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Abstract

It is shown that the category of enriched functors [C, V)] is Grothendieck when-
ever V is a closed symmetric monoidal Grothendieck category and C is a category
enriched over V. Localizations in [C, V] associated to collections of objects of
C are studied. Also, the category of chain complexes of generalized modules
Ch(Cr) is shown to be identified with the Grothendieck category of enriched
functors [mod R, Ch(Mod R)| over a commutative ring R, where the category
of finitely presented R-modules mod R is enriched over the closed symmetric
monoidal Grothendieck category Ch(Mod R) as complexes concentrated in ze-
roth degree. As an application, it is proved that Ch(Cg) is a closed symmetric
monoidal Grothendieck model category with explicit formulas for tensor product
and internal Hom-objects. Furthermore, the class of unital algebraic almost sta-
ble homotopy categories generalizing unital algebraic stable homotopy categories
of Hovey—Palmieri-Strickland [29] is introduced. It is shown that the derived
category of generalized modules D(Cg) over commutative rings is a unital alge-
braic almost stable homotopy category which is not an algebraic stable homotopy
category.



Chapter 1

Introduction

In category theory, an enriched category generalizes the idea of a category by
replacing Hom-sets with objects from a general monoidal category. It is motivated
by the observation that, in many practical applications, the Hom-set often has
additional structure that should be respected, e.g., that of being a vector space
of morphisms, or a chain complex of morphisms.

Enriched categories have a multitude of uses and applications, that makes
studying their general theory quite worthwhile. For example, Bondal-Kapranov (3]
construct enrichments of some triangulated categories over chain complexes (“DG-
categories”) to study exceptional collections of coherent sheaves on projective va-
rieties. Today DG-categories have become an important tool in many branches of
algebraic geometry, non-commutative algebraic geometry, representation theory,
and mathematical physics (see a survey by Keller [34]). Garkusha-Panin [19,
20, 21] enrich smooth algebraic varieties over symmetric spectra in order to de-
velop the theory of “K-motives” and solve some problems for the motivic spectral
sequence.

In the present project we study categories of enriched functors

[C’ V]?

where V is a closed symmetric monoidal Grothendieck category and C is a category
enriched over V (i.e. a V-category). The main result here states that the category
[C,V)] is Grothendieck with an explicit collection of generators. Namely, the
following theorem is true.



Theorem. Let V be a closed symmetric monoidal Grothendieck category with
a set of generators {g;}1. If C is a small V-category, then the category of en-
riched functors [C,V] is a Grothendieck V-category with the set of generators
{V(c,—) @¢9; | c € ObC,i € I}. Moreover, if C is a small symmetric monoidal
V-category, then [C,V)] is closed symmetric monoidal with explicit formulas for
monoidal product and internal Hom-object.

Taking into account this theorem, we refer to [C, V] as a Grothendieck category
of enriched functors. The usual Grothendieck category of additive functors

(B, Ab)

from a pre-additive category B to abelian groups Ab is recovered from the pre-
ceding theorem in the case when V = Ab (B is a V-category). Further examples
on how the category [C, V)] recovers some Grothendieck categories are given in
Chapter 5.

Another virtue of this theorem is that V can have homological or homotopical
information and this information is carried over enriched functors [C,V]. This
will be used later when discussing model categories, but now let us discuss some
localizations in Grothendieck category of enriched functors.

In [14, 17, 18] Garkusha and Generalov study localizations in Grothendieck
categories with respect to projective objects. They apply the results to the study
of absolutely pure rings, fp-flat and fp-injective modules (see {16, 17] for details).
Some of these results have recently been used by Hovey—Lockridge-Puninski [28]
for the Freyd Generating Hypothesis.

Garkusha—Generalov’s results [14, 17, 18] for localizations can be generalized
to enriched categories as follows.

Theorem. Suppose V is a closed symmetric monoidal Grothendieck category. Let
C be a V-category and let P consist of a collection of objects of C. Let Sp = {G €
[C,V] | G(p) =0 for all p € P}. Then Sp is a localizing subcategory of [C, V] and
[P,V] is equivalent to the quotient category [C,V]/Sp.

We apply Grothendieck categories of enriched functors to study homological
algebra for generalized modules. The category of generalized modules

Cr = (mod R, Ab)
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consists of the additive functors from the category of finitely presented R-modules,
mod R, to the category of abelian groups, Ab. Its morphisms are the natural
transformations of functors. It is called the category of generalized R-modules
for the reason that there is a fully faithful, right exact functor

M- —-QrM

from the category of all R-modules to Cg.

The category Cg has a number of remarkable properties which led to powerful
applications in ring and module theory and representation theory (see, e.g., the
books by Prest [45, 46]). After the work of Herzog [25] in the the early 90’s, the
category Cg provides a natural connecting langauge between algebra and model
theory of modules. Also, in Cg one of fundamental model-theoretic concepts
is realized: the Ziegler spectrum of a ring. This is a topological space which
was first constructed by Ziegler [53] using model theory. Later Herzog [25] and
Krause [35, 36] gave a purely algebraic approach for the Ziegler spectrum by
using properties of Cg. There are further applications in algebraic geometry (see
Garkusha and Prest [15, 22]), where properties of Cg, model theory of modules
and the Ziegler spectrum are of great utility.

The following theorem states that the category Ch(Cg) of chain complexes
of Cr over a commutative ring can be regarded as a Grothendieck category of
enriched functors.

Theorem. Suppose R is a commutative ring. Then the category of chain com-
plezes of generalized R-modules Ch(Cg) can naturally be identified with the Gro-
thendieck category of enriched functors [mod R, Ch(Mod R)], where the category
of finitely presented modules mod R is naturally enriched over Ch(Mod R) as
complezxes concentrated in zeroth degree.

A Grothendieck category of enriched functors [C, V] can also contain a ho-
motopy information whenever V is a reasonable model category in the sense of
Quillen [47]. As an application of the preceding theorem, we show the following

Theorem. Let R be a commutative ring, then Ch(Cr) is a left and right proper
closed symmetric monoidal V-model category, where V = Ch(Mod R). The tensor
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product of two complexes Fo,Go € Ch(Cg) is given by

(M,N)emod R®mod R
F.@G.=/ Fo(M) ®r Go(N) ® g Homg(M ®g N, —).

Here Homgp(M ®g N, —) is regarded as a complex concentrated in zeroth degree.
The internal Hom-object is defined as

Hom(F,, G.)(M) :/ Homcnvoa ry (Fo(N), Go(M ®r N)).
N€mod R

There are various ways to construct closed symmetric monoidal structures on
the derived category of a reasonable closed symmetric abelian category (see [26,
52] for some examples). For the case of the derived category D(Cr) of generalized
modules with R a commutative ring we apply the preceding theorem as well
as some facts for compactly generated triangulated categories to establish the
following

Theorem. Let R be a commutative ring. Then the derived category D(Cg) of the
Grothendieck category Cg is a compactly generated triangulated closed symmetric
monoidal category, where the above formulas yield the derived tensor product
F, ¥ G, and derived internal Hom-object RHom(F,,G,). The compact objects
of D(Cg) are the complezes isomorphic to bounded complexes of coherent functors
in coh Cg.

In the classical stable homotopy theory (see, for example, Hovey—Palmieri-
Strickland [29]) the category of compact objects of a stable homotopy category
possesses a duality, which in some cases is also known as the Spanier—-Whitehead
Duality. In order to find a duality on the category of compact objects D(Cg)©
of D(Cg), we use the Auslander-Gruson—Jensen Duality [1, 23, 25] for coherent
objects cohCg. In the model theory of modules, this duality corresponds to
elementary duality, introduced by Prest [45, Chapter 8] and developed by Herzog
in [24], for positive-primitive formulas. We show that the Auslander-Gruson-
Jensen Duality makes sense for compact objects of D(Cg). More precisely, the
following result is true.

Theorem (Auslander—Gruson—Jensen Duality for compact objects). Let D(Cg)°
be the full triangulated subcategory of D(Cr) of compact objects. Then there is a
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duality
D : (D(Cr)%)® — D(Cr)*

that takes a compact object C, to
DC, := RHom(C,, — ®g R).

Basing on the above results for D(Cg), we introduce the class of unital al-
gebraic almost stable homotopy categories. These essentially the same with
unital algebraic stable homotopy categories in the sense of Hovey—Palmieri-
Strickland [29] except that the compact objects do not have to be strongly dual-
izable, but must have a duality. We finish the project by proving the following

Theorem. Let R be a commutative ring. Then D(Cg) is a unital algebraic almost
stable homotopy category, which is not an algebraic stable homotopy category in
the sense of Hovey—Palmieri-Strickland.

This thesis is organized as follows. It consists of seven chapters. In Chapters
2, 3 and 4 we collect all the information which is necessary for the results of the
project. More precisely, Chapter 2 is devoted to basic facts and constructions from
category theory. In Chapter 3 we collect necessary facts from enriched category
theory. In Chapter 4, we recall necessary facts from model categories used in
the project. In Chapter 5 we prove our main results for Grothendieck categories
of enriched functors. In Chapter 6 we apply results of Chapter 5 to construct
a closed symmetric monoidal model category structure on the category of chain
complexes of generalized modules over commutative rings. Other applications are
given in Chapter 7, in which we introduce unital algebraic almost stable homotopy
categories. The main result of this chapter states that the derived category of
generalized modules is such a category.



Chapter 2

Preliminaries

In this chapter we collect basic facts from the theory of categories. We mostly
follow the books of Mac Lane [39], Neeman [43], Popescu [44], Stenstroem [50]
and Weibel [52].

2.1 Category Theory
Definition 2.1.1. A category C consists of the following data:
o a class Ob(C) of objects of C;

o for any objects C,C’, a set Hom¢(C,C’), whose elements are called mor-
phisms from C to C’;

o for any objects C,C’,C”, a composition

Hom¢(C’, C") x Home(C,C') — Home(C, C").

Before stating the axioms for categories we introduce a useful notation. To indi-
cate that @ € Home(C, C’") we write o : C — C’. The composition of o : C — C’
and 8 : C' — C” is denoted Sa. The axioms for categories can now be given:

oifa:C —=C,8:C" — C"and v : C" — C" are morphisms, then
Y(Ba) = (vB)a;

13
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o for each object C there exists 1¢ € Hom¢(C,C) such that lca = a and
Blc=pBforalla:C' - Cand 8:C — C".

The identity morphism 1¢ is uniquely determined by C, for if also 17, satisfies the
last axiom, then 1¢ = 1¢ - 15, = 1¢.

A subcategory D of C, also written as D C C, can be defined simply as a
category in itself inheriting its structure from C. So objects and morphisms of D
are objects and morphisms in C and the identities and compositions of morphisms
stay the same. Formally, D is given by a subcollection ObD of objects. A
subcollection Hom D of arrows is such that for all D € D the identity morphism
1p is in HomD. We also require for all morphisms in D that both the source
and target are in ObD and for any pair of morphisms in the subcategory, the
composite morphism is in the subcategory, too.

Here are some useful categories:

o The category Set: the objects are the sets, and the morphisms are the set
maps;

¢ The category Ab: the objects are the abelian groups, and the morphisms
are the group homomorphisms;

¢ The category of right R-modules Mod R for an arbitrary ring R: the ob-
jects are the right R-modules, and the morphisms are the module homo-
morphisms. This category will play a key role throughout the thesis. We
can similarly write R Mod for the category of left R-modules;

o The category mod R: the objects are finitely presented right R-modules,
and the morphisms are R-module homomorphisms.

The category Mod R has subcategories of finitely generated, finitely presented,
and coherent R-modules respectively.
For each category C there is a dual category C°P, whose objects are those of C
but with
Homgor (C, C') = Hom¢(C', C)

and ax* 8 = Bo«a, where * denotes composition in C°? and o denotes composition
in C. Every definition or theorem in C has a dual definition or theorem in C°P.
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2.1.1 Functors

Definition 2.1.2. A functor T : B — C between categories B and C is defined
as follows. T assigns to each object B in B an object T'(B) in C, and assigns to
each morphism « : B — B’ in B a morphism T(a) : T(B) — T(B’) in C in such
a way that:

o T(Ba) =T(B)T(a) for any morphisms a: B — B, : B’ — B” in B;

<& T(lB) = 1T(B)~
A functor T : B — C thus defines a map
Hompg(B, B') — Hom¢(T'(B), T(B'))

for each pair B, B’ of objects in B. T is said to be faithful if these are injective
maps and it is full if they are surjective.

Definition 2.1.3. A natural transformation p : S — T between two functors
S, T : B — C is defined by associating to each object B in B a morphism pug :
S(B) — T(B) in C so that for every morphism o : B — B’ in B one gets a
commutative diagram

S(B) =~ T(B)

S(G)l lT(a)

S(B') 47> T(B)

u is an equivalence of functors if each up is an isomorphism in C.

Definition 2.1.4. Let C and D be two categories and consider two functors
S:C—>Dand T : D — C. We say that T is a right adjoint of S (and
symmetrically S is a left adjoint of T') if there is an equivalence

n : Home(—,T(—)) = Homp(S(—), —)

of functors C°? x D — Set, i.e. for each pair of objects C' € C, D € D there is an
isomorphism

ne,p : Home(C, T(D)) — Homp(S(C), D)
which is natural in C and D. A right (left) adjoint is uniquely determined up to
a natural equivalence of functors.
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Example 2.1.5. Over a commutative ring R, in the category of R-modules, we
have an adjunction pair

(HOIIIR(M, —),— R M),

that is Homg(M, —) is right adjoint of — ® g M and — ®g M is left adjoint of
HOIIIR(M, —).

2.1.2 Limits and Colimits

Let C be a category and let I be a small category. We propose to define the
notion of “limit” of a functor
F:I—-C.

If X is an object of C and if we are given a morphism «; : X — F(i) for each
i € Ob(7), then the family (o) is called compatible if for every A : ¢ — j in I one
has a; = F(A)o.

A limit or projective limit of the functor F' : I — C is an object @F inC
together with a compatible family of morphisms 7; : (h_n_lF — F () such that for
each other compatible family &; : X — F'() there exists a unique £ : X — Jim F(i)
with ;€ = §&;.

The limit of F' solves a universal problem and is therefore unique up to iso-
morphism. The category C is called complete if the limit exists for every functor
F : I — C when [ is small.

Colimits are defined in a dual fashion. If we take I as a directed set, the
colimit of a direct system F': I — C is called a direct limit, while the limit of an
inverse system F' : I°°P — C is an inverse limit.

The category C is called bicomplete if both limit and colimit exist for every
functor F': I — C whenever [ is small.

Example 2.1.6. The simplest examples of limits and colimits are those of pushouts
and pullbacks.
A pushout is a colimit (if it exists) of a diagram of the form

A<~ C—B.
Similarly, a pullback is a limit (if it exists) of a diagram of the form

A—C«+ B.
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Example 2.1.7 ([50] IV. 3). Further important examples of limits and colimits
are those of products and coproducts.

Definition 2.1.8. A product of a family (C;);er of objects of C is an object C
together with morphisms 7; : C' — Cj,7 € I, such that for each object X and
morphisms 7; : X — C;,¢ € I, there is a unique morphism n : X — C with
mn =n; for all i € I.

Here we are facing a universal problem and so the product is unique up to
isomorphism, and we denote it by [[; C;. The canonical morphisms m; : [[, C; —
C; are called projections. This definition gives rise to a canonical isomorphism

Hom(X, H C;) = H Hom(X, C;),
I T

where the second product is taken in the category of sets.
We can dually define the coproduct, and it is denoted by [[; C;. It yields a
canonical isomorphism

Hom(] ] Ci, X) = [ ] Hom(C;, X).

2.2 Abelian Categories

This section contains basic facts from the theory of abelian categories. We shall
mostly follow [44] and [50].

Definition 2.2.1. By a preadditive category we mean a category C together with
an abelian group structure on each set Hom¢ (A, B) of morphisms, in such a way
that the composition mappings

aapc : Home (A, B) x Home(B,C) — Home(A,C), (f,9) > go f

are group homomorphisms in each variable. We shall write the group structure ad-
ditively. Clearly, the category of abelian groups or, more generally, any category
of modules over a ring is preadditive. As a consequence, every full subcategory
of a category of modules is preadditive as well.
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Example 2.2.2. Mod R is a preadditive category. An abelian group structure on
each Hom-set Homg(M, N), where M and N are two right R-modules, is defined
as follows. Given two homomorphisms f, g € Homg(M, N),

(f +9)(m) := f(m) + g(m)
for any element m € M.

Remark 2.2.3. If C is preadditive, then we shall also write @; C; to denote the
coproduct, if it exists, and call it the direct sum of the family (C;);er.

Definition 2.2.4. If C is a preadditive category with zero object 0, then the
cokernel of an arrow f : A — B, denoted by Coker f, is a pushout (if it exists) of
the diagram

0« ALB

The canonical morphism B — Coker f will also be denoted by coker f.
Similarly, the kernel of an arrow A — B, denoted by Ker f, is the pullback
(if it exists) of the diagram

AL Beo.
The canonical morphism Ker f — A will also be denoted by ker f.

By definition, both kernels and cokernels satisfy natural universal properties,
and therefore are unique up to canonical isomorphism.

Let C be a preadditive category with the property that every morphism has
a kernel and a cokernel. For a morphism o : B — C there is a canonical factor-
ization as indicated by the commutative diagram

Kera B @ C Coker o

| I

Coker(ker o) — Ker(coker )

where @ is obtained as follows. coker - &« = 0 implies & = 13 for some 8 : B —
Ker(coker @). Then 18 - kera = a - ker & = 0, which implies 3 - ker & = 0 since 7
is a monomorphism, and hence 3 factors as 8 = @\.

Consider Ab as an example. Here Coker(ker a) & B/ Ker a and Ker(coker )
Im o, and @ is an isomorphism. This allows us to make the following definition:

o
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Definition 2.2.5. A category C is abelian if
o C is preadditive.
o Every finite family of objects has a product (and a coproduct).
o Every morphism has a kernel and a cokernel.

o Either @ : Coker(ker o) — Ker(coker @) is an isomorphism for every mor-
phism «,

¢ or every morphism « has a factorization a = uf, where (3 is a cokernel and
i is a kernel.

For every morphism « of an abelian category define the image of @ as Im«a :=
Ker(coker ).

Consider two preadditive categories C and D. A functor F': C — D is said to
be additive if

F(f+9)=F(f)+F(g)
for any morphisms f,g € Hom¢(X,Y') and any objects X,Y € C.

Definition 2.2.6. Let C be an abelian category. An object C of C is a generator
for C if Hom(C, —) is faithful, and is a cogenerator if Hom(—, C) is faithful.

Example 2.2.7. A module M is a generator for Mod R if and only if R is a
direct summand of some direct sum of copies of M (see [50, Proposition IV.6.2]
for details).

Of particular interest are the functor categories (13, Ab), where B is a preaddi-
tive category. By definition, its objects are the covariant additive functors from
B to Ab. The morphisms are the natural transformations of functors. A typical
example of an object in (B, Ab) is the representable functor

kB := Homg(B, —)

associated with an object B € B.
The following statement is also known as the Yoneda Lemma.
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Proposition 2.2.8 (Yoneda Lemma). Let B be a small preadditive category.
For every object B of B and every additive functor T : B — Ab there is an
tsomorphism

Homg apy (h®,T) = T(B),

which is natural in T and B.
We also collect some useful facts from Bucur—Deleanu [6].
Definition 2.2.9. A sequence of morphisms of an abelian category C
ASBSC

is said to be exact, if Imu = Kerv. An arbitrary sequence of consecutive mor-
phisms is said to be exact, if the subsequence formed by any couple of consecutive
morphisms is an exact sequence.

The following propositions are straightforward.
Proposition 2.2.10. The necessary and sufficient condition that the sequence
0-AS5BLC

be exact is that the sequence of abelian groups and homomorphisms of abelian
groups
0 — Hom¢(X, A) — Home (X, B) — Home (X, C)

be exact for any object X of C.
Proposition 2.2.11. The necessary and sufficient condition that the sequence
CHBLH A0

be exact is that the sequence of abelian groups and homomorphisms of abelian
groups
0 — Hom¢(A, X) = Home(B, X) — Hom¢(C, X)

be ezxact for any object X of C.
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Proposition 2.2.12. In order the sequence
00ASHAH A >0
be exact it is necessary and sufficient that (A’,u) be a kernel of v and (A”,v) be
a cokernel of u.
Definition 2.2.13. If C and D are abelian categories and if F/ : C — D is an
additive covariant functor, we say that F' is left exact if for any exact sequence
004545 4 50
in the category C, the sequence

F(o) F(o"),

0 — F(A) 29 pra) F(A")

is exact in the category D. If for any exact sequence

05 A5 A% 4" 50

the sequence,
F(a”)
——5

0 F(A) 29 pray F(A") =5 0

is exact, then we say that F' is exact.

We can extrapolate from this, by means of dualization, the notion of a left
exact (or right exact) contravariant functor and that of an exact contravariant
functor.

Proposition 2.2.14. The necessary and sufficient condition that the functor
F : C — D be exact is that it transforms any exact sequence in the category C
into an eract sequence in the category D.

The proof of this statement can be found in [6, Proposition 5.16].

Proposition 2.2.15. If C and D are abelian categories and if I : C — D,
G : D — C are covariant functors such that G is an adjoint of the functor F,
then G is left exact and F is right exact.

Given a commutative ring R, recall that Homg(M, —) is adjoint to — Qg M.
It follows from the preceding proposition that Homg(M, —) : Mod R — Mod R is
left exact and — ®g M : Mod R — Mod R is right exact.
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2.3 Grothendieck Categories

We mostly follow Garkusha [14] and Herzog [25] to collect some basic facts on
Grothendieck categories. Recall that an abelian category is cocomplete or an Ab3-
category if it has arbitrary direct sums. The cocomplete abelian category C is
said to be an Ab5-category if for any directed family {A;};c; of subobjects of A
and for any subobject B of A, the relation

O A)nB=) (ANB)

icl icl
holds.
The condition Ab3 is equivalent to the existance of arbitrary direct limits. Also

Abb is equivalent to the fact that there exist inductive limits and the inductive
limits over directed families of indices are exact, i.e. if [ is a directed set and

0 A; B; C; 0

is an exact sequence for any i € I, then

is an exact sequence.

Let C be a category and U = {U; }ic; a family of objects of C. The family U
is said to be a family of generators of the category C if for any object A of C and
any subobject B of A distinct from A there exists an index ¢ € I and a morphism
u : U; = A which cannot be factorized through the canonical injection¢: B — A
of B into A. An object U of C is said to be a generator of the category C provided
that the family {U} is a family of generators of the category C.

Let C be a cocomplete abelian category; then U = {U;}scs is a family of
generators for C if and only if the object @,.; U; is a generator of C [6]. According
to [6, Prop. 5.35] the cocomplete abelian category C which possesses a family
of generators U is locally small and it can be proved that any object of C is
isomorphic to a quotient of an object ®j€ ; Uj, where J is some set of indices,
U; €U for any j € J.

An abelian category which satisfies the condition Ab5 and which possesses a
family of generators is called a Grothendieck category.
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Example 2.3.1. Given any ring R (associative with identity), the category
Mod R of R-modules is a Grothendieck category, where R is a generator.

We describe the subcategories consisting of finitely generated, finitely pre-
sented and coherent objects respectively. These categories are ordered by inclu-

sion as follows:
C2fgC DfpC D cohC.

Recall an object A € C is finitely generated if whenever there are subobjects
A; C A for i € I satisfying A = >, ; A;, then there is a finite subset J C I
such that A = 3, ; A;. The category of finitely generated subobjects of C is
denoted by fgC. The category is locally finitely generated provided that every
object X € C is a directed sum X = ), ; X; of finitely generated subobjects X;,
or equivalently, C possesses a family of finitely generated generators.

Theorem 2.3.2. [50, V.3.2] An object C € C is finitely generated if and only if
the canonical homomorphism

& : colim Hom¢(C, D;) — Home¢(C, Z D;)

is an isomorphism for every object D € C and every directed family {D;}; of
subobjects of D.

A finitely generated object B € C is finitely presented provided that every
epimorphism 7 : A — B with A finitely generated has a finitely generated kernel
Kern. The subcategory of finitely presented objects of C is denoted by fpC. The
corresponding categories of finitely presented left and right R-modules over the
ring R are denoted by R mod = fp(R Mod) and mod R = fp(Mod R), respectively.
Note that the subcategory fpC of C is closed under extensions. Moreover, if

02A—->B->C=0

is a short exact sequence in C with B finitely presented, then C'is finitely presented
if and only if A is finitely generated.

Definition 2.3.3. An object P of an abelian category A is said to be projective

if the functor
Hom4(P,—): A — Ab

is exact.



24 CHAPTER 2. PRELIMINARIES

The most obvious example of a finitely presented object of C is a finitely gen-
erated projective object P. We say that C has enough finitely generated projec-
tives provided that every finitely presented object A € C admits an epimorphism
n: P — A with P a finitely generated projective object. If C has enough finitely
generated projectives, then by the previous remarks, every finitely presented ob-
ject B € C is isomorphic to the cokernel of a morphism between finitely generated
projective objects. This is expressed by an exact sequence

P Py B 0
called a projective presentation of B.

Example 2.3.4. The category Mod R of right R-modules has enough finitely
generated projectives.

Example 2.3.5. By [25], another example of a category having enough finitely
generated projective objects is the category of additive functors (B, Ab) from a
small preadditive category B to the category of abelian groups Ab. This category
is a Grothendieck category, in which limits and colimits of functors are defined
objectwise. A family of projective generators for (BB, Ab) is given by the collection
of representable functors {h®}pcobps. In what follows we shall also write (B, —)
to denote the representable functor hZ, B € Ob B.

In this category every finitely generated projective object is a coproduct factor
of a finite coproduct of representable objects €B;_;(B;, —). In addition, if B is
an additive category, that is B is preadditive, has finite products/coproducts and
idempotents split in B, then every finitely generated projective object in (B, Ab)
is representable by [25, Proposition 2.1].

The category C is locally finitely presented provided that every object B € C
is a direct limit B = liﬂBi of finitely presented objects B;, or equivalently, C
possesses a family of finitely presented generators. As an example (see [37]), any
locally finitely generated Grothendieck category having enough finitely presented
projectives { P, }ic; is locally finitely presented. In this case, { P };cs are generators
for C. For instance, the set of representable functors {(B, —)}pes of the functor
category (B, Ab) with B as a small preadditive category form a family of finitely
generated projective generators for (B, Ab). Therefore (B, Ab) is a locally finitely
presented Grothendieck category (see [25, Proposition 1.3]).
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Definition 2.3.6. A finitely presented object C' of a locally finitely presented
Grothendieck categoy C is coherent if every finitely generated subobject B of C
is finitely presented. Equivalently, every epimorphism A : C' — A with A finitely
presented has a finitely presented kernel. Evidently, a finitely generated subobject
of coherent object is also coherent. The subcategory of coherent objects of C is
denoted by cohC.

Definition 2.3.7. By [35], a Grothendieck category C is said to be locally coherent
Grothendieck provided that C has a generating set of finitely presented objects
and the full subcategory fp C of finitely presented objects in C is abelian.

The main Grothendieck category we work with is the category of generalized
R-modules Cgr, which we define below. It is a locally coherent Grothendieck
category with enough finitely generated projectives.

Example 2.3.8. Mod R is locally coherent if and only if R is right coherent.
Recall from [50] that a ring R is right coherent if it satisfies any of the below
equivalent conditions:

o Every direct product of flat left- R modules is flat.
o R!is a flat left R-module for every set I.

¢ Every finitely presented right R-module is coherent.
¢ R is coherent as a right R-module.

Theorem 2.3.9 ([25, 48]). The following conditions on a locally finitely presented
Grothendieck category C are equivalent:

o C is locally coherent;
¢ fpC = coh(C;
o fpC is an abelian category.

Proof. We refer to [25, Theorem 1.6]. O
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Proposition 2.3.10 ([1, 50]). Let B be a small additive category, that is, B is
preadditive, has finite products/coproducts and idempotents split in B. Then every
finitely generated projective object in (B, Ab) is representable. If B has cokernels,
then (B, Ab) is locally coherent and coh(B, Ab) has projective global dimension at
most 2.

Under the assumption of the preceding proposition this leads us to the fact
that every finitely presented object B € (B, Ab) is coherent, that is, B is finitely
presented and every finitely presented subobject of B is also finitely presented.

2.4 The category of generalized modules Cp

Following Herzog [25], we define the category Cr as
Cgr = (mod R, Ab),

whose objects are the additive functors F' : mod R — Ab from the category of
right finitely presented R-modules mod R to the category of abelian groups Ab.
Its morphisms are the natural transformations of functors. Similarly, the category
rC consists of the additive functors from the category of left finitely presented
R-modules to Ab. Since the category mod R has cokernels, it follows from Propo-
sition 2.3.10 that Cg is a locally coherent Grothendieck category. Moreover, the
category of coherent objects coh Cg has projective global dimension at most two.

The latter fact means that every coherent object C' € coh Cg has a resolution
by representable functors

0—-(M,-)—>(N,-)—>(L,-)—>C—0,

where M, N, L are finitely presented right R-modules.
The category Cg is also called the category of generalized modules. for the
reason that there is a fully faithful, right exact functor

Ml—)—®RM

from the category of all R-modules to Cg. The category Cr has a number of
remarkable properties which led to powerful applications in ring and module
theory and representation theory (see [14, 24, 25, 35, 36, 45, 46, 53]).
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2.5 Triangulated Categories

Triangulated categories are a convenient tool to describe the type of structure
inherent in the derived category of an abelian category. We mostly follow the
book of Neeman [43], Keller [33] and Weibel [52] for the following material.

Definition 2.5.1. Let C be an additive category and ¥ : C — C be an additive
endofunctor of C. Asssume thoughout that the endofunctor ¥ is invertible. A
candidate triangle in C (with respect to ¥) is a diagram of the form:

XY 7"+ 3%X

such that the composition v o u,w o v and Yu o w are the zero morphisms.
A morphism of candidate triangles is a commutative diagram

X—-Y"+7-"->%X

T

X sy Y 7 nx

where each row is a candidate triangle.

Definition 2.5.2. A pre-triangulated category 7T is an additive category, together
an additive automorphism ¥, and a class of candidate triangles (with respect to
¥) called distinguished triangles. The following conditions must hold:

TRO: Any candidate triangle which is isomorphic to a distinguished triangle is a
distinguished trinagle. The candidate triangle

X-1.x 0 X

is distinguished.

TR1: For any morphism f: X — Y in 7 there exists a distinguished triangle of
the form

Xty z_.¥x
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TR2: Consider the two candidate triangles

XY 725X

and
—Yu

Yy %75 vX Y

if one is distinguished triangle, then so is the other.
TR3: For any commutative diagram of the form

X—Y " 7"+3%X

vk

X Ly s 7' Y nX

where the rows are distinguished triangles, there is a morphim b : Z — 7/,
not necessarily unique, which makes the diagram

X—=>Y—">7">3%X

UG

X ey Y 7 2 nX

commutative.

Definition 2.5.3. Let 7 be a pre-triangulated category. Suppose that we are
given a morphism of candidate triangles

X =Y 2> 7-">3%X

R

X' sy s 7 B X!

There is a way to form a new candidate triangle out of this data. It is the diagram

—v 0 —w 0 —u 0

g u h v X f W
—_— - s

This new candidate triangle is called the mapping cone on a map of candidate
triangles.

YXoZ » XY & XX

YoX ZaY'
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Definition 2.5.4. Two maps of candidate triangles

X—>Y "> 7-"5>3%X

A

X ey Y 7 Y nx

and
X2ty Ys7-Y,5X

P

’

X 2y 2z YonX
are called homotopic if they differ by homotopy; that is, if there exist ©,® and

U below
X—tsY—2sZ-s5X
Ayl
X ey Y 7 Y nx
with

f—-f=60u+Z w0, g—¢ =dv+u0, h—h =Tw+2'd.

Definition 2.5.5. Let 7 be a pre-triangulated category. Then 7T is triangulated
if it satisfies the further hypothesis
TR4’: Given any diagram

XY 725X

T
D S S )
where the rows are triangles, there is, by [TR3], a way to choose an h : Z — Z’
to make the diagram commutative. This h may be chosen so that the mapping

cone
—v 0
g u
- 7

is a triangle.

—w 0 —>u 0
( h v’) ( xf w’)
YoX ZoY — L33y X Z y Y ¢ XX’
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Definition 2.5.6. Let 7 be a triangulated category in which all set indexed
direct sums exist. An object A of 7 is called compact if the canonical map

@ Hom(A, E;) — Hom(A, @ E;)

i€l iel
is an isomorphism for any set of objects F; in 7 and ¢ € I. A triangulated
category T is compactly generated if there is a set S of compact objects with the
following property, if for every object E € T we have

Hom(A,E) =0 for all A € S implies F = 0.

2.6 Derived categories

Definition 2.6.1. Let A be an additive category. A graded .A-object is a family
X = (Xp;n € Z) of objects of A. the object X, is called the homogeneous
component of degree n of X.

Let X and Y be two graded .A-objects and n € Z. We denote by Hom,(X,Y")
the set of all graded morphisms of degree p.

Definition 2.6.2. A chain complex of A-objects is a pair (X,dx) consisting
of a graded A-object X and a graded morphism dx € Hom;(X, X) such that
dx odx = 0. The morphism dyx is called the differential of the complex. We can
view the complex as a diagram

dny1 d dn—1
. — n+1n—>Xn—n>Xn_1n—>....

If (X,dx) and (Y, dy) are two complexes of A-objects, a morphism of complezes
f:(X,dx) — (Y,dy) is a graded morphism f € Homo(X,Y") such that

fodx =dyof,
i.e., the diagram

dn+1 d dn-1
L — n+1"_>Xn_"_>Xn_1"_,,__.

lfn+1 lfn lfn—l
dn dn, dn—
oY Y, Y,



2.6. DERIVED CATEGORIES 31

commutes.
The category of complezes of A-objects is the category Ch(A) with complexes
of A-objects as objects and morphisms of complexes as morphisms.

Definition 2.6.3. Let f : X — Y be a morphism in Ch(.4). Then f is homotopic
to zero if there exist h € Hom;(X,Y") such that

f=dyoh+ hodx.

Let Ht(X,Y") be the set of all morphisms in Homgn(4)(X,Y") which are homotopic
to zero. We say that the morphisms f: X — Y and g : X — Y are homotopic if
f—geHt(X,)Y).

Lemma 2.6.4. The subset Ht(X,Y') is a subgroup of Homgn(a)(X,Y).

Definition 2.6.5. Let A be an abelian category, and consider the category
Ch(A) of chain complexes in 4. The quotient category K(A) of Ch(A) is de-
fined as follows. The objects of K(.A) are chain complexes (objects of Ch(.A))
and the morphisms of K(.A) are the chain homotopy equivalence classes of maps

in Ch(A).

Definition 2.6.6. Let 4 be an abelian category. For n € Z and any complex X
in Ch(A) we define the nth homology of X as follows

H,(X)=Kerd,/Imd,;.

If f: X — Y is a morphism of complexes in Ch(A), f induces a morphism
H,(f): H,(X) - H,(Y). Therefore, H, is a functor from the category Ch(.A)
into the category A.

Definition 2.6.7. A morphism f: X — Y in Ch(A) is a quasi-isomorphism if
H,(f) : Hy(X) — H,(Y) are isomorphisms for all n € Z.

Definition 2.6.8. (Triangles in K(.A)) Let u : A — B be a morphism in Ch(A).
Recall that the mapping cone of u fits into an exact sequence

0— B> cone(u) =—>LA—>0
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in Ch(A) (see [52, 1.52]). The degree n part of cone(u) is A"*! @ B™ and A™*!
is the degree n part of ¥A. The strict triangle on w is the triple (u,v,d) of maps
in K(A); this data is usually written in the form

cone(u)
AN
Now consider three fixed chain complexes A, B and C. Suppose we are given
three mapsu : A - B,v: B > C, and w : C — XA in K(A). We say that

(u,v,w) is an ezact triangle (A, B,C) if it is ”isomorphic” to a strict triangle
(u,v',8) on ' : A’ > B’ in the sense that there is a diagram of chain complexes,

A B.

A—=-B—" >(C—"->3A

doob

A5 B Y5 cone(w) 2— T A’

commuting in K(A) (1.e., commuting in Ch(A) up to chain homotopy equiva-
lences) and such that maps f, g, h are isomorphisms in K(.A) (i.e., chain homotopy
equivalences). If we replace u,v and w by chain homotopy equivalent maps, we
get the same diagram in K(.A). This allows us to think of (u,v,w) as a triangle
in the category K(A). A triangle is usually written as follows:

N

Proposition 2.6.9. K(A) is a triangulated category.

A B.

Definition 2.6.10. The derived category D(A) is defined to be the localization
Q'K(A) of the category K(A) at the collection @ of quasi-isomorphisms.

Remark 2.6.11. In what follows we shall not discuss set theoretical issues related
to the existence of S™IC. In all our results such issues will not occur.

In order to describe morphisms of D(.A) explicitly, we need some facts from
Gabriel-Zisman localization theory [13]
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Definition 2.6.12. Let S be a collection of morphisms in a category C. A
localization of C with respect to S is a category S™!C, together with a functor
g : C — S7IC such that

1. ¢(s) is a isomorphism in S~IC for every s € S.

2. Any functor F' : C — D such that F(s) is an isomorphism for all s € S
factors in a unique way through ¢. (It follows that S~!C is unique up to
equivalence).

Example 2.6.13. 1. Let S be the collection of chain homotopy equivalences
in Ch(A). The universal property for Ch(A) — K(A) shows that K(.A) is
the localization S~! Ch(A).

2. Let @ be the collection of all quasi-isomorphism in Ch(.A). Since @ contains
S of part (1), it follows that

Q' Ch(A) = Q71(S™' Ch(A4)) = Q7'K(A) = D(A).

Therefore we could have defined the derived category to be the localization
Q! Ch(A). However, in order to prove that Q! Ch(.A) exists we must first
prove that Q@ 'K (A) exists, by giving an explicit description of morphisms.

Definition 2.6.14. A collection S of morphisms in a category C is called a
multiplicative system in C if it satisfies the following three self-dual axioms:

1. S is closed under composition (if s, € S are composable, then st € S) and
contains all identity morphisms (idy € S for all objects X in C).

2. (Ore condition) If t : Z — Y is in S, then for every g : X — Y in C there
is a commutative diagram "gs = ¢tf” in C with s in S.

w7z,
X,y

(The slogan is ”t~'g = fs~! for some f and s”.) Moreover, the symmetric

statement (whose slogan is ” fs™! = t71g for some t and g”) is also valid.
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3. (Cancellation) If f,g : X — Y are parallel morphisms in C, then the fol-
lowing two conditions are equivalent:

(a) sf = sg for some s € S with source Y.

(b) ft = gt for some t € S with target X.

Example 2.6.15. The collection @ of quasi-isomorphisms is a multiplicative
system in K(A).

Definition 2.6.16. Let A be a category and let S be a multiplicative system in
A. We call a chain in A of the form

fslx S x, Ly

a (left) fraction if s isin S. Call fs™! equivalent to X (i X I,y if there is a
fraction X «+— X3 — Y fitting into a commutative diagram in A:

Xy

1N

X<~—X3—>Y

N A

X2

Definition 2.6.17. A multiplicative system S is called locally small (on the left)
if for each X there exists a set Sx of morphisms in S, all having target X, such
that for every X; — X in S there is a map X3 — X; in A so that the composite
Xz——>X1—>XinSX.

Theorem 2.6.18 (Gabriel-Zisman [13]). Let S be a locally small multiplicative
system of morphisms in a category C. Then the category S'C constructed above
exists and is a localization of C with respect to S. The universal functor q: C —
S7IC sends f: X =Y to the sequence

x& x Ly
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Now let B C C be a full subcategory. Denote by SN B the class of morphisms
of B lying in S. We say that B is right cofinal in C with respect to S, if for each
morphism s : X' — X of S with X’ € B, there is a morphism m : X — X" such
that the composition ms belongs to S N B. The left variant of this property is
defined dually.

Lemma 2.6.19 ([33]). Suppose B is right (respectively left) cofinal in C with
respect to S. Then the class S N B admits a calculus of left (respectively right)
fractions. If B is right (respectively left) cofinal in C with respect to S, then the

canonical functor
(SNB)'B— S7IC

is fully faithful.

Definition 2.6.20. A chain complex X is called bounded if almost all X, are
zero; if X, = 0 unless a < n < b. A chain complex X called bounded above
(respectively bounded below) if there is a bound b (respectively a) such that X, =0
for all n > b (respectively n < a). The bounded (respectively bounded above,
respectively bounded below) chain complexes form full subcategories of Ch(.A)
that are denoted Ch®(A), Ch™(A) and Ch'(A) respectively.

We write K°(A), K=(A) and K*(A) for the full subcategories of K(A) cor-
responding to the full subcategories Ch®’(A), Ch™(A) and Ch*(A) of bounded,
bounded above, and bounded below chain complexes.

Example 2.6.21. By using Lemma 2.6.19, localizations of the full subcategories
K°(A),K*(A) and K~ (A) of K(A) with respect to @ exist and are the full sub-
categories D*(A), D*(A), D~(A) of D(.A) whose objects are the chain complexes
which are bounded, bounded below, and bounded above respectively (also see [52,
10.3.15]).

Theorem 2.6.22. D(A),Db(A),D*(A) and D~(A) are all triangulated cate-
gories, where triangles are those isomorphic to strict triangles (see 2.6.8).

Corollary 2.6.23. If I is a bounded below chain complex of injectives, then
HOIIID(A)(X, I) = HomK(A)(X, I)
for every X. Dually, if P is a bounded above cochain complex of projectives,

HOII]D(_A)(P, X) = HomK(A)(P, X)
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Below we shall need the following useful fact:

Proposition 2.6.24. The category of unbounded chain complexes Ch(A) of a
Grothendieck category A is again a Grothendieck category.

Sketch of proof. Colimits and limits are taken dimensionwise, filtered colimits
are obviously exact. Following notation of Hovey [26], denote by D"X, n € Z
and X € A, the complex which is X in degree n and n — 1 and 0 elsewhere, with
interesting differential being the identity map. If U is a generator of A, then
{D"U} ez are generators of Ch(A). To see that these generate Ch(.A), use the
adjunction relation Homgp(ay(D™U, X) = Homy (U, X,)-

Remark 2.6.25. This remark is to warn the reader that one should not confuse
generators in abelian and triangulated categories. Precisely, we shall also work
with the derived category D(.A) of unbounded complexes of a Grothendieck cat-
egory A. Then generators for D(A) cannot be generators for Ch(A) and vice
versa in general. Indeed, the generators {D"U},ez of Ch(A) are contractible
complexes, and hence zero in D(A).

On the other hand, suppose U is a generator for 4. Denote by S"U, n € Z,
the complex which is U in degree n and 0 elsewhere. Then {S™U },¢z is a family
of generators for the derived category D(.A) in the sense that for every non-zero
object X € D(A) there is a non-zero morphism in D(A) from some S"U to X.
But these cannot generate Ch(A) as the following example shows.

Suppose K is a field, and

(f
s 00— KpK® . K
0

OS—O<—-0O

is a commutative diagram in Ch(Mod K), where dy(z,y) = f(z,y) = y. We
suppose the middle complex is concentrated in degrees 0 and —1. Clearly (1) €
Kerdy implies a(1) = (/,0) for some z’ € K. But fa(l) = f(z/,0) = 0, so
fa = 0. Thus there is no non-zero map from S°K to the middle complex such
that the composite fa # 0. Since there is no non-zero morphism from S"K to
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the middle complex for any n # 0, we see that {S"K },cz are not generators for
Ch(Mod K).



Chapter 3

Enriched Category Theory

In an enriched category, the set of morphisms (the Hom-set) associated with
every pair of objects is replaced by an object in some fixed monoidal category
of “Hom-objects” in such a way that Hom-objects can be composed in the same
fashion as Hom-sets in the usual category. Since enriched categories are of great
utility in this project, we should collect some basic facts about them. We refer
the reader to [4, 39] for details.

3.1 Enriched categories
Definition 3.1.1. A monotdal category V consists of the following data:
¢ a category V;

¢ a bifunctor ® : V x V — V, called the tensor product. We write a ® b for
the image under ® of the pair (a, b);

¢ an object e € V, called the unit,

o for every triple a, b, c of objects, an associativity isomorphism

Qape s (AR D) R c— a® (bR c);

o for every object a, a left unit isomorphism

l,:e®a— q;

38
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o for every object a, a right unit isomorphism

Te:a®e— a.

These data must satisfy the following requirements:
¢ the morphisms ag. are natural in a, b, c;
¢ the morphisms [/, are natural in a;
¢ the morphisms r, are natural in a;

o diagram (3.1) below is commutative for every quadruple of objects a, b, c,d
(associativity coherence)

(a®@b)®c)®d—2 5 (4@ b) @ (c® d) (3.1)
aabc@l

(a®(b®c)®d Gab.c@d
Qq,b@c,d

a®((b®c)®d)—wa®(b®(c®d)))

o diagram (3.2) below is commutative for every pair a,b of objects (unit co-
herence)

(a®e)®b250a® (e®b) (3.2)

11
m l®b

a®b

Definition 3.1.2. With the notation of 3.1.1, a monoidal category is symmetric
when, moreover, an isomorphism

Sap:a®b—>bRa
is given for every pair a, b of objects. These isomorphisms must be such that:

¢ the morphisms s, are natural in a, b;
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o diagram (3.3) below is commutative for every triple a, b, ¢ of objects (asso-
ciativity coherence);

o diagram (3.4) below is commutative for every object a (unit coherence);

o diagram (3.5) below is commutative (symmetry axiom) for every pair a,b
of objects.

Sap®1

(a®b)@c==(b®a)®c (3.3)

aabcl labac

a® (b®c) b® (a®c)

3ab®cl i 1®sac

b®c)®a5—=b®(c®a)

aRe>e®a (3.4)

N 11@“

a

a®b-b®a (3.5)

S

a®b

Definition 3.1.3. With the notation of 3.1.1, a monoidal category V is biclosed
when, for each object b € V, both functors

—-®Rb: V-V, b®—-—:V->V

have a right adjoint. A biclosed symmetric monoidal category is called a symmet-
ric monoidal closed category. The adjoint to the functor — ® b will be denoted
by Hom(b, —) or [b,—].

Definition 3.1.4. Let V be a closed symmetric monoidal category. A V-category
C, or a category enriched over V, consists of the following data:

1. a class Ob (C) of objects;

2. for every pair a,b € Ob (C) of objects, an object Ve(a,b) of V;
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3. for every triple a,b,c € Ob (C) of objects, a composition morphism in V,

Cape : Ve(a,b) @ Ve(b,¢) = Ve(a,c);

4. for every object a € C, a unit morphism in V,

ug 1 e = Vel(a,a).

These data must satisfy the following conditions:

© given objects a,b,c,d € C, diagram (3.6) below is commutative (asso-
ciativity axiom);

o given objects a,b € C, diagram (3.7) below is commutative (unit ax-

iom).
(Ve(a, b) @ Ve(b, ¢)) ® Ve(e, d) —2<2 Ve(a,¢) ® Ve(e, d) (3.6)
AVe(a,b)Ve(b,c)Ve(c,d)
Ve(a,b) @ (Ve(b,c) @ Ve(c,d))
1®Cbcdl
Ve (a‘v b) Y Vc(ba d) Cabd VC (a‘) d)
l a, ™e(a,

e ® Ve(a,b) ~<2 > Ve(a,b) <=2 Ve (a,b) @ e (3.7)

Uug®1 1ve(a,b) 1Qup

Ve(a,a) ® Ve(a, b) 22> Ve(a, b) <=2 Ve(a, b) @ Ve(b, b)
When ObC is a set, the V-category C is called a small V-category.

Definition 3.1.5. Let ¥V be a monoidal category. Given V-categories A, B, a
V-functor or an enriched functor F': A — B consists in giving:

1. for every object a € A, an object F'(a) € B;
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2. for every pair a,b € A of objects, a morphism in V,
Fab : VA(a7 b) — VB(F(CI’):F(b))

in such a way that the following axioms hold:

o for all objects a,d,a” € A, diagram (3.8) below commutes (composi-
tion axiom);

o for every object a € A, diagram (3.9) below commutes (unit axiom).

C

Va(a,a') @ Va(d,a") aolal Va(a,a"”) (3.8)
Faa’®Fa’a”l lFaau

Vs(Fa,Fa') ® V(Fd', Fa") Vg(Fa, Fa")

Cpa,Fa’,Fa’

Definition 3.1.6. Let V be a monoidal category. Let A, B be two V-categories
and F,G : A —» B two V-functors. A V-natural transformation o : F = G
consists in giving, for every object a € A, a morphism

o : e = Vg(F(a),G(a))
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in V such that diagram (3.10) below commutes, for all objects a,a’ € A.

Vala,a)

e ®V4(a,a') Va(a,d')®e
Ola,®Gaa/l lFaal®C¥al
Vi(Fa,Ga) ® Vs(Ga,Ga') Vs(Fa, Fa') @ Vg(Fa',Ga')
CFaGaGa’ FaFa'Ga!

VB(Fa, G(I/)

(3.10)

We also observe that we can define the closed symmetric monoidal category
Set as the category consisting of sets with arrows, the maps between them, and
that categories in the usual sense are Set-categories (categories enriched over
Set).

If C is a category, let Setc(a,b) denote the set of maps in C from a to b. A
closed symmetric monoidal category V is a V-category due to its internal Hom-
objects. Let V(a,b) denote the V-object Hom,,(a, b) of maps in V. Any V-category
C defines a Set-category UC. Its class of objects is ObC, the morphism sets are
Setyc(a,b) = Sety (e, Ve(a, b)) (see [4, p. 316]).

Definition 3.1.7. A V-category C is a right V-module if there is a V-functor
act : C®V — C, denoted (¢, A) — ¢ @ A and a V-natural unit isomorphism
. : act(c, e) — ¢ subject to the following conditions:

1. there are natural associativity isomorphisms ¢ @ (A ® B) — (c@ A) ® B;
2. the isomorphisms ¢ @ (e ® A) = ¢ @ A coincide.

A right V-module is closed if there is a V-functor

coact : VP RC = C
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such that for all A € ObV, and ¢ € ObC, the V-functor act(—, A) : C — C is left
V-adjoint to coact(A, —) and act(c,—) : V — C is left V-adjoint to Ve(c, —).

3.2 Ends and Coends

In this section we introduce the notions of ends and coends. They play an impor-
tant role in constructing a closed symmetric monoidal structure for the category
of enriched functors. We follow the work of Mac Lane [39] in this section.

Definition 3.2.1. Let X, C be two categories. We define a dinatural transfor-
mation, a : S — T, between two functors S and T

SST:CPxC—X
as a function which associates to every object ¢ € C an arrow
a.: S(e,c) = T(c,c)

of X and satisfies the coherence axiom, i.e. that the following diagram commutes
for all arrows f:c— ¢ in C

S(c,c) —=>T(c, c)

v ~

S(d,c) T(c,c)
m A)
S(c, ) - T, c)
An end is a special type of limit, defined by the universal wedges in place of
universal cones.
Definition 3.2.2. An end of a functor
S:CPxC—-X

is a universal dinatural transformaton from a constant e to S. In other words,
an end of S is a pair < e,w >, where e is an object of X and w : e > S is a
dinatural transformation with the property that to every dinatural transformation
B :x — S there is a unique arrow h: z — e of X with 8, = w,h for all a € C.
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Thus for each arrow f : b — ¢ of C there is a diagram

z el S(b,b) (3.11)
5(1,f)

B

h S(b,c)

L w

v " %11)

e = S(c,c)

such that both quadrilaterals commute (these are the dinatural conditions); the
universal property of w states that there is a unique h such that both triangles
(at the left) commute.

The uniqueness property which applies to any universal states in this case
that if < e,w > and < €,w’ > are two ends for S, then there exists a unique
isomorphism u : e = ¢’ with o’ - u = w (i.e., with w., - u = w, for each c € C). We
call w the ending wedge or the universal wedge, with components w,., while the
object e itself, by abuse of language, is called the “end” of S and is written with
the integral notation as

e= /S(c,c) = End of S.

Note that the variable of integration ¢ appears twice under the integral sign
(once covariant and once contravariant) and is bound by the integral sign, in that
the result no longer depends on ¢ and so is unchanged if ¢ is replaced by any
other letter standing for an object of the category C. These properties are like
those of the letter x is the usual integral

/ f(z)dx
of the calculus.

Natural transformations provide an example of ends. Two functors U,V :
C — X define a functor Homx (U—,V—) : C°? x C — Set, and if Y is any set, a
wedge (=dinatural transformation) 7 : Y — Homx (U—, V —), with components

7.:Y = Homx(Uc,Vc), ceC,
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assigns to each y € Y and to each ¢ € C an arrow 7., : Uc — V¢ of X such that
for every arrow f : b — c one has the wedge coondition Vf -7 = 7., - U f. But
this condition is just the commutativity of the square

Ub—">Vb (3.12)

oo

Uc—Vec

which asserts that 7_,, for fixed y, is a natural transformation 7_, : U — V.
Thus, if we write Nat(U, V) for the set of all such natural transformations, the
assignment y — 7_, is the unique function ¥ — Nat(U,V) which makes the
following diagram commute.

Y — > Hom(Uc, Ve)

s

;
Uc——Hom(Ue, V),

where w, assigns to each natural A : U — V its component A, : Uc — Ve¢. This
states exactly that w is a universal wedge. Hence

Nat(U,V) = /Hom(Uc, Ve), U,V:C—- X.

C

The definition of the coend of a functor
S:CPxC—-X
is dual to that of an end.

Definition 3.2.3. A coend of S is a pair, < d,{ : S — d >, consisting of an object
d € X and a dinatural transformation ¢ (a wedge), universal among dinatural
transformations from S to a constant. The object d (when it exists, unique up to
isomorphism) will usually be written with an integral sign and with the bound
variable ¢ as superscript. Thus,

S(c,c) LN /CS(C, c)=d.

The formal properties of coends are dual to those of ends.
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Coends are familiar under other names. For example, the tensor product of
modules over a ring R is a coend. Specifically, a ring R is a preadditive category
with one object (which we call R again) and with arrows the elements r € R,
composition of arrows being their product in B. A left R-module B is an additive
functor R — Ab which sends the (one) object R to the abelian group B and each
arrow r in R to the scalar multiplication r, : b +— 7b in B. Similarly, a right
R-module A is an additive functor R°® — Ab (contravariant on R to Ab). If ® is
the usual tensor product in Ab, then R — A ® B is a bifunctor R°® x R — Ab.
Moreover, the coend

R
/ AR B=AQrB

is exactly the usual tensor product over R. Indeed, a wedge ¢ from the bifunctor
A ® B to an abelian group M is precisely a (single) morphism ¢: AQ B — M of
abelian groups such that the diagram

A®BX® A9 B

"'v®1Bl lg

A® B—— M

commutes for every arrow r € R. With the above interpretation of modules as
functors, this means for elements a € A and b € B that

olar ® b) = p(a @ rb).

We see that M is a coend precisely when M is A® B modulo all ar b—a®7b,
and this is precisely the usual despcription of the tensor product M = A ®r B.

The point of these observations is not the reduction of the familiar to the
unfamiliar (tensor products to coends) but the extension of the familiar to recover
many more cases. If B is any monoidal category with monoidal product O, then
any two functors T': P°® — B and S : P — B have a “tensor product”

)
TORS = / (Tp)O(Sp),

an object of B.
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By abusing language, we can often refer to the end of the functor S by the

object e alone, and write
e= /S(c,c) or just /S
c c

We dually define the coend using the same approach by

e=/ S(c,c) or just /S.

If we consider a functor F' : C°P x C' — X, where C'is a category and assume
our target category X for the functor F' is complete, we can more formally describe
this end as the equalizer in the diagram

/F(c, c) — HF(c, c) = H F(d,c¢).

¢ ceC c—c’

There is again a dual definition for coends as a coequalizer of the dual diagram.

3.3 Categories of enriched functors

In this section we mostly follow Borceux [4] and Dundas-Réndigs—@stveer [10].

If C is a small V-category, V-functors from C to V and their V-natural trans-
formations form the category [C, V] of V-functors from C to V. If V is complete,
then [C, V] is also a V-category. We also denote this V-category by F(C), or F if
no confusion can arise. The morphism V-object Vx(X,Y) is the end

/ V(X(e),Y(0). (3.13)
ObC

Note that the underlying category UF of the V-category F is [C, V).

One can compare F with C and V as follows. Given ¢ € ObC, X — X(c)
defines the V-functor Ev, : F — V called evaluation at c. The assignment
¢ — Ve(e,—) from C to F is again a V-functor C°? — F, called the V-Yoneda
embedding. Ve(c, —) is a representable functor, represented by c.

Lemma 3.3.1 (Enriched Yoneda Lemma). Let V be a complete closed symmetric
monotidal category and C a small V-category. For every V-functor X : C — V
and every c € ObC, there is a V-natural isomorphism X (c) = Vr(Ve(c,—), X).
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The isomorphism above is called the Yoneda isomorphism. It follows that
every V-functor can be expressed as a colimit of representable functors.

Lemma 3.3.2. IfV is a bicomplete closed symmetric monoidal category and C
is a small V-category, then [C,V] is bicomplete. (Co)limits are formed pointwise.

Corollary 3.3.3. Assume V is bicomplete, and let C be a small V-category. Then
any V-functor X : C — V is V-naturally isomorphic to the coend

X = /Obcvc(c, e X(e).

Let (C, ¢, u) be a small symmetric monoidal V-category, where V is bicomplete.
The monoidal product C ® C is the V-category, where

Ob(C ®C) := ObC x ObC

and
VC@C((O” .'L‘), (b7 y)) = VC(G" b) ® VC(*T’ y)

In [9], a closed symmetric monoidal product was constructed on the category
[C,V)] of V-functors from C to V. For X,Y € Ob|C,V], the monoidal product
X ®Y € Ob[C,V)] is the coend

ob(ceC)
XoY:= / Ve(cod,—)® (X(c)®Y(d):C— V. (3.14)

The following theorem is due to Day [9] and plays an important role in our
analysis.

Theorem 3.3.4 (Day [9]). Let (V, ®,e) be a bicomplete closed symmetric monoidal
category and (C,o,u) a small symmetric monoidal V-category. Then the category
([C, V], ®,Vc(u, —)) is closed symmetric monoidal with respect to monoidal prod-
uct (3.14). The internal Hom-functor in [C, V)] is given by the end

FX,Y)(e) = Vr(X, Y (co,—)) = /d V@), Y (eod)) (3.15)

The next lemma computes the tensor product of representable V-functors.
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Lemma 3.3.5. The tensor product of representable functors is again representable.
Precisely, there is a natural isomorphism

Vele,=) ©Ve(d, —) 2 Ve(cOd, —).
Below we shall need the following

Proposition 3.3.6. Let V be a symmetric monoidal closed category. If A is a
V-category and F,G : A =2V are V-functors, giving a V-natural transformation
a: F = G is equivalent to giving a family of morphism o, : F(a) = G(a) in V,
for a € A, in such a way that the following diagram commutes for all a,a’ € A

Va(a, ') — =% [F(a), F(a)]

Gaall l[l,aa/]

[G(a), G(a)] - [F(a), G(d)]

[aa:l]

Proof. See [4, 6.2.8]. O

Corollary 3.3.7. Let V be a symmetric monoidal closed category. If A is a V-
category and F,G : A =2 V are V-functors, giving a V-natural transformation
a: F = G is equivalent to giving a family of morphism ag : F(a) = G(a) in V,
for a € A, in such a way that the following diagram commutes for all a,a’ € A

(a')

Q

1®aal

Vala,d) ® F(a) LN
Vala,d) ® G(a) —

F
/
ne G(a)’
where np,ng are the maps corresponding to the structure maps Foy and Gay
respectively.

Corollary 3.3.8. Let V be a symmetric monoidal closed category, A a small
V-category and F,G : A =2V be V-functors. Suppose a : F' = G is a V-natural
transformation such that each o, : F(a) — G(a), a € Ob A, is an isomorphism
in V. Then a is an isomorphism in [A, V).

Proof.  This follows from the preceding corollary if we define ™! : G = F
by the collection of arrows a;!, a € Ob A. O



Chapter 4

Model Categories

A model category (sometimes called a Quillen model category or a closed model
category) is a context for doing homotopy theory. Quillen [47] developed the
definition of a model category to formalize the similarities between homotopy
theory and homological algebra: the key examples which motivated his definition
were the category of topological spaces, the category of simplicial sets, and the
category of chain complexes. In recent decades, the language of model categories
has been used in some parts of algebraic K-theory and algebraic geometry, where
homotopy-theoretic approaches led to deep results (see, for example, [32, 41, 51]).

In this project we deal with categories enriched over a closed symmetric
monoidal Grothendieck category V. More precisely, we shall prove that the cat-
egory of enriched functors

[C’ v]’

where C is a V-category, is Grothendieck. Moreover, if V is a reasonable model
category, then so is [C,V]. The latter is a monoidal model category whenever
V is. So Grothendieck categories of enriched functors can have a rich homotopy
theory in the sense of Quillen. To show this, we need to collect basic facts about
model categories.

We mostly follow Dundas-Réndigs—Ostveer [10], Hovey [26] and Schwede—
Shipley [49] . All model structures we shall deal with in this project are cofibrantly
generated.

ol
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4.1 Model structures

Definition 4.1.1. Suppose C is a category.

1. A map f in C is a retract of a map g € C if f is a retract of g as objects
of Map C. That is, f is a retract of g if and only if there is a commutative
diagram of the following form,

A C A
f 9. f
B D B

where the horizontal composites are identities.

2. A functorial factorization is an ordered pair (o, ) of functors Map C —
Map C such that f = B(f) o a(f) for all f € Map C. In particular, the
domain of a(f) is the domain of f, the codomain of a(f) is the domain of
B(f), and the codomain of B(f) is the codomain of f.

Definition 4.1.2. Suppose i : A — B and p : X — Y are maps in a category
C. Then ¢ has the left lifting property with respect to p and p has the right lifting
property with respect to i if, for every commutative diagram of the following form,

A—T . x
1 P
B Y

there is a lift h : B — X such that hi = f and ph = g.

Definition 4.1.3. A model structure on a category C is three subcategories of C
called weak equivalence, cofibratons, and fibrations, and two factorizations (a, 3)
and (v, 0) satisfying the following properties:

1. (Two-out-of-three) If f and g are morphisms of C such that go f is defined
and two of f,g and g o f are weak equivalence, then so is the third.
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2. (Retracts) If f and g are morphisms of C such that f is retract of g and ¢
is a weak equivalence, cofibration, or fibration, then so is f.

3. (Lifting) Define a map to be a trivial cofibration if it is both a cofibration
and a weak equivalence. Similarly, define a map to be a trivial fibration if
it is both a fibration and a weak equivalence. Then trivial cofibrations have
the left lifting property with respect to fibrations, and cofibrations have the
left lifting property with respect to trivial fibrations.

4. (Factorization) For any morphism f, a(f) is a cofibrations, S(f) is a trivial
fibration y(f) is a trivial cofibration, and d(f) is a fibration.

Definition 4.1.4. A model category is a category C with all limits and colimits
together with a model structure on C.

Example 4.1.5. Suppose C is a category with all small colimits and limits. We
can put three different model structures on C by choosing one of the distinguished
subcategories to be the isomorphisms and the other two to be all maps of C.
There are obvious choices for the functorial factorizations, and this gives a model
structure on C. For example, we could define a map to be a weak equivalence if
and only if it is an isomorphism, and define every map to be both a cofibration
and a fibration. In this case, we define the functors o and § to be the identity
functor, and define B(f) to be the identity of codomain of f and v(f) to be the
identity of the domain of f.

Example 4.1.6. Suppose A is a Grothendieck category. Let Ch A be the cate-
gory of unbounded chain complexes on 4. The injective model structure on Ch A
was first constructed by Joyal [31], and written down by Beck [2]. Its homotopy
category is the derived category of A. In this model structure the cofibrations
are the monomorphisms, the weak equivalences are the quasi-isomorphisms, and
the fibrations are certain epimorphims.

4.2 The homotopy category

Definition 4.2.1. Suppose C is a category with a subcategory of weak equiva-
lences W. Define the homotopy category HoC as follows. Form the free category
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F(C,W) on the arrows of C and the reversals of the arrows of W. An object
of F(C,W™1) is an object of C, and a morphism is a finite string of composable
arrows (f1, fa, ..., fn) Where f; is either an arrow of C or the reversal w;* of an
arrow w; of W. The empty string at a particular object is the identity at that
object, and composition is defined by concatenation of strings. Now, define HoC
to be quotient category of F(C,W™!) by the relations 14 = (14) for all objects
A, (f,9) = (f o g) for all composable arrows f, g of C, and l4om » = (w,w™!) and
Leodom w = (w1, w) for all w € W. Here dom w is the domain of w and codom w
is the codomain of w.

Lemma 4.2.2. Suppose C is a category with a subcategory W.

1. If F : C — D is a functor that sends maps of W to isomorphisms, then
there is a unique functor HoC — D such that (HoF)o~y=F.

2. Suppose § : C — £ is a functor that takes maps of W to isomorphisms and
enjoys the universal property of part (1). Then there is a unique isomor-

phism HoC E) & such that Fy = 4.

3. The correspondence of part (1) induces an isomorphism of categories be-
tween the category of functors HoC — D and natural transformations and
the category of functors C — D that take maps of W to isomorphisms and
natural transformations.

Definition 4.2.3. Suppose C is a model category, and f,g : B — X are two
maps in C.

1. A cylinder object for B is a factorization of the fold map v : B][B — B

into a cofibration B[ B 4, B followed by a weak equivalence B’ 5
B.

2. A path object for X is a factorization of the diagonal map X — X x X into
a weak equivalence X Iy X' followed by a fibration X’ (po,_]h)) X x X.

3. A left homotopy from f to g is a map H : B’ — X for some cylinder object
B’ for B such that Hig = f and Hi; = g. We say that f and g are left
homotopic, written f L g, if there is a left homotopy from f to g.



4.2. THE HOMOTOPY CATEGORY 59

4. A right homotopy from f to g is a map K : B — X' for some path object
X' for X such that poK = f and py K = g. We say that f and g are right
homotopic, written f ~ g, if there is a right homotopy from f to g.

5. We say that f and g are homotopic, written f ~ g, if they are both left and
right homotopic.

6. f is a homotopy equivalence if there is a map h : X — B such that hf ~ 1p
and fh ~ 1x.

Proposition 4.2.4. Suppose C is a model category, and f,g : B — X are two
maps in C.

1. Ifergandh:X—>Y, thenhfrihg. Dually, if f ~ g and h: A — B,
then fh ~ gh.

2. If X is fibrant, f A g, and h : A — B, then fh L gh. Dually, if B is
cofibrant, f ~ g, and h: X =Y, then hf ~ hg.

3. If B is cofibrant, then left homotopy is an equivalence relation on C(B, X).
Dually, if X is fibrant, then right homotopy is an equivalence relation in
C(B,X).

4. If B is cofibrant and h : X — Y is a trivial fibration or a weak equivalence
of fibrant objects, then h induces an isomorphism

C(B,X)/ ~5cB,Y) ~.

Dually, if X is fibrant and h : A — B is a trivial cofibration or weak
equivalence of cofibrant object, then h induces an isomorphism

C(B,X)/ ~5 C(A, X)) ~.

5. If B is cofibrant, then f 9 g implies f <~ g. Furthermore, if X' is any path
object for X, there is a right homotopy K : B — X' from f to g. Dually, if
X is fibrant, then f ~ g implies f & g, and there is a left homotopy from
f to g using any cylinder object for B.



56 CHAPTER 4. MODEL CATEGORIES

Proposition 4.2.5. Suppose C is a model category. Let C. (respectively Cy,Cey)
denote the full subcategory of cofibrant (respectively fibrant, cofibrant and fibrant)
objects of C. Then the inclusion functors induce an equivalence of categories

HoC.f — HoC. — HoC

and
HoC.y — HoCy — HoC.

Theorem 4.2.6. Suppose C is a model category. Let v : C — HoC denote the
canonical functor, and let Q denote the cofibrant replacement functor of C and R
denote the fibrant replacement functor.

1. The inclusion C;s — C induces an equivalence of categories

C.t/ ~—=HoC,; — HoC .

2. There are natural isomorphisms
C(QRX,QRY)/ ~=HoC(vX,7Y) =2 C(RQX,RQY)/ ~ .

In addition, there is a natural isomorphism HoC(vX,vY) 2 C(QX,RY)/ ~,
and, if X s cofibrant and Y is fibrant, there is a natural isomorphism
HoC(vX,vY) =2 C(X,Y)/ ~ . in particular, HoC is a category without
moving to a higher universe.

3. The functor v : C — HoC identifies left or right homotopic maps.

4. If f: A — B is a map in C such that v f is isomorphic in HoC, then f is
a weak equivalence.

Example 4.2.7. Suppose R is a ring, and let Ch(Mod R) denote the category
of unbounded chain complexes of R-modules. The projective model structure on
Ch(Mod R) is written down in [26, Section 2.3] (see also Definition 4.3.15). Its
homotopy category is also the derived category of R-modules.
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4.3 Cofibrantly generated model categories

Definition 4.3.1. Suppose C is a category with all small colimits, and A is an
ordinal. A A-sequence in C is a colimit-preserving functor X : A — C, commonly
written as

Xo—= X1+ Xg—---

Since X preserves colimits, for all limit ordinals v < A, the induced map
COlim3<7 XB — X»,

is an isomorphism. We refer to the map Xy — colimg<) X as the composition of
the A-sequence, though actually the composition is not unique, but only unique
up to isomorphism under X, since the colimit is not unique. If D is a collection
of morphisms of C and every map Xz — Xg41 for 8+ 1 < Ais in D, we refer to
the composition Xy, — colimgcy X as a transfinite composition of maps of D.

Definition 4.3.2. Let v be a cardinal. An ordinal « is ~y-filtered if it is a limit
ordinal and, if A C o and |A| < 7, then sup A < a.

Definition 4.3.3. Suppose C is a category with all small colimits, D is a collection
of morphisms of C, A is an object of C and s is a cardinal. We say that A is
se-small relative to D if, for all s-filtered ordinals A and all A-sequences

Xo=>Xi == Xg— -
such that each map Xz — Xpg; is in D for 8+ 1 < A, the map of sets
colimg.y C(A, Xg) — C(A, colimgy Xp)

is an isomorphism. We say that A is small relative to D if it is s-small relative
to D for some . We say that A is small if it is small relative to C itself.

Definition 4.3.4. Suppose C is a category with all small colimits, D is a collection
of morphisms of C, and A is an object of C. We say that A is finite relative to D
if A is s-small relative to D for finite cardinals s. We say A is finite if it is finite
relative to C itself. In this case, maps from A commute with colimits of arbitrary
A-sequences, as long as A is a limit ordinal.
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Definition 4.3.5. Let I be a class of maps in a category C.

1. A map is I-injective if it has the right lifting property with respect to every
map in I. The class of I-injective maps is denoted I-inj.

2. A map is I-projective if it has the left lifting property with respect to every
map in I. The class of I-projective maps is denoted I-proj.

3. A map is an I-cofibration if it has the left lifting property with respect to
every I-injective map. The class of I-cofibrations is the class (/-inj)-proj
and is denoted I-cof.

4. A map is an I-fibration if it has the right lifting property with respect to
every [-projective map. The class of I-fibrations is the class (/-proj)-inj
and is denoted I-fib.

Definition 4.3.6. Let I be a set of maps in a category C containing all small
colimits. A relative I-cell complex is a transfinite composition of pushouts of
elements of I. That is, if f : A — B is a relative I-cell complex, then there is
an ordinal A and A-sequence X : A — C such that f is the composition of X and
such that, for each 8 such that 8+ 1 < A, there is a pushout square as follows,

|

Dp— X1

such that gs € I. We denote the collection of relative I-cell complexes by I-cell.
We say that A € C is an I-cell complex if the map 0 — A is a relative I-cell
complex.

Definition 4.3.7. Suppose C is a model category. We say that C is cofibrantly
generated if there are sets I and J of maps such that:

1. the domains of the maps of I are small relative to I-cell;
2. the domains of the maps of J are small relative to J-cell;

3. the class of fibrations is J-inj; and
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4. the class of trivial fibrations is /-inj.

We refer to I as the set of generating cofibrations, and to J as the set of generating
trivial cofibrations. A cofibrantly generated model category C is called finitely
generated if we can choose the sets [ and J so that the domains and codomains
of I and J are finite relative to I-cell.

Theorem 4.3.8. Suppose C is a category with all small colimits and limits. Sup-
pose W is a subcategory of C, and I and J are sets of maps of C. Then there is a
cofibrantly generated model structure on C with I as the set of generating cofibra-
tions, J as the set of generating acyclic cofibrations, and W as the subcategory of
weak equivalences if and only if the following conditions are satisfied.

1. The subcategory of W has the two out of three property and is closed under
retracts.

The domains of I are small relative to I-cell.
The domains of J are small relative to J-cell.

J-cell CWnN I-cof.

Svo o R

I-ing CWN J-inj .
6. Either W N I-cof C J-cof or WN J-inj C I-inj .

Definition 4.3.9. A ring R is a Frobenius ring if the projective and injective left
or right R-modules coincide.

Example 4.3.10. Every group ring of a finite group over a field is a Frobenius
ring.

Definition 4.3.11. Suppose R is a ring. Given maps f,g : M — N of R-
modules, define f to be stably equivalent to g, written f ~ g, if f — g factors
through a projective module.

Definition 4.3.12. Let R be a ring. The stable category of R-modules is the cat-
egory whose objects are left R-modules and whose morphisms are stable equiva-
lence classes of R-module maps. A map f of R-modules is a stable equivalence if
it is an isomorphism in this category.
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Definition 4.3.13. Suppose R is a Frobenius ring. Let I denote the set of
inclusions a — R, where a is a left ideal in R. Let J denote the set consisting
of the inclusion 0 — R. Define a map of R-modules to be a fibration if it has
the right lifting property with respect ot J, and define f to be a cofibration if
f € I-cof.

Theorem 4.3.14. Suppose R is a Frobenius ring. Then there is a cofibrantly
generated model structure on Mod R where the cofibrations are injections, the fi-
brations are the surjections, and the weak equivalences are the stable equivalences.
The model structure is finitely generated.

Definition 4.3.15. Let R be a ring. The projective model category structure on
chain complexes is defined as follows. Given an R-module M, define S"(M) €
Ch(Mod R) by S™(M), = M and S™"(M); = 0 if k # n. Similarly, define D™ (M)
by D"(M)r = M if k =nor k =n — 1, and 0 otherwise. The differential d, in
D™(M) is the identity. We often denote S™(R) by simply S™, and D"(R) by D".
There is an evident injection S*"1(M) — D™(M). Now define the set I to consist
of the maps S®™! — D™, and define the set J to consist of the maps 0 — D".
Define a map to be fibration if it is in J-inj, and define a map to be a cofibration
if it is in I-cof . Define a map f to be a weak equivalence if the induced map H, f
on homology is an isomorphism for all n.

Lemma 4.3.16. Suppose R is a ring. If A is a cofibrant chain complez, then
An is a projective R-module for all n. Conversely, any bounded below complex of
projective R-modules is cofibrant.

Proposition 4.3.17. Suppose R is a ring. Then a mapi: A — B in Ch(Mod R)
is a cofibration if and only if i is a dimensionwise split inclusion with cofibrant
cokernel.

Theorem 4.3.18. The projective model structure on Ch(Mod R) is a finitely
generated model category with I as its generating set of cofibrations, J as its
generating set of trivial cofibrations, and quasi-isomorphisms as its weak equiva-
lences. The fibrations are surjections.
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4.4 Monoidal model categories

Definition 4.4.1. Given model categories C,D and &, an adjunction of two
variables (®, Hom, Homy, ¢, ;) : C X D — & is called a Quillen adjunction of
two variables, if, given a cofibration f : U — V in C and a cofibration g : W — X
in D, the induced map

fOg:P(f,g) =(VeW)lyew (URX) > VX

is a cofibration in £ that is trivial if either f or g is. We refer to the left adjoint
F of a Quillen adjunction of two variables as a Quillen bifunctor, and often abuse
notation by using the term ” Quillen bifunctor ®” when we really mean ” Quillen
adjunction of two variables (®, Hom,, Homy, ¢,, ¢;).”

The map fOg occurring in Definition 4.4.1 is sometimes called the pushout
product of f and g.

Proposition 4.4.2. Suppose ® : C ® D — £ is an adjunction of two variables
between model categories. Suppose as well that C and D are cofibrantly generated,
with generating cofibratons I and I' respectively, and generating trivial cofibra-
tions J and J' respectively. Then ® is Quillen bifunctor if and only if 101
consists of cofibrations and both I0J’ and JOI' consists of trivial cofibrations.

Definition 4.4.3. A monoidal model category is a closed category C with a model
structure making C into a model category, such that the following conditions hold.

1. The monoidal structure ® : C x C — C is a Quillen bifunctor.

2. Let QS g, S be the cofibrant replacement for the unit S, obtained by using
the functorial factorizations to factor 0 — S into a cofibration followed by

1
a trivial fibration. Then the natural map QS ® X & S ® X is a weak
1
equivalence for all cofibrant X. Similarly, the natural map X ® QS ——@—q)
X ® S is a weak equivalence for all cofibrant X.

Note that this second condition is automatic if .S is cofibrant.

Lemma 4.4.4. Suppose @ : C x D — &£ is an adjunction of two variables, I is a
set of maps in C, I’ is a set of maps in D, and K is a set of maps in €. Suppose
as well that IOI' C K. Then (I-cof)O(I’-cof) C K -cof.
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Example 4.4.5. Let R be a commutative ring. Then Ch(Mod R), the category
of unbounded chain complexes of R-modules, given the projective model structure
of Definition 4.3.15, is a symmetric monoidal model category.

First we recall that Ch(Mod R) is indeed a closed symmetric monoidal cate-
gory. Given chain complexes X and Y, we define

(X®Y)n = @Xk ®r Yotk (4.1)
k

where d(z ® y) = dr ® y + (—1)"?lz ® dy. The unit is the complex S° consisting
of R in the degree 0. The commutativity isomorphism is defined by T(z ® y) =
(=1)l*l¥ly ® x for the homogeneous elements z and y. To see that Ch(Mod R) is
in fact a closed symmetric monoidal category, we define

Hom(X,Y), = | [ Homg (X, Yaix), (4.2)
k

with (df )(z) = df (z) + (—1)"*' f(dz) for f € Homp(Xk, Ynik)-

As the unit SO is cofibrant, it suffices to verify that the tensor product
is a Quillen bifunctor. Recall that the generating cofibrations are the maps
S™~1 — D™ and the generating trivial cofibrations are the maps 0 — D™. The
pushout product of two generating cofibrations is an injection with bounded be-
low dimensionwise projective cokernel. Hence by Lemma 4.3.16, the cokernel is
cofibrant. Proposition 4.3.17 then implies that the pushout product of two gener-
ating cofibrations is a cofibration. Lemma 4.4.4 implies that the pushout product
of any two cofibrations is cofibration. The pushout product of S*~! — D™ and
0 — D™ is the map D™+ — D™® D™, which is a weak equivalence as required.

Example 4.4.6. Another class of examples arises from modular representation
theory. We let k be a field and G a finite group; the interesting cases will be
those where the characteristic of k£ does divide the order of G. The group algebra
kG is a Frobenius ring, that is, the classes of its projective and injective modules
coincide. The stable module category Stmod &G has as objects all (left, say) kG-
modules, and the group of morphisms in Stmod kG is defined to be the quotient of
the group of module homomorphisms by the subgroup of those homomorphisms
which factor through a projective (equivalently, an injective) module; see for
example [5, 7]. The stable module category is in fact the homotopy category



4.4. MONOIDAL MODEL CATEGORIES 63

associated to a model category structure on the category of all kG-modules; see
Theorem 4.3.14. The cofibrations are the monomorphisms, the fibrations are the
epimorphisms, and the weak equivalences are maps which become isomorphisms
in the stable module category. This model category is quite special because every
object is both fibrant and cofibrant. The above model category structure exists
over any Frobenius ring, but for the group algebra kG there is a compatible
monoidal structure. For two kG-modules M and N, the tensor product over the
ground field M ®; N becomes a kG-module when endowed with the diagonal G-
action. Similarly, the group Homy(M, N) of k-linear maps supports a G-action
by conjugation. This data makes the category of kG-modules into a symmetric
monoidal closed category with unit object the trivial module &.

Hovey [27] generalizes this model structure to kG-modules, where k is a prin-
ciple ideal domain and G is finite. The model category is cofibrantly generated
and is called the projective model structure of kG-modules.

Proposition 4.4.7. Suppose C,D and € are model categories, and
(®, Hom,, Homy, ¢r, 1) : C x D — &

is a Quillen adjunction of two variables. Then the total derived functor defines
an adjunction of two variables

(®%, RHom,, RHomy, Ry,, Rg;) : HoC x HoD — Ho &

Proof.  See [26, Proposition 4.3.1]. O

Theorem 4.4.8. Suppose C is a (symmetric) monoidal model category. Then
HoC can be given the structure of a closed (symmetric) monoidal category. The
adjunction of two variables (¥, R Hom,, R Hom,) that is part of the closed struc-
ture of HoC is the total derived adjunction of (®,Hom,, Hom;). The associativity
and unit isomorphisms (and the commutativity isomorphism in case C is sym-
metric on HoC) are derived from the corresponding isomorphisms of C.

Proof.  See [26, Theorem 4.3.2]. O
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4.5 The monoid axiom

Definition 4.5.1. A monoidal model category C satisfies the monoid axiom if
every map in
({trivial cofibrations} ® C)- cof

is a weak equivalence.

Lemma 4.5.2. Let C be a cofibrantly generated model category endowed with a
closed symmetric monoidal structure.

1. If the pushout product axiom holds for a set of generating cofibrations and
a set of generating trivial cofibrations, then it holds in general.

2. Let J be a set of generating trivial cofibration. If every map in (J ® C)-cof
s a weak equivalence, then the monoid axiom holds.

Proof. See [49]. O

Theorem 4.5.3 (Hovey [27]). Suppose R = k[G], where k is a principal ideal do-
main and G is a finite group. Then the projective model structure on R-modules
satisfies the monoid axiom, and so there is an induced model structure on the cat-
egory of monoids and the category of modules over a given monoid. Furthermore,
a weak equivalence of monoids induces a Quillen equivalence of the corresponding
module categories.

4.6 Weakly finitely generated model categories

Definition 4.6.1. An object a € Ob(C) is finitely presentable if the Hom-functor
Setc(a, —) commutes with all filtered colimits. If C is a V-category, a € Ob(C) is
V-finitely presentable if the functor Ve(a,—) commutes with all filtered colimits.

Definition 4.6.2. A cofibrantly generated model category V is weakly finitely
generated if I and J can be chosen such that the following conditions hold:

1. the domains and codomains of the maps in [ are finitely presentable;

2. domains of the maps J are small;
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3. there exists a subset J' of J of maps with finitely presentable domains and
codomains, such that map f : A — B in V with fibrant codomain B is a
fibration if and only if it is contained in J'-inj.

Our pointwise notions of weak equivalence, fibrations and cofibrations are as
follows.

Definition 4.6.3. A morphism f € [C,V] is a
o pointwise weak equivalence if f(c) is a weak equivalence in V for all ¢ € C;
e pointwise fibration if f(c) is fibration in V;

e cofibration if f has the left lifting property with respect to all pointwise
trivial fibrations.

Theorem 4.6.4. Let V be a weakly finitely generated monoidal model category,
and let C be a small V-category. Suppose the monoid axiom holds in V. Then
[C,V], with the classes of maps in 4.6.8, is a weakly finitely generated model
category.

Proof.  See [10, Theorem 4.2]. O

Theorem 4.6.5. ConsiderV and C as in 4.6.4. Then the pointwise model struc-
ture gives [C, V] the structure of a V-model category. Likewise, [C, V] is a monoidal
V-category provided C is a symmetric monoidal V-category and the monoid axiom
in the sense of Schwede-Shipley [49] holds.

Proof.  See [10, Theorem 4.4]. O



Chapter 5

Grothendieck categories of
enriched functors and
localizations

In this chapter we prove that the category of enriched functors [C, V] is a Grothen-
dieck category whenever V is a closed symmetric monoidal Grothendieck category,
giving us new Grothendieck categories in practice. An advantage of this result
is that we can recover some well-known theorems for Grothendieck categories in
the case V = Ab. Another advantage is that V can also contain some rich homo-
logical or homotopical information, which is extended to the category of enriched
functors [C, V]. This homotopical information will be of great utility in the next
chapters to study monoidal structures for the derived category of generalized
modules. Also, this result implies that localization theory of Grothendieck cate-
gories becomes available for [C, V]. Moreover, [C, V)] is closed symmetric monoidal
whenever C is a symmetric monoidal V-category.

5.1 Grothendieck categories of enriched func-
tors

Before proving the main result we want to collect some important examples of
closed symmetric monoidal Grothendieck categories.

Example 5.1.1. 1. Given any commutative ring R, the triple (Mod R, ®g, R)

66
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is a closed symmetric monoidal Grothendieck category.

. More generally, let X be a quasi-compact quasi-separated scheme. Con-

sider the category Qcoh(Ox) of quasi-coherent Ox-modules. By [30, 3.1]
Qcoh(Ox) is alocally finitely presented Grothendieck category, where quasi-
coherent O x-modules of finite type form a family of finitely presented gen-
erators. The tensor product on Ox-modules preserves quasi-coherence, and
induces a closed symmetric monoidal structure on Qcoh(Qyx).

. Let R be any commutative ring. Let C' = {C),d.} and C”" = {C}!,0i}

be two chain complexes of R-modules. Their tensor product C' @ C” =
{(C" ®r C")pn, Dy} is the chain complex defined by

(C'®rC")y = @ (C; ®r C}'),
i+j=n
and

Ou(t,@s)) = BL(t)@s!+(~1)1t,@8!(s!), for all t; € Cl, ! € CJ, (i+] = n),

where C] ®p C]’-' denotes the tensor product of R-modules C] and CJ'-’. Then
the triple (Ch(Mod R), ®g, R) is a closed symmetric monoidal Grothendieck
category (see Proposition 2.6.24 ). Here R is regarded as a complex con-
centrated in zeroth degree.

. (Mod kG, ®¢, k) is a closed symmetric monoidal Grothendieck category,

where £ is a field and G is a finite group.

The main result of this Chapter is as follows.

Theorem 5.1.2. Let V be a closed symmetric monoidal Grothendieck category
with a set of generators {g;}1. If C is a small V-category, then the category of
enriched functors [C,V] is a Grothendieck V-category with the set of generators
{V(c,—) @gi | c € ObC,i € I}. Moreover, if C is a small symmetric monoidal
V-category, then [C,V)] is closed symmetric monoidal with monoidal product and
internal Hom-object computed by formulas of Day (3.14) and (3.15).
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Proof. If C is a small V-category, then [C, V)] is a V-category by section 3.3.
The internal Hom-object is given by (3.13). Let show that [C, V)] is a preadditive
category. Given V-functors X,Y € [C, V)], we have that

Homye (X, Y) = Homy (e, /eObC V(X (c),Y(c))

is an abelian group, because V is preadditive. We can also describe explicitly the
abelian group structure as follows. The morphisms of [C, V] are, by definition, the
V-functors from C to V. Using Corollary 3.3.7, for any V-natural transformations

o, X =Y
its sum «a + o' is determined by the arrows
a.+ a., e = V(X(c),Y(c)).

Recall that Homy (X (c), Y (¢)) = Homy(e, V(X (c),Y (c))) and a. + ¢, is addition
of o, and &, in the abelian group Homy (X (c), Y (c)).
To show that the addition is bilinear, let

B e Homv(e,/V(Y(c),Z(c)) =/Homv(e,V(Y(c),Z(C))
=/Homv(Y(c),Z(c)).

c

Using Corollary 3.3.7, we set
(ﬂa)c i= B0 .

Using the fact that V is preadditive, we have

(Bla+a'))e = Bela. + )
=/3coac+:3c°a/c
= (Ba + Bd)..
Similarly, (@ + &')y = ary + o/y. We see that [C, V] is preadditive.

Since V is a bicomplete closed symmetric monoidal category and C is a small V-
category, then by Lemma 3.3.2 the category [C, V] is bicomplete. Moreover, limits
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and colimits are formed objectwise. In particular, [C, V)] has finite products. It
follows from [39, VIII.2.2] that [C, V)] is an additive category. Furthermore, [C, V]
has kernels and cokernels which are defined objectwise.

Given a morphism « in [C, V)], the canonical map

@ : Coker(ker ) — Ker(coker a)

is an isomorphism objectwise. Corollary 3.3.8 implies @ is an isomorphism. It
follows that [C, V] is an abelian category.

Next, direct limits exist in [C, V] and are defined objectwise. They are exact
in [C, V], because so are direct limits in V (by assumption, V is a Grothendieck
category). So, [C,V)] is an Ab5-category.

It remains to find generators for [C, V]. By (10, 2.4] [C, V)] is a closed V-module,
and hence there is an action

:C,VI®V—[CV].
Now for any non zero functor X € [C, V] we have natural isomorphisms

Hom[C,V] (V(C, _) @ 9, X)) = Homv (g'n V[C,V] (V(C, _)1 X))
= Homy(g;, X(c)).

Let & : X — Y be a non-zero map in [C,V]. We want to show that there are
i€1I,amap fB:V(c,—)@g; — X such that af # 0.

Since « is non-zero, then o, : X(c) = Y(c) is a non-zero map in V for some
¢ € ObC. By assumption {g;}; are generators of V, and so there is a map
B : gi = X(c) such that a8 # 0. By the above isomorphism we can find a
unique map S : V(c,—) @ gi — X corresponding to 3. Now a8 # 0 implies
af # 0 as required.

If C is a small symmetric monoidal V-category, then [C, V)] is closed symmetric
monoidal by Day’s theorem 3.3.4. Monoidal product and internal Hom-object
are computed by formulas of Day (3.14) and (3.15). O

Below we give a couple of examples illustrating the preceding theorem.

Example 5.1.3. Let R be a commutative ring with unit. Consider the closed
symmetric monoidal category V = (Mod R, ®g, R). Consider a V-category C
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defined as follows. Its objects are integers ObC = Z. Given two integers m,n €
Ob(, we define a Hom-object as

0 if m+#n,;
Vc(m,n):{ R ifmin.

Clearly, C is a V-category and the category [C, V] of V-functors from C to V is the
product category [[, Mod R. By definition, Ob([[, Mod R) are tuples (M;)icz
and morphisms are tuples of R-homomorphisms (f; : M; = N;)iez.

Let Gr R be the category of Z-graded R-modules and graded homomorphisms.
It is easy to see that the functor

H ModR = GrR, (M;)icz — ®zM;,
Z

is an isomorphism of categories. It is well known that Gr R is a closed symmetric
monoidal Grothendieck category with tensor product

(M &g N),:= @ M;®r Nj for all M, N € GrR. (5.1)

i+j=k

We want to show that this tensor product is recovered from Day’s theorem for
[C,V]. Indeed, we define a symmetric monoidal product on C as follows. For
every m,n € ObC

mRn:=m+n.

Given a € Ve(m,m) = R and b € V¢(n,n) = R, we set
alb=a-beVe(m+nm+n)=R.

Clearly, m X n = n K m. Since R is commutative, it follows that X defines a
strictly symmetric monoidal tensor product on C.
Now for every M, N € [C,V] = Gr R, Day’s theorem implies

(m,n)€ZRZ
MoN= [ M(m) ®x N(n) ®r Ve(m &, -)

(m,n)eZRZ
=/ M, ®r Np ®g Ve(m +n,—).
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Thus,
(MGN)k: @ Mm®RNn
m+n=k
and
Hom(M, N)(n) =/ Hompg(M(m), N(m K n))
meObC=Z

=/ Hompg(My,, Nyptn) = Home, r(M, N(n)).
m

So tensor product (5.1) as well as internal Hom-functor for graded modules are

recovered from Day’s theorem.
By Theorem 5.1.2 [C, V)] is Grothendieck with {R(n)}.cz generators, where

_J 0, ifm#m
R(n)m = { R, ifm=n.
It follows that Gr R is Grothendieck. Moreover, [C, V] = Gr R is closed symmetric
monoidal.

Example 5.1.4. Let R be a commutative ring. Recall that an R-linear DG-
category C is just a category enriched over ¥V = Ch(Mod R). Right DG-modules
over the DG-category C are just contravariant V-functors from C to V. In turn,
DG-morphisms of DG-modules are nothing but V-natural transformations. The
category of right DG-modules and DG-morphisms is denoted by ModC. Using
our notation, one has, by definition, Mod C = [C°P, V].

Theorem 5.1.2 and Proposition 2.6.24 imply Mod C is a Grothendieck category
with the family of generators

D"(Ve(—,c¢)) :==Ve(—,c) @ D"R, c€Obl,n€Z.

Here D"R stands for the complex which is R in degrees n and n — 1 and zero
elsewhere, with interesting differential being the identity.

Example 5.1.5. Any preadditive category B is nothing but a category enriched
over abelian groups V = Ab. V-functors from B to V are the same as additive
functors. Theorem 5.1.2 says that the category of additive functors (B, Ab) is
Grothendieck with representable functors {h? = Vg(B, —) @Z} ges being a family
of generators. Thus the fact that (B, Ab) is Grothendieck (see Example 2.3.5)
follows from Theorem 5.1.2.
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5.2 Localizations

We say that a full subcategory S of an abelian category C is a Serre subcategory
if for any short exact sequence

0—-X->Y—>2-0

in C an object Y € S if and only if X, Z € §. A Serre subcategory S of a
Grothendieck category C is localizing if it is closed under taking direct limits.
Equivalently, the inclusion functor ¢ : & — C admits the right adjoint ¢ = ts :
C — S which takes every object X € C to the maximal subobject ¢t(X) of X
belonging to §. The functor ¢ we call the torsion functor. An object C of C is
said to be S-torsionfree if t(C) = 0. Given a localizing subcategory S of C the
quotient category C/S consists of C' € C such that ¢(C) = t!(C) = 0. The objects
from C/S we call S-closed objects. Given C € C there exists a canonical exact
sequence
0—>A’—>C£>CS—>A”—>O

with A" =t(C), A” € S, and where Cs € C/S is the maximal essential extension
of C = C/t(C) such that Cs/C € S. The object Cs is uniquely defined up to a
canonical isomorphism and is called the S-envelope of C. Moreover, the inclusion
functor i : C/S — C has the left adjoint localizing functor (—)s : C — C/S, which
is also exact. It takes each C € C to Cs € C/S. Then,

HOl’Ilc(X, Y) = Homc/s(Xs, Y)

forall X e Cand Y € C/S.
If C and D are Grothendieck categories, ¢ : C — D is an exact functor, and
a functor s : D — C is fully faithful and right adjoint to ¢q, then S := Kergq

H
is a localizing subcategory and there exists an equivalence C/S = D such that
H o (—)s = q. We shall refer to the pair (g, s) as the localization pair.

Example 5.2.1. Let A be a small preadditive category. Consider the category
(A, Ab) of additive functors from 4 to Ab. Let p € Ob 4, then we have

Hom(A)Ab)((p7 _)> (pa _)) = EndAp.
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Let
S, = {F € (A,Ab) | F(p) = 0}.

Then S, is a localizing subcategory of (A,Ab). By [14] and [18] there is an
equivalence of categories

(A, Ab)/S, = Mod(End 4 p)°®.

This result has some important applications in ring and module theory (see [16,
17]).

More generally, given a collection of objects P in A, we can consider the
localizing subcategory

Sp ={F € (A,Ab) | F(p) =0 for all p € P}

of (A, Ab) and then
(A,Ab)/Sp = (P, Ab),

where P on the right hand side is regarded as a full subcategory in A (see [14]
for details).

Our next goal is to obtain an enriched analog of this result.

Suppose V is a closed symmetric monoidal Grothendieck category. Let C be
a V-category. By Theorem 5.1.2 [C, V] is a Grothendieck category. Suppose P is
a collection of objects in C. We shall also regard P as a natural V-subcategory.
Then

Sp={Fe€[C,V]| F(p)=0for all p e P}

is localizing in [C, V).
We shall prove below that there is a natural equivalence of Grothendieck
categories

[Ca v]/SP = [P’ V]'

Thus the same result of [14, 18] for the category of additive functors (A, Ab) with
A preaddtive (see Example 5.2.1 above) is recovered from the case when ¥V = Ab.
But first we prove the following
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Proposition 5.2.2. Suppose V is a closed symmetric monoidal Grothendieck
category. Let C be a V-category and let P consist of a collection of objects of C.
Then the inclusion map ¢ : P — C is a V-functor. It induces two adjoint functors

i [P,V]=C V]
where i, is the enriched left Kan extension and i* is just restriction to P.

Proof. Although this fact is a consequence of [4, 6.7.7], we give a proof here
for the convenience of the reader.
If F € [P, V] then by Corollary 3.3.3 we have

ObP
Fe [ V)0 Fe),

By definition of the left Kan extension, we have

ObP
WP [ Vi), -) o Flp).
We want to show that
Home v (i, F, G) = Homp ) (F, 1" G).

Using (3.13), one has isomorphisms of V-objects

Vr(F,i'G) = Vr(F,Goi) = - V(F(p), G(i(p)))- (5.2)

On the other hand,
ObP
V(i F, G) = Vi( / V(i(p), ) @ F(p), G)

= V}‘(F(p), V[C,V](V((i(p)a _)’ G)))
ObP

= V(F(p), G(i(p)))- (5-3)
ObP

We have used here the fact that the functor Vz(—, G) takes V-coends to V-ends [4,
6.6.11] as well as the fact that [C, V] is a closed V-module. Now (5.2) and (5.3)
imply ¢, and ¢* are adjoint functors. O
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Theorem 5.2.3. Let Sp = {G € [C,V] | G(p) = 0 for allp € P}. Then Sp is
a localizing subcategory of [C, V] and [P, V)] is equivalent to the quotient category
[C,V]/Sp.
Proof. Obviously, Sp is localizing. Let
»:[P,V] = [C,V]/Sp

be the composition of the left Kan extension functor i, : [P, V] — [C, V)] and the
localization functor (—)s, : [C,V] — [C,V]/Sp. We want to prove that s is an
equivalence of categories.

First observe that
i 2 F
for all F' € [P,V)]. Second, given G € [C, V] the adjunction map 8 : 4,i*G — G is
such that Ker 3, Coker 8 € Sp. Indeed, applying the exact functor i* to the exact
sequence

Ker f— 1,i*G —> G — Coker B,
we get an exact sequence in [P, V]

i*(Ker B)——i*i,1 e PR TN *(Coker B).

Since the composite map

i*G — %00 G D £6) *G

is the identity map and the left arrow is an isomorphism, then so is the right

arrow. Thus
i*(Ker 8) = i*(Coker 8) = 0,

and hence Ker 8, Coker € Sp. It also follows that
(116" G)sp = G,y (5.4)
We have for all F, F’ € [P,V]
Homyc vy/s; (3¢(F), 5(F")) = Home vy/sp ((14(F)sp 1 (F') )
= Homye,y) (i F, (1. F')sp)
= Homp,y) (F, i*((4.F")s;))
= Homp v)(F, 1", F")
(F, F").

= HOl'n['p V]
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We use here an isomorphism *G = i*(Gs, ) for any G € [C,V]. The isomorphism
is obtained by applying the exact functor i* to the exact sequence

S>G2%Gs, —> 5, 8,8 €Sp,

where )¢ is the Sp-envelope of G.
We see that s is fully faithful. Now let G € [C, V]/Sp be any Sp-closed object,
then isomorphism (5.4) implies

2(i*G) = (i,i*G)s, = Gs, = G.

If we set F' := ¢*G, then »(F) = G. This shows that s is an equivalence of
categories. O

Corollary 5.2.4 (Garkusha [14]). Let C be a Grothendieck category with finitely
generated projective generators B = {p;}ic;. Let P = {p;}jes be a subfamily in
B, where J C I. Then

Sp = {z € C|Home(pj,z) = 0 for all p; € P}

is localizing and C/Sp is a Grothendieck category with {(p;)s,} a family of finitely
generated projective generators.

Proof. By Mitchell’s Theorem C is equivalent to the category (B°P,Ab) by
means of the functor 7" sending « € C to (—,x). Now the latter category is the
same as the category of enriched V-functors from B° to V where V = Ab. We
use as well the fact that a category is preadditive if and only if it is enriched in
Ab.

It follows that T induces an equivalence of categories C/Sp and (B°P, Ab)/Sp,
where

Sp={Fe¢ (B°P, Ab)|F'(p;) = 0 for all p; € P}.
Theorem 5.2.3 implies the latter quotient category is equivalent to (P°P, Ab). The
proof of Theorem 5.2.3 shows that the functor

(P°P, Ab) — C/Sp

which sends F' € (P°P,Ab) to (T '(i.F))s, is an equivalence of categories. It
follows that {(p;)s, }jes is a family of finitely generated projective generators of
C /Sp 0
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Example 5.2.5. Let C and V be as in Example 5.1.3 and let n € ObC = Z. We

set
S, ={FelC,V]=GrR| F(n) =0}.

Then Theorem 5.2.3 implies
[C,V]/S, =2 GrR/S, = [P,Mod R),
where P has one object n € Z and Vp(n,n) = R. But [P,Mod R] = Mod R,
hence Gr R/S,, = Mod R.
Below we shall work with ring objects and modules over them.

Definition 5.2.6. Let (C,®, e) be a monoidal category. A monoid (ring object)
R in C is an object R € C together with two arrows u: RQR - R,n:e > R
such that the diagrams

n®l

RIMROR)— RAIR)ORESROR

6| lu

ROR a R
e@RTERIR<LR@e
X"%

R

are commutative.

Definition 5.2.7. We fix a ring object R in a monoidal category C. A left R-
module M over R is an object equipped with an arrow v : R ® M — M called
the action, which is compatible with the ring object composition. More precisely,
we require that the following diagrams commute

RQMROM)—>(RIR) @ MLZ-R o M

t6:] L

RM L M

RReZLROM

N

M
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Lemma 5.2.8. Let R be a ring object of a closed symmetric monoidal Grothen-
dieck category V. Then the category of left R-modules R Mod can naturally be
identified with the Grothendieck category [C, V], where ObC = {x} and Ve (*,*) =
R.

Proof. Given a left R-module M, define a V-functor F' : C — V as follows.
We set F(x) = M and the structure map

F :V(*,%x) = V(F(x), F(x))

to be the map adjoint to the structure map R @ M — M. This rule clearly yields
the desired identification. O

Example 5.2.9. To illustrate the previous lemma, let R be a commutative uni-
tal ring and let A = Ag & A; & --- be a graded R-algebra. Then A is a ring
object in [C,V] = Gr R with respect to tensor product (5.1). We can regard A
as a one object V-category, where V = Gr R. In our notation A = Vg g(*, *).
Lemma 5.2.8 implies [C,V] = AMod is a Grothendieck category. Moreover,
{A(n) = A @ R(n)}nez are generators by Theorem 5.1.2 (see as well Exam-
ple 5.1.3).

Corollary 5.2.10. Let C be a small V-category, and let ¢ be any object of C.
Then there is a natural equivalence of Grothendieck categories

RMod  [C, V]/S.,
where S, = {G € [C,V] | G(c) =0} and R = V(c,c).

Proof. This follows from Theorem 5.2.3 and Lemma 5.2.8. O



Chapter 6

Chain complexes of generalized
modules

Recall that the category of generalized modules Cg is defined as
Cr := (mod R, Ab),

whose objects are the additive functors F' : mod R — Ab from the category of
right finitely presented R-modules mod R to the category of abelian groups Ab.
Its morphisms are the natural transformations of functors. Similarly, the category
rC consists of the additive functors from the category of left finitely presented
R-modules to Ab.

In this chapter we prove that the category of chain complexes of generalized
modules ChCp over a commutative ring R can be identified with the category of
enriched functors [mod R, Ch(Mod R)], where the category of finitely presented
modules mod R is regarded as a full subcategory of complexes Ch(Mod R) con-
centrated in zeroth degree and this single entry is finitely presented. As an appli-
cation of this, we show that ChCg is a closed symmetric monoidal category. We
shall also establish that ChCp is a closed symmetric monoidal model category
with nice finiteness conditions.

6.1 Generalized modules as enriched functors
Below we shall need the following

79
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Theorem 6.1.1 ([8]). Suppose R is a commutative ring. Then the category of
generalized R-modules Cr can naturally be identified with the category of enriched
functors [mod R, Mod R].

Proof. 'We briefly recall the proof from [8] for the convenience of the reader.

I. We first associate to any object in [mod R, Mod R] an object in Cg.

Let F' € Ob[mod R,Mod R]. By Definition 3.1.5 F' takes Ob(mod R) to
Ob(Mod R) and for all M, M’ € mod R there is a R-module homomorphism

FMM’ : HOIIIR(M, M/) — HOIIIR(F(M),F(MI)) (61)

Let f : M — M’ be a homomorphism in mod R, then we set F(f) to be the
image of f in Homg(M, M') under (6.1). Observe that an R-module structure
on F(M) is given by

z-1=Fym(r)(z)
for all x € F(M) and r € R. Here Fipp(r) stands for the image of the right
multiplication endomorphism r : M — M.

II. Next, we want to show that the morphisms of [mod R, Mod R] can naturally
be regarded as morphisms of Cg.

We have to verify that V-natural transformations in [mod R, Mod R] are mor-
phisms in Cg. Given F,G € [mod R, Mod R}, the first step shows that F,G € Cg.
So given a V-natural transformation ¢ in [mod R, Mod R|, we want to prove that ¢
yields a morphism in Cg in a natural way. For ¢ we have structure homomorphisms
in Mod R (see Definition 3.1.6)

ty : R — Hompg(F(M),G(M)).
for all M, M’ € mod R. For any M € Mod R, set
v =ty (1) F(M) —» G(M).
Therefore ¢ yields a natural transformation in Cg
T:F—=G.

We see that morphisms in [mod R, Mod R] can naturally be regarded as mor-
phisms of Cg. So F(M) € Mod R.
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III. In this step we shall show that any object F' of Cg can be regarded as an
enriched functor in [mod R, Mod R).

For any M € mod R we have that F'(M) € Ab. Let us show that F'(M) is an
R-module. For all z € F/(M), we have to define z - r, where r € R. The element
r defines an R-module homomorphism 7 : M — M sendingm € M tom-r. We
have a morphism F(r) : F(M) — F(M) and we set

z-r:=F(r)(z).

So F(M) € Mod R. Now we define an enriched functor associated with F'. We
therefore define a morphism in Mod R

FMM' : HOIIIR(M, M’) — HOI’HR(F(M),F(M,)), FMMI(f) = F(f),

for all M, M’ in mod R.
Next we construct diagram (3.9). We have that

up : R — Hompg(M, M)
is given by the right multiplication homomorphism. One has
Fam(un(r)) = F(r)

for all r € R, and hence the diagram

R — > Homp(M, M)
UR(M) lFMM

Hompg(F (M), F(M))

is commutative. The structure of an enriched functor for F', denoted by the same
letter, is completed.

So every object in Cgr can naturally be regarded as an enriched functor in
[mod R, Mod R].

IV. In this step we shall show that morphisms in Cg (recall that these are
natural transformations of additive functors) can naturally be regarded as V-
natural transformations in [mod R, Mod R], i.e. as morphisms of [mod R, Mod R].
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Let 7 : FF — G be any natural transformation in Cg. Then for each object
M € mod R, there exists a homomorphism 75, : F(M) — G(M) in Ab and for
each homomorphism f: M — M’ in mod R the diagram

F(M) - G(M)
F(f)l lG(f)
F(M") ——> G(M)

is commutative.

By above we can regard F,G as enriched functors. We want to show that 7
yields a V-natural transformation ¢ between the V-functors F and G. For any
M € mod R define a map

ta + R — Hompg(F (M), G(M))

as tp(r) := mpr 0 F(r) = G(r) o 7pr. By definition, ¢p(1) = 7ps. Then the maps
tar yield V-natural transformations between the V-functors F and G. O

6.2 Chain complexes of generalized modules as
enriched functors

Let Ch(Mod R) be the category of chain complexes of modules over a commuta-
tive ring R. It is a closed symmetric monoidal cofibrantly generated and weakly
finitely generated model category by sections 4.4 and 4.6. Weak equivalences are
the quasi-isomorphisms and fibrations are the surjective chain maps. The tensor
product and internal Hom-object are defined as in (4.1) and (4.2). The monoidal
unit is the chain complex with the ring R concentrated in zeroth degree and other
degrees are zero.

The category of finitely presented modules mod R is a small symmetric mo-
noidal category naturally enriched over Mod R. Moreover, mod R can also be
enriched over Ch Mod R if we regard a module M € mod R as the chain complex
with M concentrated in zeroth degree and other degrees are zero. Given, M, N €
mod R the internal Hom-object is the chain complex

-+ —0— Homg(M,N) - 0— ---
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where Homg (M, N) is concentrated in zeroth degree. Observe that this complex
equals Hom(M, N), where M, N are regarded as complexes defined above.

If there is no likelihood of confusion, we shall also write the internal Hom-
chain complex as V(A,, B,), where A,, B, are two chain complexes. In other

words,
V(A., B.) := Hom(A,, B,).

Theorem 6.2.1. Suppose R is a commutative ring. Then the category of chain
complezes of generalized R-modules Ch(Cgr) can naturally be identified with the
category [mod R, Ch(Mod R)].

Proof. Given M € mod R we want to describe chain morphisms as follows

IR

o= V(As, B)1 =2 V(A,, BJ)o =2 V(As, By) 1 — - - -

From the diagram we have dpae = 0. This means dpar(m) = 0, for all m € M.

a(m) € V(A., B.)o = | [ Homg(4,, B,)

PEZ
a(m) = (ap(m) : Ap = Bp)pez
Oap(m) = 0 = dap(m) — a(m)p—10.

We get a commutative diagram

9, 0,
R Ap+1 p+1 Ap P Ap_l
ap+1(m)l ap(m)l lapq(m)

B,—5> By

e 1
P Bp1a

This shows a(m) : A, = B, is a chain map.
I. Consider a V-functor F' € [mod R, Ch(Mod R)]. By definition, we have
F(M) € Ch(Mod R) for any M in mod R. We also have a map

Fyar : V(M, M) — V(F(M), F(M")) € Ch(Mod R).
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This is the same as a chain map
Fym : (-+-— 0> Homg(M,M') -0 — ---) — Hom(F (M), F(M")).
By above we have a chain map
Fum(f) : F(M) = F(M')

for all f € Hompg(M,M'). It is directly verified that Faa(idy) = idpa
and Fyp(9f) = Fayrmr (9)Fyne (f) for any g € Homg(M’, M”) (see Defini-
tion 3.1.5).

If we observe that ChCp is the same as the category (mod R, Ch(Ab)) of
additive functors from mod R to Ch(Ab), it follows that the enriched functor F’
gives rise to an object in ChCg. We denote this object by the same letter.

II. Now let a : ' = G be a V-map in [mod R, Ch(Mod R)]. It consists of
giving a chain map

ay : (0 = R = 0) — V(F(M),G(M)) = Hom(F (M), G(M)),

which is equivalent to giving a chain map ap(r) : F(M) — G(M) for all r € R,
such that the following diagram commutes

(0 = Homp(M,M’) = 0)

-1

TV(M, M)
(0> R— 0)® (0 = Homgr(M, M') = 0) (0 = Homp(M,M’') - 0)® (0 - R — 0)
ap ®G gt Fremr @0
V(F(M), G(M)) ® V(G(M),G(M")) V(F(M), F(M")) ® V(F(M'), G(M"))

CF(MYF(M'YG(M')
SP(M)G(M)YG(M

V(F(M),G(M'))

The diagram implies the following:
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(a) For all r € R and f € Homg(M, M) the chain map c(an(r) ® Gum (f)) :
F(M) — G(M’) equals the chain map G (f) 0 am(r).

(b) For all r € R and f € Homg(M, M’) the chain map c(Fum (f) ® am(r)) :
F(M) — G(M') equals ap(r) o Farpe(f)-

So we get a commutative diagram

FM) —2 ()
FMM’(f)l lGMM’(f)
F(M') G(M')

ap(r)

Thus ap(r) : F(M) — G(M) gives rise to a morphism in (mod R, Ch(Ab)) =
ChCp.

We shall associate to the enriched map a : F = G in [mod R, Ch(Mod R)]
the map F' — G in ChCpg given by the chain maps ay (1) : F(M) —» G(M),
M € mod R. We denote the associated chain map by the same letter a.

II1. By Theorem 6.1.1 the category Chjmod R, Mod R] is identified with Ch C.
Let F, € Ch[mod R, Mod R], so we have a chain complex

On an— 1

Fo:"' F'n+13n+1 Fn Fn—l

with each F, € [mod R,Mod R] and each 0, being a V-natural transformation
from mod R to Mod R. We have to associate a V-functor in [mod R, Ch(Mod R)]
to F,.

If M € mod R then

an+l,M(]-) a‘n,lﬂ(l) an—l.M (1)

F(M)=-+—>F(M)p1 —=F(M)p~—> F(M),-y —--- € Ch(Mod R)

Also, for any map f: M — M’ € mod R we have that F,(f) : Fo(M) — Fo(M')
is a chain map, because each square of the following diagram is commutative

On »
o Py (M) 2 By (M) —2> By y (M) —— -
FMM’(f)l FMM’(f)l lFMM’(f)
! ! !
e n+1(M)3_n:?Fn(M)n_a’F(M)n-1’__>'"
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Thus Fuye(f) is a chain map, and hence one gets a chain map
Fume i (- = 0= Homg(M,M') - 0— - --) — Hom(F, (M), F,(M")).

Since FMM(idM) = idp.(M) and FMMu(gf) = FM’M”(Q)FMM’(f) for all g €
Homp(M', M"), F, yields a V-functor in [mod R, Ch(Mod R)] denoted by the
same letter.

IV. Next let 8 : Fy — G, be a chain map in Ch[mod R, Mod R], then we have
the following commutative diagram

Ont1 1)
te > n+1n’Fn "an_l >

Bn+1l ﬂnl ﬂn—ll

> Grgr 5= G 5= G — -
n

On+t1 On

Note that each B, : R — Hompg(F,(M),Gn(M)) is such that diagram (3.10)
is commutative for it. So we are given maps B, m(7) : Fp(M) — G,(M) for all
reR.

One has a commutative diagram for all r € R

On,nm(1)

Ong1,m(1)
Fo (M) == F,(M) Foa (M)
ﬂn+1,M(7”)' ﬂn,M(T)I ﬁn,M(r)'
Grt1(M) @ Gn(M) e Gn-1(M))

In particular, By (r) : Fo(M) — Go(M) is a chain map.
Now we want to show that the diagram

Fu(M) =22 . (M) (6.2)

F-(f)J IG.(f)

Fo(M') —WG-(M')

commutes. Commutativity of diagram (3.10) implies commutativity of the fol-
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lowing diagram for all n € Z:

Fa(M) =220 6, (M)
Fu(f) ‘ IGn(f)

2 !

Fn(M) Bn,M’(r) GW(M)

Commutativity of the latter together with the facts that Bar(r), Go(f), Feo(f) are
all chain maps is enough to check commutativity of (6.2) as shown in the diagram
below

Frp1 (M) Tt Fo(M)

Fon (M) L E (M) B
Br+1,0m(r) ‘
B (r) Gypr (M) — 2t G (M)
Grn+1(f) Bn,M'(r)
/ l Gn(f)
Gra (M) ———— Ga(M)

Thus we have constructed a V-natural map 8 : Fo = G,.
It is now easily verified that associations given in steps I-IV yield the desired
isomorphisms of categories [mod R, Ch(Mod R)] and ChCg. O

Theorem 6.2.2. Let R be a commutative ring, then Ch(Cg) is a left and right
proper closed symmetric monoidal V-model category, where ¥V = Ch(Mod R).
The tensor product of two complezes F,,G, € Ch(Cg) is given by

(M,N)emod R®mod R
F.0G, = / Fu(M) @5 Go(N) @ Homg(M ® N,~).  (6.3)

Here Hompg(M ®g N, —) is regarded as a complex concentrated in zeroth degree.
The internal Hom-object is defined as

Hom(F., G.)(M) = /N _ Homoygu (V)G 82 N)). (6.4)

Moreover, Ch(Cg) satisfies the monoid axiom in the sense of Schwede-Shipley [49].
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Proof. By Theorem 6.2.1 we know that ChCgr can be identified with
[mod R, Ch(Mod R)]. Note that mod R is symmetric monoidal category enriched
over Ch(Mod R). Now formulas (6.3)-(6.4) as well as the fact that ChCp is
closed symmetric monoidal follow from Theorem 3.3.4.

It remains to show that ChCg is a left and right proper closed symmetric
monoidal V-model category. Since the category ChCg can be identified with
[mod R, Ch(Mod R)] by Theorem 6.2.1, it is enough to verify this for the cat-
egory [mod R,Ch(Mod R)|. The category Ch(Mod R) is a closed symmetric
monoidal cofibrantly generated model category, where the weak equivalences are
quasi-isomorphisms and the fibrations are surjective chain morphisms (see The-
orem 4.3.18 and Example 4.4.5). Moreover, Ch(Mod R) is weakly finitely gener-
ated in the sense of [10, Section 3.1]. Also, Ch(Mod R) satisfies the monoid axiom
in the sense of [49]. It follows from [10, 4.2] that [mod R, Ch(Mod R)] is a weakly
finitely generated model category, where fibrations and weak equivalences are de-
fined objectwise. Furthermore, the category [mod R, Ch(Mod R)] is a monoidal
V-enriched model category satisfying the monoid axiom by Theorem 4.6.5, be-
cause mod R is a symmetric monoidal category enriched over Ch(Mod R). Fi-
nally, [10, 4.8] implies [mod R, Ch(Mod R)] is both left and right proper. O

Corollary 6.2.3. Let R be a ring object in Ch(Cgr). Then the category of left
R-modules is a cofibrantly generated model Grothendieck category. If R is a
commutative ring object, then the category of R-modules is a cofibrantly generated,
monotdal model category satisfying the monoid axiom, and the category of R-
algebras is a cofibrantly generated model category.

Proof.  This is a consequence of Lemma 5.2.8, Theorem 6.2.2 and [49, 4.1].
a

In order to construct some Grothendieck categories inside Ch(Cg), we shall
recall the notion of a coalgebra.

Definition 6.2.4. An R-coalgebra over a commutative ring R is an R-module C'
with R-linear maps

A:C—>CQrC ande:C — R,
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called (coassociative) coproduct and counit, respectively, with the properties
(Ic®A)OA = (A@Ic)OA, and (Ic®€)OA :IC’= (€®Ic)OA,

which can be expressed by commutativity of the diagrams

C = C®rC
lfc@A
C@RC&*C®RC®RC

C = C®rC .
Al G le@]c
C ®R C]c®—€> C

A coalgebra (C, A, ¢) is said to be cocommutative if A = S o A, where
S:CRrC—->CQ®rC, a®b—->b®a,
is the twist map.

Example 6.2.5. A typical example of a ring object in Ch(Cg) is constructed as
follows. Let C be a finitely presented R-module. We regard the representable
functor (C, —) € Cg as a complex in zeroth degree. Lemma 3.3.5 implies a natural
isomorphism of representable functors

(07 _) © (07 _‘) = (C R C: _)'

It follows that (C, —) is a ring object of Ch(Cg) if and only if C is an R-coalgebra.
It is a commutative ring object if and only if C' is a cocommutative R-coalgebra.

By the previous corollary we have a Grothendieck model category of (C,—)-
modules inside Ch(Cg).



Chapter 7

Almost stable homotopy category
structure for D(Cp)

In this chapter we give another application of Theorem 6.2.2. Namely, we prove
that the derived category D(Cg) of the Grothendieck category of generalized mod-
ules is a closed symmetric monoidal compactly generated triangulated category
with duality on compact objects. However, compact objects are not strongly du-
alizable as it will be shown below. Thus D(Cg) is an example of a category which
satisfies all the axioms of a unital algebraic stable homotopy theory in the sense
of Hovey—Palmieri-Strickland [29] except the property that compact objects are
strongly dualizable. This kind of categories is new. We refer to these as uni-
tal algebraic almost stable homotopy categories. A basic example of this class of
categories is D(Cg).
We start with the following

Theorem 7.0.6. Let R be a commutative ring. Then the derived category D(Cr)
of the Grothendieck category Cr is a compactly generated triangulated closed sym-
metric monoidal category, where formulas (6.3) and (6.4) yield the derived tensor
product F, ©F G, and derived internal Hom-object RHom(F,,G,). The compact
objects of D(Cg) are the complezes isomorphic to bounded complexes of coherent
functors in cohCg.

Proof. By Theorem 6.2.2 Ch(Cg) is a left and right proper closed sym-
metric monoidal V-model category, where V = Ch(Mod R). Hence the derived
category D(Cpg) is identified with the homotopy category Ho(Ch(Cg)). But the

90
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latter category is a closed symmetric monoidal category by [26, 4.3.2] with de-
rived tensor product and internal Hom-functors induced by (6.3) and (6.4) from
Theorem 6.2.2.

Since Cg is a Grothendieck category with finitely generated projective gen-
erators {(M, —)}amemod R, then its derived category D(Cr) is a compactly gener-
ated triangulated category. The compact objects are those quasi-isomorphic to
bounded complexes of representable functors. They are also called perfect com-
plexes. Since every coherent functor C € cohCg has a resolution (see, e.g., [25,
2.1])

0—)([’7 —)——)(K,—)——*(M,—)—>C——>O,
where K,L, M € mod R, then every bounded complex of coherent functors is
quasi-isomorphic to a bounded complex of representable functors. It follows that
every bounded complex of coherent functors is quasi-isomorphic to a perfect com-
plex. This finishes the proof. O

Remark 7.0.7. A monoidal unit in ChCg and D(Cg) is (R,—) & — Qg R
regarded as a complex concentrated in zeroth degree.

Definition 7.0.8. Let V be a closed symmetric monoidal additive category, with
monoidal product  ® y, unit e, and internal function objects V(z,y). An object
z € V is strongly dualizable if the natural map V(z,e) ® y — V(z,y) is an
isomorphism for all y. We shall also write zV to denote V(z, e).

It follows from [38, Theorem 7.1.6] that the functor

re€Vmz'eyp
puts the full subcategory of strongly dualizable objects of V in duality.

We want to show below that D(Cg) has a duality on the full subcategory of
compact objects D(Cg)¢ but these are not strongly dualizable in general. To this
end we shall need a categorical duality

D : (cohCg)°® — coh gC

of Auslander [1] and Gruson—Jensen [23] (see [25] as well) defined over any non-
commutative ring R as follows. Given gkN € Rmod, we have

(DC)(RN) = HOIIICR(C, — ®R N)
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If n: B — C is a morphism in cohCg, then
D(n)n : D(C)(rN) — D(B)(rN)

is defined to be Home, (1, — ® g N). For Mp € mod R and gkN € Rmod we have
that
D(MR, —) = M®R — and D(— Rr N) =~ (RN; —),

We shall refer to this duality as the Auslander—Gruson—-Jensen Duality.

Suppose now R is commutative. Then the category Cg is closed symmetric
monoidal for the same reasons that ChCpg is. The monoidal product C © C’ and
internal Hom-object Hom(C, C’) are computed by formulas, which are similar
to (6.3)-(6.4). It can also be shown that the Auslander-Gruson—Jensen Duality
D defined above is isomorphic to the internal Hom-functor

Hom(—, (R,~)) = Hom(—, - ®r R)

(we refer the reader to [8] for further details).
The following example shows that compact objects of D(Cg) are not strongly
dualizable in general.

Example 7.0.9. There are objects C € D(Cg)® and X € D(Cg) such that the
natural arrow

CY oF X — RHom(C, X) (7.1)
is not an isomorphism, where
CY := RHom(C, — ®g R) = RHom(C, (R, —)).
Let R=7Z and M = N = Z, € mod Z. We have an exact sequence

0 7-2-7 7o 0.

We want to compute (— ® M)V OF — Q@ N = (— ® Zy)V 0F — ® Z,.
To compute (— ® Z,)", consider a projective resolution for — ® Zs in Cy,

2,—
0> (Zg,~)— (2, ) 23 (2, ) — —®7Z,—>0.
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Then (— ® Zy)" is the value of Hom(—,(Z,—)) at the projective resolution of
— ® Zy. Since Hom(—, (Z,—)) puts the category of coherent objects cohCyz in
duality and takes representable functors (L, —) to — ® L, then (— ® Z3)" is the
complex

2 0 -QRZ > —-QRL— —QZLy—0— -

This complex has only one non-zero homology group (Z., —), which we place in
zeroth degree as a complex. We see that (— ® Zy)" = (Z,, —).
We take a projective resolution for — ® N in cohCz as above

00— (Zs, —) — (2, —) 2L (

Z,—)—> — QZLy—0.

Tensoring it with (M, —) = (Z,, —) we get (M, —) ®F —® N which is the complex
20 (2o, =) O (Zay—) = (Zo,—) O (2, =) = (Z3y,—) O (Z,—) 50— - --
By Lemma 3.3.5 it equals the complex

i 00— (Zy, =) —> (Zy, =) =25 (Zy, =) —> 0 —> - --

Note that evaluation of this complex at Z is zero.
Now compute RHom(— ® M,— ® N). It is the value of Hom(—,— ® N) at
the projective resolution of — ® M

0> (Zg,~)—(2,) & (Z, ) —~ — @ M —0.
Applying Hom(—, — ® N) to the complex
0— (23, -) — (2,-) &L (2,-) —0
we get a complex
0 = Hom((Z, —), — ® Z») - Hom((Z, —), — ® Zy) — Hom((Zz, —), — ® Zz) — 0
Using enriched Yoneda Lemma 3.3.1, it is equal to
00—~ ®@Zy—"> — @ Ly —>— ® L —> .

The value of this complex at Z has non-trivial homology. We conclude that (7.1)
cannot be an isomorphism in general. We conclude that compact objects of D(Cg)
are not strongly dualizable.
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Lemma 7.0.10. The triangulated category D(Cgr)°¢ of compact objects of D(Cg)
is triangle equivalent to the derived category D°(cohCgr) of bounded complezes in
coh Cp.

Proof. By the proof of Theorem 7.0.6 D(Cg)° is triangle equivalent to the
full subcategory D(Cr)¢ of bounded complexes in cohCg. Let

M/X\N

be a morphism in D(Cg) with M, N € D(Cg)°®. Let P — M be a projective
resolution of M. Then P is in D(Cg)° and P is isomorphic to X in D(Cg). But P
is a bounded complex of projectives in Cg. Therefore there is a quasi-isomorphism
P — X. Then we get a diagram in YS(CR)C

T
X
M N
By [33, 9.1] the natural functor

D’(coh Cg) — D(Cr)°

is fully faithful. But objects are the same, and therefore these subcategories of
D(Cg) coincide. O

Lemma 7.0.11. There is a triangle equivalence of triangulated categories D*(coh Cr)
and D®((coh Cg)°P) taking X € D*(cohCr) to Hom(X, — ® R).

Proof. By [8] Hom(—,— ® R) : cohCr — (cohCpg)° is an equivalence
of abelian categories. Moreover, this functor is isomorphic to the Auslander—
Gruson—Jensen duality (see [8, 4.6]). The fact that equivalent abelian categories
have equivalent derived categories finishes the proof. O
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Corollary 7.0.12. D%(cohCg) is triangle equivalent to (D?(cohCg))°P.
Proof.  This follows from the previous lemma and the fact that D°(AP) is
triangle equivalent to (D°(.A))°P for any abelian category A. O

Theorem 7.0.13 (Auslander—Gruson—Jensen Duality for compact objects). Let
D(Cg)¢ be the full triangulated subcategory of D(Cr) of compact objects. Then

there is a duality
D : (D(Cg)°)°® — D(Cg)°

that takes a compact object C, to
DC, := RHom(C,, — ®g R).

Proof. By Lemma 7.0.10 D(Cg)° ~ D®(cohCr). Let D’(projCg) be a full
subcategory of D(Cg)¢ consisting of bounded complexes of representable coherent
functors. The composition

Db(projCgr) — D(Cr)* — D®(coh Cr)

is an equivalence of triangulated categories.

Lemma 7.0.11 and Corollary 7.0.12 imply Hom(—, — ® R) is an equivalence
of triangulated categories D°(coh Cg) ~ (D®(coh Cg))°P.

Now the composite of equivalences

DP(projCr) — D(Cr)® — DP(cohCr) — (D°(cohCr))® — (D(Cg)%)*P

computes the desired equivalence RHom(—, — ® R) of triangulated categories. O

Definition 7.0.14 (Hovey—Palmieri-Strickland [29]). A stable homotopy category
is a category C with the following extra structure:

1. A triangulation.
2. A closed symmetric monoidal structure, compatible with the triangulation.

3. A set G of strongly dualizable objects of C, such that the only localizing
subcategory of C containing G is C itself.
We also assume that C satisfies the following:
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4. Arbitrary coproducts of objects of C exist.

5. Every cohomology functor on C is representable.

We shall say that such a category C is algebraic if the objects of G are compact.
If, in addition, the unit object e is compact, we say that C is unital algebraic.

Definition 7.0.15. An almost stable homotopy category is a category C which
satisfies axioms (1)-(2) and (4)-(5) for a stable homotopy category and the fol-
lowing axiom:

(3') There is a full small subcategory G of C with duality D : G — G, such
that the only localizing subcategory of C containing G is C itself.

Algebraic and unital algebraic almost stable homotopy categories are defined as
in Definition 7.0.14.

Remark 7.0.16. Every stable homotopy category C with generating set of strong-
ly dualizable G is an almost stable homotopy category. Indeed, we can assume
without loss of generality that zvV € G for every z € G, and then the full sub-
category of C whose objects are those of G has a duality z — zV and generates
C. The following theorem shows that there are algebraic almost stable homotopy
categories which are not stable homotopy categories.

Theorem 7.0.17. Let R be a commutative ring. Then D(Cg) is a unital alge-
braic almost stable homotopy category, which is not an algebraic stable homotopy
category in the sense of Definition 7.0.14.

Proof. Let G be the full subcategory of compact objects of D(Cg). The fact
that D(Cg) is a unital algebraic almost stable homotopy category follows from
Theorems 7.0.6 and 7.0.13. We also use here the fact that every cohomology
functor on a compactly generated triangulated category is representable by a
theorem of Neeman [42, Theorem 3.1].

Suppose D(Cg) is generated by compact strongly dualizable objects G as re-
quired for an algebraic stable homotopy category. By [29, Theorem A.2.5] we may
assume without loss of generality that G is a thick subcategory in the triangu-
lated category of compact objects. If G generated D(Cg), then another theorem of
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Neeman [42, Theorem 2.1] would imply that G contains all compact objects. But
Example 7.0.9 shows that compact objects of D(Cg) are not strongly dualizable
in general. This contradiction finishes the proof. O
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