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Abstract

A configuration space over a locally compact Polish space is the set of all
locally finite subsets (configurations) in this Polish space. (In most appli-
cations, it is sufficient to think of a Polish as a Euclidean space.) A con-
figuration describes positions of indistinguishable particles in an (infinite)
system of particles. A probability measure on the configuration space is usu-
ally called a point process. This dissertation deals with the so-called Glauber
and Kawasaki dynamics on the configuration space. A Glauber dynamics is a
stochastic dynamics of an infinite particle system in which particles randomly
appear (are born) and disappear (die). A Kawasaki dynamics is a Markov
process on the configuration space in which particles randomly hop over the
underlying space Polish space. Equilibrium Glauber and Kawasaki dynam-
ics which have a standard Gibbs measure as symmetrizing (and hence in-
variant) measure have been constructed and actively studied in recent years.
Lytvynov and Ohlerich extended this construction to the case of an equilib-
rium dynamics which has a determinantal (fermion) point process as invari-
ant measure. In 1975 Macchi introduced boson point processes. These point
processes are characterized by their correlation functions which have the form
of the permanent of a certain matrix constructed through a given correlation
kernel. This is why boson point processes are also called permanental point
processes. Shirai and Takahashi significantly extended the class of perma-
nental point processes, by including in it the so-called alpha-permanental
point processes whose correlation functions have a representation through
alpha-permanents introduced by Vere-Jones. All these processes belong to
the class of Cox point processes, i.e., Poisson point processes with random
intensity. The aim of the dissertation is to show that general criteria of ex-

istence of Glauber and Kawasaki dynamics are applicable to a wide class of



alpha-permanental point processes. We also consider a diffusion approxima-
tion for the Kawasaki dynamics at the level of Dirichlet forms. This leads
us to an equilibrium dynamics of interacting Brownian particles for which
an alpha-permanental point process is a symmetrizing measure. As a by-
product of our considerations, we extend the result of Shirai and Takahashi

on the existence of alpha-permanental point process.
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Chapter 1

Introduction

Let X be a locally compact Polish space. Let o be a non-atomic Radon
measure on X. In most applications it suffices to think of X as Euclidean
space R? and o(dz) = dz. Let I'x denote the space of all locally finite subsets
(configurations) in X. A probability measure on I'x is usually called a point
process.

Starting essentially with papers [1, 2] there have been a lot of activi-
ties related to equilibrium and non-equilibrium stochastic dynamics (Markov
processes) on I'y.

This dissertation deals with the so-called Glauber and Kawasaki dynamics
on the configuration space.

A Glauber dynamics (a birth-and-death process of an infinite system of
particles in X') is a Markov process on I' whose formal (pre-)generator has
the form

(LaF)(y) =) _d(z,7\z)(F(y\z) - F(7))

zE€Yy

+ [ old)be ) (FoUD) - PO, veTx (1)
Here and below, for simplicity of notation we write z instead of {z}. The
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coefficient d(z,~ \ =) describes the rate at which particle z of configuration
dies, while b(x,~y) describes the rate at which, given configuration v, a new
particle is born at z.

A Kawasaki dynamics (a dynamics of hopping particles) is a Markov

process on I' whose formal (pre-)generator is

(LxF)(7) = Y clz,y, “/\x)/Xd(dm)(F(“/\wa)—F(“/)), v€Tlx. (1.2)

€y

The coeflicient c¢(z,y,y \ ) describes the rate at which particle = of config-
uration 7 hops to y, taking the rest of the configuration, ~ \ z, into account.

Equilibrium Glauber and Kawasaki dynamics which have a standard
Gibbs measure as symmetrizing (and hence invariant) measure were con-
structed in [27, 28]. In [31], this construction was extended to the case of
an equilibrium dynamics which has a determinantal (fermion) point process
as invariant measure, For further studies of equilibrium and non-equilibrium
Glauber and Kawasaki dynamics, we refer to [8, 12, 13, 14, 15, 18, 20, 21,
23, 24, 25, 26, 29, 40] and the references therein.

In [37] (see also [36]) Macchi introduced boson point processes. These
point processes are characterized by their correlation functions which have
the form of the permanent of a certain matrix constructed through some
given correlation kernel. This is why boson point processes were also called
permanental point processes. Shirai and Takahashi [44] significantly ex-
tended the class of permanental point processes, by including the so-called
a-permanental point processes whose correlation functions have a represen-
tation through a-permanents introduced by Vere-Jones in [45] (Shirai and
Takahashi call them a-determinants). Such point processes are known to
exist for a wide range of correlation kernels if a=! € %N, ie, a = %l with

! € N. All these processes belong to the class of Cox point processes (see



e.g. [10, 17]), i.e., Poisson point processes with random intensity. In case of
permanental point processes, this random intensity is described in terms of
a Gaussian random field.

The aim of the dissertation is to show that general criteria of existence of
Glauber and Kawasaki dynamics which were developed in [31] are applicable
to a wide class of a-permanental point processes. We will also consider a
diffusion approximation for the Kawasaki dynamics at the level of Dirichlet
forms (compare with [23]). This will lead us to an equilibrium dynamics of
interacting Brownian particles for which an a-permanental point process is
a symmetrizing measure. As a by-product of our considerations, we will also
extend the result of [44] on the existence of a-permanental point process.

The dissertation is organized as follows. In Chapter 2, we will discuss
configuration spaces and general Cox point processes. In Chapter 3, we will
construct a-permanental point processes. To this end, we will construct a
random field which is Gaussian almost surely. In Chapter 4, we will briefly re-
call some facts related to the general theory of Markov processes and Dirichlet
forms. Finally, the main results of the dissertation are in Chapter 5. There
we will construct equilibrium Glauber and Kawasaki dynamics for which an
a-permanental point process is a symmetrizing (and hence invariant) mea-
sure. We will also discuss a diffusion approximation for the corresponding

Kawasaki dynamics.
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Chapter 2

Configuration space and Cox

point processes

In this chapter, we will present an overview of some basic definitions and
facts related to configuration spaces and point processes, in particular, Cox
point processes.

The standard references for sections 2.1-2.4 below are [10, 22, 35], the

references for Cox point processes (section 2.5) include [10, 17, 35, 39].

2.1 Spaces of finite and infinite configurations

Let X be a locally compact Polish space. Recall that a Polish space is a

metric space which is complete and separable. That is, there exists a metric

p on X, generating the topology, such that:

a) every Cauchy sequence {z,}2, in X converges in X (completeness);

b) there exists a countable subset Y of X whose closure Y is X (separability).
A set B C X is said to be topologically bounded if its closure B is

compact. Recall that a subset C of X is called compact if from any covering

11



{B;; 1 € I} by open balls one can extract a finite subset {B;,, ..., B;, } which
is again a covering of C.

Note that an open ball B(z,r) with centre at z € X and radius r > 0
need not be bounded in such a space. However, the condition that X be
locally compact means that one can always find € > 0, small enough, such
that the open ball B(x, ¢) is bounded, i.e., the closed ball B(z, ) is compact.

We denote by B(X) the Borel o-algebra in X, and by By(X) the collection
of all bounded sets from B(X).

A configuration space over X, denoted by I'x, is defined as the set of all

locally finite subsets (configurations) in X:
x:={yC X:|yNA| < oo for each A € By(X)}.

Here |A| denotes the cardinality of set A. We will often identify each v € 'x

with the Radon measure

v = 253.

zeEYy
Here 4, denotes the Dirac measure at . Thus, I'x becomes a subset of the

set My(X) of all Randon measures on X, i.e., all measures m on (X, B(X))
such that m(A) < oo for all A € By(X). Recall that Mo(X) has a stan-
dard topology, called the vague topology. This is the minimal topology with

respect to which each mapping of the form
MO(X)BmH<fam)€Ra fECO(X)7

is continuous. Here (f,m) := [, f(z)m(dz) and Co(X) denotes the set of
all continuous functions on X with compact support. We can now define
the vague topology on I'x as the relative topology of the vague topology
on My(X). Thus, the vague topology on 'y is the minimal topology with

12



respect to which each mapping of the form

Tx v~ (f,7) =) f@) €R, feCo(X),

z€y
is continuous.

In the vague topology, I'x becomes itself a Polish space (i.e., one can in-
troduce a metric on I'y which generates the vague topology and with respect
to which 'y is complete and separable.)

In fact, one can explicitly describe convergence in the vague topology in
I'x. So, a sequence {y™}%, converges to a v € 'y in the vague topology
if and only if, for any open, bounded set O C X such that (O\ O)Ny =@
(here O denotes the closure of O), there exist N € N and k € Ny := NU {0}
such that

WP Nnol=ynol=k

for all n > N, and one can introduce a numeration of points of ¥ N O =
{xi"), .. ,:):EC")}, n > N, and that of yNO = {z1,...,zx} such that xﬁ") —x;
in X asn—oo,fori=1,...,k.

We denote by B(I'x) the Borel o-algebra on I'y. In fact, B(I'x) is the

minimal o-algebra on I'y with respect to which each mapping of the form
Fx 37+ [yNA|, A€ Bo(X)

is measurable. A probability measure on (I'y, B(I'x)) is called a point process
in X.

We will also need the space of multiple configurations I'y. This space
is defined as the set of all Ng U {+0c0}-valued Radon measures. Thus, any
element % € I'y has a representation

y = Z n(z)dz, (2.1)

xEY
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where v € T'x and for each = € 7, n(z) € N. We will also endow I'x with the
vague topology. (Note that, informally, we may treat I'x as the configuration
space in which different particles may occupy the same position, n(z) in (2.1)
being the number of particles at point z.)
Let A € B(X). We denote by I'y ¢ the space of all finite configurations in
A:
Tap = {7 CA| il < oo}

(Note that if A is bounded, i.e., A € By(X), then I'y g = I'y.) Thus,
Tao=JT{,
=0

where I‘X’) is the space of all n-point subsets of A (for n =0, I‘ﬁ?) = {@}).

We can, of course, endow I'y o with the vague topology, and define B(I'5 o)
as the Borel o-algebra on I'y o. There is, however, another equivalent descrip-
tion of this o-algebra.

For each n € N, define
D, :={(z1,...,%,) € X" | z; = z; for some i,j € {1,...,n}, i # j}
(i-e., D, is the collection of all ‘diagonals’ in X™). Set
A™ := A™\D,. (2.2)
Define B(A™) as the trace o-algebra of B(A™) on A®. Define
I,: A* -

by

L(z1,...,22) = {21,...,Za}- (2.3)
Denote by B(I’X’)) the image of the o-algebra B(A™) under I,. Now, we have
that B(I'ap) is the minimal o-algebra on I'yo which contains all B(I’S\n)),
n € N (note that this implies that {@} € B(T'ap)).
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Let A € By(X). We call a set A C I'y local with respect to A if there
exits a set A C T'a(= T o) such that

A={yeTlx|yNAc A} (2.4)

We denote by By (I'x) the o-algebra of all sets from B(I'x) which are local
with respect to A. By identifying a local set A as in (2.4) with the set
A we may identify the o-algebra Ba(T'x) with a o-algebra on I'y. In fact,
this o-algebra coincides with B(I'y). Thus, we have identified the o-algebras
Ba(T'x) and B(T'4).

2.2 Poisson and Lebesgue—Poisson measures
in finite volume

Let X be as in Section 2.1. Let o be a Radon, non-atomic measure on
(X, B(X)) (recall that non-atomic means that o({z}) = 0 for each z € X).
Using the notations of section 2.1, we see that the set D,, C X™ is of zero o®"
measure. Let A € By(X), so that, in particular, 0(A) < co. Let oa denote
the restriction of the measure o to (A,B(A)). Then the set A™ is of full
measure 09", Therefore, we can consider o®" as a measure on (A", B(A™)).
We will preserve the notation o$" for the image of the measure o%™ under

the measurable mapping I, : A* — I‘f\") given through (2.3). Then
oM (TF) = o (A)". (2.5)

We will now define the measure I on (I'y, B(T'4)) as follows:

n 1
oW .= 50}?", n €N,

M ({}) == 1.

15



The measure 115" is called the Lebesgue—Poisson measure on I'y with inten-

sity 0. Quite often, one informally writes

mv =% laﬁm. (2.6)
Clearly, by (2.5),

1 n
IM(Cs) =1+ —of"(TY)

Therefore,

7 = exp(—o(A)) I

is a probability measure on I'y. This measure is called Poisson measure on

'y with intensity o. Thus, analogously to (2.6), we have

=1
M = exp(—a(A)) mcrff”.
n=0

Let us calculate the Fourier transform of the Poisson measure n,. Let f :
A — R be a bounded measurable function. Then, using the definition of the

Poisson measure, we have

/ ei<f"’>7r¢(,A)(dfy)
Ta
) 1 '
_ exp(—cf(A)) 1+ Z J / e‘l.(f(l’l)+~~.+f(1n))0-A(dx1) - O'A(d-'rn)]
| 1 v n
=exp(—oa(A)) |1+ z 1 (/A e'f(x)a/\(d:z;)) }
| n=1

= exp (—a(A) + /A e”(z)a(dx))

16




= exp (/ (e'@) — l)a(da:)) . (2.7
A
Let A € Byp(X), A C A, let u € R, and set f(z) = uxa(z), where xa
denotes the indicator function of A. Then, by (2.7),

/ez'uhﬂA],n‘(TA)(dfy):/ ei(f,v)ﬂ(E_A)(d,y)
Ta

Ca

— exp ( /A (exale) _ l)a(dx)>
— exp ( /A (e l)a(da:))

= exp (o(A)(e™ — 1)) .

This shows that, under the probability measure 7 the random variable
|y N A| has Poisson distribution with intensity o(A). Recall that for any
a > 0, the Poisson distribution with intensity a is the probability measure

on R given by

n

2 a
e‘“E —0,.
n!

n=0
This is the reason why 7™ is called Poisson measure.

Let now fi,..., fu : A — R be bounded and measurable and let us assume
that these functions have mutually disjoint supports. Let u,...,u, € R.
Thus, by (2.7),

/ i1 (i tund ) 1 (A) () — / it it tunfa) r () ()
Ta Ta

= exp (/A(e"(“lfl(“’)J"“*“"f"(z)) - l)o(d:c))
= exp (/A g(ei“‘f‘(z) - l)o(dx))
= iljexp (A(e"‘"ff(r) - 1)0(d.1:)>

17



n

=H/ ei“i(f"7>7r‘(,A)(d'y). (2.8)
1YTa

1=
Therefore, the random variables (f1,%),. .., {fn,7) are independent. In par-
ticular, if Aq,..., A, € Bo(X), Ay,...,A, C A, Ay,..., A, are mutually
disjoint, then the random variables [y N Ay],...,|y N A,| are independent.

2.3 Poisson measure in infinite volume

Again, let X be as in Section 2.1, and consider the measurable space
(Tx,B(I'x)). Let o be a Radon, non-atomic measure on (X,B(X)). Let
A € By(X). Recall that, in Section 2.1, we have identified the o-algebra
B(T'5) on I'y with the o-algebra Bo(I'x) on I'x. Hence, by Section 2.2, we

have the Poisson measure 75" on (I'x,B(T'x)) Thus, we get a family of

Poisson measures (7T§A) )AeBo(x), Where each W,(,—A) is a probability measure on

Bar(Tx)

Let A, A’ € Bo(X), A C A’. Then evidently By(I'x) C Bx(T'x). Let us
check that the family (m(,A)) AeBo(x) is consistent, i.e., for any A, A’ as above,
M is equal to the restriction of 7 to Ba(I'x). Indeed, let f: X — R be

a bounded measurable function with support in A. Then, by (2.7),

/ UM 70 () = / UM 70 ()
I'x | Y]

— exp ( / () - l)a(da:))

= exp (/A(eif(’) — 1)o(dz) + //\I\A(eif(””) - l)a(dx))

— exp ( /A (€@ _ 1)0(dz)>

_ / M M (dy)
Ta

18



_ / UM 1) ().
I'x

Therefore, 7 = 7" | By(I'x). The o-algebra B(I'x) is the minimal o-
algebra on I'y which contains each By(I'x), A € Byo(X). Hence, by a version
of Kolmogorov’s existence theorem, there exists a unique probability measure
7, on (I'x, B(I'x)) such that 7, [ BAo(I'x) = 7™ This measure 7, is called
the Poisson measure on (I'x, B(I'x)) with intensity o.

Denote by By(X) the space of all bounded, measurable function f : X —
R which have compact support. Fix any f € By(X) and denote A := supp f,
A € By(X). Hence the function (f,~) on I'x is Ba(I'x)-measurable. Then,
by (2.7)

/F UM (dr) = / UM M) ()
X

I'x

_ / UM M) ()
Ta

— exp ( /A (/@) — 1)a(dx))
— exp ( /X (ef® _ l)a(dm)> .

Thus, the Laplace transform of 7, is given by

/FX e(fm)m,(d’y) = exp (/X(ef(r) — 1)a(d:z)> , [ € By(X). (2.9)

Analogously to (2.8), we conclude that for any fi,...,f, € Bo(X) with
mutually disjoint supports, under 7, the random variables (f1,7), ..., (fa,7)
are independent, and in particular, for any Ay, ..., A, € By(X), mutually
disjoint, the random variables |[yNA4|, ..., |yNA,| are independent. Further,
for each A € By(X), the random variable |y N A| has Poisson distribution
with intensity o(A)

The following theorem gives a characterization of Poisson measure.
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Theorem 2.1 (Mecke). For each measurable function F : X x 'y —

[0, +00], we have

| S r@amn = [

7ra(d'y)/ o(dz)F(z,vU ). (2.10)
X zey Ix X
Furthermore, m, is uniquely characterized by the above equality, i.e., if pu is

a probability measure on (I'x, B(I'x)) which satisfies

/F > F(z,7)u(dy) = /

u@) [ o@)Pequn) @)
X xey Ix X
for each measurable F : X x I'x — [0, +00], then u = =,.

Remark 2.1. In formulas (2.10), (2.11) and below, for simplicity of notation,

we sometimes write = instead of {z}.

The equality (2.10) is called the Mecke identity. Since this identity will
play a crucial role in our research, we will now briefly recall a proof of (2.10).
(Note that the harder part of the proof of the Mecke theorem is, in fact, to
prove that the equality (2.11) implies that g = m,, see [35].)

So, let us first fix any A € By(X) and let F : A x Ty — [0,4+00] be a
measurable function. Then, using the definition of the Poisson measure in

finite volume, we have

| 3 Fa e

A zeya
oo
=Y [0 3 Flamn®@n)
n=0"TA TEYA

=@ Z;l ;117 /T\n ; F(zi,{z1,...,20}) 0(dz1) ... 0(dzy).  (2.12)
Note that
/~n F(z1,{z1,...,2,}) 0(dz1) ...0(dz,)

20



=/~nF(z2,{x1,...,xn})a(d:cl)...a(dzn)
== /T\n F (zn,{z1,...,2n}) 0(d21) ... 0(dz}).

Thus, we continue (2.12) as follows:

= e—"(A) ; (TL —1 1)' _/ F (xla {931, SR ,(L‘n}) U(da:l) n O'(de’n)

An

= ¢~ ; (n_l ol /Ao(dx) /An_l o(dzy) - o(dzn-1)F (z,{z1,...,2p1} U{z})

_ o) /A o(dz) Y % /A o(dm) -+ o(dn)F (@, {z1,. .., 2} U {z})

n=0

=/a(dx)/ 7 (da)F (2,74 U {z}) -
A Ta

Next, let F': X x 'y — [0, +00] be measurable and such that there exist
A € By(X) for which F(z,v) = F(z,yNA) for all y € 'y and z € X, and
F(z,v)=0if z ¢ A. Then

A ZF(Z‘,’Y)TFa(d'Y) = /l"x Z F(z,y)n,(dy). (2.13)

X zey EYNA

Since for each z € X, F(,,z) is Ba(I'x)-measurable, we see that
> zeynn £'(,7) is 2 Bo(T'x)-measurable function. Hence, we continue (2.13)

as follows:

= Z F(z, ﬂ/A)WC(,A)(d“/A)

T TEYA

= [ w®w) [ otd)F@mu{a)
Ta A
_ / 7™ (dya) / o(dz)F(z, 1 U {z})
Ta X
= [ [ otdo)Fla e,
r X
Hence, we proved the Mecke identity in the special case of F' as above.
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Let now (A,)22, be such that, A, € Bo(X), A, C Apy1,n €N, U, An =
X. Let F: X xI'y — [0,400] be measurable. Take a sequence (F,)2, of
functions F, : X x 'y — [0, +00] such that

i) For each z € X, F,,(z,7) = Fo(z,yNA,) for all v € T';

ii) For each v € Ty, Fy.(z,v) =0if z ¢ Ay;

iii) Fi(z,v) < Fy(z,7) < F3(z,y) <---,y€Tx,z € X;

iv) F,(z,y) = F(z,v) asn — oo for all y € 'y and z € X.
(Note that the existence of such a sequence follows from the fact that B(I'x)

is the minimal o-algebra on I'x which contains all By, (I'x), n € N.) Then,by

the proved above,

J

Now, letting n — o0, by the monotone convergence theorem, the Mecke

> Rl ma(dn) = [ ma(dn) [ olda)Fi@,7Ua).

X zey r

identity follows.

2.4 Correlation measure and correlation func-
tions

We start with a general definition. Let p be a probability measure (point

process) on (I'x, B(I'x)). Then the correlation measure p, of u is a measure

on (Txo, B(T'x0)) which | (KG)(m)u(dn) = / G(n)pu(dn)

Tx,o

/F (KG)(m)u(dn) = / G(n)pu(dn) (2.14)

for any measurable G : I'x g — [0, 00]. Here

(KG)(7) = _G(n)

n&y
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where the summation is over all finite subset 7 of 7. It can be easily shown
that p, indeed exists and is uniquely defined by (2.14), see e.g. [22].
Assume that we have fixed a Radon, non-atomic measure o on (X, B(X)),

and let II, denote the corresponding Lebesgue-Poisson measure on

(Pxo,B(Txo)), ie. 3
=3 268
n=0 n!
(compare with (2.6)). If the correlation measure p, is absolutely continu-
ous with respect to II,, then its Radon—-Nikodym derivative k, is called the
correlation functional of y. Thus

/F (KG)u(d) = [ Glnka(m)TL, (dn).

T'x,0

Clearly, the restriction of k, to any Fg?) may be identified with a symmet-
ric fuction k(") on X" (in fact, on X", see (2.2)). The sequence of functions
(k(")) °, is called the sequence of correlation functions of u. (Note that since
p is a probability measure, we always have k,(@) = 1.)

Let us now consider the case where u is the Poisson measure 7.

Proposition 2.1. The correlation measure of the Poisson measure 7, is the
Lebesgue—Poisson measure I1,, so that the correlation functions of 7, are all

identically equal to 1.

Proof. It suffices to show that for any symmetric measurable function

f0 X" — [0,4+00], n € N, we have

/F F™ (2, ... 21, (dy)

X {Il [ ’ITL}C’Y

=i | P ano(dn) - o(da),
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Using the Mecke identity and the Fubini theorem we have:

/I‘ Z f(n)(xl, . ’xn)%(d'y)
X {z

..... Tn}Cy

/F Z Z Z Y [P,z (dy)

T 1€y zaey\{z1} zacy\{z1,22} Tn€Y\{z1,...Tn}

/ Z Z Z Z f(n)(xhyla-'-yn—l) 7Ta(d’y)

Tx z1ey vi€Y\{z1} y2€v\{z1,1} yn—1€7\{Z1,41,--1Yn-2}

vlewze'v\{yl} yn—lev\{yl ----- Yn-1}

= % U(dxl / Wa(d’}’) Z Z Z f(n)($1, Z2,Y1,--- 7yn—2)

z2€y y1€7\{z2}  wyn—26v\{z2.¥1,...yn-3}

—_/ o(dz) / 7o(d7) / olde2) Y, D - > ™@nm e vnn2)

ne€rvye\{ni}  yn-267\{v1,....yn-3}

=HAO’(dCL‘])...La(dxn)/r‘xWa(d’Y)fn(xla"'?xn)
= %/Xn f™(zy,...,z,)0(dzy) ... 0(dx,). O

Corollary 2.1. Let v be a Radon measure on (X, B(X)) which is absolutely
continuous with respect to o, i.e. v(dzx) = g(dx)o(dz). Then the Pois-
son measure , has the correlation functions related to the Lebesgue—Poisson

measure 11, given by

k8 (1, ..., n) = g(x1) - 9(2). (2.15)

Proof. By Proposition 2.1, the correlation measure of 7, is II,, which
has the following Radon-Nikodym derivative with respect to Il,: k., (1) =
[l.e, 9(z), from where (2.15) follows. 0O
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2.5 Cox point processes

A Cox point process (also called a doubly stochastic Poisson process) is a
Poisson point process with random intensity measure. In the most general
case one can consider random Radon non-atomic measure o(dz,w) as in-
tencity measure of Poisson processes. We will, however, only treat the case
where we have a fixed Radon non-atomic measure ¢ on X and random in-
tensity g(z,w).

So we fix a space X as in Section 2.1. Let o be fixed Radon, non-
atomic measure on (X, B(X)). Let (2,.4,P) be a probability space and let
g: X x £ — [0,00] be a measurable function on (X x £, B(X) ® A).

Furthermore, we will assume that, for each A € By(X) and each n € N,

/Q (A g(x,w)a(dx))nP(m) < 00. (2.16)

In particular, for a.a. w € Q, g(-,w) is a locally integrable function with
respect to 0. Therefore, for a.a. w € Q, g(z,w)o(dz) is a Radon, non-atomic
measure on (X, B(X)). So, we can construct the Poisson measure 7g(z w)o(dz)-

Then, we define a probability measure p on (I'x, B(I'x)) by
W)= [ Tyoiroan (A)P()
=E (Wg(x,.)a(da:)(A)) , AE€ B(Fx). (2.17)

(Here E denotes the expectation with respect to P.) Such a measure is called

a Cox point process. For simplicity, we will call it a Cox measure.

Proposition 2.2. The Cox measure u has all local moments finite, i.e., for

any A € By(X) and for anyn € N,

/ Iy O A u(dy) < oo.

Tx
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Proof. We fix A € By(X) and let xya denote the indicator function of A.
Then, for each n € N,

/ [y N A pu(dy) = / (xa,7)"p(dy)
I'x
/r Z ZXA(QUI Xa(To)u(dy).  (2.18)

X z1€y Tn €Y

To show that (2.18) is finite, it suffices to prove that, for each n € N,

/1“ xa(z1) - xalzn)p(dy) < co.

X {21,000} Cy

But by Corollary 2.1 and (2.16), we have

[ X xal@) xal@mu@)
X{:El

..... Tn}Cy
= / (/ Z XA(@"I) . 'XA(xn)Wg(z,w)a(dw)) P(dw)
2 I'x {Z1,0Tn }Cy
= 2 [ (] xale - xatenotano) . olamwlotdz) -olden) ) Blae)
= % A (/A g(ac,w)a(dm)) P(dw) < 0o. O (2.19)

The following proposition identifies correlation functions of a Cox measure.

Proposition 2.3. The Cox measure u has correlation functions
Koo an) = [ glanw) o glamw)Blds), neN  (220)
which are 0®"-a.e. finite.

Proof. Let us take any symmetric measurable function ™ : X™ — [0, cc].

Then, by Corollary 2.1,

/ ARSI TN 3 171 (: 29)
T

X {zlv :En}C’)’
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= /Q P(dw) / > Oy, )Ty wetde (A7)

FX {wl,...,zn}C’y

=/1P’(dw) ™ (zy,...,z0)g(x1,w) - - - 9(Zp, w)o(dz1) - - - 0 (d2y,)
Q Xn

= [ 101 ([ oton o) alonlP(@)) otder) - atdz)

Xn
which proves (2.20).
Let us choose any A € By(X). Then, by (2.16)

/n/Qg(xhw)‘“g(fn,w)lp(dw)a(dxl)...U(dxn)

= [ ([ st@nwrot@a) ([ swawiotisn) - [ stanwiatis) ) )
_ /n ( /A g(x,w)a(dx))an’(dw) < .

Therefore, for 0®"-a.a. (z1,...,2n) € A", [ g(z1,w) - g(zn,w) P(dw) < o0,
and hence the above is true for e®"-a.a. (z1,...,z,) € X*. O

Next, let us find the Laplace transform of p. If f € By(X), and f < 0,
then, by (2.9)

/l:x e M p(dy) = /Q (/rx e(fﬁ)ﬂg(m,w)a(dz)(d"/)) P(dw)
= /Qexp (/X(ef(x) - 1)g(:v,w)a(dx)) P(dw).

(Note that due to the condition f < 0, the above integrals are finite.) How-
ever, to be able to write down the Laplace transform for a general f € By(X),
we need to have a bound on correlation functions. First, we will derive the
following fact, which is true for any point process with some upper bound on

its correlation functions.

Proposition 2.4. Assume p is a probability measure on (I'x,B(I'x)). As-

sume that p has correlation functions (Ic,(,"));?f’=1 which satisfy
kO (21, .., @n) < CM(nA)° (2.21)
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for 0®"-a.a. (z1,...,2,) € X", n € N, where C > 0 and ¢ € [0,1). Then,
for each f € By(X), we have

/ e p(dy)
I'x
=1
= 1+n§=:1 = /X n(ef(zl)—l) co (FE) 1)K (34, z)o(day) - - o(dE),
(2.22)
the integral on the left hand side of (2.22) being finite.
Proof. For a function u: X — R, we define ex(u,-) : I'xo — R by
EA(UW) = HU(.’L’),
ze€n

where [], ., u(z) := 1. Then, for each f € By(X), we easily have

(Kex(ef —1,-)) (y) =M. . (2.23)

Hence, using (2.23) and the upper bound (2.21), we conclude the statement.
O

Now, let us assume that

/Qg(:c,w)"IP’(dw) < C™(nl)e, (2.24)

where C' > 0, € € [0,1). Then, for any (zi,...,T,) € X", we get for the Cox

measure 4,
KO (21, .. 2a) = /Q 9(z1,0) - (T, w0)P(dw)
<([ gﬂ(xl,wW(dw)f (] g“(xmw)n»(dw))%
< C(n):.
Hence, we have
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Proposition 2.5. Assume that (2.24) holds. Then, for each f € By(X), we

have
/ e p(dv)
Tx
= 1+Z / f(xl) (Cf(xn) l)k(n)(xl, - ’a:n)a-(dxl) P o'(dxn),

(2.25)
where k(™ is given by (2.20).

Remark 2.2. Assume that the estimate (2.24) holds for e = 1, i.e.,

/ 9(z,w)"P(dw) < C™n!.
Q

Then, it follows from the above that we still can write down formula (2.25)

for f € By(X) which is sufficiently small, more exactly for f satisfying

1
f(=) _ il
/X|e l|o(dz) < ok

Note that, in many situations, the knowledge of the Laplace transform in a

neighbourhood of 0 is enough.

Another trivial remark about Cox measures is the formula for its local
densities. In general, if p is a probability measure on (I'x,B(I'x)), and if
A € By(X), then we denote by p») the image of p under the projection
mapping P®) : Ty — Ty given by PN (y) :=yN A, v € Tx.

In particular, if 7, is the Poisson measure with intensity o, then M i
the projection of 7, onto I'y. If the projection p® is absolutely continuous

with respect to the Lebesgue-Poisson measure HC(,A), then we call its Radon-

Nikodym derivative gnf% the local density of p in A. We then define

d(o) (A) ( g)
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n dp* n
dl(,,,)‘(ml,...,xn)=Hp(xj({zl,...,xn}), (z1,...,7,) € A", n €N.

In particular, in the case where p = my(.),, we have

i, n=ew (- [ s0rota),
9, aaryeecvon) =exp (= [ al)o(dn)) g(er)--glen).

g9

From here, we conclude:

Proposition 2.6. Let u be a Coz measure satisfying (2.16). Then, for each
A € By(X), we have

4% = [ (- [ st@wrotan) Ba)
dgfl)\(:cl,...,xn) =/exp (—[\g(x,w}a(dm)) g9(z1,w) - g(zn,w)P(dw), mn€N.

Q

The integrals are c®" a.e. finite.

Our next aim is to prove an analogue of the Mecke formula for a Cox
measure. Consider the space §2 X I'x equipped with the product o-algebra
A ® B(T'x). Denote by P the probability measure on (Q x I'y, A ® B(I'x))
defined by

~

]P(dw, d7) = ]P)(dw)wg(x,w)a(da:)(d’}')' (2'26)

We will denote by E the expectation with respect to P. Denote by F the
sub-o-algebra of A ® B(I'x) containing all sets of the form 2 x B, where
B € B(T'x), (in particular, Q x @ = (). Thus, an F-measurable random

variable F(w,~y) does not depend on w.

Theorem 2.2. Let p be a Coz measure. We define
r(z,7) =E(g(z,") | F)(7). (227)
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Then, for each measurable function F : X x I'x — [0, +00|, we have

/F Y F(z,7)u(dy) = /

u(@) [ oldo)r(@F@yuo). (229
X gey I'x X
Remark 2.3. Formula (2.28) means, in particular, that a Cox measure p has

property (X!), which was introduced by Matthes, Warmuth, and Mecke in
[38]. The function r(z,7) is called the Papangelou intensity of a Cox measure.

This property may be treated as a weak Gibbsianess of i, compare with [19)].

Proof of Theorem 2.2. Fix any measurable function F': X x 'y — [0, +00].

Then, using the definition of Cox measure and the Mecke formula, we have:

| X reuan = [
=/Q]P’(dw) /rx wg(‘,w)do(d'y)/Xa(dx)g(m,w)F(x,fyUm)
= /X o(dz) /Q P(dw) /]F ) To(wdo (@7)9(2, w)F(z,y U z)

_ / o(dz) B(dw, dy)g(z, w) F(z,vU z)
X OxTx

P(dw)/r Wg(.,w)dg(d’}’)ZF(x»'Y)

zE€Y

- /X olde) | Bl d)E(g(a,0)F (@7 V) | F)()
= [ otde) [ Flaw,anElala0) | ) P70 2)
=/ o(dz) P(dw, dy)r(z,y)F(z,v U z)

X OxTx
N /xd(dx) /(,P(dw) /I,X To(-w)do (V)7 (2, 7) F (2,7 U )
=/ a(dx)/ p(dy)r(z,y)F(z,vUz)

X I'x
=/ ,u(d'\/)/a(dx)r(x,’y)F(x,fyUx). a

'x X
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Chapter 3

Permanental point processes

In this chapter, we will discuss one of the most important classes of Cox point
processes — the permanental (or boson) point process [10, 37, 44]. First, we

recall some facts from functional analysis.

3.1 Preliminaries

We will first recall some facts related to functional analysis and infinite di-

mensional analysis. For further details and proofs, see e.g. [5, 6, 7]

3.1.1 Some classes of linear operators

For any Hilbert spaces H; and H,, we denote by B(H;, Hy) the set of all
bounded linear operators from H; into H,. As usual, we denote B(H) :=
B(H,H).

We will always assume that all the Hilbert spaces we consider are real
and separable, i.e., they possess a countable dense subset.

Integral operators: Let (X, A, o) be a measure space with a o-finite mea-~

sure 0. An operator K € B(L%(X,0)) is called an integral operator if there
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exists a measurable function &k : X? — R such that

(KF)(z) = /X ke, 9)fW)oldy), [ e IX(X,0).

The function k(z,y) is called the integral kernel of the operator K. If the
integral operator K is self-adjoint( i.e. K* = K*), then its integral kernel is
symmetric, i.e,

k(y,z) = k(z,y), (z,y) € X*.

Hilbert-Schmidt operators: An operator T € B(H) is called a Hilbert—
Schmidt operator if there exists an orthonormal basis {e,}32, of H such

that

> ITenll® < oo, (3.)
n=1
where || - ||denotes the norm on the Hilbert space H. In the latter case, the

inequality (3.1) holds for any orthonormal basis {e,}22, in H and further-
more, the value > >, ||Te,||? is independent of the choice of an orthonormal
basis {e, }22 ;.

For T € B(H), let T* denote the adjoint operator of T. Then, T is a
Hilbert—Schmidt operator if and only if 7* is a Hilbert-Schmidt operator and

Yo Teal® =D IT" ful?
n=1 n=1

for any orthonormal bases {e,}>2, and {f.}32, of H.
In the case where H = L?(X, o), an operator K is Hilbert-Schmidt if and
only if K is an integral operator and k € L%(X?2,0®2), where k is the integral

kernel of K. In fact, one has

g:lllTenIIz=/X/Xk(:c,y)20(d:c)a(dy)

for any orthonormal basis {e,}32; of L*(X, o).
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An operator T € B(H) is called a trace class operator if it can be rep-
resented as T = Y _,_, AxBx, where n € N and A;,...,Aqn, By,...,B, are
Hilbert-Schmidt operators. If T is a trace class operator and {e,}3; is an
orthonormal basis in H, then the series Y >  (Te,, e,)n converges absolutely
and its value, called the trace of the operator T, is independent of the choice

of orthonormal basis.

3.1.2 Functional calculus of a self-adjoint operator

Let T be a bounded operator in a complex Hilbert space H. Then the
spectrum of T is the subset o(T') of C consisting of all z € C such that the
operator A — 21 is not invertible. If the Hilbert space H is finite-dimensional,
then the spectrum of T is just the set of its eigenvalues. The spectrum o(T') is
a closed subset of the circle centered at 0 and of radius ||T||. If, additionally,
T is a self-adjoint operator, then o(T") C R, so that o(T) is a closed subset
of the interval [—||T|\, |T|l)-
A mapping
B(R)> a+— E(a) € B(H)

is called a resolution of the identity if the following conditions are satisfied:
e For each a € A4, E(a) is an orthogonal projection in H.
e E(@)=0, E(R)=1.

o If {0}, a, € B(R), n € N, a, are mutually disjoint, then for each

feH g a
E(L_Jan)f= ZE(an)f,

where the series converges in H.
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It follows from the definition of resolution of the identity that, for any
vectors f,g € H, the mapping

Adam (E(a)fag)H

is a complex-valued measure on (R, B(R)).
To any bounded self-adjoint operator T in H, there corresponds a unique

resolution of the identity such that

T = / AdE()). (3.2)

The equality (3.2) should be understood as follows: for any f,g € H

GLQH=AAﬂEQVﬂ) (3.3)

Furthermore, the inverse statement holds. If E is a resolution of the identity
with compact support in R, that is if there exists a compact set A € B(R)
such that, for any f,g € H, the measure d(E(\)f,g) is concentrated on A,
then F determines a bounded self-adjoint operator in H through the formulas
(3.2) and (3.3).

In fact, the resolution of the identity of any bounded self-adjoint operator
T is concentrated on the spectrum of T'. That is, for any f, g € H, the support
of the measure d(E())f, g) is a subset of o(T).

Let F be a real-valued bounded measurable function on the spectrum of

T. Then one defines a bounded self-adjoint operator F(T) as

F(T) := / - FO\)E(N),

that is for any f,g € H.

(PO, = [ FOLENL9).

o(T)

35



One can show that, for any bounded measurable functions F,G : ¢(T) — R,
F(T)G(T) = / F(A)G(A)IE(N).
o(T)

For example, choosing function f to be f(z) = \/z and assuming that T > 0,
ie, (Tf,f) > 0forall f € H (so that o(T) C [0,||T]|]), we get the operator
VT, which is a bounded self-adjoint operator satisfying vTVT = T.

3.1.3 Integral kernel of a locally trace-class operator

In this section, we follow [32]. Let X be a topological space as in Chapter
2, and let o be a non-atomic Radon measure on (X,B(X)). Let K be a
bounded, linear, self-adjoint operator in L%(X,o) which satisfies K > 0.
Denote K, := V'K, (see subsection 3.1.2)

Below, for an integral operator I in L?(X, o), we will denote by N'(I) the
kernel of 1.

For each A € By(X) denote by Pa the operator of multiplication by xa,
which is an orthogonal projection in L%(X,s). We will assume that K is a
locally trace class operator, that is, for each A € By(X) the operator Pa K Pa
is of trace class. For each A € By(X),

PpaK1(PaK1)" = PAK1K 1Py = PAKPy.

Therefore, if (e,)%, is an orthonormal basis of L*(X, o), then

> (PaKPaey,en) = (PaKi(PaKi1)'en,e€n)

= ((PaK1)*en, (PaK1)'en)

n

Il
—

|(PaK:1)*en]|* < 0.

I
NE

3
i
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Hence (PaK;)* is a Hilbert-Schmidt operator, and so PoK; is a Hilbert-
Schmidt operator. This implies that PaK; is an integral operator, whose
integral kernel N (PaK;) belongs to L2(X?,0%2). Clearly, for any A;,A; €
Bo(X) such that A; C Ay, Pa,K; = Pa,(Pa,K1). Therefore, for each
/€ L¥X,0)

(P Kif)(@) = (P, (PanKD) (@)
— X (&) [ M(PasK)(z, )/ (0)o(d)
= [ X @N (P ) o).
Hence,
N (Pay K2) (@) = Xu (2IN (Pay ) (3, 9). (3.4

We now define a function Ki(z,y) := N(PaKi1)(z,y), where A € By(X) is
such that z € A. In view of (3.4), the definition of K, is independent of the
choice of a set A € By(X). Hence, for any z € X,

(K f) (@) = /X Ka(z,9)f (w)o (dy),

so that K; is an integral operator and N (K1 )(z,y) = K1(z,y). Furthermore,
we have for each A € By(X),

/ / K (2, y)%o(dz)o(dy) < oo. (3.5)
aJx
In particular,
Ki(z,') € L*(X,0) for o-a.a. z € X. (3.6)
Since K = K K3, K is an integral operator whose kernel is given by
K(@9) = N @ w) = [ K 2)az,)o(d2)
X
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=/X’C1(a¢,z)lC1(y,z)a(dz)
= (Ka1(z,), K1(¥, ) L2 (x.0) - (3.7)

By (3.7), for any A € By(X), we get

/AIC(:c,x)a(daL‘)=/A (./x ICl(a:,y)lCl(x,y)o(dy)) o(dzx)

= A XICI(x,y)2a(dx)a(dy) < oo. (3.8)

Note that the kernel K;(z,y) is defined up to a set of 0®2-measure 0 in X2,
but the value [, K(z,z)o(dz) is independent of the choice of Ky(z,y).

3.1.4 Gaussian random fields

Our next aim is to construct a probability space (©2,.4,P) and a Gaussian
random field (X(z))zex on it with zero mean and the covariance K(z,y) as
in subsection 3.1.3. To this end, we will need the notion of a Gaussian white
noise measure.

First, let us briefly recall the notion of a space with negative norm, see
e.g. [7]. Let Hy be a real Hilbert space with scalar product (-, ')y, and norm
I| - Iz, and we suppose that

H+ - H07

where H, is a dense subset of Hy. We suppose that H, is a Hilbert space
with respect to another scalar product (-,-)y, and that the norm | - ||z, in

H, is such that
I ez < N+ llay- (3.9)

Each element f € Hj generates a linear continuous functional (f,-) on

H, by the formula
(f; u’) = (f? u)Hoy u € H+ (310)

38



We introduce a new norm on Hy, denoted by || - ||z_, by taking the norm

of f as the norm of the functional (f,-):

Hme:=sup{K££Qﬂﬂluelih1L¢0}. (3.11)

l[ellay
Now we complete Hy in the norm (3.11) and obtain a Banach space H_,
which is called the space with negative norm. Thus we have constructed the
chain

Hy CH,C H_ (3.12)

of spaces with positive, zero and negative norms. One also says that (3.12)
is a rigging of the Hilbert space Hy by spaces H; and H_.
Each element a € H_ is clearly a linear continuous functional on H,, so
that
H_C (H.), (3.13)
where (H.)' denotes the dual space of H,. We will write (a,u)py, or (o, w)

for the action of the functional a on an element u € H,. It is obvious that
I(a’u)Hol < ”a”H—”u“H+’ a€H ,ueH,, (3'14)

which is a generalization of the Cauchy inequality.

In fact, H_ is a Hilbert space. That is, one can introduce a scalar product
(,-)y_ on H_ so that H_ is a Hilbert space and the norm || - ||z_ is given
through (-,")y , ie., |lallu. = v/(a,a)y_, @ € H_. One can show that
H_ = (H,)',i.e, H_ can be thought of as the dual space of H,. This means
that any linear continuous functional I € (H.)' is of the form I(u) = (o, ) g,,
u € H,, for some o € H_.

A rigging H, C Hy C H_ is called quasi-nuclear if the inclusion operator

O: H, — Hy is a quasi-nuclear (i.e., Hilbert-Schmidt) operator:
oo
Z ”06""310 < 00,
n=1
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where (e,)%, is an orthonormal basis of H.. In fact, the inclusion operator
O : H; — Hy is quasi-nuclear if and only of the inclusion operator O’ : Hy —
H_ is quasi-nuclear.

Let us consider an example of a chain of Hilbert spaces. For any 7 =

(1)1, Tk > 0, we define

by(T) = {(fk)z’;] e RN | Zf,?Tk < oo} (3.15)

k=1

and for any f = (fi)i21, 9 = (9k)52; € £2(7) we define

(f,9ex(r) = kagk'rk- (3.16)
k=1

Then ¢5(7) is a Hilbert space.
Suppose that 7, > 1, £ € N. Then evidently £y(7) C €3 and || - ||, <

| - lle(r)- Denote by €5 all finite sequences

(fl)f27"'7fN70707"')7

where f1,...,fn € R, N € N. Clearly, £29 C £3(7) and £z is dense in
5. Therefore, £5(7) is dense in £,. Furthermore, by the definition of #5(7),
for each f € £o(7), |flle; £ ||fllegr).- Therefore, we may set Hy = £, and
H, = {y(7). It can be shown that

H_=06(r"), 771 =(hHe,.

Thus, we get the chain
52(’7') - 42 C fz(']’—l).

Furthermore, the inclusion £5(7) C ¢, is quasi-nuclear if and only if

Tk

> ! iw (3.17)
k=1
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For example, one can choose 7, = k? in order to get the quasi-nuclear em-
bedding of ¢5(7) into £,.
Let now Hy be a separable Hilbert space. Thus, Hy has an orthonormal

basis (e,)22 ;. We define a unitary operator
I: HO — €2

by setting for every f =377, frex € Ho, If == (f1, fo, f3,-+) € La.
Then, we fix a sequence 7 as above and define a Hilbert space H, =
I7145(7) with scalar product (u,v)u, = (Ju,Iv)g), u,v € Hy. Thus, for

any f =372, fkek, 9 =Y poq gkex from H,, we have

(f,9)m, =D fegrm
k=1

Then, H, is densely and continuous embedded into Hy, and in fact I may
be extended by continuity to a unitary operator I : H_ — £3(7~!). Thus, we
get a rigging H, C Hy C H_ and it is quasi-nuclear if and only if condition
(3.17) is satisfied.

Let now H, C Hy C H_ be a quasi-nuclear rigging. We denote by
€(H_) the cylinder o-algebra on H_, i.e., the minimal o-algebra on H_

which contains all cylinder sets of the form

C(fi,-- s fa,A)={w€ H_: ({w, fi),  + ,{w, fa)) € A}

for some fi,...,f, € Hy and A € B(R"). The following theorem is an
infinite dimensional generalization of the classical Bochner theorem on the

Fourier transform of a probability measure.

Theorem 3.1 (Minlos). Let H, C Hy C H_ be a quasi-nuclear rigging. Sup-
pose F : H, — C. Then F is the Fourier transform of a unique probability
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measure P on (H_,%,(H.)), i.e.

F(f)= / e NdP(w), feH,y, (3.18)
if and only if
o F(0)=1,
e F is positive definite, i.e., for all ¢;,...,c, € C, n €N, f1,...,fu €
H,:

Zn: ai F(fi— f;) >0,

1,7=1

e Fis continuous on H,.

Let again H, C Hy C H_ be a quasi-nuclear rigging and we define

FU) = exp (=3lf1) . f € A

One can easily verify that the function F : H, — C satisfies the conditions
of the Minlos theorem. Therefore, there exist a unique probability measure

Pon (H_,¥,(H.)) such that

[ eende)=ew(-2it), sem. @19

Let us fix any f € H,. Then for each a € R
/ eia(w,f)dlp(w) =/ ei(w,af)dp(w)
_ H_
_ 1o
=exp (=31, )

Therefore, under P the random variable (-, f) has Gaussian distribution with

mean 0 and variance || f||%,. Hence, for each f € H,, wehave [;; (w, f)*P(dw) =

11, -
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Therefore, the linear operator I : H, — L?(H_,dP) given by (I f)(w) =
(w, f}, w € H_, may be extended by continuity to an isometric operator
I:Hy— L*H_,dP).

Now for each f € H,, we denote by (w, f) the random variable on H_
which is the image of f under I, ie., (w, f) := (If)(w). It can be easily
checked that formula (3.19) remains true for each f € Hy. Thus, we get a
family ({w, f))sen, of random variables, i.e., a random field, such that each

{w, f) is a Gaussian random variable with mean 0, i.e.,

| @)= o

and

Cov({w, f), (w, g)) = / (@, 1), (w, ) dP(w)

= (f7 g)HO

The probability measure P is called the Gaussian white noise measure.

As a conclusion, we may state that, for any separable Hilbert space Hy
there exist a probability space (£2,.4, P) and a family (Y (f))en, of random
variables on it such that each Y (f) is Gaussian random variable with mean
0 and E(Y (/)Y (9)) = (f, 9)1o-

Indeed we only need to construct a quasi-nuclear rigging of Hy : Hy C
Hy C H_, then we define the Gaussian white noise measure p on H_, and

then set Y(f) = (-, f), f € Hy.

Theorem 3.2. There ezists a random field (Y (x))zex on a probability space

(2, A, P) such that the mapping

X xQ53 (z,w) — Y(z,w) (3.20)
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is measurable, and for o-a.a. x € X, Y (z) is a Gaussian random variable
with mean 0 and such that
E(Y(2)?) = K(z,z) foro-a.a. z € X, (321)
E(Y(2)Y(y)) = K(z,y) for 0®*-a.a. (z,y) € X*.
Remark 3.1. The statement of Theorem 3.2 is well-known if the integral
kernel of the operator K admits a continuous version (see e.g. Theorem 1.8

and p. 456 in [44]). In the latter case, (Y (z)).ex is a Gaussian random field
and formula (3.21) holds for all (z,y) € X2.

Proof of Theorem 3.2. Consider a standard triple of real Hilbert spaces
H+ C HO = L2(X,0') CH_.

Here the Hilbert space H, is densely and continuously embedded into Hy,
the inclusion operator H <— Hj is of Hilbert—-Schmidt class, and the Hilbert
space H_ is the dual space of H, with respect to the center space H.

Let P be the standard Gaussian measure on H_, i.e., the probability

measure on the cylinder o-algebra € (H_) which has Fourier transform

) 1
/ ilwnf) P(dw) = exp [—§||f||§,o] , f€H,.

By (3.6), we set for o-a.a. z € X, Y(z,w) = (w,Ki(z, ")), where K(z,")
denotes the function of y given by ||(z,y) for a fixed . Hence Y (z) is a
Gaussian random variable and by (3.7), (3.21) holds.

Hence, it remains to prove that there exists a random field Y = (Y'(z))zex
for which the mapping (3.20) is measurable and such that Y (z,w) = Y (z, w)
for 0 ® P-a.a. (z,w). To this end, we fix any A € By(X) and denote by
B(A) the trace o-algebra of B(X) on A. We define a set D, of the functions

u: A x X — R of the form

w(e,y) = D xau(@)fily) (3.22)
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where A; € B(A), fi € Hy,i=1,...,n. Define a linear mapping
In: Dy — [*Ax H_,0 ®P) (3.23)

by setting, for each u € Dy of the form (3.22),

(Ipu)(z,w) ZXA(m (w, fi), (z,w)eEAXH_.
Clearly, I, can be extended to an isometry
In: L*(A x X,0%%) - L2 (Ax H_,o0 @ P),

and we have I, = 1, ® I, where 1, is the identity operator in L?(A, ) and
the operator I is as above.

Fix any v € L?(A x X,0®?%). As easily seen, there exist a sequence
(up); C Dy such that u, — u in L?(A x X,0%?) and for o-a.a. = € A,
un(z,+) = u(z,-) in L3(X, o) Hence, for 0-a.a. z € A, Iyuy(z, ) — Izu(z,")

in L?(H_,P), which implies:
(Izu)(z,w) = (w,u(z,-)) for P-a.a.we H_. (3.24)

Now, denote by K% the restriction of K; to the set A x X. For o-a.a.
T € A, we define Y)(z) := (InK2)(z,-). Hence, by (3.24), for s-a.a. z € A,
Ya(z) = Y (z) P-a.e. Finally, let (A,)%2, C Bo(X) be such that Ay N Ay, = 0
ifn#mand|J2, A, = X. Setting Y (z) :=Ya,(z) for o-a.a. z € Ap,n €N,
we conclude the statement. Evidently, the definition of Y (z) is independent

of the choice of the sets Lambda,,. O

3.1.5 Moments of Gaussian white noise measure

In this section, we will present the classical result about the moments of
Gaussian white noise measure. Our presentation is based on [7] and we will

give a much more detailed proof of the moments theorem.
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Let again H, C Hy C H_ be a quasi-nuclear rigging of a real sepa-
rable Hilbert space Hy and let P be the Gaussian white noise measure on
H_. Recall that, for each f € Hy we defined a random variable {(w, f) from
L*(H_,dP).

For each n € N, the n-th moment of P is defined by

Cn(fl:"'7fn) :=/I:1 (wafl)(w7f‘n>P(dw)7 fla"'af‘neHO (325)
(Later on we will see that the integral indeed exists) |

Theorem 3.3. (Moments of Gaussian white noise measure) We have

C’2n+1 (fly cee 7f2n+1) =0 (326)
Con(frr-- s fan) = D (frus fu)Ho -+ (fiws fru) oy (3.27)
where f1, ..., fany1 € Ho and the summation in (3.27) is over all possible 22,1"13!!

pairing of the numbers 1,2,...,2n, i.e., all possible partition of 1,2,...,2n

into n pairs {klall}a T a{kn; ln}

Proof. We first consider the special case where f; = fo =... = f, = f € H,.
Then,

|t=0 _/ eit(w’ﬁ]?(dw)
H_

L
dt
i n d " i(w,tf)]P)dw
=1 Zl—t |t=0 H_e ( )
d\" 1
() leooww (~51015)

For a smooth function f : R — R, we have the following well-known

formula
a" s al(fO@)™FB@)™ . (FDE)™ .
e = 2 mal 2™y . . (K)memy] .

mi,...mg€Zy
m1+2ma+--+kmy=n

(3.28)
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Setting

£(6) = =52 I, (3.29)
we have
F'@) = ~t)| fliz
OESSFi7 fP)=0,n>3
Hence,

F0) = =1z,
f™0)=0 if n>2

Thus, now (3.28) reduces to

L iolg= 3 U™
dt Mo€Z4: 2ma=n (2) 2m2.
Therefore, it follows that
(2n)!

02n+1(fa--')f)=0a C2n(fa"'7f)= “f”%-}:)

2nn!
Let B : Hf — R be an n-linear mapping, that is, for any ¢ € {1,...,n}
and any fixed fla s 7f'i—1a fi+11 s afna the ma'pplng

B(fli'":fi-la')fi+1)"'afn) : H0—>R

is linear. For each f € Hy, we denote B(f) := B(J,...,f). Then the
following polarization identity holds (see e.g. [5]). For any fi,..., f,» € Hy,

Bl )= S S Bkt St i)
2

1<k <ko< - <kp<n

Thus, the n-linear mapping B is completely identified by B.
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Now for any fi,..., fn € Hp, by Holder’s inequality

/ i) (o SIP(E)

n

< ([ Woarutao) - [ 1o sreeas))

L

< ([ MomPp@)- [ Josrmpas)”.

Thus, the moments of Gaussian white noise measure are well defined. We
note that, for each n € N the mapping H} 3 (f1,..., fa) = Cu(f1,--., fn) €
R is n-linear. On the other hand, the right hand sides of (3.26) and (3.27)
are also (2n + 1)—linear and (2n)—linear mappings, respectively. Therefore,

the theorem holds in the general case. O

3.2 Permanental point processes

In this section we will discuss a class of Cox point processes which are called
permanental (or boson-like). The kernel K(z,y) from subsection 3.1.3 will
play the role of a correlation kernel (to be explained below). Compared with
the available literature (see [10, 44]), in our presentation of these processes
we will not assume that the correlation kernel is continuous.

Following [45, 44], we introduce the notion of a-permanent, also called
a-determinant. Let a € R be fixed. For a square matrix A = (a;;)};;, we

define its a-permanent as follows:

per, A= Z a™ ™o H Qig(i)- (3.30)
£€Sn i=1
Here S,, denotes the group of all permutations of {1,2,...,n}, and for £ € S,
n(€) denotes the number of cycles in €. In particular, for o = —1,
per_; A= Z (-1~ H aig (i),
£€Sn i=1
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so that per_; A is the usual determinant of A. For o =1,
per, A=Y ] acw,
£€S,, i=1
so that per,(A) is the usual permanent of A.
Let the operator K acting in L?(X,0) be as in subsec. 3.1.3. Let the

kernel K(z,y) of K be also chosen as in subsection 3.1.3. Let a random field

(Y(z))zex be as in Theorem 3.2.

Proposition 3.1. For each n € N, we have
E(Y*(z1)- - Y?(2a)) = pery (K(zi,25))7 ;s (@15, 20) € X™

Proof. By the definition of a-permanent, we have:
per, (K(zi, 7))} =, = Z gn—n(e) HIC Ti, Te(i))
€€ESR
Note that a permutation € can be identified with the sequence of correspond-

ing cycles
6 - {(kl, kz, P 7km1)a (k'm1+1, e ,km1+m2), ey (km1+m2+"'+mn(£)—l+1’ N ,kn)}
(3.31)

Here, &(k1) = ko, E(k2) = k3. .., E(kmi—1) = kmy, E(km;) = ki1, and analo-

gously for the other cycles. Without loss of generality, we may assume that

k‘l = 1,
km1+1 mln{km1+1’ km1+27 < ,kn‘u+m2}a
km1+m2+~~~+mn(g)_1+1 = mln{km1+m2+~~+mn(g)_1+l’ s ,kn}

and

k1 < Kmyt1 < Ky mat1 < < Ky bmg oo tmpgey g +1-
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In (3.31), the first cycle contains m; elements, the second cycle contains

mo elements, etc. Hence,
gn—n(f) — gmi=1_ gmz—1__ ogmn—1 (3.32)
Next, let us write down the product Y?2(z;)---Y?(z,) as
Y(z1)--Y(xn) | Y(21) - Y(2n) (3.33)

with imaginary bar in the middle, which divides the product into the left
and right hand side parts. Consider a collection of pairings of (3.33) which
connect elements on the left with elements on the right. Let us call such a

collection of pairings a standard collection. For example,

(1) Y(2) Yix3) Yixg) | Y1) Yxz) Yxs) Yxy)

Then, every standard collection identifies a permutation £ which maps
the number of every variable on the left to the number of the variable on
the right which is paired with the left one. For example, the pairings in the

above formula identify the permutation

12 3 4
2431

For every standard collection of pairings, the corresponding term in the ex-
pectation of Y2(z;)---Y?(z,) is clearly [T, K(zi, Z,(;)), see Theorem 3.3.
However, a general collection of pairings of (3.33) should not necessarily be

standard. We will now describe a procedure of the change of a collection of
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pairings such that the resulting collection will always be a standard collec-
tion.

Let us first consider a simple example:

Y(x1)¥(x2)Y(x3) | Y(x1)Y(x2)Y(x3)

which identifies the expression
K(z1,23)K(z2, 21)K(z2, z3)

in the expectation. We start with the left z;. It is paired with the left x3.
So, instead of this pairing we will take the pairing which connects the left
x1 with the right z3, which gives us £(1) = 3, while the z3 which was on the
right is moved to the left. Next, the left x3 is paired with the right x2, which
requires no changes and gives us £(3) = 2. Finally, the left 2, is connected to
the right z;, which again requires no changes and gives us £(2) = 1. Thus,

the required standard collection is

Y(x)Y(x2)Y(x3) | Y(x1)Y(x2) Y(x3)
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It is easily seen that this procedure can be carried out in the general
case. Just start with the left z; and look at the pairing. If it connects z;
with a right element z,(;), then leave it without changes, otherwise swap
the left and right z(1). Next take z¢;) on the left and look at the pairing.
If it connects x¢(1) with z¢(1)) on the right, then leave it without changes,
otherwise swap z,2(;) on the left and on the right, etc, until we close the cycle
(1 =ky,ka,...,km,). Then we start with the left variable which has number
min({1,2,...,n} \ {k1,k2,...,km,}) and continue this procedure until we
close the second cycle (km, 41, kmi+2, - - - s kmy+m,)- Next we start with the left

variable which has number

min({l,?, ce ,TL} \ {k],kQ, ceey km17km1+17 ce ,km1+m2})

and continue as before.

Finally we have to calculate how many collections of pairings lead to the
same standard collection which identifies a permutation £ as in (3.31). It is
evident that we need to calculate the number of collections of pairings which
identify each separable cycle and then multiply these numbers. Let us look
at the number of the pairings which identify the cycle (1 = ky, ks, ..., km,)-
So, we start with the left x; = z, and then we have two possibilities: either
Tk, is on the left or it is on the right. After modification of the first pairing,
if it is necessary, we look at the left z;, and again have two possibilities:
either x4, is on the right or it is on the left. Again, if necessary, we modify
the pairing and look at the left z;, and so on. Thus, the total number
of possibilities is 2™~!. Hence, the total number of different collections of
pairings is 2™ ~12m2=1...2Mx© =1, Comparing this with (3.32) we conclude

the proposition. O

Next, let us fix I € N and let us take [ independent copies of the random
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field (Y (z))zex as above. We call these copies (Y;(z))zex, 1 =1,2,...,l. We

define a new random field
g(z) =Y (z) + Yi(z) +... + Y?(z), z€X. (3.34)
The following theorem generalizes Proposition 3.1.

Theorem 3.4. For each n € N, we have

Hz(g(xl)"’g(xn)) %U’C(xz>xjnzj=l? (xl""’xn) € X"
Proof. We have

perz (IK(z;, z;));

i,7=1

=2 ( ) o l"ﬁ/c(xi,x«i))

£ESK

=) 2O H/C(x, Ze(s))- (3.35)

£€ESn

Now, by the definition of g(z)
E (g(z1) - g(zn))
[ l

i1=11=1 in=1
=E > (T V2@ )(I] Y2 (a)) - (J] Y2 |,
(7’117’2 1111 ﬂl)eﬁ({l’zy,n}) 11€EM i2€M2 e
(3.36)

where P;({1,2,...,n}) denotes the collection of all ordered partitions of
{1,2,...,n} into ! parts, and [],., Yi3(:) := 1. Hence,by (3.36),

E(g(z1) - -~ g9(xs))

= Z ( H Y1 (zi))( H Yz Ziy)) H Y, (w't))>
)]

(mmz,-m)€P({1,2,...,n i1€M i2€M2 yEm
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Since, the random field (Y1(z)),cx » (Yo(%))ex > - - -» (Yi(2)),cx are indepen-

dent, we have get

E (9(z1) -~ 9(zn)) = > E([] @ )E([] Y2 (z))

(nl17’2v'-~177[)E1;l({1121“'1"}) 'ileﬂl 12€M2

- B(]] ¥ (2a)). (3.37)

UEMN

For any subset n = {J1,ja,-.-,Jx} of {1,2,...,n}, we define

K(zj,, x;) Ic(leasz) T ’C(le’xjk)

. . ’C(‘T.h’le) ’C(szvmjz) e ’C(‘T.‘iz’xjk)
F(z1,z2,...,Zn;n) := per, _ ] '

Ic(mjk’le) ’C(xjk’ sz) e ’C(xjk7xjk)

Then, by (3.37) and Proposition 3.1,

E(g(z1)--- 9(zn))

- Z F(xhx%---7xn;771)F(fL'1,CL’2,...,xn;'r)z)
(m.m2,---m)EP({1,2,...,n})

o F(xy,22,. .., Tn;M)-

Fix any (n1,7m2,---,m) € P({1,2,...,n}). We note that any collection
£1,€0,. .., & of permutations of 7;,7s,...,m, respectively, yields a permu-

tation & of {1,2,...,n}. Furthermore, by (3.32), we have

gn-n(§) _ olm|-n(E)glml-nE)  olml-n(&)
Hence,by (3.37),

E (g(z1) - - g(za))

= Z 2" ON (I, K (1, 2e(1)) K (2, Te(2)) - - - K(m, Teg(my) (3.38)
£€Sn
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Here N(l,€) denotes the number of all possible collections of permutations
&1,&a,...,& of some (m1,m2,...,m) € P({1,2,...,n}) which yields the per-
mutation £ of {1,2,...,n}.

Let 1,92, ..., ¢n() be the cycles of a permutation £ € S,. Then each cy-
cles ¢; must be a cycle in one of the permutation &3, &,,...,& of 1, m2, ..., M,
respectively, where n1,m2,...,m € Pi({1,2,...,n}). Therefore, the number
N(l,£) is equal to the number of all ordered partitions of the set {1,2,...,n(£)}

into [ parts. Hence,

N(1,¢) = > 1

(771,7)2,-“,7)!)61’1({1’2 """ n(()})

_ 3 n(&)!
et k)
k1,k2,....k1=0,1,...,n(c€) kl’k2' kl'
k1+k2+...+k1=n(a)

= Z _n(ﬁ_)_!_lkllkz Lk

TR
v 1 () 1 RRE Kl
k1+k2+...+kl=n(§)

=(1+1+...+1)ﬂ(€)
N ————’

! times

= ™8
Therefore, by(3.38)

E(g(z1)---g(zn)) = D 2O OK (21, 241))K(@2, Te)) - - - K(Tn, Te(m)
£€Sn

Thus, by (3.35), the theorem is proved. O
Thus, using the results of Section 2.5 and Theorem 3.4, we conclude

Theorem 3.5. Let the operator K acting in L?(X, o) be as in subsec. 3.1.8,
and let the kernel K(z,y) of K be also chosen as in subsection 3.1.3. Then,

for each | € N, there exists a point process p» in X whose correlation func-
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tions are given by

k/(:(l’)) (T1,...,Tp) = per; (IK(zs, ;)7 for 6®"-a.a. (zq,...,1,) € X"

ij=1
(3.39)
The uY satisfies condition (X.) and its Papangelou intensity is given by

l
r0(z,7) =E (Z Yi(z)[? | f) (7). (3.40)
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Chapter 4

Markov process and Dirichlet

forms

In this chapter, we will briefly recall some definitions and theorems con-
cerning unbounded linear operators, Markov processes, their generators, and
construction of Markov processes through Dirichlet forms. For more details

and proofs, see [6, 16, 33, 41, 42].

4.1 Unbounded linear operators and quadratic
forms

Let H be a real, separable Hilbert space. Let D(A) be a linear subspace
of H, i.e., D(A) is a subset of H and for any a;,a; € R, hy,hy € D(A),
arhy + aghs € D(A). A linear operator A in H with domain D(A) is a
mapping A : D(A) — H such that

A(a1h1 + azhg) = alAhl + azAhz, hl, h2 € D(A), a,as € R
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Thus, a linear operator A is characterized by its domain D(A) and by the
action of A on D(A). We will write a linear operator as a pair (A, D(A)) to
stress the domain of A.
Define
Cai={(f,Af) | f € D(A)} C H x H.

Then I'4 is called the graph of the operator A. The operator A is called
closed if I'4 is a closed set in H x H

If an operator (A, D(A)) is not closed, we may take the closure of I'4 in
H x H, denoted by I'4. However, this closure is not necessarily a graph of
a linear operator. Indeed, the set I'4 may contain vectors of the form (f,q1)
and (f, go) with g; # g2, so that I'4 is not a graph of a mapping. We say that
a linear operator (A, D(A)) is closable if T'y is a graph of a mapping, i.e.,
there do not exist (f, g;) and (f, g2) in I'4 with g, # go. The linear operator
(A, D(A)) whose graph is T'4 is called the closure of (4, D(A)). (Indeed, one
may check that if (A, D(A)) is closable, then the corresponding closure is a
linear operator.)

If D(A) is a dense set in H, then we say that a linear operator (A, D(A))
is densely defined.

Let (A,D(A)) be a densely defined linear operator. Assume that a vector
g € H is such that there exists g* € H for which

(Af,9)n = (f,g") forall feD(A), (4.1)

Then we say that g € D(A*) and define A*g := g*. (Since D(A) is dense
in H, if g and g* as above exist, then for each g € H there exists a unique
g* € H which satisfies (4.1).) (A*, D(A*)) is a linear operator, and it is called
the adjoint operator of (A, D(A)). It might happen that D(A*) = {0} and
A*0=0.
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A densely defined operator (A, D(A)) is called symmetric if for any f,g €
D(A),
(Af,9) = (f, Ag).

Clearly, for such an operator, D(A) C D(A*) and A*f = Af for any f €
D(A), so that (A*, D(A*)) is an extension of (D(A), A). An operator (4, D(A))
is called self-adjoint if (A*, D(A*)) = (A,D(A)). A self-adjoint operator is
a symmetric operator for which D(A) = D(A*). Every symmetric operator
(A, D(A)) is closable and its closure (4, D(A)) is also a symmetric operator.
A symmetric operator (A, D(A)) is called essentially self-adjoint if its closure
(A, D(A)) is self-adjoint operator. In the latter case, the set D(A) is called
a core or a domain of essential self-adjointness of (A4, D(A)).

An operator (A,D(A)) is called non-negative if, for any f € D(A),
(Af, f) > 0. A non-negative operator is symmetric.

Now, let D(€) be a dense linear subspace of H. A mapping

£:D(E) x D) = R

is called a quadratic form if £ is linear in both argument. The set D(€) is
called the domain of the quadratic form £, and we will write (£, D(£)) for
this quadratic form. A quadratic form (£, D()) is called symmetric if, for
any f,g € D(£),

E(f,9) =E&(9, f)-

(€,D(E)) is called non-negative if £(f, f) > 0 for any f € £. A non-negative
quadratic form is symmetric.

A symmetric quadratic form (€, D(€) is completely characterized by the
values £(f, f), f € €. Indeed, for any f,g € D(E),

£(7,0) = 1€ +0.f +9) ~ E(f ~ 9.1 ~ 9)).
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Sometimes, for f € D(E), we will just write £(f) instead of £(f, f).
Assume that (£,D(£)) is non-negative and define a scalar product on
D(€) by
(f,9)+ = (f,9) + &(f, 9)-

A densely defined (i.e., D(€) being dense in H), non-negative quadratic form
is called closed if D(£) is a Hilbert space with scalar product (-,)+, i.e., if
D(€) is complete in the norm || ||+ generated by the scalar product (-,)4+. A
non-negative quadratic form (£, D(£)) is called closable if for any sequence
{fn}s2, € D(E) such that f, — 0is H as n — oo, and E(fp, — fm) — 0 as
n,m — +o00o, we have £(f,, f») — 0 as n — oo.

Assume that a non-negative quadratic form (£,D(£)) is closable. Let
{f=}22, € D(E) be a Cauchy sequence with respect to the norm || - ||+. Then
{fn}22, is a Cauchy sequence in H and let f € H be the limit of {f,}32, in

H. Let D(€) be the set of all such f € H. Furthermore, for any f, g € D(£),

set
E(f,9) = lim E(fu,9a),

where {f,}22, C D(€), {9}, C D(€) and f, — f and g, — g with respect
to the norm || - ||+ as » — o0o. The definition of a closable quadratic form
ensures that the value £(f,g) is independent of the choice of {f,}%, and
{9.}22,. In fact, (£, D(€)) is a closed non-negative quadratic form, which is
called the closure of (£, D(£)).

Theorem 4.1 (Friedrichs’ theorem). Let (£, D(E)) be a non-negative quad-
ratic form. Assume that there exists a linear operator A : D(€) — H such

that
E(f,9)=(Af,9), f,g€DE).

Then the quadratic form (€, D(E)) is closable.
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Theorem 4.2. Assume that (£,D(E)) is a non-negative closed quadratic
form. Then, there ezists a self-adjoint operator (A, D(A)) such that D(A) is
dense in D(E) with respect to || - ||+ norm and, for any f € D(A), g € D(E),

(Af,9) =E(f,9)-

The operator (A, D(A)) as in Theorem 4.2 is called the generator of the
closed quadratic form (&€, D(E)).

Let us consider a linear symmetric oerator (A4, D(A)) in H, Assume that
A is not self-adjoint, that is, D(A) is smaller then D(A*). Assume that A is

non-negative. Define a quadratic form

E(f,9)=(Af.9), [f.g€D(E):=D(A).

Then £ is a non-negative quadratic form and by the Friedrichs’ theorem,
(E,D(€)) is closable. Let (£,D(€)) be the closure of (£,D(£)). Then, by
Theorem 4.2, (£, D(€)) has generator (A, D(A)), which is a self-adjoint op-
erator. Clearly, D(A) C D(A) and for each f € D(A) Af = Af. Thus
(A, D(A)) is an extension of (A, D(A)). The operator (A, D(A)) is called the
Friedrichs’ extension of (A4, D(A)).

4.2 Markov processes

Let X be a Polish space. Consider a family (P t)zex t>0 of probability mea-
sures on (X, B(X)) such that, for each A € B(X), the mapping

X>z— P(A)€R

is measurable. Let us assume that for each x € X P,y = §,, the Dirac

measure with mass at z, and furthermore, for any s,¢ > 0 and A € B(X),
P:c,s+t(A) = /}; Pz,s(dy)Py,t(A)-
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Then, for each x € X, by Kolmogorov’s existence theorem, there exists a
stochastic process (M(t)):>0 taking values in X such that M(0) =z a.s. (z
being called the starting point of the process), and for any 0 < ¢; < t5 <
s <ty < tpyt, Ag,. .., An € B(X),

P(Mz(tl) € Al) s 7Mz(tn) € An)
= / Py, (da:l)/ Py ty-1, (dzo) - / Py tn—tn_y (dzn).
Ay Az n

Such a process is called a time homogeneous Markov process. This process
has ‘no memory’, which can be mathematically written as follows: for any

0<t;<ty<...<t,and any Al,Ag,...,An,An+1 EB(X),

P(Mg(tps1) € Ansr | Mo(t1) € A1, My(ts) € As, ..., My(t,) € Ay)
= Pp(My(tny1) € Angr | Ma(t,) € Ayp).

Thus, each probability measure P, ; describes the distribution of a stochastic
process M, at time s+t (s > 0) given that at time s, the process is at z.
This is why these measures are called transition probabilities.

Recall that a mapping [0, +00) 3 ¢t — R(t) € X is called cadlag, or right
continuous with left limits if, for any ¢ > 0 and for any sequence {¢,}2, such
that ¢, >t and ¢, — t as n — oo, we have R(t,) — R(t) as n — oo (right
continuity) and for any ¢ > 0 and any sequence {t,}22, such that ¢, < ¢ and
t, — t as n — oo, the sequence {R(t,)}; converges in X.

Often we will drop the lower index z in the notation of a Markov process
M, and just write (M(t));>o. Under some additional conditions on transition
probabilities, one may choose a version of a Markov process such that each
sample path becomes a cadlag function, (or in some cases even a continuous
function). From now on we will assume that such a version of a Markov

process has been choosen.
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Denote by D([0,+00), X) the set of all cadlag function on [0, +00) with
values in X. So, by our assumption, each sample path of (M (t)):>0 belongs
to D([0,+00), X). We define a o-algebra C on D([0,+00), X) as the minimal
o-algebra with respect to which all mappings of the form

D([0,+00), X) 3 w— (w(t1),w(ta),...,w(ts)) € X",

O<ti<te<---<t,, mEN,

are measurable.

Recall that the law of a stochastic process is the distribution of sam-
ple paths of this process. So, in our case, for each starting point z € X
we have a probability measure P, on (D([0,+00),X),C). So, we may al-
ways assume that, for each z € X, the corresponding probability space is

(D(]0,+00),C, P,) and the Markov process is defined by
M(t,w) = w(t).

This is called a canonical realization of the process.
Clearly, every probability measure P on (D([0,+00),X),C) defines a
stochastic process (Y (t))¢>0 by

Y(t,w) = w(t).

So, let u be a probability measure on X and define a probability measure P

on (D(]0,4+00), X),C) by

P(C) = /X P(C)uldz), CeC.

This measure yields a Markov process M = (M(t)):>o with a random start-
ing point. The measure u is called the initial distribution of M. If it happens
that, for any ¢t > 0, the distribution of this process at time ¢, i.e., the distri-

bution of M(t) is u, then we say that the Markov process is stationary.
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Assume that for any bounded measurable functions f,g : X — R, we

have

[wan ([ Pt,w(dy)f(y)) o) = [ @)@ ([ Pattna®).

Then the corresponding Markov process M with initial distribution p is called
an equilibrium Markov process and the measure y is called a symmetrizing

measure for M. The measure p is stationary for M.

4.3 Generator of a Markov process

Let (T3)t>0 be a family of bounded linear operators in H. (T;)¢>o is called a
semigroup if Tp = 1 and T4, = T,T; for any s,t > 0. A semigroup (7):>0
is called strongly continuous if for any f € H, the mapping t — T;f € H is
continuous. A semigroup (73):>o is called a contraction semigroup if it is a
strongly continuous semigroup and furthermore, ||T3|| < 1 for all ¢ > 0.

Define
D(L) = {d) € H | there exists a limit %1_1}13 %(thb — ¢) in H} .
Then, D(L) is a dense, linear subset of H. Define,
Lo = lim % (Tip — ¢), for each ¢ € D(L).

Then, (L,D(L)) is a closed operator in H.
This operator (L, D(L)) is called the generator of the contraction semi-

group (T3):>0, and one writes,
n — etL.

Remark 4.1. For ¢ € D(L), at least heuristically, we have:

d

_a ‘L
Tdt) ¢

L¢
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_1; 1 tL —0L
= lim —(e™ —e™)¢

1
=lim-(T:¢ — ¢).

If each operator T; of a contraction semigroup (73):>0 is self-adjoint, then
the generator (L, D(L)) of this semigroup is a self-adjoint, non-positive defi-
nite operator, the latter meaning that (Lf, f) < 0 for any f € D(L).

Assume that we have a probability measure p on (X, B(X)), and we con-
sider the Hilbert space L?(X,p). Let (M(t));>o be an equilibrium Markov
process on X with stationary distribution p and transition probabilities

(R,r)tZO,zEX-
Define for each f € L?(X, ) and ¢ > 0,

(T.f)() = /X (@) Pia(dw), @€ X, (4.2)

Then, (T;):>0 is a contraction semigroup in L?*(X,p) and the generator L
of this semigroup is called the generator of the Markov procress. L is a
self-adjoint operator in L?(X, x). In many cases, study of a Markov process
reduces to study of its generator L in L?(X, p).

Let X be a Polish space, let B(X) be the Borel o-algebra on X, and
let m be a probability measure on (X, B(X)). Let (£, D(£)) be a closed,
symmetric, non-negative, quadratic form on L?(X,m). Then (£, D(£)) is
called a Dirichlet form if, for each F' € D(E), we have (FV0) A1l € D(£)
and

E((FV0) A L) < E(F).

Let (&, D(€)) be a Dirichlet form on L2(X,m). For a subset A C X, we
define
D(&)a:={FeDE)|F=0o0n X\ A}.
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A sequence (A, )nen of closed subsets of X is called an £-nest if

U D(€)a.

neN
is dense in D(E) with respect to the norm

-l = (EC) + 1 - Nzzeemy) .

A subset N C X is called £-exceptional if

Nc()A;
neN
for some E-nest (A,)nen. Note that every Borel £-exceptional set has m mea-

sure zero. A property of points in X holds £-quasi-everywhere (abbreviated
£-q.e.) if the property holds outside some £-exceptional set. Evidently, if a
property holds £-q.e., then it holds m-m.e.

Assume that there exists a subset F of D(£) N C(X), where C(X) is the
set of all continuous functions on E, which is dense in D(£) with respect to
the norm || - ||+ and such that the functions from F separate points of X.
The latter means that for any z,y € X, x # y, there exist f € F such that
f(z) # f(y). Then, the Dirichlet form (£, D(£)) is called quasi-regular if
there exists an £-nest (A,)nen consisting of compact sets in X.

Finally, let us define the notion of quasi-continuity. Let F': A - R, A C
X. And let (€, D(E)) be a Dirichlet form on L?(X,m). Then the function F
is called £-quasi continuous if there exist an increasing sequence (Ap)nen of

closed subsets of X which form an &-nest, | J, .y An C A and for each n € N

neN

the restriction of F' to A, is a continuous function.

4.4 Conservative Hunt processes

Let us consider a special class of Markov processes which is called conservative

Hunt processes.
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So let X be a Polish space, and let (M (t)):>o be a Markov process taking
values in X and defined on sample space {2 equipped with a o-algebra F. Let
(Ft)i>0 be the filtration generated by (M(t))s>o. For each z € X we denote
by P, the probability measure on (€2, F) which corresponds to the process
(My(t))t>0, i-€., to our Markov process starting at . We also assume that,
for each t > 0, there exist a mapping 6; : QO — Q, called time shift, which
satisfies

Ms(etW) = M3+t(W).
For all s > 0, we may now write our Markov process as follows:

M = (Q,F, (Fi)e0, (Ot)e0, (M (1))ez0, (Pr)zex)-

Such a process is called a conservative Hunt process if it satisfies the following

additional properties:
e (Normal property) P,(M(0) =z) =1forall z € X.
e (Infinite life-time) P,(M(t) € X for allt > 0) =1 for all z € X.

o (Right continuity) For each w € , [0,00) 2 t — M(t,w) € X is right

continuous.

e (Strong Markov property) For every (F;)i>o-stopping time 7 and every
probability measure m on (X, B(X)),

Pn(M(1+1t) € A| F;) = Px(»)(X(t) € A) Pp-as.
for all A € B(X) and t > 0. Here, Py,(-) := [, m(dx)P,(-).
o (Left limits) For every probability measure m on (X, B(X)), lim: M(s)

exists in X for all t > 0 P,,-a.s.
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o (quasi-left continuity) For every probability measure m on (X, B(X)),
if 7, 7,, n € N, are (F/™);>o-stopping times such that 7, 1 7, then
X(7n) = X(7) as n — 0o Py-a.s. Here, F/™ denotes the completion
of the a—algébra JF; with respect to the probability measure P,,(i.e. we

add to F; all sets from F which are of zero measure F,,,.)

Let m be a probability measure on (X, B). Let M and M’ be two Hunt
processes with state space X. Denote by (Ti)i>0 and (T}):>0, their corre-
sponding semigroups(see (4.2)). Then M and M’ are called m-equivalent if
there exist a set S € B(X), such that

e m(X\S)=0;
e S is both M-invariant are M’-invariant;

e (T.f)(z) = (T} f)(z) for each t > 0, each bounded measurable function
f:X—>Randeachz €S.

Recall that S being M-invariant means that there exist Q) € F such that
{MEN(X\ S) # 0 for some t >0 } C 2 and P,(€) = 0 for all z € S. Here
M is the closure of {M,(w) | s € [0,¢]} in X.
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Chapter 5

Glauber and Kawasaki
dynamics for permanental

point processes

In this chapter we will study two types of equilibrium dynamics of an infinite
particle system which leave a permanental point process invariant. These
dynamics are Glauber (spatial birth-and-death) and Kawasaki (a dynamic of

hopping particles).

5.1 Equilibrium Glauber and Kawasaki dy-
namics — general results

Let a space X and a measure o on (X, B(X)) be as in subsection 3.1.3.
Let us start with an informal description of Glauber and Kawasaki dy-
namics. A Glauber dynamics is a stochastic dynamics of an infinite particle

system in which particles randomly appear (are born) and disappear (die).
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It is a Markov process whose formal (pre-)generator has the form

(LeP)) = 2 dae NP\~ F)+ | (d)bla (P z)=F(0).

-~ (5.1)
The coefficient d(z,~ \ z) describes the rate at which particle z of configura-
tion ~y dies, while b(z,~y) describes the rate at which, given configuration v,
a new particle is born at x.

A Kawasaki dynamics is a Markov process on I' in which particles ran-
domly hop over the space X. The Markov (pre-)generator of such a dynamics
is given by

P =Y [ cenr\a)F\aUy) - Fold).  (62)

z€y
The coefficient ¢(z,y,7 \ z) describes the rate at which particle z of config-
uration v hops to y, taking the rest of the configuration, 7 \ z, into account.

Generally speaking, both Glauber and Kawasaki dynamics are not equi-
librium dynamics. Let p be a point process on X which satisfies the (X))
property, i.e., there exists Papangelou intensity r(z,~) of the measure u: for

each measurable function F : X x I'x — [0, +00], we have

J

The condition (X)) can be thought of as a kind of weak Gibbsianess of p.

S Py = [ wdy) [ o )FEve). (63

X z€y

Intuitively, we may treat the Papangelou intensity as

T'(.’I:,’y) = exp[—E'(:c, 7)]) (54)

where F(z,7) is the relative energy of interaction between particle z and
configuration 7.
Then it is easy to see which conditions the coefficients b and d, respectively

¢, must satisfy in order that the operators Ls and Ly be symmetric in
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L*(Tx,u) (and so p is a symmetrizing, and so invariant measure of the
]process). These conditions (called balance conditions) look as follows, see

(20, 21}

Ly g

e b(z,v) =r(z,v)d(z,7) (for the Glauber dynamics)
o r(z,v)c(z,y,7) =7(y,v)c(y, z,7) (for the Kawasaki dynamics)

So, let p be a point process in X which satisfies the condition (X)), i.e.,
(5.3) holds.

To define an equilibrium Glauber dynamics for which u is a symmetrizing
measure, we fix a death coefficient as a measurable function d : X x 'y —

[0, +00], and then define a birth coefficient b : X x T'x — [0, +00] by

b(z,v) = d(z,v)r(z,7), (z,7) € X xTx (5.5)

To define a Kawasaki dynamics, we fix a measurable function ¢ : X2 xI'% —

[0, +00] which satisfies

r(z,7)e(z,y,7) =r(y,V)e(y, z,7), (2,9,7) € X*xTx.  (5.6)

We will also assume that the function c(z,y, ) vanishes if at least one of the

functions r(z,~) and r(y,~y) vanishes, i.e.,

c(x,y,7) = c(, Y, Vx>0 (T, V)X r>03 (¥ 7)- (5.7)

Here, for a set A, x4 denotes the indicator function of A. We refer to
[31, Remark 3.1] for a justification of this assumption. Let us recall this
argumentation.

As we discussed, the coefficient c(z,y,v \ =) describes the rate of the
jump of particle z € v to y. For each v € I'x and z € X \ v, we interpreted

r(z,7) as exp[—E(z,~)], where E(z,~) is the relative energy of interaction
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between configuration v and particle z. Hence, if r(y,v \ ) = 0, then the
relative energy of interaction between the configuration v \ z and particle y
is +00. Hence, it is intuitively clear that the particle  cannot hop to y, i.e.,
c(z,y,7 \ z) should be equal to zero. A symmetry reason also implies that
we should have c(z,y,v\ z) = 0if r(z,v \ z) = 0, i.e., if the relative energy
of interaction between x € 7 and the rest of configuration is co.

We denote by FCy,(Co(X),T'x) the space of all functions of the form

Lx 39 F(v) =g({e1,7)s- -5 (N M) (5.8)

where N € N, ¢1,...,¢on € Co(X) and g € Cp(RY). Here, C,(R") denotes
the space of all continuous bounded functions on RY. We assume that, for

each A € By(X),
/ u(d) / +(dz) d(z, 7\ z) < oo, (5.9)
I'x A
/F u(dv) /X +(dz) /X o(dy) (e, 1,7 \ 2)0ea(@) + xa(y) <o, (5.10)

As easily seen, conditions (5.9) and (5.10) are sufficient in order to define

quadratic forms

£0(F,6):= [ ntan) [ 4(d)dla 1\ 2)(Flr\2) - FO)O0\2) - GO)),

ER.G): =5 [ @) [ +dn) [ ot cta vy \)F\2UY - F)
x (G(r\2Uy) - G),

where F,G € FCp(Co(X),T'x).
For the construction of the Kawasaki dynamics, we will also assume that

the following technical assumptions holds:
Ju,veR VA € By(X):
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/ +(dz) / o(dy) r(z, 7\ 2)'r(y,7 \ 2)"clz, v,y \ @) € LA(Tx, ) < oo.
A A
(5.11)

Note that in formula (5.11) and below, we use the convention 3 := 0.

The following theorem was essentially proved in [31].

Theorem 5.1. (i) Assume that a point process p satisfies (5.3). Assume
that conditions (3.1), (5.9), respectively (5.6), (5.7), (5.10), and (5.11) are
satisfied. Let § = G,K. Then the quadratic form (&, FCu(Co(z),T'x)) is
closable in L*(T'x, ) and its closure will be denoted by (&, D(&)). Further
there exists a conservative Hunt process (Glauber, respectively Kawasaki dy-

namics)

M* = (98, 7, (FB)zo, (Oh)ezo, (XF(t))ez0, (Phrer )

on I'x which is properly associated with (&, D(&)), i.e., for all (u-version
of) F € L*(Tx,u) and t > 0

Px 37 F() = [ PXE) AP

is an E'-quasi continuous version of exp(tLy)F, where (—Ly, D(Ly)) is the
generator of (&, D(&)). M" is up-to p-equivalence unique. In particular,
M"Y is u-symmetric and has p as invariant measure.

(i1) Further assume that, for each A € Bo(X),
/’Y(dl’) d(z,v\ z) € L*(Tx, u), /U(dx) b(z,7) € L*(Tx,p), (5.12)
A A
in the Glauber case, and
[ e [ otdelz,nr\2)0ale) + xaW) € LCxim) (.13
X X

in the Kawasaki case. Then FCyw(Co(X),I'x) C D(Ly), and for each F €
FCu(Co(X),Tx), LyF is given by formulas (5.1) and (5.2), respectively.
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Proof. The statement follows from Theorems 3.1 and 3.2 in [31]. Note that,
although these theorems are formulated for determinantal point processes
only, their proof only uses the (X!) property of these point processes. Note
also that condition (5.11) is formulated in [31] only for v = 1, however the
proof of Lemma 3.2 in [31] admits a straightforward generalization to the

case of an arbitrary v € R [30]. a

Remark 5.1. Part (ii) of Theorem 5.1 states that the operator (— Ly, D(Ly))
is the Friedrichs’ extention of the operator (—Ly, FCu(Co(X),T'x)) defined
by formulas (5.1), (5.2), respectively (see Section 4.1).

Let us fix a parameter s € [0,1] and define

d(z,7) : = r(2,7)* x>0 (2,7), (z,7) € X x Ty, (5.14)
b(z,7) : = 7(2,7) x>0} (2,7), (2,7) € X x I'x, (5.15)

c(z,9,7) : = a(@,y)r(2,7)° 7 (Y, 1) X (r>01 (& V)X >0} (U5 7),
(z,y,7) € X* x Tx. (5.16)

Here the function a : X% — [0, +00) is bounded, measurable, symmetric (i.e.,

a(z,y) = a(y, z)), and satisfies

sup./xa(x,y) o(dy) < oo. (56.17)

zeX
Note that the balance conditions (3.1) and (5.6) are satisfied for these coef-

ficients, and so is condition (5.7).

Remark 5.2. Note that, if X = R? and a(z,y) has the form a(z — y) for a
function a : R — [0, 00), then condition (5.17) means that a € L(R¢, dx).

(Here and below, in the case X = R, we use an obvious abuse of notation.)

Remark 5.3. Using representation (5.4), we can rewrite formulas (5.14)-

(5.16) as follows:
d(z,7\ z) = exp[(1 — s) E(z, 7 \ 2)|x(B<+00} (7,7 \ T),
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b(x’ v \ x) = exp[—sE(a:, Y \ x)]X{E<+oo}(x7 Y \ .’II),
c(z,y,7\ x) = a(z,y) exp[(1 — s)E(z,y \ z) — sE(y,7\ 7)]

X X{E<+00} (T, 7 \ T)X{E<t00} (1,7 \ T).

So, if the corresponding dynamics exist, one can give the following heuristic
description of them: Both dynamics are concentrated on configurations v €
I'x such that, for each z € 7, the relative energy of interaction between
z and the rest of configuration, « \ z, is finite; those particles tend to die,
respectively hop, which have a high energy of interaction with the rest of
the configuration, while it is more probable that a new particle is born at y,
respectively z hops to y, if the energy of interaction between y and the rest

of the configuration is low.

Let us assume that the point process p satisfies:

VA € By(X) : /A'y(da:) € L*(Tx, ).

Then, by choosing u =1 — s and v = —s in (5.11), we conclude from (5.17)
that the coefficient c given by (5.16) satisfies (5.11).

5.2 Equilibrium Glauber and Kawasaki dy-
namics for permanental point processes

We will now prove that, for a point process ¥ as in Theorem 3.5, Glauber
and Kawasaki dynamics with coefficients (5.14), (5.15) and (5.16), respec-

tively exist.

Theorem 5.2. Let the operator K acting in L*(X, o) be as in subsec. 3.1.3,
and let the kernel K(z,y) of K be also chosen as in subsection 8.1.3. Let
p®, 1 €N, be a point process as in Theorem 3.5. Then:
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(i) For u®, the coefficients d(z,v) and b(z,v) defined by (5.14) and
(5.15), satisfy conditions (3.1) and (5.9) and so statements (i) and (i) of
Theorem 5.1 hold, in particular, a corresponding Glauber dynamics exists.

(it) Assume additionally that K(z,z) is bounded outside a set A € By(X).
Then for u\V, the coefficient c(x,y, ) defined by (5.16), satisfies (5.6), (5.7),
(5.10) and (5.11), and so statements (i) and (i) of Theorem 5.1 hold, in

particular, a corresponding Kawasaki dynamics exists.

Proof. We will only prove statement (ii) of Theorem 5.2, as the proof of
statement (i) is similar and simper. Also, for simplicity of notation, we will
only consider the case [ = 1 (for { > 1 the proof being completely analogous).
We will also omit the upper index () from our notation.

We already know that the coefficient c¢(z,y,y) defined by (5.16) satisfies
(5.6). By the very definition of ¢(z,y,7), formula (5.16), condition (5.7) is
satisfied. Furthermore, at the end of Section 5.1 we have already explained
why condition (5.11) is satisfied. Thus, we only need to prove (5.10).

We start with the following

Lemma 5.1. For the permanental point process pu under consideration, for

each n € N and for o-a.a. x € X
2n)!
[yt s 22 K,z (5.18)
r n

Proof. Recall that by E we denote the expectation with respect to the prob-
ability measure P defined by (2.26) with g(x) given by (3.34) (recall that
l =1 now). Recall also that we denote by K;(z,y) the integral kernel of the
operator VK.

Using Jensen’s inequality for conditional expectation (e.g. [3, 15.3 Theo-

rem]), (3.40), and Theorem 3.2, we have:
@ utan = [ Paw) [ meoddnrie
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(r(@)")
(B @)1 7))
<E (B @™15))
=E(r ()"
= [ B@) [ moerany @
= /Q P(dw)Y (z)*" /F Tg(-w)o (A7)

- /,, P(dw)Y (2)?"

_(2n)!
— 2np)

/ P(dw, dv)r(z,7)"
E
E

K(z,z)",
for g-a.a. z € X. O

By (5.3) we have, for each A € By(X),

J ) [ o) [ atay)eta v\ 2)en(@) + xa(w)
=/p(d7)/ a(dx)/ o(dy) r(z,v)e(z,y,7) (xa(x) + xa(y))
/ (dv) / (dz / (dy) a(z, y)r(z,7)°r (¥, V) X{r>03(2,7)

X X0 (1, 1) (xa(z) + xa(w))
< / () /X o(dz) /X o(dy) alz, y)r (2, 7)°r (1, 7)* (xa (@) + xa(®))

=2 [ (@) [ otdo) [ ot ata.v)rte, )’
<2 [ ud) [ o) [ o@a@n)+r@m) -+, (619)
Here, we used that, for each s € [0,1] and a > 0,
a*<1+a, (5.20)
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Indeed, if a € (0,1], then a* <1< 1+4aqa,andifa > 1, thena®* <a! <1+a.
By (5.17)

/Fp(dfy)/Aa(d:r)/Xa(dy) a(z,y) < oo. (5.21)

Below, C;, « = 1,2,3,..., will denote positive constants whose explicit

values are not important for us. We have, by (5.17) and (3.39),
[t [ otaa) [ ot aterta
r A X

=/Fp(d~/)/Aa(dx) r(z,7) </x a(dy)a(x,y))

<o / () / o(dz)r(z,7)

= ¢ [ (@) [ ()
=C} /AIC(x,x) o(dz) < oo. (5.22)

Here we used that the first correlation function of x, ko (x) is K(z, z).

Next, by (3.40) and (3.8),

/F,u(d’y)/l;a(dw)/xff(dy) a(z, y)r(y,7)
- /A o(dz) /X o(dy) a(z,y) /F w(d)r(y,7)
= /A o(dz) /X o(dy) a(z,y)K(y,y)
=//;a(dx)/Aa(dy) a(x,y)lC(y,y)-l—/AU(dx) /Ac o(dy) a(z, y)K(y,y)
< C2Aa(dx)Aa(dy)K(y,y)+C'3/Aa(dx) AcU(dy) a(z,y) < oo,

<c /A o(dz) /A o(dy)K(y,v) + Cs /A o(dz) /X o(dy) alz,y) < oo,
(5.23)

where we used that the function a is bounded and K(y,y) is bounded on A°.
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Analogously, using Lemma 5.1 and the Cauchy inequality, we have:

/F () / o(dz) /X o(dy)a(z, y)r(z,7)r(y, )
_ / o(dz) /X o(dy)alz, 1) / w(d)r (@, 7)r(y,7)

< [0t [ o@natan ( | r(m,v)zu(d7)>l/2 (f r(y,'y)zu(d’y))l/z

<G [ alds) [ oldy)a@ k(2K )
= [ otdn) | otd)a@, (e K()
+0 [ o) [ olay)ale,)e(a 2)K(w,1)
< Cs [ oldn)K(@.2) [ otan K(w)
+Cs /A o (dz)K (z, ) /A o(dy)a(z,y)
< Cs /A o(dz) K(z, ) /A o(dy) K(y,y)
+Co /A o(d2)K(z, 7) /X o(dy) a(z, ) < oo. (5.24)
Thus, by (5.19)—(5.24), the theorem is proven. O

Theorem 5.3. (i) Let s € [3,1], and let the conditions of Theorem 5.2 (i)
be satisfied. Then the coefficients d(z,v) and b(z,~y) defined by (5.14) and
(5.15), satisfy condition (5.12). Thus, FCy(Co(X),T') C D(Lg), and for
each F € FCy(Co(X),T'), LgF is given by formula (5.1).

(it) Let s € [1,1], and let the conditions of Theorem 5.2 (ii) be satisfied.

Further assume that either
VA € By(X) 3N € By(X)Vz e AVy e (A): a(z,y) =0, (5.25)

or

/AIC(:zt,av)2 o(dz) < oo, (5.26)
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where A is as in Theorem 5.2 (ii). Then the coefficient c(z,y,v) defined by
(5.16), satisfies condition (5.13). Thus, FCy(Co(X),T') C D(Lk), and for
each F € FCy(Co(X),T), LxF is given by formula (5.2).

Remark 5.4. If X = R% and the function a is as in Remark 5.2, then condition

(5.25) means that the function a has a compact support.

Proof of Theorem 5.3. We again prove only the part related to Kawasaki
dynamics and only in the case [ = 1, omitting the upper index (V) from our
notation.

We first assume that (5.25) is satisfied. Since the function a is bounded
and satisfies (5.25), it suffices to show that, for each A € By(X),

[ ) [ atdnrie, \a) ey xieso e M\ (1 1\e) € ).

(5.27)
We note that, for s € [%,1], 2s — 1 € [0,1]. Therefore, by the Cauchy
inequality and (5.20), we have

/F u(d) ( /A (d2) (2,7 \ 2 x50y (7 \ @) (5.28)

X /Aa(dy) 1,7\ 2)°Xr>03 (¥, 7\ 93))

< /Fu(dv) /A y(dz) (2,7 \ 2)* Vxprs0p (2,7 \ 2)
y ( [ @)\ 2 xeso x)) +(A)

- /H(d’Y)/ o(dz)r(z, '7)28_1X{r>0}($a’7)

T A 0

x ( / a(dy)r(y,v)sxm(y,v)) ((A) + 1)

< / u(d) / o(dz) (1 + (2, 7)) x1r50) (2:7)
x ( /A o(dy) (1 + (Y, 7)) x{r>0p (¥, 7)) (v(A)+1)
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/Fud'y)(/A (de)(1 +r(z,7) ) A)+1)
( e ([ o +r) )1/2 ([ e +1?) "
( [ wtan (a N+ [ o) )1/2 ([ +17) "

(5.29)

We have, for each n € N,

/F (@) ( /A a(dx)r(z,v))n
= [ otam) - [ otaza) [ u@nries) - rizn

< [otdz) - [ aldm)lirten Mg - Iram Yewen

< ([ ot@lirte Mumeo)

By Lemma 5.1,
Ir(, |y = ( / u( dv)r(m)n)%
< (gzn)‘ﬁ(x,x)">%
B <(z2n) ) K(z,).
Hence,

e ([ ot@rram)
< (/ o(dz )((2”)) IC(x,x))n

< (22;:3! ( /A (dm)lC(m,:c))n < 00. (5.30)
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Now, (5.27) follows from (5.29) and (5.30).
Next, we assume that (5.26) is satisfied. We fix A € By(X) and denote

u(z,y) = a(z, y)(xa(2) + xa(y))-

Then, by the Cauchy inequality and (5.17),
[ utan ( [ 2ta) [ ot uteinter\ 9 xesa e\ o
X (Y, Y\ )’ Xr>03 (7 \ x))
< / () /X +(dz) /X o(dy) ulz, 9)r(@, 7\ 22 Vxproy (@, 7\ 2)
X (9,7 \ 2 X0y (857 \ 2) /X +(da) /X o(dy) u(&, ¥)
- / () /X o(dz) /X o(dy) u(z, ¥)r(@, 1) X0y (1)
r ~)28 >0 .Y . I o "\ u xl, /

X (4,7 x50y (¥ /)/X('y+€)(d )/X (@) u(@, o)
T T 2
< / u(d) /X o(dz) /X o(dy) u(z, )(1 + r(z,7) (L +(y,7)?)

< ([ 2@) [ otanten)+ [ ot

< [t ([ otas) [ oty utei)a-+r@ma+ )

X (/X ~/(dw’)/xa(dy')u(m',y') +C7) )

Hence, by the Cauchy inequality, it suffices to prove that

[ wta) ( [ o) [ ot uie, ) +r@ )+ r(y,~/>2>)2 < oo,
(5.31)

2
[t ([ @) [ o@utan) <o (532
r b's X
We first to prove (5.32). We have, by Theorem 3.5,

/r u(dy) ( /X +(dz) /X a(dy)u(x,y>)2
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[t [ taa) [ ottt [ 1) [ oa)u)
[ otan) [ otay) [ ut@n [ o) [ de)uie )
[ ot [ otay) [ uian ( [ 2tas)utz uta,y)

+ /X (dz) / (7 ~ e2)(da’) u(z, y)u(x"y'))

= [ o) [ a(dy)( JRCELCRRETERS

/ (dz) / (de') ( K(z, ') + K(z, 2)K(, x)) w(z, y)ul, y)>

Hence,

Jtan ([ ~ta) [ atamuts, y))2
< [ ata) [ ot ([ ot k(o 2)utz pute )

/Xa(dz)/xo(dx) K(z,z)K(z', ' Yu(z, y)u(’, y))
=/Xa(dy)/xa(dy')/XU(dﬂC)’C(m‘,x)u(x:y)u(x>yl)

+g <A a(dy)/Xa(dx) /C(x,x)u(xay))z
S/Aa(dx)}C(x,x) (/Xa(dy)U(.’r,y)>2

+Cs [ olay) [ otay) [ ofas) u@n)ute.v)
43 ( [ ot@a)k@,a) [ otanyutz.n)+Ca [ atan) [ a(dx)u(a:,y>)2 < oo.

Next, we prove (5.31). By Lemma 5.1 and Hélder’s inequality, we have

[t ([ otao) [ ot utan+re )+t m)z

/ (dz) / o(d2) / / o(dy') u(z, yu(@, y')
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x / u(d) (1 + r(z, 1) (L + (M)A + (DD + 7))
< [ otds) [ otas) [ otay) [ ota)ute. ) (14 (e r)
x (L+ Ir(@, Mzeg) @+ Ir(y, Vllesw) 1+ Ir @', )2 lrew)
= ([ ot@a) [ otayyute) (1-+ It Maseo) (1 -+ I Pl
X X ,
< Cy (/X o(dz) /Xa(dy) u(z,y)(1+ K(z,z))(1+ K(y,y)2)> < 00.
Indeed, since the function u is bounded, by (5.26)
[ otz) [ olavyute, 1+ K@)+ K@)
A A

< Cuo /A o(dz)(1 + K(z, 7)) /A o(dy)(1 + K(5,)?)

< oQ.

Next,
| otae) [ atanue )+ K@)+ K
<Cn [ otdn) [ aldnutz, )1+ K
< Cn [ o)1+ K@) [ otz
< Cu [ aldn)(1+ Ky, 5))
<oo
Next,

[ otds) [ otamute, )+ )@+ K1)
<G [ ode) | oldy)ula,n)(1+K(z2)
< Cn [ o)1+ K@) [ oldy)uta,y)
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< Cu /A o(dz)(1 + K (z, z))

< Q.

Finally,

[ ota) [ otamute. ) + Kz, o)1+ K7
<Cis [ oldo) [ oldyuta,y)

< Cis [ otdo) [ aldruta,y)

= Css [ otde) [ oldy)ata,n)(xa(o) + xa(®)

< Q.

Thus, the theorem is proven. O

5.3 Diffusion approximation

From now on, we set X = R%, d € N, and ¢ to be Lebesgue measure. We will
show that, under an appropriate scaling, the Dirichlet form of the Kawasaki
dynamics converges to a Dirichlet form which identifies a diffusion process on
I' having a permanental point process u¥) as a symmetrizing measure. The
way we scale the Kawasaki dynamics will be similar to the ansatz of [23)].
We denote by FCP(CP(R?),T") the space of all functions of the form
(5.8) where N € N, ¢1,...,on € C°(R?) and g € C(RY). Here, CP(R?)
denotes the space of smooth functions on R? with compact support, and
Cg°(R™N) denotes the space of all smooth bounded functions on RY whose all

derivatives are bounded. Clearly,
FCR(CR(RY),T) € FCy(Co(RY),T),
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and the set FCP(CP(RY),T) is a core for the Dirichlet form (Ex, D(€k)).
We fix s = 1/2. Let us assume that the function a(z,y) is as in Remark

5.2. Thus, the coefficient ¢(z,y,~) has the form

c(z,9,7) = alz — y)r(z,7) " 2r(y, V) X0 X0y (¥, 7). (5.33)

Note that y — z describes the change of the position of a particle which hops
from z to y. We now scale the function a as follows: for each ¢ > 0, we

denote

a.(z) ;= e %a(z/e), ze€R% (5.34)

The Dirichlet form (€k, D(Ek)) which corresponds to the choice of function
a as in (5.34) will be denoted by (&, D(E,)).

Theorem 5.4. Assume that the function a has compact support, and the
value a(z) only depends on |z|, i.e., a(z) = a(|z|) for some function a :
[0,00) — R. Further assume that the function KC:(z,y) has the form K (z—y)

for some K1 : R — R, dnd
lim [ (Ki(z) — Ki(z +y))*dz = 0. (5.35)
y—0 Rd

For each 1 € N, define a quadratic form (&, FCZP(CS(RY),T)) by

Eo(F,G) = c/

[ 10 / der(z, )(VoF(yU2), V.Gl Uz).  (5.36)

Here
1

c:= —/ a(z)z3 dr
Tmod
((a:l denoting the first coordinate of x € R%), V. denotes the gradient in
tthe x variable, and (-,-) stands for the scalar product in R?. Then, for any

F,G € FCR(C(RY),T),
F'e e roptivg Us)L),

E(F,G) — &(F,G) ase— 0.
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Remark 5.5. Assume that the function K; is differentiable on R¢. Denote

K(z,8):= sup |VKi(y)], z€R% §>0.
y€B(z,d)

Here B(x,d) denotes the closed ball in R? centered at z and of radius §.

Assume that, for some § > 0,
K(-,6) € L*(R?, dx). (5.37)

Then, by Taylor’s formula condition (5.35) is clearly satisfied. Note that
condition (5.37) is slightly stronger than the condition |VK;| € L%(RY, dz).

Proof of Theorem 5.4. Again we will only present the proof in the case l = 1,
omitting the upper index (). We start with the following

Lemma 5.2. Fiz any A € By(R?) and « € (0,1]. Then, under the conditions
of Theorem 5.4,

r(z + ey, 7)* = r(z,v)* in L*(T x A x R, u(dy) dz dy a(y)) as e — 0.

Proof. We first prove the statement for « = 1. Thus, equivalently we have

to prove that

r(z +ey,v) — r(z,7) in LA(Q x T x A x R% P(dw, dv) dz dy a(y)) as € — 0.
(5.38)

We have, using Jensen’s inequality for conditional expactation,
/ a [ ayaly / B(dw, d) (r(z + ey) — 7(z,7))?
/ i [ dyaly) | B, dn)BY @+ ey - Y (| Y
< [ s [ dya) [ Bldadn(¥(z+en? - YPy
A R4 QxT

- / da / dy a(y) / dP (Y (@ +ey)* + Y (0)* — 2Y (z + ep)?Y (2)?).
A Re [9]
(5.39)
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We have
/ Y(z +ey)*dP
N 2

:3( IC1(x+6y—u)2du>
. 2

= 3( Ki(z — u)? du)
Rd

- / Y (z)* dP. (5.40)

Q
We have:
/ dz dy a(y / dPY (z + ey)?Y (z)?

/da:/ dya(y)[/ Ki(z +ey —u)du- / Ki(z — u')? du’

+2(/ ICl(x-i—ey—u)ICl(a:—u)du) ]

- /A dz /R d dya(y)[( /R d ICl(u)zdu> +z( /R d IC;(u+5y)lC1(u)du)2].

(5.41)

y (5.35), for a fixed y € R?,

/md Ki(u + ey) Ky (u)du — /md K1(u)%du,

as € — 0. On the other hand for each y € R¢, by the Cauchy inequality,

([ s ekim) < [ Ko epan: [ Kwian

= ( 9 ICl(u)zdu>2.

Hence, by the dominated convergence theorem,

/Adx/nd dya(y)/QdIE"Y(x+z€y)2Y(ac)2

=3 /A i [ dya(y)( /R d ICl(u)2du>2



=/Adx y dya(y)/ch]P’Y(a:)4

ase —0

By (5.39)—-(5.41), statement (5.38) follows.

To prove the result for o € (0, 1), it is now sufficient to show the following

Claim. Let (A, A,m) be a measure space and let m(A) < oco. Let
fe € L*(m), fe > 0,e € [-1,1], and let f. — fo in L?(m) as ¢ — 0. Then,
for each a € (0,1), f* — f& in L?(m) as e — 0.

By e.g. [4, Theorems 21.2 and 21.4], f. — fo in L?(m) is equivalent to:
(i) fe — fo in measure;

(ii) sup /ffdm<oo;

e€[-1,1]
(iii) (uniform integrability) For each § > 0 there exist h € L'(m) and 6§ > 0
such that, for all 0 < || < 1 and for each A € A

/hdm§6=>/ffdm39-
A A

Hence, for a € (0,1), we get:
a) f*— f§ in measure;

b) sup /ff"‘dm < sup /(1+f52)dm < o0;
e€[-1,1] e€[-1,1]

c) Let 6, h, and & be as in (iii). Set &’ := h+ &. Clearly, h € L*(m).
Assume that, for some A € A, [, h'dm < 6. Hence [,hdm < 6,
and therefore [, f2dm < 6 for all 0 < |¢| < 1. Furthermore, we get

J45dm < 6, and therefore m(A4) < 6. Now

/ff“dmé/(lJrff)dmszo.
A A
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Applying again [4, Theorems 21.2 and 21.4], we conclude the claim. O
Fix any F' € FCP(CP(R?),T). We have

E(F,F)
-1 / () / o /R dyea((z - y)/e)

x r(z, ) *r(y, )X (F(yUz) ~ F(yUy))’
= % /Fli(d’)’) /Rd dz /Rd dya(y)r(z + 5y,’Y)1/2’r‘(x,fy)I/2

y (F(WU{x+6y})—F(7Um))2.

3

Assume that 0 < |e| < 1. Note that the function F is local, i.e., there exists
A € By(R?) such that F(y) = F(ya) for all v € I. The function a has
compact support. Hence, there exists R > 0 such that a(y) = 0 if |y| > R.
Choose A € By(R?) to be the collection of all points z in R? such that the
distance from z to the set A is < R. Then, for each z € A and all y € R?
with |y| < R, we have € A, and = + ey € A. Therefore

F(yU{z +ey}) - F(yUz)=F(y) - F(y) =0.
Hence,

R ) = 5 o) [ ds | dyatirta-+ e i)

F(yU{z+ey}) - F(yUz)\?
><< : ) . (5.42)

By the dominated convergence theorem

r(z, 7)1/2 (F('Y U{z+ey}) - F(yU CL’)) — r(z, 7)1/2<sz(’Y Uz), y>2

) (5.43)
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in LT x A x R?, u(dy) dz dya(y)) as € — 0. By Lemma 5.2 with o = 1/2,
(5.42) and (5.43)

£, F)— 3 / u(dv) / dz / dya(y)r(z, ) (VoF(UD), )% (544

Since a(y) = a(|y|), for any ¢,5 € {1,...,d}, i # j, we have

/ a(y)yiy; dy =0
]Rd

and

1
c=—/ a(y)yidy, i=1,...,d.
2 Rd

Therefore, by (5.44),

E(F.F) = c /F u(d) /R dor(z, )|V F(y U

From here the theorem follows by the polarization identity for quadratic

forms. ]

We will now show that the limiting form (&, FC2(Cg°(R?), T')) is closable
and its closure identifies a diffusion process.
In what follows, we will assume that the conditions of Theorem 5.4 are

satisfied. We have

K(z,y) = /Rd Ki(z — w)Ki(y — u) du
= /Rd Ki(u — y)Ki(u — z) du

= [ Ki(w)Ki(u+y—z)du.
Rd

Hence, by (5.35), the function K(z, y) is continuous on (R?%)?. Indeed, assume

that (z,,yn) — (z,y) on n — 0o0.Then

}C(xnayn) - ’C('T>y)
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= /Rl Ka(w)[Ki(u + yn — zn) = K1(u + y — z)]du.

From here

|’C(xm yn) - ]C(.’IJ, y)'

< (a0} x (| (st sn —22) = K(u+y - 2)du)}

= (/md ’Cl(u)ZdU)% X (/Rd(lcl(u —y+ T4y — T,) — /Cl(u))zdu)%
— 0,

as n — oo. Since —y+ z + y, — , — 0 as n — oo. Thus, by Remark 3.1,
(Y (2))zex is a Gaussian random field and formula (3.21) holds for all (z,y) €
(R4)2.

Remark 5.6. Recall that a function D : (R%)? — [0, 0c0) is called a metric on

R¢ if it satisfies the following axioms:
1. D(z,y) =0 if and only if z = y;
2. D(z,y) = D(y,x) for all z,y € R%
3. D(z,z) < D(z,y) + D(y, 2) for all z,y,z € R4

If a function D : (R%)? — [0,00) satisfies the first and second axioms, but
not necessarily the third one (the triangle inequality), then D is called a

semimetric.

Following [9], we consider the semimetric on R%:

D)= [ 0@) - v)2ar) "

(K(z,z) + K(y,y) — 2K(z,y))*/2

N = DN

= % (/Rd Ki(w)(Ki(w) — Ki(u+y — z)) du)lﬂ, T,y € R%
(5.45)
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The associated metric entropy H(d) is defined as
H(d) :=log N(8),
where N(4) is the minimal number of points in a d-net in
B(0,1) = {z € R | |z] <1}

with respect to the semimetric D, i.e., points z; such that the open balls cen-

tered at z; and of radius § (with respect to D) cover B(0,1). The expression

J:=/Ol\/md5

is called the Dudley integral. The following result holds, see e.g. [9, Corol-

lary 7.1.4] and the references therein.

Theorem 5.5. Assume that J < oo. Then the Gaussian random field
(Y (x))zere has a continuous modification, i.e., for each = € R?, there ex-
ists a version of the random variable Y (x) such that, for each w € §Q, the
function

RY>3 2+ Y(z,w) €R
18 continuous.

Remark 5.7. Let Ky be as in Remark 5.5. Then, by (5.45), for any z,y €
B(0,1)

1/2
Dle, 1) < 1K sy [ (1) = Ky - o)) )
SNl L2 me,aa) 1K (-5 2) | 2Rt ) |y — s

where we assumed that K(-,2) € L%*(R% dz). Then J < oo, see e.g. [9,
Example 7.1.5].
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Denote by I' the space of all multiple configurations in R%. Thus, I"is the
set of all Radon Z, U {+00}-valued measures on R¢, In particular, I' C T".
Analogously to the case of ', we define the vague topology on I' and the
corresponding Borel o-algebra B(I).

Theorem 5.6. Let K (z,y) be of the form K1(z—y) for some K; € L?>(R?, dz).
Let J(D) < c0. Letl € N and ¢ > 0. Then

(i) The quadratic form (&, FCL(C(R?),T)) defined by (5.36) is closable
on L*(T, u®) and its closure will be denoted by (&, D(&)).

(it) There exists a conservative diffusion process
M = (Q° F°, (F)e20, (07)ez0, (X°())e20, (Py)et)

on T which is properly associated with (&, D(&)). In particular, MO is p®-
symmetric and has p¥ as invariant measure. In the case d > 2, the set f‘\F

is £%-exceptional, so that I may be replaced with I' in the above statement.

Proof. We again discuss only the case | = 1, omitting the upper index @,

By (5.36), for any F,G € FCZ(CP(R?),T),

&(F,G)=c P(dw, dv) /Rd dz E(Y (z,w)? | F)(V.F(yUz),V,G(yUzx))

=/ P(dw, d) /R ) dz Y (z,w)?
X (Vo(F(yUg) = F(7)), Vo(G(y U z) — G(7))). (5.46)
Fix (w,7) € @ x . Denote
fl@):=F(yUz) - F(7), g(z):=G(yuz)-G().

Clearly, f,g € C°(R?). In view of Theorem 5.5, Y (x,w)? is a continuous

function of z € R?%. Hence, by [11, Theorem 6.2], the quadratic form
&(,0) 1= [ (V1(@), VoY (w,) ds,  f9€ CFR),
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is closable on L2(R¢, Y (z,w)? dz). Now the closability of (&, FCZ(CP(R?),T))
on L*(T, u®) follows by a straightforward generalization of the proof of [11,
Theorem 6.3].

Due to [30], Part (ii) of the theorem can be shown completely analogously

to [28], see also [34, 43]. 0O

Remark 5.8. Heuristically, the generator of (&, D(&)) has the form

LR =Y (AxF(v) + <M ,sz(7)>) .

= r(z,7\z)

Here, for z € 4, V,F(7) := VyF('y\:I:Uy)|y=z and analogously A, is defined.

However, we should not expect that r(z,~) is differentiable in z.
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