-ion co llis ion  
event. [56].

In  Fig. (8), a schem atic w ay to  describe these reactions is p rov ided : 
the tw o  nuc le i o f rad ius  R are co llided  a long the axis z. In  the centre 
o f mass fram e, the nuc le i appear as Lorentz-contracted "pancakes" o f 
thickness 2R / y cm, w here  7 cm =  Ecm /2 is the Loren tz  factor. Since 
the de B roglie  w ave length  tu rn s  o u t to be m uch  shorte r than  the size 
o f the nucleus, the im pact param eter b, connecting  the centre o f bo th  
nuc le i, can be used to  characterise the geom etry o f the co llis ion . In  pa r
ticu la r, a non-zero  va lue fo r b im p lies  a h ig h ly  an iso trop ic  in te rac tion  
reg ion , see Fig. (8).

P ro v id in g  a com plete descrip tion  o f these co llis ions is an extrem ely 
d if f ic u lt  task. The m ost successful p ic tu re  was in troduced  b y  B jorken 
(B jorken, 1976) and i t  takes in to  account the existence o f lo w  energy 
partons su rro u n d in g  the nuc le i as w e ll as the tim e  d ila ta tio n  o f pa r
tic le  p roductions. I t  is ou ts ide  the scope o f th is  thesis to  p ro v id e  a 
deta iled  analysis o f the firs t stages o f the co llis ion , since they invo lve  
n o n -e q u ilib r iu m  processes o f the u n d e rly in g  non -A b e lian  gauge the
ory. We w il l ,  however, m en tion  the m a in  features.

A t  u ltra -re la tiv is tic  energies, w hen  Ecm > 1 0 0  GeV, the tw o  nuc le i 
pass th ro u g h  each other, leav ing  beh ind  a h ig h ly  excited reg ion  w ith  
a sm a ll ne t baryon  num ber. The d iffe re n t stages o f the co llis ion  are 
u su a lly  param etrised b y  the p ro pe r tim e  r  =  y / t 2 — z2; i t  tu rn s  ou t 
tha t there exists a characteristic p rope r tim e  To w here  the m e d iu m  has 
reached loca l e q u ilib r iu m , w h ic h  produces the in it ia l co n d itio n  fo r de
scrib ing  the e vo lu tio n  o f the system  fo r r  >  To, us ing  some effective 
m odel.

In  fact, between the tim e  To <  t  <  Ty the system  can then  be de
scribed b y  re la tiv is tic  d iss ipa tive  hyd rodynam ics, fo r  a deta iled  rev iew  
on the top ic  see e.g. [32, 57]. Th is theo ry  p rov ides  a descrip tion  o f the
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f lo w  o f the f lu id  w ith o u t tak ing  in to  account its  m icroscop ic  s truc tu re . 
M ore  precisely, i t  can be th o u g h t as a low -energy  e ffective theory, in 
v o lv in g  a fe w  param eters, ca lled tra n sp o rt coeffic ients, w h ic h  encode 
the in fra re d  beh a v io u r o f the u n d e rly in g  m icroscop ic  the o ry  (Q C D  in  
o u r case) and  can be com puted  v ia  f irs t p r in c ip le  ca lcu lations. In  o r
de r to  unde rs tand  the scope o f h yd rodynam ics , i t  is u se fu l to  d ra w  a 
com parison  w ith  the rm odynam ics . The la tte r describes a m a n y -b o d y  
system  in  g lo ba l th e rm a l e q u ilib r iu m , w here  the so-called in tens ive  
quan tities  (tem pera tu re , pressure and  chem ical po ten tia ls ) are t im e -  
independen t and u n ifo rm  in  the vo lu m e  V  o f the system. H y d ro d y 
nam ics can be v iew ed  as a genera lisa tion  o f th is  p ic tu re  tow ards  a 
state o f loca l e q u ilib r iu m : the in tens ive  quan tities  are n o w  a llow ed  to  
va ry  in  space and tim e , b u t they do  tha t so s lo w ly  tha t one can s t i l l  
assume the rm a l e q u ilib r iu m  to  h o ld  loca lly. G rad ien ts  o f pressure and  
tem pera tu re  n a tu ra lly  lead to  flow , w ith  a loca l f lu id  ve loc ity  w h ic h  is 
itse lf s lo w ly  v a ry in g  in  space and tim e.

The equations o f hyd rod yn am ics  are b u ilt  us ing  the conserva tion  
law s fo r  the energy, m o m e n tu m  and ba ryon  n um be r

d} i T * v =  0 , (130a)

'/^Bdujn  =  0 /  ( l  30^ )

w here  T^v is the e ne rg y -m o m e n tu m  tensor, /g  is the dens ity  o f the 
ba ryon ic  cu rren t. These are then coup led  to some co ns titu tive  equa
tions, w h ic h  are represented by  a g ra d ie n t expansion in v o lv in g  the 
tra nsp o rt coeffic ients m en tioned  above. For exam ple, w h e n  the system  
is in  e q u ilib r iu m , the spatia l com ponents o f the ene rgy-m om en tum  
tensor are described in  term s o f the pressure P as =  5JiP.  A  non - 
u n ifo rm  f lo w  fie ld  u { t , v )  w i l l  change th is  to 1:

r> = -  7 ( a v  +  a v  -  j  -  ^ 'a ,« ' + o(a2) , (131)

w here  the tra nsp o rt coeffic ients 77 and £ are ca lled  the shear and  b u lk  
v iscos ity  respectively. These can be de te rm ined  b y  a m a tch ing  p roce
dure  w ith  the u n d e rly in g  qua n tu m  fie ld  theory, i.e. Q CD.

The hyd rod yn am ics  equations can then  describe the tim e  e vo lu tio n  
o f the system  u n t il t  ~  Ty. A fte r  th is  p o in t, the freezou t o f the m e d iu m  
takes place: in it ia l ly  the num be r o f each species freezes (chem ical free
zout) and  a fte r tha t the in te rac tio n  rates d rops o ff  and the rm a l e q u ilib 
r iu m  is no  longe r achievable (the rm a l freezout). A fte r  th is  stage, a ty p i
cal n um be r o f N  ~  O (103) hadrons are em itted  and then  detected w ith

1 We are working in the local rest frame, where T0' =  0.
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Figure 10: The elliptic flow predicted by viscous hydrodynamics, for different 
values of the shear viscosity per unit entropy ij / s and for the color- 
glass condensate initia l conditions, compared to the measurements 
by the STAR collaboration at RHIC [31].

a certa in d is tr ib u tio n  a long the az im u tha l angle (p around the beam 
axis. The d is tr ib u tio n  is then param etrized by Fourie r coefficients:

cx [1 + 2  5^ i 7„ c o s ( 2w<p) ] .  ( 1 3 2 )

The second coeffic ient Vi is called e llip tic  flo w  and plays a key role 
in u n ve ilin g  one o f the m ost im p o rta n t observations at R H IC . The ob
served value fo r v i  is unexpected ly large and it represents (in  non 
centra l co llis ions) the response o f the system to the in it ia l, an iso trop ic  
“ a lm ond -shaped" region w here the in teractions take place. In fact the 
pressure g rad ien t in  the Y d irec tion  is la rger than in  the X  d irec tion  
(see Fig. (8)), so tha t the nuclear m ed ium  expands p re fe re n tia lly  along 
the short axis o f the ellipse. We observe that i f  the mean free path  o f 
the partic les were b igger than the actual vo lum e  w here the in teractions 
take place, then the partic les w o u ld  be em itted  w ith o u t any "m em ory" 
o f w h a t the system looked like , and they w o u ld  not respond to the 
in it ia l geometry.

As show n in Fig. (10), us ing the h yd ro d yn a m ic  ca lcu lations m en
tioned  above, it is possible to set some phenom enolog ica l bounds on 
the shear v iscosity  // o f Eq. (131), see e.g. [30, 58, 39]. It was im m e d i
ate ly clear that, in  o rder to reproduce the large e llip tic  flo w  measured 
in  the experim ents, the shear v iscos ity  to en tropy density  ra tio  7 / s o f 
the fo rm ed  m e d ium  has to be ve ry  sm all com pared to any o the r ob
served systems [37]. The m o lecu la r theory o f transpo rt phenom ena in 
d ilu te  gases goes back to M axw e ll. In th is  fra m e w o rk  the shear v is 
cosity o f a d ilu te  gas is p ro p o rtio n a l to the partic le  mean free path.
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Th is supports  the idea tha t the h o t qua rk  m a tte r p roduced  at R H IC  is 
a c tua lly  a s trong ly -coup led  one.

I f  one takes in to  account a ll the system atics in vo lved  in  the h y d ro d y 
nam ic  trea tm en t (see e.g. [32]), then a conservative b o u n d  fo r r j / s  can 
be in fe rre d  fro m  the R H IC  data:

tem pted  us in g  several approaches. In  [34], a lead ing -log  pe rtu rba tive  
p re d ic tio n  has been carried  ou t, y ie ld in g  the resu lt:

w here  c is a constant and g  is the s trong  co up lin g  constant. A t  fu l l  
lead ing  o rd e r th is  am ounts to  77/s «  2.0 us ing  ocs =  0.15 [8]. Th is 
resu lt is in  tens ion  w ith  the experim en ta l bou n d  g iven  above and i t  is 
clear tha t the  p e rtu rb a tive  p ic tu re  is n o t app licab le  at the tem peratures 
reached in  heavy-ion  co llis ions.

A  precise b o u n d  fo r the v iscos ity  was proposed b y  K o v tu n  et al. [60] 
us ing  the fo rm a lis m  o f s trin g  theory. They argued tha t

fo r a ll flu id s . A  f lu id  w h ic h  saturates th is  bound  was fo u n d  in  [61], fo r 
the j V =  4 super-Y ang-M ills  in  the l im it  o f in f in ite  gauge coup ling . 
Such a f lu id  d issipates the sm allest possible am oun t o f energy, and 
satisfies the law s o f f lu id  dynam ics in  the largest possible dom ain : i t  is 
ca lled a perfect f lu id . The m e d iu m  p roduced  in  the heavy-ion  co llis ions 
appears to  be ve ry  close to  th is  lim it.

The d iscussion ca rried  o u t above is in tended  to  c la r ify  w h ic h  one o f 
the strong o r w eak co u p lin g  parad igm s is m ore  a pp rop ria te  to  describe 
the QGP at tem pera tures o f a few  Tc, w h ic h  are characteristic o f the 
R H IC  and the L H C  heavy-ion  experim ents. A  non -p e rtu rba tive  trea t
m en t is then needed fo r  a f irs t p rin c ip le s  ca lcu la tion  o f the transpo rt 
coeffic ients and i t  represents the m a in  top ic  o f th is  thesis. In  pa rticu la r, 
w e w i l l  s tu d y  the e lectrica l c o n d u c tiv ity  a  and the d iffu s io n  D , w h ich  
w i l l  be described in  the next chapter. F rom  a phenom eno log ica l p o in t 
o f v iew , the c o n d u c tiv ity  p lays an im p o rta n t ro le  in  the e vo lu tio n  o f 
e lectrom agnetic fie lds  d u r in g  a heavy-ion  co llis ion  [62, 63].

In  the nex t chapter, we w i l l  in troduce  the fra m e w o rk  o f linea r re
sponse theory, w h ic h  shows h o w  a  is re la ted  to  the E uclidean corre
la to r o f the e lectrom agnetic cu rren t, w h ic h  is accessible fro m  la ttice

(133)

A  firs t-p r in c ip le  ca lcu la tion  o f th is  q u a n tity  fro m  Q C D  has been at-

S )  lead ing log g4 lo g (1 / g )  ' (134)

(135)

Q CD.





K U B O ' S  F O R M U L A S

3 .1  I N T R O D U C T I O N

The ve ry  f irs t to o l availab le  to  physic ists in  o rde r to  in te rac t w ith  the 
system  be ing  s tud ied  is the act o f "m easu ring ". This am ounts to ap
p ly in g  a loca l d is turbance  us ing  an externa l force at some space-tim e 
p o in t and to  m easure the response o f the system  at a la te r tim e. One 
m ig h t in it ia l ly  guess th a t i f  a sm a ll p e rtu rb a tio n  is app lie d  to  the sys
tem , its  response w i l l  be com para tive ly  sm a ll as w e ll. Th is s im p le  in tu 
it io n  can be m ade m ore  quan tita tive , and the fo rm a lism  u n d e r w h ich  
th is  is done is ca lled l inear response theory. This p o w e rfu l too l makes i t  
possib le to  express the feedback o f the system  as a co n vo lu tio n  o f the 
externa l p e rtu rb a tio n  w ith  a response func tion , com puted  us in g  equ i
l ib r iu m  co rre la tion  func tions , w h ic h  do n o t depend on the s treng th  o f 
the exte rna l source.

3.2 L I N E A R  R E S P O N S E  T O  A N  E X T E R N A L  F I E L D

We fo llo w  here the trea tm en t o f [20]. We a im  to  ob ta in  the effect tha t 
a sm a ll p e rtu rb a tio n , e.g. caused by  an externa l fie ld , has on the en
semble averages o f a loca l observable 0 (x ,  t ),  to  f irs t o rde r in  such an 
exte rna l fie ld . The observable und e r s tu d y  m ig h t be, fo r exam ple, the 
loca l density, the charge cu rre n t o r the local m agnetiza tion . The system 
is described by  the fo llo w in g  H a m ilto n ia n :

H ( t )  =  H 0 +  H exi( t ) f (136)

w here  Ho is the tim e -in d ep e nd e n t unpe rtu rbed  H a m ilto n ia n , w h ich  
describes the system  and its  in teractions, H ext (0  is the p e rtu rb a tio n  
w h ic h  couples the o rig in a l system  to  the externa l fie ld . We requ ire  i t  
to  be weak, so tha t i t  can be described p e rtu rb a tive ly  and also to  be 
a d iaba tica lly  sw itched  on and  off. In  the fo llo w in g , we w i l l  assume 
tha t the u n p e rtu rbe d  system  has a lready achieved e q u ilib r iu m  w hen  
at t =  to the p e rtu rb a tio n  H exi(t ) is tu rne d  on.
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The expectation va lue o f a physica l observable O in  the canonical 
ensemble can be w r itte n  us ing  the density m a trix  p fo r the u np e rtu rbed  
system  as:

(0 ) =  ^ - T r  { p O }  =  - ^ - Y ^ ( n \ 0 \ n )e -PE" , (137a)
A )  A )  n

p =  e~PH° =  \n) (n\ e~^En, (137b)
n

w here  Zo is the p a r tit io n  func tion  o f the unpe rtu rbed  system  and we 
have used a com plete  set o f eigenstates { |w ) }  o f the H a m ilto n ia n  H q 
w ith  eigenenergies { E n}.  We w an t to kn ow  h ow  the ensemble average 
o f O changes a fte r we tu rn  on the pertu rba tion . To achieve th is  we need 
to  understand  h o w  the density  m a trix  evolves in  tim e  o r equ iva len tly  
the tim e  e vo lu tio n  o f the eigenstates o f the unpe rtu rbed  H a m ilto n ia n  
{ |rc(£ ))} .  In  o the r w ords:

<O(0 > =  J - l v  { p ( f ) ° }  =  J -  E ( ” ( f ) | 0  l«(f)> e~PE" ,  (138a)
Z-0 ^ 0  n

p ( t )  =  D l « ( 0 ) < " ( f ) l e_pEn • (J38b)
n

The m eaning  o f the equations above is the fo llo w in g . The in it ia l states 
o f the system were d is trib u te d  according to  Eq. (137b). A t  la ter tim es 
the system  is described by  the same d is tr ib u tio n  o f states b u t these 
are n ow  tim e-dependen t and they have evolved according to  the new  
H a m ilto n ia n . The tim e  dependence o f the states |n(t ) )  is o f course gov
erned by the S chrod inger equation:

idt \n(t) )  =  H \ n ( t ) )  . (139)

Since H ext (0  is to  be regarded as a sm all pe rtu rba tion , i t  is usefu l 
to  sw itch  to the so-called in teraction  p ic tu re  representation { | f i ( t ) ) } .  
The phys ica l observables O ( t )  o f the coup led system  are n o w  tim e  
dependent and w i l l  evolve according to the H a m ilto n ia n  o f the iso lated 
system  Ho, b u t the states w i l l  fo llo w  the externa l pe rtu rba tion . Hence 
the tim e  evo lu tio n  can be sum m arised as:

\n(t) )  =  e~tHot |h{t) )  =  e~lHot U( t , t0) \n(t0)) , (140)

w here  by d e fin it io n  \n{to)) =  elH°to \n(to)) =  \n(t)) .  The e vo lu tion  op 
e ra to r U  satisfies the d iffe re n tia l equation:

idtQ(t,to) =  Hext(t)U(t,to), U(t0,t0) =  1- (141)

w h ic h  we can expand to  linear o rder in  H ext as:

U(t, t0) =  1 -  i d t' H ext( f ')  +  0 ( H e2xt) . (142)
JtQ
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N o w  in se rting  Eq. (142) in  Eq. (138) we can o b ta in  the expectation va lue  
o f O to  lin e a r o rd e r in  the p e rtu rba tion :

( 0 ( 0 )  =  <o>0 -  « / '  d < » ( ‘o)l  [ O ( 0 - H e x t ( 0 ]  H f o ) >
J  to n 0

=  (O)0 -  i / '  df' <[0 (0,H ext(f')]>o , (143)
Jto

w here  the n o ta tio n  ( )0 stands fo r an e q u ilib r iu m  average in  the u n p e r
tu rbe d  system  described b y  H q. E qua tion  (143) tu rns  o u t to  be ve ry  
usefu l, since i t  expresses the n o n -e q u ilib r iu m  q u a n tity  ( 0 ( f ) )  as a cor
re la tion  fu n c tio n  in  the system  in  e q u ilib r iu m .

We can a p p ly  these ideas to the case w here  H ext takes the fo rm :

hfext =  /  d x / ( x ,  f ) 0 ( x ,  f ) . (144)

Inse rting  Eq. (144) in to  Eq. (143) w e obta in :

6 ( 0 ( x , f ) )  =  i £  d f '  J  d x '  / ( x ' ,  f ' )  ( [ O ( ^ / , f / ) / O ( x , f ) ] ) 0 . (145 )

We note tha t since w e assume tha t the system  is in  e q u ilib r iu m , the 
co rre la to r in  Eq. (145) m ust o n ly  depend on  x  -  x '  and f — f'. We can 
then  define  the re ta rded  Green fu n c tio n  as:

Gr (x -  x ' ; f  -  f ' )  =  -z ‘0 ( f -  f ')  ( \ 0 {x r, f ' ) , 0 (x ,  f ) ] ) Q , (146)

w h ic h  then  can be re w ritte n  in  F ourie r com ponents:

Gr (x  — x ';  f — f ' )  =  —i J  elV’ ( * - x' ) - M * - 0  GR(u) ,k ) . (1 4 7 )

U sing  Eq. (146) and le ttin g  f0 —> — 00 and the upp e r in teg ra tio n  tim e  
f —> 00, Eq. (145) becomes:

S(0 (x , t ) )  =  J  d f '  J  d x ' / ( x ' , f ' ) G f l ( x  — x ' ; f  — f ' ) . (1 4 8 )

I t  is in te res ting  to  express the pe rtu rb e d  observable in  frequency and 
m o m e n tu m  space and to  do  so we inse rt Eq. (147) in to  Eq. (143), ob 
ta in ing :

S(0 (x , t ) )  =  J  d, 2 ^ i e' {k ' x~‘° ‘ ) ] ( K v ) G R( k , w ) . (1 4 9 )

Eventually, w e are le ft w ith  the com pact fo rm :

5 (0 ( k , o j ) )  =  / ( k , o ; ) G ^ ( k , a ; ) ,  (1 5 0 )

w here  the va ria tio n  in  the observable in  m om e n tu m  space is g iven b y  
the externa l source tim es the re tarded  G reen function .
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3.3 K U B O  F O R M U L A  F O R  C O N D U C T I V I T Y

In  Sec. 2.6, in  the context o f the h yd rod yn am ica l descrip tion  o f the 
heavy-ion  co llis ions, w e in troduced  the concept o f transpo rt coeffi
cients. These are lo w  energy param eters, b r id g in g  the gap between a 
rigo rous  f irs t-p r in c ip le  trea tm ent o f a p rob lem  and a classical effective 
theory. In  th is  section and fo r the rest o f th is  thesis, w e w i l l  focus on a 
transpo rt coeffic ien t called e lectrica l c o n d u c tiv ity  cr. We w a n t to  calcu
late a  in  the q ua rk -g lu o n  plasm a (see C hapter 2), us ing  o rthodox  la t
tice Q C D  s im u la tions, at tem peratures re levant to  heavy-ion  co llis ion  
experim ents, described in  Sec. 2.6. U s ing  the K ubo fo rm u la , derived  in  
Sec. 3.2 fo r a generic case, we w i l l  show  h ow  to re late the ca lcu la tion  
o f the e lectrica l c o n d u c tiv ity  to  the eva lua tion  o f some Green fun c tio n  
o f the system  be ing  considered, w h ic h  w i l l  p o te n tia lly  pave the w ay to  
a la ttice  Q C D  de te rm ina tion .

Let us then consider a system  com posed o f charged partic les in  equ i
lib r iu m . We n o w  a p p ly  an externa l e lectrica l fie ld  and we w a n t to  have 
a quan tita tive  descrip tion  o f the cu rren t induced in  the m ed ium . The 
e lectrica l c o n d u c tiv ity  cr is the linea r response coeffic ien t tha t relates 
the e lectrom agnetic cu rren t Jem at some space-tim e p o in t (r,f) to  the 
app lied  e lectrica l fie ld  E at ( r I n  fo rm u la :

/ “m M ) =  /  d f '  f  d r ' ^ y ^ r - r ' - f - f O E ^ r V ' ) ,  (151)
J J $

w here  the c o n d u c tiv ity  is represented by a tensor depend ing  on ly  
o n ly  on the com b ina tion  r  — r '  and f — f'. The e lectrom agnetic curren t 
Jem is de fined in  term s o f the cu rren t dens ity  opera tor o f the charged 
partic les, w h ic h  in  o u r system  com posed o f e lectrica lly  charged quarks 
means:

Jem =  q (J) , (152)

w here  q is the e lectrica l charge and the cu rren t density  J is defined 
as the va ria tion  o f the H a m ilto n ia n  SH  due to va ria tion  in  the vector 
p o ten tia l SA:

SH =  - q  J  d r  J 6 A .  (133)

In  term s o f the e lectrom agnetic po ten tia l, the electric fie ld  E ext is w r i t 
ten as:

^ext(j*/0 =  Vr<^ext(T/0 d { A ext(r, f ) .  (^54)

We can w r ite  d o w n  the p e rtu rb in g  te rm  H ext in  Eq. (136), due to  th is
externa l e lectrom agnetic fie ld  b y  coup lin g  the charged partic les to  the 
scalar and vector po ten tia l:

H ext =  q J  d f d r  p(r ,  t)<pext(r, t) — q J  d f d r  J ( r , f )  • A ext( r , f ) . (155)
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We can w o rk  in  a gauge w here  (pext =  0 and d ro p  the f irs t te rm  in  
Eq. (135), to  s im p lify  the expressions. In  the fo llo w in g , w e w i l l  ca ll 
Ao the vecto r p o te n tia l o f the system  in  e q u ilib r iu m , so tha t the to ta l 
vector p o te n tia l w i l l  be A  =  Ao +  A ext- We n o w  sw itch  to  the frequency 
dom a in  and there fo re  w e re w rite  Eq. (134) in  F ourie r m odes as:

a / "\ E ext(r,  cu)
Aext(r,Ct>) =  ------:-------- • (156)

ICO

The exte rna l p e rtu rb a tio n  in  Eq. (133) in  frequency dom a in  becomes: 

H e*t =  J  d r  J ( r ,c u ) -E ex t(r ,a ;) .  (137)

Since in  Eq. (131) the c o n d u c tiv ity  tensor is de fined  th ro u g h  a co nvo lu 
tio n , its  frequency tra ns fo rm  is s im p ly :

Jem(r / ^ ) =  /  d r '  Y2 (r  ~  r ' , c o ) ( r ' , co) . (158)
J P

We can n o w  a p p ly  the K ubo 's  fo rm u las  o f Eqs. (143) and (143) to  ob
ta in  the expecta tion  va lue  o f the cu rren t dens ity  (Jem)/ b y  rep lac ing  O 
b y  J and H ext b y  Eq. (137). N o te  tha t the e q u ilib r iu m  state does n o t 
ca rry  any cu rren t, so th a t (Jo)0 =  0 and (Jo) =  S (Jo). In  the frequency 
dom a in , us in g  Eq. (130) and  w r it in g  in  com ponents we have:

f  d r ' C £ V - r ' , w ) Erat( r ' / « ) /  U 59)
ICO J

w h ic h  is non -loca l in  space. In  Eq. (139) w e w ro te  the re tarded Green 
fu n c tio n  fo r  the e lectrom agnetic  cu rren t as:

C j f  ( r  - r ' , t -  t ')  =  - i 6 ( t  -  t ')  (  [ / “ (r, f')] )Q . (160)

N o w  com paring  Eq. (139) w ith  the d e fin it io n  o f the c o n d u c tiv ity  tensor 
in  Eq. (138) and us in g  Eq. (132), we f in a lly  a rrive  at the K ubo  fo rm u la  
fo r the c o n d u c tiv ity :

c / ^ ( r  — r ' , t o )  =  ~ - C ^ ( r  — r ' , o ; ) . (161)

N o w  the D C  c o n d u c tiv ity  is ob ta ined  b y  ta k in g  the l im it  k  —>■ 0 and 
then co —> 0 o f the real p a rt o f M oreover, we consider hom ogeneous 
tra n s la tio n a l- in va ria n t systems, i.e. the c o n d u c tiv ity  tensor is iso trop ic  
and  there fore  d iagona l =  a  In  the end we obta in :

r  = W  = g* lim lim 0 ^ 1 ■ (l62)
3  a;—>0k—>0 3CO
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Th is fo rm u la  w i l l  be extensive ly used in  the fo llo w in g  chapters and  in  
pa rticu la r, the com b ina tion :

p l i (co) =  l im  2 Im  C{{(k, co) 
k-»o L

(163)

takes the nam e o f spectra l func tion , w h ic h  w i l l  be described in  the 
fo llo w in g  section. C o m b in in g  Eqs. (162) and (163), we can ob ta in  the 
c o n d u c tiv ity  in  te rm s o f the spectral func tion :

a =  l l i m p ! M
6 co->0 CO

(164)

3.4 S P E C T R A L  F U N C T I O N S  A N D  E U C L I D E A N  C O R R E L A T O R S

The m a in  focus o f th is  thesis is the estim ate o f spectral func tions  in  
Q C D  s ta rting  fro m  im a g in a ry -tim e  co rre la tion  functions com puted  n u 
m erica lly . In  the p rev ious  section, we showed how  the s tud y  o f the 
co rre la tion  func tions  fo r the re levant observables o f the system  is phys
ic a lly  im p o rta n t. They are c ruc ia l to  analyse the devia tions fro m  the 
m ean values, y ie ld in g  in fo rm a tio n  about the dynam ic  behav iou r o f the 
system  near e q u ilib r iu m  [64]. In  th is  section we w a n t to  derive  some 
re la tions between real and im a g in a ry  tim e  corre lators and to  do so le t 
us s tart by  cons ide ring  an h e rm itia n  observable 0 (x ,  t),  w h ic h  we can 
use to  b u ild  the W igh tm a n  co rre la tion  functions:

G > ( f )  =  Tr { £ 0 (0 0 (0) } ,  G< (0  =  Tr { £ O ( 0 ) O ( f ) } , (165)

w here  the e q u ilib r iu m  density  m a tr ix  p =  has a lready been
in tro du ce d  in  Eq. (137) and a ha t has been added to avo id  confusion  
w ith  the spectra l fun c tio n . We w i l l  n ow  describe some o f the p roperties 
o f these corre la tors. F rom  the h e rm itic ity  o f O and the tim e-trans la tion  
invariance  o f p, fo llo w  tw o  usefu l re lations:

G< (0  =  G > ( - f ) ,  G * ( f )  =  G > ( - f * ) .  (166)

M oreover, fro m  the d e fin it io n  (165) and the fo rm  o f p, one can deduce 
the K ub o -M a rtin -S ch w in ge r (KM S) re la tion ,

G > ( f )  =  G >( —f — i f i ) ,  (*67)

w h ic h  in  case o f im a g in a ry  tim e  d irec tion , im p lies  the p e r io d ic ity  o f 
the co rre la tion  fun c tio n . The com m uta to r [O ( f ) ,O (0)] is a phys ica lly  
re levan t q u a n tity  since i t  reflects the causa lity  o f the theory. In  fact, its  
expectation  value,

G(t )  =  * T r { p [O ( f ) ,O ( 0 ) ] }  =  i (G > ( f )  -  G < ( f ) ) , (168)
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vanishes outs ide  the ligh t-cone  and by  means o f Eq. (166), i t  is s tra ig h t
fo rw a rd  to  show  that:

G ( —t) =  —G(t ) ,  G * ( t )  =  G (t * ) .  (169)

A s we m en tioned  in  the beg inn ing , w e are in terested in  the E uc li
dean tim e  corre lator, w h ic h  is accessible fro m  la ttice  ca lcu la tion . This 
is expressed in  term s o f an ana ly tic  co n tin u a tio n  (or a W ick  ro ta tion ) 
i t  —y r  pe rfo rm ed  on G> (f):

Ge { t )  =  G > (—nr). (170)

U s ing  Eq. (167) i t  can be show n to  be pe riod ic :

G e (0 - t )  =  G e ( t ) ,  (1 7 1 )

w h ic h  a llow s i t  to  be expressed as a F ou rie r series on the in te rva l 0 <  
t < / 5:

G e ( t )  =  e~1CVtT w ith  =  f  dT el(V£rG E (T ) , (172)
i e z

w here  co£ =  com ^ — 2nf$£ are the M atsubara  frequencies in troduced  
in  Eq. (46).

In  the fo llo w in g , we w i l l  be in terested in  an observable re la ted  to  the 
F ourie r tra ns fo rm  o f the co rre la to r G (f) :

1 r+00

P^  =  2 n i  J-ce d t  ^  ^ 7

w h ich  is ca lled the spectra l fu n c tio n  and, us ing  the p roperties  o f the 
F ourie r transfo rm , one can show  tha t is a real o dd  func tion .

In  Eq. (146) we in tro du ce d  the re tarded  co rre la to r as the q u a n tity  o f 
in terest fo r  the lin e a r response fo rm a lism . I t  is easy to  see tha t in  m o 
m e n tu m  space it  is re la ted to  the co rre la to r in  Eq. (168) v ia  an in teg ra l 
tra ns fo rm  over the pos itive  half-axis:

poo At
GR(o>) =  yo 2 ^ « ,u" G ( f ) /  (174)

and i t  is ana ly tic  fo r Im (o ;) >  0. U s ing  (169), one show s tha t

p(co) =  y  ( G r ( co) -  G r ( co) * )  =  2 I m G R(co) e IR. (175)

as stated in  the p rev ious section in  Eq. (163).
We w a n t n o w  to  relate the Euclidean corre la tors ob ta ined  fro m  la ttice  

Q C D  to  th e ir real tim e  counterparts . One w ay to tackle th is  p rob lem  
is to sw itch  to  a spectral representation  o f the corre la tors. In  o rde r
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to  do  tha t, we insert tw o  com plete sets o f energy eigenstates o f the 
H a m ilto n ia n  ( in  Fock space) { |A )}  in  the d e fin it io n  o f G (f) .  The resu lt

U s ing  the fo rm u las  above, we can express the re tarded co rre la to r as1:

and s im ila r ly  fo r the spectra l fun c tio n  p(co) w ith  co £  R , we obta in:

P (a l  =  \  £ 0 m„ 0 „ rae - ^ £” +£"')/2<5(a; -  Enm) . (180)
2 s in h  z  w

N o te  tha t i f  we take the im a g in a ry  p a rt o f Gr (co) w e can recover fo r
m u la  (180).

1 Note the formula ^  f Z o  exP ( iu)t) exP ( ~ iat) e( t ) =  ~ a) ~  2n(a>-a)-

is:

G(t )  =  j  £ ( A m\e - ? H eitH0 e ~ itH, 0  \ \ m)
Zj w lm

=  J  £  [ <Am| e - t Hei iHOe~HH |A „) (A„| O |A„,)
^  Ml Mm,n L

-  <Am| e-PH0  |A „) <A„| eUHOe~iiH |Am)

m,n

Z-J W Mm,n
(176)

w h ile  fo r  G £(f)  w e have instead:

G e ( t )  =  l ' £ { A m\e- t iHe 'H0 e - * H0 \ K }
^  Mlm

m,n

n,m
(177)

w here  we have used the shorthand nota tion :

Enm — En Em , Onm — (tt|O (0) |w )  . (178)

n,m
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F ina lly, i t  is easy to  verify , us ing  Eq. (177) and (180), tha t in  con figu 
ra tio n  space, the Euclidean co rre la to r is ob ta ined  fro m  p v ia :

In  th is  equation  w e can see the Euclidean co rre la to r expressed in  term s 
o f the spectra l func tion . Th is re la tion  w i l l  be the s ta rting  p o in t fo r the 
analysis in  the fo llo w in g  chapter, w here  a Bayesian m e thod  w i l l  be 
used to  reconstruct p fro m  the M on te  C arlo  data on Ge • Th is w i l l  a llo w  
fo r an estim ate fo r  the co n d u c tiv ity  a  us ing  Eq. (164).

s inh  /k u /2





M A X I M U M  E N T R O P Y  M E T H O D

In  th is  chapter, we present the n um erica l and  sta tis tica l m ethods used 
to  ob ta in  the spectra l fu n c tio n  fro m  the E uclidean corre la tor, availab le  
fro m  la ttice  Q CD. F irstly, we w i l l  g ive an in tro d u c tio n  on the so-called 
inve rs ion  p rob lem s and w h a t are the challenges invo lved . Then w e 
w i l l  in tro du ce  the Bayesian p ro ba b ilis tic  approach ca lled M a x im u m  
E n tropy  M e thod  (M E M ), w h ich  is w id e ly  used in  th is  thesis.

4.1 A N  I N T R O D U C T I O N  O N  I N V E R S E  P R O B L E M S

W hen we s tud y  a phys ica l process, a m athem atica l d escrip tion  is de
ve loped in  o rde r to  be able to  m ake use fu l p red ic tions  on o the r observ
ables, described by  the same law s o f physics. This d esc rip tion  o ften  
consists o f a set o f equations, e.g. o rd in a ry  and p a rtia l d iffe re n tia l equa
tions o r in teg ra l equations, fea tu rin g  a certa in  num be r o f param eters. 
D epend ing  on the natu re  o f the process be ing analysed, th is  m o d e llin g  
procedure  fa lls  in to  three d is tin c t classes [65, 66]:

1. D ire c t Problem : fro m  the in p u t and the param eters, f in d  o u t the 
o u tp u t o f the m ode l;

2. R econstruction Problem : s ta rting  fro m  the param eters and the 
o u tp u t, recover the o rig in a l in p u t;

3. Id e n tifica tio n  Problem : kn o w in g  the in p u t and the o u tp u t, extract 
the param eters w h ic h  best describe the re la tion  between in p u t 
and o u tp u t.

The f irs t case is ca lled "d ire c t"  since i t  is o rien ted  a long a cause-effect 
sequence. For the opposite  reason, the second and th ird  type  o f p ro b 
lems are called "in ve rse " prob lem s and they a im  at reconstruc ting  u n 
k n o w n  causes fro m  k n o w n  consequences. A  u n ifie d  descrip tion  fo r  the 
m o d e llin g  o f the m any inverse p rob lem s can be achieved by  in tro d u c 
in g  the fo llo w in g  no ta tion . We ca ll X  the space o f in p u t, Y  the space 
o f o u tp u t o r data, P the space o f system  param eters and A p the linear 
o r n on -linea r space o f operators fro m  X  to  Y  associated w ith  p E P. 
U s ing  th is  n o ta tion  we can re fo rm u la te  the prob lem s above as:
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1. g iven x E X  and p E P, f in d  y  =  A p{x) ;

2. g iven y  E Y  and p E P, f in d  x E X  w h ich  solves A p(x)  =  y;

3. g iven  y  E Y  and x E X , f in d  p E P such tha t A p{x)  =  y.

N o te  tha t there are cases w here  the inverse p rob lem  can be fo rm a lly  
cast in to  a d irec t one. For exam ple, i f  the inverse o f A p is k n o w n  and 
is a linear operator, then the p rob lem  is solved b y  x =  A p l y. H owever, 
the e xp lic it de te rm ina tio n  o f the inverse does n o t he lp  i f  the o u tp u t y  
is n o t in  the dom a in  o f the d e fin it io n  o f A " 1. Th is s itu a tio n  is typ ica l 
in  app lica tions due to the fact tha t the o u tp u t m ay be o n ly  im prec ise ly  
kn o w n  and d is to rted  b y  noise.

A s one can im ag ine, depend ing  on the num be r o f param eters appear
in g  in  the m odel, d iffe re n t scenarios can open up. W hen th is  num be r 
is m uch  greater than  the data po in ts , then i t  is e ither im possib le  to  f in d  
a so lu tion  o r m any degenerate ones appear, m ak ing  i t  d if f ic u lt  to  f in d  
o u t w h a t features o f the so lu tion  fo llo w  fro m  the data and w h ic h  ones 
are ju s t artefacts o f the p a rticu la r m odel. Even w hen  the n um be r o f pa 
ram eters is less than  o r equal to  the data, b u t the p rob lem  is ill-posed , 
the inve rs ion  procedure  can become unstable, p reven ting  any sensible 
so lu tion  be ing  found . In  th is  regard, le t us g ive a rigo rous  d e fin it io n  o f 
an ill-posed  p rob lem , in troduced  by Jacques H adam ard  [67]:

D e f in it io n  G iv in g  a m a p p in g  A  : X  -»  Y , the equation

A ( x ) = y  (182)

is well-posed p ro v id e d  tha t

1. (existence) fo r each y  G Y , 3 x G X  such tha t A (x )  =  y;

2. (uniqueness) A ( x  1) =  A ( x 2) —> X\ =  X2;

3. (s tab ility ) A -1 is continuous.

E quation  Eq. (182) is ill-posed  i f  i t  is n o t well-posed.

F requen tly  inverse p rob lem s are ill-posed  because the fo rw a rd  oper
a to r A p is sm oo th ing , in  the sense tha t deta ils (sm all scale structures) 
are a ttenuated b y the fo rw a rd  m app ing . Th is means tha t the reconstruc
t io n  m ust invo lve  some sort o f deregu la riza tion , whose m a in  draw back 
is a loss o f uniqueness: d iffe re n t causes can produce  a lm ost the same 
effects. A n o th e r case is w hen  y  is obta ined fro m  n um erica l s im u la tions  
o r fro m  experim ents, in  w h ic h  case i t  is in e v ita b ility  d iscretised and 
affected by an e rro r e. K now ledge  o f the p ro b a b ility  d is tr ib u tio n  fun c 
t io n  jo£ (y ) is essential to  estim ate the e rro r in  the results. Typ ica lly , fo r  
a la ttice  Q C D  s im u la tio n  we have a Gaussian d is tr ib u tio n  fun c tio n , i.e.
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Figure n :  The orig inal function (top), its Laplace transform (center), and 
the estimator obtained by solving the inverse problem (bottom). 
From this example, it  is clear the meaning of ill-posedness. Picture 
from [66],

( y-y\ 2
pe(y)  ~  e v e ' , w he re  y  is an es tim a tion  o f the "exac t" value. Th is 
d if f ic u lty  is accentuated w h e n  the p ro b le m  is unstable. In  a ll the above 
cases, one shou ld  m ake use o f any availab le  a p r io r i in fo rm a tio n  on 
the space o f m odels, e.g. some phys ica l constra ints.

In  the fo llo w in g  w e  w i l l  focus on one o f the m ost im p o rta n t and 
w id e ly  kn ow n  inverse problem s. O n a fu n c tio n a l space o f n o rm a liz 
able func tions  x(cS), the F redho lm  in teg ra l equa tion  o f the firs t k in d  is 
de fined  as:

/ +oo

dcvK(r ,  cv)x(co), (183)
-00

w here  K ( t , co) is the  in te g ra l ke rne l o f the a fo rem entioned  opera tor A.

Let us consider the inverse Laplace tra n s fo rm  as a s im p le  p ro to typ e  
fo r an ill-posed  p ro b le m  and show  m ore  concrete ly the d ifficu ltie s  m en
tioned  above. I t  is de fined  as:

r+oo
y ( r )  =  /  dcoe~TWx((*>). (184)

Jo

The la tte r can also be seen as a p ro b le m  o f ana ly tica l con tinua tion . Let 
us instead consider the F ourie r transfo rm :

y ( t )  =  f  d(oe~'iu) x ( w ) . (185)
J —00

N ow , suppose th a t i t  can be a n a ly tica lly  con tinued  to  define a fu n c tio n  
y(z )  o f the com plex va riab le  z =  r  +  it. I f  w e res tric t i t  to  the real axis
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z — t ,  the Laplace trans fo rm  in  Eq. (184) can be recovered. The fu n c 
tio n  x( to)  can then be calculated b y  e ither an inverse F ou rie r tra ns fo rm  
fro m  y { t ) ,  w h ic h  is kn o w n  to  be bette r behaved, o r an inverse Laplace 
trans fo rm  fro m  y ( t ) ,  w h ic h  is ill-d e fin e d . Since in  m ost cases o n ly  y ( r )  
is available, we are forced to fo llo w  the second choice, w here  the ke r
ne l K ( r , c v )  has an exponentia l behaviour, the source o f the n um erica l 
ins tab ility . In  Fig. (11) is show n a naive a ttem p t to  m ake a n um erica l 
inverse Laplace tra ns fo rm  o f a Gaussian fu n c tio n  k n o w in g  its  Laplace 
trans fo rm  at d iscretised po in ts  [66].

The exam ple above shows the d ifficu ltie s  tha t the n um erica l a n a ly ti
cal con tin u a tio n  to  im a g in a ry  tim e  poses. In  o rd e r to  m ake contact w ith  
the physics addressed in  the p rev ious  chapter, le t us renam e x  —» p in  
Eq. (183) and consider a ke rne l o f the fo rm :

I f  we also res tric t the in teg ra l in  Eq. (183) to  pos itive  frequencies, we 
recover Eq. (181), w h ic h  we re w rite  here fo r convenience:

The data is represented by the E uclidean co rre la to r G e ( t ) obta ined by  
a M on te  C arlo  s im u la tio n  and thus affected b y  s ta tis tica l error. G e ( t ) 

is p ro v id e d  fo r a discrete set o f po in ts , t  =  r,-, w ith  1 <  r, <  N T, 
w here  N r  is the num be r o f the tem pora l la ttice  sites. N o te  that, d u r
ing  the analysis, a n um be r o f d iffe re n t subsets r  £  [ r „ „ n, Tmax\ m ig h t 
be considered. The a im  w i l l  be the reconstruction  o f the spectra l fu n c 
tio n  p, w h ich  is in  p rin c ip le  a con tinuous fun c tio n . Th is fa lls  in to  the 
class o f ill-posed  p rob lem s described above, w here  the n um be r o f data 
p o in ts  is m uch  sm a lle r than the num be r o f degrees o f freedom  to be 
reconstructed.

One possible approach is to p e rfo rm  a s tandard  lik e lih o o d  analysis 
based on s trong  assum ptions on the shape o f the spectra l func tion , 
see e.g. [36, 39, 68]. A lth o u g h  reasonable in  p rin c ip le , th is  choice can 
present a few  draw backs, i.e. p o o r s ta b ility  against a change in  the 
num be r o f param eters and the im p o s s ib ility  to  s tu d y  the fine  structure  
o f the spectral func tion .

The M a x im u m  E n tropy  M e tho d  (M E M ), discussed in  the next sec
tion , represents ano ther w ay to  c ircum ven t these problem s. I t  is based 
on the m ethod  o f s ta tis tica l inference and reconstructs the m ost p ro b 
able spectra l fu n c tio n  g iven some p r io r  in fo rm a tio n  on its p roperties 
and com patib le  w ith  the available data.

s inh  fi(jo/ 2
(186)

s inh  f$(v/2
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4 . 2  B A Y E S I A N  I N F E R E N C E

In  th is  section w e re v ie w  the Bayesian m e thod  used to  reconstruct the 
spectra l fu n c tio n  p fro m  Eq. (187). The s ta rtin g  p o in t is the concept o f 
Bayesian inference. C ons ide r a p ro b a b ility  space com posed b y  a space 
o f events Cl and a p ro b a b ility  measure P. G iven  tw o  possible events 
A,  H ,  the co n d itio n a l p ro b a b ility  P ( A \ H )  is the p ro b a b ility  tha t A  hap
pens, k n o w in g  th a t H  has a lready happened. Th is is fo rm a lly  de fined 
as:

w here  P (H )  is the p ro b a b ility  o f H ,  P ( A D  H )  is the jo in t  p ro b a b ility  
fu n c tio n  fo r A  and H . Since P ( A  D H )  =  P ( H  n  A ) ,  we can deduce tha t 
P ( A \ H )  and P ( H \ A )  are re la ted  as

w h ic h  shows tha t the sym bo l | is n o t sym m etric  in  general. C onsider 
a com plete and  m u tu a lly  exclusive set1 o f events { A / } ,  the p ro b a b ility  
o f event H  is:

P(Ak{H)  =  P{Ak)FW A k ) , Z =  ' £ P ( A i)P(H\Ai).  (192)
i

We w i l l  use the fo llo w in g  no ta tion :

• D  w i l l  represent the data, affected b y  an error, as obta ined fro m  
a M on te  C arlo  s im u la tio n  o f la ttice  Q C D ;

• H  w i l l  sum m arize  a ll the p r io r  know ledge  w e have on the spectral 
fun c tio n , e.g. p(to >  0) > 0 .

P(A\H) (188)

P ( H \ A ) = P ( A \ H ) - ^ , (189)

P(H)  =  P(1 n  H) =  P ((u ,A ) n  H)  =  £ p ( A i  n h ) , (190)

and fro m  the d e fin it io n  o f co n d itio n a l p ro b a b ility  

P{H) =  ' £ P { A i)P(H\Ai). (191)

C onsider a specific set A *■. Then Bayes's fo rm u la  is:

1 Consider two events A  and B such that A f ] B  — 0 . They are two m utually exclusive 
events i f P ( ^ n ^ )  =  P {0 ) =  0- Thus, a complete and mutually exclusive set of 
events A\  w ith i =  1, . . . , n is such that A\  f) Aj  =  0 , Vi 7̂  j  and U”=1 A ,• =  Q.
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We can a p p ly  Bayes theorem  in  the context o f statistica l inference, b y  
expressing the co nd itio n a l p ro b a b ility  o f hav ing  a p a rticu la r p(co) as:

( „ 3)

fro m  w h ic h  the m ost probab le  spectral fu n c tio n  is obta ined by m a x i
m iza tion :

SPlp lDH]  n / x
(J94)

The m eaning  o f the term s in  Eq. (193) is:

•  P [D  |pH]  is the s tandard  like lih o o d  func tion ,

• P [D \H ]  is a n o rm a liza tio n  constant, w h ic h  does n o t depend on 
the spectral fu n c tio n  p(cv),

•  P\p\H]  is ca lled the p r io r  p ro b a b ility  and i t  is w h a t d iffe rentia tes 
the various a lgo rithm s based on Bayesian inference.

A cco rd ing  to  the centra l l im it  theorem , we expect the data obta ined 
fro m  a M on te  C arlo  s im u la tio n  to fo llo w  the Gaussian d is tr ib u tio n :

P{D \pH ]  =  ± - e - L . (195)

H ere  Z i  is a n o rm a liza tio n  constant and L is the like lih o o d  fun c tio n  
de fined  as

L  =  \  E ( g e ( t , )  -  Gp( t ; ) )C ^ 1(G e (t; ) -  Gp(Tj)), (196)
w

w here  Ge is the average corre la tor fro m  the M on te  C arlo  s im u la tion , 
w h ile  Gp is the one obta ined from  the reconstructed spectral fu n c tio n  
us ing  Eq. (187). The ind ices i and j  ru n  over the N  Euclidean data 
p o in ts  considered in  the analysis:

N  =  Tmax ~  Tmin . (197)

T h e N  x  N  covariance m a tr ix  C, encodes the corre la tions in  the data at 
d iffe re n t t 's  and i t  is de fined  as:

1 Ncfg

Cii =  N CFG(N CFG-  1) E  w  -  G e ( t j ) ) ( G ? ( t , )  -  G E( t , ) )  , (198)

w here  N qfg is the num be r o f available gauge configu ra tions, and G™ 
is the co rre la to r co rrespond ing  to the m —th  con figu ra tion . The n o rm a l
iza tio n  constant Z i  is such tha t the in teg ra tion  o f P [D |p H ] over D  w ith  
the measure:

Tmax
[dD] =  J 3  dGE(T,), (199)
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is no rm a lize d  to  un ity , y ie ld in g  Z i  =  (2 t t ) N//2V d e tC .  I f  o n ly  the te rm  
Eq. (195) appeared in  Eq. (193), i.e. i f  P [p |H ] was constant, m a x im iz in g  
P [p \D H ]  w o u ld  be equ iva len t to  m a x im iz in g  Eq. (195) w ith  respect to  
p, w h ic h  is the s tandard  ^ - f i t t in g .

4.3 S H A N N O N - J A Y N E S  E N T R O P Y

In  o rde r to  overcom e the d ifficu ltie s  due to  the ill-posedness o f the 
p rob lem , the p r io r  p ro b a b ility  m us t be taken in to  account. In  the M E M , 
th is  is de fined  as:

p \p\H  ] =  4 ~ e*s' (2°°)Z-s

w here  S is a fu n c tio n a l ca lled entropy, w h ile  oc is a real param eter w h ic h  
balances the re la tive  w e ig h t between the en tropy  and  the lik e lih o o d  
fu n c tio n  L o f equa tion  Eq. (195). Th is param eter w i l l  la te r be in teg ra ted  
ou t, so tha t the f in a l resu lt w i l l  n o t depend on it.

The en tropy S assigns a real num be r S\p] to  each spectra l fun c tio n , 
w h ic h  is here regarded as a pos itive  sem i-de fin ite  d is tr ib u tio n . In  o rde r 
to  exp la in  the ro le  o f S, le t us consider tw o  d iffe re n t spectra l func tions  
p i and p2- The en tropy  is such tha t i f  S[pi] >  S f a ] ,  then p i  has less 
in fo rm a tio n  than  p2. The fu n c tio n a l fo rm  o f the en tropy  is ju s tifia b le  
by  an axiom atic  construction , extensive ly s tud ied  in  [69], to  w h ic h  we 
re fer fo r m ore deta ils. H ere  we ju s t ify  o u r choice fo r the en tropy us
in g  an a rgum ent based on the la w  o f large num bers (see the monkey 
argument  in  e.g. [70-72]).

Let us consider a d iscretised space o f event com posed o f N  cells. 
Suppose tha t M  ba lls  are th ro w n , w here  M  is assum ed to  be large. As 
a resu lt, there are n ow  n,- ba lls  in  the z-th cell, w h ic h  has p ro b a b ility  /?, 
to  receive a ba ll. We can w r ite  d o w n  the expectation  va lue  A, fo r the 
n um be r o f ba lls  in  the z-th cell as

N
A i =  M p i  w ith  ^  A/ =  M . (201)

z = l

In  the large M  lim it ,  the Poisson d is tr ib u tio n  Pa,-(wi) describes the 
p ro b a b ility  tha t the z-th cell receives n z balls. A  p a rtic u la r com b ina tion  
n =  (n i ,n2,  • • - ,w n )  is then rea lized w ith  p ro b a b ility :

N  N x n i e ~ Xi

h  ( « ) = n  pAi (».•)=n  <2°2)
i—1 i = l  1'

w here  the n o rm a liza tio n  is g iven by  p\ j { n i) — 1 (* — 1/ 2, • • • , N ). 
In  o rde r to  m ake contact w ith  physics, we re in te rp re t the num be r o f
balls rij as the spectra l fu n c tio n  p(cv):

pj  =  p(oj j )Aca =  q n j , w ith  coj =  jA co , (203)
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w here  we a llow ed fo r a p ro p o rtio n a lity  coeffic ient q and the frequency 
co has been d iscre tized in to  N & =  N  b ins o f equal size A co. We also 
in tro du ce  the so-called default model m(co) as:

m,- =  m(cOj)Ato =  q \ j , (204)

w h ic h  then represents o u r expectations H  on the spectral func tion . The 
p ro b a b ility  to ob ta in  a certa in  spectral fu n c tio n  in  a dom a in  V  is then:

r V\N d o -  N  A”' e~^'mm = E w  = L lH r£l n -L̂ -  <■*>&
n e V  J V  q i = 1  n v

JX- dpi es\p]^[  f r J ^ i
JViJiy/Pi (2 n q ) N /2 '

(205b)

w here  we have traded the sum  fo r an in teg ra l and used the S tir lin g 's  
fo rm u la , n\ ~  y/2nnenloSn~n to  approx im ate  the facto ria l. In  Eq. (205b), 
S\p] represents then the so-called Shannon-Jaynes entropy:

N-
(206)S[p] =  E  P i -  m i -  P i  lo 8

1 =  1 L

C om paring  Eq. (200) w ith  (205b), we set q =  a -1 and the in teg ra tio n  o f 
P\p\H]  over p is done us ing  the measure [dp] w ith  the co rrespond ing  
n o rm a liza tio n  fac to r Z$:

ẑ(?r- (2° 7)

Th is concludes o u r d e riva tio n  fo r the p r io r  p ro b a b ility  used in  th is  
w o rk . In  the next section, m ore deta ils about the overa ll M E M  proce
du re  w i l l  be given.

4.4 M E M  A N D  B R Y A N ' S  M E T H O D

The M E M  reconstruction  is com posed o f three m a in  steps, described 
as fo llow s. We ca ll pa the m ost probable  spectral fu n c tio n  fo r a g iven  
oc (and de fau lt m ode l m ) and i t  is obta ined b y  m a x im iz in g  P \p \D H ] ,  
w h ic h  com b in ing  Eqs. (193), (195) and (200) becomes:

P \p \D H ]  cX Y ~ z [ exP '  Q M  =  aS -  L ,  (208)

so tha t Pk satisfies:

dp (w )
=  0 . (209)

P—Pa
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N ote  tha t, i f  the s o lu tio n  pa exists, i t  can be p roven  to  be u n ique  [69]. As 
a lready m en tioned  above, the param eter oc con tro ls  the re la tive  w e ig h t 
o f the e n tro p y  S (w h ich  tends to  f i t  p to  the d e fa u lt m ode l m) and 
the lik e lih o o d  fu n c tio n  L (w h ich  tends to  f i t  p to  the la ttice  data D). 
In  the absence o f la ttice  data, the correct spectra l fu n c tio n  w o u ld  be, 
b y  d e fin it io n , the d e fa u lt m odel. In  o rd e r to  p roduce  a resu lt indepen 
den t o f oc, w e fo llo w  here B ryan's m e thod  [73]. Let us w r ite  exp lic 
i t ly  the dependence on oc, m in  the p r io r  know ledge  H  by  re w r it in g  
P [ . .. \H] =  P [ . .. |Hocm]. B ryan's p re sc rip tio n  is to  express the f in a l re 
su lt as a w e igh ted  average over oc:

The pos te rio r p ro b a b ility  P[oc\DHm]  can be evaluated us ing  Bayes' the
orem  ite ra tive ly . F irs t we use i t  to  re w rite  P[oc\DHm]  as:

N o w  i f  w e assume tha t the in teg rand  in  Eq. (214) is sh a rp ly  peaked 
a round  pa(to), w h ic h  shou ld  be sa tisfied  fo r data w ith  sm a ll errors, 
then the in te g ra l can be p e rfo rm ed  w ith  a saddle p o in t a pp rox im a tion . 
In  Eq. (214) we m ake the change o f variables p' =  yfp, so tha t we 
can reabsorb the m easure [dp] de fined in  Eq. (207) as dp ' =  d p / 2y/p. 
U s ing  the new  va riab le  p ' the in teg ra l in  Eq. (214) becomes:

(210)

(211)

and then w e use i t  aga in  to w r ite  the fo llo w in g  id e n tity :

P[p\DHocm]P[D\Hocm] =  P [D |pH am ]P [p |H A :m ], 

fro m  w h ich  we can extract P(D\Hocm)  b y  in te g ra tin g  over p:

(212)

P[D\Htxm] =  J  [ d p ]P [p \D H a m ]P [D \H a m ]

J  [ dp ]P [D \p H a m ]P [p \H a tn ]  (213)

Inse rting  Eq. (213) in to  Eq. (211) w e obta in :

P[D\pHocm\P[p\Hccm]

expQ[p] =11 / t y / e x p Q b W ) ] (215)
1 = 1  J
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N o w  we can Taylor expand Q[p] a round pa in  the new  variable  p'  and 
obta in  (we suppress the su ffix  I fo r s im p lic ity ):

Pi (216)

w ith

t2Q\p(p')\
¥ i ¥ i

_ ¥1 t2Q\p] ¥2 
P, ¥  ¥ ¥  ¥ p«

aS(p1 - p 2) +  S2L \  
P ^piSp2

=  - W ( p ,  -  p2) -  4

....................................=  - 4 (a +  A ) ,

w here  we have called A  the real sym m etric  m a trix :

S2L

J V p ~2
Pa

Pa
(217)

(218)
p=p«

Fina lly, in se rting  Eq. (216) and Eq. (217) in to  Eq. (214) and p e rfo rm in g  
the gaussian in teg ra l, we ob ta in  the fin a l result:

P [a \D H m ]  «  P[a\Hm]  ] J  U f - e x p Q[pa] ,
k \  a +  Ak

(219)

w here  the A^-'s are the eigenvalues o f the m a trix  A .
The p r io r  p ro b a b ility  fo r  ot can be chosen b y  e ither fo llo w in g  Laplace 

ru le  (P [a \H m ] =  const.) o r Jeffreys' ru le  (P [a \H m } =  1/cc) [74]. We 
choose the fo rm er, since i t  has been checked in  [69] tha t the in teg ra l in  
Eq. (210) does n o t depend on th is choice, as long  as the p ro b a b ility  is 
concentrated a round  its m a x im u m  at a =  oc.

N um erica lly , in  o rde r to  p e rfo rm  the average in  Eq. (210), the in te 
g ra l is restric ted  to  a reg ion  [ocmin, ocmax\ / chosen to  satisfy the c rite rio n  
P[cc\DHm] >  10 1 x  P[fc\DHm].  The in teg ra l is then carried  o u t w ith  a 
stepsize A a and then no rm a lize d  so tha t f * max da. P [a \D H m ]  =  1.

In  th is  thesis the e rro r analysis is carried o u t in  tw o  steps. The sta
tis tica l e rro r is evaluated b y  p rodu c in g  jackkn ife  ensembles o f the f in a l 
spectral fu n c tio n  o f Eq. (210), by system atica lly d isca rd ing  each gauge 
con figu ra tion . A n o th e r source o f unce rta in ty  comes fro m  the choice o f 
de fau lt m ode l m appearing  in  the entropy. Th is system atic e rro r can be 
estim ated by  s tu d y in g  the se ns itiv ity  o f the fin a l results to  the va ria tion  
o f m. Th is w i l l  be exp la ined  in  greater de ta il later, w hen  the results o f 
th is  s tud y  w i l l  be presented in  section 6.3.
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Figure 12: These plots from [40] show the first four basis functions i7, =  Uj ( cv )  

of Eq. (228) for =  5, Nu, =  1000 and the data comes from a
simulation w ith  staggered quarks on a lattice w ith  NT =  24. The 
inset shows a blow-up of the small energy region. On the left, the 
standard kernel of Eq. (186) is used, while on the right the rede
fined one of Eq. (235). In the latter case, the inset shows a non
singular behavior for the low-m region.

4.3 S I N G U L A R  V A L U E  D E C O M P O S I T I O N

The discretised spectral func tion  pt in  Eq. (206) is represented by a 
vector w ith  typ ica lly  N ^  ~  O (103) degrees o f freedom :

co\ =  /Acu, pi =  p(u>i)A(v, w ith  / E [0, N^}  (220)

This makes the location  o f the g loba l m ax im um  o f Q[p] n o n -tr iv ia l. 
In [73] it  is show n how  th is p rob lem  can be a llev ia ted  by p e rfo rm ing
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a s in g u la r va lue decom position  (SVD) o f the ke rne l K,  w h ich  restricts 
th is  search to  a subspace o f 0 (1 0 ) degrees o f freedom , com patib le  w ith  
the n um be r N  (de fined in  Eq. (197)) o f data po in ts  in  the correlators. 
U s ing  Eq. (187), the ex trem um  co n d itio n  o f Eq. (209)

dQ dS dL . .
—  =  a -  —  =  0 (221)
dpi dpi dpi

can be w r itte n  as:

n Tmax piT
- « 10S -  =  j :  Kn —  (222)

*—Tm/„ F

w here  the ke rne l is de fined  as Kjj =  K ( t / ,o ; / )  and Gp =  G p(r,) is the 
reconstructed correlator. Since the spectral fu n c tio n  is pos itive  sem i- 
de fin ite , i t  can be param etrized  as:

pi =  ml exp ax w ith  I G [0, N w] . (223)

The so lu tion  o f Eq. (222) is then represented by  the vector a in  the 
Nw =  O (103) d im ens iona l space and reads

„ t dL
-oca =  K.1- — , (224)

dGp

w here K 1 is an N w x  N  m a trix  and d L / d G p is an N  d im ensiona l co lum n  
vector. The so lu tion  a in  Eq. (224) tu rns  o u t to  be confined in  a sm alle r 
subspace called the singular subspace, o f d im ens ion  N s <  N  This
can be show n b y  decom posing K* in to  a p ro d u c t o f three m atrices w ith  
special properties. Th is procedure  is called s ingu la r va lue decom posi
tio n  and i t  is de fined  as

K* =  U  E V '

M il "  • U\N

MALI • • • Mm N

?1 0 . . .  0 

0 £2 :

: 0 

LO . . .  0  £ n J

v u  . . .  v 1N

v m  *

(2 2 5 )

w here

• U  is an N\o x  N  m a trix , w ith  11*11 =  1 ,

•  V  is an N  x  N  m a trix , w ith  V^V =  1,

•  S  is an N  x  N  d iagona l m a trix .
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The entries £,• o f E are called the s ingu la r values o f K l and they are 
also equ iva le n tly  de fined as the square ro o t o f the eigenvalues o f the

For the ke rne l appearing  in  Eq. (186), the s ingu la r values §/ are a ll 
non-zero  b u t they are e xponen tia lly  sm a lle r as j  increases. In  th is  case 
the s in g u la r space can be defined  as the space spanned b y  the f irs t N s 
co lum ns o f U.  Then the SVD adm its  as a basis the co llec tion  o f vectors 
{ u \ ,  U2, . . . ,  ujsis} ,  w here  each e n try  is m ade u p  o f com ponents, i.e. 
i i j  =  (uj l f Ui2, . . .  ,UjN )*. Since the vector a lies in  the s ingu la r space, 
as one can read o ff fro m  Eq. (224), i t  can be param etrized  b y  the N s 
coeffic ients (b i , . . . ,  b^s) as

Since the m a tr ix  U  is o rthogona l, Eq. (224) can be s im p lifie d  as

w here  S ' and V '  are obta ined b y  res tric ting  E  and V  respective ly to  the 
s in g u la r space, C is the covariance m a tr ix  o f Eq. (198) and Gg is the 
M on te  C arlo  data.

A  N e w to n  search m e thod  is im p lem en ted  to  solve Eq. (229). The 
increm ent is g iven by

By using  the chain ru le  and the id e n tity  d p /db  =  d iag[p ] U,  we have

m a tr ix  They are pos itive  sem i-de fin ite  and can be o rdered  by
th e ir  m a g n itude  so that:

>  £2 >  • • • >  £ n s >  ?NS+1 =  . • • =  0 , (226)

w ith

N $ =  ra n k [K '] < N  < N T. (227)

a =  V  b{Uj, o r equ iva le n tly  «; =  V  l l j jb ; . (228)

(229)

(230)

V "C -1 K diag[p]=  S ' V "C -1 K d iag[p] U =  M T , (231)

w ith

M  =  S ' V nC_1 V 'E ' and T =  U ‘ d iag[p] U , 

so tha t Eq. (230) is re w ritte n  as

(232)

[(« +  //) I  +  M T ]  5b -- —ab — g . (233)
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In  the last equation , an a rtif ic ia l param eter ]i has been added, w hose 
increase n o rm a lly  produces a decrease in  db. Th is tr ic k  was in troduced  
b y  M a rq u a rd t and Levenberg and i t  ensures tha t, a t each ite ra tion , 5b 
rem ains sm all enough so tha t the low est o rde r a pp ro x im a tio n  used in  
Eq. (230) rem ains va lid .

4.6 M O D I F I C A T I O N  O F  B R Y A N ' S  A L G O R I T H M

In  the analysis w e w i l l  present in  th is  thesis, the d e fa u lt m ode l is re p 
resented by  the fun c tio n

m(tu) =  moco(b +  co) , (234)

w here  mo is a channel dependent constant and b is a param eter w h ic h  
a llow s fo r a non-zero  va lue fo r p(cv) /cv  at sm a ll energies. C hoosing 
d iffe re n t values fo r b w i l l  represent an im p o rta n t w ay to  probe the 
system atics o f the m ethod . The fun c io n a l fo rm  in  Eq. (234) is m o tiva ted  
b y  the large-cu behav iou r o f the m esonic spectra l fun c tio n , w h ich  can 
be evaluated in  p e rtu rb a tio n  theory.

The ke rne l in  Eq. (186) has a s in g u la r behav iou r a t sm a ll frequencies. 
Th is is show n in  Fig. 12 fro m  [40], w here  the f irs t basis functions vi\ 
o f Eq. (228) are p lo tted . Th is leads to  n um erica l in s tab ilities  w hen  the 
Bryan m ethod  is adopted [40]. These can be cured b y  a re d e fin itio n  o f 
the in tegrands in  Eq. (187) as

K ( w , t ) =  p ( w )  =  ~ p ( w ) ,  (235)

such tha t K ( co, t )p (co) =  K ( co, t )p (cl>). This does n o t affect the id e n ti
fica tion  o f the d im ens ion  o f the subspace fo r the SVD, b u t indeed the 
n ew  basis func tions  m,- are w e ll behaved at sm a ll co.

In  chapter 6, a version o f M E M , based on the code developed by 
J. C low ser and C. A llto n  [73], w i l l  be used to  evaluate the co n d u c tiv ity  
o f the q ua rk -g lu o n  p lasm a us ing  Eq. (164) and data fro m  la ttice  Q C D  
s im u la tions, w h ic h  w i l l  be presented in  chapter 3.
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In  th is  chapter we w i l l  re p o rt on n um erica l la ttice  Q C D  ca lcu lations 
fo r  the e lectrom agnetic  cu rre n t in tro du ce d  in  Eq. (152). These w i l l  be 
done us ing  gauge ensembles w ith  d iffe re n t tem pera tures and vo lum es, 
w h ic h  have been p roduced  b y  a p rev ious  s tu d y  [9 ,10 ]. In  the f irs t part, 
w e w i l l  g ive  some de ta ils  about the la ttice  action  used fo r the gen
e ra tion  o f the gauge con figu ra tions. We w i l l  then  describe the la ttice  
opera to r used fo r  the e lectrom agnetic  cu rren t and w e w i l l  discuss the 
issues o f re n o rm a liza tio n  and  im provem ent. The m easured Euclidean 
corre la tors are then  presented and discussed.

In  the fo llo w in g , w e w i l l  re fe r to  a site on the la ttice  b y  e ithe r us ing  
its  p os ition a l vector x i.e. a tu p le  o f 4 coord inates, o r b y  la b e llin g  each 
site w ith  an in tege r n E [1, N y ]  w h ic h  u n iq u e ly  id en tifie s  it. W hen no 
a m b ig u ity  can occur, the tw o  nota tions w i l l  be used interchangeably. 
M oreover, the 0-th  com ponen t o f a Lo ren tz  vector xq w i l l  be the tem po
ra l one, w h ile  the spa tia l ones are u su a lly  ind ica ted  by a L a tin  subscrip t 
Xj w ith  i =  1 ,2 ,3 .

5.1 L A T T I C E  A C T I O N

In  section 1.5, we m en tioned  the p o s s ib ility  o f h av ing  a d iffe re n t la ttice  
spacing in  the spa tia l and tem po ra l d irections. U s ing  a fin e r tem pora l 
la ttice  spacing p rov ides  a be tte r tem po ra l reso lu tion  fo r the co rre la tion  
functions w ith o u t increas ing  too m uch  the com p u ta tion a l cost.

O n  a p rac tica l leve l, the an iso tropy  is achieved b y  assigning a d iffe r
ent coeffic ien t to  the t im e -lik e  and space-like term s in  the action. This 
can be done b y  in tro d u c in g  new  bare param eters in  the action, w h ich  
w i l l  be described la te r in  th is  section. T un ing  these param eters is a 
n o n -tr iv ia l task, w h ic h  has been achieved in  [9, 10], w here  a deta iled  
exp lana tion  is p ro v ide d .

The gauge dynam ics is co n tro lle d  b y  a S ym anz ik -im proved  action, 
w h ic h  is de fined  b y  [76]:

Sr  =  —  (  1 5° SP +  ^  4Q tP 1 ° sr _  T ° str ^  ( „ 6 )
g 2 \ 7 g 3 u j  8 3 u \ u ]  7 g l 2 u l  g 12u fu :} ) '
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4.3 as [fm ] 0.1227(8)

I f 3.4 aT [fm ] 0.03506(23)

Ct 0.9027 V 1 [GeV] 1.608( 10)

Cs 1.5893 a - 1 [GeV] 5.63(4 )

WuA - 0.0840 £ 3.5
ms - 0.0743 M n / M p 0.446(3)

Table 1: The parameters in  the action (238).

w here  g  is the gauge co up lin g  o f Eq. (81), us and Ut are the tadpole 
im provem ents and 7 g is the bare gauge anisotropy, w h ich  w i l l  be d is 
cussed later. The g luon ic  fie lds are represented by the variables

O c  =  5 £ R e T r ( l - W c ) ,  (237)
J c

w here  Wc denotes the path -o rdered  p ro du c t o f the gauge lin ks  along 
a closed con tou r C on the lattice. In  particu la r, O sp and O tp are re
spective ly the spatia l and  tem pora l p laquettes a lready in troduced  in  
section 1.5 (see Fig. 3). A d d it io n a lly , we inc lude  p lanar 2 x 1 spatia l 
rectangu lar loops denoted by O sr and short tem pora l rectangles (one 
tem pora l lin k , tw o  spatia l), denoted b y  n str. This action has a lead
in g  d iscre tiza tion  e rro r o f 0 ( a j f a:} / x sa l )  and i t  was used in  [76] fo r a 
g lueba ll study, to  w h ic h  we re fer fo r m ore details.

Here we m en tion  tha t the tadpo le  param eters uSft are a m ean-fie ld  
im p rovem ent, w h ich  p rov ides a bette r m app ing  o f the la ttice  gauge 
fie lds to  th e ir analogues in  the con tinuum . This has been in troduced  
b y  Lepage and M ackenzie  in  [77] and i t  is achieved by separately renor
m a liz in g  the spatia l and tem pora l l in k  variables Uj(x )  -+ U j ( x ) / u 3 and
Ut(x )  —> U t { x ) / u t .  In  o u r w o rk  iq  is fixed to  1 and us is tuned  non -
pertu rba tive ly . A  gauge-inva rian t d e fin itio n  fo r us is g iven in  terms o f 
the mean spa tia l p laque tte  as us =  (5R eTr(iss/ )1/4. One starts w ith  a 
guess us =  1 in  the action, measures i t  in  a s im u la tion  and then read
justs the in p u t va lue according ly, u n t il the in p u t va lue matches the 
m easured one. Th is has been done in  [9] w ith  the resu lt us =  0 .7336.

In  the fe rm io n  sector, we use a c lover im proved  action w ith  N f  =  
2 +  1 flavors and stout-sm eared links . The D irac opera tor o f Eq. (74) is 
defined as:

D [U ]  =  m0 +  70 Wo +  —  £ 7 , W ( (238a)
V i

-  f  E  *0+1 -  + -  E  a+ i ■ (238b )
i '8 i<j
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Figure 13: Plots from [9]. Renormalized gauge £v and fermion £y anisotropies 
(left) and the corresponding bare parameter 7^7 (right). These are 
tuned in order to obtain a target anisotropy of £ =  =  3.5
(black symbols), which is achieved by using the bare parameters 
7g =  4.3 and 7/• =  3.4, w ith  a bare mass of mo =  —0.0743.

In the fo llo w in g , we w i l l  describe some its features. In  Eq. (238a) we 
have the usual d im ension less W ilson  opera tor

W// =  V ;/ — y ^ A j , / 2 , (239)

w here

Ei;<(x ) / ( x  +  ;0 — L/+(x — ; / ) / ( x  — //) 
x ) = ---------------------------- -2---------------------------------------------- (240a)

A , , / ( * )  =  U}l{ x ) f ( x  +  }i) +  U * ( x  -  } t ) f ( x  -  }i) -  2f ( x ) . (240b)

The operators appearing  in  Eq. (238b) are the clover term s o f Eq. (99) 
a lready described in  section 1.5, w ith  uflv =  ^ [7//^ Ti'] and Ffiv the la ttice 
version o f the fie ld  strength  tensor. The param eters in  fro n t o f the tim e 
like  and space-like clover term s c\ and cs have been chosen w ith  tree- 
level cond itions  as described in  [78]. The num erica l estim ate used in 
the s im u la tions  is show n in  Table 1.

In Eqs. (236), (238a) and (238b) we can see the appearance o f the bare 
gauge (7^) and fe rm ion  (7 f) an isotrop ies, w h ich  are the ones responsi
ble fo r the la ttice  anisotropy. The stra tegy fo llow ed  in  [9, 10] is to tune 
them  s im u ltaneous ly  in  o rder to ob ta in  a desired value fo r the renor
m a lized  an iso tropy £. This is defined as the ra tio  o f the la ttice  spacing 
in  the spatia l and tem pora l d irec tions and it  is a fun c tio n  o f a ll the bare 
param eters o f the action:

£{m„,7f ' 7g) =  ~• (2 4 O

They have been tuned n on -p e rtu rb a tive ly  in  [9] w ith  a target value fo r 
the an iso tropy o f £ =  3.5. In  Fig. (13) taken from  [9], we can see the re
sults fo r the tu n in g  o f the an iso tropy param eters. Since the anisotropy

v„/(
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is one o f the novelties o f th is w o rk , we w i l l  b r ie fly  o u tlin e  the proce
du re  in  the fo llo w in g .

The bare fe rm io n  an iso tropy 77, w h ich  gives a d iffe re n t w e ig h t to  the 
spa tia l and tem pora l W ilson  te rm , is tuned  b y  res to ring  on the la ttice  
the m esonic d ispers ion  re la tion

w here  the energy E and the mass m are in  u n its  o f at, and p =  2n n / L s, 
w ith  Ls the spatia l la ttice  size, is in  un its  o f as. The param eter Jy is the 
n o rm a lize d  fe rm io n  anisotropy, i.e. the an iso tropy fe lt by  the fe rm io n ic  
fie lds. I t  m u s t be equal to  the desired va lue fo r the la ttice  an iso tropy 
f  =  as/ a T. Th is has been done in  [10], w ith  a resu lting  bare fe rm io n  
an iso tropy o f 77 =  3 .4 .

The bare gauge an iso tropy 7g assigns a d iffe re n t gauge co up lin g  to 
spa tia l and tem pora l W ilson  loops in  the gauge action o f Eq. (236). It  
is tuned  by im pos ing  the equivalence between ra tios o f spatia l Rss and 
tem po ra l Rst W ilson  loops [79]:

The renorm a lized  gauge an iso tropy Jg is obta ined by m in im iz in g

w here  A RS/t are the errors on Rss,st- The param eter 7 g is then tuned to 
have Jg =  J =  3 .5 . F rom  [10] we use the va lue  =  4 .3 .

In  the action  Eq. (238), the lin ks  U  are stout-sm eared in  the three spa
t ia l d irections, as described in  [80]. The procedure  o f sm earing g rea tly

p rov ides s ign ifican t im provem ent over actions tha t e x p lic it ly  b reak ch i
ra l sym m e try  [81]. A n  im p o rta n t p ro p e rty  o f s tou t sm earing is tha t 
i t  is ana ly tic  everyw here  and u tilizes  the exponen tia l fu n c tio n  in  o r
de r to  keep the lin k s  on the g roup  m a n ifo ld  S U (3 ) w ith  no  p ro jec tion  
requ ired . Th is makes i t  possible fo r i t  to be used in  the H M C  a lgo
r ith m  fo r the generation o f configura tions. A lso  the sm earing does no t 
in vo lve  the tim e  d irec tion , leav ing  the transfe r m a tr ix  physica l. The 
tu n in g  o f the sm earing param eters has been done in  [82] and the best 
choice was fo u n d  to  be sm earing w e ig h t p =  0.14 and np =  2 ite ra tions.

The strange qua rk  mass param eter is chosen to  reproduce the phys 
ica l strange qua rk  mass and o u r choice o f lig h t qua rk  mass results in

■2 '  

7
(242)

e

e- a sVs{tat)

flsVs(yfls)
/

(243b)

(243a)

, , M _ r  ( R s s ( x , y )  -  R s t ( x , ? gy ) ) 2 
L((g> £  (A R S)2 +  (A R f )2 (244)

reduces the m ix in g  w ith  the h ig h  frequency m odes o f the theo ry  and
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N s n t T  [M eV] T / T c N qfg N skc

24/32 16 352 1.90 1059 4
24 20 281 1.32 1001 4

24/32 24 235 1.27 300 4
24/32 28 201 1.09 502 4
24/32 32 176 0.93 301 4

24 36 156 0.84 501 4
24 40 141 0.76 523 4
32 48 117 0.63 601 4
24 128 43 0.24 401 1

Table 2: A  summary of the gauge ensembles used in  this work. They have lat
tice sizes of N f  x Nr , w ith  N qfg configurations available for each set 
and a number of NsRC sources for the analysis. The critical temper
ature Tc is estimated from  the normalized Polyakov loop inflection 
point, see [2] for details.

M n / M p  =  0 .446(3 ) [10], w h ile  the phys ica l va lue is «  0 .18. The n um er
ica l va lue  o f a ll the param eters appearing  in  Eq. (238) is sum m arized  
in  Table 1.

We m ake use o f a large n um be r o f non-zero  tem pera tu re  ensembles, 
w h ic h  have been generated us ing  a fixed  la ttice  spacing approach. This 
has the advantage tha t results obta ined  at d iffe re n t tem pera tures w i l l  
have the same d iscre tiza tion  errors. A lso , since the bare param eters 
are the same, results can be d ire c tly  com pared w ith o u t any need fo r 
reno rm a liza tion . In  Table 2, the la ttice  ensembles used in  th is  w o rk  are 
lis ted. The tem po ra l la ttice  extension N T ranges fro m  128 d o w n  to 16 
correspond ing  to  tem peratures in  the range 0.24 <  T / T c <  1.90. Spatia l 
extents o f N s =  24 and 32 were used co rrespond ing  to  Ls =  N sas ~  3fm  
and 4fm  respective ly and b o th  are availab le fo r 4 com m on values o f T  
a llo w in g  fo r fin ite  vo lum e  effects to  be s tud ied .

The c ritica l tem pera ture  has been estim ated in  [2] b y  lo o k in g  at the 
in fle c tio n  p o in t o f the renorm a lized  P o lyakov loop , w h ic h  is de fined in  
Eq. (129). We im pose a re n o rm a liza tion  co n d itio n  by  f ix in g  the va lue 
o f L a t a specific tem pera ture  Tr :

L r (T r ) =  c . (245)

This is necessary since the free energy F =  — T log  L (T )  is o n ly  de
fin ed  u p  to  an a d d itive  constant. We choose 3 d iffe re n t ren o rm a liza tion  
schemes co rrespond ing  to d iffe re n t choices o f Tr and c, see Fig. 14 fo r 
details. The resu lt fo r  the tra n s itio n  tem pera ture  is Tc =  185(4 ) MeV,
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O  Scheme A 
□ Scheme B 
O  Scheme C
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Ta = 1/N
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Figure 1 4 : The normalized Polyakov loop L r. The solid curves indicate a cubic 
splines interpolation of the data points, while the dashed curve 
represent their temperature derivatives Three renormalization 
schemes are considered, Scheme A: L r ( N t  =  16) =  1.0, Scheme B: 
L r ( N t =  20) =  1.0, Scheme C: L r ( N t =  20) =  0.5.

w here  the e rro r reflects the spread from  the three renorm a liza tion  
schemes, w h ile  we found  the statistica l uncerta in ty  neg lig ib le  in  this 
context.

This concludes the descrip tion  o f the technical deta ils regard ing  la t
tice action used in  th is w o rk . In the next section we w i l l  in troduce  the 
operators considered in  the analysis.

5 .2  C O N S E R V E D  C U R R E N T

In  chapter 3 , we showed how  to obta in  the electrical co n d u c tiv ity  from  
Euclidean corre lators o f the e lectric cu rren t /em (see Eq. (1 5 2 )). In N f  =  

2 +  1 Q CD, the expression fo r the electrom agnetic cu rren t is g iven by

/em  =  52 ? / /  =  f / “  - \ i d ~  \ i S' ( 2 4 6 )

where qf  is the frac tiona l charge o f the quarks and j f  is the vector 
cu rren t re la tive  to the up, dow n  and strange quark  channels. In o rder 
to evaluate Jem on the lattice, we chose as an in te rp o la to r fo r j f  the 
exactly conserved vector curren t Vc .
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In  th is  section we w i l l  derive  an expression fo r the conserved cu rre n t 
fo r  the fe rm io n  ac tion  (238) used in  th is  w o rk , w h ic h  has been in tro 
duced in  the p rev ious  section. In  o rde r to  do  so w e m u s t de rive  a W ard  
id e n tity  fo r the fu n c tio n a l in tegra l.

A s we have seen in  Eq. (72), the expectation va lue o f an a rb itra ry  
opera to r O in  Q C D  is expressed by

(O ) =  i  J  9  [ip, ip, U] O [\p, ip, U] e~s^ ’t ' u } , (247)

w here  S is the sum  o f the gauge and fe rm io n  actions described earlier. 
Let us n ow  cons ider an in fin ite s im a l sym m e try  tra n s fo rm a tio n  acting  
on the fe rm io n  fie lds  in  Eq. (247) and described by:

ip —> ip +  Sip, ip ip +  Sip. (248)

I f  th is  tra ns fo rm a tio n  is a tru e  sym m etry  o f the action, then  the ex
pecta tion  va lue  o f O o ugh t n o t to  change. In  o the r w ords, in  case o f 
a non-anom alous tra ns fo rm a tio n  the in teg ra tio n  measure is in v a r ia n t 
and i t  is possible  to  derive W ard id en titie s  o f the fo rm

0 =  (SO) — (OSS) , (249)

w here  SO and SS denote the lin e a r change o f the opera to r O and  the 
action  S und e r the tra ns fo rm a tio n  o f Eq. (248). In  the s im p les t case fo r 
O =  1 we have (£S) =  0, w h ic h  leads to  re la tions analogous to  the 
classical N oe the r conservation laws.

Let us n o w  consider a loca l trans fo rm a tion , ac ting  on the G rassm ann 
fie lds on la ttice , de fined  as

Sip(n) =  i e (n ) \ i p (n ) ,  Sip(n) =  i e ( n ) \ i p ( n ) , (250)

w here  A and A are p ro d u c t o f m atrices w h ic h  have b o th  D irac  and
fla vou r ind ices, e.g. A =  1, r a, 7 5 ,7sTfl and A =  — 1, —r a, 7 5 ,7sTfl. Since 
the tra ns fo rm a tio n  does n o t in vo lve  the gauge fie lds, in  the fo llo w in g  
we w i l l  o n ly  cons ider the fe rm io n  action. Th is is quad ra tic  in  the Grass- 
m an fie lds and, as show n in  Eq. (73), i t  can be cast in to  the fo rm

S =  ip{n ) D ( n , m )  ip (m ) , (251)
n,m

w here  D  is the D irac  opera tor and we suppressed a ll the co lo r and 
D irac  ind ices, leav ing  o n ly  the space-tim e ones n, ra. U n d e r the trans
fo rm a tio n  in  Eq. (250) the action  changes and the linea r te rm  o f the 
v a ria tion  is g iven  by:

SS = i  ip{n)  [D (7i, m)  Ae(m)  +  e (n )A D (n ,  ra)] tp(m)  (252a)
n,m

[€ (m ) ~  e (n )] $ ( n ) D { n ' m ) ip (m ) , (252b)A=H „
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w here  in  the second line  we have restricted ourselves to  the case o f the 
fla vo u r s ing le t vector. We notice tha t in  the sum  o f Eq. (252b), w h e n 
ever n =  m the a rgum ent ins ide  the parentheses vanishes, so w e can 
neglect a ll the term s in  the D irac  opera tor in  Eq. (238) tha t conta in  £W2/M. 
F u rthe rm ore  i f  m is n o t one o f the nearest ne ighbours o f n the D irac 
ope ra to r vanishes, so we can trade the sum  over m w ith  a sum  over the 
nearest ne ighbours o f n.

S S = i  [e(m) — e (n ) ] ip (n )  D ( n , m )  ip(m)
n^m

=  i [e(n +  p) -  e{n)} $ (n )  D (n ,  n +  f i) ip{n +  p ) +
n,}4

i Y^ [e(n — fi) — e(w)] t f (n )  D (n ,  n — ft) ip(n — fi).
n,fi

(253)

Selecting the r ig h t e lem ent in  the D irac opera tor and tak ing  in to  ac
coun t the anisotropy, we obta in;

w ith

SS =  i ^ F „ ,
n

Fn =  [e(n +  0 ) - e { n ) \  tp(n) 

+  [e(n — 0) — e(n) ]  if>(n)

+  E [ e (”  +  Z*) ~ €(n )] # ( ” )
i

+ E  [e ( n -  * ) _  e ( ” ) ]  $ ( " )

- 5 ( 1  +  70 ) u o+( « - 0)

(1 -  7 i )Ui (n)
2 j f

( 2 5 4 )

t p ( n + 6 )  (2 5 5 )

1p(n — 0)

1p{n +  i )

ip(n — i ) .

We define the conserved cu rren t as

^ C(m ) =  cv

V ]/C ( n ) + =  Cy

tp(m +  f i ) {  1 +  7,,) Ujt(m) \p{m)

1 -  7 ^ ) UF(m) ip(m +  f i) 

xp{n +  v ) ( l - y v) U t ( n ) x p ( n )

+  7 V) Uv(w) ip(n +  y)

(256)

(257)

w ith  =  ( 5 , ^ 7 )  and  7^ =  7o7 f7o  =  ( 7 0 , - 7 ) -  ^  fact/ u s ing these 
de fin itions , we can re w rite  the change in  the action SS as:

<5S =  [a ,,V + e (n )] V ^ (n )  =  - i £ e ( n )  [ a ^ V ^ V ^ n ) ] , (258)
n,/v
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w here  V +  and  are respective ly the fo rw a rd  and backw ard  d im en- 
sionless la ttice  derivatives:

v i ! y ( * ) = f ( x + aH ) ~  f ( x ) (259a)

/ ( * )  =  f ( x )  - f { x - a p ) .  (259b)

Since o u r choice o f e(n)  is com p le te ly  a rb itra ry , the re la tion  (258) has 
to  be v a lid  fo r  any n. This observation  a llow s us to  derive  the fo llo w in g  
id e n tity

< V ^ V f ( n ) ) =  0 , (260)

w h ic h  proves tha t is the conserved vector cu rre n t fo r the c lover 
action. A n  im p o rta n t p ro p e rty  o f such an opera to r is tha t i t  is pro tected 
fro m  re n o rm a liza tion , since the e lectrom agnetic charge is conserved.

We n o w  w a n t to  evaluate cu rren t-cu rren t co rre la to r as a fu n c tio n  o f 
the E uclidean tim e  separation:

E <  V f ( x ,  r 0) Vf~(y, t 0 +  t ) + ) .  (261)
y,'

Let us consider the q u a n tity  (V j"(m ) I f  we p lu g  in  i t  the con
served cu rren t in  Eq. (256) we obta in  fo u r pieces, w h ic h  we evaluate 
b y  means o f W ick  contractions:

( W 1 ( vf ( m ) v H n ) f ) =

+  (tp(m +  +  Uy(m )  f ( m )  tp(n +  v ) ( l  -  7 „ )  l /J (n )  y ( n ) )

(262a)

r---------------------------------------1------------------ i ------------------------------------ 1
+  ( ip(m)(  1 -  7 ^ ) Ufi (m) ip(m +  f i)  \ f>(n)(l +  t v )  Uv{n)  ip{n +  v))

(262b)

-  (xf(m +  f i ) (  1 +  7 ^ ) l i j ( m )  1p(m) t f ( n ) (  1 +  y v) Uv(n)  i p ( n + v ) )

(262c)

1--------------------------------- r ~ "  v '  i------------------- : — :— 1
-  ( $ ( m ) ( l  -  j h ) tp(m +  f i)  $ ( n  +  i / ) ( l  — 7 „ )  U ' (n ) t /> (n ) ) ,

(262d)

w here  the d isconnected pieces have been neglected (see b e low  fo r d is 
cussion). These fo u r d iagram s are n o t a ll independen t fro m  each other. 
In  fact, one can show  tha t (262a) is the com plex conjugate o f (262b) 
and (262c) is the com plex conjugate o f (262d), w h ic h  leaves us w ith  
o n ly  tw o  d iagram s to  deal w ith .

The expectation  va lue  o f ipifi is ca lled the  fe rm io n  p ropagato r S

s (x ' y )  =  (>/'(*)’?(y)} ■ (263)
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r m+H m+//

m n + v

Figure 15: The two diagram s that contributes to the current-current correlator.
The dashed lines are the ferm ion propagators and the so lid  lines 
are the gauge links.

I t  can be evaluated, us ing  W ick 's  theorem  [15], b y  ca lcu la ting  the in 
verse o f the D irac ope ra to r D . M ore  precisely, in  the la ttice  com puta 
tio n , o n ly  one co lum n  o f D _1 w i l l  be used. Th is can be unders tood  by  
w r it in g  d o w n  a ll the ind ices in  the d e fin it io n  o f the fe rm io n  propagator, 
w h ic h  gives us

Dap Sp =  S(oc — oc*)S{a — a*)S(m — m * ) , (264)
ab b 
mn n

w here  n ,m  E [ l ,N y ]  are space-tim e indices, oc, /3 E [1, 4] are D irac  in 
dices and a, b E [1, 3] are the co lo r ones. The r.h.s. o f Eq. (264) is then a 
vector o f d im ensions N y  x  4 x  3 w ith  zeros everyw here except a t the 
source p o in t (oc*, a*, m*)  w here  there is a 1. I f  we m u lt ip ly  (264) on  bo th  
sides by  D -1 we ob ta in

Sp =  D ~ l  S(oc -  oc*)S(a — a* )5(m — m*)  (265a)
ca ab b ca
Im mn n Im

,S 7 =  D  =  S ( l ,m * ) ,  (265b)
c ca*
I Im*

w here  i t  is show n tha t we selected in  D -1 the co lum n  (cc*,a*,m*). 
U s ing  the n o ta tion  above fo r the fe rm ion  p ropagator, we can re w rite  
Eq. (262) as:

( V v ) _1 ( v f ( m ) v f ( n ) f ) =

-  2 Re Tr S(tt ,m +  } i )U* (m) (  1 +  7 ^ )S (m ,n  +  i> )L /^ (n )( l -  7 V)

(266a)

+  2 R e T r S(n +  v ,m  +  p ) l / * ( m ) ( l  +  j h)S ( m ,n ) U v( n ) ( l  +  y v) .

(266b)

In  Fig. 15 the tw o  co n tribu tio ns  are represented in  a p ic to r ia l way.
The ze ro -m om entum  E uclidean corre la tor fo r a sing le  fla vou r is then 

de fined  as

Ghv( r )  =  ^ Y ^ ( V f { x , T )  V,c (0, 0 ) f ) , (267)
X
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and in  p a rticu la r we w ill s tudy the diagonal spatia l com ponents

3 3
G ( t )  = £ G « ( r) = 1  ( * , x )  V f  ( 0 , 0 ) + ) , (268)

1 = 1 1 = 1 f

as w e ll as the tem pora l one

G o o ( t )  V f  ( 0, 0 ) + ) . (269)

X

The fu ll electrom agnetic curren t corre lator is g iven by

Gem(r) =  ^  E  E  r )  f i m(0 ,0)+) , (270)
1 = 1 f

where / em has been defined in  Eq. (246). F o llow ing  [83], at the flavou r 
sym m etric p o in t N f =  3 we can decompose Eq. (270) in to  a sum  o f 
disconnected Mdisc and connected M conn diagram s:

N f  2 N f

( J e m (*, t) /e m (0, 0)+) <x [ ( E ? / )  M disc+ ( E < ? / ) M  connl / (271)
/=1  7=1

where q j denotes the electric charge o f flavour /  in  un its  o f the ele
m entary charge e. N eglecting the disconnected pieces is then ju s tifie d  
by the fact tha t th e ir co n trib u tio n  is id e n tica lly  zero in  the N f =  3

N r
case, since E y= i fy- =  0- We note tha t the same choice has been app lied  
in  a ll previous studies o f the e lectrica l conductiv ity , see e.g. [36, 39- 
41, 68]. Furtherm ore, we w ill show in  section 6.4 tha t the disconnected 
diagram s fo r the charge suscep tib ility  are com patib le w ith  zero.

5 .3  I M P R O V E M E N T

In  section 1.5, we in tro du ce d  the d iscretised ve rs ion  o f the co n tin u u m  
Q C D  action  b y  tra d in g  f irs t deriva tives  fo r sym m etric  d ifferences on 
the la ttice. Th is p rocedure  gives rise to  d isc re tiza tion  effects, w h ich , as 
w e a lready p o in te d  ou t, are o f 0 ( a )  fo r  fe rm ions and  o f 0 ( a 2) fo r  the 
gauge fie lds. These artefacts w o u ld  d isappear in  the con tin u um , w here  
the la ttice  spacing vanishes, a —> 0 . However, th is  l im it in g  p rocedure  is 
expensive.

We a lready m en tioned  tha t the d isc re tiza tion  w e chose in  section 1.5 
is n o t un ique . I t  is then  possible  to  add  o the r te rm s in  the action 
w h ic h  do n o t sp o il its  co n tin u u m  in te rp re ta tion , b u t a c tua lly  im prove  
it. A  system atic im p le m e n ta tio n  o f these ideas goes und e r the nam e 
o f Symanzik improvement. In  p a rtic u la r in  section 1.5, w e cla im ed tha t 
a dd ing  the clover te rm  to  the s tandard  W ilson  ac tion  Sw o f Eq. (96) can
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reduce the d iscre tiza tion  errors from  O(a)  to 0 (a2, ccsa , . . . )  [24]. In  p r in 
cip le , one shou ld  also take care o f reducing the d isc re tiza tion  errors in  
the observables used in  the study.

F o llo w in g  an a rgum ent illus tra ted  in  [84], we can define  a cu rren t 
w h ic h  is b o th  im proved  and conserved up  to the p recis ion  we require. 
We ca ll i t  V*-1:

V jP M  =  V j f M  +  Cvdv f (x )  < V  (272a)

=  +  0 ( f l2) . (272b)

We see fro m  (272a) tha t VjP d iffe rs  fro m  the conserved cu rren t V jf 
b y  a te rm  o f O(a)  w h ich  is a tota l divergence. Thus, since 
has no pow er divergences in  pertu rba tion  theory, one can conclude 
tha t the reno rm a liza tion  constant Z va  is also equal to  1. O n the other

hand, fro m  (272b) at tree level V ^ 1 d iffe rs fro m  the im p ro ve d  cu rren t 

V j o n ly  b y  term s w h ich  are 0 (a2). This im p lies tha t Zyci ^  Z v \, b u t

they cannot g ive  rise to any term s o f 0 (a )  in  VjP, w h ic h  then is bo th  
conserved and im proved.

In  th is  w o rk , we are interested in  the ze ro -m om entum  l im it  o f the 
Euclidean corre la tors, w h ich  is achieved by a sum m ation  over a ll the 
la ttice  p o in ts  (see Eq. (5.2)). The spatia l com ponents o f the im p rove 
m en t te rm  in  Eq. (272a), w h ich  is a tota l divergence, van ish  in  th is 
lim it.  We are le ft w ith  a term , w h ich  is h ig h ly  suppressed in  the mass- 
less lim it.  For th is  reason, we choose no t to add the costly im provem ent 
te rm  in  the construction  o f the operator and use the fo rm  in  Eq. (256) 
fo r the analysis.

5.4 R E S U L T S

In  th is  section we present the results fo r the Euclidean corre la tors evalu
ated fo r tem peratures in  the range between 43 and 352 M eV  (see Table 2 
fo r details). These data appeared in  [2-4], where they have been used 
to  ob ta in  the spectral functions in  the vector channel, see chapter 6 fo r 
details.

The corre la tors were obta ined using  a m o d ified  vers ion  o f the C hrom a 
softw are  su ite  [85, 86]. W hen possible, the b i-con jugate  g rad ien t sta
b ilise d  m e thod  was used fo r the inversion o f the D irac  opera to r o f 
Eq. (264). The num ber o f sources Nsrc used fo r each co n fig u ra tion  
is show n in  Table 2, a lthough in  m ost ensembles Nsrc =  4 . The firs t 

source =  ( s ^ s ^ s ! , 0^ ! ^ )  was chosen random ly. The o the r j  =  
1,2 ,3  were p icked  at the locations:

s f ] = s f ] + S i j L / 2 . (273)
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Figure 1 6 : The time-time component of the conserved current in Eq. (2 6 9 ), for 
the ligh t quark sector. The correlation function is rescaled by T3 

and it is calculated at different temperatures T as a function of the 
Euclidean time rT . Since it is related to the conservation of the 
electrical charge, the correlator relaxes to a constant, modulo some 
boundary effects, which are discussed in the text.

Data fro m  d iffe ren t sources b u t from  the same con figu ra tion  were av
eraged together to reduce au tocorre la tion . The statistica l e rro r was es
tim a ted  via  da ta -b lock ing  and the jackkn ife  procedure.

The tem pora l co rre la to r in  Eq. (2 6 9 ) is connected to the conserved 
electrical charge and we expect it  to be constant in  Euclidean tim e. In 
Fig. (1 6 ) we show Goo no rm a lized  by T 3 fo r a ll the tem peratures ava il
able, fo r the lig h t qua rk  channel. We observe some bou n da ry  effects, 
p robab ly  due to the presence o f a s in g u la r ity  at the o rig in , as show n 
in  [8 7 ] in  the free case. One cou ld  argue that, due to the an iso tropy the 
effect o f the s in g u la r ity  is propagated to the ne igh b ou rin g  sites. We 
observe a c lus te ring  effect fo r corre la tors above Tc.

The la ttice  con figu ra tions  at o u r d isposal come w ith  2 d iffe re n t spa
tia l extensions Ns =  24,32. Both vo lum es are available fo r 4 d iffe re n t 
tem peratures co rrespond ing  to N T =  16,24,28,32, as is show n in  Ta
ble 2 . Th is a llow s fo r a s tudy  o f the vo lum e  effects fo r the conserved 
current. In Fig. (1 7 ) we p lo t the ra tio  between the corre la tors obta ined 
in  the N s =  32 and N s =  24 ensemble. We found  no s ign ifican t system 
atic vo lum e  effects in  th is context.

We show  in  Fig. 1 8  the d iagona l spatia l com ponents o f Gflv( r ) .  We 
note an im p o rta n t separation o f scales separating the lowest tem pera
ture  T =  43 M eV fro m  the o the r ones. In Fig. (1 9 ) we show the same
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Figure iy: An estimate for the volume effects affecting the spatial-spatial cor
relator G (t)  in Eq. (2 6 8 ) in the light quark channel. The ratio of 
G (t)  in the Ns =  32 and Ns =  24 is evaluated for 4 temperatures 
corresponding to N r — 16,24,28,32.

corre la tors no rm a lized  by the ir value in  the free massless case. The la t
ter can be achieved by setting  all the lin ks  to u n ity  in  the s im u la tion . 
As we noted fo r Goo/ corre la tors above TC/ measured in  ensembles o f in 
creasing tem perature, show  lit t le  differences between each other, w h ile  
be low  Tc the ir behav iour ra p id ly  changes w ith  T. The dev ia tion  we 
observe from  the expected free behaviour at h igh  tem peratures m ig h t 
come from  d iffe re n t sources o f systematics. One o f these is re lated to 
the d if f ic u lty  o f d e fin in g  the an iso tropy in  a free theory. M oreover, ou r 
de te rm ina tion  £ =  cis/a t  carries an unce rta in ty  as w e ll as one can see 
fro m  the p lo t in  Fig. (1 3 ).

In Fig. (2 0 ) we instead no rm a lize  the spatia l co rre la to r w ith  the one at 
the lowest tem perature  available. This has been achieved by f it t in g  the 
N T =  128 co rre la to r w ith  a sp line  and then using its fun c tio na l fo rm  fo r
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the n o rm a liza tio n  o f corre la tors at h ig he r tem peratures. Rem arkably, 
the c lus te ring  effect no ted  above disappears.

In  the next chapter, we w i l l  use the E uclidean corre la tors presented 
here as a source fo r  the M E M  reconstruc tion  (see chapter 4) o f the 
spectra l func tions.
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In  the f irs t p a rt o f th is  chapter, w e w i l l  show  the spectra l fun c tio ns  
re la tive  to  the vector channel ob ta ined  w ith  the M E M  m e thod  (see 
chapter 4). The results fo r the tem pera ture  dependence o f the e lectrica l 
c o n d u c tiv ity  in  Q C D  w i l l  then be presented, a long w ith  a de ta iled  d is 
cussion o f the system atics invo lved . The suscep tib ilities  o f conserved 
charges are then analysed. In  pa rticu la r, the e lectrica l charge suscepti
b i l i t y  x q  w iH a llo w  fo r a de te rm ina tio n  o f the d iffu s io n  coeffic ient. We 
w i l l  then com pare o u r fin d in g s  w ith  those obta ined b y  o the r g roups.

6 .1  S P E C T R A L  F U N C T I O N S

Spectral functions represent one o f the m ost im p o rta n t d iagnostic  too ls 
o f the m e d iu m  created in  heavy-ion  co llis ions (see section 2.6). In  p a r
ticu la r, we can use them  to s tud y  the tra nsp o rt coeffic ients o f the qua rk - 
g lu on  plasm a, as w e ll as its  in -m e d iu m  properties , such as d isso lu tio n  
o f qua rkon ia  states at h ig h  tem pera ture, see e.g. [88-90].

In  th is  thesis, we are in terested in  the spectra l func tions  re la tive  to 
the e lectrom agnetic channel pem, w h ic h  y ie ld  in fo rm a tio n  about vecto r 
mesons, such as the p and (p partic les, and the e lectrica l c o n d u c tiv ity  a, 
w h ic h  w i l l  be discussed later. They are re la ted  to  the Euclidean corre 
la tors Gem presented in  section 5.4 b y 1:

w here  r  is the Euclidean tim e  and N r  is the  extent o f the la ttice  in  the 
tem pora l d irection . In  the fo llo w in g , i t  w i l l  be use fu l to  norm a lise  the 
e lectrom agnetic observables o f in terest b y  the sum  o f the square o f the 
in d iv id u a l qua rk  charges co n tr ib u tin g  to  the e lectrom agnetic cu rre n t2:

cosh [cv( N t / 2  — t ) ]  

s in h (N T o ;/2 ) (274)

Cem =  «2 E  “?/ ' 
/=1

(275)

See section 3.4 for a detailed derivation. 
See Eq. (271) and discussion therein.
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Figure 2 1 : Spectral functions in the light quark channel normalized by cvT for 
different values of the temperature T. The intercept is proportional 
to cr/T, see Eq. (1 6 4 ).

W hen o n ly  lig h t quarks are considered Cem =  5 /9  e2; o therw ise, when 
the strange quark is inc luded  Cem =  2 /3  e2. We can then define

p(cv) =  C ' l  pem M  , & =  C~^ (Tern • (2 7 6 )

Spectral functions extracted using the M E M  procedure  are show n in 
Figs. 2 1 - 2 4  f ° r the available tem peratures, w h ich  are listed in  Table 2 . 
In  A p p e n d ix  A .2 , we show  tha t the physical d im ens ion  o f p expressed 
in  un its  o f the la ttice spacing is (as nt ) ~ } . We p lo t the spectral func tion  
th rough  a d im ensionless ra tio , e ither d iv id in g  by cuT o r by co2, w h ich  
both  ca rry  a d im ension  o f a/-2 . Because o f this, we need to add a factor 
o f the an iso tropy J =  as/ a t, w h ich  is im p lied  in  a ll the plots. N ote that 
we considered £ =  3.5 w ith o u t error, w h ich  m ig h t affect the results fo r 
no m ore than 2 — 3%, w h ile  the area of the fille d  curves is a jackkn ife  
estim ate o f the statistica l e rro r on the M E M  reconstruction.
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Figure 2 2 : Spectral functions in the strange quark channel normalized by coT 
for different values of the temperature T. The intercept is propor
tional to ( i /T ,  see Eq. (1 6 4 ).

In the free theory  and fo r massless quarks, the spectra l fun c tio n  as
sumes the fo rm  [8 7 ]:

3
P f r e e i ^ )  — 2 ttT 2u ’S ( co) +  —  co1 ta n h (c u /4 T ), (2 7 7 )

271

w h ich  increases q u a d ra tica lly  fo r large values o f co, as one w o u ld  ex
pect from  naive d im ens iona l analysis (see A p p e n d ix  A .2 ). In the regim e 
o f large frequencies, p e rtu rb a tio n  theory is app licab le  because o f asym p
to tic  freedom  and can be used to evaluate the rad ia tive  corrections to 
the coeffic ien t o f co2 [9 1 , 9 2 ].

A t sm all energies, the spectral func tion  is dom ina ted  by a transport 
peak. In the free case, th is  is represented by a ^ -fu n c tion , as we can 
see fro m  Eq. (2 7 7 ), b u t w hen  in teractions are tu rned  on, th is s ingu la r 
behav iour is sm oothed out.

For exam ple, i f  we consider heavy quarks w ith  M  T, they w il l  
have a typ ica l the rm a l m om en tum  p and ve loc ity  v of

p ~  V M T ,  v ~  V T / M  <C 1. (2 7 8 )
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Figure 2 3 : Spectral functions in the light quark channel divided by squared 
frequency to enhance the peak close to the origin. The vertical 
dashed line indicates the mass of the p meson from [9 ].

The system is then considered non-re la tiv is tic . Since p $̂> T  i t  takes 
m any co llis ions to change the m om entum  substantia lly. It  is then a 
good a pp ro x im a tio n  to m odel the in teraction  o f the heavy qua rk  w ith  
the m e d ium  as uncorre la ted m om entum  kicks. This is done by the 
Langevin  effective theory  [9 3 - 9 5 ]:

^  =  ?;(<) -  GPi / (£i ( t )£j ( t ' ) )  = g ( 2M T ) 6i j S ( t - t ' ) . (2 7 9 )

Here 9 is a m om en tum  drag coeffic ient and delivers random  m o
m entum  kicks. F o llo w in g  [9 3 - 9 5 ], th is  theory pred icts  a Lorentzian 
fo rm  fo r the transfer peak:

P h q ( v ,  T)  oc m  »  T . (2 8 0 )
v  - f  cy

N ote how  the delta func tion  is recovered in  the l im it  9 0 , w h ich
supports the fact that, in  a free th e o ry  the mean free path is in fin ite
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Figure 2 4 : Spectral functions in the strange quark channel d ivided by squared 
frequency to enhance the peak close to the origin. The vertical 
dashed line indicates the mass of the (p meson from [9 ].

and transpo rt coefficients diverge. The case o f massless quarks can be 
treated w ith  pe rtu rba tion  theory  and the B oltzm ann equation  [7 , 9 4 , 9 6 ] 
and results in  a spectral fun c tio n  w h ich  has the same func tiona l fo rm  
o f Eq. (2 8 0 ).

These theoretical expectations are q u a lita tive ly  present in  o u r data. 
In  Fig. 21  and Fig. 2 2  we p lo t the ra tio  p (w ) / c o T ,  w here, accord ing  to 
Eq. (1 6 4 ), the co n d u c tiv ity  a / T  is p ro p o rtio n a l to the in tercept. This 
is m an ifes tly  dependent on the tem perature: it  vanishes at lo w  T and 
it  is non-zero w hen T >  0.76 Tc. This w i l l  be investigated fu r th e r in  
section 6 .2 .

From  Eq. (1 8 0 ), we know  tha t a stable meson state con tribu tes  w ith  
a 5 fun c tio n  peak to the spectral func tion :

P(u> ) ~ \ { 0 \ I h \H ) \ 2 6 (p 2 - M 2) ,  (2 8 1 )

w here  M  is the mass o f the state. W hen the system is heated up, the 
the rm a l effects change the delta fun c tio n  in to  a smeared peak, w ith
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Figure 2 5 : Temperature dependence of Cg^a/T,  including the contributions 
from the up, down and strange channels as in Eq. (2 4 6 ). The verti
cal size of the rectangles reflects the systematic uncertainty due to 
changes in the default model, when varying 0.4 <  b <  1. The error 
bars instead include the statistical jackknife error as well.

a de fin ite  the rm a l w id th , w h ich  increases w ith  tem perature. The con
tr ib u tio n  from  the mesonic state in  the spectral func tion  becomes, at 
su ffic ie n tly  h ig h  tem peratures, very broad and even tua lly  disappears. 
Th is is o ften referred to as melting o f a hadron ic  state.

Th is effects are show n in  Figs. (2 3 ) and (2 4 ), where the spectral func
tion  p{co) is d iv id e d  by the squared frequency u’2 in  o rde r to enhance 
the bound  state peak. The vertica l dashed line  is a zero tem perature  
estim ate fro m  [9 ] o f the mass of the bound  state. This is represented by 
the p partic le , in  case o f the lig h t quark  channel (Fig. 2 3 ) and by the (p 
meson fo r the strange one (Fig. 2 4 ). A t tem peratures T  <  TC/ i.e. be low  
the deconfinem ent trans ition , the spectral func tion  shows a clear peak 
at the pos ition  o f the bound  state mass co ~  A4. As the tem pera ture  is 
increased, the peak becomes broader and b roader u n til it  is no longer 
d is tingu ishab le  at T >  1.27 T C.
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Figure 2 6 : Comparison between light and strange quark conductivities.

6 .2  C O N D U C T I V I T Y

The e lectrical c o n d u c tiv ity  a  is extracted fro m  the spectra l functions 
show n above by tak ing  the lo w  frequency l im it3:

1 / ̂  \
a =  -  l im  - ------ w ith  a =  £7em, (2 8 2 )

6  a>-»0 OJ

w here Cem has been in troduced  in  Eq. (2 7 6 ). The results fo r the tem 
perature  dependence o f a / T  are show n in  Fig. 2 5  fo r a ll the available 
tem peratures s tra d d lin g  the QGP trans ition .

We observe an increase in  a / T  as the trans ition  to  the deconfined 
phase is m ade, w ith  the rise s ta rting  a lready be low  Tc. For tem pera
tures ly in g  deep in  the confined reg ion, i.e. T <  0.75 TC/ the co n d u c tiv 
ity  is com patib le  w ith  zero. A ro u n d  Tc it  rises up  to ~  0.05 and then 
keeps increasing. W hen the tem pera ture  reaches T =  352 M eV its value 
is a lm ost 5 tim es b igger, w ith  a / T  «  0.3. We note tha t since the tra n 
s ition  is a crossover (see section 2 .5 ), a sm ooth behav iou r between the 
cold and ho t regim es m ay be expected. The co n d u c tiv ity  m ig h t be u n 
derestim ated be low  TC/ w here  the transpo rt o f charged hadrons m ust 
contribu te . These m ig h t lead to a n a rro w  transport peak, whose deta ils 
cannot be resolved by the Euclidean co rre la to r (9 5 ].

3 See section 3.3 for more details.
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Figure 2 7 : Dependence of the conductivity C ^ a / T  on the parameter b in the 
default model. Stability is achieved for b >  0.4.

In Fig. 26 we can see how a / T  depends on the quark mass used 
in the inversion of the Dirac operator. Results for the strange sector 
show a smaller conductivity than the light one, especially below the 
crossover region.

6.3 S T A B I L I I T Y  T E S T S

In chapter 4, we discussed how the inversion of Eq. (274) to obtain the 
spectral function p represents an ill-posed problem. This means that, 
independently from the tool adopted to perform the task, the results 
are bound to suffer from systematic uncertainties and it is important 
to keep them under control. The MEM method was introduced in the 
context of QCD around 10 years ago, but few groups have used it 
since [40, 69, 97- 99]. It is then highly desirable to rely on a series of 
tests, which w ill be shown in this section, to check the robustness of 
the results obtained.
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Figure 2 8 : Stability tests for the MEM reconstruction. The conductivity 
C ^ a / T  is plotted when only a subset of the available time slices 
is used.

As we antic ipa ted  in  section 4 .2 , we can va ry  the in te rva l o f E uc li
dean po in ts used in  the process:

We kept r max =  N r /2 ,  b u t exp lored the effect o f chang ing r mjn =  
1 , . .  . ,4.  We found  that s ta b ility  was achieved w hen r mjn >  3. The re
sults show n fo r the co n d u c tiv ity  a  in  Figs. 2 5 - 2 6  were obta ined w ith  
Tmin — 4. S im ila rly , we varied the to range w ith  0 <  cv <  cumax and 
found  s ta b ility  p rov ided  mmax ~  3 — 5; here we used cvmax =  3. A lso, 
we discretised the frequency in te rva l (see Eq. 2 2 0 ) w ith  =  1000 
points. Increasing it  to N u, =  2000 produced no d ifference in  the re
sults.

In section 4 .6 , we in troduced  the de fau lt m ode l m(cv) used in  ou r 
analysis. It  is quadra tic  in  to, in  o rde r to m atch the theore tica l expecta
tions lis ted in  section 6 .1  and we choose it  to have a m in im a l num ber 
o f param eters:

m((o) =  mo(b co)uj . (2 8 4 )

The n o rm a liza tion  coeffic ient wo is dete rm ined  by a x 2 f it  to the cor
relator. In absence o f data, the de fau lt m odel m(co) becomes the m ost 
probable spectral func tion , so tha t the param eter b pe rm its  a non-zero 
value o f the in tercepts o f m(cv)/co,  i.e. a non-zero conductiv ity . V ary
ing  b e ffective ly changes the de fau lt m odel and it  p rovides a crucia l

— Tmax Tm jmin • (2 8 3 )
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test to  v e rify  the  robustness o f o u r results. The dependence on  b o f the 
co n d u c tiv ity  is show n  in  Fig. 27. I t  is clear h o w  se tting  b =  0 shou ld  
be avoided, since i t  u n n a tu ra lly  pushes the c o n d u c tiv ity  to  zero. In 
stead, w h e n  b >  0.4 the va lue  fo r a  stabilises, fo rm in g  clear p la teaux. 
A  la rger se n s itiv ity  to  b at the h ighest tem pera ture  is to  be expected, 
since a sm a lle r n um b e r o f tim e  slices is availab le to  p e rfo rm  the M E M  
analysis.

F rom  the p o in t o f v ie w  o f the M E M  a lg o rith m , i t  is clear h ow  a 
h ig he r re so lu tio n  in  the co rre la to r G ( r )  is m ore  desirable. In  o u r case, 
th is  was achieved b y  the in tro d u c tio n  o f the anisotropy. In  o rde r to  
ju s t ify  th is  choice a pos te rio ri, w e ru n  M E M  us ing  o n ly  a subset o f 
the availab le tim e  slices in  the corre la tor, and check w he the r the resu lt 
is stable. Th is is show n  in  Fig. 28, w here  the red sym bols use a ll the 
availab le p o in ts  4 <  r  <  N T/  2, the b lue  ones use o n ly  the even tim es 
slices t  =  4, 6, 8, . .  . , N t / 2, w h ile  the green ones use one every three 
t  =  4, 7, 10, . . .  w h ic h  is ro u g h ly  the n um be r o f p o in ts  availab le w ith o u t 
the anisotropy. I t  is clear tha t fo r h ig h  tem peratures, the an iso tropy  is 
cruc ia l to  extract a s igna l fo r the conduc tiv ity . For co lder ensembles the 
resu lt is instead stable.

The num be r o f E uclidean  p o in ts  availab le in  the co rre la to r w i l l  de
crease as the tem pera tu re  is raised. One m ig h t th in k  tha t th is  d iffe rence 
in  the extent o f G ( r )  is responsib le  fo r  the T-dependence o f the con
d u c tiv ity , ra the r than  a genu ine the rm a l effect. To show  tha t th is  is n o t 
the case, we ru n  the M E M  analysis on corre la tors at d iffe re n t tem pera
tures, b u t constra ined  to  have the same num be r o f tim e  slices, w h ic h  is 
achieved b y  sys tem atica lly  d isca rd ing  the last p o in ts  in  co lder ensem
bles. A  g raph ica l represen ta tion  o f the procedure  is show n in  Fig. 29. 
We observe excellen t s ta b ility  as the Euclidean tim e  range is varied.

6.4 S U S C E P T I B I L I T I E S

A n  estim ate o f the flu c tu a tion s  o f a conserved charge in  an excited 
m e d iu m  can p ro v id e  use fu l phys ica l in fo rm a tio n . In  fact, these f lu c tu 
ations can be m easured [100] in  heavy-ion  co llis ion  experim ents (d is
cussed in  section 2.6), so tha t a com b ina tion  w ith  a f irs t p rin c ip le s  
la ttice  Q C D  ca lcu la tion  is possible, w h ic h  can then p ro v ide  a re liab le  
the rm om ete r fo r such experim ents.

The flu c tu a tio n s  are q ua n tifie d  b y  the susceptib ilities, w h ic h  are the 
second o rde r de riva tives o f the free energy w ith  respect to the chem i
cal po te n tia l associated w ith  the investiga ted  charge. In  pa rticu la r, the
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qua rk  n um be r dens ity  n,- and the qua rk  num be r suscep tib ilities Xi are 
defined  as:

T _ 3 _

V d f i f
In  Z , Xij

T  d2 
V  dj l jd j l j

In  Z (285)

H ere Z  is the p a r tit io n  fu n c tio n  o f Q CD, in troduced  in  chapter 1 (see 
Eq. 101) and are the qua rk  chem ical po tentia ls  fo r each flavour, w ith  
i 6  { l , s } ,  w here  I stands fo r " lig h t", as we are conside ring  degenerate 
u p  and d o w n  quarks, and s fo r strange.

We n o w  proceed w ith  some technica l rem arks. I t  is usefu l to  in tro 
duce the fo llo w in g  terms:

T\

j ' i j
3

T  
( y  Tr

T
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lv Tr
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b - ' | £ '
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d - ' | £ d - ' | £
dfi j  dm_
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_ j 32D

) ,

Tr
jd D

D ~  JT~

) .

) ,

(286a)

(286b)

(286c)

w here  D  is the D irac  opera tor de fined in  Eq. (238), T  is the tem perature  
and V  is the phys ica l vo lum e. The term s T\, T2, T4 are called connected 
since they o n ly  conta in  one trace, w h ile  T3 is ca lled disconnected. In  
A p p e n d ix  A .3 we w i l l  see that, fro m  a num erica l p o in t o f v iew , i t  is the 
m ost expensive to  evaluate.

The quan tities  de fined  in  Eq. (285) can then be re w ritte n  us ing  the 
d e fin itio n s  above. We obtain:

ni =  T [ ,

X u  =  - ( T \ ) 1 +  T i2 +  V i - T \ ,

Xi j  =  - T { T {  +  T1]  (here ! / ; ' ) •

(287a)

(287b)

(287c)

The la ttice  eva lua tion  o f the d iffe re n t T  term s o f Eq. (286) has been 
done in  co llabo ra tion  w ith  P. G iud ice  [5] and the results are show n 
in  Fig. 30. N o te  tha t we o n ly  used lattices w ith  spatia l extent N s =  
24, see Table 2 fo r  m ore  details. The num erica l eva lua tion  has been 
carried  o u t us ing  no isy  estim ator techniques, w h ic h  are described in  
A p p e n d ix  A .3. In  pa rticu la r, we used N v =  9 noise vectors £,■ fo r the 
connected term s T2, T4 and N v =  100 fo r the d isconnected te rm  T3. For 
the N T =  40 ensemble, th is  was increased to  N v =  200.

We can see tha t o n ly  the connected term s T2 and T4 con tribu te  s ig n if
ica n tly  to  the suscep tib ilities  in  Eq. (287). N o te  h o w  the term s re la tive  
to  the l ig h t  qua rk  channel are considerab ly b igge r than  the strange 
ones. In  [101], a h o p p in g  param eter expansion p red ic ted  a negative
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Figure 3 0 : Terms T2, T4 and T3.
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Figure 3 1 : Quark number susceptibilities for light Xn and strange Xss quarks.
A ll the quantities are normalised w ith  respect to the value obtained 
for free massless Wilson fermions on the lattice.

va lue fo r the term  T 3 . This is, w ith in  errors, consistent w ith  ou r results 
in  Fig. 3 0  (Bottom ). The o ff-d iagona l term  T35, representing the corre
la tion  between d iffe ren t flavors, is expected to be d iffe ren t from  zero, 
as show n in  the context o f H ard  therm al loop  (H T L) pe rtu rb a tion  the
o ry  [ 1 0 2 ]. M ore  recent lattice ca lcu lations [ 1 0 3 ] have show n tha t T^s 
has a clear d ip  in  the crossover region. O u r results are consistent w ith  
this, b u t also com patib le  w ith  zero, both  at low  and h igh  tem pera ture, 
w h ich  m ig h t be a consequence o f ou r ra ther large p ion  mass. The o n ly  
negative non-zero value is achieved fo r TJS at the tem pera ture  o f 156 
MeV.

In  Fig. 3 1  the qua rk  num ber suscep tib ilities o f Eq. (2 8 5 ) are show n 
separately fo r lig h t and strange quarks. They exh ib it a rap id  rise in  
the crossover reg ion; at low  tem perature  they are sm all due to quark  
confinem ent, b u t at h igh  tem perature they are large and approach the 
ideal gas lim it.  We note that fluc tua tions have also been used to probe 
quark deconfinem ent [ 1 0 4 ] by s tud y in g  event-by-event flu c tua tions  o f 
charged partic le  ratios [1 0 5 ].

We also consider the second o rder suscep tib ilities  o f baryon num ber, 
e lectrical charge and isospin, w h ich  have been stud ied  by m any groups 
in  the past [ 1 0 3 , 1 0 6 - 1 0 8 ]. These are defined as:
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Figure 3 2 : Electrical Xq> Isospin Xi ar>d Baryonic susceptibilities are shown 
for different values of the temperature T. A ll the quantities are 
normalised w ith  respect to the value obtained for free massless 
Wilson fermions.

E lectrical charge: 

T d In Z  3

V a/'Q fci dl lQ
(2 8 8 )

Baryon num ber:

„  r a in z  3 3B 2 , 3

B =  V  =  g " "  * B =  =  g + ̂  * "  ■ (289)
Isospin (w ith  /// =  — ; /u):

T d2 In Z _  1 T 
V 0//2 “  4 V

1 2
=  5 ?  

*  /= !

a2 In Z  a2 In Z a2 in  z
+  —  —  - 2 ;

a//f, a//; d}iud}ld

V2 - V A (2 9 0 )

N ote  how  x i  depends o n ly  on the term s T2 and T4 b u t no t T3 w h ich , 
from  a num erica l p o in t o f v iew , is the m ost expensive q u a n tity  to deter
m ine  since it  comes fro m  a disconnected d iagram . The results fo r these
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quan tities  are show n in  Fig. 32, where they have been norm a lised  by  
th e ir va lue in  the free massless W ilson case.

For x i  and X q * a steep increase is observed above 150 M eV and fo r 
T  >  250 M eV  the va lue o f X i is above 85% o f the S tefan-Boltzm ann 
value. As we discussed in  section 5.4 regard ing  the Euclidean corre la
tors, th is  m ig h t be considered as a system atic e rro r due to  the uncer
ta in ty  a ffecting  the la ttice  an iso tropy and the d if f ic u lty  o f d e fin in g  the 
la tte r in  the free theory.

The va lue o f the electrical charge suscep tib ility  reaches an apparent 
sa tu ra tion  va lue above 250 MeV. This resu lt w i l l  be used in  Section 6.5 
to  de te rm ine  the d iffu s io n  coefficient.

The data fo r the baryon  num be r suscep tib ility  present la rger e rro r- 
bars due to  the d iffe re n t com bina tion  o f the term s in  Eq. (286). The 
resu lt c lea rly  shows the release o f baryon  degrees o f freedom  w hen  
the system  undergoes the tra ns ition  fro m  confined to  QGP matter.

6.5 D I F F U S I O N

In  the long  w ave length  lim it,  the corre la tor Eq. (181) can be described 
by  the d iffu s io n  equation. Th is can be seen as a lo w  energy effective 
theo ry  w h ic h  can be solved b y  coup ling  the equation  fo r the cu rren t 
conservation  to  some constitu tive  equation. These are expressed in  
term s o f a de riva tive  expansion w ith  u n kn o w n  param eters, w h ic h  are 
de te rm ined  by  a m atch ing  procedure w ith  Q CD. We fo llo w  here the 
trea tm ent o f [35, 96] and w rite  dow n  the constitu tive  equation  fo r the 
e lectrica l cu rren t Jem in  presence o f an externa l e lectric fie ld  E as:

Jem =  —DVQH-C7E +  h ighe r order te rm s . . .  (291)

w here  D  is the d iffu s io n  coefficient, and Q  is the e lectrica l charge o f 
Eq. (288).

In  the H a m ilto n ia n  describ ing the evo lu tion  o f th is  system, bo th  ] I q  

and Ao couple  to the charge density, w h ich  im p lies  tha t a p e rtu rb a tion  
o f the fo rm  H q ( x )  +  A q(x) =  0 leaves the system  unaffected. The con
sequence is tha t in  Eq. (291) the coefficients in  fro n t o f these quantities  
are n o t independent, so tha t we have:

^  (7 .
D  =  — , (292)

XQ

w here  X q  is the e lectrical charge suscep tib ility  de fined in  Eq. (288). The 
conservation  law  fo r the cu rren t 3/^ e m M  =  0 can then be solved in  
the presence o f an electric fie ld  in  the long  w ave length  l im it  [96, 109], 
y ie ld in g  a resu lt fo r  the e lectrom agnetic spectra l fun c tio n  s im ila r to  
tha t o f Eq. (280). In  fact, the d rag coefficient g appearing  in  Eq. (280) is 
d ire c tly  re la ted to  D  b y  D  =  T /(m g )  [110].
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Figure 3 3 : The diffusion coefficient D of Eq. (2 9 2 ) as a function of the tem
perature. The vertical size of the rectangles reflects the systematics 
from the estimate of the conductivity (see Fig. 2 5 ), while the error 
bars include the statistical jackknife error from both <7 and Xq- A 
noisier value for the latter is responsible for the larger uncertainty 
at low T.

In Fig. 3 3 , we p lo t ou r resu lt fo r the d iffu s io n  coeffic ient, obta ined by 
tak ing  the ra tio  between ou r la ttice eva lua tion  o f a  and x q ■ Despite the 
large e rro r bars, one can see tha t D is o f the o rde r (2 7 iT )_1 and shows 
a d ip  in  the crossover region. S im ila r conclusions were found  in  [1 1 1 ], 
w here the authors com bined o u r data fo r the lig h t quarks co n d u c tiv 
ity  w ith  the results fo r the su scep tib ility  fro m  [1 0 3 ]. The results fo r D 
were then used to s tudy  the charge density  fluc tua tions w ith  stochastic 
hyd rodynam ics  in  Q C D  m atte r unde rgo ing  B jorken expansion.

6 . 6  D I S C U S S I O N

The e lectrica l co n d u c tiv ity  o f the qua rk -g lu o n  plasma has been the 
subject o f m any studies in  the past [8 , 3 4 , 3 6 - 4 1 , 6 8 , 1 1 2 - 1 2 0 ].

M any attem pts have been m ade to describe the tem perature  depen
dence o f cr by e ither some effective Q C D  m odels o r sem i-ana lytica l 
tools [8 , 3 4 , 3 7 , 3 8 , 1 1 2 , 1 1 4 - 1 2 0 ]. A  deta iled  analysis o f them  is out 
o f the scope o f th is thesis, here instead we lis t them  fo r the interested 
reader: the ca lcu la tion  in  p e rtu rb a tion  theory  [8 , 3 4 ]; the c o n d u c tiv ity
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Figure 3 4 : Temperature dependence of the electrical conductivity a / T  in 
the light sector compared w ith  previously obtained results: dia
monds [4 0 ], circle [3 9 ], hexagon [6 8 ], triangle [1 1 2 ]. Note that the 
Nf  =  0 results are inserted matching the values of T / T c.

o f a gas o f p ions [ 1 1 4 , 1 1 5 ]; the d ilu te  in s tan ton -liqu id  m odel [ 1 1 6 ]; a 
ca lcu la tion  using the D yson-S chw inger m ethod [ 1 1 2 ] (also show n in  
Fig. 3 4 ); an approach in v o lv in g  the o ff-she ll P arton -H adron-S tring  D y 
nam ics (PHSD) [ 1 1 7 ]; results obta ined via the re la tiv is tic  Boltzm ann 
equation [1 1 8 , 1 1 9 ] and a ho log raph ic  ca lcu la tion  [3 8 ].

N o w  we discuss results in  the context o f la ttice  QCD, obta ined by 
other g roups [3 6 , 3 9 - 4 1 , 6 8 , 1 1 3 ]. An early s tudy  of the c o n d u c tiv ity  
was perfo rm ed in  2 0 0 4  by G upta [4 1 ], using a quenched ca lcu la tion  
w ith  staggered ferm ions. N ote that m atch ing  the physical degrees o f 
freedom  in  the staggered fo rm u la tio n  is troublesom e and the E uc li
dean corre la tor Gem receives a signal from  an opposite  p a rity  partner, 
w h ich  effective ly reduces the num ber o f usable po in ts in  the tem pora l 
d irection . Results were obta ined by f it t in g  the Fourie r transfo rm  o f the 
e lectrom agnetic corre lator, w h ich  gave a / T  =  7  at 1 .5  <  T / T c <  3 .0 , 

w here the critica l tem perature  in  pure  S U { 3 )  gauge theory is a round 
290 MeV.

In  2 0 0 7 , another la ttice s tudy w ith  staggered fe rm ions was perfo rm ed  
by A arts et al. [4 0 ] us ing  the same M E M  m ethod as in  th is thesis. They 
found  a value a / T  =  0 .4 ( 1 )  correspond ing  to T / T c =  1.5, represented 
by a green d iam ond  in  Fig. 3 4 .

0.75 1
T / T c

1.25 1.5 1.75
m

^  Nf  -  0 (Aarts et al. ’07) 
O N f =  0 (Ding et al. ’11) 
e  N f =  2 (Brandt et al. ’12) 
B N f =  2 + 1  (This work)

A Dyson-Schwinger (Qin - ’13)

tit
I



6.6 D IS C U S S IO N

A  quenched s tud y  us ing  W ilson-C love r fe rm ions  w ith  a co n tin u u m  
l im it  extrapo la tion , was pe rfo rm ed  in  2011 b y  D in g  et al. [39]. The 
c o n d u c tiv ity  was obta ined as a resu lt o f f it t in g  the co rre la to r us ing  a 
s im p le  ansatz fo r the spectra l fun c tio n , fea tu rin g  a B re it-W igner te rm  
and a free spectral func tion . The resu lt was 0.33 <  a / T  <  1 a t a tem 
pera tu re  o f T  — 1.45 Tc [39] and i t  is represented by  the orange circle 
in  Fig. 34. Th is w o rk  was then extended in  [36, 113] b y  Kaczm arek et 
al. to  the tem peratures 1.1 Tc, 1.2 Tc and 1.4 TC/ fo r  w h ic h  the authors 
fo u n d  no  tem pera ture  dependence fo r a  w ith in  the system atic errors.

In  [68], B rand t et al. p roduced  a Ny =  2 la ttice  ca lcu la tion  w ith  
W ilson-C lover ferm ions. The d ifference o f the the rm a l and zero tem per
ature  spectral functions was constra ined us ing  an exact sum  ru le . This 
was then fitte d  us ing  an ansatz w ith  m any coeffic ients to  param etrize  
the transpo rt and bou n d  state peak and the d ev ia tion  fro m  the free the
o ry  o f the spectral func tion . They obta ined a / T  =  0.40(12) a t T  =  250 
M eV as show n in  Fig. 34.

O u r results, show n as w e ll in  Fig. 34, are the firs t Ny =  2 +  1 cal
cu la tion  o f a  over a w id e  range o f tem peratures across Tc. Ins ide  the 
QGP, they are com parable w ith  the ones described above, b u t we have 
fo r the firs t tim e  observed an increase o f a, w h ic h  starts a lready in  the 
confined  phase.





C O N C L U S I O N S

In  th is  thesis, we s tud ied  the tem pera ture  dependence o f the e lectrica l 
c o n d u c tiv ity  and the charge d iffu s io n  coeffic ient, in  the fra m e w o rk  o f 
la ttice  QCD.

We used a c love r-im proved  fe rm io n  action w ith  Ny =  2 +  1 flavors on 
an iso trop ic  lattices [9 ,10 ]. In  p a rticu la r we w o rke d  w ith  an an iso tropy 
o f J  =  as/a t  =  3.5 w ith  at =  0 .03506(23) fm  on lattices w ith  spa
tia l extension N s =  24,32 and a tem pora l extension va ry in g  between 
N T =  16 +  128. We scanned a tem pera ture  range between 43 M eV and 
352 M eV  w ith  a c ritica l tem pera ture  o f Tc =  185(4 ) MeV, w h ic h  is es
tim a ted  by lo o k in g  at the in fle c tio n  p o in t o f renorm a lized  P o lyakov 
loops.

We s tud ied  the conserved vector cu rren t, w h ic h  tho u gh  m ore  expen
sive to  com pute , does n o t requ ire  any reno rm a liza tion . We analysed 
the ra tio  o f the corre la tors between the in te rac ting  and the free the 
o ry  and no ticed  tha t they tend to  c luster toge ther in  the QGP phase, 
w here  they approach clear p la teaux. The n um erica l va lue  o f the la t
ter is d iffe re n t fro m  1, w h ic h  m ig h t be due e ithe r to  the in fluence  o f 
the u n ce rta in ty  on the an iso tropy o r d isc re tiza tion  artefacts. A  d e fi
n ite  answer can be g iven o n ly  b y  tak ing  the co n tin u u m  lim it .  We also 
com pared the rm a l corre la tors w ith  th e ir vacuum  va lue at T  ^ 0 ,  and 
fo u n d  o u t tha t they d iffe r b y  m any orders o f m agn itude . The vo lum e  
effects have been estim ated b y  inspecting  the ra tio  between corre la tors 
obta ined in  the N s =  32 and in  the N s =  24 ensembles and appeared 
to  be neg lig ib le .

Spectral func tions  p( cv) in  the e lectrom agnetic channel were extracted 
fro m  the corre la tors us ing  the M a x im u m  E n tropy  M e thod  (M E M ) w ith  
a m o d ifie d  vers ion  o f the B ryan a lg o rith m  [40, 69, 73]. A t  lo w  tem per
ature we fo u n d  evidence fo r a b o u n d  state peak co rrespond ing  to  the 
mass o f the vector meson (p o r (p), w h ic h  matches had ro n  spectroscopy 
ca lcu lations carried  o u t at zero tem pera ture  [10]. The peak surv ives u n 
t i l  T  ~  Tc and is then no  longe r d is tingu ishab le  at h ig he r tem peratures. 
W hen p lo tt in g  p(cv )/cvT  w e see a transpo rt peak at the o rig in , whose 
in te rcep t depends on the tem pera ture. I t  is absent at lo w  tem peratures 
and appears w hen  T > 0.76TC.
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The co n d u c tiv ity  is obta ined fro m  the low -frequency l im it  o f p ( to ) / to  
b y  us ing  the K ubo  re la tions fo r a ll the available tem peratures. I t  is 
non-zero  in  the crossover reg ion  and rises sm oo th ly  u n t i l  i t  reaches 
a / T  «  0.3 at the h ighest tem perature. Ins ide  the QGP its va lue  is 
com patib le  w ith  p re v io u s ly  obta ined results [36, 39, 40, 68, 113], w h ile  
fo r the f irs t tim e  its tem pera ture  dependence is evaluated fro m  la ttice  
Q CD.

The M E M  reconstruction  has been subject to  several tests to  ensure 
the robustness o f the results. F irst, we check the independence fro m  the 
d e fa u lt m ode l m(co) =  moto(b +  to) by  va ry in g  the va lue o f b between 
0 and 1. We fo u n d  tha t fo r  values o f b >  0.4 the co n d u c tiv ity  stabilises 
in to  a p lateau, w h ile  fo r sm a ll b i t  is u n n a tu ra lly  forced to  0 . Th is 
system atic effect is taken in to  account in  the fin a l e rro r b y  cons idering  
a ll the values w ith  b >  0.4 .

The im pact o f the anisotropy, i.e. hav ing  m ore  tim e  slices available in  
the corre la tor, is checked b y  p e rfo rm in g  the M E M  reconstruction  us ing  
o n ly  a subset o f the availab le po in ts. Th is leads to  h ig h  ins tab ilities  at 
h ig h  tem peratures w here  N T is sm all, w h ic h  shows how  the an iso tropy 
pays o ff in  th is  regim e.

The susceptib ilities x  f ^ e baryon , e lectrica l and isosp in  charge 
have been evaluated. These are expressed as a lin e a r com b ina tion  o f the 
d iagona l and cross term s fo r the qua rk  num be r susceptib ilities, w h ich  
are then n um e rica lly  evaluated us ing  stochastic estim ators. The d iscon
nected piece are sm all and, in  m ost cases, com patib le  w ith  zero. A l l  the 
suscep tib ilities  experience a steep increase at the crossover p o in t, at the 
low est tem pera ture  o f 141 M eV are d iffe re n t fro m  zero and at h ig h  tem 
perature  they reach 85% o f the S tefan-Boltzm ann value.

F ina lly, we calculated the charge d iffu s io n  coeffic ient b y  tak ing  the 
ra tio  between the e lectrica l co n d u c tiv ity  and the electrical charge sus
cep tib ility . This is affected by  ra the r large e rro r bars and i t  varies be
tw een 0.5 - I-  2 x  (27r T ) -1 , show ing  the signs o f a d ip  in  the crossover 
region.

The analysis presented in  th is  thesis is based on data at non-zero  
la ttice  spacing. I t  w o u ld  be in te res ting  to  repeat the analysis in  the con
t in u u m  lim it ,  as has been done in  the quenched theo ry  [36, 39, 113]. 
In  th is  respect the results obta ined  here shou ld  be regarded as p re lim i
nary.



A P P E N D I X

A . l  G A M M A  M A T R I C E S

The E uclidean gam m a m atrices 7^ w ith  }i =  0, 1, 2,3  sa tis fy  the a n ti
co m m u ta tio n  re la tions:

{7 ^ / 7 v}  —  • (293)

In  th is  w o rk , w e choose the so-called ch ira l representation  [14], w here  
75 — 7 o 7 i7 2 7 3  is  d iagonal. They are defined  as:

T o  =

72 =

75 =

(  0 0 - 1 0 ^ ^0 0 0

0 0 0 - 1 0 0 —i 0
7 i  =

- 1 0 0 0 0 i 0 0

- 1 0 0 ) V 0 0 0 ^

(  0 0 0 - 1 ^ ^0 0 —i 0^

0 0 1 0 0 0 0 i
73 =

0 1 0 0 i 0 0 0

l - l 0 0 0 \0 —i 0 Q)

(1  0 0 0 ^

0 1 0 0

0 0 - 1 0

^0 0 0 - 1 /

(294)

A . 2  D I M E N S I O N A L  A N A L Y S I S

In  th is  append ix  we w a n t to  derive  the d im ens ion  o f the spectra l func
tio n  p(cv) in  term s o f the tem po ra l at and spatia l as la ttice  spacing. In  
th is  context, we w i l l  label w ith  "p h ys " quantities  w h ic h  ca rry  a d im e n 
sion Ophys. D im ension less quantities , like  the ones obta ined fro m  the
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la ttice, do  n o t ca rry  any label instead. Let us consider the d im ens ion - 
less D irac  ope ra to r we use in  o u r s tudy (see Eq. 238). N eg lec ting  its 
mass, i t  has the fo rm :

1
D  =  0 O +  -z- T ]  +  clover 

V i
(295)

We can consider the free case w ith o u t any loss o f genera lity  so that: 

xp(x +  0) -  ip(x — 0)
D 0tp(x) =  

D jip (x )  =
ip (x  + 1) — tp(x — i)

(296)

(297)

The action  then  assumes the fo rm  (neglecting the clover term ): 

S = a ja ,  J ^ f rt” ( x )M * ‘” tp!* ’ ‘ (x )

1 1 -

—y phys(x)V>0tppbys(x ) +  — — ^ i / 7 phys(x )0 , i/ ;phys(x)
a‘ t f  i

We re m in d  tha t the an iso tropy is defined as 

as =  £ &t /

(298)

(299)

so the spa tia l D irac  te rm  has effective ly a as 1 in  fro n t o f it. In  Eq. (238) 
the facto r at then  d rops ou t and we are le ft w ith :

s  =  « ? E
1 _

xf)phys(x )0o tppbys(x ) +  —  V ip pbys( x ) 0 ixppbys(x ) 
V  i

(300)

I f  we a p p ly  the su bs titu tion

r bys =  a;

w e obta in

s  =  E ip ( x )0 o\p(x) +  — Y^ip(x)B>jtp(x) 
Sf i

(301)

(302)

w here  a ll the quan tities  are dim ensionless. The conserved curren t, de
fined  in  section 3.2, is:

Vj(m) =
2? /

ip(m  +  f ) ( l  + 7  

—i/ j(m ) ( l — 7 ,) ij>(m +  0 (3 0 3 )



A.2 D I M E N S I O N A L  A N A L Y S IS

Physically, the cu rren t is the a m oun t o f charge tha t flow s in  a u n it  
surface per u n it  tim e , so that:

V J ^  =  a - 2a p V i .  (304)

In  fact, we have

a - 2a~l
V?hys(m ) =  ŝ  ip(m  +  z ) ( l  + 7 i) ip(m) + . . .

=  - y - # ( ^  +  0 ( l  +  7  +

=  i ^ phys(m - f  f ) ( l  +  7 /) ipphys(m ) +  . . .  , (305)

w here  in  the second lin e  we used Eq. (299). Le t us consider the cu rren t- 
cu rren t corre lator. The vacuum  |0) is n o rm a lize d  as (0 |0) =  1 and the
o n ly  object tha t carries a d im ens ion  is the curren t. We w a n t to  com pute
the zero m o m e n tu m  l im it  o f the corre la tor:

G (t)» ”  = a 3s '£ { V f ‘’ - (5c,x0) V f ‘’ ‘ ( y , t  +  x 0) i ) (306)
P

= a 3s a~A a~2 £ (  V ^x , x0) V ^y , t +  x0)+ ) (307)
yJ

= a - l a~2G { t) .  (308)

N o w  the re la tion  to  the spectra l fu n c tio n  is (see Eq. 181):
rOO

G ( t ) =  du>p(u>)K(oo,t), (309)
Jo

w here  the frequency scales w ith  the tem po ra l la ttice  spacing as

o;pliys =  c v a j1 . (310)

M u lt ip ly in g  Eq. (309) b y  a~1a f 2 on  b o th  sides and us ing  (310) w e have:

fls“1flj~2G(f) = G(f)phys = J  dco a~1a ^ 1p (w )K (cv / t)

=  J  dcuphys a ^ 1aJ~1p(cv)K(cv, t) (311)

So it  m u s t be that:

Pphys =  a j 1 a~ l p . (312)

In tro d u c in g  the tem pera ture  as usua l

T = { a tN ty 1, (313)

and ta k in g  the d im ension less ra tio  betw een p(co) and T, w e have:

1 l  XT\a7 la S 1P 1 -1  PN t PN t , v— - —  =  (atN t ) —— - r ~  =  a :as (314)
T  o;phys v tJ coa~l CV u  ^

w here  we can see tha t a facto r o f the an iso tropy has to  be in tro du ce d  
in  o rder to  get the r ig h t resu lt.



A P P E N D I X

A.3  N O I S Y  E S T I M A T O R S

Here we w i l l  describe the stochastic m e thod  used to  evaluate the trace 
o f an N  x  N  m a trix , w here  N  is ve ry  large. These are w id e ly  used in  
the context o f la ttice  Q C D  fo r the ca lcu la tion  o f fla vo r s ing le t quan tities, 
also re ferred to as d isconnected diagram s. In  particu la r, we w i l l  e m p loy  
them  in  the ca lcu la tion  o f the suscep tib ilities discussed in  section 6.4, 
w here  in  the case o f Eq. (286), N  =  N c x  N d  x  N y  w ith  co lo r N c =  3, 
D irac  N o  =  4 and space-tim e N y  indices.

In  th is  m ethod , one generates an ensemble o f random , independent

fo llo w s  fro m  the p roperties o f the Gaussian in teg ra l and can be sym 
b o lic a lly  re w ritte n  in  the fo rm

n o isy  vectors. These are then used as a source fo r the inve rs ion  o f the 
D irac  opera tor (cfg. Eq. (264))

A  stochastic estim ate o f the inverse can then be obta ined on each 
gauge co n fig u ra tion  b y  an average over the noise vectors us ing  the 
fo rm u la :

In  the case one has to  evaluate the square o f a trace ( T r A ) 2, i t  is 
m ore  e ffic ien t to  use L  sets o f independent no isy  vectors [121,122]:

w here  (),• represent the estim ate fro m  the i —th  ensemble. The d iago 
na l term s are then n o t taken in to  account, as they w o u ld  in tro du ce  a 
bias in  the f in a l resu lt g iven by  a te rm  w hose re la tive  s ign ificance is 
0 (1 / 2̂ ) .  Th is is the reason w h y  the disconnected te rm  T3 in  Eq. (286) 
is n u m e rica lly  expensive to  obta in.

N —d im ens iona l com plex vectors f ,  w here  each com ponent £,■ is d ra w n  
fro m  a Gaussian d is tr ib u tio n  o f u n it  variance. The id e n tity

(3* 5)

(316)

w here  the average () is in tended  over the set {  g }  o f  the N v generated

D ,jS j — £,•. (317)

(Q  Si) =  D ,*1 <£* f t ) =  , (3^8)

fro m  w h ic h  the trace Tr D  1 can be obta ined by  se tting i =  j .

( T r A ) 2 =  ' (319)
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